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Abstract

Under the validity of a Landesman-Lazer type condition, we prove the existence of solutions bounded
on the real line, together with their first derivatives, for some second order nonlinear differential equation
of the form ii + g(u) = p(t), where the reaction term g is bounded. The proof is variational, and relies on a
dual version of the Nehari method for the existence of oscillating solutions to superlinear equations.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

This paper concerns the existence of solutions, bounded on the real line together with their
first derivative, for the differential equation

i+gu)=p@), (1)
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where g € C*(R) is bounded, increasing, and has exactly one inflection point, and p € C(R) N
L*(R) admits asymptotic average A(p) € R, that is

t+T

o1
TETOOT / p(s)ds = A(p),
t

uniformly in ¢ € R. Such an equation describes the forced motions of an oscillator exhibiting
saturation effects. As a model problem, the reader may think to the equation

il + arctanu = p(t),

even though we do not require any symmetry assumption on the reaction term g. Under the above
assumptions, the main result we prove is the following theorem.

Theorem 1.1. Eq. (1) admits a bounded solution if and only if

g(=00) < A(p) < g(400). 2

In such a case, Eq. (1) admits a countable set of bounded solutions, having arbitrarily large
L*>-norm.

The motivation for our investigation relies on the papers [1,6], which in turn have been in-
spired by some classical results of Landesman—Lazer type holding in the periodic framework.
Such studies concern the equation

i +ciu+gu)=p@), 3)

where ¢ € R and the continuous function g, not necessarily monotone, admits limits at 00, with
the property that

g(—00) < g(s) < g(+00)

for every s. Also the cases g(+00) = +0o can be considered, requiring g to be sublinear at
infinity if ¢ = 0. When p is T-periodic, it is nowadays well known that Eq. (1) admits a periodic
solution if and only if the Landesman—Lazer condition

T

1
8(-00) < = f p(s)ds < g(+00)
0

is satisfied, regardless of the constant c; this result was first proved by Lazer, using the Schauder
fixed point theorem, see [4]. When p is merely bounded, one would like to find analogous con-
ditions for the search of bounded solutions. This problem was first studied by Ahmad [1], under
the assumption that p has asymptotic average, in the sense explained above; by means of tech-
niques of the qualitative theory of dissipative equations, the existence of a bounded solution is
characterized, whenever ¢ # 0, by (2). The case in which p is an arbitrary continuous function
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was solved by Ortega [6], who assumes ¢ # 0 and provides a sharp necessary and sufficient
condition: (3) has a bounded solution if and only if p can be written as p* + p**, where p*
has bounded primitive and p** assumes values strictly contained between g(—o0) and g(+00).
This result relies on the Krasnoselskii method of guiding functions, and was generalized by Or-
tega and Tineo [7] to equations of higher order, using the notions of lower and upper averages
of p; again, the condition ¢ # O sticks as a crucial assumption. Later, by means of the method
of lower and upper solutions, Mawhin and Ward [5] achieved some results in the case ¢ = 0, but
in the complementary situation in which g(—o0) > g(+o00). Up to our knowledge, this last is
the unique extension of the Landesman-Lazer theory to second order equations without friction,
and the question in the case g(—00) < g(400) is still open. Under this perspective, in this paper
we go back to the setting originally considered by Ahmad, and we prove that its aforementioned
result holds also in the case ¢ = 0, at least for the particular class of g that we consider.

The proof of our result is variational: we use a dual Nehari method which was first introduced
in [8] to obtain bounded solutions in the case of a sublinear reaction (i.e. g(s) = sV 3). The
method consists of two steps.

Firstly, we consider the boundary value problem

u+gu)=p@), te(a,b),
u(a) =0=u(b), 4)
u(t) >0, te(a,b),

searching for solutions as minimizers of the action functional

b
1
Tiapy () := /[Eiﬁ(t) —G(u®) + p(t)u(t)i| dt

a

in the weakly closed set {u € HO1 (a,b): u > 0}. In Section 3 we obtain some general properties
of the nonnegative minimizers of J(, ) in any interval (a, b); in Section 4 we prove that, when
b — a is sufficiently large, the minimizer u 4 (-; a, b) is unique and solves problem (4). The proof
of these results is substantially different from the corresponding one in the sublinear case [8]:
indeed in the present situation the nonlinearity g and the forcing term p have the same order of
growth (they are both bounded), while, as far as b — a is sufficiently large, the forced sub-linear
problem can be considered as a small perturbation of the unforced one. This fact introduces a lot
of complications, which we can overcome thanks to a careful analysis of the balance between
g and p, via measure theory tools, and of the asymptotic properties of the functional J(, ) as
b —a — +o00. Of course, analogous results can be obtained for negative minimizers u_(-; a, b).
To proceed, it is necessary to prove that u+ (-; a, b) is non-degenerate and that Ji, ) (u+(:; a, b))
is differentiable as a function of (a, b). This is the object of Sections 5, 6, and it is the only
part which requires g € C2. We believe that this assumption can be weakened by a suitable
approximating procedure, but we prefer to avoid further technicalities at this point.

Once the existence of one-signed solutions is established, in Section 7 we juxtapose positive
and negative minimizers with alternate signs to obtain oscillating solutions. Indeed, let us fix
k > 1, a bounded interval [A, B] sufficiently large, and let us consider the class of partitions

A=itg <t < <t <ty ' =B,

Bi:=1(t,....tr) €R* . . :
ti+1 — t; is sufficiently large for any i
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For each partition P = (#1,...,#) of By there is a function up obtained by juxtaposing
u+(+; t;, ti+1) with alternate signs + and —. In general, this function is not a solution of Eq. (1),
because the derivatives u p(tii) may not coincide. We prove that these corner points disappear
for the partition maximizing the quantity

k
Y(P) =Y Ty (UG tis tig)).

i=0

This argument provides a solution of (1) having k zeros in [A, B], together with some estimates
which depend only on the ratio (B — A)/ k. Therefore, taking A — —o0, B — +oo and k — +00
in an appropriate way, one can pass to the limit and obtain the desired bounded solution. In doing
this, one must again modify the corresponding arguments in the sub-linear case, indeed they do
not allow to treat the non-symmetric case g(+00) — A(p) # A(p) — g(—00).

Incidentally, assuming p to be T-periodic, a simple variation of the argument above allows
to obtain the well-known existence of infinitely many subharmonic solutions [3], i.e. solutions
which have minimal period nT', n € N, with sharp nodal characterization (see Theorem 7.7 at the
end of the paper).

To conclude, we remark that also the case of infinite limits g(£00) can be treated by varia-
tional methods. On one hand, as already mentioned, infinitely many bounded solutions for Eq. (1)
were obtained in [8] when g(s) = |s|97's, 0 < ¢ < 1, and p € L>(R). On the other hand, the
original Nehari method, together with a limiting procedure, allows to obtain an analogous result
also when g is superlinear at infinity, as done in [9,10].

