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Abstract

In this paper, we consider the global (in time) well-posedness for the focusing cubic nonlinear
Schrodinger equation (NLS) on 4-dimensional tori —either rational or irrational- and with initial data in
H'. We prove that if a maximal-lifespan solution of the focusing cubic NLS u : [ X T* — C satisfies
sup,cy llu(t)|] HI(T4) < W A1 (R4 then it is a global solution. W denotes the ground state on Euclidean

space, which is a stationary solution of the corresponding focusing equation in R* As a consequence, we
also construct the global solution with some threshold conditions related to the modified energy of the ini-
tial data which is the energy modified by the mass of the initial data and the best constants of Sobolev
embedding on T*.

© 2021 Published by Elsevier Inc.
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1. Introduction

In this paper, we consider the cubic nonlinear Schrodinger equation (NLS) in the periodic
setting x € Tf

3 + Au = pulul, (1.
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where u = +1 (—1: the focusing case, +1: the defocusing case). And u : R x Tf —Cisa
complex-valued function of time space R and spatial space T}, a general rectangular tori, i.e.

4
T :=RY/([MZ),  A=0u,22,23,19),

i=1

where A; € (0,00) for i = 1,2, 3,4. Specifically, if the ratio of arbitrary two )»; s in {Aq, Ag,
A3, A4} is an irrational number, then Tf is called an irrational torus, otherwise Tf is called a
rational torus. Since our proof does not change no matter either rational or irrational tori. For the
convenience, we use T% := Tf hence-forth in the paper.

Solutions of (1.1) conserve in both the mass of u:

M) (t) = / lu(®)|* dx (1.2)
’I["4

and the energy of u:

1 2 1 4
Ew(®) = 7 [Vu()|“dx + 4u lu(t)|" dx. (1.3)
T4 T4

On R, the scaling symmetry plays an important role in the well-posedness (existence,
uniqueness and continuous dependence of the data to solution map) problem of initial value
problem (IVP) for NLS:

{ia’”+Au=ilu|”‘lu, p>1 (1.4)

u(0, x) = ug(x) € H*(RY).

The IVP (1.4) is scale invariant in the Sobolev norm H®, where s, := % — % is called the
scaling critical regularity.

For H* data with s > s, (sub-critical regime), the local well-posedness of the IVP (1.4) in sub-
critical regime was proven by Cazenave-Weissler [13]. For H® data with s = s, (critical regime),
Bourgain [4] first proved the large data global well-posedness and scattering for the defocusing
energy-critical (s, = 1) NLS in R3 with the radially symmetric initial data in H' by introducing
an induction method on the size of energy and a refined Morawetz inequality. A different proof
of the same result was given by Grillakis in [33]. Then a breakthrough was made by Colliander-
Keel-Staffilani-Takaoka-Tao [14]. Their work extended the results of Bourgain [4] and Grillakis
[33]. They proved global well-posedness and scattering of the energy-critical problem in R for
general large data in H'. Then similar results were proven by Ryckman-Visan [56] and Visan
[58] on the higher dimension R spaces. Furthermore, Dodson proved mass-critical (s. = 0)
global well-posedness results for R in his series of papers [19,21,22].

For the corresponding problems on the tori, the Strichartz estimates on rational tori T¢ (see
[32,59,46] for the Strichartz estimates in the Euclidean spaces Rd), which prove the local well-
posedness of the periodic NLS, was initially developed by Bourgain [3]. In [3], the number
theoretical related lattice counting arguments were used, hence this method worked better in
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the rational tori than irrational tori. Recently Bourgain-Demeter’s work [7] proved the optimal
Strichartz estimates on both rational and irrational tori via a totally different approach which
doesn’t depend on the lattice counting lattice. Also there are other important references [5,15,
12,6,34,51,16,18,28] on the Strichartz estimates on the tori and global existence of solution of
the Cauchy problem in sub-critical regime. On the general compact manifolds, Burq-Gerard-
Tzvetkov derived the Strichartz type estimates and applied these estimates to the global well-
posedness of NLS on compact manifolds in a series of their papers [8,9,11,10]. We also refer to
[62,31,36,37] and references therein for the other results of global existence sub-critical NLS on
compact manifolds.

In the critical regime, Herr-Tataru-Tzvetkov [40] studied the global existence of the energy-
critical NLS on T? and first proved the global well-posedness with small initial data in H'. They
used a crucial trilinear Strichartz type estimates in the context of the critical atomic spaces U?”
and V', which were originally developed in unpublished work on wave maps by Tararu. These
atomic spaces were systematically formalized by Hadac-Herr-Koch [35] (see also [52][41]) and
now the atomic spaces U” and V7 are widely used in the field of the critical well-posedness
theory of nonlinear dispersive equations. The large data global well-posedness result of the
energy-critical NLS on rational T3 was proven by Ionescu-Pausader [43], which is the first
large data critical global well-posedness result of NLS on a compact manifold. In a series of
papers, lonescu-Pausader [43][44] and Ionescu-Pausader-Staffilani [45] developed a method to
obtain energy-critical large data global well-posedness in more general manifolds (T3, T3 x R,
and H?) based on the corresponding results on the Euclidean spaces in the same dimension. So
far, their method has been successfully applied to other manifolds in several following papers
[55,57,60,61].

In this paper, we prove the global well-posedness result of focusing energy-critical NLS below
the ground state' on the both rational and irrational tori in the 4-dimension. To the best of the
author’s knowledge, this is the first result establishing global well-posedness for the focusing
energy-critical NLS below the ground state on a compact domain.

1.1. The main result
In the focusing case (u = —1), we prove global well-posedness (GWP) when we have kinetic

energy of the solution is a priori all time bounded by the kinetic energy of the ground state W in
R*. Moreover,

Wx)=W(x,t)= in H'(R% (1.5)

1+

which is a stationary solution of the focusing case of (1.1) and also solves the elliptic equation
in R4

AW + |W*W =0. (1.6)

Then we define a constant C4 by using the stationary solution W. And also Cy is the best constant
in Sobolev embedding (see Remark 2.2).

! Here we say ‘below the ground state’ in the sense of (1.10) in Theorem 1.1.
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1 1
IWl sy = IWlisgsy =77 andthen  Epa(W)= 7=, (17
4 4

where Egs(W) is the energy of W in the Euclidean space R*:

Egs(W) :=%/|VW(x)|2dx—%/|W(x)|4dx. (1.8)
R4 R4

Theorem 1.1 (GWP of the focusing NLS). Assume ug € H'(T#). Suppose that a maximal-
lifespan solution u : I x T* — C to the initial value problem

(0 + Au = —ulul?, u(0) = ug (1.9)
obeys
sup ||M(t)||H1(’]I‘4) < ||W||Hl(]R4)' (1.10)
tel

Then for any T € [0, +00), u is a solution in C([-T,T]: HY(T%).

In the above theorem, in particular, the solution space we used in the proof is X 1 ([-T,T)]) C
C(-T,T]: HY(T*). Itis an adapted atomic space (see Definition 3.5).

Remark 1.2. It is worth mentioning that the proof of Theorem 1.1 is general for both rational
and irrational tori. The only two places in the whole proof, which may be effected by the ratio-
nality/irrationality of tori, are the Strichartz estimates (Lemma 3.18) and the extinction lemma
(Lemma 5.4). The Strichartz estimates” (Lemma 3.18) are proved by the breakthrough work of
Bourgain-Demeter [7] for both rational and irrational tori. The whole construction of the lo-
cal well-posedness and stability theory (in particular, the bilinear estimate (Lemma 4.2) and the
refined nonlinear estimate (Proposition 4.4)) essentially relies on the Strichartz estimates and
hence it is general for both rational and irrational tori. Also the proof of the extinction lemma
(Lemma 5.4) does not depend on the rationality/irrationality of tori.

In fact, Deng-Germain-Guth proved Strichartz estimates over larger time scales for the
Schrodinger equation on generic® irrational tori than the Strichartz estimates in Lemma 3.18.
Based on these Strichartz estimates over larger time scales, Deng [17] established the polyno-
mial growth of Sobolev norms for the energy-critical NLS on generic irrational tori in three
dimensions.

Remark 1.3. The analog result of Theorem 1.1 for the energy-critical NLS on 3-dimensional tori
T3 can also be expected providing the corresponding GWP for the focusing energy-critical NLS
in R3. However, the GWP for the focusing energy-critical NLS in R? with the non-radial data
below the ground state is still an open problem.

2 Note that the scale invariant version of Strichartz estimates (see [51] for references) is used in our paper.
3 The generic irrational tori means that {A1, X2, A3, A4} works outside of a certain null set.
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For some technical reason” in the focusing case, we shall introduce two modified energies
of u:

1 1
Exw)(1) = S ()1 opay + sl 20p0) = 3100 apa. (1.11)

and

1 2 2 1 4 Cﬁcff 4
Ew(u)(t) := E(”“U)Hgl(w)+C*||M(t)||Lz(T4))— ZHu(r)”L“(T“)+T||u(t)”L2(']I‘4)’ (1.12)

where c, is a fixed constant determined by the Sobolev embedding on T# in Lemma 2.1. By the
definitions (1.11)(1.12), E4(u)(¢t) and E . (u)(¢) are conserved in time.
We also introduce ||u|| HI(T4) asa modified inhomogeneous Sobolev norm:

el gy = Nl Ggr sy + cxllell 2 ey (1.13)

Obviously, HJ (T*-norm and H'(T#)-norm are two comparable norms (||u||H*1 (T4 =
lull g1 (T4y). Using the above modified energies and modified Sobolev norm, we can prove the
following corollary about GWP of the focusing NLS under some conditions of initial data.

Corollary 1.4. Assume that ug € H'(T*) satisfying

luoll g erey < IW ey Exlito) < Egs(W); (1.14)

or

luoll gieray < IWllg1re)>  Exsx(uo) < Egs(W), (1.15)

where E.(ug) and E..(ug) are two modified Energies defined in (1.11) and (1.12), and Egs(W)
is the Energy in the Euclidean space defined in (1.8). Then for any T € [0, 00), there exists
a unique global solution u € X' ([T, T1) of the initial value problem (1.9). In addition, the
mapping uo — u extends to a continuous mapping from H'(T*) to X' ([T, T)) for any T €
[0, 00).

Remark 1.5. In the defocusing case (u = +1), we could also achieve the similar global well-
posedness result for (1.1) as Theorem 1.1 but with arbitrary large initial data in H'(T#) by a
similar proof. In particular, in the defocusing case the local theory (Section 4), Euclidean profiles
(Section 5) and profile decomposition (Section 6) are the same as in the focusing case, however,
we should run an induction on the energy and mass of u instead of ||u|| LA in Section 7.

The main parts in the proof of Theorem 1.1 will follow the concentration-compactness frame-
work of Kenig-Merle [47], which is a deep and broad road map to deal with critical problems

(see also in [48][49]). Our first step is to obtain the critical local well-posedness theory and the
stability theory of (1.1) in T*#. For that purpose, we follow Herr-Tataru-Tzvetkov’s idea [40][41]

4 See Section 2 for details.
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and introduce the adapted critical spaces X* and Y*, which are frequency localized modification
of atomic spaces U? and V7, as our solution spaces and nonlinear spaces. Applied Lemma 3.18
to the atomic spaces with strip decomposition technique in time-space frequency space, we ob-
tain a crucial bilinear estimate and then the local well-posedness of (1.1). Then we measure the
solution in a weaker critical space-time norm Z, which plays a similar role as L% norm in
[14]. On one hand, equipped with Z-norm, we obtain the refined bilinear estimate (Lemma 4.2)
and hence it is proven that the solution stays regular as long as Z-norm stays finite (i.e. global
well-posedness with a priori Z-norm bound).

On the other hand, we show that concentration of a large amount of the Z-norm in finite time is
self-defeating. The reason is as follows. Concentration of a large amount the Z-norm in finite time
can only happen around a space-time point, which can be considered as a Euclidean-like solution.
To implement this, by a contradiction argument, we construct a sequence of initial data which
implies a sequence of solutions and leads the Z-norm towards infinity. Then following the profile
decomposition idea (firstly by Gerard [30] in Sobolev embedding and Merle-Vega [54] in the
Schrodinger equation), we perform a linear profile decomposition of the sequence of initial data
with one Scale-1-profile and a series of Euclidean profiles that concentrate at space-time points.
We get nonlinear profiles by running the linear profiles along the nonlinear Schrédinger flow
as initial data. By the contradiction condition, the scattering properties of nonlinear Euclidean
profiles and the defect of interaction between different profiles show that there is actually at most
one profile which is the Euclidean profile. And the corresponding nonlinear Euclidean profile
is just the Euclidean-like solution we want. Euclidean-like solution can be interpreted in some
sense as solutions in the Euclidean space R*, however, this kind of concentration as a Euclidean-
like solution is prevented by the global well-posedness and scattering theory on the Euclidean
space R* in Dodson’s work [20].

Comparing with the defocusing case, to achieve the above concentration-compactness pro-
cess in the focusing case under the ground state (as in Theorem 1.1), we need to introduce a
new ingredient which is the almost orthogonality of nonlinear profiles (Lemma 6.6). In Sec-
tion 7, we rely on Lemma 6.6 heavily to make sure the induction process on the norm ||u|| LA
runs properly. Note that in the defocusing case, one should run the induction on the energy and
mass of u which are conserved, so this almost orthogonality of nonlinear profiles is not neces-
sary.

In the focusing case, the global well-posedness result for arbitrary initial data in H'! is usually
not excepted. A natural question that arises is what initial conditions ensure the global solution of
the focusing NLS on tori. In order to answer this, we need one more new ingredient: the energy
trapping lemma on tori (see Section 2). Recall that in the energy-critical focusing NLS on R¢,
Kenig-Merle [47] first proved the global well-posedness and scattering with initial data below a
ground state threshold (Ega(ug) < Ega(W) and |luoll g1 < [IW |l g1) in the radial case (d > 3).
And then the corresponding results without the radial conditions were proven by Killp-Vigan [50]
(d = 5) and Dodson [20] (d = 4). We also refer to [25,42,29,26,53,23,24] for more focusing NLS
results. As is known that the conditions in R¢ are ERa(uo) < Ega(W) and [lugll g1 < Wl g1
which is tightly related to the Sobolev embedding with the best constant in R¢, however the sharp
version of Sobolev embedding (Lemma 2.1) is quite different. So compared to the conditions for
initial data in Euclidean space R, the conditions in Corollary 1.4 are also modified on tori. On
T, we modify the energy and Sobolev norm with some L norm based on the best constants of
Sobolev embedding (Lemma 2.1) in T¢, so that the modified conditions together with Sobolev
embedding derive the energy trapping property which controls the Sobolev norm globally in time.
Note that similar modified energies are also introduced in the focusing NLS on the hyperbolic
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space (see [2][27]). In Section 2, we will discuss the Sobolev embedding and the energy trapping
lemma in detail.

