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Abstract
A class of chemotaxis-Stokes systems generalizing the prototype
ng+u-Vn = V. (nm_IVn) -V (nVc),

¢t +u-Ve = Ac —nc,
ur+VP = Au+nVg, V-u=0,

is considered in bounded convex three-dimensional domains, where ¢ € WZ’OO(Q) is given.

The paper develops an analytical approach which consists in a combination of energy-based arguments
and maximal Sobolev regularity theory, and which allows for the construction of global bounded weak
solutions to an associated initial-boundary value problem under the assumption that

9
2. 1
m> o 0.1)

Moreover, the obtained solutions are shown to approach the spatially homogeneous steady state (‘1@' fQ ng,
0, 0) in the large time limit.

This extends previous results which either relied on different and apparently less significant energy-type
structures, or on completely alternative approaches, and thereby exclusively achieved comparable results
under hypotheses stronger than (0.1).
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1. Introduction

We consider the chemotaxis-Stokes system

nt+u~Vn:V~(D(n)Vn)—V-(nVc), xeQ, t>0,
¢ +u-Ve = Ac —nc, xeQ, t>0, (1.1)
ur+VP = Au+nVeg, V-u=0, xeQ, t>0,

which was proposed in [35] and [9] as a model for the spatio-temporal evolution in populations of
oxytactically moving bacteria that interact with a surrounding fluid through transport and buoy-
ancy, where n, ¢, u and P denote the density of cells, the oxygen concentration, the fluid velocity
and its associated pressure, respectively, and where the diffusivity D and the gravitational po-
tential ¢ = ¢ (x) are given smooth parameter functions (cf. also [2] for a recent independent
derivation of (1.1) on the basis of fundamental principles from the kinetic theory of active parti-
cles). Indeed, as reported in [ 10] and [35], even in such a simple setting lacking any reinforcement
of chemotactic motion by signal production through cells, quite a colorful collective behavior can
be observed, including the formation of aggregates and the emergence of large-scale convection
patterns.

In modification of the original model from [35] in which D = 1, the authors in [9] suggested
to adequately account for the finite size of bacteria by assuming that the random movement of
cells is nonlinearly enhanced at large densities, leading to the choice

D(s)=s""1  fors>0 (1.2)

with some m > 1 in the prototypical case of porous medium type diffusion. In comparison to the
case D = 1, nonlinear diffusion mechanisms of this type may suppress the occurrence of blow-up
phenomena, as known to be enforced by chemotactic cross-diffusion e.g. in frameworks such as
that addressed by the classical Keller—Segel system ([ 19], [43]). In fact, in three-dimensional ini-
tial value problems for (1.1) with D = 1, global smooth and bounded solutions could be shown to
exist only under appropriate smallness assumptions on the initial data ([11], [23], [7], [6]), while
for arbitrarily large data so far only certain global weak solutions have been constructed, which
do become smooth eventually but may develop singularities prior to such ultimate regularization
([42], [47]). Contrary to this, assuming (1.2) to hold, recent analysis has revealed the condition

7
m> —

(1.3)

as sufficient for global existence and boundedness of weak solutions to an associated no-flux-
no-flux-Dirichlet initial-boundary value problem for all reasonably regular initial data in three-
dimensional bounded convex domains ([45], cf. also [27]). This partially extended a precedent
result which asserted global solvability within the larger range m > %, but only in a class of weak
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solutions locally bounded in Q x [0, 00) ([33]). For smaller values of m > 1, up to now existence
results are limited to classes of possibly unbounded solutions ([12]).

In view of lacking complementary results on possibly occurring singularity formation phe-
nomena, the question of identifying an optimal condition on m > 1 ensuring global boundedness
in the three-dimensional version of (1.1) remains an open challenge, thus marking a substantial
difference to the two-dimensional situation in which global existence and boundedness results
are available for several variants of (1.1) already in presence of linear cell diffusion, and even
when the fluid flow is governed by the corresponding full nonlinear Navier—Stokes system ([11],
[42], [44], [8], [48], see also [22] and [32]).

