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Abstract

We study the large time behavior of solutions of a one-dimensional hyperbolic relaxation system that may
be written as a nonlinear damped wave equation. First, we prove the global existence of a unique solution
and their decay properties for sufficiently small initial data. We also show that for some large initial data,
solutions blow-up in finite time. For quadratic nonlinearities, we prove that the large time behavior of
solutions is given by the fundamental solution of the viscous Burgers equation. In some other cases, the
convection term is too weak and the large time behavior is given by the linear heat kernel.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is devoted to study the large time behavior of solutions of the following system:

u; +v, =0,
{ e (x,t) eR x R, (1)

U ux = fu) —v,
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f being a nonlinear function from R to R. System (1) is a typical example of hyperbolic system
of conservation laws with relaxation and arises in many physical systems such as nonequilib-
rium gas dynamics, flood flow with friction, viscoelasticity, magnetohydrodynamics, etc. (see
Whitham [16]).

The study of the behavior of solutions to hyperbolic relaxation systems has been the object
of intensive work. The interested reader is referred to [2,6-8,10,12,17] and the references cited
therein for a more detailed account of relaxation of hyperbolic systems. Recently, Liu and Na-
talini [9] studied the large time behavior of the solutions of (1) when f(u) = ku? by means of
scaling arguments. First, they obtained the needed uniform bounds on the scaled solutions by
means of entropy-estimates, valid under the so-called subcharacteristic condition (| f/(u)| < a)
and assuming that the initial data belong to a positively invariant domain. The main result of [9]
shows that, under the assumptions above and for bounded initial data of finite mass, the first com-
ponent of system (1) decays towards the fundamental solution of the viscous Burgers equation
in the L”-norm, at a rate faster than ~?~D/27 with 1 < p < cc.

In this article, we consider Eq. (1) as a nonlinear damped wave equation:

U +up — ey + 0, (f(w) =0, (x,1) eRxRT, )

and initial conditions u(x, 0) = ug(x), u;(x,0) = —d,vo(x) in R, (ug, vp) being the initial data
of (1). We see (2) as a hyperbolic perturbation of the convective heat equation

up — ey + 0 (f(W) =0, (x,1)eRxRF, A3)
In fact, considering the linear equation associated with (2),
Uy +u —ue =0, (x,1) € R x (0, 00), 4)
the rescaling function u; (x, t) = Au(ix, 221) satisfies
AUy s — 02U, =0, (x,1) eRx RY,

This indicates that, the term involving second order in time derivatives becomes negligible. Ac-
cording to this formal argument it is natural to expect the asymptotic behavior of the solutions
of (2) to be the same as that of the convection—diffusion equation (3).

Equation (3) is a simple model combining both diffusive and convective effects and has been
studied in [4,5,18], among others, for nonlinearities satisfying f(u) = |u|‘4’1u and g > 2. Itis
by now well known that, when g = 2, the asymptotic behavior of the solutions of (3) with initial
datain L! is given by a one-parameter family of self-similar solutions (see [5]). When ¢ > 2, the
convective term dy (f (1)) is too weak and disappears as ¢t — 00, the large time behavior being
given in a first approximation by the linear heat equation. Finally, when the exponent is subcritical
q < 2, the solutions of (3) behave like the entropy solutions of the following convective equation
(see [4]):

up+ 0 (fw) =0, (x,1)eRxR". 3)

In this paper we will not address the case g < 2 that cannot be handled with the techniques we
develop.
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In our study of the solutions of (2), we first develop a Fourier splitting method that allows
decomposing the semigroup of the linear problem associated to (2) into a exponentially decaying
one and a slowly decaying one. For the second one, which corresponds to the low frequency
components, the decay properties are those of the semigroup generated by the heat equation.
Based on this Fourier splitting and fixed point arguments, we get global in time solutions and
the decay estimates of u, u, and u; in the Lz(R)—norm for small initial data (1o, —vox) in
V=H'NnL'(R) x L2N LY(R). This smallness condition differs from previously used in the
existing literature [2,9]. Note that [9] imposes one-sided inequalities on the derivatives of the
initial data while we impose smallness in L> N L',

We also show that large solutions may blow-up in finite time. This justifies the smallness
condition on the initial data. This blow-up result is also extended for even nonlinearities of the
form f(u) = |u|?. The proof of the blow-up result uses in a critical way the finite speed of
propagation and a construction of explicit solutions in separated variables. At this respect it is
worth mentioning that solutions of (3) are global in time. Thus, the finite speed of propagation
plays a key role on the blow-up mechanism.

We also obtain sharp decay properties as + — oo of the global solutions of (2). This yields
uniform estimates on the scaled functions u, . Then, compactness arguments yield the asymptotic
form of solutions. In this step we need to assume that the initial data belong to the weighted space
L%(1+ |x|; R). This is a natural condition in the study of the asymptotic behavior of solutions of
heat and convection—diffusion equations (see [3,18]) where, usually, the first momentum of the
initial data is assumed to be finite.

An advantage of the method we develop in this article is that it applies also to multidimen-
sional problems and that it does not require of the existence of invariant sets obtained though the
maximum principle. Therefore, it applies to multi-dimensional problems as well. Consider for
instance the following dissipative wave equation with a nonlinear convective term

{u,,+u,—Au+a~Vf(u):O, (x,1) e RN x RT, ©

u(x,0) =uo(x), ur(x,0) =ui(x),

where a € R" is a fixed vector. When analyzing (6) the first difficulty to overcome is re-
lated with the local existence and uniqueness of solutions. We look for solutions in the class
C ([0, 7]; H*@®RN)) n ([0, t]; H*"'(RN)) with k > 0 such that 2k > N so that H*(R"N) be-
comes an algebra because of the continuous embedding H*(RV) < L>®(R"). Thus, assuming
that f is of class C*T! and its derivatives up to order k 4+ 1 are uniformly bounded, i.e.,
f € BCKI(RN), then classical methods yield local existence and uniqueness of solutions in
this space for every pair of initial data (ug, u1) € H k (RM) x H k-1 (RV). The method of this pa-
per allows showing that for sufficiently small initial data such that, moreover, uq, u1 € LI(RN ),
solutions are global in time and decay as t — oo with the same velocity as the solutions of the
heat equation with initial data in L 1 (]RN ), i.e., with the rate

[y, <c@+07 2079, vi>0, 1< p<oo.

