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1. Introduction and main results

In this paper we are concerned with the semi-classical ground states to the stationary Dirac equa-
tion in relativistic quantum mechanics:

3
—ih )" aqdhu + apu = P(x)|ulPu (1)
k=1
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with p € (2, 3). In contrast to the related results in the literature, we are interested in the following
new cases: firstly, existence of solutions when P (x) depends indeed on x but having neither periodicity nor
limit at the infinity; secondly, concentration on the maxima of the coefficient of nonlinear external field. Here,

hi denotes the Plank’s constant, x = (x1, X, X3) € R3, 9y = aaTk a > 0 is a constant, &1, @2, 3 and B are
4 x 4 complex matrices:

(T 0 (0 o _
,3—<0 _1>, 05I<—<Jk 0>, k=1,2,3,

o (01 or= (0 —i a1 0
1= 1 0)° 2= i 0 ) 3= 0 -1/
and P € C(R3,R).

The equation or the more general one

with

3
—ih Y " aqdju + apu + Mx)u = Fy(x, u) (2)
k=1

arises when one seeks for the standing wave solutions of the nonlinear Dirac equation

3
—ihdgy = ich Y apdyy —mc*Byr — V(Y + Gy (X, ¥). 3)

k=1

Assuming that G(x, gie ¥) =G(x,¢) for all 6 € [0, 2], a standing wave solution of (3) is a solution of

the form v (t, x) = e”ff_tu(x). It is clear that ¥ (t, x) solves (3) if and only if u(x) solves (2) with a = mc,
M) =V (x)/c+ nls and F(x,u) = G(x,u)/c.

There are many papers devoted to the study on the existence of solutions of (2) under various
hypotheses on the potential and the nonlinearity (see [18] for a review). In [4,5,10,24] the authors
studied the problem with M(x) = w € (—a, a) and the nonlinearity (the so-called Soler model)

F(u)= %H(ﬂu), HeC*R,R), H0) =0, iiu:= (Bu, U)c4,

and in [19] Finkelstein et al. considered the nonlinearity

1 . - -
F(u) = §|uu|2 +b|uozu|2, uau = (Bu, odu)ca, o = 1203,

by using shooting methods. Such a kind of nonlinearities was later studied in Esteban and Séré [17]
by using firstly a variational method (in fact, [17] also considered certain more general super-linear
subcritical F(u) independent of x). If the equation is periodic, that is, M(x) and F(x,u) depend pe-
riodically on x, by using a critical point theory Bartsch and Ding [6] established also the existence
and multiplicity of solutions of (2) with scalar potentials of the type M(x) = V (x)8 (see also [33]). If
the potential is non-periodic (typically, the Coulomb-type potential), in [15] Ding and Ruf considered
some asymptotically quadratic nonlinearities, and in [16] Ding and Wei treated the super-quadratic
subcritical nonlinearities with mainly the limits of M(x) and F(x, u) existing as |x| — co.

For small fi, the standing waves are referred to as semi-classical states. To describe the translation
from quantum to classical mechanics, the existence of solutions u., i small, possesses an important
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physical interest. Only very recently, the paper [14] studied the existence of a family of ground states
of the problem

3
—ih )" aqdhu + apu + Mxu = [u|P~?u
k=1
for all i small, and showed that the family concentrates around the minima of M(x) as i — 0.
Comparing with [14], in this paper we are interested in the existence and concentration phe-
nomenon around the maxima of the nonlinear external field. Remark that, mathematically, since the
Dirac operator is unbounded from above and below, the associated energy functional is strongly in-
definite, and since the problem is posed on the whole space R3, the functional does not satisfy the
Palais-Smale condition. In addition, since the solutions depend on the coefficient of nonlinear term,
the present argument seems to be more delicate than those of [14].