2. Preliminaries

It is not difficult to check that if Eq. (1) admits a bounded solution with bounded derivative,
then necessarily condition (2) is satisfied. Indeed, by integrating Eq. (1) in (¢, ¢ 4+ T), we obtain

W+ —it) 1 [
u(t + —u(t
e /(p<s)—g(u<s)))ds.

t

Since 1 is bounded, passing to the limit as T — +o0o we deduce that the left hand side tends to 0,
so that

+T
O:Tli)rfoo% /(p(s)—g(u(s)))ds
t | t+T
=A(p)— lim - / g(u(s)) ds. 5)

t

Now, the boundedness of u and the monotonicity of g imply also that for every s € R

g(—00) < g(—llullos) < g(u(s)) < g(lulloo) < g(+00), (6)
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and a comparison between (5) and (6) gives the desired result (in fact, from this point of view, it
is sufficient that g(—o00) < g(s) < g(+00) for every s).
We observe that, by means of suitable translations, it is not restrictive to assume that

g(0)=0, ge CQ(R) is bounded, strictly increasing in R,

strictly concave in (0, +00) and strictly convex in (—o0, 0). (h1)

We denote as G the primitive of g vanishing in 0, and

lim g(s) = g+,

s—+o00
so that

G G
() =g+ and g_<ﬁ<gJr Vs € R.
s

lim

s—>too0 §

As far as the function p is concerned, as we al_ready mentioned, we assume that p e C(R) N
L*°(R) is such that for every & > 0 there exists 7 > 0 such that if T > T then

t+T

sup % / p(s)ds — A(p)| <e.

teR

in such a way that
p is bounded and continuous in R, and has asymptotic average g— < A(p) < g+. (h2)

Note that we do not make any assumption on the L® norm of p.
In view of the previous considerations and notations, we can rephrase Theorem 1.1 as follows.

Theorem 2.1. Under assumptions (h1)—(h2), there exists a sequence (uy,) of solutions of (1)
defined in R, with uy,, i, € L*[R) and ||uy|lcc — 00 as m — oo. Moreover, each u,, has
infinitely many zeros in R.

3. Existence and basic properties of nonnegative minimizers

In this section we deal with the boundary value problem (4):

i)+ g(u@®)=p@), te@,b),
u(a)=0=u(b),
u(t) >0, t€(a,b).

‘We seek solutions as minimizers of the related action functional

b

1
Jia.by(u) := /[Eiﬁ(t) —Gu@®)+ p(t)u(t):| dt

a
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in the H'-weakly closed set
Hy(a,b)" :={u e Hy(a,b): u>0}.
We introduce the value

ot (@a,b):= inf Jia,p)(u).
ueH; (a,b)+

Remark 1. Of course, even though in the following we focus on positive solutions, negative ones
can be treated similarly as well, seeking solutions to the boundary value problem

i(t) +g(u(®) = p), t€(ab),
u(a) =0=u(b),
u(t) <0, t€(a,b),

associated to the candidate critical value

¢ (a,b):= inf  Jgp(u),
ueHd (a,b)~

where H(} (a,b)”:={ue H& (a,b): u < 0}. Indeed, the two problems are related by the change
of variable v = —u, g(s) = —g(—s) and p = —p, and g, p satisfy (h1)—(h2) if and only if g, p
do. In particular, when dealing with negative solutions, in all the explicit constants we will find,
the quantity g+ should be replaced by —g+, and A(p) by —A(p).

Lemma 3.1. The value ¢ (a, b) is a real number and it is achieved by u (4 p) € HO1 (a,b)™.

Proof. It is not difficult to check that J, 1) is weakly lower semi-continuous and coercive, so
that the direct method of the calculus of variations applies. O

In what follows we are going to show, that, if (a, b) is sufficiently large, a minimizer u, p) is
an actual solution of (4); this is not obvious, because in principle u(, ;) could vanish somewhere.
Having in mind to let (a, b) vary and wishing to catch the behavior of the minimizers u ;) under
variations of the domain, it is convenient to introduce suitable scaling to work on a common
time-interval. To be precise, for every u € H(} (a, b)T we can define

a1
u(t) = 7(17 _a)zu(

at+tb—a) & u(t):(b—a)2ﬁ<2_a>, (7

and Pa.p)(t) := p(a+1(b — a)). Of course, i € HO1 0, Dt and

1

Jan @) = (b—a)® / Bu‘%) -

0

: G((b —a)* (1)) + Piap (t)ﬁa)] dt
b —a)? @b

=: (b —a)’ Tia.p)(@). (8)
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This reveals that the minimization of J 5) in HO1 (a,b)t is equivalent to that of .ﬁa,b) in
HOl (0, 1)*; in particular, the function U(q,p) defined by (7) with u = U(q,py 1S @ minimizer of
Tap) in H} (0, 1)*. R

The Euler-Lagrange equation associated to the functional J, p) yields the research of solu-
tions to

W(1) + g((b — a)*w(t)) = Py (@), in(0,1),
w(0) =0=w(l), 9
w(t) >0, in (0, 1).

Our aim is to show that if b — a is sufficiently large, then a minimizer %, p) is an actual solution
of (9). We start showing that where it is positive it solves Eq. (1), and it is of class C! in the whole
©, 1).

Lemma 3.2. Let (¢, d) C (0, 1) be such that

l’:t\(a,b) >0 in(c,d).

Then ’u\(u,b) is a classical solution of the first equation in (9) in (c,d). Moreover, if ¢ > 0 then
Uap)(cT) =0, and if d < 1 then U, p)(d~) =0.

Proof. The fact that 7, p) is a (classical) solution in (¢, d) follows from the extremality of %, 5)
with respect to variations with compact support in (c, d). Concerning the second part of the
statement, the proof is the same as that of Lemma 2.3 in [8]. O

In the following lemma we prove that the family of the minimizers {i(44)} is uniformly
bounded and equi-Lipschitz-continuous.

Lemma 3.3. For every (a, b) C R and any U, p), it holds

[T @] < (lglloe +IPloc) Ve (O, 1),
@5y ()] < (lgllos + 1Pllsc) V2 € (0, 1.

Proof. Let (c,d) C [0, 1] be such that (4 ) > 0 in (c, d), vanishing at ¢ and d. From Lemma 3.2
it follows that

a5y D] < |2((b — )Ty )| + [P®)] < Nglloo + 1Plloc Vi € (e, d).

Since #(p)(c) = 0 = Tp(d) and @,p € C'(0,1), there exists T € (c,d) such that
ﬁ(c,,b)(t) = 0. Hence

16,0y )] < [tia,y O]+ Iglloc + 1Ploc = lIglloc + IPlloc V1 € (¢, d).
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Since this relation holds in each interval (c, d) as before, one can easily conclude by recalling
that, being u € H', it holds

li()|dt=0. O
{u(t)=0}

Let

n—1

SO =Y VXl @)

k=0

denote a simple function. We define the quantity

8(s) :=inf{ter1 —te: k=0,....,n—1}. (10)

Given any measurable and bounded function u € M(O0, 1), it is well known that for every & > 0
there is a simple function s, such that ||u — s, |0 < €. In general the quantity §(s, ) depends on u
and ¢. The following lemma says that if we consider the family of the minimizers {4 5)}, given
& > 0 it is possible to find a family of approximating simple functions {s, )} such that §(s(,»))
is bounded below uniformly with respect to (a, b).

Lemma 3.4. For every ¢ > 0, let m € N be such that m > (||glloo + | Plloco) /€. Then for every
(a,b) CR

m—1 k
San) () =Y U (E)Xl,ﬁ”{;l>(t)

k=0

is such that

~ o1
@by = S@plloo <& and 8(s@p))=0:= o

In particular, m can be chosen only depending on ¢ and || p||«, and not on p.

