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Abstract

We study the best decay rate of the solutions of a damped Euler—Bernoulli beam equation with a ho-
mogeneous Dirichlet boundary conditions. We show that the fastest decay rate is given by the supremum
of the real part of the spectrum of the infinitesimal generator of the underlying semigroup, if the damping
coefficient is in L>°(0, 1).
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1. Introduction and main result

We consider the following damped Euler—Bernoulli equation:

Pu(x, 1)+ tu(x, 1) +2a(x)du(x,1)=0, O0<x<1, >0, (1.1)
w(©,0) =u(l,1)=0,  32u(0,1) =d>u(l,1)=0, >0, (1.2)
u(x,O):uO(x), Btu(x,O):ul(x), O0<x<l, (1.3)

where a € L*°(0, 1) is non-negative satisfying the following condition:
dc > 0s.t.,a(x) > ¢, a.., inanon-empty open subset / of (0, 1). (1.4)
In order to formulate our results we consider the Hilbert space
[H?(0, 1) N Hy (0,1)] x L*(0,1) =: V x L*(0, 1),

where we denote by H*(0, 1), s € R, the usual Sobolev spaces. We endow this space with the
inner product:

1
(Lf. g1, [u, v]): / fP@u®(x) + gv(x))dx, forall[f,gl,[u,v]in V x L*(0, 1).
0

From now on, we shall represent a pair of functions by [ f, g] rather than ( f, g) to avoid confusion
with classical inner product on L%(0,1).
We define the energy of a solution u of (1.1)—(1.3), at time ¢, as

1

1
E(u@) = 5/ |8tu(x,t)|2+|8§u(x,t)|2)dx. (1.5)
0

Please cite this article in press as: K. Ammari et al., The rate at which energy decays in a viscously damped hinged
Euler—Bernoulli beam, J. Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.06.020




YJDEQ:7554

K. Ammari et al. / J. Differential Equations eee (eeee) eee—eee 3

To prove the decay of the energy, we multiply (1.1) by d,u and integrate on [0, 1] by using the
boundary condition. We can easily check that every sufficiently smooth solution of (1.1)—(1.3)
satisfies

1

E(u() = —2/a(x)|8,u(x, | dx,

0

d
dt
which in particular implies the energy identity

E(u(0)) — E(u()) = /fa(x)|8 u(x,s)| dxds, V¥i=0.

In our case, i.e., when the damping term a is non-negative, and positive on an open subset, it
is known that the energy of a solution will decay exponentially in time. More precisely, the
following result follows from [14] (see also [3]).

Proposition 1.1. Let a € L°°(0, 1), be non-negative satisfying (1.4).
For all (uo,ul) eV x L2(O, 1), the problem (1.1)—(1.3) admits a unique solution u in

C ([0, +00[; V) N CL([0, +00[; L%(0, 1)). Moreover, there exist constants C > 0 and wy < 0
depending only on a(x) such that

E(u(t)) < Ce* E(u(0)), Vt>0. (1.6)

The system (1.1)—(1.3) can be written as an abstract evolution equation on V x L2(0, 1):

B,U == AaU 1 7
{ UG, 00 = U0x) i= (o), ! (1), (4D
where U = [u, d;u] and the operator A, is given by
0 Id 5
A, = 4 fromDtoV x L=(0, 1), (1.8)
— i —2a(x)

with D = {[u,v] € V x L*0,1); ve V,u € H*0,1), 4 T 2(O) 0, o 2(1) = 0}. Here Id de-
notes the identity on V. Note that the domain of the operator A, is independent of a, since
aelL*®0,1).

The eigenvalue problem for the non-self-adjoint, quadratic operator pencil generated by
(1.1)—(1.3) is obtained by replacing « in (1.1) by

u(x,t)= e“aﬁ(x).
‘We obtain from (1.7) the standard form

(Ag — A)® =0, & =[p, rd]:=o[1,7].
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The condition for the existence of non-trivial solutions is that A € 0(A,) (the spectrum of
Ay). Since D is compactly embedded in the energy space V x L?(0, 1) then the spectrum o (A,)
is discrete and the eigenvalues of A, have a finite algebraic multiplicity. On the other hand, since
A, 18 a bounded monotone perturbation of a skew-adjoint operator (undamped Ag), it follows
from the Hill-Yosida theorem that A, generates a Co-semigroup of contractions on the energy
space V x LZ(O, 1) (see [26]).

In this work, we give the value of the best decay rate wg (see (1.60)) in terms of the spectral
abscissa of the generator A,. More precisely, let us define:

w(a) = inf{w; there exists C = C(w) > 0 such that E(u(1)) < C(w)ez“”E(u 0)),

for every solution u of (1.1)—(1.3) with initial data in V x L2(0, l)}, (1.9)

and

p(a) = sup{Re(1); A €0 (Ay)}. (1.10)

It follows easily from the above observations that

p(a) < w(a). (1.11)

Our main result establishes the reverse inequality under the assumption that a(x) is
in L*(0, 1).