We now describe our result. For notational convenience, writing € =h, w = u, o = (1, &2, @3)
and o -V = Z,le o d, we reread Eq. (1) as

—iga - Vw +aBw = P(x)|w|P2w. (4)
It is standard that (4) is equivalent to
—io - Vu +aBu=Pe(x)|ulP2u (5)
where P, (x) = P(ex) with u(x) < w(ex). Assume P satisfies
(Po) infP >0 and limsup |y, P(x) < max P(x).
Set m := max,p3 P(x), and
2 :={xeR: P(x)=m].
The limit problem associated with (5) reads as
—ior - Vu 4+ aBu = mlu|P~u. (6)
Denote the energy of a solution w # 0 of (4) by
E(w):= /(%((—i&a V+apyw, w)— %P(x)lw|p> dx,
R3
here and in the sequel (-,-) denotes the usual scale product in C*. Setting
Te ;= inf{E(w): w % 0is a solution of (4)},

a solution wq # 0 with E(wg) = 7, is called a least energy solution. Let ., denote the set of all least
energy solutions of (4).

Theorem 1.1. Assume that p € (2, 3) and (Py) is satisfied. Then for all ¢ > 0 small,

(i) Eq. (4) has at least one least energy solution w, € WH4(R3, C*) forall q > 2;
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(i) F is compact in H'(R3, C%);

(iii) there is a maximum point x, of |w| such that lim,_, ¢ dist(xs, £?) = 0, and, for any sequence of such x.,
Ug (X) := wg(eX + X)) converges uniformly to a least energy solution of (6);

(iv) [we(®)| < Cexp(—glx — Xg|) for some C,c > 0.

In fact, we are going to focus on studying the equivalent problem (5), this means that we will
prove an equivalent form of the theorem: for all small € > 0, (i) Eq. (5) has a least energy solution u, €
ﬂq>2 W14, (ii) the set of all least energy solutions is compact in H'; (iii) there exists a maximum point x; of
|ug| such that limg_, o dist(ex., £?) = 0, and, for any sequence of such xg, v¢(X) := us(x + X¢) converges in
H' to a least energy solution of (6); (iv) |ue (x)| < C exp(—c|x — X¢|) for some C, ¢ > 0.

It should be compared with the investigation on Schrédinger equations. There is a large number
of literature contributed to the study on the semi-classical states of Schrédinger equations

AW —V@w+ f(w)=0, weH'(RV). (7)

It is the first time that Floer and Weinstein [20] construct a single-peak solution of (7) for N=1 and
f(w) = w? which concentrates around any given non-degenerate critical point of V. Oh [26] extended
this result in a higher dimension for f(w)=|w|P~2w, 2 < p < 2N/(N —2), and proved the existence
of multi-peak solutions concentrating around non-degenerate critical points of V. The arguments in
[20,26] are based on a Lyapunov-Schmidt reduction. Subsequently, variational arguments were applied
to such issues and the existence of spike layer solutions in the semi-classical limit has been estab-
lished under various conditions of V(x). In particular, the existence of a ground state of (7) (with
more general nonlinearity) was first proved by Rabinowitz [28]. Later Wang [31] proved that the least
energy solution concentrates at a global minimum of V(x) provided liminfy_ V(x) > infV > 0.
See also [2,3,7-9,12,22,23,25] and the references therein. Note that, since the Schrédinger operator
—A +V is bounded from below, techniques based on the Mountain-pass theorem are well applied to
the investigation.

2. The functional-analytic setting

We start with discussing the functional-analytic framework.

Without loss of generality we may assume that 0 € &2 throughout the paper.

In what follows by |- |; we denote the usual L9-norm, and (-,-); the usual L%-inner product. Let
Ho = —ia- V+ap denote the selfadjoint operator on L2(R3, C*) with domain D(Hg) = H'(R3, C%). It
is well known, by a Fourier analysis, that o (Hp) = o.(Hp) =R\ (—a, a) where o (-) and o.(-) denote
the spectrum and the continuous spectrum. Thus the space L? possesses the orthogonal decomposi-
tion:

>=1"olt, u=u +ut (8)

so that Hy is negative definite (resp. positive definite) in L~ (resp. L*). Let E := D(|Ho|'/?) = H'/? be
equipped with the inner product

(u, v) = %R (|Ho|"?u, [Ho['/?v),

and the induced norm |ju|| = (u, u)'/2, where |Hg| and |Hg|'/? denote respectively the absolute value
of Hy and the square root of |Hg|. Since o (Hs) C R\ (—a, a), one has

aluls < |lull*> forallueE. 9)
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Note that this norm is equivalent to the usual H!/2-norm, hence E embeds continuously into L9
for all g € [2,3] and compactly into L?OC for all g € [1,3). It is clear that E possesses the following
decomposition