Proof. For every t € (0, 1) there exists k € {0, ..., m — 1} such that ¢t € [k/m, (k + 1)/m), so
that by Lemma 3.3

t

/ﬁ(a,b)(r) dt

k
m

|@a,p) (1) = Sta.p) (1) ]| = < = (llgllos +lIploc) V£ €(0,1). 0

1
m
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4. The boundary value problem for large intervals

Here and in the next section we consider the minimizer u ) as function of a, b and p. For
this reason, we write

e u(;a,b; p)and u(-; a, b; p) instead of u, p) and (4 p) respectively,
o Ja,p),p and Jig p, p instead of Ji, py and J4 p) respectively,
e ¢T(a,b; p) instead of ¢ (a, b),

to emphasize the dependence we are considering. As we have already mentioned, we can intro-
duce an auxiliary problem which carries the asymptotic behavior of (9) for b —a — +o00. Let us
consider

{ﬂ'}(t)=—(g+—A(p)) =:—k, in(0,1), an
w(0) =0=w(l),
with k > 0 thanks to (h2). Of course, this problem has the unique solution
k
wk(t)zit(l —1). (12)
The related action functional is
: 1
I (w) :=/[5w2(n —kw(t)]dt, (13)
0

which has the unique minimizer wy in HO1 (0, 1)™ (the uniqueness follows from the strict con-
vexity of JZ°). A direct computation gives

k2
J° e e
k (wi) 24
Having in mind to compare minimizers related to different forcing terms, for any p satisfy-
ing (h2) it is convenient to introduce a subset P of L°°(IR) such that the mentioned threshold can
be chosen independently of g € P. To this aim, first of all we recall the following result.

Lemma 4.1. (See [6, Lemma 2.2].) Let p satisfy (h2). For every € > 0 there exists a decomposi-
tion p = p1e+ pae, where ||p1e — A(p)lloo <&/2 and pr . € L*(R).

This means that if p has asymptotic average it can be written as a sum between a term pj .
which is arbitrarily close to the average A(p), plus a term p; . which has bounded primitive.

Given p € L*°(R), we compute || p|loo and A(p), and for any 0 < & < 1 we consider a de-
composition as in Lemma 4.1; we introduce

My :=|plec+1 and M, :=|prelloc+1.
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We define

lgllco < M1, q has asymptotic average, A(g) = A(p),
P:=1qeL®®) ’ and for any ¢ € (0, 1) there exists a decomposition . (14)
q=q1.¢+ G2 asinLemma4.1, with |g2 ¢ [lco < Me

Remark 2. Note that given any p satisfying assumption (h2) we can define the set P, which

definition depends on p. Clearly, p € P and the constant function A(p) belongs to P. Moreover,
if g is of type

q@) =A(p) +q2(t) or q(r) = p(t)+¢2(t),
with [g2]leo, [142]lec < 1, then g € P.

We are ready to show that problem (11) is the limit problem of (4) as b —a — 400, in the
following sense.

Proposition 4.2. Let p satisfy assumption (h2), and let P be defined by (14). For every 0 < & <
(g+ — A(p))? /24 there exists L1 > 0 depending only on & such that if b — a > L then

—o < Tapyq(@(sa,b:9)) < —@ YqeP,
where

:M+g and &::M_S. (15)

= 24 24

Remark 3. The upper bound on ¢ implies that %(-; a, b; ¢) cannot vanish identically whenever
b—a>L.

To prove Proposition 4.2 we need some intermediate results.

Lemma 4.3. Let § C H} (0, 1) be such that

||"‘||L1(0,1)<M Vueg

For every € > 0 there exists Ly = La(e) > 0 such that, if b — a > L, then

1
f [ b2’ a)zu)_gM] =
0

1
/ (b—a)2 u—g+u] <eg,
0
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1
1
/|: (b—a) u u— (b_a)zG((b—a)2u):|
0

<&,

foreveryu € §.

Proof. Let K| :=2(1 4+ Mg,) and € > 0 be fixed. By assumption (h1) we infer the existence of
s > 0 such that

G(s)

N

e
s>5 = (1——>g+<

< .
K] X 8+

For every (a, b) and for every u € § we can write

1 Y N2 2
/ﬂ&giﬂz /‘ ﬂﬂ;iﬁw_l/ Gl—arw, )

(b—a)? b—a)u b—a)u
{(b—a)?u <5} {(b—a)?u>5}

As far as the first integral on the right hand side is concerned, since s > 0 implies 0 <
G(s)/s < g4, it results

G((b—a)*u) 8+5 £
o [ Sgmors [ sesgimeg oD

{(h—a)2u<5) {(b—a)2u<5)

whenever b — a > L, sufficiently large, for every u € §. Note also that the same choice of L,

gives
I3
— VYuesg.
/ u><K1 uey

1
b—a>L, = O<g+</u—
0 {(b—a)?u>5)}

Let us consider the second integral on the right hand side of (16). Our choice of 5 and the previous
relation imply that, if b — a > L, then

(el frenlg) S

{(b—a)?u>5)

N

/ G((b —a)’u)
— U
b —a)?u
((h—a)2u>5)

<8+ / u<g+/u,

{(b—a)?u>5) 0
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for every u € §. Due to the boundedness of the family § in L! (0, 1), it results
1 , 5
G((b —
o<g+/u— / MugaJngwKi:f (18)
1

(b—a)u 2’
0 {(b—a)?u>5)}

for every u € §. Collecting together (16), (17) and (18), we obtain the first estimate of the thesis.

To prove the second one, we can adapt the same argument because of assumption (h1). The third
estimate follows easily. O

Lemma 4.4. Let § C H} (0, 1) be such that
lullprioy <M Vueg.

For e >0, 81 > 0 and for every u € §, let us assume the existence of a simple function s, such
that

lu —sullo <1 and &(sy) = 81,

where §(-) is defined as in (10) and €1 :=¢/(M1 + M + ||glloo + 1). Then there exists L3 > 0,
depending on ¢, §1 but independent of q € P, such that, if b — a > L3, then

<&,

1
/ (Ga) — AP
0

foreveryu e §and g € P.

Proof. Let Ky := (M1 + M + ||glloo + 1), and let us assume that (a, b) = (0, L) to ease the
notation. It is straightforward to apply the following argument for a general (a, b) C R. Let us
consider, for (¢, d) C [0, 1],

d dL dL

/A l)dt—l/ (t)dl—g/ (t)dt
qdr=— [ q “ld—ol1 :

c cL cL

For any ¢ > 0 sufficiently small, we consider the decomposition ¢ = g1 + g2, given by
Lemma 4.1. By the definition of P, we know that

whenever T > T (¢) := 4M, /¢, independently of g € P. Therefore, if (d — )L > T (¢/K>), then

t+T

% / q(o)do — A(p)
t

t+T

1 )
? / g2,:(0)do

t

sup
teR

| t+T
<sup(;/|q1,g(o)—A(p)|da+
reR y

e 2 e 2
<§+7llqz,a||oo<§+7Mg<8
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Ld

)/Cl(t)dt A(p)

&
- L vgep.
Ld— <%, 1€

Let us consider the family of simple functions {s,: u € §}. Let us set L3 := (1/8)T (g/K»); for
Su = Y320 Vi Xite,resr)» We nOte that if L > L3, then

[ ¢
(te1 — )L 2 81 L3 = T(—)
K>
so that
1 n—1 Lt 41
/ A(p))s Zlykl(tk+1 i) ! / g(o)do — A(p)
L - e — J—
/e Ll =1
_ A

1

8[| | < — (M +1)
< — Syl < — ,
K> YK

0

independently of u € § and on g € P, where for the last inequality we used the boundedness of
§in Ll(O, 1). Therefore, if L > L3, then

/|CIL+A(17)||M —sul +

1
/ qL — A(p))s
0

< (Iglloc + lIglloo) 1t = sulloc + E(M +1)

1
/ qL — A(p))u
0

<e,

for every u € § and for every g € P (for the reader’s convenience, we recall that by definition
M > ||q|lco forevery g € P). O

We are in a position to prove Proposition 4.2.