Theorem 1.2. Let a € L*°(0, 1), be non-negative satisfying (1.4). Then

u(a) =w(a). (1.12)

Although the literature on the decay estimates of the energy of the wave equation with locally
distributed damping is quite impressive (see [3,7,13,17,20,19,22-24,30-33]), little is known on
the decay estimate of the energy plate equations with locally distributed damping (see [3.11,14,
16,20,29,30]). The determination of optimal decay rates was performed mostly for the damped
wave operator in the 1-d case (a vibrating string), see [1,2,4,6,8—10]. For higher dimension,
G. Lebeau gives in [18] the explicit (and optimal) value of the best decay rate in terms of the
spectral abscissa of the generator of the semigroup and the mean value of the function a along
the rays of geometrical optics. It is not our intention to do a complete review on this subject here.
We refer the readers to the references in the mentioned above for more information.

As in [8] we will establish the reverse inequality of (1.11) by proving that the system of
generalized eigenvectors of the operator A, constitutes a Riesz basis in the energy space V x
L?(0, 1), and that all eigenvalues of A, with sufficiently large modulus are algebraically simple.
To do this, we require precise knowledge of the spectrum of the non-self-adjoint operator A, .

In [8], Cox and Zuazua adopt the shooting method based on an ansatz of Horn. This approach
consists in constructing an explicit approximation of the characteristic equation of the underlying
system. Under the assumption that the damping is of bounded variation (i.e., a € BV (0, 1)), they
obtained high frequency asymptotic expansions of the spectrum. The shooting method can be
used only for one-dimensional boundary value problems.
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In this paper, we follow the main idea in [8]. However, for high frequency we will use a
perturbation method based on some resolvent estimate for the operator A,. The advantage of this
approach is that it works in any dimension and in a very general setting (see [28] and also [15]).
On the other hand, we only need that a € L*°(0, 1).

In the following, we give an outline of the proof. First, for a = 0, the operator Ag is skew-
adjoint with compact resolvent in V x L?(0, 1). From general operator theory, all its eigenvalues
lie on the imaginary axis and the geometric and algebraic multiplicity of each eigenvalue are the
same. Moreover, there is a sequence of eigenvectors of Ay which forms a Riesz (orthonormal,
actually) basis for V' x L?(0, 1).

For a = ap = const > 0, we compute explicitly all the eigenvalues and eigenvectors of A, . In
particular, we prove that the algebraic multiplicity is usually one except for (ag = k(2)n2, for some
ko € N) there is one eigenvalue of multiplicity two. On the other hand, using the explicit expres-
sion of the eigenfunctions of Agp and A,, we prove that the systems of eigenvectors of Ag and
Ay, are quadratically close in V x L2(O, 1). Thus, it follows from [27, Appendix D, Theorem 3]
that the system of eigenvectors of A,, constitutes a Riesz basis. Consequently, by a standard
argument (see Theorem 2.5), we identify the optimal energy decay rate with the supremum of
the real part of Ag,.

In Section 3, we treat the general case, i.e., a € L°(0, 1) and a(x) is non-negative satisfying
(1.4). First, we introduce the characteristic determinant of A,. Recalling that the characteris-
tic determinant Ay 4(1,X) of A, is an entire function whose zeros are the eigenvalues of A,
with the order of these zeros determining the algebraic multiplicities. By analyzing the func-
tion A 4(1, 1), we give in Proposition 3.1 rough preliminary bounds on the spectrum of A,.
Moreover, since A, is a bounded perturbation of skew-adjoint operator with compact resolvent it
follows from [12, Chapter 5, Theorem 10.1] that the generalized eigenvectors of A, are complete
in V x L?(0, 1). To prove Theorem 1.2 we also need to study the asymptotic behavior of the high
frequency of A,, more precisely, the behavior of the corresponding algebraic multiplicity. In fact,
since the distance between two consecutive eigenvalues tends to infinity at infinity, as well as the
fact that the damping is bounded, we give some resolvent estimates of the operators A, and Ag
and then we show that all eigenvalues of A, with sufficiently large modulus are algebraically
simple (see Subsection 3.2). Eventually, we complete the proof of Theorem 1.2 as in the constant
case, see Subsection 3.4.

2. Undamped and constant damping operator
2.1. Spectral analysis

Here are some elementary properties of the skew-adjoint (undamped) operator Ag:

0 1d 5 5
Ag = 44 :DCVxL“(0,1)— V x L“(0, 1),

Tt

where D = {[u,v] € V x L*0,1); v € V. u € H*0, 1), 2%(0) =0, L4(1) = 0}, with V =
H*(0,1) N HJ(0, 1).
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Lemma 2.1. The eigenvalues and the corresponding eigenvectors of Ag are given by:

AoVir = +ik*n*Viy, forall k € N¥,

1
where Vi = pE; sin(kmx)[1, £ik*m?]. 2.1

Moreover, the family By := (Vax)ren+ is an orthonormal basis of the energy space V x L*(0, 1).