E=E @®E"t withE*=ENL*, (10)

orthogonal with respect to both (-,-); and (-,-) inner products. This decomposition induces also a
natural decomposition of LP, hence there is 77, > 0 such that

np|u+|£<|u|§ forallu € E. (11)

On E we define the functional

1
Do = 2 ([ Ju ) - wew

for u=u~ +u™, where
1 P
Ye(u) = E Pg(x)|ul”.
R3

Defining the form a(u, v) := fR3(Hou, v) and setting a(u) =a(u, u) one has

Pe(u) = %fﬁa(U) — ()
= %a(u) — Y (u).

Clearly, ®; € C1(E,R). In fact, for any u, v € E,

d
— P (u +SV)’ =9'ia(u,V)—fﬁfPa(X)IUIp*Z(u,V)
ds s=0

R3

=@t —u,v) —SR/ Pe(x)|ulP~2(u, v).
R3

A standard argument shows that critical points of @, are solutions of (5).
Lemma 2.1. ¥, is weakly sequentially lower semi-continuous and &}, is weakly sequentially continuous.

Proof. The lemma follows easily because E embeds continuously into L7 for q € [2, 3] and compactly
into L} for ge[1,3) [13]. O

Set, for r >0, Bf ={u e E*: |u||<r}and S ={ueE™: |u||=r}, and for e € ET
E.:=E~ ®R"e

with R+ = [0, 00).
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Lemma 2.2. @, possesses the linking structure:
1) There existr > 0 and p > 0 both independent of ¢ such that d>g|Br+ (u) > 0and &, |5r+ = p.
2) Forany e € E* \ {0}, there exist Re > 0 and C = C, > 0 both independent of ¢ such that ®¢(u) < 0 for
allu € E; \ B and max &, (E.) < C.

Proof. Recall that a\u|§ < |lu|)? for all u € E by (9).
1) follows easily because, for u € ET,

1
Dp(u) = 5||u||2 — W (u)
2

1
2
> —ul* - 5m|u|5

and p > 2.
For checking 2) take e € E* \ {0}. In virtue of (11), one gets

1 1
D (u) = 5||se||2 - 5||v||2 — W (u)

1 1 TSP .
< ss%lell” = s [Iv* — =2—inf Ple|}, (12)
2 2 p
hence 2) since p >2. O
Define (see [27,30])
Ce:= inf maxd.(u).

ecE+\{0} uek.
As a consequence of Lemma 2.2 we have
Lemma 2.3. There is C > 0 independent of € such that p < c; <C.

Proof. By 1) of Lemma 2.2 and the definition of ¢, one has ¢, > p. Take e € ET with |le| = 1. It
follows from (12) the following

ce <C=Ce,
ending the proof. O
Recall that a sequence {up} C E is said to be a (PS)., c € R, sequence for &, if &¢(uy) — ¢ and
@[ (up) — 0, and &, is said to satisfy the (PS). condition if any (PS). sequence for &, has a conver-
gent subsequence. A standard linking argument shows that if @, satisfies the (PS). condition then c,

is a critical value of @, (see, e.g., [13,30]).
Following Ackermann [1], for a fixed u € ET we introduce ¢, : E- — R defined by

Gu(v) = P (U +v).
For any v,w e E~,

b NIw, wl = —|lwlI> — ¥/ @+ v)[w, w] < —[|w|?
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In addition,

(lul® = 1vi?).

N =

du(v) <
Therefore, there is a unique hg(u) € E~ such that

du (hs (U)) = max ¢y (v).

veE~
It is clear that
0=, (he()v =—(he(u), v) — ¥/ (u+he(w)v
for all ve E~, and
v£Ehe(u) & P (u+v)< q)a(u + ha(u))~

Observe that foru e E* and ve E~,

Gu(V) — ¢y (hs (u))

1
= [~ 01+ (v = he@))[y = hew).v =~ he(w]de
0

1
=—/(1 —t)<||v—hg(u)||2+(p—1)/P€(x)|u+hg(u)+t(v—hg(u))|p72|v—hg(u)|2>dt,
0 R3
hence,

1
_ 1
(p—l)//(l—t)Pg(x)|u+hg(u)+t(v—hg(u))|p 2|v—hg(u)|2dxdt+5||v—h€(u)||2
0 R3

< Pe(u+he(u)) — Pe(u+v). (13)
Define I, :ET — R by
Ie(u) = @e (u +he () = %(IIUII2 - Hhe(u)Hz) — Ve (u+he ().
Set
N :={u € EX\{0}: I, (wyu =0}.
Lemma 2.4. For any u € E* \ {0}, there is a unique t = t(u) > 0 such that t(u)u € A.