Main results. It is the purpose of this work to demonstrate how an adequate combination of
energy-based arguments and maximal Sobolev regularity theory can be used to further advance
the analysis of (1.1), with D essentially of the form in (1.2), even in previously unexplored ranges
of m. In fact, in the first step our approach we will make use of an observation to be stated in
Lemma 3.1, according to which the system (1.1) also for m > 1 continues to feature an energy-
type structure known to be present when m = 1 even in an associated chemotaxis-Navier—Stokes
system ([46]; cf. also [11] and [42] for precedent partial findings in this direction). By means
of a first iterative bootstrap procedure, the correspondingly obtained a priori estimates will be
turned into some regularity information on the solution component n (Section 4 and Section 5),
which itself can be used as a starting point for a second recursive argument: Namely, investigat-
ing how far regularity information of the latter type influences integrability properties of u and
V¢ through maximal Sobolev regularity estimates (Section 6), we will be able to successively
improve our knowledge on available integral bounds for all solution components under the mild
assumption that in the setup of (1.2) we merely have

2 (1.4)

m >

(Section 7 and Section 8). The estimates thereby obtained will provide appropriate compactness
properties which will firstly allow us to construct global bounded weak solutions to (1.1) via a
suitable approximation procedure (Section 9), and which thereafter secondly enable us to assert
stabilization toward spatially homogeneous equilibria (Section 10).

In order to formulate our results in these directions, let us specify the setup of our analysis by
declaring that throughout the sequel we shall assume D to generalize the choice in (1.2) in that

D e CP.([0,00)) N C?3((0,00)) issuchthat D(s)>kps™' foralls>0 (1.5)

with some ¢ € (0, 1), kp > 0 and m > 1, and by considering the initial-boundary value problem
for (1.1) associated with the requirements that

n(x,0) =np(x), cx,0)=co(x) and u(x,0)=ugy(x), x €, (1.6)
as well as
dc
(D(n)Vn—nVc) w=0, Z==0 and x=0 ond (1.7)
)



6112 M. Winkler / J. Differential Equations 264 (2018) 6109-6151

in a bounded convex domain  C R? with smooth boundary. As for the initial data herein, we
shall suppose for convenience that

no € C®(Q) for some w > 0 with ng > 0 in Q and ng #£0, that
coe WH®(Q) satisfies cp > 0in Q, and that (1.8)

ug € D(AY) for some o € (%, 1),

where A = —PA denotes the Stokes operator in L(Z,(Q) ={p e L2(Q) | V- ¢ =0} with its
domain given by D(A) := W22(Q)N WO1 ’2(9) N L?, (£2), and with P representing the Helmholtz
projection on L2(2) ([29)).

We shall then obtain the following result on global existence and large time behavior, where
as in several places below we make use of the abbreviation ¢ := \lﬁl /; o forpe L'(Q).

Theorem 1.1. Ler Q@ C R? be a bounded convex domain with smooth boundary and ¢ €
WZ’OO(SZ), and suppose that D is such that (1.5) holds with some

9
m>c. (1.9)
Then for each nq, co and uq satisfying (1.8) there exist functions
ne L™(2 x (0,00)) N C([0, 00); (Wy*(2))*),
¢ €y L0, 00); WP (2) N COQ x [0, 00)) N C1O(Q x (0, 00)), (1.10)
u € L®(2 x (0,00)) N L2, ([0, 00); Wy () N L2(2)) N CO(Q x [0, 00))

such that the triple (n,c,u) forms a global weak solution of (1.1), (1.6), (1.7) in the sense of
Definition 9.1 below.
Moreover, this solution has the property that for arbitrary p > 1 we have

In(. 1) = nollLr@) + llcC, Dliwroeo@) + Ul DllLe@ =0 ast — oo. (1.11)

As a by-product, this trivially extends previous results on blow-up suppression in the associ-
ated fluid-free chemotaxis system with porous medium-type diffusion and signal consumption,
as obtained on letting ¥ = 0 in (1.1). Even for the latter, apparently somewhat simpler system,
only under the assumption (1.3) global bounded solutions have been known to exist ([36]), with
again no example of blow-up available for any choice of D yet.