Proof of Proposition 4.2. Let us consider the family

Fi= {TI(-; a,b;q): (a,b)CR, g€ P} Ufwe, —ap )

where we recall that %(-; a, b; ¢) is the minimizer of jza,b)‘q (defined by (8)), and w(g, —a(p))
has been defined by (12). In light of Lemmas 3.3 and 3.4, the family satisfies the assumptions of
Lemmas 4.3 and 4.4.

Let L1 :=max{L3(¢/2), L3(¢/2)}, where L, and L3 have been defined in the quoted state-
ments, and we recall that L3 is independent of g € P. By definition, if b — a > L1, then
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1
~ » 1. ~
Jaab).q (U a,b;q)) > /[Euz(r; a,b;q) — (g+ — A(p))u(t; a, b; q)} dt —e
0

(g+ — A(p))?
- —¢

. 00 _
Z inf Ji gy —E= 24 ’

HLO. 1)+

for every g € P, where we recall that JkC>o has been defined as in (13) for any k € R. Moreover,
by minimality,

Taby.q (@3 @, b: @) < Tiaby.q(Wig, —apy)
1

1,
< /I:Ew(zg+—A(p))(t) —(g+ - A(P))w(m—A(p))(f)} dt +¢
0

_ 2
(g+ —A(p) 4o

— : o0 —
= inf J(g+—A(P)) te= 24 ’

HLO, Dt
whenever b —a > L. O

Now we can come back on the time interval [a, b]: due to the explicit relations (7) and (8), we
can summarize the previous results in the following statement.

Corollary 4.5. For 0 < ¢ < (1 — A(p))?/24, let L (¢) be defined as in Proposition 4.2. If b—a >
Li(¢) then

—a(b—a)* <p*(a,biq) <—ab—a),
for every q € P, where o, @ are defined as in Eq. (15).

Remark 4. By definition, L1 > L3, L3. Therefore, if b —a > L, Lemmas 4.3 and 4.4 hold true;
in particular, we deduce that for every 0 < ¢ < i(l — A(p))z, if b —a > Li(¢g), then

b
/[g(u(t; a,b; @))u(t;a, b; q) — G(u(t; a, b; g))]dt| < e(b —a)’
a
for every g € P.
In the next statement and in the rest the symbol || - || denotes the Dirichlet H(} norm on the

considered interval, that is,

b

1/2
llu|| = (/u%nm) Vu € H}(a,b).

a
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Corollary 4.6. There exist L > 0 and a positive constant Cy > 0 such that, if b — a > Lu, then
lu(; a,b; @)l = Ci(b—a)¥* and |lu(; a, b; q) || > C1(b — a)? for every q € P.

Proof. Since the function A = J 5,4 (Au(:; a, b; q)) reaches its minimum at A = 1, it results

b
/[ﬂz(t; a,biq) —g(u(ta,b;@))u(t; a,b; q) +q(u(t; a, by q)]dt =0.

a

We can solve this identity for the last term and substitute in the expression of
Ja,b).qu(:;a,b;q)):

b
1.,
](a,b)’q(u(ga,b; q)) =— Eu (t;a,b; q)dt

a

b
+ /[g(u(t; a,b;q))u(t;a,b; q) — G(u(t;a,b; q))]dt.

a

Given ¢ > 0 sufficiently small, if b —a > L (¢), defined as in Proposition 4.2, then we have (we
refer also to Corollary 4.5 and to Remark 4)

1
Jab),q (UG a, by q)) > —Enﬂ('; a,b; c])||2 —e(b—a)® and

(81— AP’

Jaby.q (s a,b; q)) < ( N

+ 8) (b - a)3 5
for every g € P, from which we deduce

B 2
(g+ — A(p) e

liiabil > (443 Jo-ar veep,

We choose € = (g4 — A(p))2/96 and set L4 = L(g). Hence

+— A(p)

|uCa.b: )] > (8 (b-a)? VgeP,
T,

and

b
b-a)’ g/iﬂ(t;a,b; q)dt

a

(g+ — A(p))?
24

b
= /[g(u(t; a,b; @))u(t:a,b;q) —q(u(t;a, b q)]dt

< (glloe + M1) |ut:a, b q)|| (b —a).
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which gives the desired result for

L =AY
T 24(glloo + M)

Finally, we can prove that if b — a is sufficiently large, then any minimizer u(-; a, b; g) with
g € P is an actual solution of the boundary problem (4).

Proposition 4.7 (Existence). Let p satisfy assumption (h2), and let P be defined by (14). There
exists L > Ly such that, if b —a > L, then u(t; a, b; q) > 0 for every t € (a, b), g € P. Hence,
u(-; a, b; q) is a solution of (4).

Proof. For g € P, let

{t € (a.b): u(t;a, b;q) >0} = Ja@i. bi),

iel

where [ is a family of indexes and u(t; a, b; q) > O for t € (a;, b;) (thus the (a;, b;) are dis-
joint intervals). By continuity, there exists j € I such that in (a;, b;) there exists a point T of
global maximum for u(-; a, b; g). By Corollary 4.6, we know that u(t;a,b; q) > C1(b — a)2
whenever b — a > Ly, for every g € P. Assume by contradiction that (a;, b;) # (a, b); say, for
instance, a; > a. In order to obtain a contradiction, we consider separately the cases A(p) > 0
or A(p) <0.

The case A(p) > 0. We choose 0 < ¢ < min{C1,2A(p)/3}, where we recall that C; has
been defined as in Corollary 4.6, and we consider the decomposition of Lemma 4.1 for the
forcing term ¢. By the monotonicity of g, assumption (h1), there exists s, := g~ (A(p) — 3¢/2).
Assuming b — a sufficiently large in such a way that u(t) > s, we can introduce

T := inf{

>aj;: u(t;a,b;q)>s. forevery t € (t, r)},
a :=inf{f <T: i(t;a,b;q) >0 forevery r €7, T}

(in particular, if #(T'; a, b; ¢) = 0 then a’ := T'). Note that, by definition,

{OSu(t;a,b;q)ésg ifreld, T, (19)

u(t;a,b; q) > se ift e[T, 1]
Asu(;a,b;q) e Cl(a, b),a > aj > a necessarily implies u(a’; a, b; g) = 0. As a consequence,
if we reach a contradiction, we deduce that both @’ =a j=aandu(a;a,b;q)>0.

Step 1) There exists C, > 0 independent of g € P such that T —a’ < Cj.
By the monotonicity of g and (19), we deduce that, for every t € (a’, T),

ii(t;a,b;q) = —g(ut;a,b;q)) +q1.e(t) + o6 (1)

> —g(se) + A(p) — % Fdpe(t) =6+ o (0).

By integrating twice in (a’, 1), and using the fact that i (a’; a, b; ¢) = 0, we obtain
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se >u(T;a,b;q) —u(d;a,b;9) = =(T —a’)2 —2M.(T —d'),

N ™

which provides the desired estimate.
Step 2) There exists C3 > 0 independent of g € P such that u(T; a, b; q) < C3.
As g(s) >0 for s > 0, we see that, for every 7 € (@', T),

ii(t;a,b;q) = —g(ut;a,b;9)) + q1.e(t) + ¢2.6 (1)

e
<A(p) + 3 + 2.6 (2).