Now, we focus on the spectrum of A,, when the damping a(x) is a positive constant denoted
by ag. Let W = [u, v] € D be an eigenvector of A, associated to the eigenvalue A. Then

v=au and —u® —2apru=2u (2.2)
with #(0)=u(1)=0 and u®©0)=u®1)=0. (2.3)

It follows that the eigenvalue A of A, satisfies:

A% 4 2ap) = —k*z*,  for all integer k > 1. (2.4)

In the rest of the subsection, we characterize the algebraic multiplicity of the eigenvalues
of Agyy:

Lemma 2.2. The algebraic multiplicity of the eigenvalue Ay, k € Z*, of Ag, is its order as a zero
of Eq. (2.4). In particular, the algebraic multiplicity of i, k € Z*, of Ay, is at most 2.

Proof. We have two situations:

() Ifag € 10, +o00[ \ {k27%; k € Z*} then there exists kq € Z such that k(z)nz <ag < (ko+ 1272
In this case the eigenvalues of A, are

—ao:l:,/a(z)—k“n'“ fork=1,2,---, ko
Atk = 2.5)
—ag +i,/k*n* —a} fork > ko,

with the corresponding eigenvector

Wax = sin(kmo)[1, hagl, Vk> 1. (2.6)

Now, we want to show that the algebraic multiplicity of the eigenvalues A,, p € Z*
is exactly 1. If the algebraic multiplicity of A, is to exceed one then one must be
able to solve (Ayy — Ap)Wp1 = Wy, With Wy 1 = [up1,vp,1], this requires v, =

(€]

Aplip1+sin(prx)and —u +p4n4up,1 =2(ap+Ap)sin(prx) withu, 1(0) =u, 1(1) =

p,1
”572,)1 0) = ”572,)1 (1) =0. Since A, # —ap then the previous equation has no solution. There-

fore the eigenvalues of A, are simple.
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(i) Assume that there exist kg € Z* such that ag = kénz. As in [8], we call such ag defective.
The spectrum is given by (2.5).
For all k € N* \ {ko}, A+ is simple with the corresponding eigenvector given by (2.6).
The only difference to the previous case is that Ay, = A_g, = —ap. It remains to prove
that the algebraic multiplicity of —ag is two as eigenvalue of A,,. As in the previous case
Wi, = sin(komx)[1, —ap] is the eigenvector associated to the eigenvalue —ag. The gen-
eralized eigenvector Wy, 1 via (Ag, + ag) Wi, 1 = Wi, and (Wi |Wy, 1) = 0 is given by
Wio1 = %sin(konx)[%, 1]. Then the algebraic multiplicity of —aq is at least two. From
now on, we denote Wy, 1 by W_y,.
Assume that the algebraic multiplicity of —ag exceeded two, one must then be able to solve
(Agy +a0)Wiy,o = W_yy. With Wi 2 = [ug, 2, Vky,2], we find vy, 2 = —aoug,, 2 + sin(kom x)
and

—upy +kgmrugg o = sintkomx), gy 2(0) = gy 2(1) = ug 5 (0) = u), (1) =0.

Since this equation does not possess a solution, the algebraic multiplicity of —ap may not
exceed two. O

2.2. Generalized eigenvectors

In this subsection, we show that the family of the generalized eigenvectors associated to the
constant damping is a Riesz basis. Here and for the rest of the paper we will use the following
notation.

Wp

Notation 2.3. We set By, := (W), := Wl o
VxL2(0,1)

) pez+, Where

—

when ag € 10, +o0[ \ {k272; k € Z*}, W, is an eigenvector given by (2.6) for all p € Z*,
2. when qg is defective, i.e., ag = p(z)nz for some po, then for all p € Z* \ {—po}, W, is an
eigenvector given by (2.6) and W_, = %sin(porrx)[%, 1] is a generalized eigenvector of

Aq, associated to the eigenvalue —ag = — p%nz.

We have the following result:
Proposition 2.4. The family By, is a Riesz basis.

Proof. The sequence (Wy)iez+ admits a biorthogonal family (W))iez+ in V x L?(0,1) given
by

Wikzsin(krrx)[l,—@], k=1,2,---, (2.7)

if ag €10, +00[ \ {k*>n2; k € Z*}. For ag = p(z)nz for some pg € Z*, we define, for all k € Z* \

{—po}, Wy as above and WX, "as a generalized eigenvector via (A; + aold) WX, = W} and

(W2, [W) =0. Thatis, W2, = 3 sin(porx)[ 4, —11.
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Note that W7, are the generalized eigenvectors of the adjoint of A,

\ 0 -ud \ )
] from D(A% ) to V x L(0, 1), 2.8)
X

with D(A;) = D and remark that the eigenvalues of A7 are precisely those of A4, (including
multiplicities), see (2.5).