The methods of this paper allow showing that when the initial data belong to L*(1 +
|x|V+D/2: RN) and (7) is satisfied with a = 1 and ¢ > (N + 1)/N it then follows that

N 1
(14" 20=%) [u(®) — v(t) ||LP(RN) —0, ast—o00, 1 <p<oo,
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where, for ¢ = (N 4+ 1)/N, v is the solution of
v —Av+a- V(') =0, (x,1)eRY xRT,

and for ¢ > (N + 1)/N is solution of the heat equation. The same techniques allow obtaining
similar results for the hyperbolic version of the Navier—Stokes equations analyzed in [1].

The rest of the paper is organized as follows. In the following section we present the main
results of this work. In Section 3, we give some results on the asymptotic behavior in L?(R) of
the solutions of (4). In particular, we develop the Fourier splitting method. The proof of these
estimates is given in Appendix A. Section 4 is devoted to prove the existence and uniqueness of
the solutions of (2) with the appropriate decay properties as t — oo. In Section 5, we obtain some
compactness results on the family {u, }. In Section 6, the limit of the family {u«;} when A — oo
is identified and the proof of the asymptotic behavior of global solutions is finished. Section 7 is
devoted to prove the blow-up result.

2. Main results

We write system (1) in the form (2). A very large class of nonlinearities f (#) can be conside-
red satisfying that f and f’ are locally Lipschitz real functions with f(0) = 0 and for which
there exists ¢ > 2 such that

F@W o im I —a aer- (0. %)
u—0 |ulq

m =
u—0 |u|‘1—1u

To simplify the presentation we consider power-like nonlinearities f (u) = |u|9~'u. The equation
under consideration reads:

{u’l+ut—uxx+(lu|‘1“u)x=07 (x,1) € R x (0, 00), (8)

u(x,0) =uop(x), u;(x,0) =ui(x).

Recall that (ug, u1) = (1o, —vo.x), (40, Vo) being the initial data of (1).

Proposition 2.1. Let the exponent q in (8) be such that g > 2 and (ug,u1) € V where V =
[H' NLY(R)] x [L> N LY(R)]. We assume that || (uo, u1)|lv < 8, with 8 sufficiently small. Then,
there exists a unique global solution u € BC ([0, 00); H'(R)) N BC'([0, 00); L*(R)) of (8).
Moreover, it satisfies

1 3
lu) |, <c@+n77, lux@® ], <A +075, V>0, ©
where the constants c, ¢’ are proportional to the norm of the initial data in V.

The proof of this proposition is given in Section 4.

It is important to note that the smallness condition on the initial data is necessary since so-
lutions for large data may blow-up in finite time. Indeed, let us look for solutions of (8) with
q =2 such that u(x,t) = xa(t). We observe that the initial data of # do not belong to V. How-
ever, truncating the support of the initial data and thanks to the finite speed of propagation, the
blow-up of solutions of the form u(x,#) = xa(t) leads to blow-up results for data in V too.



R. Orive, E. Zuazua / J. Differential Equations 228 (2006) 17-38 21

Note that u = xa(t) with x < 0 solves (8) if and only if a satisfies the differential equation:
ay +ar — 2|a|‘1’1a = 0. The solution of this equation for suitable initial data blows-up in finite
time (see [15] or Section 7). These blow-up result justifies the smallness condition of the previous
global existence result.

Blow-up also occurs for even nonlinearities of the form f (1) = |u|? with ¢ > 1. More pre-
cisely, for system

{un+uz—uxx+(|u|q)x=0, (x,1) € R x (0, 00), (10)
u(x,0) =uo(x), ur(x,0) =u;(x),
the following holds:
Theorem 2.2. Let u be the solution of (10) and
a(t):fxu(x,t)dx. (11

We assume that the initial data uy and uy have support in [K1, K2] (K1 > 0). Assume also that
apo=a(0) >0and ay =a;(0) > 0. If

1 1
1\oT 2 22g +2) \a T
ap > max (i)q eql’(zq_l)(ez(q4+)>q i
8p K{p(g—1)*

1 2 ’ ag+1 el @1 1—-q
— > - ith =(K Ky) 7| —— s
<2ao+a1> 4ao+Pq+1 with  p = (K1 + K3) <2q—1>

then, a blows-up in finite time t, < K.

Let us now address the problem of the asymptotic behavior for + — oo of global solutions.
We note that the smooth solutions of (8) with compact support (or decaying as |x| — o0) satisfy
the conservation law that the mass of u; 4+ u is conserved along time:

m(ut-l—u):/(ul-i—uo)dx:M. (12)
R
Thus, M is a relevant parameter to describe the large time behavior of solutions. The following
result shows that, actually, M fully determines the asymptotic behavior.
Theorem 2.3. Assume that the hypotheses of Proposition 2.1 are satisfied, that q > 2 and that

ug, Uy € L%(R) ={veL?’R) | (1+]|- v e L*R)}. Let u be the unique solution of (8). Then,
there exists a self-similar function 0 =t~/ f (x //t) such that

lim t’%lnu(.,t)—e(-,t)u =0, (13)
t—00 p
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for 1 < p < oo. When g =2, 0 is the source type solution of the Burgers equation with the Dirac
delta as initial datum

{91—9xx+(|9l9)x=0, (x,1) € R x (0, 00), (14)
0(x,0) = My,
M defined in (12). When q > 2, 0 is the fundamental solution of the heat equation
{OI_ X)C=07 (X,t)GRX(0,00), (15)
0(x,0) = M.

In both cases M = fR (uo +u1)dx. In both cases M is defined by (12).