1.2. Outline of the following paper

The rest of the paper is organized as follows. In Section 2, we prove the energy trapping prop-
erty for the focusing NLS on tori. In Section 3, we introduce the adapted atomic spaces X*, ¥*
and Z norm and provide some corresponding embedding properties of the spaces. In Section 4,
we use Herr-Tataru-Tzvetkov’s method and Bourgain-Demeter’s sharp Strichartz estimate to de-
velop a large-data local well-posedness and stability theory for (1.1). In Section 5, we study the
behavior of Euclidean-like solutions to the linear and nonlinear equation concentrating to a point
in space and time. In Section 6, we introduce a profile decomposition to measure the defects of
compactness in the Strichartz inequality and in particular we also prove the almost orthogonality
of nonlinear profiles. In Section 7, we prove the main theorem (Theorem 1.1) except for a lemma.
In Section 8, we prove the remaining lemma about approximate solutions.
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2. Energy trapping for the focusing NLS

Before proceeding to the proof of main theorem (Theorem 1.1), we explain how Theorem 1.1
implies Corollary 1.4 in the focusing case by using the energy trapping argument. In this sec-
tion, we prove the energy trapping argument in T# which is different from the energy trapping
argument in the Euclidean spaces.

Lemma 2.1 (Sobolev embedding with best constants by [1][39][38]). Let [ € HY(T*), then
there exists a positive constant c, such that

1A 1 psy < CEAL W epay + €l F1I72 ey (2.1)
where Cy is the best constant of this inequality.

Remark 2.2. C4 is the same constant as expressed in (1.7), because C4 is also the best constant in

Sobolev embedding in R*, || 17, ®Y = CAll f||%1 (R#> @nd the function W (x) holds the Sobolev

embedding with the best constant C4 in R*.

Remark 2.3. Since ||u||iI*1(T4) = IIMII%I(W) + c*||u||iz(T4), the Sobolev embedding (Lemma

2.1) can be also written in the form:
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||f||L4(’]I‘4) C4||f||H1(']I‘4)

Suppose cypr = inf{cy : ¢4 holds (2.1)}. By taking f =1, it’s easy to check that c,p >
C4_2(volume of TH)~1/2,

Lemma 2.4. (i) Suppose f € H' (T*) and 8y > 0 satisfying

If e ersy < IW A4y and E(f) <(1—=3é0)Egs(W), (2.2)

then there exists § = §(89) > 0 such that
1 1 psy < (1= DIWIG g 2.3)
”f”%.l*l(’]rét) ||f||L4(T4) 8”f||Hl(']1"4)s (24)

and in particular

1 _
Ex(f)2 70+ 8)1f W1 ps)- 2.5)
(ii) Suppose f € H'(T*) and 8o > 0 satisfying

sy < IWlgigsy  and — Ew(f) < (1= 80) Egs(W), 2.6)

then there exists § = 8(80) > 0 such that

1 sy < A=DIWI gsy 27
1 Wy = W0 aepey + 26l Fllzersy + GCANF o eny 2 80 W5 psye @28)

and in particular

1 -
Eun(f) 2 714811 W1 s (2.9)

Proof. In the proof of part (i), we almost identically follow the proof of Lemma 3.4 in Kenig-
Merle’s paper [47] but use H, L(T*)-norm instead of H!(T*)-norm. Consider a quadratic func-

tion g1 = 2y , and plug in ||f||H1 (T4 by Sobolev embedding (Lemma 2.1) and the
assumption (2.2) we have that

1 ct
CLEAL el FA 1S

a1l f ) =5

1 1
< SIFNG = 1 F15s = Ex(F) (2.10)

< (1= 80) Ega (W) = (1 = 80081 (IW 113, s))-
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It is easy to know ||f||H1(T4) < (11— 8)||W||H1 R4’ from (2.10) and the property of quadratic

. y ~ 2
function g1, where § 5 -

Then choose g2(y) =y — ij2 if plug in I £II? by Sobolev embedding (Lemma 2.1),

Hl T4)’
we have that
g2(||f|| (’]1‘4)) - ”f”Hl(T“) C4||f||H1(’ﬂ‘4) — ”f”Hl(’ﬂMt) ||f||L4(T4) (211)
. 4 y .
Since g2(0) =0, g5(y) = —2C; < 0 and ||f||H1 T4 < 1 - 8)||W||HI RY’ by Jensen’s in-
equality and (1.7),
U131 re) > g2 =W 2e) ||f||§, AL 2.12)

Hl R4

Together (2.11) and (2.12), we get (2.4).
By (2.4), we get (2.5)

1 1 1 _
Eo(f) = 0 Wy erey + 70 Wy epay = 1 Wzscpa) = U+ DIF 1y

The proof of part (ii) would be similar with part (i). Under the assumptions (2.6) of part (ii),
by squaring Sobolev embedding (Lemma 2.1), we have that

CHIL W ey = I IEs = 200l 12 psy — 2CHI I 2cps, (2.13)

Plugging ”f”H1(T4) into g1, by (2.13), we hold that

2 1 2 Cj 4
1150 = 5115 = 151

2
1 10 ey c2cy (2.14)
EIIfIIHl - —||f||L4 + —IIfIILz(T4) + TIIfIILz(T4) =E.w(f)
< (I —=380)Egs(W)=(1— 50)g1(IIW||H1(R4))
It is easy to know ||f”H1(T4) < (1= 8)||W||H](R4) from (2.14) and the property of quadratic

function g1, where 5~ 3 ; . Similarly, we can also hold (2.8)(2.9) under the assumption (2.6). O

Theorem 2.5 (Energy trapping). (i) Let u be a solution of IVP (1.9), such that for §o > 0
luoll g1er4y < IWll g1 w4y, Ex(uo) < (1 —80) Egs(W); (2.15)

Let I 0 be the maximal interval of existence, then there exists 8§ = §(89) > 0 such that for all
tel
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@113 pa) < (1= OIW I 1 gy (2.16)
@11 pay = 1@ aepay = Su@IF1 a0 (2.17)
and in particular
Eo)() = -1+ D))y g (2.18)
4 HI(T*)

(ii) Let u be a solution of IVP (1.9), such that for 8o > 0

luoll g1 (pey < Wl g1 sys  Eslito) < (1 — 80) Ees (W) (2.19)

Let I > 0 be the maximal interval of existence, then there exists 8§ =38(8¢) > 0 such that for all
tel

@11 pay < (1= OIW L gy, (2.20)
Mt @11 sy = N1 s pay + 20l o sy + CEIUO2pa) = Sl 1 sy
(2.21)
and in particular
1 S 2
Evu)(1) 2 3 (L )31 - (2.22)

Proof. By the conservation of energy and mass, this theorem directly from Lemma 2.4 by the
continuity argument. [

Remark 2.6. The energy trapping lemma (Theorem 2.5) shows that if the initial data satisfies the
condition (1.14) or (1.15) then the solution u(¢) satisfies [[u ()|l 114y < IWl g1 (g4 for all 7 in
the lifespan of the solution. So Theorem 1.1 implies Corollary 1.4. In particular, we also obtain
that E, (u)(t) ~ ||u(t)||Hl (T4 under the assumption (2.15) and E . (u)(t) =~ ||u(t)|| under

the assumption (2.19) by Theorem 2.5.

HI(T%

3. Adapted function spaces

In this section, we introduce X* and Y* spaces which are based on the atomic space U? and
VP which were firstly applied to PDEs in [35][40][41], while we’ll use the X* and Y* spaces
in the proof of global well-posedness. H is a separable Hilbert space on C, and Z denotes the
set of finite partitions —oco =1y < t] < ... < tx = 0o of the real line, with the convention that
v(00) := 0 for any function v: R — H.

Definition 3.1 (Definition 2.1 in [40]). Let 1 < p < oo. For {tk}k 0 € Z and {qbk}k C H with
Zk:o || Dk ”H =1 and ¢9 = 0. A UP-atom is a piecewise defined function a : R — H of the form
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K
a= Z L o) Pre—1-

k=1

The atomic Banach space U? (R, H) is then defined to be the set of all functions u : R — # such
that

o0
u:ZAjaj, forUp-atomsaj, {)\j}jeél,
j=l1
with the norm

o0 o
lue|| e :=inf{Z|Aj| :u:ZAjaj, Aj€Canda; an U? atom}.
j=l j=l

Here 1; denotes the indicator function over the time interval /.

Definition 3.2 (Definition 2.2 in [40]). Let 1 < p < 0o. The Banach space VP (R, H) is defined
to be the set of all functions v : R — H with v(c0) := 0 and v(—00) := lim,_, _ v(¢) exists,
such that

K

1 .
lvllve == sup O llv(w) —va-vll5) 7 is finite.
{tk}]{(:()ez k=1

Likewise, let V¥ denote the closed subspace of all v € V? with lim,_, o, v(¢) =0. 1744 rc Means
all right-continuous V? functions.

Remark 3.3 (Some embedding properties). Note that for 1 < p <g < o0,
UP(R,H) > UIR,H) > LR, H), 3.D

and functions in U?” (R, H) are right continuous, and lim;_, _ u(¢) =0 for each u € UP (R, H).
Also note that,

UPR,H)— VI (R, H) > UIR,H). (3.2)

Definition 3.4 (Definition 2.5 in [40]). For s € R, we let U NHS, respectively VI H®, be the
space of all functions u : R — H*(T9) such that t — ¢ "2u(t) is in UP (R, H*), respectively
in V2(R, H®) with norm

—itA —itA

lullgr® a5y = lle”"“u@llyr®, a5y,  ullve®, msy :=lle” " “u@®)llver, m59)-

Definition 3.5 (Definition 2.6 in [40]). For s € R, we define X* as the space of all functions
u:R — H*(T?) such that for every n € 74, the map t — e”'”'zu(t)(n) isin U2(R, C), and with
the norm

764



H. Yue Journal of Differential Equations 280 (2021) 754-804

lullxs == ()~ @ e u@ @ )7 s finite. (33)

neZd

Definition 3.6 (Definition 2.7 in [40]). For s € R, we define Y* as the space of all functions
u:R — H*(T?) such that for every n € Z¢, the map ¢ > ¢/ u(1)(n) is in V2(R,C), and
with the norm

lullys := (> ) 1P U@ m)|2)? s finite. (3.4)
neZd '
Note that
UZH® < X* < Y* < VZH". (3.5)

Proposition 3.7 (Proposition 2.10 in [35]). Suppose u = e''“¢ which is a free Schridinger
solution, then we obtain that

|l xs o,51) < @1l ars -

. : ~ 1
Proof. Since 1 := "¢, then [lullx: = (¥,eze (> 60 I2,)7 < @l D

Remark 3.8. Compared with Bourgain’s X*? first introduced in Bourgain,

—itA

vllxse = lle vl o gy »
—itA

Ivllyr s = lle ' vl s
—itA

”U”VKHfzne ! U”v/’[-[;-

And also later we will see the atomic spaces enjoy the similar duality and transfer principle
properties with X*-.

Remark 3.9. Follow the definitions, it’s easy to check the following embedding properties:
UZH® < X* < Y* < VZH* < L®(R, H"). (3.6)

Definition 3.10 (X* and Y* restricted to a time interval I ). For intervals I C R, we define X (/)
and Y*([1) as following

X(I):={veCU:H%):vllxs¢y:= sup _inf [¥]xs < o0},
JclI, |J|<10ly=v

and

Yi():={veCU:H*):vllysqy:= sup _inf |[T]lys < oo}
Jcli, |J|<1vlyj=v
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We will consider our solution in X1(7) spaces, and then let’s introduce nonlinear norm N (/).

Definition 3.11 (Nonlinear norm N(I)). Let I = [0, T'], then

t

I fllva == f DB £ (i’

0 Xl(l)

Proposition 3.12 (Proposition 2.11 in [41]). Let s > 0. For f € L1, HY(T%) we have

Il fllvay < sup //f(t,x)v(t,x)dxdt . 3.7

—1
ver-ln |y o,

0

Now, we will need a weaker norm Z, which plays a similar role as L,1 "

norm in [14].

Definition 3.13.

ISEN

. 2 4
Wlzay:= sup | Y N IPyollfacay
Jcl, |JI=1 7
Ne2

Remark 3.14. ||v] z(y actually can be considered as

=

6_
2 s |2 NTPUPI |
pelpr.prpey <L I=] Ne2Z
and {p1, p2, -, pr} should be the L? estimates that we need to use in the proof of nonlinear

estimate. In our case, we only need || Pyull 414 ) S IIPwvullz(ry in the proof of the nonlinear
estimates, so we choose {p1, p2, -, pr} = {4}.

The following property shows us that Z([) is a weaker norm than X' (1).
Proposition 3.15.
Ivllzay S llxey-

Proof. By the definition of Z(/) and the following Strichartz type estimates Proposition 3.19,
we obtain that

2 : 2 4 2 : 4 4
sup N ”PNU||L4(’]1"4><]) 5 sup N ||PNU||X0(J)
JCL JI=1 dyadic number JCL =l \ i dyadic number

Slvlixigy. O
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Proposition 3.16 (Proposition 2.10 in [35]). Suppose u := e''“¢ which is a free Schridinger
solution, then we obtain that

el xs 0,1y < @l as.

. ; -~ 1
Proof. Since u = ¢"'%¢, then |lullxs = (X, cz4 (M > 6mI72)2 < i@l O

Finally we state a ‘transfer principle’ proposition about the atomic space U Ap which is firstly
introduced and proved in [35].

Proposition 3.17 (Proposition 2.19 in [35]). Let Ty : L*> x - -- x L> — L}

Ioc be m-linear operator.
Assume that for some 1 < p, g < o0

IToe ™1, -, " )l Lo, 19 Ty S

]

||¢i||L2(Td)- (3.8)
1

m
Then, there exists an extension T : UX X +ee X UAp — LP(R, L1(T%)) satisfying

m
1T Gurs - s undll o, zocray S [ [ luillyes 3.9)
i=I

and such that T (uy, -+ ,um)(t, ) =To(u1(t), -, un,(@))(), a.e.

