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Abstract

We show the existence of locally bounded global solutions to the chemotaxis system

ur =V-(D)Vu) = V- (4Vv) in Q x (0,00)

vy = Av —uv in Q x (0, 00)
oyu=0d,v=0 in 92 x (0, c0)
u(-,0)=ug,v(-,0) =vg in Q

in smooth bounded domains Q ¢ RV , N >2, for D(u) > su™=! with some § > 0, provided that m >
1+ 4.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction
Even simple, small organisms can exhibit comparatively complex and macroscopically ap-

parent collective behaviour. Bacteria of the species E. coli, for example, when set in a capillary
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tube featuring a gradient of nutrient concentration form bands that are visible to the naked eye
and migrate with constant speed. Following experimental works of Adler (see e.g. [1.2]), in 1971
Keller and Segel [14] introduced a phenomenological model to capture this kind of behaviour, a
prototypical version of which is given by

ur=V-(D)Vu) — V- (5Vv) in Q x (0, 00) 0

vy =Av—uv in  x (0, 00)
with D(u) = 1. Herein, u represents the density of bacteria and v is used to denote the con-
centration of the nutrient. In the model in [ 14], the diffusion coefficient D(u) is supposed to be
constant, thus leading to the typical effect of linear diffusion which causes any population to
spread with infinite speed of propagation. In order to avoid this (biologically clearly unrealistic)
behaviour, it might be desirable to allow for diffusion of porous medium type (i.e. D(u) = u™""),
cf. also [3, p. 1665].

Nevertheless, starting with [14], the model with linear diffusion has successfully been em-
ployed to find travelling wave solutions (see e.g. the overview in [37] and references cited therein)
and also their stability has been investigated [19,27].

In spite of the rich literature concerned with travelling wave solutions (for such solutions to
related systems see also [24,25,20], or [11,26]), little is known about existence of solutions for
more general initial data (see below).

The difficulty lies in the hazardous combination of the consumptive effect of the second equa-
tion on the nutrient concentration with the singular chemotactic sensitivity in the first: While the
second equation compels v to shrink, it is the cross-diffusive contribution of the chemotaxis term
that seeks to enlarge the solutions to (1). And it is this very term that is furnished with a large
coefficient whenever v becomes small.

For a moment leaving aside the logarithmic shape of the sensitivity in V - (3¥Vv) =
V - (uVlogv), we are led to the system

ur=Au—V-uVv), @)
vy = Av —uv,
which also appears as part of chemotaxis fluid systems intensively studied during the past six
years. (The interested reader can consult the introduction of [16].) Even in (2), global existence
of classical solutions is not yet known, apart from 2-dimensional settings [41] or under smallness
conditions on vg [35].

Although the mathematical difficulty in treating the system vastly increases when a logarith-
mic sensitivity is included, this form is important. Not only is it needed for the emergence of
travelling waves [14,13,32], there are also models giving a detailed mechanistic basis [45] and
experimental evidence asserting this form [12].

In those Keller—Segel models (cf. [10,9,3]) where v does not stand for a nutrient to be con-
sumed but a signalling substance produced by the bacteria themselves, i.e. the evolution is
governed by

ur=Au—xV-(5Vv),

v, =Av—v+u,
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the singularity in the sensitivity function is mitigated by v tending to stay away from O thanks to
the production term in the second equation. (For this system, global solutions are known to exist
if x is sufficiently small, where the precise condition depends on the dimension as well as on
whether classical [17,40,4] or weak solutions [34,40] are considered and on radial symmetry of
initial data [4,28]; but for large x also blow-up may occur in the corresponding parabolic—elliptic

system [28].) The proof of boundedness of solutions for y < \/% in [6] even relies on the second
equation actually ensuring a positive pointwise lower bound for v.

In (1), we cannot hope for such a convenient bound and thus have to deal with the influence
of the actual singularity in the sensitivity function.

Nevertheless, for D = 1, in the domains R? and R> a global existence result was achieved
for initial data that are H' x H'-close to (i, 0) for some % > 0 [38]. The proof rests on energy
estimates for a hyperbolic system into which (1) can be converted by means of the Hopf—Cole
type transformation g := % that had been introduced in [ 18] for the treatment of an angiogenesis
model.

More recently it has become possible to treat general initial data (the only restrictions being
positivity and regularity assumptions) for the system in bounded planar domains [43], where it
was shown that global generalized solutions to (1) with D = 1 exist whose second component v
moreover converges to 0 with respect to the norm in any L?(€2) for p € [1, oo) and to the weak-x
topology of L°°(2). If, moreover, the initial mass of bacteria is small, the solution becomes
eventually smooth [44] and converges to the homogeneous steady state. In [44] also an explicit
smallness condition on uq in Llog L(£2) and VInwvg in L2(2) has been found that ensures the
global existence of classical solutions.

Solutions emanating from large data, however, have not been proven to be bounded and might
blow up and cease to exist as classical solutions after a finite time, continuing only as general-
ized solutions in the sense of [43]. In higher-dimensional domains, even the existence of such
solutions is unknown. Only in a radially symmetric setting “renormalized solutions” have been
constructed [42].

In the present article, we aim to find solutions to (1) that are locally bounded and hence do
not blow up in finite time. For this, we will rely on stronger growth of D, i.e. on the nonlinear
diffusion we want to include. More precisely, we assume that with some m > 1, which will be
subject to further conditions, and § > 0

DeCspi= {d e C1([0, 00)); d(s) > 8s™ ! for all s € [0, oo)} .
In a first step we will additionally require strict positivity of D, i.e.
Dect, =|dec'(0,00):d(s) = 65" forall s € [0, o) and d(0) > 0]

and prove global existence of classical solutions to (1):

Theorem 1.1. Let N > 2 and Q C RY be a bounded smooth domain. Then for every § > 0 and
m > 1 satisfying

N
m>1+—, (3)
4
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every D € C;‘m and every pair (ug, vo) of initial data fulfilling

ug € C%(Q) for some a € (0, 1), vo € WH(Q), up>0, vo>0 nQ @

the initial boundary value problem

u =V (D@)Vu) = V- (SV0) in @ (0. Tuar) (5a)

vy = Av —uv in 2 x (0, Trax) (5b)
dhu=0 in 92 x (0, Tnax) (5¢)
hv=0 in 92 x (0, Tnax) (5d)
u(-,0)=uog in (5e)
v(-,0) =g in Q (5f)

has a classical solution (u,v) € (CO(Q x [0, Tpax)) N C>1(Q x (0, Thax)))? which is global
(i.e. Typax = 00).

Afterwards dropping the strict positivity assumption on D, we will use an approximation
procedure and finally prove the existence of global weak solutions that are locally bounded:

Theorem 1.2. Let N > 2 and Q@ C RY be a bounded smooth domain. Then for every § > 0 and
m>1+4 %, every initial data

ug € Lmm=1k gy, vo € WHe(Q), ug >0, vo > 0 (6)

and every D € Cs,, (5) has a global locally bounded weak solution (u,v) (in the sense of
Definition 4.1), which in particular satisfies

||u||LOC(QX(0’T)) <0 fO}" every T € (0, ).

We will devote Section 2 to the proof of local existence of solutions and an extensibility
criterion. In the proof of boundedness that follows, we will sometimes use the system

u;=V-(DWw)Vu) — V- (uVw) )

wy=Aw — |Vw|2 +u
obtained from the transformation w = — log(m), which has also been used in [43,44]. We
note that while the first equation seems more accessible in (7) due to the lack of any singularity,
it is (5), where the second equation is more amenable to the derivation of estimates on Vv.

The first stepping stone for the proof will be a spatio-temporal L>-bound for Vw (Lemma 3.2),
already giving some boundedness information for fé Jo |Vu™ = and [ou™"1(-, 1) for t > 0,
which we can use to obtain bounds on fot Jo IVu™=1] (Lemma 3.3) and thereby on fot lluell?,
for certain p, r and r > 0 (Lemma 3.5). One consequence of such bounds is a spatio-temporal
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L7-bound on Vv (see Lemma 3.7), derived with the help of maximal Sobolev regularity prop-
erties of the heat equation (cf. Lemma 3.6). Another is the (local-in-time) boundedness of
w (Lemma 3.9). This is important, as it will enable us to transfer bounds from Vv to Vw
(Lemma 3.10).

Bounds on f(; fQ [Vw|? now in turn will translate into control over fQ u? for some p
(Lemma 3.12). If p is sufficiently large, this entails L>°(2 x (0, T'))-boundedness of |Vv| and
|[Vw| and thus finally of # (Lemma 3.11 and Lemma 2.1 v)). Thereby, the solution is not only
locally bounded, but moreover exists globally, according to the extensibility criterion (15).

In Section 4 we rely on bounds already derived in the previous section to construct locally
bounded weak solutions to (1) with functions D causing possibly degenerate diffusion.