Proof. See [1,16]. O
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Now we define

de := inf I.(u).

ueN
Lemma 2.5. d. = c,, hence, there is C > 0 independent of € such that d, < C.

Proof. Indeed, given e € ET, if u =v + se € E, with ®;(u) = maxscg, P:(z) then the restriction
&g |, of &g on E, satisfies (Pg|g,)' (u) =0 which implies v = hg(se) and I (se)(se) = @, (u)(se) =0,
ie. se € A;. Thus d; < c.. On the other hand, if w € A; then (P¢lg,) (W + he(w)) =0 so
Ce < Maxyek,, Pe(u) = Ig(w). Thus dg > ce. This proves d; = c,. Now, this, together with Lemma 2.3,
yields immediately the last conclusion of the lemma. O

Lemma 2.6. For any e € E™ \ {0}, there is T, > 0 independent of ¢ > 0 such that ty < T, for t, > 0 satisfying
tge € ;.

Proof. Since I (tce)(tce) =0 one sees that the restriction of @, satisfies (P¢|g,) (tze + he(tee)) = 0.
Thus

D¢ (tee +he(tee)) = max D (W).

This, together with Lemma 2.5 and (12), implies the desired conclusion. O

Let J#; :={u € E: ®/(u) =0} be the critical set of @,. It is easy to see that if J#; \ {0} # ¢ then

de = inf{®¢ (u): u € #; \ {0}

(see an argument of [16]). Using the same iterative argument of [17, Proposition 3.2] one obtains
easily the following

Lemma 2.7. If u € % with |®.(u)| < C1 and |u|y < Ca, then, for any q € [2, 00), u € WL4(R3) with
lully1.q < Aq where Aq depends only on Cy, C2 and q.

Let ., be the set of all least energy solutions of &.. If u € ., then &.(u) =d, and a standard
argument shows that .%; is bounded in E, hence, |u|; < C; for u € %, some C; > 0 independent
of €. Therefore, as a consequence of Lemmas 2.5 and 2.7 we see that, for each q € [2, 00), there is
Cq > 0 independent of ¢ such that

lullwie < Cq forallu e . (14)

This, together with the Sobolev embedding theorem, implies that there is Co, > 0 independent of &
with

[uloo < Cx forallu e . (15)
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3. The limit problem
We will make use of the limit equation for proving our main result. To this end we discuss in this

section the existence and some properties of the least energy solutions of the limit problem.
For any b > 0, consider the equation

—io - Vu+apu=blulPu, ueH'(R?C? (16)

(p € (2,3)). Its solutions are critical points of the functional
Lz -2y L p
rotwy = 5 (Ju* = o ) = b [ 1w
R3

1 2 _2
= S ([u™ "= Ju]") = ¥

defined for u=u~ 4+ ut € E=E~ ® ET where ¥}, = %b|u\g. Denote the critical set, the least energy,
and the set of least energy solutions of I}, as follows

%y :={ucE: I}j(u) =0},
Yo :=inf{IH(w): u e £\ {0}},
Ry :={ue Ly Ty) =, |u0)| = [uls}.
The following lemma is from [16].
Lemma 3.1. There hold the following:
i) Ly #0,vp>0,and £ C (N> Wld forallq>2;

ii) yy is attained, and ), is compact in H'(R3, C%);
iii) there exist C, c > 0 such that

lux)| < Cexp(—clxl) forallxeR?, ue %
As before (replacing P, with b) we introduce the following notations:
Iy ET > E7r Ly(u+ )= F;%)—( Iy(u+v);
JpEf >R Jpu)=Ty(u+ Zpu)):;
My = {ueET\{0}: J(wu=0}.
Plainly, critical points of J, and I}, are in one-to-one correspondence via the injective map u —

u+ _#p(u) from E* into E.
Notice that, similar to (13), we have for u € E* and v € E~