If ap € 10, +oo[ \ {k?n?; k € Z*}, we see that (W,|W;) = —A,(ao + Am)8n.m and hence
(Wi)kez» 1s a linearly independent set. Here &, ;, is the Kronecker’s delta, i.e. 6, ., = 1ifn=m
and 0 if n # m.

Ifay= p(z)nz for some pg € Z*, we have

—An(ao + rn)8nm ifn#=+po, meZ*
(Wn’W;;)={a08 f _ *
2 9n,m ln—:tpo,meZ.
Hence, even in the defective case, (Wi)kez+ is a linearly independent set.
For large k the eigenvalue A is simple and nonreal. The corresponding normalized eigenvec-

tor is given by Wy = #Wk = Smk(zk—n@x)[l, Ak]. Combining this with (2.1), we obtain

~ 1. )P 1
”Vk_Wk”VXLZ(O,l):E = m ZO k_4 . (29)
Then ) ;o7 I Vi — Wk”%/xL2(o,1) <00, ie. (Wk)keZ* is quadratically close to (Vi)iez+-

According to Theorem 3 in [27, Appendix D], a linearly independent set that is quadratically
close to an orthonormal basis is in fact equivalent to that basis in the sense there exists a linear
isomorphism @, of V x L?(0, 1) under which W4y = @4, Vii. Thus we have proved Proposi-
tion2.4. O

2.3. Proof of Theorem 1.2 in the constant damping case
We are in position to prove the main result in the case of a constant damping:
Theorem 2.5. If a(x) = ag is a positive constant then u(ag) = w(ao).

Proof. As (Wk)keZ* is a Riesz basis, we may expand the initial data as
[uo, vo] = Z cx We.
kezZx
Then the solution of (1.1)—(1.3) is given by
Y ez Ck exp(rit) Wy if ag is not defective

[u, 0iu] = | texp(Apyt)c_p, Wpo + D pezx ckexp(Akt) Wi (2.10)
ifag = p%]‘[z for some po.
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The spectral abscissa p(ap) is equal to —ag + Re( a(z) — %) and this allows us to bound the

energy E(u(t)) by:
(1) If ag is not defective,

2
E(u()) = |[u, atu]||zwL2(O’l) = H Dy Z exp(Met)ck @y (Wi)
keZ* VxL2(0,1)
2

= H Bay Y exphrt)ci Vi < 19a I sup [expGun) > Y el

keZ* VxL2%(0,1) keZ* keZ*

2
< Py l*exp(2ua(@)t) D lexl® = 1@y 1> exp(2e(@)t) | Y cx Vi
kezZ* keZ* VxL2(0,1)
2
= 1@, |I* exp(2ui@)t) | @5t > kWi
keZ* VxL2(0,1)

< 1912 @' ||* exp(212(ao)t) E (u(0)). @.11)

(i) Now assume that aq is defective. Repeating the previous argument and using the last
equality in the right hand side of (2.10) leads to

E(u(®) < 1®aI1?] @5 |7 (1 + 1) exp(2u(ag)t) E (u(0)).
Summing (i) and (ii), we deduce
w(ap) < u(ao),
which together with (1.11) yields Theorem 2.5. O
2.4. Another characterization of the spectrum
In this subsection the damping a(x) is not necessarily constant. As Lemma 2.2 will not survive
to a non-constant damping we characterized differently the eigenvalues of A, and their algebraic
multiplicities. In fact, let uz(x, 1), u4(x, 1) be two solutions of
u®(x, ) +A(2a(x) + A)u(x,2) =0, Vxe€[0, 1], (2.12)
subject to the corresponding initial conditions:
w0,2)=0, wPO,0=1, w?0,0)=0 and u$©,1)=0 (213
uz(0,2) =ul0,2) =u©,2) =0 and u¥(©0,1)=1. (2.14)

Lemma 2.6. A complex number X is an eigenvalue of A, if and only if

2.15)

Ara(l, ) = det( uz(1,2) - uadl, 1) ) —0,

uP 0w,
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and the algebraic multiplicity of the eigenvalue A of A, is its order as a zero of the equation
Az 4(1,1)=0.

Proof. Letui(x, ), us(x, L) be two solutions of (2.12) subject to the corresponding initial con-
ditions:

w0, =1, w00 =u?0,1=u0,1r=0,
u300,0) =u$"0,0)=0,  uPO,x)=1 and u{’(0,1)=0.

Since (u1, uy, u3, us) constitutes a basis of solutions of the differential equation (2.12), then all
solutions of (2.12) are given by:

u(x, 2) = u)uy(x, 1) + uP Oz (x, 2) + u® O)yusx, 2) + u® O)ua(x, »), Vx ][0, 1].
(2.16)

Let L € C. 1 is an eigenvalue of A, if and only if there exists a non-trivial solution
W = [u, v] € D satistying Egs. (2.2)—(2.3), i.e. v(x) = Alu(x) and

u(x) =uM (Oua(x, 1) +u® O)ug(x,1) forall x €[0, 1], (2.17)
with (u(0), u®(0)) (0, 0) satisfying the following system:

ur (1, NP 0) + ua(1, e 0) =u(1) =0
u$? (1, )u 0) + ul (1, )u®©0) = u® (1) = 0.