Notation. Throughout the article we fix N e N, N > 2, and Q C R¥ as a bounded, smooth
domain. When dealing with the solution to a differential equation, we will use T,y to denote
its maximal time of existence; in the case of (5) such T},,x is provided by Lemma 2.4. By —

cpt . . . .
and — we refer to continuous and compact embeddings of Banach spaces, respectively. We will
sometimes write D (u) for the concatenation D o u of functions. The number A > 0 will always
be the first positive eigenvalue of the Neumann Laplacian in €.

2. Local existence

We begin the proof by ensuring local existence of classical solutions in the non-degenerate
case. As a first step let us, for easier reference, collect some basic results on existence of and
estimates for solutions of certain parabolic PDEs.

Lemma 2.1.

i) For any T >0, g > N and r > N and every M > 0 there are C; > 0 and y > 0
such that for all nonnegative functions vy € Wha(Q) and u € L®°((0,T): L () sat-
isfying llvollwiaiq < M and \lullp<o,1);07 @) < M for the solution v € V, = {v €
L0, T); L2(2)); Vv e L2 x (0, T))} of

v=Av—uv, |, =0, v(.0)=uvo (8)

. LRNTe)
one has ”U”CV%(Ex[O,T]) < C;. If, moreover, u € C*2(Q2 x (0, T]) for some a € (0, y),

thenv e COQ x [0, T NCEITT(Q x (0, T). Ifu € L®°(2 x (0, T)), then v € C1(Q x
O, T).

ii) For any re(N, oo] there is Ci; = Cj; (r) > 0 such that for any T > 0 and any q € [2, oo] for
all nonnegative functions vy € Wl4(Q) and u € c*3 (€ x (0, T)) for some o € (0, 1), the
solution v € CV’%(Q x [0, T]) (for some y € (0, )) of (8) satisfies

IVV(, Dliza@) < Cii IVvolla@) + Cii llvoll Loy el Lo 0, 7); 27 () -

iii) Forevery T >0, 80 >0, M > 0 and K > 0 there is C;;; > 0 such that for every uge L°°(2)
satisfying 0 < ug < M and every g € (CO((§ x (0, T)))N fulfilling g - v =0 on 02 and
gl ooy < K, and for all A € L*(2 x (0, T)) with A > 8¢ in Q x (0, T), the unique weak
solution of
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ur=V-(AVu — g2)in 2 x (0, T), 81,u|3Q =0in(0,T), u(,0)=uginS, )]
satisfies

lullp=@x©,1y) < Ciii  and  ||Vul;2x0.1y) = Ciii- (10)

iv) For any T > 0, for any Do > 80 > 0, M > 0, K > 0 and a€(0, 1) there are C;, > 0
and y€(0, 1) such that for every A € L*°(Q2 x (0,T)) fulfilling 8o < A < Dy a.e. in
Qx(0,T), andforall ge (CO(§ x (0, T)))N with g-v=00n0Qand ||gll .~ @x0,1) <M
and all ug € C*(2) with IIMOIICQ@) < M, any solution u of (9) that obeys the estimate
lullpoo@x 0.1y < K satisfies

el % 0.7 = Civ- (11

Moreover, ifgeCﬂ’g (Q x (0, T) for some B > 0, then u € C>1(Q x (0, TY).

v) For every m > 1, 6§ >0, K >0, po>1, g1 >n+2 and T € (0,00] there is C, > 0
such that for every D € Cl(Q x [0, T) x [0, 00)) which obeys D >0, D(x,t,s) > gsm—1
for all (x,t,s) € Q x (0,T) x (0,00) and every f € C°((0,T); C%(Q) N C(Q)), with
S v =00n0Qx(0,T), satisfying || f | po(0,7);191 (2)) < K, for every nonnegative func-
tion u € CO(Q x [0,T)) N C>1(Q x (0,T)) that satisfies ||ull oo o.7y:1r0(0) < K and
ur <V-(D(x,t,u)Vu) + V- f(x,t) in 2 x (0,T) and Bvu|aQ <0on (0,T), we have
lu(, Ol Loo(q) < Cy for every t € (0, T).

Proof. i) Accordingto [15, II1.5.1], (8) has a unique weak solution v € V; in  x (0, T'). The first
part of the statement thus immediately results from [31, Thm. 1.3 and Remarks 1.3, 1.4], whereas
the second is a consequence of a uniqueness statement [ 15, I11.5.1] combined with the existence
assertion for classical solutions in [15, IV.5.3] (applied to ¢ (¢)v(x,t) for some cutoff function
Le € CSO([O, ), Le |(07%) =0, §€|(e’oo) = | for arbitrary € > 0). The third part — actually, even
Holder-continuity of Vv — is provided by [22, Thm. 1.1].

ii) Existence of a solution ensured as in the proof of i), we may rely on [30, Cor. 4.3.3] to rep-
resent v as mild solution via the variation of constants formula, and invoking [39, Lemma 1.3 iii)]
and [39, Lemma 1.3 ii)], we gain ¢; > 0 and ¢, > 0, respectively, such that with p :=max {q, r}
and by Holder’s inequality

Vo, Dl La) <c1 IVvoll e

1
1

L_1 Nel_1
+\/~02|Q|57; (1 =+ (l _S)_j_T(;_;))”uU(‘,S)”Lr(g)e_M(t_S)dS
0

<c1IVvollLa(a) + c3 llvoll Lo @) Nl Lo 0,7): 17 (22)) »

1 N1 1
where we have used that ¢ 27275 <1+ P for all o > 0 and all p€[1, oo] and set
3= fooo ) (2 + O’_%_%> e *1%do, which is finite because of » > N, and where we have taken

into account that by comparison arguments 0 < v(:, ) < [lvoll (g in €2 for all 1€(0, T').
iii) This is a combination of [23, Thm. 6.38] (estimate for Vu), [23, Thm. 6.39] (existence
and uniqueness) and [23, Thm. 6.40] (uniform boundedness).
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iv) The same theorems as in the proof of i) apply.
v) This is (part of) Lemma A.1in [36]. O

Lemma 2.2. For every positive function D € ([0, 0)), for every L > 0 and o € (0, 1) there
is T > 0 such that for every ug € C*(2) satisfying lluollceqy < L and every vy € Wleo(Q)
which satisfies vg > % in Q and fulfils ||v0||W1_OO(Q) < L there is a pair of functions (u,v) €

CO(Q2 x [0, TDNC% (2 x (0, T1) solving (5) in Q x (0, T).

Proof. Welet R := L + 1 > |lugl| oo + 1. For the choice of r := oo we obtain ¢; := C;; >0
with properties as described in Lemma 2.1 ii), and thereupon invoking Lemma 2.1 iii) for pa-
rameters T = 1, 89 = inf;=0 D(s), M = R, K = c{R(1 + R)L?e®, we are given ¢» := Cj;; > 0
as in (10). An application of Lemma 2.1 iv) for T =1, §o = infs-0 D(s), Do = supg,g D(s),
M =max {ciR(1+ R)L?e®, L} and K = ¢ provides us with 3 := Cj, >0 and y € (0, 1) as
in (11). With these, we choose T'€(0, 1) such that [|ug|| () + CgT% < R and introduce

S = {ﬁe COQ x [0, T]): 0 <7 < R, u(-,0) = up, | < 63} c 0@ x [0, T)).

|M”c%%(§x[o,n) -

(12)
For any u € S we define u(¢) := u(T) for ¢t € (T, 1] and note that the solution v of
y=Av—uv inQx 0,1, dv|,,=0 v(,0)=ving, (13)
satisfies
ol (e 2 0,0 = Gnfrg) e = o F (14)

in  for all 7 € [0, 1] and, by definition of ci, [[Vv(-, )lzo@) < ci1(1 + R) [lvollyicoq) <
ci(14+R)L.
We let u be the solution of

u =Vv- (D(ﬁ)w - %Vv) inQx 0,1, dul,,=0, u(,0 =uing.

Then by definition of ¢; and ¢3 (with g = %Vv and A= Do in (9)), lullpo@x 0,1y < c2

and ||u||Cy,%(§X[O,]]) < c¢3. Hence if we define ® (1) := M}QX(O,T)’ we have ||<I>(ii)(t)||Loo(Q) <

luoll Loy + 031‘% < R forevery t € (0, T) and every u € S, and thus & is a function mapping S
into itself, where S is a closed convex set in C0(§ x [0, T]). Moreover, ®: S — § is continuous:
We let € S and w* € S for all k € N such that 7% — % in C°(2 x [0, T']). Then, with respect to
Il oo (2 x (0, 7)) and with respect to the weak-*-topology of L®((0, T); WL2(Q)), the solutions
v¥ of (13) with @ replaced by ¥ converge to ¥ solving (13) with  instead of 7: Assuming on the
contrary that there were a sequence (k;);en such that for each subsequence (kj,, )men thereof the
sequence (vk’m )meN did not converge in the indicated topologies, from the uniform bounds on
|| vkl ”CV% @x(0.7]) and on || vk ||L°°((0,T);L°°(Q)) asserted by Lemma 2.1 i) and Lemma 2.1 ii),

respectively, we could conclude the existence of some subsequence (v¥),cy being uniformly
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convergent in Q x [0, T'] and weakly-*-convergent in L>((0, T); W!-*°()). By passing to the
limit in the weak formulation in the equations of the form (13) satisfied by v*, the limit can easily
be seen to coincide with the unique weak solution v of (13) with  replacing %, contradicting the

choice of (vk’)leN. We observe that hence and by (14), Z—ink A %Vi in L0, T); L*°(2)).

s (@x[0.T]) and ” Vo (u k) ”LZ(Qx(O,T)) as
obtained from Lemma 2.1 iv) and 2.1 iii) and again employing the weak formulation of the
equations defining ® (@*) and uniqueness of the solution ® (%) =u ofu; = V-(D(u)Vu — %Vi),
dit] o, =0, u(-, 0) = uo, we finally see that ®(@*) — (@) in CO(Q x [0, T]).