The nature of the assumptions on the initial data in Proposition 2.1 and Theorem 2.3 is dif-
ferent from [9]. The initial data (uo, u1) in (8) coincide with (1, —vo.x), where (ug, vo) are the
initial data in (1). Thus, according to hypotheses of [9], ug, uo,» and u; are assumed to be of fi-
nite mass and to satisfy a one-sided inequality. However, in this work we only need the smallness
condition to be satisfied in the energy space V. By the contrary in Theorem 2.3 we assume the
initial data to be in the weighted space L%(R).

It is also interesting to observe that when a = 0 in (7) the asymptotic behavior of small solu-
tions is given by the fundamental solution of the linear heat equation.

3. Preliminaries on the linear problem

Now we present some results on the asymptotic behavior of the solutions of

[— = 1 N
{ut, Au+u;=0 inRY x (0, 00), (16)

u(x,O):(pO(x), ut(x,O)zgol(x) inRV.

Note that this is the linear equation involved in the nonlinear equation (1) we analyze. The results
in this section play a key role when performing the Fourier splitting of the semigroup.

The well-posedness of (16) can be easily obtained writing it as an abstract evolution equa-
tion in the energy space H = H'(RV) x L*(R"). Hille-Yosida—Phillip’s theorem guarantees
that (16) generates a semigroup of contractions denoted by {S(¢)},>0. Thus, for any initial
data (¢°, ') € H'(RY) x L2(R"), (16) has a unique weak solution u € C'(RT, H'(RV)) N
CHRT, L2 RNY).

The following estimates on this linear semigroup are well known (see [11]):

Lemma 3.1. Let u be the solution of (16), k € N and o € Rﬁ. Then, there exist c,c’ > 0 such
that for any initial data

900 c Hk+|oz\ ﬂLa(RN), (,01 c Hk+|oz\71 ﬂLa(RN), 1<a<2,
it holds, for any t > 0,
|of DYuc- 0,

11y lal+2k

N1
<c(l+n77@ 2775 (||9"0||k+\a|,2 + (e, + o' ||k+|o¢|—1,2 +le'l,)  an
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Here and in the sequel || - ||, denotes the norm in WP (RN). To estimate the asymptotic
behavior of the solutions of (16) we introduce the homogeneous Sobolev spaces:

H"RN)={f: [-1"f e L2RY)} and | fllgmgy = 11" F,-

Lemma 3.2. Let k=0,1 and o € Rﬁ . Then, there exist positive constants w, c, ¢’ > 0 such that
V>0

[ DS uC. 0y <ee™ ([0°] geoer + " i)

Jer|+2k
9

(e, + e )+ 2a 4= (18)

when ¢* € H*T I LaRY), ol € H¥H=I N L RNy with 1 <a < 2. Ifk+|o| < 1, HA el
must be replaced by H*1®1=1 jn (18).

We also need the asymptotic behavior as + — oo of solutions of Eq. (16) in the weighted

space L%(R). To do that we perform the change of variables v(x, t) = xu(x, t). Given u solution
of (16), then v is the unique solution of the Cauchy problem:

{v,;+v,—vxx~|—2uX=O in R x (0, 00), (19)

v(x,0)=x<p0(x), vl(x,O)zx(p](x) in R.

Using the variation of constants formula and applying the decay estimates of S(¢) in L? (Lem-
mas 3.1 and 3.2) in this identity, we get:

Lemma 3.3. Let u be solution of (16). Then, there exist w,c, c1, ca,c3 > 0 such that for any
initial data (¢°, ') € H'(R) x L?>(R) with

e LINLiNL'R), ¢eLi®), ¢'eLinL!NL*®R), a,bell,2],
it holds
lull 2 < e (Jxg®ly + Jxe' |y o) + 1 +072 ([0, + o]y )

e 403 (g, + vt ],) +es 0= (160, + '],). o)

lulz2 < ee™ (| g + x| ) +en (L0753 (L, + o' |,)
o2+ 072 ([ 1 + o) + e +0573 ([0, + '],). @D

Here and in the sequel || - || ;. denotes the semi-norm in the weighted space L{ RM), i.e.,
1713, = [ 11| 7ol a
s

The proof of these lemmas are given in Appendix A.
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4. Global existence and decay estimates

This section is devoted to prove Proposition 2.1.
Fix initial data (u#g,u1) € V. Using the semigroup notation and the variation of constants
formula, we introduce the function

t

[ @] @) = SW)luo, u1] - / St —=$)[f(u()),]ds, (22)

0

where we denote, to simplify the presentation, S(t — $)[0, f(u(s))x] by S — s)[f (u(s))«].
Recall that f(u) = |u|‘1’1u. With this notation, Eq. (8) can be written as u(¢) = [@ (u)](z). In
other words, the problem is reduced to the obtention of fixed points of @. To do this we apply
the Banach fixed point theorem in the Banach space

X ={ueC([0,00); H'(R)) N BC'([0, 00); L*(R)) s.t.

(1 +0%u, (1 +0)3u, € L([0, 00); LA(R)))
with norm

1 3
lullx = [|(1+0)3u ||L°°([O,oo);L2(R)) + A+ 3ux ||L°°([O,oo);L2(R)) A e[l oo 0, 00): L2(R))
Define the ball Bg = {u € X s.t. ||u]lx < R}. We have the following lemma.

Lemma 4.1. There exist ¢, ¢’ > 0 so that @ (u) € X and | @ (u)(t)||x < || (ug, u1)|ly +cRY, for
anyu € Br andt > 0.

We assume for the moment that this lemma is true. Since ¢ > 1, choosing R > 0 such that
c'||(uo, u1) ||y < R/6 and sufficiently small we obtain that @ (Bg) C Bg. Note that the smallness
condition on R imposes a smallness condition on the size of the initial data (on || (xg, u#1)|/v) too.
Thus, from now on, the initial data (ug, #1) are assumed to be small in V. Now, we are going to
see that @ is a contraction.

Lemma 4.2. Let @ be defined as in (22). Then, for any u,v € Bg and t > 0, there exists a
constant ¢ > 0 so that |® (u) — ® ) ||x <RI Yu —v|x.