Then, the previous system has non-trivial solution M), u®(0)) if and only if (2.15) holds.
In this case the associated eigenvector W = [u, v] = u(x, A)[1, A] € D with u(x, A) is given by:

(@) if (ua(1, 1), ua(1, 1)) # (0,0,
u(x, &) = ug(l, Mua(x, 1) — uz(1, Mua(x, ), (2.18)

(i) if (ua(1, 1), us(1,2)) = (0,0) then $? (1, 1), u$P (1, 1)) # (0,0) and

w(x, ) = ul? (1, Mua(x, 2) — us? (1, Muax, ). (2.19)
1A 1A . .. .
The matrix ( uéf ) ué)( ) ) is not trivial for all A € C. Otherwise, u»(-, A) and u4(-, A) are
w5 (1,2) ug” (1,2)

solutions of problem (2.12) with initial conditions:
u@©,2)=u(l,0)=0 and u®©O,1)=u®1,1)=0.

Then uy (-, A) = u4(-, A), contradiction (since ug)(O, A) =1and ugl)(O, A) =0).

The zeros of A —= A 4(1, A) are the eigenvalues of A,. Moreover, the corresponding algebraic
multiplicity is given by its order as a zero of Az 4(1, 1) (see [25, Theorem on page 343]). This
may be checked easily when a(x) = ag is constant. In fact,
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sinh((—A(2ag + 1)) ) sin((—A(2ag + 2))¥)

Ara(l,A) = 2.20

2,4(1,4) YTy (2.20)
Then,

Ao 4 (—=1)*sinh(k7)

— (L) =—————FF—(A , VkeZ*.
a (1, 2) TR Ak +ao0)
This vanishes only when A, = —ao, i.e. when ap = kénz for some kg. The second derivative at
2 .

such a root, BBA%(I, —ap) = —M, is however, nonzero. O

2a02
3. General L*°-damping
3.1. Spectral analysis

In this subsection, we assume only that the damping is bounded, i.e. there exist «, 8 € [0, 4+-00[
such that

0<a<a(x) <B <oo almosteverywherein [0, 1]. 3.1

Let us introduce the following two solutions wy, wg of u®(x,0) + 2Q2ax) + Mu(x,A) =0
subject to the corresponding initial conditions:

wa(l,n) =0, w,n=-1, wP1,1)=0 and wP1,2)=0, (3.2)
wa(L, ) =w 1,0 =wP(1,1)=0 and w(1,2)=-1. (3.3)
For & € [0, 1], we denote by o (f, g, h) (&) the following determinant:

f&) g(§) h(§)
o (f,e.mE =|fPeE ¢PE rV@© ], (3.4)
2@ g?@ h2e)
where f, g and & are regular functions.
By definition the eigenvalues of A, are the poles of the resolvent (A, — 2L

Solving (A, — A)[u, v] = [f, g] is equivalent to find the vector [u, v] such that v = Au + f
and

u® +1(2a(x) + 1) = —g — (2a(x) + 1) f.
Solving the latter via the Green’s operator, u = —G(A)(g + (2a(x) + A) f), we find

(Aa—)n)_1:< —6MQat) +1) _G(k)) (3.5)

Id—AG(MW)Ra(x)+21) —AG()

This Green’s operator is [G(L)@](§) = fol G(&, x; M)e(x)dx, where
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G, x; 1)

— 1 {50(”2,144,w4)($)w2(x,)~)+&>(u2,wz,u4)(f§)w4(x,)») if0<x<§

T ALY | o (wa, ug, wa)(E)ua(x, M) + o (u2, wa, wa)(Eua(x, A) if§ <x <1,
(3.6)

where us(x, A), ua(x, A), wa(x, A) and wa(x, L) solve (2.12) subject to (2.13), (2.14), (3.2) and
(3.3) respectively. Here o (-, -, -)(§) is given by (3.4) and A 4(1, A) was introduced in (2.15).
This kind of representation is used by Birkhoff for more general boundary value problem of
ordinary linear differential equations, see [5, p. 377].

Proposition 3.1. The operator A, and its spectra satisfy the following properties:

(1) The operator A, possesses a compact inverse and so a discrete spectrum o (Ag) of eigenval-
ues of finite algebraic multiplicity.

(2) The eigenvalues are the roots of A — A 4(1,1). If Mg is such a root then W(x, Ay) =
u(x, M1, Ag), where u(x, Ay) is given by (2.18) or (2.19) at Ag. It spans the corresponding
eigenspace and its algebraic multiplicity is the order to which A3 4(1, L) vanishes.