We note that SCC? (2 x [0, T]) is a closed bounded convex set and ®(S) is relatively compact
in C? Qx1[0,T), owing to the uniform Hoélder bound c¢3 and Arzela—Ascoli’s theorem, so that
we can apply Schauder’s fixed point theorem to find u € S such that ®(u) = u. Due to the
regularity assertions in Lemma 2.1 iv) evenu € C 2@ x (0, T1); also the corresponding solution
v of the second equation belongs to this space by 2.11). O

Similarly taking into account bounds on ||®(ﬁk) ||

Lemma 2.3. Let T > 0. If on Q x (0, T) there is a solution (u, v) to (5) such that

sup |lu(-, 1)l Loy < 00,
1€(0.T)

then there is T > T such that there is a solution to (5) in 2 x (0, 7) which on Q x (0,T)
coincides with (u, v).

Proof. Successive application of comparison arguments in (5b) and of Lemma 2.1 parts ii), iv)
and 1) show the existence of « > 0 and M > 0 such that

=M, |l

L <M.
C* 2 (@x[0,T]) —

. 1
inf v>—, ||v||Loo((0’T);W1.DO(Q)) <M, |ul C“’%(ﬁx[O,T]) -

Qx(0,T) M

Due to the uniform continuity of # and v,

Ho(x) := lim u(x, 1), To(x) := lim v(x, 1), XeQ,
t /T t /T

are well-defined and satisfy M > vy > % in Q as well as ||i[0||ca(§) <M.
Picking a sequence (fx)ken /' T and referring to ||vll oo o, 7): wi.o()) < M, we may con-

clude the existence of a subsequence (f,);en such that Vu(-, #,) A Vg in L®(Q) as [ — oo,
and thus infer [[Uplly1.00(q) < M. According to Lemma 2.2, we can find 7 > 0 and (#,v) €

(CO@ x [0, 7]) N C21(@ x (0, 7)) solving
0 =V. (D(ﬁ)vﬁ— Zv’ﬁ) L T =AT—@ inQx(0,1),
v
it]yq = 09,5 =0, u(-,0) =1io, V(-,0) = V.

Letting
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(ﬁ 5)( t) — (M,U)(',t), t <T,
S @G =T), telT, T +0),

we obtain a weak solution of (5) in  x (0, T + t), which by Lemma 2.1 parts iv) and 1) is
classical. O

Lemma 2.4. Let a€(0,1), m=1,8>0. Forevery D € Cs.m, Uo € C“(ﬁ),_vo e Whe(Q),
uo >0, v9 > 0in Q, there is Ty > 0 and (u, v) € (CO(Q x [0, Trnax)) N CZ1H(Q x (0, Thax)))?
such that (u, v) solves (5) and

Tinax =00 or limsup |lu(-, )] foo(q) = 00. (15)
t/Tmax

Moreover, u > 0 and 0 < v < |lvoll oo () throughout 2 x (0, Tyyax).

Proof. We let ug € C*(2) and vg € W1-°°(Q), define

S={(tu.v); 1€(0,00), 4,0 € CO@ x [0, Ta)) N C*! (@ X (0, ) (ut,v) solves (5)]
and introduce the order relation < given by

(tr,ur,v1) 2 (2, u2,v2) : = 11 <, u2|(0,1y) = U1, V210,1y) = V1.

Every totally ordered set M; = {(¢#;, u;, v;); i € I} with arbitrary index set / has an upper bound
(sup; g ti, u, v), where u(t) = u; (v) if € (0, #;) and v is defined analogously. (This yields well-
defined functions, since u;, (1) = u;,(v) if T € (0,#,) N (0, #;,), because M is totally ordered.)
Moreover, S is not empty, according to Lemma 2.2. By Zorn’s lemma there is some maxi-
mal element (Tj4x, U, v) € S. Assume that lim SUP; AT, lu(, )|l ooy < 00. Then Lemma 2.3
immediately yields T > T such that (T, %, %) > (Tpax, u, V), contradicting the maximality of
(Tmax,u,v). O

3. The nondegenerate case. Proof of Theorem 1.1

This section is devoted to the derivation of estimates for the solutions, so as to finally obtain
their global existence by means of the extensibility criterion (15).

For some manipulations in (5a) it would be more convenient to deal with a nonsingular chemo-
taxis term of the form V - (uVw) instead of V - (5 Vv). For this purpose, we employ the following
transformation and, given a solution (u, v) € (C%(Q x [0, Tyuax)) N CZ1(Q x (0, Thax)))? of (5)
for initial data (uq, vo) as in (4), let

w:=—1lo in Q x [0, Truax)- (16)

g —
lvoll Lo ()

Then w > 0in  x (0, Tjnax) and (u, w) € (CO(Q x [0, Thax)) N CE1(Q x (0, Thax)))? solves
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u;=V-(DWw)Vu +uVw) in Q x (0, Tyuax) (17a)
w, = Aw — |Vw|> + u in 2 x (0, Tuax) (17b)
u=0=0,w in 322 x (0, Tpax) (17¢)
u(,0)=ug, w(,0)=wp:=—log—2 —  ngQ, (17d)
lvoll Lo (@)
where (ug, wo) satisfy
up>0, wp>0, woe WI’OO(Q), up € C*(RQ) for some « € (0, 1). (18)

Evidently, given |lvg|lpq) every solution (u,w) to (17) yields a solution to (5) via v :=

lvoll ooy e
We will proceed in several steps, the first being the following simple observation that the
bacterial mass is conserved throughout evolution:

Lemma3.1.Let T >0,6>0,m€R, D €Cs and letu € CO(Q x [0,T)) N C>'(Q x (0, T))
solve (5¢), (5a) with some v € C*1(2 x (0, T)) or (17a), (17¢) with some w € CE1(Q x (0, T)).
Then, with ug :=u(-, 0),

/‘u(‘,t) =/uo foreveryt € (0, T).

Q Q

Proof. This is an immediate consequence of (5a) or (17a), obtained upon integration over 2. O
In (17), a spatio-temporal L2-bound for Vw can be inferred rather directly:

Lemma 3.2. Letm € R, § >0, T > 0 and (u, w) € (C°(Q x [0, T)) N CZ1(Q x (0, T)))? be a
solution to (17) for any D € Cs . Then, with ug :=u(-, 0), wo := w(-, 0),

t
//|Vw|2§/wo+t/uo foreveryt € (0,T).
0 @

Q Q

Proof. In order to see this, it is sufficient to integrate the second equation of (17) and take into
account Lemma 3.1. O

This bound can be transformed into a first information on derivatives of u:
Lemma 3.3. Let m > 1, § > 0. For any K > 0 there is C > 0 such that for any D € Cs y, any so-

lution (u, w) of (17) emanating from initial data (uo, wo) as in (18) with [[uo |l pmaxiim-1y(q) < K,
||w0||L1(Q) < K obeys the estimates

t
//u2m—4|vu|2 <C(+1) forallt € (0, Tyyax)
0 Q
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and
t
ffD(u)u”’_3|Vu|2§C(l+t) forallt € (0, Tpax)
0 Q

as well as

/um_l(-,t) <C(+1) forallt € (0, Tyax)- (19)
Q

Proof. Due to (17a), on (0, Tj,4) We have

dr

d " V= (m— 1)/um*2v-(D(u)w+Ww)
Q Q

=(m—1)(2—m)/D(u)um*3|W|2+(m— 1)(2—m)/um*2w-Vw. (20)
Q Q

We note that by Young’s inequality

8 3
/u”’_ZVu-Vw < §/u2m_4|Vu|2+%/|Vw|2 on (0, Tax)- 1)
Q Q Q

The sign of (m — 1)(2 — m) in (20) depends on the size of m and we therefore distinguish the

following cases:
If m € (1,2), (20) together with (21) and Lemma 3.2 yields

t t
1 )
5//D(u)um_3|Vu|2+g/./uzm_4|Vu|2
0 Q 0 Q

t
1 1 3
Ty YT
—(m—l)(z—m)/“ CO= T ham ] T 5 IVl
Q Q 0 Q
m—1

< ! Q=T / ;3 / +t/ f t € (0, Tyax)