By integrating in (a’, T'), we deduce that
e
u(T;a,b;q) < (A(P) + 5) (T - a’) +2M, < Cs,

where we used the first step and the fact that i2(a’; a, b; ¢) = 0.
Step 3) Conclusion of the proof in the case A(p) > 0.
By the monotonicity of g (assumption (h1)) and (19), we deduce that, for every r € (T, t),
ii(t;a,b;q) =—g(ut;a,b;q)) +que(t) + Go,e (1)

e . .
S —86) + AP + 5+ q2e(1) =26 + 42,6 ().
By integrating twice in (7, ¢) and evaluating in 7, we deduce

u(t;a,b;q) <elb-— a)’ + (L't(T; a,b;q) +2Ms)(b —a)+u(T;a,b;q)
<elb—a)* +(C3+2Me) (b —a) + se,

where we used the result of the previous step and the definition of T. The choice of ¢ < C;
gives a contradiction with Corollary 4.6 for b — a sufficiently large (greater than a constant L
depending only on P and not on the particular choice of g).

The case A(p) < 0. We choose 0 < ¢ < C1, where we recall that C| has been defined as in
Corollary 4.6, and consider the decomposition of Lemma 4.1 for the forcing term ¢. For every
t € (aj,bj) we have

. . e .
ii(t;a,b;q)=—g(ut;a,b;q)) +qr.e(t) + ¢o.e (1) < 3+ a2,

where we used the fact that g(s) > 0 for s > 0. By integrating twice in (a;, t) with t € (a;, b)),
and evaluating in t, we obtain

u(t;a,b;q) <e(b—a)> +2Mq(b —a).

Having chosen ¢ < Cj, this immediately contradicts Corollary 4.6 for b — a sufficiently
large. O
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For the results of the next sections it is important to prove the uniqueness of the minimizer of
the functional J(, ), With ¢ € P. Inlight of the previous and the next statements, this uniqueness
is guaranteed provided b — a > L. In the following proposition the forcing term p is fixed;
therefore, we will use the simplified notation of the previous section.

Proposition 4.8 (Uniqueness). Let u and v be functions in C*(a, b) N HOl (a, b) such that u > 0
and v > 0 in (a, b). Assume that

Ja.p) ) = Jia,py(0) = 9™ (a, b).
Then u =v in [a, b].
Proof. Let us consider the function
D (1) == Jap) (1 — Vu + Av).
We note that @ € C'(R) and
@' (W) =dJap) ((1 — M+ rv)[v—ul.

As @ (0) = & (1), there exists A € (0, 1) such that @’ (1) = 0, that is,

b
/[(1 =Mt +20] (0 — i) — g((1 — Mu + 2v) (v —u) + p(v —u) =0. (20)

a

Also, by minimality we know that @'(0) = @’(1) =0, that is

b

/L't(i)—ﬂ)—g(u)(v—u)—l—p(v—u):O, 21
b

/i}(i}—lft)—g(v)(v—u)+p(v—u)=0. (22)

a

If we consider (20) and subtract (1 — A) times (21) and X times (22), we obtain

b
/[(1 —0)gw) +Ag(w) — g((1 — Mu + Av) (v —u) =0. (23)

We claim that

either u=v or the function v — u changes sign in (a, b). 24)
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Indeed, assume u # v and, w.l.o.g., v > u in (a, b). The set A :={t € (a,b): v(t) > u(t)} is
not empty and has positive measure. Hence, by (23) and the strict concavity of g in (0, +00),
assumption (h1), we deduce that

0 (1=0)g) +2rg) — g((1 — Mu +rv)](v—u)

(1—=0)g) +2rgw) — g((1 — Mu +rv)](v —u) <0,

J
:A/[

a contradiction. This proves the claim (24), so that it remains to show that v — u cannot change
sign in (a, b). By contradiction again, assume that v — u changes sign in (a, b), so that in partic-
ular there exists 7 in (a, b) such that u(7) = v(r). Say, for instance, that

jlﬂz—G(u)+pu <j li;z—G(v)eru-
2 ~J 2 ’

a a

necessarily it results

/ 1., ; 1.,
/<§u —G(u)+pu> 2/(§v —G(v)+pv>.

Let

~ {u(t) ifr € (a, 1),
u(t) = .
v(t) ifrelr,b).

By definition i € H(} (a,b)t, i >0in (a,b) and Ju p)(it) < Ja.p)(u) = ¢ (a, b), that is, i is a
minimizer of Ji, p) in HO1 (a, b)™ which is strictly positive in (a, b); hence, it solves the boundary
value problem (4) and has to be of class C>(a, b). This implies that it(t) = v(t), and recalling
that u(7) = v(tr), we can apply the uniqueness theorem for the initial value problems, proving
thatu =vin (a,b). O

Let p € P, and let P be defined by (14). Collecting together the results of Propositions 4.7
and 4.8, we can conclude that there exists L > 0 such that for every (a,b) CRwithb —a > L
and for every g € P there exists a unique minimizer u(-; a, b; g) of the functional J, p) 4 in
H(} (a, b)™, which is strictly positive in (a, b) and hence solves problem (4) with forcing term q.
It is then possible to define a map which associates to each triple (a, b, g), with b —a > L and
q € P, the unique minimizer u(-; a, b; g¢). It is not difficult to adapt the proof of Lemma 3.4
in [8], proving that this map is continuous.

Lemma 4.9. Let p satisfy (h2), and let P be defined by (14). Let A and B be fixed and let

I:={(t,a,b)eR* b—a>L, A<a<t<b<B},
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where L has been defined as in Proposition 4.7. Let us consider the metric space P endowed
with the distance d(q1., q2) = g1 — q2ll12(4, p)- The map

(t,a,b,q) €I x P> (u(t; a,b; q), i(t; a,b; q)) € R?
is continuous.
5. Non-degeneracy of positive minimizers
Assume that u solves (4) in (a, b); we can consider the variational equation

{w<z>+g’(u<r>)w(r> =0, 1€(ab), 03)

V(a)=0=y ().

Definition 1. We say that u is non-degenerate as solution of (4) if problem (25) has only the
trivial solution v = 0 in H?(a, b) N H] (a, b).

The main result of this section is the following.
Proposition 5.1. Let p satisfy (h2), P be defined by (14), and L be defined as in Proposition 4.7,
and let us assume that b — a > L. The function u(-; a, b; p) is non-degenerate as solution of the

boundary value problem (4).

For the proof, we will use some known results in singularity theory, which we recall here and
for which we refer to Section 3.2 of the book by Ambrosetti and Prodi [2].

Definition 2. Let @ : 2 C E — F be of class Cz(.Q), where §2 is open, E and F are Banach
spaces and ug € 2. We say that ug is singular if d® (u¢) is not invertible. It is ordinary singular
if it is singular and
(1) Ker(d® (ugp)) is one-dimensional:
Ker(d® (ug)) =Ryyg  for some g € E \ {0};
Range(d® (1)) is closed and has codimension 1:
Range(d® (uo)) = {q € F: (y0.q) =0} withyp € F*\ {0}.
(i) (y0, d*® (uo)[¥o, Yol) #0.
Theorem 5.2 (Ambrosetti—Prodi). Let ug be an ordinary singular point for @, and, say,
(vo. d*® (o), ol) > 0;

let qo = @ (ug), and let q € F be such that (yy, q) > 0. Then there exist a neighborhood U of ug
in E and a positive number £* such that the equation
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Pu)=qo+eq, uel,
has exactly two solutions for 0 < ¢ < &* and no solution for —e* < ¢ < 0.
We are ready to show that u(-; a, b; p) is non-degenerate.

Proof of Proposition 5.1. Let

X:=H@a,b)NHy(a,b),  lulx:=lils,  Y:=La,b).

We introduce the map F : X — Y defined by

Fu) = —ii — g(u).