Assuming this lemma, since ¢ > 1, for R sufficiently small, @ is a strict contraction
in Br. Applying the Banach theorem, there exists a unique solution u of (8) in B so that
u € BC([0,00); H'(R)) and u € BC' ([0, 00); L*>(R)). Moreover, since |[ullxy < R, we get for
any 1 > 0 that ||u(?)]2 < R(1 +1)~Y* and |lu,(t)|l2 < R(1 4+ ¢)~3/*. This confirms that the
constants ¢, ¢’ in (9) are proportional to the norm of the initial data in V.

The same argument shows that for any initial data (ug,u;) € H I(R) x L*(R), for t > 0
sufficiently small, there exists a unique solution u of (8) so that u € C([0,7); H'(R)) N
CY([0, 7); L2(R)). This allows showing that the solution we have built in Bp is in fact the only
solution of (8).
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Now, we are going to prove Lemmas 4.1 and 4.2. First of all, we show some estimates that we
shall use in the proofs:

e+t 4 b>—1,

c(1+1)4, a>—land b < —1,
c(l+1)b, a<—-1,b>—1,
c(14pymax@b) = g b < —1,a,b+#—1.

t
/(1+t—s)“(1+s)”ds< (23)
0

Let us now write estimates (17) and (18) for the solution of (16) with initial data goo =0 and
gol =g.ForkeNand o € Rﬁ, we have, by (17), that

Jor|+2k

lakDESlgl], <l +07 @ D5 (llglisiai—1.2 + lglla)- (24)

For k=0, 1 and o € RY, by (18) we have that

— _N(L_ 1y lel+2k
|8£DES0)[g]], < ce ™ ligl st + € llgla(1 + 1)~ 2 @D~ 2 (25)
Moreover, the following interpolation inequalities hold for any u € H'(R),
1 1 l—a
lutlloo < V20113 lluxl3 . leell fra gy < lluelly™“Nuxlly,  a € (0, 1). (26)

Proof of Lemma 4.1. First, we use estimates (17) in (22). Thus, it is sufficient to prove the
following estimates:

t
/||sx(z —)[f ()], ds <c(l+074RI, Vue B, @7)
0
t
/||Sx(t — [ ), ]|, ds <c(l+07IRI, VueBg, (28)
0
t
/”S,(t —9)[f(u()) ]|, ds <cR?, Vue Bg. (29)
0

Again, using estimate (25) witha =1,k =0and o« =1 in (27) and (28) and witha =1, k =1
and o =0 in (29), we have

JIsse=olr@e)lyds <c [ @=L @) |+ L o) ]ds
0 0

[15:0 =9, Jads < a9 @), |+ 1 @), ], ]ds
0 0
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[l =9 ),Jads < [ 41— o), |, + 17 w), ] Jas
0 0

By the first interpolation inequality (26) and g > 2, we get

=1 24q q=2
|7 (u)], < c||u||2 ||ux||2 , £ ()|, < lully® Nuxll,*
+1

1 @®). [, <cluly™ luxla® £ ). |, < cllulld fugl (30)

Then, as u € B, we obtain, for any s > 0:

[F)], <cRIA+975 . [fue)], <cRI0+57'7.
7o), J, <0 ), ], <erraro 6D

We prove (27) and (29) using estimates (31) and thanks to (23). On the other hand, we obtain
(28) with g > 2 using estimates (31) on [ f(u(s))] in L?and L', and, applying (23). Now, we
show (28) in the case ¢ = 2. Let o € (0, 1) and apply (25) with a =2. We get

/ [7275 ~ 9ot £ (wo)] s

! t
<cR2/e““("”(1+s)‘%ds+cR2f(1+r—s)—2’T°‘(1+s)—¥ ds.
0 0

We note that, by (31), for g =2, |07 f(u(s) | g1-« < c¢R2(1 + 5)7/%. On the other hand, by the
second estimate of (26) and by (31) for g =2 we have [|37 f(u(s))]l2 < cR2(1 4 5)~G+20/4
Then, taking « € (0, 1/2) and thanks to (23), we prove (28) for g = 2.

Finally, we observe that @ (u) and @ (u), are continuous in time with values in H'(R) and
LZ(R), respectively. Let us check the continuity of @ (1) (@ (1), can be treated in a similar way).
Indeed, given ¢, o > 0 with ¢ > # (the case ¢ < ¢ is equivalent), by (22) we have

t
P (u)(t) — D (u)(to) = S(B)[uo, u1l — S(to)[uo, u1l — / St —s)[f(u(s)), ]ds
1o
0]
- /(S(t —)[f(u(®) ]St —s)[f(uls)),])ds. (32)

0

Taking into account that (ug, u1) € V, the continuity property of the semigroup S(¢) and that
f(u(s)) with u € Bg is bounded in H!(R) and W!!(R) and using (25), we only have to study
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the limit of the last term of (32). First, thanks to (24) and since u € Bg, we see that ||S(t — s) X
[f(u(s))x]ll1,2 and ||S(fo — s)[f (u(s))x]|l1,2 are bounded above by a function in L0, tg) de-
pending on s which is independent of . On the other hand, by the continuity of the semigroup
S(t), we get, for any s € (0, 7p),

Jim [[S¢ —5) = St 9)][f (), ]|, , =0.

because f(u(s)) € H L(R). Then, by the dominated convergence theorem, the last term of (32)
goes to zero when t — #y and we conclude the continuity of @ (#). O

Proof of Lemma 4.2. Given u, v € Bg, letbe w(t) = ®(u)(t) — ®(v)(z). We define

o) = sup {1+ [u@) —v©)],},  ¢0) = sup {1+ |uxs) —ve®)],}. 33)

0<s <t <<t

Thus, using (24) witha =1,

Jwo < [a+r-97 ) - FEE)]; + 17) - 7o) ]ds
0
e, < [ 107 o), - 1), + 1), - o), | Jds
0

ol <e [+ =971 ), = FE0), |+ 1£60), = £60),],]ds
0

In view of the definition of ¢ and ¢ in (33), using that u, v € Br and the first estimate of (26),
we get, for any ¢t < s,

2g—1

|f () = F(v©)], <RI A+ @),
| £ () = F(0()], <RI A+ 9(0),
| £ (), — F(0)), |, <RIV A+ 75 [p() + 002 (1)?],
| £ (), = F(v®), [, <cRIT'A+9)7 o) + 0]

Using these inequalities we prove Yu, v € Bg, t >0,

L+t @) — @)D, <R o),

(1407 W) (1) — D D], <RI o) + ¢ ()],
@ @) (1) — @) (1), <RI o) + o (1)]

proceeding like in the proof of Lemma 4.1. 0O
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The proof of Proposition 2.1 is now complete. We now obtain some extra estimates on the
behavior of u that will be useful in the sequel.