In order to further put these results in perspective, let us note that alternative modeling ap-
proaches suggest to introduce as blow-up inhibiting mechanisms certain saturation effects in the
cross-diffusive term in (1.1) at large cell densities (cf. e.g. the survey [20]). Indeed, if in (1.1)
the summand —V - (nVc) is replaced by —V - (nS(n)Vc) with § suitably generalizing the pro-
totype given by S(s) = (s + 1)™* for all s > 0 and some « > 0, then known results assert global
existence of bounded solutions to a corresponding initial-boundary value problem when in the
context of (1.5) we have m > 1 and m + o > % ([40]), which in the particular case @ = 0 con-
sidered here rediscovers (1.3) and is thereby stronger than (1.9). An interesting open problem,
partially addressed in [38] and [39], consists in determining optimal conditions on the interplay
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between these two mechanisms which indeed prevent explosions. This may be viewed as part
of a more comprehensive ambition to understand the destabilizing potential of chemotaxis-fluid
interaction that has been in the focus also of studies including further relevant processes such as
logistic proliferation and death, or off-diagonal cross-diffusive migration ([28], [37], [4], [6], [5],
[3D.

2. Approximation by non-degenerate problems

In order to construct solutions of (1.1) through an appropriate approximation, following natu-
ral regularization procedures we fix a family (D;)q¢(0,1) of functions

D, € C2([O, o00)) suchthat D.(s)>e foralls>0ande e (0,1) and
D(s) < D.(s) <D(s)+2¢ foralls >0ande e (0, 1), (2.1)

and we moreover regularize the cross-diffusive termin (1.1) by introducing a family (x¢)ee(0,1) C
C3e ([0, 00)) fulfilling

0<x <1in[0,00), xe=1in[0,1] and x. =0in[2,00), (2.2)
and by letting
N
Fis)i= [ ae(onda. 520, 23)
0

for € € (0, 1). Then F, € C*°([0, 00)) satisfies
0<Fe(s)<s and O0<F.(s)<l1 forall s >0 2.4)
as well as

Fe(s) /'s foralls>0 and F/(s) 71 foralls>0 as e \( 0. (2.5)

These choices in particular guarantee that each of the approximate variants of (1.1), (1.6), (1.7)
given by

dne +1te - Ve =V - (Ds(ng)wg) _v. (ngFg(ns)ng), XeQ 150,

0rCe +ug - Veg = Ace — Fe(ng)ce, xe, t>0,

otue + VP, = Aug, +n.Vo, xe, t>0, 2.6)
V.u, =0, xe, t>0,

e =% =0, u, =0, x€dQ, >0,
ne(x,0) =no(x), ce(x,0)=co(x), us(x,0)=uo(x), X €9,

for € € (0, 1), possesses globally defined classical solutions:
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Lemma 2.1. Assume (1.8), and let ¢ € (0, 1). Then there exist functions

ng € CO(Q x [0, 00)) N C>1(Q x (0, 00)),
ce € COQ2 x [0, 00)) N CZ1(Q2 x (0, 00)),
ue € CO(Q x [0, 00)) N CE1(Q x (0, 00)),
P, € CH0(Q x (0, 00)),

such that (ng, ce,ue, Pe) solves (2.6) classically in 2 x (0, 00), and such that n, and c. are
nonnegative in Q x (0, 00).

Proof. By means of standard arguments from the local existence theories of taxis-type cross
diffusive parabolic systems and the Stokes evolution equation ([1], [29], [25], [42]), it fol-
lows that there exist Tinax,e € (0,00] and at least one classical solution (ng, ce, ue, Pe) €
(CO(§ % [0, Tnar.); R3) N C21(S x (0, Tyna.e): RS)) x C1O(G x (0, Tppax.¢)) which is such

that ne > 0 and ¢ > 0in Q x (0, Tyax.e), that ¢ € CO([0, Thax.e); WHP(R)) for all p > 1 and
that if Typ4x, e < 00 then

timsup (Il 0)ll 2 gy + e (Dl + e, Dll gy ) = 0. @7
t/Tmax.s

For each T > 0, however, using that for any fixed ¢ € (0, 1) the function F, has its support located
in [0, %] according to (2.3) and (2.2), successive application of well-established L? estimation
techniques and methods from higher order regularity theories for scalar parabolic equations and
the Stokes system yields C1(e, T) > 0 such that

llne (-, t)||c2(§) + llee (s t)”c2(§) + [lue t)”CZ(ﬁ) <Ci(sT) forall 7 € (7, ?max,s)»

where 7, 1= min{%T, %Tmax,g} and ?max,e :=min{T, T4y ¢}. This shows that (2.7) cannot hold
when T4y ¢ 1s finite, whence we actually must have T4y ¢ =00. O

In order to simplify presentation, throughout the sequel we shall tacitly assume that
(no, co, uo) satisfies (1.8), and that for ¢ € (0, 1), (ng, cs, us, Ps) denotes the corresponding
solution to (2.6) obtained in Lemma 2.1.