Lemma 3.18 (Strichartz type estimates [3][7]). If p > 3, then

itA 2_§
IPve"™ fllr 1< Sp N7 71Nz

and

. 26
||PceltAf||ijX([—1,1]x1r4) SpNT Sl
where C is a cube of side length N.

By the ‘transfer principle’ proposition (Proposition 3.17) and Strichartz type estimate
Lemma 3.18, we obtain the following corollary:

Corollary 3.19. If p > 3, then

26
1PNVl L=t 1xTH Sp N™ 7 llys 1.1

and

6
=5

IPcvllLrq—1,1xT4) Sp N7 2 Ivllye 11y,

where C is a cube of side length N.
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4. Local well-posedness and stability theory

In this section, we present large-data local well-posedness, and stability results. Although
Herr, Tataru, and Tzvetkov’s idea [41] together with Bourgain and Demeter’s result [7] gives the
local well-posedness of (1.9), to obtain the stability results, we need a refined nonlinear estimate
and the corresponding refined local well-posedness result.

Definition 4.1 (Definition of solutions). Given an interval I C R, we call u € C(I : H'(T*)) a
strong solution of (1.9) if u € X! (I) and u satisfies that for all #, s € I,

t
u(t) =e"“ug + i/e"“—f')Au(ﬂ)m(z’)|2dz’.

N

First, we need to introduce

3 L
Nl zecay == Null Z g el g g - 4.1)

Lemma 4.2 (Bilinear estimates in [41]). Assuming |1| <1 and N1 > N3, there holds that

2
1Pyt Phyuzllp2 (raxr) S (Fl + E)K I Pnvyutllyo Il Pnyuallyr 4.2)
for some k > 0.

Remark 4.3. This Bilinear estimate is Proposition 2.8 in [41]. The proof of Lemma 4.2 relies
on L? estimates in Lemma 3.18 (for some p < 4). In the proof not only we need the decoupling
properties for spatial frequency, but also we need further trip partitions to apply the decoupling
properties for time frequency.

Let’s introduce an refined nonlinear estimate.
Proposition 4.4 (Refined nonlinear estimate). For uy € X'(I), k =1,2,3, |I| < 1, we hold the
estimate
3
HTav S D0 Ml lugllzaluclza (4.3)
k=1 {i,j.k}=(1,2,3}
where iy, = uy or Uy =uy fork=1,2,3.

In particular, if there exist constants A, B > 0, such that u1 = P- qu1, up = P> qup and uz =
P_pgus, then we obtain that

3
I HMNkIIN(I) S lurllxv g lluzllzayluslizay + luzllx gy ludll z o lusll z - 4.4)
k=1
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Proof. By the Proposition 3.12, and suppose Ny, N1, N2, N3 are dyadic, and WLOG we assume
Ni > N; > Ns.

3 3
@ lIvey S sup | | o[ ]dkdxat]
k=1 H”O”y—l Taxs k=1
3
< sup Z | Pnyuo 1_[ Py, iy dxdt|
HM(JHy—l N01N|2N22N3 T4x1 k=1

Then we know N; ~ max(N», Ng) by the spatial frequency orthogonality. There are two
cases:

1. No~ N; > N, > N3;
2. Np <Ny~ Ni > Nj.

Case 1: No~ N; > N2 > N3
By Cauchy-Schwartz inequality and Lemma 4.2, we have that

I/PNOMOPNMTlPNZMNZPNyE dxdt| < || Pnyuo Pryuzll 2 || Pyt Phsusllyz
' ' (4.5)
<B4 Ly 2 Ly pyguollyo 1 Pwy it llyogs | Prstea iyl Pasgsa]
~NMTTN N TN, NoUollyon HEN U1 llyoy I N U2 1 x 1y IEN3 U3 T X1 (1)
Assume {C;} is a cube partition of size N>, and {Cy} is a cube partition of size N3. By
{PC_,. PyyuoPy,uz}j and {Pc, Py uy Pyyus}y are both almost orthogonality, Corollary 3.19 and
definition of Z norm, we obtain that

| Proito P P P ddi) < | P Prsis 1Py Pl

1 1
SQ_I1Pe; Prguo Pryua |72 )2 (I Pey Py Pyvyus )2

Cj C
< 11Pe, Prgtiol2s 11Pyual?e )2 (S 11 Poy Py 2o 1| Povyusl)e )2 4.6
SO NP Prouollya [1PNyu2ll7e )2C)  I1Pey Pnyuillya | Pnsusllys ) (4.6)
C J Lx,t Lx,t C Lx.t Lx.t
J k

1 1 1 1
SQIPe; Prguollyog, (N | Pryuall s )32 Q- I Pey Payut o ) (N5 1| Prsusll e ))?2
Cj Ck

SIPouollyo 1 Pnyutllyocry | Payuallzon |l Pryuz |l z -

Interpolating (4.5) with (4.6) we obtain that

|/ PNQ”OPNlﬁPN2@PN3’:E3d-th|
N 1 N 1 @.7)

3 2
S(Vl + E)Kl (Fo + E)Kl ||PN0M0||Y*1(1)||PN1M1 ||x1(1)||PN2u2||Z/(I)||PN2u2||Z’(1)-

769



H. Yue Journal of Differential Equations 280 (2021) 754-804

Sum (4.7) over all Ng ~ N| > N, > N3,

N3 1 p Ny 1 1
Y G G ) PNy | Pyl | Pz | Pzl -y
No~Ni=NozN; | 3 0 2

S luolly -1y lullx luzll zlusll z -

Case 2: Ng < N, ~ N; > N3

Similarly we have that

|/PN0M0PN1L71PN2LEPN3L?§dxdt|

4.8
< N3 1 . No I, (4.8)
N(m + VS) (E + FO) Il Pnouollyo iy 1Pyt llyocry | Pyt ll iy 1PN u3 llxn -
Similar with (4.6), we obtain that:
|/ PNOMOPNlﬁPNZLTéPNﬂ/Edth'
4.9)

SlPnouollyo oy 1Pxyut llyory | Pryuallzon I Psusll -
We interpolate (4.8) with (4.9) and sum over Ng < N> ~ Nj > N3. Then we have that
> || PyyuoPn, it Pn,its Pyyiis dxdt|

No=N2~N1=N3

SIPNouolly -1 1 Payutll x| Pyl zo oo I Py usll 1y
Next we summarize these two cases and similarly consider N| > N3 > Ny, N > N1 > N3,
Ny > N3 > Ny, N3 > N; > Ny, and N3 > N, > Ny, we can get the desired estimate (4.3).
In particular, if there exist constants A, B > 0, such that uy = P~ gqu1, up = P~ gus and u3z =

P_pus3, then we only consider the sum when Ny > N, 2 N3 and N, > N; 2 N3. So we get the
estimate (4.4). O

Proposition 4.5 (Local well-posedness). Assume that E > 0 is fixed. There exists 8o = 8o(E)
such that if

it A
e 2uollz(ry < &
for some § < b, some interval 0 € I with |I| <1 and some function ug € HYTH satisfying

lluoll g1 < E, then there exists a unique strong solution to (1.1) u € X'(I) such that u(0) = uy.
Besides

. 5
llu — e ugll g1y < 83. (4.10)
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Proof. Consider the set
S={ueX'():lullxigy <2E,  lulza <al,

the mapping

t
O(v) =e'"Pug — iM/ei(t_s)AU(S)|U(S)|2dS-
0

For u, v € S, by Proposition 4.4, there exists a constant C > 0, we have that

1P ) — Pl x1
<C (llulixiry + Ivlixicn) (el zeay + vlizan) lu = vlixi g,

<CEalu —vlix1

Similarly, using Proposition 3.16 and nonlinear estimate Proposition 4.4, we also obtain that

1P llx1y = PO x1(py + 1P@) = PO x1(p)
< luoll 1 + CEa?
and
1Pz < NPz 1y + 1P @) — POz (1)
<68+ CEa’.

Now, we choose a = 26 and we let §op = §p(E) be small enough. We see that ® is a contraction
on S, so we have a fixed point u. And it’s easy to check (4.10) and uniqueness in X'(1). O

As a consequence, we also get a global well-posedness result with small initial data which
will be used in Section 7. Note that the proof of the following proposition is analogous to the

proof in Herr-Tataru-Tzvetkov [40], hence I will skip the proof of the following proposition.

Proposition 4.6 (Small data global well-posedness). If || g1T4y = 8 < do, then the unique
strong solution with initial data ¢ is global and satisfies

el x1 (—2,27) <28
and moreover
itA 2
llu — e ¢||X1([—2,2]) f, 3.

Lemma 4.7 (Z-norm controls the global existence). Assume that I C R is a bounded open inter-
val.

771



H. Yue Journal of Differential Equations 280 (2021) 754-804

1. If E is a nonnegative finite number, that u is a strong solution of (1.1) and

||M||L§>°(1,1-11) <E.
Then, if
lullzay < +o0

there exists an open interval J with I C J such that u can be extended to a strong solution of
(1.1) on J, besides

lullxiry < CCE, llullza)-
2. (GWP with a priori bound) Assume C is some positive finite number and we have a priori

bound ||ullz1y < C, for any solution u of (1.1) in the interval I, then this IVP (1.9) is well-
posedness on 1. (In particular, if u blows up in finite time, then u blows up in the Z-norm.)

Proof. Suppose I = (0, T). For any ¢ > 0, thgre exists 71 < T such that |[u|lzr,, 1) < €.

By the continuity arguments of (s) = “el(t_Tl)Au(Tl)||Z’(T1,T1+s) where Ty > T — 1 such
that |lu|lz(r;,7) < €. Then combined the part (/) and Proposition 4.5, it’s clear to show the part
(2). O

Proposition 4.8 (Stability). Assume I is an open bounded interval, € [—1, 1], and it € X' (1)
satisfies the approximate Schrodinger equation

(i0; + A)it = pitlit)* +e, onT* x I. 4.11)
Assume in addition that
Nl zay + il oo, 1 T4y < M, (4.12)
for some M € [1, 00]. Assume ty € I and ug € HY(T*) is such that the smallness condition:

llwo — w(O)ll g1 14 + lelina <& (4.13)

holds for some 0 < € < g1, where 1 < 1. e1 = e1(M) > 0 is a small constant.
Then there exists a strong solution u € X' (I') of the NLS

(9 + Au = pulul?,
such that u(tg) = ug and

lullxiy + Nl xr gy < C(M),
lu —ullxiy < C(M)e.

4.14)

Proof. First, we need to show the short time Stability, which follows a similar proof as the proof
of Proposition 4.5. Then, by using Lemma 4.7, we extend to the entire time interval. O
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5. Euclidean profiles

In this section, we introduce the Euclidean profiles which is linear and nonlinear solutions on
T# concentrated at a point. The Euclidean profiles perform similar with the solutions in the Eu-
clidean space R* and hence Euclidean profiles hold some similar well-posedness and scattering
properties by using the theory for NLS in Euclidean space R* as a black box and Dodson [20].

We fix a spherically symmetric function n € C3° (R*) supported in the ball of radius 2 and
equal to 1 in the ball of radius 1. Given ¢ € H'(R*) and a real number N > 1 we define

Onp e H'RY,  (On¢)(x) = n(x/N1)p(x).
oy e H'(RY),  ¢n(x)=N(Qno)(Nx), (5.1)

fv e HITY,  fvG)=on(~ ),
where W: {x e R*: |x| <1} > 09 C T*, W(x) = x.
The cutoff function n(ﬁ) is useful to concentrate our focus on the range of a point, and the
choice of the order 1/2 actually can be chosen any number between 1/2 and 1.

Thus Qn¢ is a compactly supported modification of profile ¢. ¢y is a H'-invariant rescaling
of Qn¢, and fy is the function obtained by transferring ¢ to a neighborhood of 0 in T*.

Theorem 5.1 (GWP of the focusing cubic NLS in R* [20]). Assume ¢ € H'(R*), under the
assumption that

sup ||v(t)||H1(R4> < ||W||1L'1'(]R4)’
telifespan of v

then there is a unique global solution v € C(R : H'(R*)) of the initial-value problem
(@9 +Av=—vpf,  v(0)=9¢, (5.2)
and
IVievll o 2nr2 06 @kt < CUG i gy Bt (@) < +oo. (53)
Moreover, this solution scatters in the sense that there exists d)ioo e H! (RY), such that
lo(t) — " 2™l g1 gy = 0. as t — Fo0. (5.4)
Besides, if ¢ € H>(R*) then v e C(R : H (R%)) and

sup [[v() || g5 w4 §||¢HH5(R4) 1. 5.5
teR

Remark 5.2 (Persistence of regularity). Consider ¢ € H3(R*), and v € C(R : H'(R*)) is a
solution of (1.1) with v(0) = ¢ and satisfying

IVRaVll Lo L2nL2 08 RxRY) < H00-
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So we can have a finite partition {Ik}f=1 of R, (Ix = [tx—1, 1) and tx = 00) s.t. I|VR4U||L4L8/3
1 X

< %, for each k, we have that
10O e 115 ey < Nl V20Dl s + IV @O PO 2,4,
<Dz + IV 0l r200 0O 1745
1
<llv@-Dllgs + Z||v||Lr°°(1k¢H5(R4))

which implies ||U(t)||L,°°(Ik:H5(R4)) < %||U(fk—1)||H5 foreach 1 <k <K, so ||U(’)||L?°(R:H3(R4))
< 0.

Theorem 5.3. Assume Ty € (0, 00), and n € {—1,0, 1} are given, and define fy as (5.1) above.
Suppose that if v is a solution of (5.2) then v satisfies

sup Ol gigey < IWllgigsy,  when e (1),
telifespan of v

Then the following conclusions hold:

1. Thereis No = No(¢, Ty) sufficiently large such that for any N > Ny there is a unique solution
Uy € C(=ToN72, ToN~2 : HY(T?*) of the initial value problem

(i0,+ AUy =—Un|UnI*,  Un(0) = fn. (5.6)
Moreover, for any N > Ny,
NUN X1 (~Ton-2ToN=2) SEga(@). 19141 sy 1- (5.7

2. Assume ¢ € (0, 1] is sufficiently small (depending on only Epa¢p), ¢’ € H3R*), and || ¢ —
¢/||I-'11(R4) <e1. Let v € C(R : H>(R*)) denote the solution of the initial value problem

i0; + AN = —v’|v’|2, vV (0)=¢'. (5.8)
For R, N > 1, we define

VR, ) = (/R (x, 1), (x,1) eR* x (=T, T)
Ve () = NVR(Nx, N?1),  (x,1) eR* x (=TyN "2, TyN?) (5.9)
VRN D) = y(UT )0, () e T x (~TpN "2, TN ~2).