_— m— u —_— w u or an . .
= (m — 1)(2—771) 0 13 0 0 y max

Q Q Q

(22)

If m > 2, (20) and (21) can be combined to give
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;/ m—1 ¢ _;/ )n—l+1//D m,3v 2
m-Dm-2) " T monm=oy ) 3] PV
Q Q Q

t
)
+§// 2m— 4|Vu| <_//|Vw| for any ¢ € (0, Thax),
0 Q

which allows for a similarly obvious definition of C as (22). This inequality also entails (19) for
m > 2, the only case that does not immediately result from Lemma 3.1.
If m = 2, apparently the consideration of & i fQ m=l — I fQ u = 0 does not help in achieving

an estimate for fO Jqu? = Vu|* = fo Jq IVu|?. From the analogously obtained

D(u 3
—/ulogu+ / @ up + 2 f|w| /|W|2+5/|Vw|2 on (0, Toas),
Q Q

however, we can derive the same form of estimates as in the other cases. O

For convenience let us recall those special cases of the Gagliardo—Nirenberg inequality we
are going to use in the following:

Lemma 3.4.
1) Let0<q§p§%(0r0<q§p<ooifN=2)andlets>0and)/>0. Then there is

¢ > 0 such that

lll} ) < €IV o) el ol +e Nl forallue WH2(Q)N LY N LY (Q),

where

=

Q=

+ ==
z|=

|

D=

ii) Let p,q € (1,00) be such that p(q — N) =q(2p — N)a for some a € [%, 1). Then there is
¢ > 0 such that

1
IVl ) < € 1AV g 101 E% ) + ¢ 0]

forall ve W2P(Q) N Wh4(Q) N L®(Q) with 3,v =0 on IS

Proof. The Gagliardo—Nirenberg inequality can be found in [29, p. 125], [5, Thm. 10.1] or in
[21, Lemma 2.3] (where also the case of p, g < 1 in i) is covered); replacing D?v by Av in the
standard formulation of ii) is possible by, e.g., [5, Thm. 19.1]. O

Aided by the Gagliardo—Nirenberg inequality, in the next step, as consequence of the esti-
mates from Lemma 3.3 we shall acquire the bound (23), which will be featured as condition in
Lemma 3.7 and Lemma 3.8, and can be seen as an important ingredient of the proof of Theo-

rem 1.1.
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Lemma 3.5. Let K > 0, T € (0,00), § > 0 and m > 1. If either

)m=<2,r>1, p>1satisfyp<2—N(m—1)andr(1—%)§2m—3+%0r
i) m>2,r>1landpem—1,3% z(m—1)]aresuchthat(ﬁ—%)r§1+%,

then there is C > 0 such that whenever (u, w) € (C°(Q x [0, T)) N C>1(Q x (0, T)))? solves
(17) for some D € Csy and for initial data (uo, wo) with (18) and |[uoll pmaxiim-1yqy < K,
lwoll L1 @) < K, we have

/||u||2,,<9)<0(1+tf+1) forallt € (0, 7). (23)

Proof. i) Due to m > 1, the inequality p < 2N

p
- Nz,andp>1

ensures —1 > mT Thus, the Gaghardo—Nlrenberg inequality (Lemmq 3.4 1)) yields ¢; > 0
such that with

m—1—m=L
P

_1_,___%’

——a <2, forall t € (0, Tyax) We obtain

/uunm) fH |
1

t
r r
_ w1 (1) =
<c HVum ! " +c1 Hum L (e
Lm=1(Q) Lm—1(Q)
0 0
L (l-a) ; ' T

2 m
<c /uo /<1+ "Vum_1’L2(9)> +61/ fuo )
Q 0 0

Q
where we have used Lemma 3.1, and can conclude the proof with applications of Lemma 3.3 and
Young’s inequality.
ii) From Lemma 3.3 we obtain ¢; > 0 such that

m— l

Lm m=T (Q)

’
m—1%

L2(R)

m—1

t
/um_1(~,t)§cz(l+t) and //IVum_1|2§cz(l+l‘) for all 7 € (0, Tyax)-

Q 0 Q
The fact that p € [m — 1, N 2(m — 1)] entails both >1 and 7 < % Therefore, with
m—1
_ - T
1+ 4-3
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Lemma 3.4 i) produces c¢3 > 0 such that for all # € (0, Tyqx)

t t
[ 1ty = [ !
0 0
t
§C3/ HVum_l
0
t

r(1—a) el 2
e+ [ (] var|
0

hs —

r
m—
L m—1 (Q)

t

—La r(l—il)
m um—l ‘ m +c3 Hum—l
L%(Q) LY(Q)

0

_r_
m—1

1
Lm=1(Q)

et 1) +c3lluolly s g 1 < ca+est"™,

where we have used that mr fl <2 and, aided by Lemma 3.1 and the trivial inequality r rll__“l <r,

chosen suitable positive constants ¢4 and ¢5. O

As preparation for exploiting (23) in the second equation of (5), we recall

Lemma 3.6. Let p,q € (1,00). Then for every T > 0O there exists C > 0 such that for every
7€ L1((0, T); L?(2)) the unique solution of

y=Av—2z inQx0,7T), d&v[,=0, v(.0)=0

satisfies

T T
[ 180080 =€ [ 120
0 0

Proof. We obtain this lemma as straightforward consequence of well-known maximal regularity
assertions, cf. [7,8]. O

Lemma 3.6 empowers us to develop (23) into useful knowledge about the gradient of v:

Lemma 3.7. Let p > Ny >p, 2— %)r >1—N, and

ge(l,N+@2—Drl, ifp=N
ge(LN+C=Drin(, y£), ifS<p<n.

Then for every K > 0 and T > O there is C > 0 such that for every vy € WH®(Q) with
lvollwi.eo(q) < K, and every u € L"((0, T); LP(S2)) for which

T
/ ||M||2p(g2) <K 24)
0
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is satisfied, the solution v of (5b) fulfils

T
/fwvw <C. 25)
0 Q

Proof. In order to prepare the application of Lemma 3.6, we decompose v(-, f) = (-, 1) +e'®
in  x (0, T'), where v solves

Uy =AY —uv, v(-,0)=0, av’ﬁmzo.

By nonnegativity of vy and uv, we clearly have 0 <7 <v <K in Q x (0, T).
Weletg <N+ (2— ﬂ)r and without loss of generality assume g > 2 p (which is possible

since2p=N+2p—N<N+Q2p-— N)’—N+(2 N)randa1302p< 1fp€(2,N))

We note that g < N + (2 — )r implies that r > (2] ¥ = (gp NZ)\,p and hence W1th
P
_ rlg—N)
q2p—N)

we have ag < r. Moreover, g > 2p ensures that pg — Np > pq — —q = %q(Zp — N) and
thus a > % and, furthermore, (p — N)g > —Np, which is obvious for p > N and holds by
assumption on ¢ if p < N, entails 2pq — Ng > pq — Np and hence a < 1. Accordingly, from
[39, Lemma 1.3 iii)] and the Gagliardo—Nirenberg inequality (Lemma 3.4 ii)) we obtain c¢; > 0,
c3 > 0, respectively, such that we have

T T T
//|W|q 524f/|w’%0|‘1+2q//|v5|q
0 Q 0 Q 0 Q

<aT [Vl q(Q)+2q/||VU||Lq(Q)

T

1 ~
<aT|Ql ||Vvo||Loc<g)+cz/ AT g IT15 <o +Cz/ 171 -
0

Since ag < r, due to Young’s inequality and boundedness of v this estimate can be turned into

T

T
/f|Vv|" =c3 +C4/ ||A’5||ZP(Q) ,
0

0 Q

for some c3 > 0, ¢4 > 0, where we may invoke the maximal Sobolev result of Lemma 3.6 for
T T
z=uv and hence |, Izllyp gy < K" I llull 5 gy to conclude (25) from (24). O
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Another consequence of (23) is (local-in-time) boundedness of w:

Lemma 3.8. Assume thatr € (1, 00), p € [1, 00) are such that 5—— 2p(r 5 < 1. Then for every K > 0

there is C > 0 such that whenever, for some T > 0, w € CO(Q_X [0,T)) ncz! (Q_X (0, 7)) solves
(17b), (17¢), (17d) for some wq as in (18) and some u € CO( x [0, T)) NC>1(Q x (0, T)) such
that |woll L) < K, |—512‘ fQ u(-,t) < K on (0, T) and moreover

[ 10y < .
0

then
wx,t)<CA+1) forall (x,t) € 2 x (0,T).
Proof. By nonpositivity of —|Vw|?, we have that 0 < w < @, where @ solves
Wy =Aw+u, whw|y,=0, w(,0)=uwo.