1
_ 1
(p—l)//(l—t)b!u+jb(U)+t(v—jb(U))Ip 2{V—fb(u)lzdxdwriﬂv—jb(u)ll2

0 R3

<hy(u+ _Zp) — Iyu+v). (17)
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It is not difficult to check that, for each u € ET \ {0}, there is a unique t = t(u) > 0 such that
tu € ) (see [1,16]).
Clearly, J, has the Mountain-pass structure. Set

by :=inf{Jy(u): u € 4},

by := Vlengfb [max Ir(y ®),

b3 := inf max t)),
3 yeébte[oﬂfb(y())

where

2y :={y €C([0,1],ET): y(0)=0, Jp(y(1)) <0}

and
2y :={y €C([0,11,E"): y(0) =0, y(1) = up}

for any arbitrarily fixed ug € E* with J,(ug) < 0. Then

Vb :=b1=by=b3
(see [16, Lemma 3.8]).
Lemma 3.2. Let u € .}, be such that J,(u) = yp, and set E,, = E~ @ Ru. Then

max I,(w) = Jp(u).

weEy,
Proof. Clearly, since u + _#,(u) € Ey,

) =T(u+ Zpu)) < max I (w).

On the other hand, for any w =v +su € Ey,

oo 1.0
Th(w) = Slisull” = SIVI® = ¥p(v + su)
<Tp(su+ Zy(su)) = Jp(su).

Thus, since u € .4},

max I'p(w) < max Jp(su) = Jpu),
weEy s=>0

giving the conclusion. O

Lemma 3.3. [f by < b; then Vb1 > Vby-
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Proof. Let u € %, with I}, (u) = yp, and set e=u*. Then
Yoy = I'by (u) = max I, (w).
weE,

Let uq € E. be such that I, (u1) = maxXyeg, Ih,(w). One has

1
Yoy = Tb, () = T, (u1) = I, (u1) + E(bz —by)lu1lp
1 p
2 Vb, + E(bz =b)uilp

as claimed. O
Lemma 3.4.d; > y, forall ¢ > 0.
Proof. Arguing indirectly, assume that d; < Y, for some e > 0. By definition and Lemma 2.5 we

can choose an e € E1 \ {0} such that maxyecg, (1) < ym. By definition again one has ym <
maxyeg, Im(u). Since Pg(x) <m, @g(u) > Iy(u) for all u € E, and we get

Ym > Max @g(u) > max Iy (U) 2 Vm,
uek, uck,

a contradiction. O
4. Proof of the main result

We are now in a position to give the proof of the main result, that is, Theorem 1.1. The key for the
proof is that d¢ — ym as € — 0 (Lemma 4.1). With this we argue by contradiction to show the exis-
tence of semi-classical solutions (Lemma 4.2). The compactness of .%; is easy to check (Lemma 4.3). In
order to show the concentration it is sufficient to verify that, for any sequence ¢; — 0 with u; € %%,
there is a subsequence which converges, up to a shift of x-variable, to a least energy solution of
the limit problem, and such a subsequence is uniformly small at the infinity with the help of the
sub-solution estimate. Lastly, by a Kato’s inequality we complete the proof.

Lemma4.l.d; — ynase — 0.

Proof. Set WO(x) =m — P(x) and W2(x) = WO(gx). Then

¢g<v>=rm(v>+%fwg<x>|v|l’. (18)
R3

In virtue of Lemma 3.1 let u =u~ +u" € %y, a least energy solution of (16) with b =m, and
set e=u™. It is clear that e € A, Fm()=u" and Jm(e) = ym. There is a unique t; > 0 such that
tge € ;. One has

de < Ig(tse). (19)

By Lemma 2.6, {t;} is bounded, hence, without loss of generality we can assume t. — tg as € — 0.
Observe that, by (13) and (17),
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1
5| Fm(tee) = he(tce) 1?4+ )

< P (tse +he (tse)) - P (tee + fm(tse))

1
= nltee +het:0) + / WOx)|tee + he (toe)]?
]R3

— In(tee + Zm(tee)) — %/Wg(x)|t8e+/m(tge)|p
R3

= —(Fm(tae + fm(tse)) —Im (tse + ha(tse)))