The following two basic properties thereof are immediate consequences of an integration in
the first equation in (2.6), as well as an application of the maximum principle to the second.

Lemma 2.2. We have

ne GOl L@ =/no forallt >0 (2.8)
Q

as well as

llceC, D llee@) < llcollLe@y  forallt >0. (2.9)
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3. Directly exploiting the natural quasi-energy structure of (2.6)

Some first regularity properties beyond those from Lemma 2.2 can be obtained by making use
of a quasi-energy structure which the approximate problems (2.6) inherit from (1.1) thanks to the
particular link between the dependence on n, of the interaction terms —V - (n. F.(n.)Vc,) and
— F¢(n¢)c, therein. Similar energy-like properties have been used in previous studies on related

problems ([11], [33], [42]), but only in few cases the fluid velocity has been included ([24], [46],
[470).

Lemma 3.1. There exist k > 0 and C > 0 such that

d 1 [ |Vee|? 5
7 nglnns—i—i . + K | ugl
Q Q Q
P L
— negelnn - K u
C & & ) Ce &
Q

Q

Q
1 m—2 2 |Vee|* 2
+E ng “|Vng|” + = 4+ | |Vug|“ <C forallt > 0. (3.1)
&€
Q Q Q

Proof. The derivation of (3.1) follows a standard reasoning combining ideas from [11], [42] and

[46]: By means of straightforward computation using the first two equations in (2.6) (cf. [42,
Lemma 3.2] for details), we obtain the identity

d 1 Ve, |? D.(n
_{/nslnne+—/| d }+/ el g)IVn6|2+fcg|Dzlnc€|2
dt 2 Ce Ne

Q

Q Q Q
1 [ |Vece)? Acg
=—x —2(“8 - Vee) + (e - Vee)
2 C; Ce
Q
1 Ve 2 1 [ 13|Ve|?
——[Fs(n8)| Cel +—/—ﬂ forall > 0, 3.2)
2 Ce 2) ¢, ov
Q aQ
where
D
/ €(n8)|Vn8|2sz/nZ’_Zanlz forallz > 0 (3.3)
&
Q Q

by (2.1) and (1.5), and where the two last summands on the right are nonpositive by nonnegativity

of F, and due to the fact that % <0 on 92 x (0, 00) thanks to the convexity of 2 ([26,

Lemme 2.1.1]). We next recall from [42, Lemma 3.3] that
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\v/ 4
/' C;' §C1/cg|D21nc8|2 forall 1 > 0
CE

Q

with C1 := (2 + \/§)2, and, after two integrations by parts in (3.2), combine (2.9) with Young’s
inequality to estimate

1 [ |Veel? A 1 [ |Veel? 1
__/I c;' (us.ch)—i-/ CS(us.vcg):_/|L2€|(u8.vcs)_/_v(;g.(z)zcg.wg)
2 CS Cg 2 Cg Ce
Q Q Q

Q

1
— | —Vece- (Vug - Veg)
Ce
Q

1
=— [ —Vc.- (Vug - Veg)
Ce
Q

1 Ve |*
< o Cgf +C2/|Vug|2 forallz >0
Q
(3.4)

with Cp := % llcoll Loo(s2)- Now testing the third equation in (2.6) by u,, thanks to the continuity of

the embeddings WS’Z(Q) — LO(Q) and W!2(Q) — L%(Q) we independently see using the
Gagliardo—Nirenberg inequality, Young’s inequality and (2.8) that there exist positive constants
C3, Cy4, Cs and Cg such that

M/w +/|ws| —/neug Vo

Q Q

< ||V¢||Loo<sz>||ug||Le(m||ns||L5 o

<C3”VM€”L2(Q)”71€ || 2
5m ()

2
/IVMsI ||n II’”
m ()
10m— m o 4

2 2 3m 1 rg 'sz—m 2 m
/|wg| +Co [Ivnd 15 g Ind 1 s |

m 2

|Vue|* +Cs|1Vne |15, + Cs

Q
<1/|w8|2+k7’)/nm—2|wg|2+c6 forall 7 > 0.
-2 HCr+1) ) ¢

Q Q

In combination with (3.2), (3.3) and (3.4), this shows that
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d K% g|2
ngInng + +(Ca+ 1) [ |uel?
dt
Q
k 1 cel*
+7D/ A /|vg|

Q
<2(Ca+ 1)Cq for all r > 0.