Then there exists Ry > 1 (depending on Ty, ¢' and &), for any R > Ry, we obtain that

limsup || Uy — VR»N||X'(7T0N—2,T0N—2) S’E]R“(‘Z’)’ 191 41 s, E1- (5.10)
N—o0
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Vr. n can be considered as solve NLS firstly, then cutoff and scaling, while Uy can be con-
sidered as cutoff and scaling firstly, then solve NLS.

Proof. We show Part (1) and Part (2) together, by Proposition 4.8 (stability).
Using Theorem 5.1, we know v’ globally exists and satisfying

/
[VR4v ||(L,°°L§mL,2L§)(RxR4) S L

and

sup [[0" (Ol s Ry Sl 5 sy - (5.11)
teR

Let’s consider v (x, 1) = n(x/R)v'(x,1).
(i3 + ARa)Vp = (i0; + Apa) (n(x/R)V' (x, 1))

4
=n(x/R)(id; + Aga)v'(x,1) + R~ (x, 1) (Agan)(x/R) +2R™! Z ;v (x,1)9;n(x/R),
j=1

which implies
(id; + ARa)V = A2V + er(x, 1),

where  eg(x,t) = uMm&/R) — /RO + R2'(x,0)(Apan)(x/R) +
2R™! Z?:] 9;v"(x,1)d;n(x/R). After scaling, we get

(i + Aga)V y = Vg v 1Pk + er v (x, 1),

where eg v (x, 1) = N3eg(Nx, N*t). With Vg n(y,1) = vk v (P71 (y), 1) and taking N > 10R,
we obtain that

(0, + Aa) VRN (v, 1) = u|VR NP VRN + ER N (Y, 1), (5.12)
where Eg ny(y, 1) = eR,N(dTl (v), t). By Proposition 4.8, we need following conditions:

L. ”VR,N||L,°°([—T0N’2,T0N*2]:H1(T4)) + ”VR,N”Z([—TON*Z,TON*Z]) <M,
2. /v = VRN Ol g (T4 <€
3. 1ERNIING=TyN-2,yN-2]) S -

We prove all 3 conditions as follows:
Case 1: | VR N |l oo —1yn—2, o821 (T4 T I VRN Z((—ryn-2, 70827 = M.
Since v'(x, 1) globally exists, Vg n (v, t) also globally exists. Given Ty € (0, 00),
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sup VRNl g1 T4 < sup ||U;e,1v(t)||H1(R4)
te[-ToN—2,TyN—2] te[-TyN—2,TyN—2]

1

= sup IRV Dl 2y + VR (V2D 1 ey
te[-TyN—2,TyN—2]

< sup kllgiesy = sup  InGe/RV .0 giwe,
te[—To,Tp] te[—To,Tp]

SIV Dl g1 rey < 10/ O 3w

By Littlewood-Paley theorem and Sobolev embedding, we obtain that

2 4 1
”VR,N”Z([—T()Nfz,ToNfz]) = Sup ( Z M ”PM VR‘N||L4(J><T4))4
JCI=ToN“2ToN21 M dyadic
1 1
< sup 1O UKL = A)3 Py Ve D 2l st
JC[—TQNﬁZ,ToNfz] M
1
S sup (1= AYSVR NIl L4 xT
JC[—T()N*z,T()N’Z]
1
< sup {1 —A)2Vg N 8
JC[=ToN=2,TyN—2] L{(DHLE(TH
SRl s + [IVRavRll s .
K LLE (I-To. To]xR%) K LEL? (- To. To]xR%)
Since [[vill s + [[VRavRll s < sup, [V ()|l s, by (5.11) we
RELL3 1y 1o 1xR Y R L3 (-1, 11 xR ! H
obtain

IVR N Z—1on-2,78-21) Sl 5 s, 1

Case 2: | fy — VR,N(0)||H1(1I‘4) <e.
By Holder inequality, we have that

Ify = VRN Ol g1y < llén (W1 0)) = @y (¥ OD g1 (14,
< QN¢ - ¢;?”1-'11(R4)

X
= I = 9@l ey + 16 = 9l
2
x ,
()¢ (@) — &' @)l 1 gey-
N2
With N > 10R, and R > Ry, Ry large enough, we have that

I fv — VRN Ol 514y <261

Case 3: | Er Nl nq—1yn-2,7on-2]) S €
Next, by Proposition 3.12 and scaling invariance, we obtain that
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t

IER NN (-1on-219N-2) = /ei(tis)AER,N(S) ds

0 XU([~ToN~2,TyN-2))
—1
= sup IV uoll e 2 IIVIER NI L) 12
lluolly—1=1 ’
< sup Nluolly- IIVIERNIL! 2 (— N2, 78 -21xT4)

lluolly—1=1
=|[Vgser ||L,1 L2([-To, To]xR4)*

For the |VRg4 eg(x, t)|, we have the following estimate
VR er(x, )] = |VRa (e (x/R) — 0 (x /R))V (x, )]V (x, )]

4
+ R (@, )(Agen) (5) + 2R () 0,0/ (. )3 (x/ R)
j=1

< |VR4<n<%> - n(%)3)v/(x, Ol (e, 1P|+ 3|(n(%) = n(%)3)VR4v/(x, DI (x, |
+ R (x, t)VR4AR4n(%)I R Vpav'(x, t)(ARm)(%)l + R AR (x, r)va(%n

1
Si0lys e, Lir2ri (6 (10 G ) 4 VRat @, 0) 4+ (1(VR) 7V (D))

Since || Vg, v'(x, Dl Spgrn s 1 VRV 06 Dl S5 1 and 100 Dl Sgry s 1
(by Sobolev embedding), we obtain that
To
1
||VR4eR||L}L§([—T0,T0]x1R4): /(/|VR4eRldx)2dt
—To R*
1
Ty 2
) 2 / 2 1 2 2
=< Tir 2 (XD 0 DI + [VRav' (x, D) dx + 27 | [(VRa) ' (x, O dx | di
—To \R* R#

2

1
Sierl,s 2T0 /HIR‘2R|(|x|)(VR4)2v/(x, D*dx | + = =0, asR— o0
R4

So we can obtain that

IVER N ”L,] L2([-ToN=2,TyN=2]xT4) <€y,

where R > Ry, and Ry large enough. By checking all three conditions above, we have the desired
result. O

777



H. Yue Journal of Differential Equations 280 (2021) 754-804

Next, we prove an extinction lemma as Ionescu and Pausader [43] did in their paper about
energy critical NLS on T3, Here we prove the corresponding extinction lemma on T# which is
one of the essential ingredients of the whole proof.

Lemma 5.4 (Extinction lemma). Let ¢ € H'(R*), and define fn asin (5.1). For any € > 0, there
exist T =T (¢, €) and No(¢, €) such that for all N > Ny, there holds that

itA
e fnllzqrn—2,7-17) S e

Proof. For M > 1, we define

Ky(x,0)= )" emilHEP+EME/M) _ fitAp 50
EeZ4

We know from [Lemma 3.18, Bourgain [3]] that Kj; satisfies

4
M
|1<M<x,r)|51'[< ) (5.13)

it \ V@ (1+ Mt/ () — ai/qi]?)

if a; and g; satisfying - = % + B;, where ¢; € {1,--- ,M}, a; € Z, (a;,q;) = 1 and |B;] <
(Mgj) ' foralli =1,2,3,4.
From this, we conclude that forany 1 < S < M,

1K b ey Dl s, cmassm—2.5-1) S ST2M*. (5.14)

This follows directly from (5.13) and Dirichlet’s approximation lemma which is stated as
follows: For any real number o, and any positive integer N, there exist integers p and q such
1§q§Nand|qa—p|<%.

Assume that |r| < 1. Foreachi € {1,2,3,5}, =+ i and |B;] < Mlqi <4 <+t Sowe
obtain that

ai

Therefore we have that either g; > %S (a; > 1)ora; =0foreachi.If g; > %S (a; > 1), then

M <M iy

VA + Mt/ —ai/gi12) ~ VI~

If a; =0, then

M M 1 _1
1 5 1/2 Sl” 2 fs M.
VTGA+Mt/() —ai/gi)2)  VaMlt

So we have that |Ky(x, )] < ST2M*. By the definition as in (5.1), to prove the extinction
lemma, we may assume that ¢ € C8°(IR4), we claim that
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ANl eray Se N

K)_ION—I_ (5.15)

| Pk fnllL2cay So <1 +5

Let’s consider the bound of || fx || 1 (T4):

1
||fN||L1(1r4) = ||¢N(x)||L1(R4) . m”(b”]‘l(]}v)'

Then we consider the bound of || Pk fn || ;2(T4):
1 x 1 K\
1Pk Sl == 1P OC D@m= 7 (145 ) 10l

By Lemma 3.18, for p > 3 we obtain that

—10
. 2_6 K _
”ell‘APKfN”Li"t(’][‘étx[,]’]]) EK P <1+N> N 1”¢”H10' (516)

Then let’s estimate ||€ilAfN||z([rN—2,T—l])- We know that

1

7

. ) . .

le"™® fnll zqrn—2,7-1)) = sup ZK ||PK€”AfN||L4(JxT4)
Jarn-2 - \‘%

To estimate it, we decompose the sum above into three parts:

Yoo+ >+ > KNPk NI taqrn-2 71w
1

1 1 1
K<NT 100 K>NTT0 NT T00<K<NT T00

Casel: K < NT_ﬁO:
By (5.16), we obtain that

] L _ _ 1
Z K2||PKe”AfN||i4([TN—2’T71]><'][‘4) §¢(NT 100 )4N 4 =T"7%.
1

K<NT™ 100

Case 2: K > NTﬁ:
By (5.16), we obtain that

—40
, K _

Y KUPke"™ Il sy S DL K4<1+ﬁ) N=H 1l 10

KzNTﬁ KzNTﬁ

_ 4
§¢T 100 |
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Case 3: NT‘ﬁgKgNTﬁ;
1 1
Let’s consider K € [NT 10, NT 100 ] and set M ~ max (K, N)and S ~ T.

itA
e Px Nl crxirn-2.r-1) = 1K m % fv e crssrv-2.r-1)
=IKu ||L;?,(T“X[TN‘z,T_]J)HlelLL (T4 (5.17)

Sy T2K*N < T 2F5 N,

—10
€2 Py il cpsrn-2 71 So K° (1 N —) N

N (5.18)
< N_1+8T_ﬁm.
By interpolating (5.17) with (5.18), we have that
itA B (P % —2+.L le D N I
e’ P fnll s o717 So (N TIOO) (T 25N> <N“IT"®.  (5.19)
Summing K2”PKeitAfN||i4([TN—2,T—1]xT4) over K, we obtain that
i N R
> K2 Pge™™ NI aqrns 1) < 3 K*(N—a7 -0t
NT’ﬁsKsNTIIW NT*ﬁgKgNTllfo
< > K*N72T" 3

<T~%.
Summarizing all three cases by setting 7" large enough, we hold the estimate. 0O

Let’s now consider f € L2(T4), to € R and xg € T4,

(7Txo £)(x) 1= f(x — x0),
(T x0) f (%) i= 7Ty ™02 £)(x).

Asin (5.1), given ¢ € H'(R*) and N > 1, we define
- B - 1
Tng(x) = NG(NW ™' (x)), where () :=n(y/N2)¢(y)
and we have that Ty : H'(R*) — H'(R*) is a linear operator with ITNGl (T4 S D1l 1 (4
Definition 5.5. Let .%; denote the set of renormalized Euclidean frames

Fe ={(Ni, tr, Xxp)g=1: N € [1,00), 1 = 0, x € T*, Ny — o0

and either 7z =0 for any k > 1 or klim Nk2|tk| = 00}.
—00
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Proposition 5.6 (Euclidean profiles). Assume that O = (N, t, Xk )k € .%; and ¢ € H'(RY). Sup-
pose that if v is a solution of (5.2) with v(0) = ¢ then v satisfies

sup  [[v@ll g1y < W g1 wey-
telifespan of v

Then
1. there exists T = t(¢) such that for k large enough (depending only on ¢ and O) there is a

nonlinear solution Uy, € X1 (-1, 1) of the initial value problem (1.9) with initial data Uy (0) =
Hlk,O(TNk¢) and

NN X1 (—2,0) SEga@). 19141 s, 15 (5.20)
2. there exists a Euclidean solution u € C(R : H'(R%)) of

(id + Ags)u = —ulul?
with scattering data ¢$*>° defined as Theorem 5.1 such that the following holds, up to a

subsequence: for any € > 0, there exists T (¢, €) such that for all T > T (¢, €), there exists
R(¢p, e, T) such that for all R > R(¢, &, T), there holds that

| Uk <e, (5.21)

— Ukl (1< NI <T-1))

for k large enough, where

(T ) (x, 1) = Nen(Ne W™ () / R)u(Ne ™1 (), NE (2 — ). (5.22)

In addition, up to a subsequence,

+
” Uk(t) - Hlkfl,xk TNk¢ o ”X] ({:I:(l*lk)Z:I:TN,:Z}ﬂ{ll|<T_] DR =g, (523)
for k large enough (depending on ¢, ¢, T, and R).

Proof. By the statement, it is equivalent to prove the case when x; = 0.
Part (1): First, for k large enough, we can make

X
o —n(—)ll g1 ray < €1
N

1
2

For each Ny, we choose Ty n, = ‘CN,? (To, N, 1s the coefficient in Lemma 5.3). For each T y, , we

make Ry large enough to make Theorem 5.3 work. (Note: in this case, Ry determined by Tp, v,

as in the proof of Theorem 5.3.)