+ %/Wg(x)(hse +ha(tse)|p - ‘tae + jm(tae)|p)a

&
hence,
[he(tce) — Zmtee) |* + (1) + (D)
< %/WE(x)(ltse +he(tee)|” — |tee + _Zm(tee)|") (20)
&
where

1
H:=({@- 1)//(1 _S)Pe(x)(|t€e + he(tse) "FS(fm(tee) - hs(tse))|p72

R3O

| Fm(tee) — hg(tse)|2) dsdx,

1
= (P—l)//(l—s)m(‘tge—i—/m(tae)—f—s(hg(tge)—/m(tge))‘p_z

R3 0
|he(tse) — Zm(tee)[?) dsdx.

Observe that

tee +he(tee)|” — |tee + _Fm(tee)|”

= |tse + /m(tse)|p_2<tse + Zm(tee), he(tce) — /m(tse)>
1
+(-1 [(1 —5)(|tee + Fm(tee) +s(he(tce) — Fm(tee))|P ™
0

: ’ha(tse) - fm(tse)yz) ds.
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Noting that Wg(x) < m, substituting this into (20) yields
2 1
[hecse) = Futeo|*+ D+ (1= )an

1 _
<5 / WO |tce + _Zm(tee)|P " |he(tee) — Zm(tee)]
R3

04\ P/P=D) p\PY
< (Wg (X)) |tse + jm(tse)’ |h£(tse) - jm(tse)|p~ (21)

R3

Since t; — to, by the exponential decay of e, we have

lim sup / |tse+/m(tge)|p=0

R— o0
[X| =R

which implies that
-1
/(w£<x>)"/<” |tce + _Zm(tee)|?
R3

-([+] )(wg(x>)"/“’*”|tse+ Fniteo)?
[XI<R  Ix[>R

< f (W2)” PV ltee +_Fmitee)|”

IXI<R
+mP/(®P—D / |tee + _Zm(tee)|”
[x|>R
=o0(1)

as & — 0. Thus by (21) we see that ||hg(t;e) — /m(t,;e)H2 — 0, that is, he(t;e) - _Zn(toe). Conse-
quently,

/WS(X)|tse+hs(ts€)|p -0
R3
as € — 0. This, jointly with (18), implies
De (tee + he(tee)) = In(tee + he(tee)) +o(1)
= Fm(toe + fm(toe)) +o(1),

that is,

I (tge) = Jm(toe) +o(1)
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as € — 0. Recall that by Lemma 3.2
Jm(toe) < max Iip(v) = Jm(e) = ym.
veE,
Now, using Lemma 3.4 and (19) we obtain

Ym < limdg < lim I (tce) = Jm(toe) < Vim,
e—>0 e—>0

hence, d; — y as claimed. O
Lemma 4.2. d, is attained for all small & > 0.

Proof. Given ¢ > 0, let u, € .4; be a minimization sequence: I (u,) — d¢. By the Ekeland variational
principle we can assume that uj is, in addition, a (PS)q, sequence for I, on 4. A standard argument
shows that uj is in fact a (PS)4, sequence for I, on E* (see, e.g., [27,32]). Then w, = uy + F¢ (uy) is
a (PS)4, sequence for @, on E. It is easy to see that wy is bounded. We can assume without loss of
generality that w, — w =z} +z; € % in E. If w, # 0 then clearly &, (w;) =d,. So we are going
to check that w, # 0 for all € > 0 small.

For this end, take limsupy_, o P(x) <b <m and define

P’ (x) = min{b, P(x)}.

Consider the functional

1 1
22w =5 (Jut* = Ju?) 5 [ Prooru?
R3

and as before define correspondingly h?: E* — E~, I2: E* — R, 4, d® and so on. As done in the
proof of Lemma 4.1 before,

¥ <dd — (22)

as € — 0.
Assume by contradiction that there is a sequence &; — 0 with wg; =0. Then wp, =u, + hgj (up) —

0in E, u; — 0 in L] _for g € (1,3), and wy(x) — 0 a.e. in x € R®. Let t, > 0 be such that tuy, € JVJ;-