Proposition 4.3. Let u be the solution of (8) under the hypotheses of Proposition 2.1. Then, for
any t > 0, we get

2g+5
cl+t)""8  for2

Jus@], < ;
c(l4+1)"4 forq

(34)

with a constant c that depends on the norm of the initial data in V and the exponent q.

Proof. Using the variation of constants formula, by (17) and (25) with a € [1, 2], we get

Jus (||, < et +t)_f_‘(||bt0||1,2 + lluollt + llurll2 + lui )

t
1

t
+c/ef‘”(lfs)||f(u(s))x||2ds+c//(1+t—s)*z31*z
0

0

fu®) |, ds. (35

Using (30) and estimates (9), we get C depending on the initial data and g > 2 such that

t

[ s ), lyds <casnt.

0

Now, we study the second integral of (35) distinguishing two cases: ¢ > 5/2 and g € [2,5/2).
Taking a = 1 and using (30) with (9), we prove (34), for g > 5/2,

t
/(1 +1—5) 3 f(us), [ ds <A +0)7E.
0

Now, for g € [2,5/2), we use the Holder inequality and since a € [1,2), then 2a(g — 1)/
(2 — a) > 2, thanks to (26) and (9), we obtain

t
/(1 ti—s) i
0

by (23) since (3/4+41/2a) > 1 and (¢ + 1)/2 — 1/2a > 1. We choose a € (1, 2) depending on
q €12,5/2) so that the decay estimate is optimal, i.e., (¢ +1)/2 — 1/(2a) =3/4+ 1/(2a). Then
a=4/2q — 1) € (1,4/3], and we conclude the proof of (34) for g € [2,5/2). O

f(M(S))x ”ads < C((l +t)i7% + (1 + l)i%ii)’
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5. Compactness

The goal of this section is to obtain a compactness result in L>((0, T) x R) for the family
{up}s>0, defined by

w; (x, 1) = du(rx, A%t). (36)

This fact will be later used in the proof of Theorem 2.3. For any A > 0 the function u; solves

{ A2 up e+ s — whxx + A2 ), =0, (x,1) €R x (0, 00), (37)
u;.(x,0) =ugp ;. (x) = Aup(Ax), up(x,0) = uy 1 (x) = 23u; (Wx).
On the other hand, thanks to (9), we have, for any ¢ > 0
_1 3 _3
lin ], <er2(1422) 775 w0, <er(142%)77. (38)

By (38) the norm of u, in L2((0,T) x R) is bounded when A — oo. Then, by extracting
subsequences (that we denote with the same subindex A to simplify the notation), u; con-
verges weakly in L?((0, T) x R). Now, we proceed in several steps to conclude the proof of
compactness in L2((0,T) x R): (1) We establish that the sequence {u,} is relatively com-
pact in C([7, T1; L{:)C(R)) for 1 < p < oo and tp > 0. (2) We obtain the compactness in
C([to, T]; L (R)) for 9 > 0 and any p € [1, oo]. To do it, we prove the existence of ko > 0

for any ¢ > 0 such that, for any k > kg and A > 1,

/|ux(x,t)|dx<8, Vit € [to, T]. (39)

x>k

(3) We conclude proving that for any ¢ > 0, there exists #y > O sufficiently small such that, for
A > 1, it holds

0]
/‘/|ux(x,t)|2dx <s. (40)
0 R

First, we have the following local compactness result.

Proposition 5.1. Let u be the unique solution of (8) under the hypotheses of Proposition 2.1. Let
{uy} be the family defined in (36) for N = 1. Then, for any to > 0, {u,} is relatively compact in
C([to, T1; L} .(R)) for 1 < p < 00 and ty > 0.

To prove this result, we use a variant of the Aubin—Lions compactness lemma. The following
estimates on the time derivative are needed:

Lemma 5.2. Let 0 < tg < T. Then, under the hypotheses of Proposition 5.1, {u;, (}y>1 is uni-
formly bounded in L*(ty, T; H™'(R)).
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Proof. We consider the function

V(1) = A2 Ty (x, 1), (41)

that satisfies vy ; = * A2 Uy, + uy t]. Since uy verifies (37),

lorill—12 < ce” [l llz + 2274 £ @) ,]-

On the one hand, we get

/)f‘_zq‘f(uk)‘zdx < ck3/|u(y,k2t)|2q dy < ck3(l +)»2t)72qT_,

R R
by (26) and estimates (9). With this estimate and (38) we have, for any g > 2,
3
asll—12 <ce” A2 (1+2%) 7% <ce?™, Vi >19>0.

Using the Cauchy—Schwarz inequality and the previous estimate, we have
o (Jun ]2 ) < [un]_y, foranys>1o
Then, 9;(Jlua()[|-1.2) < cet’t Integrating in time, we get
loa@® |, < )|, + c)»_z[emz - e’okz] for any 1 > 19
Since v, is defined by (41), ||va()||-1.2 = X’26A2’||u;“,(t)||_1,2. Thus, we get

||uk,,(t) ”—1,2 < e(’o_m2 Hux,z(lo) “—1,2 + 2c[1 — e<’°_m2] for any t > 19.