Under assumption (h1), it is immediate to see that F € C%(X,Y) and

dF )y =9 — gy,  d*FWyr, v2l = —g" @y1vn.

By the Fredholm alternative, u(-; a, b; p) is degenerate as solution of (4) if and only if it is
singular for F. So, let us assume by contradiction that u(-; a, b; p) is degenerate as solution
of (4).

Step 1) u(-; a, b; p) is ordinary singular for F.

It is possible to argue as in the first part of the proof of Proposition 4.1 in [8].

Step 2) Conclusion of the proof.

By definition, F(u(t; a, b; p)) = p. We can choose g € Y such that

b
o [/ qo>0;
e p+¢eq € P for every |e| sufficiently small.

Indeed, let ¢ € C>°(a, b) \ {0} be negative. Taking ¢ = ¢, we obtain

b b b
/fﬁl/fo=f¢¢o=—/g/(u(t;a,b; q))$vo > 0,

because —g’ < 0in R and ¥ > 0 in (a, b). Also, it is easy to check that the function p +¢eqg € P
whenever |e]| is sufficiently small (see Remark 2). So, by definition, F(u(-; a,b; p + £q)) =
p + &q, and by Lemma 4.9 it results u(-; a, b; p + eq) — u(-;a,b; p) in X as ¢ — 07. On the
other hand, by Theorem 5.2 there exists a neighborhood U of u(-; a, b; p) in X such that the
equation F(u) = p + eq has no solution in U for ¢ < 0 sufficiently small, a contradiction. O

Remark 5. The second part of the proof of Proposition 5.1 is inspired by the second part of
the proof of Proposition 4.1 in [8], but it contains a subtle difference: in the present situation,
we have to consider variations of type p + ¢q which belong to P, otherwise we cannot ensure
that the corresponding minimizer u(-; a, b; p + eq) solves (4) with forcing term p + eq, see
Proposition 4.7.
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As an easy consequence of the Fredholm alternative, we obtain also the following corollary.

Corollary 5.3. Let p satisfy (h2), let P be defined by (14), let L be defined as in Proposition 4.7,
and assume that b — a > L. The boundary value problem

{xﬁ(r)+g/(u(r;a,b;q))w<t)=0, t€(a,b),
V(@) =Va. Y(b)= s,

has a unique solution for every q € P.
6. Differentiability of ¢t (a, b)

In this section we will show that ¢ (a, b) = Ja,p),p(u(-; a, by p)) is differentiable as function
of a and b.

Lemma 6.1. Let p satisfy (h2), and let P be defined by (14). Let A and B be fixed and let
I:={(t,a,b)eR* b—a>L, A<a<t<b<B},
where L has been defined as in Proposition 4.7. If g € P is of class C', then the map
(t,a,b)yel— (u(t; a,b;q),u(t;a,b; q)) eR?

is of class C', too. More precisely,

ou ou .

——(t5a,b;9) =61(1), —(t5a,b;9) =51(1),

da da

M b =60, rabig)=E0)

Bb 1a9 7q_2 ’ Bb ,Cl, 7q_2 ’
where &1 and & are the solutions (unique by Corollary 5.3) of

E(t)+ ¢ (ut;a,b;9))E() =0

with the boundary conditions

{%‘1 (@)=—i(a"a,biq), {Sz(a) =0,
§1(0) =0, £(b)=—u(b";a,b;q),

respectively.

Proof. In light of the results of the previous sections, it is not difficult to adapt the proof of
Lemma5.1in [8]. O
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Proposition 6.2. For every p satisfying (h2), the function ¢t (a,b) = ¢t (a,b; p) is of class C!
with respect to a and b in {b — a > L}, with derivatives

dpT 1 dpT 1
z;’;a(a,b):51,22(a+;a,b;p) and ;;b(a,b):—iuz(bf;a,b;p).

Proof. If p € C!(R) then we can apply Lemma 6.1, obtaining that ¢t(a,b) =
Ja,py,p(u(-; a, b; p)) is differentiable. In such a case, the expressions of its derivatives follow
by direct computation. In the general case, we claim that

there exists (g,) C PN c! (R) suchthat ¢, — p in LZ(A, B). (26)

This is not straightforward, since P is defined as in (14). Let &, — 0 as n — oo, and let us
consider the decomposition

P =DPle, + 1.72,511

given by Lemma 4.1. For any fixed n, we consider

d )
Gn.m = A(p) + E(pm * P2e,) = A(P) + Om * P2e,

where (p,,) is a family of mollifiers, % denotes the usual product of convolution, and the last
identity follows from the fact that p, . € C'(R). It is not difficult to check that g, ,, € P NC' (R)
for any m, n, and that for any n there exists m,, sufficiently large such that

Ign.m, — Plr2a.B) < €n-

Hence, the sequence (g,,m,) has the desired properties, and claim (26) follows.

We introduce ¢, (a, b) := @™ (a, b; q,) and ¢(a, b) := ¢ (a, b; p), and observe that, thanks
to the previous step, each g, is of class C! (R). Let A :={(a,b): b —a > L, A<a<b<B).
We claim that

¢n — ¢ uniformly for (a, b) € A. 27

If not,

sup |¢n(a,b) —@(a,b)| = sup |¢*(a,b;gn) — ¢ (@ b;p)|=c,>¢>0.
(a,b)eA (a,b)eA

By Lemma 4.9 and the continuity of J4 ), (u) as function of (u,a, b, p), the function et is
continuous in the three variables, so that by compactness for every n the supremum is achieved
by (an, b,) € A. Therefore, if (27) does not hold, then

‘(P+(anv bn; qn) — </)+(an7 bn; p)| =c

for any n. Since, up to subsequences, both a, and b, converge, this contradicts the continuity
of .
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With a_similar argument we see also that u(t;a, b; q,) — u(t;a, b; p) for T = a, b, uni-
formly in A, so that

9 1
8";’ (a,b) > =i (b7 a,bi p),

0oy
da

(a,b) — %b’tz(a“L; a,b; p) and

uniformly in A. The convergence of (¢,) and of the sequences of the derivatives reveals that ¢
is of class C! in A, and the thesis follows. O

7. Sign-changing solutions

In this section we complete the proof of Theorem 2.1. Firstly, we prove the existence of
sign-changing solutions of (1) in bounded (sufficiently large) intervals; then, by an exhaustion
procedure, we pass to the whole real line. To do this, we juxtapose positive and negative solutions
on adjacent intervals, the latter existing and satisfying analogous properties of the former ones,
as enlightened in Remark 1. To distinguish between positive and negative solutions, and since
the forcing term p is now fixed, we change our notations accordingly, denoting such solutions as
u+(-; a,b). Resuming, we have the following result.

Proposition 7.1. For every ¢ > 0 there exists L > 0 such that, if b — a > L, then the value

@t (a, b) is achieved by a unique u+(-;a,b) € HO1 (a, b), which is strictly positive/negative and
solves Eq. (1) in (a, b). Moreover,

lusCia, )] < (I18lloo + 1P lloc) (b — @)?,
—a(b—a)’ <¢T(a,b) < —ab—a),
<

—B(b—a)’ <¢ (a,b)<—B(b—a)’,

where o, @ have been defined as in (15) and

_ 2 _ 2
_ AW 3:=( g-+AP)”

B 24 24

Proof. The proposition directly follows from Proposition 4.7, Lemma 3.3, Corollary 4.5 and
Remark 1. O

By assumption (h2), there are two possibilities:

either gy — A(p)=—g-+A(p) or g —A(p)#—g-+A(p).