(3) The spectrum of A, is symmetric about the real axis and is contained in C UZ, where C is a
complex strip given by:

C:={reC; A|27% —B <Re(d) < —a} (3.7)

and 1 is the following real interval:

Ti=[-p— (B2 —7")1 —a+ (B2 —7%)] (3.8)

Here (B? — %), = max(B? — 7%, 0).
(4) The generalized eigenvectors of A, are complete in V x L*(0, 1).

Proof.

(1) Since the domain D of the operator A, is compactly embedded in the energy space V x
L2(0, 1) then the spectrum o (A,) is discrete and the eigenvalues of A, have a finite algebraic
multiplicity. Much relevant information can be obtained directly from the kernel of G (0).

(2) Let Mg be an eigenvalue of A,, and let W (-, A) be the corresponding eigenvector. We recall
that W (-, Ax) = u(x, Ap)[1, Ak], where u(x, Ay) is given by (2.18) or (2.19) at Ag. As the ini-
tial value problem (2.12)—(2.13) (resp. (2.12)—(2.14)) possesses the unique solution us (-, Ag)
(resp. u4(-, Ar)). Hence, the geometric multiplicity of each eigenvalue is one. Its algebraic
multiplicity is its order as a pole of the resolvent, which is equal to its order as a zero of
At Az 4(1,A). As in [25] (see also Theorem 4.1 in [21]), this follows from (3.5) and (3.6).

(3) Since A, is a matrix-valued differential operator with real coefficients, it follows that
W(x, Ax) = W(x, Ax) = u(x, Ap)[1, A¢] is an eigenvector of A, corresponding to the eigen-
value Ag.

Multiplying (2.12) by u(x, A) = u(x, —1), integrating on [0, 1] and using the boundary con-
ditions (2.13), (2.14), (2.15), we check by solving a quadratic equation that
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— Jo a0, ) Pdx £ (fy aCo)luCe, ) Pdx — (6@ ¢ a0 12 llu G ) 12,)2

Ak =
-, )17

Hence, if Ay is a nonreal eigenvalue, we find

_ et aoPdx <||u(2>(-,xk)||u)2_(fJa(xnu(x,Ak)de)z
lu G a2, e ) 2 e 207 2 ’

which together with (3.1) yields,

_fOla(x)|u(x,,\k)|2dx 3

0<—B <Re(rsr) =
-, 2112,

’

and

1@ (a0l 2\
LI (T
Gy i)l 2

If Ay is real we observe that

(f&a(x)lu(mwlzdx)z B (||u(2>(-,xk>||Lz>2 < (8 — 24}
et 213 20l )~ -

(4) The operator A, is a bounded perturbation of a skew-adjoint (undamped) operator with com-
pact resolvent. It follows from Theorem 10.1 in [12, Chapter 5] that the system of generalized
eigenvectors is complete in V x L?(0,1). O

3.2. Results on high frequencies

In this subsection, we will prove that all eigenvalues of A, with sufficiently large modulus
are algebraically simple and that the system of generalized eigenvectors of the operator A, con-
stitutes a Riesz basis in the energy space V x L?(0, 1). For this end, since the distance between
two consecutive eigenvalues tends to infinity at infinity, as well as the fact that the damping is
bounded, we construct a closed curves (I” (k))‘k‘> N, (for some integer Ny sufficiently large) in
the complex plane such that:

(i) For all n € N*, &M ig centered in +in’n>.
(ii) Inside each I"®™ there exits exactly one simple eigenvalue of A,.
y ple eig
(iii) The operator A, has exactly 2Ny eigenvalues including multiplicity in C \ (U| k>No I *®y.
V) D= np 1 Pfay — Pgm ||2£(VxL2(0’1)) < 00, where Pr, (resp. PIQ(k)) denotes the Riesz pro-

jection associated to A, (resp. Ag) corresponding to I"®).

The proof of the above statements is based on some resolvent estimates of the operators A,
and Ag. Moreover, since the generalized eigenvectors of A, are complete it follows from (iv)
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that the system of generalized eigenvectors of A, constitutes a Riesz basis in V x L?(0, 1).
Notice that one can deduce (ii) and (iv) from Theorem 4.15a in [15]. For completeness we give
a self-contained proof.