Thanks to (34), we have the following decay estimates for u ;:

(42)

AIA 422" for2<
Jur @), <
>

5 2 =3
cA2(1+X1t)" 4 for g

and, in view of the continuity of the embedding L%(R) — H Y(R), we get that, by (42),
llup : (t0)ll =12 < e for any g > 2 and ¢y > 0. Thus, we have

1
luri®]_;, < ce0=DX 53 4 2c[1 - e(m_’))‘z] for any ¢ > 1o,
and we conclude the proof. O

Proof of Proposition 5.1. We observe that Hl})C (R) is included in L?

compact embedding. Moreover, Lloc (R) is included in H,, —1 - (R) and L
p < oo with continuous embeddings.

(R) for 1 < p < oo with
(R) in L120C (R) for 2 <

loc

1oc
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On the other hand, recall that, according to Lemma 5.2, {u; ;},>1 is uniformly bounded
in L%(t9, T; H-'(R)) for 0 < 1y < T. Moreover, by (38), {u,} is uniformly bounded in
L®(ty, T; HY(R)), for any 0 < #t9p < T. Then, using classical compactness results (see
[14, Corollary 4, p. 85]), the family {u, } is relatively compact in C([ty, T']; L? (K)) for any com-
pact set K C R and 2 < p < oo. This concludes the proof. O

The proof of (39) is a consequence of the following lemma whose proof is given later.

Lemma 5.3. Let u be solution of (8) given by Proposition 2.1. Moreover, assume that ugy, u| €
L%(R). Then, we have

/|x|2|u(x,t)|2dx<c(1+t)%. (43)
R

Indeed, by the Cauchy—Schwarz inequality and the definition of u;,,,

/ (e, )] dx < V20007 [u(32) | 2.

x| >k
and, thanks to (43), we prove (39):

f s (e, )| dx < e~ (1 4+ 2%) < ck™2(1+T)3. (44)
x>k

Now, thanks to estimate (38) and choosing # sufficiently small, we get (40). Then, as a simple
consequence, we have:

Proposition 5.4. Under the hypotheses of Lemma 5.3, the family {u,} is relatively compact in
C([tg, T]; LP(R)) for0 <tg < T < 0o and any p €[1, o0].

Proof. First, by Proposition 5.1, (44) and Vitali’s theorem readily imply the relative compactness
{up} in C([t9, T1; L' (R)). The L? analogue now follows from (38) by the Gagliardo—Nirenberg
inequality. O

Proof of Lemma 5.3. We use the variation of constants formula. Applying Lemma 3.3 with
b =2 and a = 1 to estimate S(¢)[ug,u1] and with b =1 and a = 1 to estimate 9, S(t — s) X
[f (u(s))], we have

1
Hu(t)||L'% <A 407 (lluoll 1 + Nl ll 1 + lluoll 2 + |Iu1||L§)
t t

ve [ [+ =07 rfu) iy
0

0

t t
+cz/(1+z—s)—%||f(u(s))||2ds+C3/(1+z—s)—%||f(u(s))||1ds. (45)
0 0
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Now, we study the integral terms. Since f(u) = |u|? ™ u, using the decay estimates (9), we obtain
immediately:

[£ @)l < e+ lullz, | (@), e +977 Jul,
[ @), <e+97 " )], <ct+977.

Therefore, applying these estimates in the integrals appearing in (45), we deduce that, for any
>0,

t
Ju;2 < e +0)i +5—f(1 T T )] ;2 ds. (46)
0

Now, we define «(t) = sup{f(s): s € [0,¢]} with B(s) = (1 + s)_1/4||u(s)||1;%. First, since

(141 —5)73/4(1 4 5)7243/% < 1, we have that «(¢) is finite applying the Gronwall lemma in
(46). Now, we consider ¢ € (0, 1/2) and from (46) we have

et
Bty <c+ia(d)(1+0"F(1+(1—e)) /(1 +5)7"T ds
0
t

+6a(t>(1+t>*%(1+sr>*%/<1+t—sr%ds
et

<ot () (Kie + Ka(1 +0)~'7), (47)

with K1, K7 > 0 and independent of ¢. We distinguish two cases:

1. Case g > 2. We choose ¢ such that ¢K1e < 1/2 and fy such that ¢K»(etg)~4=2/% < 1/4.
Then, from (47) we obtain that, forany ¢ > 0, o (t) < «(f9) +c+ 3w (t)/4, from which we get (43)
for g > 2.

2. Case ¢ = 2. From (47) we have «(t) < ¢ + ¢(K1& + Kp)ax(t). The constant ¢ > 0 is pro-
portional to the norm of the initial data in V. Therefore, as the norm of (uq, u1) is small in V,
we can assume that ¢(K e + K») < 3/4. Thus, we obtain (43) forg =2. O

6. Identification of the limit and asymptotic behavior

First, we are going to identify the limit of the sequence {u }5~0. As A — 00, Eq. (37) formally
reduces to the heat equation for ¢ > 2 and to the Burgers equation for ¢ = 2. In particular, we
prove the following proposition.

Proposition 6.1. Under the hypotheses of Proposition 2.1 and Lemma 5.3, the sequence {u) })~o
converges in L*((0,T) x R) to @ where, if the exponent q > 2, 0 is the solution of the heat
equation (15), and, if the exponent g = 2, 6 is the solution of the Burgers equation (14).
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Proof. To do it, we use the weak formulation of solutions. We consider the following space
of test functions D(T) = {¢ € C([0, T]; H*(R)) N C'([0, T]; L>*(R)): ¢(T, x) = 0}. The solu-
tions {u,} of the rescaled problem (37) satisfy:

T T

/ / (91 + pr) dx di + 227 / / 0319 5 dx dt
R R

0 0

T
+A/[u0(kx)+u1(kx)](p(x,0)dx+k_2/ fuk,,wtdxdtzo, 0 eD(T). (48)
R 0 R

Since u,, is relatively compact in L2((0, T) x R), there exists a subsequence (denoted with
the same subscript 1) u;,_ converging in L>((0, T) x R) to some function 6. Then,