For this function we can estimate

ds+u-t forallre(0,7),

t
1B = Bollia + [ [0 @l -]

(26)

where u = |_slz\ fQ u(-,t) < K. For assessing the integral in (26) we invoke [39, Lemma 1.3 1)] to
obtain ¢; > 0 such that

t
(=N (0. oy _ 7 ” d
/He (u(-,s) —u) L@ s
0
t

_N
< [(140 =975 )0 ) =Tl

0
(27)
t )
AP H -5\ —hio
<c (1+<z—s> ) e a9l oy ds + e KIQPP [ (14077 ) e7do
0
o0 , t o0
l =T ot r 1 XN\ o

<c 2p e M%7 1do + ¢y (s )pp ) +c1KI2IP (1+a 2P)e %do

0 0

forall r € (0, T). Collecting the constants in (26) and (27), we see that for all (x,7) € Q2 x (0, T)

w(x, 1) < [[W(, )|l < CA +1),
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where
00 00
» -2\ o N\ = 7)L o
C:=K+c K+ K|Q|r <1+g 2p)e 19do + ki 1_|_0 2p 1 rldU
0 0

which is finite due to % < 1 (and its consequence % <1). 0O
If we can find parameters that allow for an application of Lemma 3.5 and Lemma 3.8 at the
same time, we can conclude boundedness of w. This is the goal we pursue in the following

lemma:

Lemma 3.9. Let
N
m>14+— 28)
4
and § > 0. Then forall T € (0, 0o) there is C > 0 such that for every D € Cs ,, and every (ug, wo)
as in (18) with |luol| pmaxti.m-1)(qy < K, llwoll (@) < K, any solution (u, w) € (@2 x[0, T)HN
C>1(Q2 x (0, T)))? of (17) satisfies

wx,t)<C forallx € Qandallt € (0, T).

Proof. Let us first consider the case m € (2 — %, 2] (that is of interest only if N < 4, because m
is supposed to satisfy m > 1 + %) and observe that by (28), we have

3. ifN=2] 5 1 LN s 1N 2 5,13,
> = — — 4+ — - - —— 4+ ——=N.
"o own=3[ T4 2N T3 4 2N "8) TaTNT8

Therefore, we see that

4m* — 10 +4 Nm+5 4+3N>0
m”—10m+ —m — Nm - —+=

N N 2
and hence

(N=2)m 3 =Nm 3N 2m +3 < 4m® — 8m + 4m 4m 48 4
— —Z)= —_IN=— < — —m— - —
2 2 N N

2
=2m -1 (2m -4+ — ),
(m )(m —i—N)
so that

Nm-3) 2N
<
2m—4+% N-2

(m—1).
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N(m—3)
2m—4+%"’

Since moreover %(m — 1) > 1, it is possible to choose p > 1 such that p € (

2N (m — 1)). With this choice of p we let

2
_2m—3+ﬁ
1—-1

4

and note that 2m — 3 + % >4 — % —3+% =1>1- % entails r > 1. Hence Lemma 3.5 i) is
applicable. Moreover,

2p<l 1)_21) { 1_%
N r) N 2m—3~|—%

p(2m—3+%)—p+1 2 N(m—%)—l—l

2
N 3.2 N om_3+ 1y
2m -3+ 5 2(m =35+ )

and we can additionally invoke Lemma 3.8 so as to obtain the desired boundedness of w on
Qx(0,7).
Ifm>2(andm > 1+ %), we note that

N%(m —1) N*m—1)  N*m—1) 2N = 1)
< m—1).
AN(m—1)+4m—1)=2N oN¥ 4% _oN N _ N N-2
Since m > 2,
2
I+ % 14 2 142 4 4
i ,

m—1 N N N2

and hence
1 2 2+ 4 2 2N(m —1)+4(m —1)—-2N
—_——l-—_< =4 = - = .
m—1 N N N2 N@m-1 NZ(m —1)

Therefore we can pick p € ( NP (m—1) (m — 1)) such that l > -1-%

2N(m— 1)+4(m 1)—2N> N 2 m—
and p > m — 1, and we let r —— = _F)r51+ﬁ’
warranting applicability of Lemma 3.5. Moreover, p > 2N(m—1;l)2-|(—’zl1(;11—) = entails % < % +

2
(%) — N(; and thus X oy 1+ N) % <1+ % - — + L and hence, finally,
1 1
£<1_m—1_;= _l
2p 1+ 2 r’

which permits us to employ Lemma 3.8 and conclude. O
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Lemma 3.10. For every K > 0 and every q € (0, oo] there is C > 0 such that for all T > 0 and
allve COQ x [0,T))NC*1(Q x (0, T))

1 .
lvoll oo () > T W= K inQx(0,T), and |Vvlraaxor) =<K
implies
IVwllra@xo,1y) < C

Proof. Since w < K, we have v = [lvgll 0@y e™" = llvoll L () e~ X, and immediately obtain
L < llvollhe g X < KeK in @ x (0, 7). Thus

<KX IVlla@xonm < KPeX=C. O
L9(Q2x(0.1))

1
IVwllza@x0,0)) < ;Vv

Lemma 3.11. Let § >0, m > 1, g > 2 and p > 1. Then for every K > 0 and T > O there is
C > 0 such that the following holds: If ¢ > N and

-2
m<2,  p=m-—=, p<(g—Dm-1+1_= (29)
q N
1 —2)(N +2
or  m=2, pzz(l——)(m—n, pi(m—1)<z+w>, (30)
q 2 2N
then for every function w € Cc(Q x [0, T)nN Cx(Q x 0, T)) with

t

//|Vw|‘1 <K forallt €(0,T),
Q

0
any solution u € CO%(Q x [0,T)) N C>Y(Q x (0,T)) of (17a), (17¢c), (17d) with
luoll pmaxti.m—1y (@) < K and some D € Cs y fulfils

/u”(-,t)sc forallt e (0,T).

Q

Proof. Either of (29) and (30) implies p > m — 1. Moreover,

N-2 _g-2 ptm—1

. 31
2N = 2q p—m+1 G
Let us first consider the case m < 2. Then p > m — % implies p —m + 1 > qq;Z and hence
2 2 — 1
N + 32)

m+p—1_q—2.p+m—1'
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We now let
mip=1 _ ¢=2 ptm-1
a:= 2qg p—m+l1
m+p—1 1 1
> TV 2
and observe that
2 —m+1
a1 P <2, (33)
q—2 m+p-—1

becausep<(q—1)(m—1)+‘17 1mp11esthat Lp- p—( 1)p—q2p<2(‘1 (m —
D"’N:(l p)(m—1)+ﬁ=m—1+q_2(m—1)+N,thatls,q_z(P—m'l'l)S

m+p—1+%mﬂMmeﬁﬂp—m+n—1§On+p—D+%—LWMthMO

m+p—1 qg—2 p+m—1
g 2 p—mAl T T g pemit 2 pom+tl
g—2 m+p—1 m+1’1+__% qg—2 m+p—1
p—mtl 29 4
_ 2 q—2

1 2 52
s(m+p—-D+5-1D

From Lemma 3.1 we obtain c¢; > 0 such that

+p—1
u

Due to (31) and (32) we can apply the Gagliardo—Nirenberg inequality in the form of
Lemma 3.4 1) to obtain ¢, > 0 such that

m+p—1,2g p—m+l
/ (pt+1=m) 725 2—/14 7 (G2 1)

H 2 =y forallt € (0, 7).
L m+p—1 (Q)

Q Q
p—m+1
m+p—1 q_2 m+p—1
=|u 2 2q_ p-mtl
L4—2 m+p—1I (Q)
29 p—m+l 21] p—m+l 2q p—m+1
m+p 1|4 g=2 m¥p-1 m+p—1 (1— a) m+p71 m+p=1 || g=2 mFp—1
<c||Vu 2 +ofu 2 2
L2(Q) Lm+p mEp=T1 (Q) LmTr=1(Q)
2q . p—m+l . 2q_ p—m+l 29  p—m+l
(1—-a)- 1 m+p—1 |4 q=2 m+p—1 7" 1
=00 R v/ +cacf” mrp- (34)
L2(Q)

on (0, 7).