Let us introduce some notations. For n € N*, we let 8, := |i (n + 1)2n% —in’n?| = @n+ Dn?
be the distance between two consecutive eigenvalues of Ag. We define the four complex numbers:

1 1
ay =i|:(n— 1)2n2+58n_1:|, bn=§8n+in2n2,

1 1
Cn :i|:n2n2 + 58,{| =ayy1 and d,= —58,, +in’n>. 3.9)

Let Int(I"™) denote the rectangle with sides yl(n), yz(”), y3(n) and y4(n) (see Fig. 1), where

On
p = {x € C; Im(1) = Im(a,) and |[Re(V)| < 5 }
(n) Sn
Yy = {k e C;Re(1) = > and Im(a,) <Im(A) < Im(cn)},

8 3
)/3(") = {)\. € C; Im(A) =Im(c,) and Re()r) goes from En to —% },

and
yj") = {A e C;Re(A) = —%n and Im(1) goes fromIm(c,) to Im(an)}.
Forn=1,2,..., we set
r®= yl(") u yz(") U y3(") U y4(n), rem.= {z eC; ze F(”)} (3.10)
and
cm = {z eC; [Im@2)| < <n2 +n+ %)n’z and |Re(z)| < n}

Note that by construction Int(I” &y N Int(I"™) = @ for all k, n € Z* such that k # n. Here we
denote the interior of I"® by Int(I"®). Moreover, for all N € N* we have CUZ c C™M) U
U=y Int(I"®)), where C and T are given by (3.7) and (3.8) respectively.
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Fig. 1. Here D = {z € C;Re(z) = —2f01 a(s)ds}, A ={z € C; Re(z) = —2llallpeo(0,1)} and an, bn,cn,dn given

1
by (3.9). The spectrum of A is included in the strip —2||al Lo (0,1) < Re(z) < —infa(x) + (Ha||2Loo(0 by~ ﬂ4)i.

The principal result of this subsection is the following:

Theorem 3.2. Let a(x) be in L°°(0, 1). There exists Ng € N* large enough such that the operator
Ay has exactly 2Ng eigenvalues, including multiplicity, in Cy, and one simple eigenvalue in
Int(I"®) for each k with |k| > Ny. This exhausts the spectrum of Aq.

We have divided the proof into a sequence of lemmas.

Lemma 3.3. Assume that a € L*°(0, 1). There exist C > 0 and Ny € N (large enough) such that
for n > Ny, the following properties hold:

(i) FTEUIC™ cC\ (0(Aq) Ua(Ag)).
(i1)

[ =A™ = (= Ag uniformly on A € ' U aCc™

c

—1 <=
) Newsey = n2’
(3.11)

where dC™ is the boundary of the rectangle C™.

Please cite this article in press as: K. Ammari et al., The rate at which energy decays in a viscously damped hinged
Euler—Bernoulli beam, J. Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.06.020




YJDEQ:7554

16 K. Ammari et al. / J. Differential Equations eee (eeee) eee—see

Proof. Since Ag is skew-adjoint, it follows that

1

— -1 dist(h o (A))
[(x = Ag) ||£(V><L2)§dist()L,O'(A0)).

(3.12)

By construction of I” &) and €™, we have:

Jen —i(n+ 1?7,

dist(I"'*", o (Ag)) = min(|b, — in*7?|, |d, — in*x*
611—1

==

a, —i(n— 1)2712])

and dist(dC™, o (Ag)) > n, which together with (3.12) yields

[ — A0~ Lovxid S . uniformly on A € I'&™, (3.13)

(n — 5>
[on— A0 <! iformly on 1 € C™ 3.14)
( 0) Ly =5 uniformly on A € . 3.

Recalling that A9 — A, =: K, where K|, is the bounded linear operator on V x L2(0, 1) defined

by Ko = 2a(x) (8{;) From (3.13) and (3.14), we have

2|allo

ewxr < =", uniformly on 1 € rEmysc®,  (3.15)

|Ka(h — Ag)~

Choose Ny such that for n > Ny:

2llalloo
n

< 1.

Now the first statement of the lemma follows from (3.13), (3.14), (3.15) and the following
obvious equality:

A=Ay =[Id+ KL — Ag) '] (h — Ap). (3.16)
On the other hand (3.16) yields

A=A '=0—A) '+ (=AY [-Kat — A0)" '],
p=1

which together with (3.13), (3.14) and (3.15) implies (3.11). O

According to Lemma 3.3, for n > Ny the following Riesz projections are well defined:
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P =L (A — Ay tdx P° =L (A —Ag)~da
L& = oni @ ’ L& = oni 0 ’
&) [ En)
1
a —1
PS = / (A—Ag)"'dr and PC., = 5 / O —Ag) Ydr.  (3.17)
BC(") acm

The following result is a simple consequence of (3.11) and the fact that long(dC ™),
long(I"®*™) = O(n).

Lemma 3.4. There exists C > 0 (independent of n) and Ny € N such that for n > Ny, we have

H e F(in} |L(V><L2) = W <1, (3.18)
C
| P = Pocon | evszry = 7 <1 (3.19)

End of the proof of Theorem 3.2. First, recalling that if P and Q are two projectors with || P —
Q| < 1, then rank(P) = rank(Q) (see Lemma 3.1 in [12]). Thus, in the notation of Lemma 3.3,
we have

rank( ) = rank( rank( (i,,)) = rank(PIQ(in)), for n > Np.

aCcm ac(n))

Next, we conclude from (3.7) and (3.8) that CUZ c C®Wo) U Uki=n, Int(I"®)), hence that
0 (Ag) is a subset of CV0) U (U|k|ZN0 Int(I"®)). Now Theorem 3.2 follows from the fact that

rank(PY ) =2No and  rank(Ppu,)=1. O

Remark 3.5. In the proofs of Lemmas 3.3-3.4, we have used only the fact that the distance
between two consecutive eigenvalues of A tends to infinity and the fact that A is a skew-adjoint
operator. Similar general results are well-known (see Theorem 4.15a in [15]). Note that this
approach cannot be applied to the damped wave equation since the spectral gap in this case is
equal to 7 (do not tends to infinity at infinity).