T T
Ali:’go//MA((Pt-I—(Pxx)://@(%-i-(Pxx), Yo € D(T). 49)
0 R 0 R

By the change of variable y = Ax and applying the dominated convergence theorem, we get

lim / [10) + 11 (N]e(y/2, 0 dy = Mp(0,0), Vg € D(T). (50)
R
Thanks to (42), since min(5/4, (2q +5)/8) > 1 for g > 2, we get

T
lim A2 / / R 51)
A—>00

0 R

Now, we study the integral in (48) involving the term |u; |9~ u; . We distinguish two cases: ¢ > 2
and g = 2. Using (26) and estimates (38), we obtain for 0 < T < oo:

2 ’ 1 ’ 2 -t
lim A —4/ f“um— urpy|dxdt < lim cA/(l—i—k 1) 7 dt=0, (52)
r—00 A—00
0 R 0
provided g > 2 since
ca? with g > 3,

1

T

g
/(1+)\2t) 7 dt < {cA7?In(14+A*T)  withg =3,
0 A2(1+22T) 7" withq € [2,3).

Therefore, (49)—(52) guarantee that the limit 6 of u; in L2((0, T) x R) satisfies the weak formu-
lation of the heat equation (15) when the exponent g > 2.
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Now, since the sequence {u,} converges to 6 in L2((0,T) x R), we get, thanks to the fact that
@x € C((0,T) x L*(R)),

T T
lim //|u,\|u,\<pxdxdt=//|0|9<pxdxdt. (53)
A—00

0 R 0 R

Thus, thanks to (49)—(51) and (53), the limit 6 of the sequence u, satisfies the weak formulation
of the Burgers equation (14) when the exponent g = 2.

As a final point, we note that the uniqueness of the weak solutions of (14) and (15) in
L2((O, T) x R) is well known thanks to the classical transposition method. This fact guaran-
tees that the limit 0 is unique and that it is actually the limit of the whole family {u,}. O

Now, we conclude this section deriving the asymptotic behavior of the solutions of (8).

Proof of Theorem 2.3. We know by Proposition 5.4 that, when A — o0, there exists 6 such that
the sequence {u,} converges to 6 in L’(R) (1 < p<oo)forr=1

lim [ux(, 1) —6¢, D], =0. (54)
A—00 p

We note that, by Proposition 6.1, this convergence holds for the whole sequence {u,} and that, if
the exponent g > 2 (respectively g = 2), € is the solution of the heat equation (15) (respectively
Burgers equation (14)). In both cases, it is well be known that the solutions are self-similar:
0(x,t) =1t~ Y2 fy(x/+/1), for a suitable profile fys (see, for example, [5]). Thus, 6 is invariant
under the rescaling transformation (36), i.e., 6, =6, and

/|ux(x, 1) —0(x, 1)|pdx=Xp_1/|u(y,)»2) —0(y, 2%)|" dy.
R R

We choose A2 = ¢ and thanks to (54), we get the convergence result (13). O

7. Blow-up

In [15] the global nonexistence of nondecreasing positive solutions for the differential
inequalities of the type a; + a; > aa? is studied. In particular, denoting T* < oo the
maximal existence time, a(¢f) with initial data ag > 0, a; > 0 blows-up in the sense that:
lullw210, 7+ = +00. Now, we show a more general nonexistence result with an explicit esti-
mate on the blow-up time using different arguments than in [15].

Lemma 7.1. Let a = a(t) be a solution of
ay +ar=ala’"'a, 1>0, (55)

with g > 1, a > 0 and initial data (ag, ay) such that ag, a1 > 0 or ag, a; < 0. Then, if

1

1\7T 2 1 21 2laglat!
|a0|2<%>1 e and <§ao+a1) >Za%+a%, (56)

a blows-up in finite time t, < |ag| ' ~P/%e/2q + 2/ Ja(q — 1).
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Proof. First, we note that a, a; > 0 for all t > 0 when ag, a; > 0. Indeed, assume that there exists
7 < 00 such that a(t) =0 and a(¢) > O for any ¢ < t. Then, from (55), a,(¢) > aje™" > 0 for
any ¢ < t and, therefore, a being positive and increasing in (0, 7) it may not vanish in time ¢t = 7.
Furthermore, from (55) we deduce that a, is positive as well. Analogously, we have a, a; < 0 for
all t > 0 when ag, a; < 0.

Now, let b(¢) = ¢'/2a(t). Then (55) becomes

-1 -1
b,,—Zzae b9 'h, >0, (57)

with initial data b(0) = ag and b'(0) = ag/2 + a;. Now, we multiply (57) by b;, integrate and
again by parts, we obtain

! (1 2 -1, |b(1)]4F! g+1
2>~ zao+a) —-a} _|_ag—°’—21t| Ql . laol .
2 2\2 8 q+1 g1

Given an arbitrary ap we assume that a; is sufficiently large such that (56) holds. Considering
7 > 0 arbitrary, we have bt2 > c2|b|q+1, for 0 <t < t with ¢2 = 2ae_(q_1)f/2/(q + 1). When
a,a; > 0, then b; > cb@tV/2 and after integration we obtain that b(z) > (a(()l_q)/2 —c(g—1)x
t/2)’2/(’1’1), and thus, when g > 1, the solution b blows-up in time #;, < 2aél_q)/2/c(q —1) and,
tp <1, if

2(g+1) a1 _ 2

Now, we consider the function i(7) = t=2/@~De™/2 in the right-hand side of (58). The mini-
mum critical point of this function in (0,00) is T = 4/(g — 1). Taking this value in (58),
ao has to satisfy (56). Consequently, if ap and a; satisfy (56), a blows-up in finite time
fy < aél_q)/zem/ﬁ(q —1). (In the case a, a; < 0, then b; < —c|b|4TD/2 and, we con-
clude as above.) O

As we mentioned in Section 2, the blow-up result for the ODE (55) with exponent ¢ = 2
implies the existence of blowing-up solutions of the form u(x, ) = xa(t) for the PDE (8) with
q = 2. The corresponding initial data are of the form u¢(x) = xag, u1(x) = xa;. Obviously they
do not belong to the space V. Note however that, due to the finite speed of propagation (=1 in
model (8)) one can modify the solution so that it blows-up and has compact support in x. Indeed,
let a be solution of (55) blowing-up in time 7. Let ¢ € C°(R) be such that ¢(x) = x for all
x € [=3T, 0]. Let the initial data for (8) be ug(x) = ape(x), u;(x) = a;e(x). Then, the solution
of (8) in [—3T + ¢, —t] is of the form u = xa(¢). Consequently, it blows-up in time 7 for all
x e[-2T,-T1].