We see as before that {t,} is bounded and one may assume t, — tg as n — oo. By (Pp), the set
Ag :={x € R3: P.(x) > b} is bounded. Remark that hgj(tnun) —~0in E and hgj(tnun) —0in L} as

n — oo (cf. [1]). Additionally, D (tntin + hgj (tnun)) < Ig;(un) by virtue of Lemma 3.2. We obtain
dgj < Igj (thuy) = ¢gj (tnun +hgj(tnun))
1
b b b p
= ¢gj (tnun + hej(tnun)) + E /(ng — ng)’tnun + hej (tnun)’
R3

1
< Isj(un) + 5 /(Pej - ng)|tnun +hgj(tnun)|p
Ae.
j

=d¢, +0(1)
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as n — oo, hence, dgj < dg;. By (22), letting j — oo yields

b < Ym»

contradicting with Y, < 5 (see Lemma 3.3). O

Lemma 4.3. .%; is compact for all small ¢ > 0.

Proof. Assume by contradiction that, for some ¢ — 0, %; is not compact in E. Let u,{ € S, with
U} — 0 as n — oo. As done in proving the above Lemma 4.2, one gets a contradiction. O

For the later use, letting

3
D=—i Zakak,
k=1

we write (5) as

Du = —aBu + P (x)|ulP~2u.

By Lemma 2.7, u € ﬂq>2 W14 for any u € #;. Acting the operator D on the two sides of the above
representation and noting that D = —A we get

—Au=—a’u+re(x, ul)u

where
re(x lul) = '“'”( (Ps()) = i(p = 2)Pe (x) Zak%
k=
+ Ps(x>(—aﬁ+1’e(x)|u|"‘2)).
Letting
R Lt

by the Kato’s inequality [11], there holds

Alul > R[Au(sgnu)].

Observe that

9N (B i
[( (Ps(x)) —i(p — Z)PS(X)Z o |'Tzu)>u|3—|}=0

and
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m[ﬁu-i]—o
; a|=o

Hence

_2\2
Alul = (% = (Pe (0lulP~%)")ul. (23)
Since u € W14 for any q > 2, by the sub-solution estimate [21,29] one has
lu(x)| < Co / lu(y)|dy (24)
B1(x)
with Cp independent of x and u € J#;, ¢ > 0.

Lemma 4.4. There is a maximum point x¢ of |u| such that dist(y., &%) — 0 where y, = €x,, and, for any
such xg, ve(X) := ug (X + Xx¢) converges in E to a least energy solution of (6), as € — 0.

Proof. Let £; — 0, uj € . where .%; = %%;. Then {u;} is bounded. A concentration argument shows
that there exist a sequence {x;} C R3 and constants R > 0,8 > 0 such that

liminf/ lujl® >8.
j—o0o
B(xj,R)

Set
Vi) =ujx +xj).
Then v; solves, denoting I?’gj (%) = P(gj(x+xj)),
—io-Vvj+apvj= Isgj(x)|vj|p’2vj (25)

with energy

1 1 A
e =5 (v P = vy 1) =5 [ Beycotvle

R3
1 1 A p
= D¢ (uj) = 275 Pg;(x)1vjl
R3
= dg;. (26)
Additionally, vj — v in E and v; — v in L;’OC for g € [1, 3).

We claim that {jx;} is bounded in R3. Assume by contradiction that gjlxj| — oo. Without loss of
generality assume P(¢jXj) — Poo. Clearly, m > P, by (Po). Since for any ¢ € Cg°,
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0= lim [ (Hovj— Pg;IvjIP~%vj, )

j—o0
]R3
=/<H0V )
R3
v solves
—iat - Vv 4aBv = Pu|v|P2v. (27)

Therefore, the energy
Tiv+12 SEN.. p
EW = (VI =71 = | PeclvI” >
R3

Remark that since m > P, one has yi < yp,, by Lemma 3.3. Moreover, by the weakly lower semi-
continuity of LP-norm,

fim (L1 /13 [vilP > L /P V[P = E(v)
j—o\2 p b= 2 p ool e
R3 R3

Consequently, using (26) one gets
Ym < VYpPo SEW) < lim dg; = ¥,
j—oo

a contradiction.
Thus {¢x;} is bounded. Hence, we can assume y; = &;Xj — yo. Then v solves