In obtaining such an estimate for m > 2 we could use the same argument. It is, however,
possible to obtain better conditions by relying on Lemma 3.3 instead of Lemma 3.1. Apart from
that, the reasoning is analogous: We have p > 2(1 — —)(m — 1), which implies gp > (¢ — 2 +
qg)m —1),thusg(p —m+ 1) > (m — 1)(¢ — 2) and hence
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2m —1 2 — 1
(m )S qg p—m+ 35)
m+p—1~—"g—-2 p+m—1
and let
m+p—1 _ g=2 pt+m—1
b 2(m—1) 2q  p-m+l
m+p—1_|_i_l ?
2im—1) T N 2
noting that
2 —m+1
po L PZME L, (36)
q—2 m+p-—1
becausepf(m—1)(%+(']_2%M)1mphesthat(——l)( pl)_ = 1§N1'\,"2+q22
andhence%—ﬁ( L )<L 1+N+2 m;,:p l—i-N,Wthh howstht’z’( “;)1
quz 1< m+p +——1and therefore also
m+p—1 q—2 p+m—1
2q p- m+1 _ 2m=D) ~ 2g " p-mHl 2q .p—m+1
_ m+p—1 1 1 — —
q 2 m+p—1 TolD TN 2 qg—2 m+p-—1
_q . p—m+l 1
_q—2 2(m—1) 52
m+p

1
2(m— 1) + N 2
Lemma 3.3 yields ¢3 > 0 such that

m+p 1

. I)H vy <c3 forallz e (0,T)
L m+p— ](Q)

and hence (31) and (35) enable us to invoke the Gagliardo—Nirenberg inequality and obtain ¢4 >
0 such that on (0, T')

q m+p—1, 2q —m+1
/M(PH—’")m Z/MT(W mFp=T)

Q Q

m+p—1
= (|Uu 2

2qg p—m+l
q—=2 " m+p—1

2q_ p=m+l
Lq—2 m+p-1 (Q)

2 —m+1 2 —m+1 2 p—m+1
m+p—1 a'qiqu.fnerfl m+p—1 (17(1)4%25‘?1,71 m+p—1 qTq2‘£n+pfl
<cC4 H Vu—2 ‘ u H 2(m—1) +c4 HM 2
L2(Q) LmTr=1(Q) Lm+p=1(Q)
- 2q_ p=m+l 2q_ p—m+l
(I—a)- 2(1 -pomil mtp—1 || 4 G5 g p—1 =
< C4C3 2 mtp—T 5 q P + C4C§1 2 m+p—1 . (37)
L2(Q)

From either (34) and (33) or (37) and (36) (and possibly Young’s inequality) we hence find
that with some c5 > 0 we have
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L (PH1=m mip=3 )12
7 < ¢s H : Vu‘ +¢s on(0,T). (38)
L2(Q)

Q
In

1d

dt u? + (p — 1)8/up+m_3|Vu|2§ (p—1 /u”_IVrow on (0, T)
p

Q Q

we can apply Young’s inequality to see that on (0, T')

18 —1
(p—1) /ul’*lw.w) <2 - (P~ Z ) ful’+m*3|vbt|2+pT/uP*'"“WwF.

Q Q Q

A further application of Young’s inequality allows us to separate # and |Vw]| in the last integral
according to

_f T cs(P )fIV I)S/M(P-H—m)qu’ on (0. 7).

Q

Therefore, due to (38), in total,

1d —1)8 —1)s -1
——/ul’+uful’+'"*3|v”|25 =13, e )/IVw|q on (0, T).
pdt 2 4 83

Q Q

Integration with respect to time produces the lemma. O

We are particularly interested in applying the previous lemma for some p > N, because for
such p, a bound on fQ u? on some interval [0, T'] already ensures uniform boundedness of Vv
(and hence Vw) on € x [0, T].

Lemma 3.12. Let § > 0. Assume that either

1) 2__<m<2 N>2 q>Nandq>1+N,],YJ1rV]+1»0"

2N242m2+2m—4

i) m>2,N=>2q>Nandq> =500

Then there is p > N and for every K >0 and T € (0, 00) there is C > 0 such that whenever
ueCoUQx[0,T))NC*1(Q x (0,T)) solves (17a), (17¢), (17d), with some D € Cs s, some ug
as in (18) and such that ||ug || pmax(1.m-1(qy < K, and some w € CO@x [0, THNCE Q% (0,T))

satisfying
T
//IVWI"SK,
0 Q
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then

/up(~,t) <C  forallt€(0,T).
Q

Proof. 1)Forq 2wehavem—%—m—l—(q—l)(m—l)—i—q andbecausem>2—ﬁ
for every ¢ > 2 we have

d 2 2 <1=2 ! + 1+ ! 1+ !
—m—=)== =2———-—m+m- —<m-— —
dg g g%~ N N N

4 (G-nm-n+12

=— —1(m — —.
dq i N
N2+] _m 1+ +N
Thereforem——<(q—1)(m—1)+ Furthermoreq>1+mN_N+l . implies

that

(@ —Dm—1)+ 122 TR 2N
—D(m— ——=qg|m-— — -m——>N.
q N 1 N N

Hence it is possible to find p > N such that p > m — % and p<(g—1D@m—1)+ % and an
application of Lemma 3.11 proves the statement.
ii) Since x + % > 2 for all x > 0, and since ¢ > 2, we have

b 2.4, ,4=-2Dm+2)
2N

Q
[\

_ 2 o2 2m—
and hence 2(1 — é)(m —-D=m-D{E+ w) The fact that g > % =

WM(2N2+(2m+4)(m—l))_(2N1+2m+4)N+ — shows that g(N +m +2) >
BN (@(N +m+2) —2m —4) = Bl (NG + (g —2)(m +2)) =
(m — 1)(% + %). Therefore we can choose p > N such that

(61 2)(m +2) 1
p<(m-— 1)< T) and p>2( q)(m—l)

and apply Lemma 3.11 for this choice of p to obtain the assertion. O

The previous lemma requires a bound on some fOT fQ |Vw|4. Fortunately, this is exactly what
we have prepared in Lemma 3.5, Lemma 3.7, Lemma 3.9, and Lemma 3.10.

Lemma 3.13. Let m > 1 + % and § > 0. Then there is p > N and for every K >0and T > 0
there is C > 0 such that every solution (u, w) € (C°(Q2 x [0, T))NC>1(Q x (0, T)))? of (17) with
initial data (uo, wo) as in (18) and with |luolli;1(q) < K, llwollwi.ecoqy < K and any D € C;m
satisfies
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/up(~,t)§C foreveryt € (0,T).

Proof. By the choice of m, from Lemma 3.9 we know that we can find C > 0 such that for any
uo, wo and D as above, any solution (u, w) € (C°(Q x [0, T)) N C>'(Q x (0, T)))? of (17)
satisfies 0 < w < C in 2 x (0, T). Lemma 3.10 therefore warrants that the desired conclusion
results from a combination of Lemma 3.5 and Lemma 3.7 with Lemma 3.12 — provided that there
are parameters p, g, r that simultaneously satisfy all conditions posed by these lemmata. This is
what we ensure in the remainder of the proof:

Case N =2, me (3,2]: Welet r =4(m — 1), p=2, and ¢ = 4m — 2. Then r(l — %) =
d(m —1)(1 — %) =2m—1)<2m—2=2m—3+ %, which enables us to invoke Lemma 3.5 1).
Moreover, m > % implies 4m —4 > 2 and thus r > p,and we have g =4m —2=2+4m — 4 <
24+ Q2 - 2)4(m —H)=N+02-X% )r Therefore, Lemma 3.7 becomes applicable. Thanks to
qg=4m—-2>4. ——2 4>2= Nandthankst0m> ,henceq=4m —-2>4.32-2>

1+-—2—>1+ 2m =1+ NN +1_ holds true, facﬂltatmg the use of Lemma 3.12 1).

NI

23_1 m—N+1
Case N —3 me(4, 2]: Hereweletr—p—Zm—— Then p>1,r>1, p—2m—%<
bm — 6= 3= (m—l) andr(l——)—r—l—Zm———Zm—3+N,sothatLemma?S
i) can be used Since m >% ﬂ > %g,we have that 12m% — 19m — i =12(m — )m— 5
12087 -8 =18 =2215 5 gand thus 3m +8 < 12m> — 16m + 2 (4m— )(3m — 2)
i.e.2p > 3248, Furthermore, p = 2m——<4 t=%<3andp= 2m—— >1- §_2168_
163 3 , so that consequently, also 3 >2p holds. We chooseqe(3m 8 2p), thereby ensuring

1
the applicability of Lemma 3.7. Since finally ¢ > % = m+’ =1 5= =1 + 3+3

r and

-3 3

q > ;ﬁ% 1+ 3m 5 _l+ ) 2 =3 >3>2wemayalsodraw0nLemma3 12 1).