Part (2): Let’s consider first case in Euclidean frame: #; = 0 for all k. (5.20) is directly from
Theorem 5.3, by choosing k, R for any fixed T large enough.
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To prove (5.21), we need to choose T (¢, §) large enough, to make sure
IVRS N L3, @4 e1>7(0.00) =90
By Theorem 5.1, we obtain that
lu(£T (p,8) — e T@D2GE0 ) o) <8,
which implies
IUN ET N = Ty Tl g vy < 6. (5.24)
By Proposition 3.15 and Proposition 3.16, we have
[leit4 (UNk (ETN;?) =7y TNk¢i°°> lxtqe<7-1) < 8- (5.25)
By Proposition 4.5, we obtain that
1Un, — "2 Un (TN 1 <56, (5.26)
and combining (5.25) and (5.26), we have
+
”UNk - H—t,xk TNk¢ oo”Xl({:I:tZ:I:TN,:Z}ﬂ{\l|<T*1}) <e,

when we choose § small enough.
The second case: Nk2|tk| — 0.

Uk(O) = Htk,O(TNk¢)
= iA (N,f $<Nkw—1(x))>
_ omind (Né NN, w—l(x>)¢(Nkw—l(x>)> .

By existence of wave operator of NLS, we know the following initial value problem is global
well-posed, so there exists v satisfying:

4 Aoy — 2
{(zat+ R4V = polv]?, (5.27)

lim; . oo [[0(r) — € 21| 41 gty = 0.

We set

Fe() = N2 (N~ (0)/ Ry (N~ (x), N21),

1
so we have U;(—tx) = N2 n(Ne WU~ (x)/R)v(Np W~ (x), —N2tr).
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For k and R large enough,

. 1 1
10k (=) — e FANZn(NEY™ ) Nk W™ )| g1 pa
X : 2 X
<lln(—)v(x, =Nin) — N2 ()¢ () |l gy
N,f N,f

<e.

So Vi(7) solves initial value problem (1.9) in T*#, with initial data Vi(0) = %(O), which
implies Vi (¢) exists in [=4, 8], and || Vi(?) — Vi)l x1 (—s.57) S &-
By the stability property (Proposition 4.8), [[Ux — Vil x1(—s.s7 = 0, ask —>o00. O

The following corollary (Corollary 5.7) decomposes the nonlinear Euclidean profiles Uy de-
fined in the Proposition 5.6. This corollary follows closely in a part of the proof of Lemma 6.2
in [43]. I state it here as a corollary because the almost orthogonality of nonlinear profiles
(Lemma 6.6) heavily relies on this decomposition lemma (Corollary 5.7).

Corollary 5.7 (Decomposition of the nonlinear Euclidean profiles Uk ). Consider Uy, is the non-
linear Euclidean profiles w.rt. O = (Ng, tx, xx)x € Fe defined above. For any 0 > 0, there exist
T90 sufficiently large such that for all Ty > TeO and Ry sufficiently large such that for all k large
enough (depending on Rg) we can decompose Uy as following:

_ 0.~ 6,400 0 0
1(—T9*1,T0’l)(t)Uk_wk + wy + oy + o,
and a)z’ioo, a)z, and p,f satisfy the following conditions:
6,+00 [
”wk ”Z’(—TQ_I,TH_I) + ”pk ”Xl(—Tg_l,Te_l) <0,
0,%00 0
”ka ”X' -l -t + ”wkuxl _rl -l S 1,
=Ty Ty ) (=T, Ty ) (5.28)
0,to00 P 6,£00
Wy = <Ry N @y,

Vi |+ (N Lgg 8, V' of | < Ro(N)" ' L g9, 0 < Im| < 10,
where
SPi={(,0) € T* x (=Ty, Ty) : |t — te] < Ty(NK) ™%, |x — xk| < Ro(Np) ™'}

Proof. By Proposition 5.6, there exists T (¢, %), such that for all T > T (¢, %), there exists
R(¢, §.T) such that for all R > R(¢, §, T), there holds that

N 0
Uk = el v qie—se < vy =231 <71 = 5

for k large enough, where
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(7_x i) (x, 1) = Nen(Ne W™ () / R)u (N W™ (), N2 (t — 1)),

where u is a solution of (1.1) with scattering data ¢=°°.
In addition, up to subsequence,

G
+
10k = Myt T ™ 1 (=T vy -200101<7-1)) =<

for k large enough (depending on ¢, 8, T, and R).
Choose a sufficiently large Ty > T (¢, %) based on the extinction lemma (Lemma 5.4), such
that

' 6
A +
||e” My TN @ OOHZ(To(Nk)*zﬁTeil) = 4

when k large enough.
And then we choose Ry = R(¢, %), Tp).
Denote:
0,00 ,__ 6,4+
Loy = ]l{i(z—tk)zTe(Nk)*z,|z\sT9_'} (Mgt T %),
where

%= g1 mey S 1. 675 = P<g, (875,
which implies a)z Foo = P<pynN, a)Z’
2. f =i - Ly, where SY = {(x,1) e T* x (=Tp, Tp) : It — tx] < Ty(Np) 72, |x — x¢| <
Ry(Np)™ . -
By the stability property (Proposition 4.8) and Theorem 5.3, we can adjust a)k and w;’ >,
with an acceptable error, to make

+o0

Vil + (V) 7283718, VY o | < Ry(N)!"* ! Lo, 0 < |m| < 10.

3. pp = 1(—T9*1,T6")(I)Ulg — o — ot — 7o,

By (5.21) and (5.23), we obtain that

0 9
”pk ||Xl({\t|<T971}) = Es

and then we have

0,400

[l P 1] P —— )
0,400

g™l gr R e +||wk||xl T(;‘,Tf;l)fSL O
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6. Profile decomposition

In this section, we construct the profile decomposition on T*# for linear Schrodinger equations.
The arguments and propositions in this section are almost identical to those in the Section 5 of
[44], except for one more lemma (Lemma 6.6) about almost orthogonality of nonlinear profiles
which is useful in the focusing case.

As in the previous section, given f € L2(R4), to € R, and xg € T*#, we define:

(Mg x) £ (x) = (e702 f)(x — x0)
Ty (x) == NNV~ (x)),

where $(y) == 1(=1)¢ ().
Observe that Ty : H'(R*) — H'(T*) is a linear operator with ITNGl 1 T4y S D1l g1 Ray-

Definition 6.1 (Euclidean frames).
1. We define a Euclidean frame to be a sequence F, = (Nk, tk, xi)x With Ny > 1, Ny — +o0,

neR, 4 — 0, x; € T4 We say that two frames, (N, tx, xx)x and (Mg, sk, Yk )k are orthogo-
nal if

Ny
li 1 NZ |ty — N, —
k_:T@(IIM’vL 21t — skl + Ny |xx ykl)

Two frames that are not orthogonal are called equivalent.
2. If O = (Ng, t, xi)k is a Euclidean frame and if ¢ € H 1(R#), we define the Euclidean profile
associated to (¢, O) as the sequence ¢, :

(’i;ok = Htk,xk (Tde))

Proposition 6.2 (Equivalence of frames [44]). (1 ) If O and O’ are equivalent Euclidean frames,
then there exists an isometry T : H'R* — H'(R*) such that for any profile qbo/ up to a
subsequence there holds that

limsup || f(}ﬁok - 5(9; I (T4) =0

k—o00

(2) If O and O’ are orthogonal Euclidean frames and 5@,{, $@;€ are corresponding profiles,
then, up to a subsequence:

lim ($oy, oy) i1 (T4 = 05 ©.1)
k— 00

: P 27 2

Jim (lbo, I, 160 ) 2x 2wy =0, (6.2)

The following proposition is the main statement of this section. We omit the proof of this
proposition because it is similar to [44, Proposition 5.5].
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Proposition 6.3 (Profile decompositions). Consider { fi}r a sequence of functions in H'(T%)
and 0 < A < oo satisfying

limsup || fill g1 74y < A

k—+o00

and a sequence of intervals Iy = (— Tk, TX) such that |I| — 0 as k — oo. Up to passing to a
subsequence, assume that f — g € H'(T#). There exists J* € {0, 1, ...} U{o0}, and a sequence
of profile I/fk = 1//00, associated to pairwise orthogonal Euclidean frames O% and y* € H'(R*)

such that extracting a subsequence, for every 0 < J < J*, we have

fi=g+ > Uf+R] (6.3)

I<a<J
where R,f is small in the sense that

lim sup limsup [|¢""* R} || z¢1,) = 0. (6.4)

J—>J* k—o0

Besides, we also have the following orthogonality relations:

I fell3> = llgl3> + IRY 172 + ox(1).

IV fill 72 = IVelg + Y IVRs Y 172 g, + IVRLIIZ2 + 0 (D).
asJ (6.5)

R 4 ot sand | —
JHim, Timsup el = gl = 3 IV l74| = 0.

a<J

Remark 6.4. g and 1//k for all « are called profiles. In addition, we call g is Scale-1-profile, and
wk are called Euclidean profiles.

Remark 6.5 (Almost orthogonality of the energy). By (5.1), we have that ||‘Z1?||L2(T4) <
A1V, = Oask — 0o and 1T pey = H VIV I aey H IV g
Then above and (6.5), we know that

lim lim [ Y E@R+ER)+E@) — E(fo) | =0.

J—=J*k—o00
I<a<J

Lemma 6.6 (Almost orthogonality of nonlinear profiles). Deﬁne Uz, Uk as the maximal life-
span Iy solutions of (1.1) with initial data U} (0) = 1//Oa, Uk 0 = wﬂﬂ, where O% and OF are

orthogonal. And define G to be the solution of the maximal lifespan Io of (1.1) with initial data
G(0)=g.And 0 € I} and limg_,  |Ix| = 0. Then

lim sup (Uf (1), Uf(t))Hlel =0, lim sup (UZ@),G®)) g1y =0. (6.6)

k—o0oter, k=00 rer iy
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Proof. Set U,? (0) = g and U,? = G for all k, such that U,? can be considered as a nonlinear
profile with a trivial frame O = (1, 0, 0)x.

For any 6 > 0, by the decomposition of the nonlinear profiles U% and U# (Corollary 5.7),
there exist Ty o, Ro.o, 10,8, Ro,p sufficiently large

o,0,+00

o _ a,@,—oo a,0 o0
Ul =wy + wy +or o

Ul = "™ 4 o O 4 o o + ol

+ a)g’e + ,o,‘j’e where ,0,(3' = a),? 9 —0and »

= éG. And by taking Ty large, it is easy to make ||Gllz/(-7,0.15) < 6. So

(U (1), G(1)) g1 g1 can be considered as a special case of (U (t), U,f(t))gl <51 when 8 =0.
Since p,‘j’e, ,of’e are the small terms with the X !-norm less than 6, for any fixed 7 € I, it will

suffice to consider the following three terms:

_ a,0,—oc0 o,0,+00
For Uk,set Uk =wy + o,

0900

0,0,+00 _

B,0,x00, | .
’wk )Hlel’

w,0,+
1. <k
o,0,+ B.0 .
2. {wy wk YT
a0 B0, .
3. Aoy “)k Y B

6,+ 0,+
Case (1): (02", ") 41 .
,0,+00 B,0,+o0 .

By the constructions of w;, , O in the proof of Lemma 5.7, we obtain that
a,0,+00 | «,0,+00
@y =L =t (ka —1ag Ing ¢ ) : (6.7)
a,G,ioo — B,0,t00
O 1{:t(t i)=T 0 (N2 111<T; ) ( i~ xP ﬁ‘p ) (6.8)

For any fixed ¢ € I, we obtain that

0, ,0,+00 0, ,0,%00
(@0, o T 0) g = (96 °°¢ﬁ )i i

By (6.1) of Proposition 6.2, we obtain that

o,0, :I:oo(t)’ wf,@,:l:oo

11m sup(a)k ) g =0.

Case (2): (02" %) o 1.

By the constructions of a)g 9, ioo, a),’f 8,300 in the proof of Lemma 5.7, we obtain that

BO._ ~B
Wy = U ]lsf‘o,

.0 _ _
where /7 .= {(x,1) € T* x (=Tp9, Tgp) : It — 1| < Tgo(NJ)™2, |x — x| < Rgo(N)™")
and ;P is defined in (2). Following a similar proof of the Case 4 in the proof of (8.1) in

0.+ 0
Lemma 7.3, we have that limy_, o sup, ("> a)f Yt g1 =0.

787



H. Yue Journal of Differential Equations 280 (2021) 754-804

Case (3): (0%, ) 1 1.
For & > 0 small.

If N,?‘/N/Sk + N,f/N,‘j‘ < 71000 and £ is large enough then S,‘f’e N S,’f’e = (). (By the defini-
tion of orthogonality of frames, ]Z,?/N,f + Nf/N,‘(" < g—1000 eimplies (N,f‘)2|t£‘ — t£| — 00 or
NE|xy — xfl — 00, SO S,‘j‘g N Sf’ = (J.) In this case, a)g’e a)f =0.

It N/NF > £710% /2 Denote that

0 BO _  a6~B0 . _
Wy k

o, o,0 /3’6
Wy = wy = (0 Lgar, o (vey 2,004 7, o (N -2) (1)

By SION,?‘ >> zs‘lON,i3 and the Claim T in the proof of Lemma 8.2, we obtain that
a0 B0, . . a0 B.O\ . o,0 B.0\ . .
(o™ o ) g = (Pogroye o™, o ) sy + (Pegroye oy ’P>s—1oNk5wk VEx A
o,0 B.60
+ <P>310N,f‘wk O )
Se. O

7. Proof of the main theorems

It suffices to prove the solutions remain bounded in Z-norm on intervals of length at most 1.

To obtain this, we run the induction on ||u ||L?OH1 (in the focusing case u = —1).
Definition 7.1. Define
AL, v)= sup  {llulizay :sup lu()% qa < L. ] <7},
rel HAT

u is a solution
of (1.

9)
where u is any strong solution of (1.9) with initial data uq in interval I of length |/| < t.
It is easy to see that A is an increasing function of both L and t, and moreover, by the

definition we have the sublinearity of A in t: A(L,t +0) < A(L,7) + A(L,0). Hence we
define

Ao(L) = 1in%)A(L, ),
T—>
and for all 7, we have that A(L, 7) < +00 < Ag(L) < +oo. Finally, we define

Epax =sup{L : Aog(L) < +o00}.
Theorem 7.2. Consider E,,,, defined above. E gy > || W”?'{I(R‘*)'

Then it is easy to check that Theorem 1.1 is true by Theorem 7.2. Hence it will suffice to prove
Theorem 7.2.
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Proof of Theorem 7.2. Suppose for the contradiction argument that E,,,, < ||[W|| F1(R%)- BY
the definition of E,,,, there exists a sequence of solutions u such that

sup ||M(f)||H1(11“4) — Epax,  lNurllz-1.,0) ||Mk||z(0,Tk) — 400, (7.1)
te[—Ti, T

for some 7%, T* — 0 as k — +o0. For the simplicity of notations, set

L@) = sup  ugp®F qs)
te[—Ti, T

where ug(¢) is the solution of (1.1) with initial data u4(0) :Nqb. By the Proposition 6.3, after
extracting a subsequence, (7.1) gives a sequence of profiles w,f‘ , where o, k=1,2,---, and a
decomposition

w©) =g+ Y UF+R.