In the former case, we observe that for a given ¢ it results @ = § and @ = B. Otherwise, it is
possible to choose ¢ sufficiently small in such a way that

cither o <pB or B<a.

To fix the ideas, in the following we consider the case
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E <pf<a<a. (28)
The reader can easily adapt the arguments below in order to cover also the other situations (ac-

tually, if g — A(p) = —g— + A(p), the problem is considerably simplified).
Firstly, we start by choosing ¢ > 0 sufficiently small in Proposition 7.1 in such a way that

g 2.
(+ygar " 29

by definition, one can easily check that this choice is possible.

Remark 6. Let v := §/«. It is useful to observe that Eq. (29) implies that

(L) vet) 5o

(L) el oo

First of all, by (28) we immediately see that the second of these relations is automatically satisfied
provided the first one holds. And for the first one it is sufficient to note that

(L) ) o) e
av B

Tt A+ Bt

Let (A, B) C R and k € N be such that (k + 1)L < B — A; hence, it is possible to divide the
interval (A, B) in k + 1 sub-intervals, in such a way that each of them is larger than L. We define
the set of admissible partitions of (A, B) in (k 4 1) sub-intervals as

k
Bk:={(t1,...,tk)€R TA=1tp < < S Syl =B, ti+1_ti>L};

also, we introduce the function ¥ : By — R defined by

k AP
. f 9
Yt ) =3 0" D 1), wherea(i):{+ friseven (30)

‘ — if i is odd.
i=0
We consider the maximization problem

ck(A, B) :==sup{y(t1, ..., 100): (t1,.... 1) € B} (31)

Remark 7. It is possible to consider also the maximization problem for the function having
opposite o (i). The situation is essentially the same.

Lemma 7.2. The value c;.(A, B) is achieved by a partition (1, ..., ;) € B.
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Proof. This follows from the continuity of ¢ (in fact ¢° ) is differentiable, Proposition 6.2),
and from the compactness of B;. O

To each interval (f;, ;1.1) we associate

Ui == Ug)Cs b, tip1).

In this way, it is defined on the whole [A, B] a function

ua,p) k() =ui(t) ift €[t tiv1], (32)

which is a solution of (1) in (A, B) \ {f1, ..., fx}, and has exactly k zeros in (A, B). If we show
that it is differentiable in each #;, then u(A,B),k Will be a solution in the whole (A, B). To prove
the smoothness of u (4, p) .k, we wish to exploit the knowledge of the explicit expression of the
derivatives of <p"(i), given in Proposition 6.2. Having this in mind, we observe that, if (71, ..., )
is an inner point of By, then by maximality it results Vs (71, ..., fx) = 0, where the partial deriva-
tives of ¥ can be expressed in terms of the partial derivatives of ¢°@). Therefore, the next step
consists in the proof of the following lemma.

Lemma 7.3. There exists H, depending only on L and on p, such that for any (A, B) CR, ke N
with

B—A>H®k+1),

the corresponding maximizing partition (11, ..., 1) € By is an inner point of By, that is, ;11 —
t; > L foreveryi.

We need two intermediate results. The first one says that the ratio between two adjacent sub-
intervals of a maximizing partition can be controlled by means of a positive constant depending
only on L and on p.

Lemma 7.4. Let (11, .. ., Iy) € By be a maximizing partition for (31). There exists h>1, depend-
ing only on L and on p, such that

1 - . _ - -~
Z(Ii —ti ) <tip1 — 4 <h@ —tit1)
foreveryi=1,...,k.

Proof. For an arbitrary i, let A =#; —#;_1 and hA = f; 1] — ;. We wish to show that 4 is bounded
from below and from above by two positive constants depending only on L and on p. Let v :=
B/a, which belongs to (0, 1) by (28). If both A and A are smaller than or equal to L/./v, then

Vv < h <1/4/v. Otherwise, at least one between A and k2 is greater then L/4/v, so that

1
(1+h)> <1+%>L. (33)
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Firstly, let us consider the case o (i — 1) = +, thatis, i — 1 is even. Let

NG

1+ /v

We consider the variation of (71, ..., f;) obtained replacing #; with s. This is an admissible parti-
tion in By, as by (33) we have

si=ti_1+ (tiv1 —ti—1) € (ti—1, i41).

Vv Vv
1+ﬁ(1+h)k> H_ﬁ(l

_ 1 1
tiv—s=——0+MA>——|14+—]|L>L.
i+ s 1+ﬁ(+ ) >1+ﬁ<+ﬁ) ~

The variational characterization of (71, ..., f;) implies that

s —li-1 =

w(flv"'vﬁ—lvsaﬁ-Fl! "'1;]{) < I/f(;l7 "'1l_i—lsfl‘sl_i+lv "'1;]{);
by definition, this means
" VG, + o7 D (s, i) <@V @i, ) + 97D B

Therefore, recalling that we are considering the case o (i — 1) = +, by Proposition 7.1 we deduce

ﬁ } 3.3
—g<1+ﬁ) (1+h)"A —g(

1\’ _
1+ 71323 < —ar’ — Bh3A3,
L R

that is,

s ff/ieré(l +lﬁ)3 -] +3]e(; fﬁ)3+’3(1 +1ﬁ>3](h2+h)

+[Q<1+ﬁ)3+é<1+lﬁ>3_a} >0

As observed in Remark 6, thanks to the choice of (29), the coefficient of 43 and the last term are
negative, so that this relation cannot be satisfied if £ is too small or too large: this implies that
necessarily 1 /ﬁl < h<h fora positive constant h1 > 1, which depends only on L and on p.

In the case o (i — 1) = —, one can follow the same line of reasoning, replacing the previous
definition of s with

_ 1 _ _ _ _
si=ti 1+ ———=r1—ti-1) € Ei—1, liv1).

1+4/v

Again, the relation

I/f(l_ls~~'sfi—1’ssfl‘+17'-'vfk)<w(flv'-°7fi—lvfi7fl'+1»'-°vt_k)
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implies that for the quantity }_11_ > 1 previously introduced it results 1/ hy < h < hy, and the
desired result follows choosing & :=max{1//v,h1}. O

Now we can show that, in a maximizing partition, the ratio between the larger sub-interval
and the smaller one is bounded by a constant depending only on L and on p.

Lemma 7.5. Let
ki=min(iy —7)  and PRES max(fi41 — ).
Then there exists h* > 1, depending only on L and on p, such that
x < h*A

Proof. Let us denote with i # j, 0 <i, j < k, two indexes such that

A=tiz1—1f and A=t1j41 —1j.