Case N>2, m>2, m=>1+ T' Letr:=p:= 2%(111 — 1). Then obviously p =r > 1.
Moreover, p < %(m — 1) (because % > 2+13N is equivalent to 2N% > 2N% +2N —4N — 4
and hence to 0 > —2N —4) and

1 1 N+1 N+2
(———)r:L—lzz—Jr—l— LA

’

2
m—1 N N ~ N
so that the conditions of Lemma 3.5 ii) are satisfied. We furthermore let g :=2p = w (m—1)
and note that p > %, since 2%(m 1H>2- NHN = % > %, and that g < 2p =
2r + N — NZ, that moreover either p > N or p < N and g =2p < NN—f;, because p > %
and therefore Lemma 3.7 is applicable. In order to see that these choices also make the use of
Lemma 3.12 ii) viable, we first investigate the polynomial

Py(m):= (2N +2)m> + 2N? + N)m?> + (—4N?* — 11N — 6)m — N> + 2N> + 8N +4. (39)

It is extremal whenever P}, (m) = (6N + 6)m* + (4N? + 2N)m + (—4N? — 11N — 6) =0,
which is the case for exactly two real numbers that lie in (—o00, 2), because for m > 2 we have
P (m) > (24N +24) + (8N2 +4N) + (—4N? — 11N — 6) > 0. We claim that Py (m) > 0 for
any m > max {2, 1+ %} and for this compute Py (max {2, 1+ %}):

Please cite this article in press as: J. Lankeit, Locally bounded global solutions to a chemotaxis consumption model
with singular sensitivity and nonlinear diffusion, J. Differential Equations (2016),
http://dx.doi.org/10.1016/j.jde.2016.12.007




YJDEQ:8644

J. Lankeit / J. Differential Equations eee (eeee) eee—see 25

Pn(2) = 16N + 16 + 8N2 +4N —8N? — 22N — 12 — N> + 2N% + 8N + 4
=—N?>4+2N2+6N +8

—84+8+12+8>0, N=2,
=1-274+1841848>0, N=3,
—64+32+244+8=0, N=4,

py(14+N
N 4

= 4%<(2N+2)(N+4)3+4(2N2+N)(N+4)2+16(—4N2—11N—6)(N+4)

and

—64N3+128N2+512N+256>
2 2
= SN GN +3)(N = 4),

which is nonnegative for N > 4. Since Py is nonnegative in max {2, 1+ %} and strictly increas-
ing on (2, 00), we conclude that Py (m) > 0 for any m > max {2, 1+ % } Positivity of Py (m)
is equivalent to

2(N+1D)(m—1D*(N+m+2)>N>+m>N+mN —2N
and hence

4N +1) 2N?24+2m% 4+ 2m —4
=— " “m—-1> )
N (m—1D((N+m+2)

Furthermore by the fact that p > % we also have g > N, and can invoke Lemma 3.12ii). O

Remark 3.14. The condition m > 1 + % in Lemma 3.13 is first and foremost employed to guar-
antee boundedness of w, that is, boundedness of v from below by a positive constant. Therefore
it seems reasonable to ask whether it would be possible to soften the assumption on m if we

already knew that w be bounded. It turns out that the condition m > 2 — % of Lemma 3.12 is
as strictas m > 1 + % = % if N =2, whereas for N = 3 we see that for any value of p choos-
2m—3+%
1
-3
p <2m— %. Other conditions on p are either obviously satisfied with this choice of p =2m — %
(namely p < 6m — 6) or are essentially largeness conditions on p. Thus the choice of p, r in the
second case in the proof of Lemma 3.13 was optimal and we can follow the calculations there,
which leaves us with two more necessary conditions: p > % leading to m > % and positivity of

ing r = is optimal (cf. Lemma 3.5 1)). Then r > p (required by Lemma 3.7) entails

12m? — 19m — %, requiring m > % + % %, which therefore remains as condition on m if one

already supposes boundedness of w. For N =4, % <m <2, similarly choosing p =r =2m — %
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admits application of Lemma 3.5 1), whereas for invoking Lemma 3.7 and Lemma 3.12 we need

N2+l 4m+14 _ _ : T _ 4m+14
some g between 1 + 5 =y = Z,=3 and 2p =4m — 3, which exists if 4m — 3 > =5,

ie.m > %(7 + 4/69). The conditions r > p > % of Lemma 3.7 and r(1 — %) <2m-—3+ %

(Lemma 3.51)) imply % —1<2m-3+ % and hence m > % — % + 1 so that for N > 5
any choice of m <2 is impossible and for these dimensions we may restrict our attention to
Lemma 3.7 and the second parts of Lemmata 3.5 and 3.12. The assumptions of Lemma 3.5 ii)
combined with the condition » > p of 3.7 imply that p < 2%@1 — 1). Therefore it is necessary

2
that 2% m—-1)> % ,l.e.m > 4(1N1\—/i_-§)1 — apart from this condition we are led to follow the case

“N >2,m > 2" of the proof of Lemma 3.13. In conclusion: If boundedness of w were known a
priori, the present proof would be applicable if

%, N =2,
19 , 1 /163
7Ztsy 3 N=3,
m> 7
5 (7++69), N =4,
max [%, largest root of Py from (39)} , N=>5 O

Having completed the necessary preparations, we can now turn to the proof of existence of a
global solution. In order to lay the groundwork for compactness arguments in Section 4, at the
same time we derive a batch of estimates for the solutions.

Lemma 3.15. Let § > 0, m > 1 + .

i) For any (ug, vo) as in (4) and any D € Cgfm there is a global classical solution (u,v) €
(CO(Q2 x [0, 00)) N C>1 (22 x (0, 00)))? 10 (5).

ii) Moreover, for every T > 0, K > 0 there is Ct > 0 such that for every D € Cs , and (ug, vo)
as in (4) with ”u()”LmaX{l,mfl)(Q) <K, % =< llvoll Lo (g)s ||vo||W1,OO(Q) < K, every solution
(u,v) € (COUQ x [0, T)) NC>'(Q x (0, T)))? to (5) satisfies

lull Lo@x0.1y) < C1 (40)
vl oo 0,7y oo (@)) < Cr (41)
1
-Vv <Cr 42)
v L®(Qx(0,T))
||D(u)vu||L2(Q><(0,T)) <Cr (43)
me—l <Cr. (44)
L2(Q2x(0,T))
T
/ / D(wu" | Vul* < Cr, (45)
0 Q
”U[ ”L2((0,T);(W(}’1(Q))*) < CT, (46)
flote |l N oy < CT(I + sup D(s)). 47)
L1 Wy V@)% iy
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Proof. According to Lemma 2.4, corresponding to (1o, vo) and D as in the hypothesis of the
present lemma, there is a local solution (u, v) € (COQ2 x [0, Thax)) N CEL(Q X (0, Thax)))?.
We now let T € (0, Tjqx]1 N (0, 00) and K > 0. By ZDg let us abbreviate the set of initial data

IDg = {(uo, vo) € C*(Q) x WH°(Q) for some

o € (0, ); luoll Loy = K, ol ) < K}

Lemma 3.13 provides us with p > N and ¢; > 0 such that for every D € Cs,, and every
(uo, vo) € IDk, every classical solution (i, v) € (C%(2 x [0, T)) N C>1(Q x (0, T)))? of (5)
satisfies

lull Lo 0, 1): L () = €1

and hence

IVullpecoxo.ry <c2 and  [[wllzeo@x©,1) < €3

as well as

IVwll L @x(0,1)) < ¢4

with some ¢;, ¢3 and ¢4 obtained from Lemma 2.1 ii), Lemma 3.9 and Lemma 3.10, respectively,
and with w being defined as in (16). This asserts (41) and (42). An application of Lemma 3.11
for sufficiently large values of g and p then ascertains the existence of ¢5 > 0 such that for all
D € Cs m and all (ug, vg) € ZDg any classical solution (i, v) of (5) satisfies

eV wll oo o, ); 13 +3@)) = €59

again with w as in (16). Additionally taking into account Lemma 3.1, we can apply Lemma 2.1 v)
with f :=uVw so as to obtain ¢¢ > 0 such that for all D € Cs ,,, and all (ug, vo) € ZDg every
classical solution (u, v) of (5) satisfies

lull Loe (% 0,1) =< C6>

which shows (40) and — in light of the extensibility criterion in (15) — also proves i). Given D €
Cs,m we let D(s) := [ D(0)do and D(s) := [ D(o)do for s > 0. Then for every D € Cs
and (uo, vo) € ZDk, any classical solution (u, v) of (5) obeys u; = AD(u) + V - (uVw) with w
as in (16), and testing this equation by D(u) we obtain

T T T

//(13@:)»=—//|VD<u>|2—f/qu~vD(u),
0 Q 0 Q 0 Q

which, by Young’s inequality, turns into
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[ b+ 3 f/w(u)vm /13<uo>+ //u Vol < 1Q1BK) + 3191Ted,
Q

due to nonnegativity of D proving (43). The existence of ¢7 > 0, cg > 0 such that for any D €
Cs.m and any (ug, vo) € ZDk any solution of (5) satisfies

Hvum—l

T
o =T f f D" | Vul < cs
0 Q

immediately results from Lemma 3.3, so that (44) and (45) have been shown. For every
¢ € C;°(R2) we have that any solution (u, v) of (5) for any D € Cs i, (1o, vo) € ID satisfies

/w _ —/V¢>~Vv—/uv¢ <2 IVl + Ko Il 10

Q Q Q

and we can conclude (46). We let cg > 0 be such that ||@|| L (q) < cg for every ¢ € W1 NH(Q)
with ||§0||Wl N+1(Q) <1 and cl10 > O Cc1]1 > 0 such that ”(p”LZ(QX(O 7)) = <10, ”go”Ll(QX(O 7)) <

c11 for every ¢ € L®((0, T); LNT1(Q)) with Il oo 0. 7: W gy S 1. We denote X :=

LY, T); (Wy M (22))*) and thus have X* = L®((0, T); wg N1 (Q)). Taking ¢ € X* with
l¢ll x+ < 1, for any solution (u, v) of (5) for D € Cs ;,, and (ug, vo) € ZDg we have