1<a<J

satisfying

limsup limsup [le’* R || z(1,) = 0. (7.2)

J—oo  k—o00

And moreover the almost orthogonality in the Proposition 6.3 and the almost orthogonality of
nonlinear profiles (Lemma 6.6), we obtain that

L(x) = k—I}TooL(iZg)’?) € [0, Emaxl,

(7.3)
1. . J — .
Jim 37 L)+ lim LR | + L(8) = Enas
l<a<J

Case 1: g # 0 and no any Euclidean profiles.
There is no any Euclidean profiles, and by Remark 2.6, ||g||H1(T4) < L(g) < Epax- Then, by
Iy — 0 as k — oo, there exist, n > 0, s.t. for k large enough
itA

le" 2 ur )l 77, 7%y < lle" gl z—n. +& < o

where g is given by the local theory in Proposition 4.5. In this case, we conclude that
lukllz(— 7. 7%) S 280 which contradicts (7.1).

Case 2: g = 0 and only one Euclidean profile %i such that L(1) = E,;qx.

By Remark 6.5 and (7.3), we obtain that L(Jkl) < Eax which implies [|¥/ || g1 sy < 00 (if
w=~+1)orsup, [luy |l g1 Rey < IWll g1 R4 (if u = —1). Denote Uk] is the solution of (1.1) with
U kl ) = Iz;lg In this case, we use the part (1) of Proposition 5.6 and Remark 2.6. Given some
€ > 0, for k large enough, we have that

IO I —rmh) < N0 x5y S 1. and  ULO) —ug Ol gipsy <€ (7.4)
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By (7.4) and Proposition 4.8, we obtain that

lurllzay S luklxigy S 1
which contradicts (7.1).
Case 3: At least two of all profiles are nonzero.

By (7.3), L(g) < Epax and L(x) < Ejqx for any o = 1,2, ---. By almost orthogonality and
relabeling the profiles, we can assume that for all «,

L(o) < L(1) < Eppax — 1, L(g) < Ejpgx — 1, for some n > 0.
Define Uy} as the maximal life-span solution of (1.1) with initial data U’ (0) = J,‘(" and G to
be the maximal life-span solution of (1.1) with initial data G(0) =

By the definition of A and the hypothesis E,;;; < 0o (if u =+1) and Eqx < Ew (f p =
—1), we have

1Glz-1,1 + lim Ul z-1,1) < 2A(Epax —1/2,2) S 1.
k— 00
By Proposition 4.7, it follows that for any « and any k > ko(c) sufficient large,

IGlx 1) + 1O N xr 1.1y S 1

For J, k > 1, we define

Uprofi * —G"‘ZUk —ZUkv

where we set that U ,9 =G.
Claim. There is a constant Q such that

J
U ori iy + D2 MU I3y < O (7.5)
a=0

uniformly on J.
From (7.2) we know that there are only finite many profiles such that L(x) > 3. We may

assume that for all @« > A, L(«) < §p. Consider U for k > A, by small data GWP result (Propo-
sition 4.6), we have that

J
1Uprofillxt—1,1y =l Z Uillxi =11y

0<a<J
< D Uiy + 1Y WE =" AU O xiay + 1™ Y UFO)lIxi-y1)
0<a<A A<a<J A<a<J
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SA+D+ Y NUEO +1 Y UEO)

A<a<J A<a<J

1
SA+ D+ Y L@ + Epax
A<a<J
<l.

And also similarly, we have that

ZE:HL& ”X](l U ZE:HL& ”XW 1, U'+ 2{: ”L&-qu 1])

A<a<J
SA+ ) L@
A<a</J
<.
We denote that
Uapp k= Z Uf +e" Ry

O<a<J

is a solution of the approximation equation (4.11) with the error term:

e=(id + MU}, —FWUL, )
= Y FWUH-F() U+"™R)),

0<a<J O<a<J
where F(u) = ulu|?.

From (7.5) we know ||U ppk”X‘( 1y =0.
By Lemma 7.3 (proven later), we obtain that

limsup |lelln) < €&/2, for J > Jp(e).
k— 00
We use the stability proposition (Proposition 4.8) to conclude that uy satisfies
J
lurllxi gy S NU. ppk||x1(1k) =< ||Upmfk||x1( 1olle™ R xS 1
which contradicts (7.1). O

Lemma 7.3. With the same notation, we obtain that

lim sup lim sup || Z F(UY) — F( Z U2 4" RD)Inay =0. (7.6)

J—>00 k—o00 O<a<J O<a<J
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8. Proof of Lemma 7.3

Consider

1Y FWUH = FW,, i+ € * RNy

O<a<J
SUF Ui + € R = FWop ) Ivan +IF W) — > FWUHInay-
O<a<J
It will suffice that we can prove
limsuplimsup | F (U}, + € *R)) = F(U;, .. )Ny =0, (8.1)
J—o0o k—o00 ’ ’
and
limsuplimsup | F (U, 0) = Y FWUO Ny =0. (8.2)

J—oo  k—o00 O<a<lJ

Before proving (8.1) and (8.2), we need several lemmas.
Denote that ©, 4 (a, b) stands for a p + g - linear expression with p factors consisting of
either @ or a and g factors consisting of either b or b.

Lemma 8.1 (a high-frequency linear solution does not interact significantly with a low-frequency
profile). Assume that B, N > 2, and dyadic numbers, and assume that w : T4 x (-1,1) > Cis
a function satisfying

Vil < NIFM oyt gen-20 =0, 1

Then we hold that

1921 (@, €2 Popn f)lln—1,1) S (B~ 4 N7V £l i psy.

Proof. We may assume that || /|| y1(T4) =1 and f = P~y f. By Proposition 3.12, we obtain
that
1D2.1(w, e Po gy N
SID21(@, Ve Pll i) + 1€ fllper2 ol 2 o1Vl + @]l 2

5”92,1(60, VeitAf)”Ll((_l’l)’LZ) + B_l.

1

-2 b3 -2 bl
(It’s easy to check that ||“’||L,2L§;° < (fiVN,Z(N)Z dt) 2’ ||V0)||L,2L;° < (fiVNfz N4 dt)2 = N, and

IP-gn fll2 < ol f 1)
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Now we let G(x, 1) := N*npa (NW ™ (x))nR (N?1),

1

1
1D2,1(@, Ve PO 1e_y 100 S D / (@ 1.1 / TG M di) 2y 2.
=124

J=1 1

It remains to prove that
| |
||K||L2(’E4)_>L2(’]I‘4) 5 N2(B7m + N 100),

where K = Popy [p e "AGe"A P_ gy dt. We then compute the Fourier coefficients of K as
follows:

Cp,q — (esz, Kequ>

2/P>BNeipx/e_itAGe”AP>Bthdx
T4 R

= (1 = ngs)(p/BN)(1 — ngs)(q/BN) / P PHIPE G (1, x)e 1P+ gy,
r]I‘4><[—l,l]

Hence, we obtain that

—10
_ IpI? — IqI? lp—al\ "
lepgl SN 2<1+}N72| I+ = Ljpi= Ny Lijg|=BN)-

Using Schur’s lemma, we have that

1Kl 214 12(T#) S Sup Z [cp,ql + sup Z lcp.gl-
PELt (74 qeLt e 74

It suffices to prove that

2 21\ ~10 ~10

—|p+v

N~ sup ) <1+—||p| "Z ||> <1+—'”|) <BTTLNTT.  (8.3)
IpIzBN N

We will separate (8.3) into the following 3 sums:

YooY wm ¥

| |
[v[=NBTO00  |v|<NB100 [v|<NBT

1
v-p|=N2BT0 2W|<NZBT
p p

=

0

=i

Then we discuss case by case.
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Case 1:
2 -10 -10
+v
£ () () e E () "
=N BT pl=N BT
Case 2:
PR —1p+o2[\ ", " 2v- p\ "
¥ () ) T ()
o] <N BT [o|<N BT
lv-p|>N2B B0 lv-pl=N?B B0
< BT 10
Case 3:
Denoteﬁzl%‘

2 21\ ~10 ~10
4 3 lIp1> = |p+ vl v

|p|=BN e
[v|<N B T00

|p-v|<N2BT10

<N~ sup #{v:|v|<NBW, |p-v] < NB 1)
|p|=BN

=N"4(NBW)NBT

37

<B~T0,

s

O

Lemma 8.2. Assume that Oy = (Nk th.a» Xk.a)k € Fe, @ € {1,2}, are two orthogonal frames,
1 C (—1,1) is a fixed open interval, 0 € I, and Ty, T», R € [1,00) are fixed numbers, R >
T1 + T». For k large enough, for a € {1, 2}

IV 0% | 4 (Nj o) 72 a@u»vm Y < Ry (NI s, 0 < |m| < 10,
where
Sa,@ ={( 4 P -2 _ -1
ko x,t) eT* x1I: |t tk,oz| < Tut(Nk,a) P |x xk,ot| =< R(Nk,ot) }

And assume that (wk,1, Wk.2, fi)k are 3 sequences of functions with properties || fillx1 ) < 1 for
all k large enough, then

limsup |lwk,1 wi 2 fellvagy =0
k—o00
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Proof. For ¢ > 0 small. If Ny 1/Nk2 + Ni2/Ni1 < 71090 and k is large enough then
Sk.1 N Sk.2 = ¥. (By the definition of orthogonality of frames, Ny.1/Ni.2 + Ni.2/ Ny, < &~ 100
implies N,g!l|tk,1 — tg2| = 00 or Niilxk1 — xk2| = 00, s0 Sg.1 N Sk2 = ¢.) In this case,
wk,1 Wk,2 fr =0.

If Ni.1/Nio > e7109/2 Denote that

Wr 102 = 010k 2 = k1 (Wil N2+ ()

Claim . For k large enough,

k2l Sk L

. ||P>5*10Nm(7)k,2||xl(1) SRE
@k 2l zay Sk e

- ok, ||x1(1) Sk
NP0 1llxi ) Sk E-

W A W N~

By this Claim f, Proposition 4.4, and eONT >~ > ¢=10N, we obtain that

o 1wk,2 fell vy SN (P<groy, @i, @k2) fillvay + 1 (Pegioy, @k, 1) (Ps g0y, ,@k,2) fell v
+ 1P 1oy, @k, 1) (P<g-10p, , @k 2) frlln )
N

More detail about the Claim 7:

(1): We consider wk*zwk’z]l(tk,l—T1Nkff,tk,1+T1 lelz)(t).

BI—

132l ) S f (V)@ 2(0)? dx

—1
\xka,2|SRNk'2

+1> / dil| Py (3@ 2) || g1 + | Py Ay 2l g1
N \7

4.1 ~ ~
S (RPN LRIN DY + / N8 @ericll 1 + | AG 21l 1) dt
1
<1
(2): We consider the high frequency part of @y .
||P>5710Nk,25k,2||xl(1)
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1
2

< / |P>£710Nk‘2(V)c~0k,2(0)|2dx +/||P>8710Nkv2(i3;+A)c~0k,2||H1dt
lx—xi 2l <RN
1
2
210\ 2 . 5
ST <M) 1P proy, , (V)25 2 (O dx

—1
|x7xk,2|SRNk'2

510 -
+ / — (@ 0; + Ak 2|l g2 dt
N2

lt—te 2| <N 3R
<e!0R3 4 N,;%R (R4N,;§R2Nk ,0)2
<glOR%,
(3): We consider the Z-norm of @y 5.

1/4
~ 2 ~ 4
1) < N7||Pnw
ok 2llzay < (EN | Py k,2||L4(T4X(tk,lRNk,lz,tk‘lJrRNk‘]z)))

12
(Z |V1/2PN51<,2|2>

N L4

1/2~
SNV o2 ||L4(T4x(zk,1 RN .t 1+RN D)

§R§ (M) <R4€500
Ni,1

(4): Similar with (1).

(5):
I P<gron, @k, 1llx1(r)
<e!'Np (”PEglONk,lwk,l(O)”Lz +/ 1P<cron, (10 + Akl 2 dt) e
<el%R* o
Proof of (8.1).

F(Ul{rofk + eitAR/‘(]) - F(Ug‘alrofk)
=9, I(Uprnfk, ”ARk )+ D 2(Uprof (e ”ARI{) + |eitAng|2eitAng
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First, by the nonlinear estimate (Proposition 4.4), we have
itA pJ (2 itA pJ
llle'! Ri | el R lIN (1)
itA pJ 2 itA pJ
S”e” Rk ||Z/(1k)||€” Rk ”Xl(lk)
Since [|e""A R} || z/(1,) — 0 as J,k — oo, and ||e”AR,f||X1(Ik) <1,

limsup limsup [||e”® R [*¢"* R] | (1,) = 0.
J—>o00 k—o00

Second, also by the nonlinear estimate Proposition 4.4 and Proposition 3.15,

191200 0p40 € RD N

J itA pJ itA pJ
SJ”Upmf;k”Xl([k)”el R}, ||x1(1k)||€l Rillzay— 0,

ask,J — oo.
Third, consider

1A
||5‘32,1(U,{mf‘k,e” RNy,

assume & > 0 is fixed, there exists A = A(e) sufficiently large, such that for all / > A and
k>ko(J)

J A
WU propk = Uprogilixt-1,1) < &-
Then
D21}, op 10 € * RD Iy

<921 WUpoir €™ RDING) + 1100 opi Unposic = Upvopir € PP ROIN )

F 1921 ok = Upopir € S ROING) = 1921 WUy o1 € RD vy + €,

as k, J — o0.
It remains to prove that

. - A it A
limsuplimsup D21 (U7, o1 € > R vy S e
J—oo  k—o0

By the definition of Uﬁrof,k’ it suffices to prove that for any o1, 2 € {0, 1, --- , A}.