3.3. Riesz basis

In this subsection we construct a Riesz basis consisting of generalized eigenvectors of A,.
First, since the associated high frequencies are simple, then for all k € N*, k > Ny (Ng given by
Theorem 3.2), we define @1y := PI‘i(ik) Vi where Vi is the eigenvector of A associated to the

eigenvalue +ik’7? and Pl‘i< 11 18 given by (3.17). We get the following lemma:

Lemma 3.6. For all k € N*, k > Ny, the vector @iy is an eigenvector of A, associated to the
eigenvalue Aii. Moreover, there exists C > 0 such that

C
lon — Vally <2 < m, foralln € Z*, |n| > Ny. (3.20)

In particular, ||oplly 2 =1+ O(ﬁ) uniformly for n € Z*, |n| > Ny.
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Proof. For all m € Z*, |[m| > Ny, we have A ¢, = Aq PI‘i(m) Vin = Am PI‘i(m) Vin = Am@m. Using

Lemma 3.4 and the fact that PIQ(,,) Vo =V, with |V, |y 2 =1, we get:

C
Im|’

lom — Vinlly sz = H(P1a~<m> - Pﬁ(m))vm lyure =1 Pl — P1Q<m> HL(VXLZ) =

for all m € Z*, |m| > No (C independent of m). In particular, parallelogram inequality
and recalling that ||V, |y, 2 = 1 give that ||@pllyx2 =1+ O(ﬁ) uniformly for m € Z*,
|m| > No. O

Now, we complete the sequence (@) x|~ n, of the eigenvectors associated to the high frequen-
cies of A, by considering the generalized eigenvectors associated to the low frequencies of A,.
Note that the number of these generalized eigenvectors associated to the low frequencies of A,
is finite, at most 2Ny by Theorem 3.2. For k € Z* such that |k| < Ny, we denote by my the al-
gebraic multiplicity of A; and we associated to it the Jordan chain of generalized eigenvectors,
Wi )

Wi.o=u(x, A1, Ax]l, where u(x, Ar) is given by (2.18) (or (2.19)), (3.21
AgWi p=MWi p+ Wi p1, Wep, Wi p-1) =0, p=1,---,mp—1. (3.22)

The vector Wy ¢ is an eigenvector of A, associated to A4 and the chain is a basis for the root
subspace & :={W € V x L?(0, 1); (Ay — A)™ W =0}.
Now, we take the family of generalized eigenvectors of A,:

By = (Wi p)k|<No.0<p<mi—1 U (@n)n|>No-

Since Vect(B,) = V x L%(0,1) (see Proposition 3.1(4)) and the family B, is quadratically
close to the orthonormal basis (Vi )rez+ of eigenvectors of the undamped operator (see (3.20)), it
now follows from the Fredholm Alternative, see e.g., [27, Appendix D, Theorem 3], the following
result:

Theorem 3.7. The set B, is a Riesz basis for the energy space V x L*(0, 1). Moreover, there
exists a linear isomorphism @, of V x LZ(O, 1) such that for all n € Z*, |n| > Ny, @V, = ¢y
and @4 (Vect(Vy, |n| < No)) = Vect(W, p, [k] < No,0 < p <my —1).

3.4. Proof of the main result

For the proof of Theorem 1.2 in the general setting, we follow the same strategy as in the
constant damping case. Using Theorem 3.7, we may expand the initial data as

mr—1
0 .0
[u , U ]: Z Z Ck,pWi,p + Z Cn®n.
|k|<No p=0 [n|>No

Then the solution of (1.1)—(1.3) is given by
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my—1 p tp—l
Bl = 3 exp(ut) D cup ) o Wha+ D cuexplain.  (323)
IKI=No p=0 =0 P Inl>No

Recalling from Theorem 3.2 that at most 2Ny eigenvalues may be of algebraic multi-
plicity greater than one and that 2Ny is the maximum of such multiplicity, and the family
Bo := (Vii)ken+ is an orthonormal basis of the energy space V x L2(0, 1) (see Lemma 2.1),
by the linear isomorphism @,, (as in the constant case), we get

E(u®) = | ol[}, 20,1y < 1€al’[ @5 |*(1+22) exp(2a(@)i) E (u(©)).
Then w(a) < u(a), and with inequality (1.11) we have established our main result. O
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