Now, we prove the blow-up result for even nonlinearities.

Proof of Theorem 2.2. Due to the finite speed of propagation and applying Holder’s inequality,
we get for any t < K

g—1\""
a()? < (K + Kz)zq_l(—> /Iulqu.
2g — 1
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Now, multiplying Eq. (8) by x, integrating the equation and thanks to the previous inequali-
ty, the function a(t), defined in (11), satisfies the inequality a;; + a; > pa? with p =
(K1 4+ K2)'724((q — 1)/(2q — 1))!79. Under the hypotheses of Theorem 2.2, the initial data
ap and a; of a are positive. With these initial data a is positive and it satisfies (55) re-
placing « with p. Then, applying Lemma 7.1, the function a (11) blows-up in finite time

t < a(1 q)/2e~/2q +2/(/p(g — 1)), if the constants (ao, a;) satisfy (56) with a = p. Finally,
by the deﬁnition of p, t, < K1 under the hypotheses of Theorem 2.2. O

Appendix A. Linear estimates

In this appendix we prove Lemmas 3.2 and 3.3. The proofs can be carried out by means of a
careful analysis of the Fourier transform of solutions. Equation (16) can be written as

{12,,+|§|212+12,=0 in RN x (0, 00), AD

0 0)=¢%¢), (0 =9'®).
Define 0(¢,1) = il(&,1) xjg|<1/4 and w(&, 1) = (&, 1) x|z|>1/4, Where x stands for the characte-
ristic function. Denoting respectively by v and w the inverse Fourier transform of 9 and w, one
obtains a decomposition of the solution u of (16) itself u = v + w.
Lemma A.1. Let k e Nand o € Rﬁ. Then,
lo¥afwe. 0, < ce™ [10°] geser + @' | ] Ve =0. (A2)

The proof is easily obtained using a Lyapunov function as in [13].
Now, we can decompose 0 as 0(§, 1) = p(&,1) + G (&, 1), where, for || < 1/4,

_ e’ o6
pE D =[0%%) +r($) @) e (E) ,

- _|z0 _ ! _ ! : —r @)
q(S,t)—[w (é)(r(é) 2) (E)L(E) )

with r(§) = /1/4 — |€|2, for |€| < 1/4. Let p and g be the inverse Fourier transforms of p
and g, respectively. We have:

Lemma A.2. Let k=0,1 and a € Rﬁ . Then,

lsgataco ol < e T s + 10 ol V50, a3
However, when k + |a| < 1, H*H1=1 yyst be replaced by H*T1¥1=1 in (A.3).

Lemma A.3. Let k € Nand o € RY. Then, t >0,

2k+\a

lok0¢ p( 0], <c(14+077 e, +le'].] (A4)
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Proof of Lemma A.2. We observe that for |£] < 1/4, r(§) is positive, and

k
(E)(——r(é‘)) (é‘)‘2 ($)< +r(é§)>

Thus, g decays exponentially. Since |£] < 1/4, we get 2 < 1/r(£) < 4/+/3 and 3/4 <
r(€) + 1/2 < 1. Moreover, since 3(1/2 — r(£))/4 < (1/2 — r(€))(1/2 + r(£)) = |£|?, then
(1/2—-r()) <4|¢ |2/3 for any |§] < 1/4. Using these inequalities and Parseval’s identity, (A.3) is
obtained immediately. O

|0k, )| <

Proof of Lemma A.3. First, it is easy to check that

/ TRk dE < c(w, 8. k) (1+1)7 2 (A5)
|E]<8

Now, since |§| < 1/4, we know that —3|§|2/4 <r¢)—1/2< —|§|2. Thus,

~ _1£12
|8f p&. 0] <c(|"®] + [0 ©)]) 1.
Using Parseval’s identity, Holder’s inequality and (A.5), we get

2+l
2 b

_ N
log0f pC. o], <e(@°],, + 19" ],,) A+ "% (1 +1 Vi >0.

Choosing 1 < a < 2 such that 1/a + 1/(2p) = 1, taking into account that 1/2p’ = 1/a — 1/2,
and by the Hausdorff—Young inequality, we prove (A.4). O

Combining this estimate, (A.2) and (A.3), we conclude the proof of Lemma 3.2.
Finally, we prove Lemma 3.3.

Proof of Lemma 3.3. Using the variation of constants formula to define v, we have by
Lemma 3.2

ol < ce™ (feg |, + x|y o)+ 40575 (x|, + x6'],)

+2/||Sx(t—s)[O,u(s)]||2ds. (A.6)
0

By estimate (17) with (¢° =0, ¢! = u(s)) and (a =2, k =0, « = 1), and estimate (18) for
(¢ =0, k =0), we obtain

t
/H Se(t — s)[O, u(s)]”zds

0

1 3_1
<c(le’ly+ el Da+n72 +e(le"], + o) +n3 2,
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thanks to (14). Then, returning to (A.6), we prove (20). Note that xu, = vy — u. Since the de-
cay of |lu(t)]|2 is known by (17), we only need to obtain the behavior of v, to get (21). Using
estimate (18), we get

1

loclz < ce™ (Jxg®] o + e |,) +¢ A+ 075 3 (g, + o' |,)

t
- 2/|| Se(t = $)[0, ux ()], ds. (A7)
0

Applying (17) with (a =2, k=0, « = 1), (18) with (k =0, o = 1) and using (23), we get

1
/|| Sx(t = 9)[0.ux(9)] | ds
0

<c(l9"lg0 + 10 L)+ (], + 1o L)a ol b
Then, coming back to (A.7) we obtain (21). O
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