Fix 6 = ¢A~2/10, apply the decomposition in Lemma 5.7 to all nonlinear profiles U o, =
1,2,---, A. We assume that

Tyo =Ty, and Ry o = Ry,
foranya=1,2,---, A.
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. . itA pJ -2
limsuplimsup |D1,1,1 (U, U2, e R vy SeA™ . (8.5)
J—oo k—o0

Casel: o) =0orap =0.
Without loss of generality, suppose oz = 0.
Since ||U,9||X1(_1’1) =[Glixi—1.1) S 1, for any k large enough such that |G|l z/) S eA2,
and ”G”Xl(lk) S 1
By the nonlinear estimate Proposition 4.4 and Proposition 3.15,
191,1.1(G, U, " RD v
SIGHZap U Izl RY L1 gy + 1G Iz WUy g e RY Nl zvay
Gl 10 Iz ap e R Nz
SSA_Z,

when taking k, J large enough.
Case 2: o] #0, ap # 0 and o] = 2.

Taking k large enough, we have I} C (—Tg_l, Te_l)
1, (OUE = "™ + T 4+ o + o’

By the nonlinear estimate Proposition 4.4, (5.28) and Lemma 8.2 (since ||e”AR,f lx1) S1
uniformly for both k and J), we obtain that

) 1 .
AplJ -2 ,0,400 ,0,—00 ApJ
191,11 (U, U2, e Rk)”N(Ik)gEA e+ 1D1,1,1(w] ,p! LRI
<A,

when k large enough.
Case 3: o] ;ﬁ 0, (6%) ;ﬁ 0 and o] ;ﬁ o).
Using Lemma 8.1, and set B sufficiently large and & sufficiently large, we obtain that,

. 1
0
”92,1(0)](: s P>BNk,ae”ARl‘c])”N(1k) 5 (B1/200 + NUZOO)”R[Z”HI
kot (8.6)

<ZA2

B

We may also assume that B is sufficiently large such that, for k large enough, by a similar
estimate as (8.4), we obtain that

,0 £
||P§B*1quawz lx1) < é_lA 2, 8.7)

Using the modified nonlinear estimate (4.4) of Lemma 4.4 and bounds (8.6), (8.7), it remains
to prove that

) ) .0 itA
lim sup lim sup ||©2,1(P>B_1Nkaa);: , P<gni € RDING) =0. O
J—>o00 k—oo ’
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Proof of (8.2).

FUL )= Y. FWUH= > D111(US, U, U)
O<a<J 0<aj,02,03<J
o] FQ) Or o] F#a3 Or Ay F#u3

By (7.5), we choose A(0) large enough, such that ZASO!SJ 1Ug|l 6.

So we have

2 <
X1(=1,1) =

[ > D111 U U v

0<aj,a2,03<J
a1 Fap Or a1 F#a3 or Ay F#a3

<I > D111 U UL U vy + 0

O0<aj,a2,03<A
o] Fap Or o] F#a3 Or Ay Fa3

Using Lemma 5.7,

I > D11 U U I

O0<aj,a2,03<A
a1Fan Or a1 F#a3 or apF#a3

=<l 291,1,1(Wk1, WE, Wllv .

F
where
Fe={(W WE WY W e (" ot "%, ot g,
for 0 <« < A, and each i, at least two different '}
and #F < A3,

Consider the following several cases:
Case 1: the terms containing one error component p,‘:’e.
By the nonlinear estimate (Proposition 4.4),

12 onf 0 1 2
D110 Wi, WE oD Inaey < ok I ap 1 Wi llxr o IWE xS 6

for k large enough.

. . 0,+
Case 2: the terms containing two scattering components w,‘:’e’ioo and wf = (maybe o = 8 or
not).
o,0,+00 B,0,£00 3
1D1,1,1(wy o WOlNa

0, 0, 0,+ 0,+
<IW2 1 0 U =2 g1 1y + lof "1 1) W0 =2 2y + llop " 2z

<0,

for k large enough.
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Case 3: the terms containing two different cores a)k % and a)’3 ¥ with o #* B.
By Lemma 8.2, for k large enough, we obtain that

0 ,0
19111 @, o, Wl S 6.

ﬂ@ioo

Case 4: the others: D5, 1(a) ) with a # 8.

Case 4.1: limsup; _, o, 7 Nep — 4oo.
By Lemma 8.1, and choosmg B and k large enough,

200
1D2,1 (@, Pop, o0 P E) v S BTV + N ) <. (8.8)

And for the other part,

B,60,%00 _ B.,6,%00
I1P<Near™ ™ My =IP_py Mo @ llxiay
<BNij s

=P

B,0,+00
<BNiy ¥ ﬂn ﬂTNkﬁ(¢ )||H1(T4)

= ||P g Vea ¢ﬂ’ ’iOOHHl(RAx) — 0, as k — oo.
B s

So for k large enough, we obtain that

o,0 B,0,£00 B,0,+00 o,0 2
1921 @7, Pepne,@f ) Iva < 1P=sng @ " gl 131, <6.

Case 4.2: limsup;_, x}’:; = 4-00.

We assume that B is sufficiently large such that for k large, by a similar estimate as (8.8), we
obtain that

1/200

||©2,1(w,‘f’0, P>BNk.,gwf vy S B 1/200+N ) S 6.

And by the similar estimate as (8.4), for k large enough, we obtain that

.0 0
||P§Nk,5wg ||xl(1k) = ”P<N Nk_,,sa)g ||x1(1k) s,
=Nk« N/(‘Dl
0
and ||P>Nkﬂa);: ”Xl(lk) ,S 1
Consider the remaining part, by the nonlinear estimate (4.3) and (4.4),

o,0 .0,
1D2,1 @, P<gn, 0 vy

,0 ,0,%00 0 ,0,%00
SID2,1 (P, 0 ,PgBNk_ﬂwf N + 1D2,1(P-y; p 0 ,PSBNk,ﬁwf M
0 0 0,400
F1D1,11 (P s} P<ny 4@ ,PSBNk,ﬁwf MIN

o,6 o,0 B,0,£00
S”PSNk,ﬁwk ”Xl(lk) + ||©2,1(P>Nk’lgwk s PSBNk,,gwk )”N(Ik)
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B.0,

+
SO+ | P<p, 4 Nz ay

<8,
where limsup;_, o, limsup;_, o, || PSENkVﬁa)f’e’iooHZ/(]k) =0 (by a similar estimate with (5.28)
from extinction lemma).

Case 4.3: Ny o ~ Ny g and Ny o |x)f — x,fl — 00 as k — oo.

From Proposition 6.2, we can use an equivalent frame of O to adjust Ny, and 7' such that

Ni,o = Ny, p and t;{x = tﬁ.
By the definition of w,‘:’e and @ , for k large enough, we obtain that a),’f ’ea)g’e’ioo 0.

8.0, %00
k
Case 4.4: Ny o ~ N g and N,fa|t,‘j‘ — tfl — o0 as k — oo.

By Proposition 6.2, we can adjust Ny o such that Ny o = Ny g := Ni.

By the definition of a)g’(9 and a)f ’G’ioo, taking k large enough and N ,3 |t — t,f | > Ty, we obtain
that

waﬂwﬁﬁ,ioo =1 . . waﬂwﬁ,e,:l:oo
ko k lta— -5 tat 51k Tk ’
k k
and also %= = P_p, y w0

By (5.15) and (5.17), for any T' < Ny, we obtain that

0.+ ,0,+
o XN 2 epay = I Peryneeof N 2y
1 (8.9)
< 1 + R —10_’
S 0) N,
and
0.+ _
sup 1wl *F o1y S T2 RENK. (8.10)
li—tf |e[T N 2,71
Interpolate (8.9) and (8.10), we can obtain that
B,0,+00 4y 1-%

sup ||wk’ ’ ”LP(T4) SRH T» Nk ’ . (811)

li—tf lelT N2, 71

By choosing T = N[t} — t£|% — 00 as k — 0o and using (8.11), we obtain that
0.+ _

sup " e erty Sre Ty 2Nk (8.12)

o T o T

reftf 7N—%,tk+N—%]
and
0.+ -

sup V)" F N paay Sry T N (8.13)

a_To o, Ty

ety N,%’tk +ng]
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So by using of Leibniz rule, (5.28), (8.13) and (8.12), we obtain that

.0 ,0,£00
D21 (@™, 0 "5 7

Ty
N =51+ 15D
k k

< @ B0 koo
N”gz,l(wk » Wy )”Ll([t;:—T—Qz,t]’f-i-T—%],Hl(T“))
Ni Ni

Ty
N2
N

.0 0.+ 0 0,
< / (1020 2wy leof ¥l sy + 1025 )l sers 1TV ** ¥l agrs) )

o
n+

=
N

STT'THRS — 0ask — 0o, O
References

[1] T. Aubin, Problemes isopérimétriques et espaces de Sobolev, C. R. Acad. Sci. Paris Sér. A-B 280 (5) (1975) Aii,
A279-A281.

[2] V. Banica, T. Duyckaerts, Global existence, scattering and blow-up for the focusing NLS on the hyperbolic space,
Dyn. Partial Differ. Equ. 12 (1) (2015) 53-96.

[3] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolu-
tion equations, Geom. Funct. Anal. 3 (2) (1993) 107-156.

[4] J. Bourgain, Global wellposedness of defocusing critical nonlinear Schrodinger equation in the radial case, J. Am.
Math. Soc. 12 (1) (1999) 145-171.

[5] J. Bourgain, On Strichartz’s inequalities and the nonlinear Schrodinger equation on irrational tori, in: Mathematical
Aspects of Nonlinear Dispersive Equations, in: Ann. of Math. Stud., vol. 163, Princeton Univ. Press, Princeton, NJ,
2007, pp. 1-20.

[6] J. Bourgain, Moment inequalities for trigonometric polynomials with spectrum in curved hypersurfaces, Isr. J. Math.
193 (1) (2013) 441-458.

[7] J. Bourgain, C. Demeter, The proof of the 2 decoupling conjecture, Ann. Math. (2) 182 (1) (2015) 351-389.

[8] N. Burq, P. Gérard, N. Tzvetkov, Strichartz inequalities and the nonlinear Schrodinger equation on compact mani-
folds, Am. J. Math. 126 (3) (2004) 569-605.

[9] N. Burg, P. Gérard, N. Tzvetkov, Bilinear eigenfunction estimates and the nonlinear Schrodinger equation on sur-
faces, Invent. Math. 159 (1) (2005) 187-223.

[10] N. Burg, P. Gérard, N. Tzvetkov, Global solutions for the nonlinear Schrodinger equation on three-dimensional
compact manifolds, in: Mathematical Aspects of Nonlinear Dispersive Equations, in: Ann. of Math. Stud., vol. 163,
Princeton Univ. Press, Princeton, NJ, 2007, pp. 111-129.

[11] N. Burq, P. Gérard, N. Tzvetkov, Multilinear eigenfunction estimates and global existence for the three dimensional
nonlinear Schrodinger equations, Ann. Sci. Ec. Norm. Supér. (4) 38 (2) (2005) 255-301.

[12] E. Catoire, W.-M. Wang, Bounds on Sobolev norms for the defocusing nonlinear Schrédinger equation on general
flat tori, Commun. Pure Appl. Anal. 9 (2) (2010) 483-491.

[13] T. Cazenave, F.B. Weissler, Some remarks on the nonlinear Schrodinger equation in the subcritical case, in: New
Methods and Results in Nonlinear Field Equations, Bielefeld, 1987, in: Lecture Notes in Phys., vol. 347, Springer,
Berlin, 1989, pp. 59-69.

[14] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Global well-posedness and scattering for the energy-critical
nonlinear Schrodinger equation in R3, Ann. Math. (2) 167 (3) (2008) 767-865.

802


http://refhub.elsevier.com/S0022-0396(21)00051-6/bib92B7F5105A05768D098A2BFADB32E43Es1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib92B7F5105A05768D098A2BFADB32E43Es1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibBE51F561869C6919E522E797832308A1s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibBE51F561869C6919E522E797832308A1s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib127AE7CAE063EF5AD9EB26228978E8C5s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib127AE7CAE063EF5AD9EB26228978E8C5s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibCEF0058CA6D7443A785E75A3FC45FCAAs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibCEF0058CA6D7443A785E75A3FC45FCAAs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibB9ACEB38C731FF360DB74C32998FD014s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibB9ACEB38C731FF360DB74C32998FD014s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibB9ACEB38C731FF360DB74C32998FD014s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibE91ABDB7118FF2DC002ADF545FA77DB8s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibE91ABDB7118FF2DC002ADF545FA77DB8s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibAF2748BDDF03625023EAEA41A71690A9s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1A9A859C2683E2A0589A067F1D5E36ABs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1A9A859C2683E2A0589A067F1D5E36ABs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibA240EAA8A6EABD19B0C2B62A1305DC17s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibA240EAA8A6EABD19B0C2B62A1305DC17s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibD128A9365E0F090BA66FC1413B266F84s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibD128A9365E0F090BA66FC1413B266F84s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibD128A9365E0F090BA66FC1413B266F84s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib659655EDA42012BA43F4C6683C31E2B1s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib659655EDA42012BA43F4C6683C31E2B1s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibAF9C3A5F6CC3AEFC931FD32175209536s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibAF9C3A5F6CC3AEFC931FD32175209536s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib61DA08FE357C86496B29BE9610692150s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib61DA08FE357C86496B29BE9610692150s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib61DA08FE357C86496B29BE9610692150s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF7456E2239DC9EE7B1F0D6269B0A097As1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF7456E2239DC9EE7B1F0D6269B0A097As1

H. Yue Journal of Differential Equations 280 (2021) 754-804

[15] D. De Silva, N. Pavlovié, G. Staffilani, N. Tzirakis, Global well-posedness for a periodic nonlinear Schrodinger
equation in 1D and 2D, Discrete Contin. Dyn. Syst. 19 (1) (2007) 37-65.

[16] S. Demirbas, Local well-posedness for 2-D Schrodinger equation on irrational tori and bounds on Sobolev norms,
Commun. Pure Appl. Anal. 16 (5) (2017) 1517-1530.

[17] Y. Deng, On growth of Sobolev norms for energy critical NLS on irrational tori: small energy case, Commun. Pure
Appl. Math. 72 (4) (2019) 801-834.

[18] Y. Deng, P. Germain, L. Guth, Strichartz estimates for the Schrodinger equation on irrational tori, J. Funct. Anal.
273 (9) (2017) 2846-2869.

[19] B. Dodson, Global well-posedness and scattering for the defocusing, L2 critical nonlinear Schrodinger equation
when d > 3, J. Am. Math. Soc. 25 (2) (2012) 429-463.