T T
A far | =|[ [
0 Q 0 Q
T T
< //um_2¢V~(D(u)Vu) // m— 2¢v vU)
0 Q 0 Q
T
<|m-—2| //um_3¢D(u)|Vu|2 + f/um—20(u)w.v¢
0 Q Q
T
+lm =2 //“ "y v+
0 Q v

where we can estimate I} < |m — 2|cgco,

~

O\N] S

umfl
/ 5 Vo-Vo|=h+Dh+5L+1,
Q

h<t /f =3 D) | Vul? + - /[ "I D@IVPP = E 4 LIy swp D)

s€[0,c6]

moreover
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I =2y, H Q7T |u"2vu
- L1(Qx(0, T)) L2(2x(0,T))
_cocqlm —2/1QIT HVu’"*l‘ - cocacr|m — 2|/[QT
m— L2(Qx(0,T)) — m—1

and I < cg’_IC4611 , so that finally

[,

<ci2+ci3 sup D(s),
LY. 7);(Wy N (@))% se[o,’id

where ¢ := cgcglm — 2| + %8 + % /18] + C'" 1C4C11 and c13 := 2c6 c%o, holds for

any solution (u, v) of (5) for any (1o, vo) € ZDk and any D € C5,,. O
Proof of Theorem 1.1. Lemma 3.15 i) together with (40) contains Theorem 1.1. O
4. Weak solutions in the degenerate case. Proof of Theorem 1.2

If the diffusion becomes degenerate at points where u = 0, we can no longer hope for classical
solutions. Therefore we introduce the following definition of weak solutions that are —in line with
our goal of finding solutions that do not blow up in finite time — locally bounded.

Definition 4.1. Let § > 0, m > 1 and D € Cs_, and define D(s) := fg D(o)do for s € [0, 00).
Moreover, let (ug, vo) be as in (4). By a locally bounded global weak solution to (5) we mean a
pair of functions (u, v): Q x [0, c0) — R? such that

u € LiS,([0, 00); L(£2))
D(u) € L}, ([0, 00); W' (R))
v e L2 ([0, 00); W (Q))
and for every ¢ € C§°(Q x [0, 00)) we have

o]

// /u()(p( 0) = f/VD(u) v¢+f/”w ) (48)

0

and
—//v¢>—/v0¢(-,0)=—//Vv-V¢—//uv¢. 49)
0 Q Q 0 Q 0 Q

Having prepared a lot of bounds on solutions to (5) for D € CJr that are uniform in D € Cg“m
(Lemma 3.15), we approximate D € Cs,, and find a limit of the correspondmg solutions.
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Proof of Theorem 1.2. Let D € Cs ;,. For any € > 0 we define D¢ (s) := D(s +€), s € [0, 00),
and note that, for any € > 0, D, € Cgfm. We choose (u0,¢, vo.e) € (C1(2))? such that up,e —> Uo
and vg — vp In L'() as € \ 0 and that there is K > 0 such that for all € € (0, 1) we have
||u0,€||LmaxU,m,1)(Q) + | UO,e“WLoo(Q) <K and | v0,€||LOO(Q) > L and let (ue, ve) € (CO(Q x
[0, 00)) N C%1 (22 x (0, 0)))? denote a solution to

Uey =V - (DeViug) — V- (ﬁj—zwe) in Q x (0, 00),

Ver = AV — U Ve in Q2 x (0, 00), (50)
ue(-,0)= Up,e, Ve -,0)= V0, e in €,
dite |y =0= 0,0, in (0, 00),

which exists due to 3.15 1).

Let us define D¢ (s) := fg D¢(o)do, s € [0,00). We claim that for every n € N there is a
sequence (€, x)keN such that €,y — 0 as k — oo for any n € N, that for n > 1 the sequence
(en.k)keN 1s a subsequence of (€,—1 k)ken and that for any n € N

Ue, converges a.e. in Q x (0,n) and in L'(Q x (0, n))

l_)envk(ue,,,k) converges weakly in L2((0, n); W&’Z(Q))

Ve, 1 converges uniformly in 2 x (0, n) (51
Ve, converges weakly* in L*° (2 x (0, n))

——Vu,,,  converges weakly® in L>°(Q2 x (0, n))

as k — oo. For n =0 we choose an arbitrary monotone sequence (€ x)keN C (0, 1) which con-
verges to 0. Let n € N and let us assume that some sequence (€,—1 x)keN With properties as in
(51) is given. Then by Lemma 3.15 ii), more precisely, by (40), there is ¢1(n) > 0 such that

lte1all o @n oy S €1 forallk e N. (52)

‘We abbreviate

dy := sup sup  Dc(s) < sup D(s).
€c(0,1) 0<s<cy(n) 0=<s=<ci(n)+1

Then

c1(n)

De,_  (ue,_;,(x,1)) < / d, =c1(n)d, forall (x,t) e Q x (0,n)
0

and combining this with (43), we find c3(n) > 0 such that for all k € N

” Dfn—l.k (e, ” L2(0.0): Wh2(Q)) = ca(n).
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Hence there is a subsequence (61(1],){)/{61\] of (€n—1.x)keN such that (DE(I)(MG(I)))kEN is weakly
’ n,k n,k

convergent in L2((0, n; WI’Z(Q)). Moreover, (44), (40) and (47) show that there is ¢3(n) such

that for all k e N
m—1
’ (”ef:z )

Since W12(Q) fc—pi L2(Q) — (W&’NH(Q))*, we can invoke a version of the Aubin-Lions

lemma ([33, Cor. 8.4]) to find a subsequence (ef,)()keN of (eflf,){)keN such that (um(;)l)keN is
n.k

m—1

u <c3(n),

L2((0,n); W12()

<c3(n).

)
‘ L1 (.m: (Wy ™)

n,k

convergent in L2((0,n); L%()), and a further subsequence (e,(f,){)keN of (e,f,)c)keN such that

1
(M:"(;I){l)keN and thus, by continuity of [0, 00) 3 x + xm-1, also (ue,(f;l)kEN converge a.e. in
Q x (0,n) as well as with respect to the norm of LY(2 x (0,n)) due to Lebesgue’s dominated

convergence theorem and the fact that the constant ¢ (n) is integrable over €2 x (0, n). Moreover,
(41) and (46) ensure the existence of c4(n) > 0 such that

< c4(n) forallk e N
L2((0,n); Wy (@))%

UV (3)
€n.k

< ca(n), H <v6(3)>
L ((0,1); W22 (£2)) nk/t

and again due to wlooQ) fc—pi CY(Q) — (Wé’l(Q))* and [33, Cor. 8.4] we find a subsequence
(€D ken of (€5 ))ken such that (v_w )xer converges uniformly in €2 x (0, 7). Additionally, (41)
’ ’ nk

produces another subsequence (E;Si)keN of (eff}()keN such that (Vvé(s))keN converges weakly*
’ ’ nk
in L*°(Q2 x (0, n)). Finally, owing to the bound in (42), we can extract a further subsequence
(én.k)kenN of (er(f,)c)keN such that also (UL Vg, k) is weakly* convergent in L>°(€2 x (0, n)).
’ "/ keN

€n.k

We then use the diagonal sequence (E'k)kéN = (€k.k)keN to find functions u, v, z: Q2 x [0, 00) —
Rand ¢, &: Q x [0, 00) — RY such that

uz, — u in L},.([0, 00), L' (22)) and a.e. in © x (0, 00), (53)

vz, > v in LY.([0, 00); CY(Q)), (54)

Dz (uz) =z in L, ([0, 00); W(Q)), (55)
Vg =~ ¢ in L.([0, 00), L®(K)) and (56)
Ly S i L5000, L) (57)

Vg,

as k — oo. Since ug, +€ — u a.e. and D is continuous, also Dz, (uz,) = D(uz, +€) — D(&) —
D(u) — D(0) = D(u) a.e., and hence z = D(u). Also, (54) and (56) imply ¢ = Vv and the
combination of (54) and (57) shows that & = %Vv. We let ¢ € Cgo(Q x [0, 00)). Then (50)
entails that
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00 00 00
—/fu’gk@—/uozk¢(-,0)=—//Vf)zk(uzk)-V¢+/f%szk V¢
0 Q Q 0 Q 0 Q
and

//ngd) /U02k¢(-,0)=—/fVUEk'V¢—//uEkUEk¢,
0 Q 0 Q 0 Q

so that passing to the limit as k — oo in each of these integrals shows that (i, v) satisfies (48)
and (49). That u € LZDC([O, 00); L°(R)) is also entailed by (53) and (52). Hence (u,v) is a
locally bounded global weak solution to (5) in the sense of Definition 4.1. O
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