To fix the ideas we consider the case i < j. As the previous lemma asserts that the length of any
interval is comparable with the one of its neighbors, we can assume without loss of generality i
and jtobeeven,k >5and j —i >4,i.e.i +2< j—2.Letussetagain v:= /«, and let

i)

If 1 < max{L/o,L/(1 —26)}, we can choose h* = max{1/a,1/(1 —26)}. Otherwise, we con-
sider a variation of (71, ..., fx) introducing two points

si:=fi+0(it1—5) and sy:=f + (1 —0) (g1 — 1)

between #; and #; 11, and eliminating 7; and ;41 if j < k; if j =k, we eliminate 7_; and #.
For the reader’s convenience, we explicitly observe that, since v € (0, 1), it results ; < 51 <

§2 < Utiyq.
m tj[\ tjm ASl A’l 7
: tjv t; S$2 tji—1 t

In what follows, the notation corresponds to the case j < k.
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As > max{L/5, L/(1 —2&)}, the new partition is in B;: indeed

s1—fi=0(iq1 — ;) =0A>L,
s2—s1=(1-26)(fi41 — i) =(1—25)A> L,

fig1 —s2=0(fip1 — ;) =6A> L. (34)
As a consequence, by maximality,

VA, oo 6, S S2 Ll oo L1 L2, o 1) S YT, L 1),

that is,
o @ s) + o (s1,8) + ot (2. lip1) + 0T [T-1,7j42)
@@ tig) + o o1 1) + o~ T ijp) + o {41, Tj42).
We know that ¢ (7;, 7; 1) < —@A>, and the other terms on the right hand side are negative; on the
other hand, for thg left hand side we can use the expressions (34) and the fact that, by Lemma 7.4,
tjy2 —tj—1 < (2h + 1)A. Therefore

205727 — B(1 —26)°% —a(2h +1)°A° < —an’,

which gives

3
A _
[@ —2a6° — B(1 _26)3]<X> <ah+1)°.
We claim that
- -3 -3
o — 200 —é(l—Za) > 0.

As a consequence, the thesis will follow. To show the claim, we note that, by the definition of &,
it results

3 3
-3 «/5 N -3 1
20 <(1+ﬁ) and (1—20) <(1+\/§>'

Thanks to the choice of (29), recalling also Remark 6, we easily deduce

3 3
a—2a6° — B(1 —26)° >&—g<%) —g<ﬁ> >0,

which completes the proof. O

End of the proof of Lemma 7.3. Let H = h*(L + 1), with 2* introduced in Lemma 7.5. Then
any partition of an interval of length B — A > H(k 4 1) in k 4 1 sub-intervals has a sub-interval
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larger than 4*(L + 1), and in particular A > h*(L + 1). Applying Lemma 7.5, we immediately
deduce A > L+ 1. O

We are ready to prove the existence of sign-changing solutions of (1) in large intervals.

Proposition 7.6. There exists H, depending only on L and on p, such thatif B— A > H(k + 1)
and (1, ..., tx) is a maximizing partition for (31), then the function ua p) i defined by (32) is a
solution of (1).

Proof. By construction, u4 p)x solves (1) in (A, B) \ {t1, ..., #}. Moreover, by Lemma 7.3,
(t1, ..., i) is a free critical point of the function ¥, so that Vi (fq, ..., fx) = 0. In view of Propo-
sition 6.2, this writes

1 ) P 1 D= .
_Eui—l(ti )+ Eui(ti )=0 i=1,... k.
But then u (4, )k is C 1 across each #;, and the proposition follows. O

Remark 8. Directly from the construction of u(4, ), it is possible to obtain some estimates
which will be useful in the next proof; we keep here the notation previously introduced. First of
all, we note that for every 7 € (A, B) there exists i such that ¢ € [#;, 7;11). Thanks to Lemma 3.3,
we deduce that

C(lip1 —1;)* < CA2,

ua,m), ()] = |ui ()] <

|
lii(a,3).k ()| = [iti (1)

where C is a positive constant depending only on g and p. As a consequence

luca By il <CA* and  lica.pyillzo.p) < CA.

On the other hand, let T be a point of maximum of |u4 p) «|. There exists j € {0, ..., k} such
that 7 € (tj,141), so that by Corollary 4.6 it results

luca,BykllLoa, s = |uj (@) = Ci({Fj41 — 1) = CiA,
where C is a positive constant depending only on g and p.
It is now possible to complete the proof of the main result.

Proof of Theorem 2.1. For a fixed L > L, let &, h* and H be as in Lemmas 7.4, 7.5 and
Proposition 7.6 respectively. Let u > H be fixed (we explicitly remark that 2* is independent
of ). For every n € N we have 2nu > 2nH, so that by Proposition 7.6 there exists u, , =
U(—pun,un),2n—1 Whichis a solution of (1) in (—un, un) with 2n — 1 zeros, and its zeros correspond
to a partition

—pun=:f) <t <--+ <byp_1 < by = un,
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maximizing for ¢,—1(—un, un), defined by (31). At least one of the sub-intervals of the partition
has to be smaller than or equal to ; recalling that A := min; (11 — ;) and A = max; (f; 11 — £;),
it results A < w; this implies, by means of Lemma 7.5, that A< h* wu, where h* does not depend
on n or on w. Analogously, from the fact that at least one of the sub-intervals of the partition has
to be larger than or equal to w, it is possible to deduce that A > u/h*.

By using the estimates of Remark 8, it is immediate to obtain

2
1< 2 .
Cy (7’1*) < ”Mu,n”LOO(—;m,p,n) < C(h*,u) and ”uu,n ||L°°(—;m,;m) < C(h*ﬂ)~

Furthermore, being u,, , a solution of (1), it results

i e Il 220 (—panum) < N1€ lloo + 1P lloo-

The previous estimates reveals that the sequence (i, ,),eN is uniformly bounded in WI%)’COO (R),
so that by the Ascoli—Arzela theorem it converges in CllOC (R), up to a subsequence, to a function
u,, which is a solution of (1) in the whole R, and satisfies

2
C (:—*> <upllLem) < C(h*ﬂ)z and iyl Lo ry < C(R* 1) (35)
By construction, u,, has infinitely many zeros tending to infinity in both the directions; indeed,
if this were not true, then |u,, ()| > C > 0 on an interval of length greater than ~*u, and by the
Clloc convergence the same should hold also for u,, , when n is sufficiently large, which is not
possible.

We have constructed a solution of (1) defined in R, which is bounded together with its first
derivative. Now, we can obtain the sequence of bounded solutions u,, = u,, simply repeating
the same procedure for a sequence of parameters u,, such that u,, — 400 and

| C
Mm > C_](h*)z,um—l

for every m. Indeed, thanks to Eq. (35), we deduce

Hm

2
e ) < llumllLoe @y,

2
lm—1llLoo® < C(h*um—1)" < C1<

so that u,,,—1 # uy, and ||uy||cc = +00asm — 0co. O

To conclude, as we mentioned in the introduction, we turn to the periodic framework. We
keep the previous notations, in particular H is defined as in Lemma 7.3. We have the following.

Theorem 7.7. Let g satisfy (hl), and let p be a continuous T -periodic function such that

T

1
8- <A(p)= ?/p(t)dt <&+
0
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Then, for any (k,n) € N2 with k odd and nT > H(k + 1), there exists an nT -periodic solution
of (1), having exactly k zeros in each interval of periodicity.

Remark 9. The nodal characterization of the solutions ensures that, whenever T is the minimal
period of p, and n and (k + 1)/2 are coprime integers, then n7 is the minimal period of the cor-
responding solution. This ensures the existence of an infinite sequence of subharmonic solutions,
with diverging minimal period.

Proof of Theorem 7.7. Let

o<t < St St =1y +nT,

A:Z [,f,.--,t eRk
k (to, 1 ©) tiy1—t =L, tye[-T,2T]

and let ¥ : A — R be defined as in (30) (we point out that now 7y is not fixed). There exists

a maximizer (f, 11, ..., %) for ¥. Since p is T-periodic, we can assume fy € [0, T). As a con-
sequence, it results Vi (fo, f1, ..., fx) = 0. The expression of the partial derivatives of ¥ with
respect to #;, i = 1,...,k, says that the function u, ,1n7) ¢ (defined as in (32)) is a solution

of (1) in (fo, 7o + nT); also, the fact that 3,y (o, 1, . . ., &) = 0 implies that

1, 1, ] .
_Eu(fo,fo—i-nT),k(tO )+ 5"‘({0,?0+nT),k((t0 +nT)7) =0,

that is, u 7 +n7).k can be extended by nT-periodicity as a (smooth) solution of (1) in the
whole R. O
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