[20] B. Dodson, Global well-posedness and scattering for the focusing, energy-critical nonlinear Schrodinger problem
in dimension d = 4 for initial data below a ground state threshold, arXiv preprint, arXiv:1409.1950, 2014.

[21] B. Dodson, Global well-posedness and scattering for the defocusing, L? critical, nonlinear Schrodinger equation
when d = 1, Am. J. Math. 138 (2) (2016) 531-569.

[22] B. Dodson, Global well-posedness and scattering for the defocusing, L2 critical, nonlinear Schrodinger equation
when d = 2, Duke Math. J. 165 (18) (2016) 3435-3516.

[23] B. Dodson, J. Murphy, A new proof of scattering below the ground state for the 3D radial focusing cubic NLS, Proc.
Am. Math. Soc. 145 (11) (2017) 4859-4867.

[24] B. Dodson, J. Murphy, A new proof of scattering below the ground state for the non-radial focusing NLS, Math.
Res. Lett. 25 (6) (2018) 1805-1825.

[25] T. Duyckaerts, J. Holmer, S. Roudenko, Scattering for the non-radial 3D cubic nonlinear Schrodinger equation,
Math. Res. Lett. 15 (6) (2008) 1233-1250.

[26] T. Duyckaerts, S. Roudenko, Going beyond the threshold: scattering and blow-up in the focusing NLS equation,
Commun. Math. Phys. 334 (3) (2015) 1573-1615.

[27] C. Fan, P. Kleinhenz, On a variational problem related to NLS on hyperbolic space, arXiv preprint, arXiv:1601.
02552, 2016.

[28] C. Fan, G. Staffilani, H. Wang, B. Wilson, On a bilinear Strichartz estimate on irrational tori, Anal. PDE 11 (4)
(2018) 919-944.

[29] D. Fang, J. Xie, T. Cazenave, Scattering for the focusing energy-subcritical nonlinear Schrodinger equation, Sci.
China Math. 54 (10) (2011) 2037-2062.

[30] P. Gérard, Description du défaut de compacité de I’injection de Sobolev, ESAIM Control Optim. Calc. Var. 3 (1998)
213-233.

[31] P. Gérard, V. Pierfelice, Nonlinear Schrodinger equation on four-dimensional compact manifolds, Bull. Soc. Math.
Fr. 138 (1) (2010) 119-151.

[32] J. Ginibre, G. Velo, Smoothing properties and retarded estimates for some dispersive evolution equations, Commun.
Math. Phys. 144 (1) (1992) 163-188.

[33] M.G. Grillakis, On nonlinear Schrodinger equations, Commun. Partial Differ. Equ. 25 (9-10) (2000) 1827-1844.

[34] Z. Guo, T. Oh, Y. Wang, Strichartz estimates for Schrodinger equations on irrational tori, Proc. Lond. Math. Soc.
(3) 109 (4) (2014) 975-1013.

[35] M. Hadac, S. Herr, H. Koch, Well-posedness and scattering for the KP-II equation in a critical space, Ann. Inst.
Henri Poincaré, Anal. Non Linéaire 26 (3) (2009) 917-941.

[36] Z. Hani, A bilinear oscillatory integral estimate and bilinear refinements to Strichartz estimates on closed manifolds,
Anal. PDE 5 (2) (2012) 339-363.

[37] Z. Hani, Global well-posedness of the cubic nonlinear Schrodinger equation on closed manifolds, Commun. Partial
Differ. Equ. 37 (7) (2012) 1186-1236.

[38] E. Hebey, Sobolev Spaces on Riemannian Manifolds, vol. 1635, Springer Science & Business Media, 1996.

[39] E. Hebey, M. Vaugon, The best constant problem in the Sobolev embedding theorem for complete Riemannian
manifolds, Duke Math. J. 79 (1) (1995) 235-279.

[40] S. Herr, D. Tataru, N. Tzvetkov, Global well-posedness of the energy-critical nonlinear Schrodinger equation with
small initial data in H'(T3), Duke Math. J. 159 (2) (2011) 329-349.

[41] S. Herr, D. Tataru, N. Tzvetkov, Strichartz estimates for partially periodic solutions to Schrodinger equations in 4d
and applications, J. Reine Angew. Math. 690 (2014) 65-78.

[42] J. Holmer, S. Roudenko, A sharp condition for scattering of the radial 3D cubic nonlinear Schrodinger equation,
Commun. Math. Phys. 282 (2) (2008) 435-467.

[43] A. Ionescu, B. Pausader, The energy-critical defocusing NLS on T3, Duke Math. J. 161 (8) (2012) 1581-1612.

[44] A.Tonescu, B. Pausader, Global well-posedness of the energy-critical defocusing NLS on R x T 3, Commun. Math.
Phys. 312 (3) (2012) 781-831.

803


http://refhub.elsevier.com/S0022-0396(21)00051-6/bib0AA1DBAE1C32625DCF3EA3800349B618s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib0AA1DBAE1C32625DCF3EA3800349B618s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1395FD18F98B0238670E979FDD688407s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1395FD18F98B0238670E979FDD688407s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibBF28742B32C1A2113B0EF857734C815As1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibBF28742B32C1A2113B0EF857734C815As1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib24728A49FB6A7A57CDD8B1D5BDF614ABs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib24728A49FB6A7A57CDD8B1D5BDF614ABs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib4CEF91F97D59B2F20F402114A05AA175s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib4CEF91F97D59B2F20F402114A05AA175s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibE79C68EE2304D4DB21A9A5D5291560C6s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibE79C68EE2304D4DB21A9A5D5291560C6s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1667632806E14519FD0EB8F54B41C1C3s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1667632806E14519FD0EB8F54B41C1C3s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib3556C7049E20BB2E878EBDBCB5B5BA37s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib3556C7049E20BB2E878EBDBCB5B5BA37s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF639ACC7C53D5A651C1D46A88561DFCBs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF639ACC7C53D5A651C1D46A88561DFCBs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib9D2AA95D4DB8386D72AA1217CF585115s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib9D2AA95D4DB8386D72AA1217CF585115s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib2FC5931E784992E32C44643F4E1A5EBAs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib2FC5931E784992E32C44643F4E1A5EBAs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib218BA81A93F254D4F9473477119140D2s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib218BA81A93F254D4F9473477119140D2s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib55C2B3B21948FAFC54ADAA2A2CCE4031s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib55C2B3B21948FAFC54ADAA2A2CCE4031s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibAC418BE049527E4E3D47768E3BEF3D64s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibAC418BE049527E4E3D47768E3BEF3D64s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib78A5CDBC4584C4A6811ADA1D8F475D20s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib78A5CDBC4584C4A6811ADA1D8F475D20s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib13B0071D0270F2385F11DC96841CDDABs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib13B0071D0270F2385F11DC96841CDDABs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib09D0623C72B148377789D0931166F1A0s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib09D0623C72B148377789D0931166F1A0s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib09E135328CBE29A223F8EBCDDEB3517Cs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib09E135328CBE29A223F8EBCDDEB3517Cs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibD65CCA301EF7AB1BAA4E2F04826B6C84s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib4E474381349E5B0F4F2C315BAF403065s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib4E474381349E5B0F4F2C315BAF403065s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF55B29E5D25E6292F8EF506AC2CE6052s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF55B29E5D25E6292F8EF506AC2CE6052s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibB71B4A223C9CA02EE70EBDF36E5A032Fs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibB71B4A223C9CA02EE70EBDF36E5A032Fs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibE75E417E436F43EC2C8DF28F76FE241Fs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibE75E417E436F43EC2C8DF28F76FE241Fs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib5F3F56984579288780553229DE4D927Fs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib4F32B093CF4E82DBE4742ACBC6C420F5s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib4F32B093CF4E82DBE4742ACBC6C420F5s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib6A34B184B17BF2E2970E2624527711C7s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib6A34B184B17BF2E2970E2624527711C7s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibE803E0A6DE37D2AC8083C8743294F741s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibE803E0A6DE37D2AC8083C8743294F741s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib2707C743858983CCAC512BB328DE5477s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib2707C743858983CCAC512BB328DE5477s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibCBA1FE75BE5789A0D9688B11983B7C93s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib9B06692B6372383C9860E4CC827DE153s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib9B06692B6372383C9860E4CC827DE153s1

H. Yue Journal of Differential Equations 280 (2021) 754-804

[45] A. Ionescu, B. Pausader, G. Staffilani, On the global well-posedness of energy-critical Schrodinger equations in
curved spaces, Anal. PDE 5 (4) (2012) 705-746.

[46] M. Keel, T. Tao, Endpoint Strichartz estimates, Am. J. Math. 120 (5) (1998) 955-980.

[47] C.E. Kenig, F. Merle, Global well-posedness, scattering and blow-up for the energy-critical, focusing, non-linear
Schrodinger equation in the radial case, Invent. Math. 166 (3) (2006) 645-675.

[48] C.E. Kenig, F. Merle, Global well-posedness, scattering and blow-up for the energy-critical focusing non-linear
wave equation, Acta Math. 201 (2) (2008) 147-212.

[49] C.E. Kenig, F. Merle, Scattering for H1/2 bounded solutions to the cubic, defocusing NLS in 3 dimensions, Trans.
Am. Math. Soc. 362 (4) (2010) 1937-1962.

[50] R. Killip, M. Visan, The focusing energy-critical nonlinear Schrédinger equation in dimensions five and higher,
Am. J. Math. 132 (2) (2010) 361-424.

[51] R. Killip, M. Visan, Scale invariant Strichartz estimates on tori and applications, Math. Res. Lett. 23 (2) (2016)
445-472.

[52] H. Koch, D. Tataru, Dispersive estimates for principally normal pseudodifferential operators, Commun. Pure Appl.
Math. 58 (2) (2005) 217-284.

[53] S. Masaki, A sharp scattering condition for focusing mass-subcritical nonlinear Schrédinger equation, Commun.
Pure Appl. Anal. 14 (4) (2015) 1481-1531.

[54] E. Merle, L. Vega, Compactness at blow-up time for L2 solutions of the critical nonlinear Schrodinger equation in
2D, Int. Math. Res. Not. (8) (1998) 399-425.

[55] B. Pausader, N. Tzvetkov, X. Wang, Global regularity for the energy-critical NLS on S3, Ann. Inst. Henri Poincaré,
Anal. Non Linéaire 31 (2) (2014) 315-338.

[56] E. Ryckman, M. Visan, Global well-posedness and scattering for the defocusing energy-critical nonlinear
Schrodinger equation in R4, Am. J. Math. 129 (1) (2007) 1-60.

[57] N. Strunk, Global well-posedness of the energy-critical defocusing NLS on rectangular tori in three dimensions,
Differ. Integral Equ. 28 (11-12) (2015) 1069-1084.

[58] M. Visan, The defocusing energy-critical nonlinear Schrodinger equation in higher dimensions, Duke Math. J.
138 (2) (2007) 281-374.

[59] K. Yajima, Existence of solutions for Schrodinger evolution equations, Commun. Math. Phys. 110 (3) (1987)
415-426.

[60] Z. Zhao, Global well-posedness and scattering for the defocusing cubic Schrodinger equation on waveguide RZ x
T2, arXiv preprint, arXiv:1710.09702, 2017.

[61] Z. Zhao, On scattering for the defocusing cubic nonlinear Schrodinger equation on waveguide R3 x T, arXiv
preprint, arXiv:1712.01266, 2017.

[62] S. Zhong, The growth in time of higher Sobolev norms of solutions to Schrodinger equations on compact Rieman-
nian manifolds, J. Differ. Equ. 245 (2) (2008) 359-376.

804


http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF5B01DA6157C2FC1EAA5C35551B1ABAFs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF5B01DA6157C2FC1EAA5C35551B1ABAFs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibE936FA8035535C89B0EFD42328E7C9FDs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib08C7AD06F1966E017935E347B237D158s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib08C7AD06F1966E017935E347B237D158s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibCF121411FE523C6764923AB2DE61ABF7s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibCF121411FE523C6764923AB2DE61ABF7s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib605A7F6F26BD5D69FA5DDBC4CC797935s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib605A7F6F26BD5D69FA5DDBC4CC797935s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibB9CCF1013D1E6A4A4F0E9C0A5BE8BB40s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibB9CCF1013D1E6A4A4F0E9C0A5BE8BB40s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF50D3557CFDD821569B121A0B91B2970s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibF50D3557CFDD821569B121A0B91B2970s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1444BB2B66DF3F4AA4A9E5121450CD30s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1444BB2B66DF3F4AA4A9E5121450CD30s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibB01A21794ABD9157A792A63CAD82207Cs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibB01A21794ABD9157A792A63CAD82207Cs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib92493A481FF20CBE4A0AF982CC7EE075s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib92493A481FF20CBE4A0AF982CC7EE075s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib8A1E946A38765C5263A4DB20AFF3059Es1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib8A1E946A38765C5263A4DB20AFF3059Es1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibFEAF0AFFBD4526554877A635FC326684s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bibFEAF0AFFBD4526554877A635FC326684s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib5E4272422AD36EFB19279F3CBEB0E783s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib5E4272422AD36EFB19279F3CBEB0E783s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib8B621E4CB4502287A4800E8F855578E2s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib8B621E4CB4502287A4800E8F855578E2s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib745E02C7B3D6769D2454294142A63C51s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib745E02C7B3D6769D2454294142A63C51s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1FEE0C901B59722E7A30FFD68C31141Fs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib1FEE0C901B59722E7A30FFD68C31141Fs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib064F8260EB160747A0134D4EC0A69AADs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib064F8260EB160747A0134D4EC0A69AADs1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib9A4720182593983C71E85EA76FB4A103s1
http://refhub.elsevier.com/S0022-0396(21)00051-6/bib9A4720182593983C71E85EA76FB4A103s1

	Global well-posedness for the energy-critical focusing nonlinear Schrödinger equation on T4
	1 Introduction
	1.1 The main result
	1.2 Outline of the following paper

	Acknowledgments
	2 Energy trapping for the focusing NLS
	3 Adapted function spaces
	4 Local well-posedness and stability theory
	5 Euclidean profiles
	6 Profile decomposition
	7 Proof of the main theorems
	8 Proof of Lemma 7.3
	References