—io - Vv +aBv = P(yo)|v[P?v.
Since P(yp) < m, the energy
Liy+12 12y 1 p
EW) 1=§(”V ” - ”V ” )_E/P(.VONW 2 YP(yo) Z Vm-
R3

Using (26) again

E(v) = 1 1 /P( MVIP < lim dg, =
=13 D Yo \j—>oo gj = Vm-
R3

This implies £(v) = ym, hence P(yo) =m, so by Lemma 3.3, yp € &.
The above argument shows also that

. A 2p
lim [ Pe;(0)]v,IP :/P(y0)|v|p = ZP¥m
Jj—00 p -2

R3 R3



1032 Y. Ding / J. Differential Equations 249 (2010) 1015-1034

which implies |v; — v|, — 0 by the Brezis-Lieb lemma, then |(v; — v)i|p — 0 by (11). For proving
that v; — v in E, denote zj = v; — v. Remarking that zji — 0 in LP, the scale product of (25) with

z}L yields

(vi.zj)=o(D.

2

ioc 1t follows from

Similarly, using the exponential decay of v together with the fact that zji —0in L
(27) that

(vF.z]) =o(D).
Thus
|25 [° =00
Similarly,
—12
|

Iz

77 =00.

We then get v; — v in E.
In order to verify that v; — v in H', observe that by (25) and (27)

Hozj = Pe,(x)(1vjIP2vj — [vIP2v) + (Pg; (x) — m)|v|P~ v,

and

. A _ 2
Jm [ (b0 - myvi-2vi <o
[XI<R

by the exponential decay of v. This, together with the uniform estimate (15), shows that [Hozj|» — 0.
Therefore v; — v in H'.
By virtue of (24) it is clear that one may assume that x; € R3 is a maximum point of |uj|. More-

over, from the above argument we readily see that, any sequence of such points satisfies y; = ¢;x;
converging to some point in & as j— oco. 0O

Lemma4.5. Let v j be given in the proof of the above lemma. Then |v j (x)| — 0 as |x| — oo uniformly in j € N.

Proof. Assume by contradiction that the conclusion of the lemma does not hold. Then by (24) there
exist k > 0 and x; € R3 with |xj| — oo such that k¥ < [vj(xj)| < Cofth(x,-) |vjl. Since vj — v in H!

one gets
€ < Co / ;1< Co f v —v]+Co / vl

B1(xj) By (xj) By (xj)

1/2
gc/</|v,-—v|2> +Co / [v|— 0,
R3

B1(xj)

a contradiction. O
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Lemma 4.6. There exists C > 0 such that forall j e N

w0 <ce RN vien,
Juj ()

Proof. By Lemma 4.5 we may take 0 <& and R > 0 such that |v;(x)| < § and

v; a?
R|re, (x, 1vil)vi—L || < =1vjl
ej\Xs 1V j|Vj| S5V

for all |x| > R, j € N. This, together with (23), implies

2
a
Alvj| = ?|vj| forall x| >R, jeN.

Let I"(y) = I'(y, 0) be a fundamental solution to —A +a?/2 (see, e.g., [29]). Using the uniform bound-

edness, one may choose I" so that |v;(y)| < %F(y) holds on |y| =R, all jeN. Let zj =|v;| — %F.
Then

aZ
Azj=Alvj| — ?AF

_e lvil azr —azz-
A R A

By the maximum principle we can conclude that zj(y) <0 on |y| > R. It is well known that there is
C’ > 0 such that I'(y) < C’exp(—%lyl) on |y| > 1. We see that

12162 <Cexp(—%lyl>

for all y € R? and all j e N, that is,

lujx)| < Cexp(—%lx—x,-l)

for all xe R? and all jeN.
The proof is completed. O

Proof of Theorem 1.1. Going back to Eq. (4) with the variable substitution: x — x/&, Lemma 4.2,
jointly with Lemma 2.7, shows that, for all ¢ > 0 small, Eq. (4) has at least one least energy solution
we € WHI(R3, C4) for all g > 2, that is, the conclusion (i) of Theorem 1.1. Lemma 4.3 is nothing but
the conclusion (ii). And finally, the conclusions (iii) and (iv) follow from Lemma 4.4 and Lemma 4.6
respectively. O
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