Since finally from the Gagliardo—Nirenberg inequality along with Young’s inequality and (2.9)
we readily obtain C7 > 0 such that

1 [Vl Ve |
nelnng"‘i - +(Cr+1) |u€|
e

Q Q
Vel
§C7~{fn;"_2|Vng|2+/| C;' +f|w£|2+1}
Q Q ¢ Q

for all t > 0, this readily establishes (3.1) upon evident choices of k and C. O

In the sequel we shall make use of the latter exclusively through the following direct conse-
quences.

Lemma 3.2. There exists C > 0 such that for all € € (0, 1),

//|Vng|2§C forallt >0 (3.5)

t Q
and

t+1

/fwcgr‘gc forallt >0 (3.6)
as well as

t+1

ffwngc forallt > 0. (3.7)

Proof. All inequalities immediately result from an integration of (3.1) because of (2.9) and the
fact that o ngInng > —% forallt>0. O
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4. Preparing an inductive argument

We next address the question how far an informational background such as the one provided
by Lemma 3.2 and Lemma 2.2 can be exploited so as to derive further regularity features of
solutions to (2.6). More precisely, we shall be concerned with the problem of finding appropriate
conditions on m and the numbers p, > 1 and p* > p, such that bounds of the form

t+1

p+m—1
/np( t)<C and //Vng 2

assumed to be present for p = p,, can be shown to imply the same estimates for the correspond-
ing quantities for p = p*.

Our first result in this direction actually requires a bound for n, in the single space
L*((0, 00); LP*(£2)) only, but additionally relies on a space-time regularity property of Vc,
in asserting the following.

<C  forallt>0, “.1)

Lemma4.1. Let m > 1, p, > 1, p > 1 and q > 2 be such that

<2(q—1)

pP= 3 px+Q2g —1(m —1). 4.2)

Then for all K > 0 there exists C = C(p«, p,q, K) > 0 such that if for some ¢ € (0, 1) we have

/né’*(-,t) <K forallt>0 (4.3)
Q
and
t+1
/ / Vel <K forallt >0, (4.4)
t
then
/nf(-, ty<C  forallt>0 (4.5)
Q
and
t+1

ptm—1 l
/ / Vne 2 5 C forallt > 0. (4.6)
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Proof. In view of (2.8) and Lemma 3.2, since 242 p, +(2¢ — )(m —1) > 2¢ — D(m — 1) >
3(m — 1) we may assume without loss of generality that p > m — 1 and p > p,. We then test the
first equation in (2.6) by nf_l and use Young’s inequality along with (2.1), (1.5) and (2.4) to see
that for all ¢ > O,

1d _ 1d _
od n5+(p—1>kD/n§+m 3|Vns|2s;E n§+(p—1>/n£ 2De(ne)|Vne|?
Q Q Q Q
=(p— 1)/nf_1Féf(n5)Vng-Vc€
Q
— Dk
< =Dk / W37, 2

2
Q

—1
+ p2kD /n£7n1+1|VCg|2
Q

so that

2kp

d p+m—1 2 _ l
—/né’—i—Cl/ Vn, 2 ‘ < M/nf*mHchz forallt >0 4.7)
Q Q Q

with C; := m%)lk)é’. Now in order to further estimate the right-hand side herein, we invoke the

Holder inequality to obtain

1
[ngp_m+1|ch|2§ {/ngp—m“)q’}" ~{/|VC5|2q}q forall > 0 (4.8)
Q

Q Q

with ¢’ := qul’ where we firstly note that in the case when (p —m + 1)q’ < p., (4.3) together
with the Holder inequality yield C, > 0 such that

1

{ / ngpm“)q’}" <C, forallt>0. (4.9)

If, conversely, (p — m + 1)q’ > p then due to our assumption g > 2 we have

2(p —m+ 1)q’

<2¢'<4<6
p+m—1

12 2p—m+1q’ 2px . .
and thus W'~ (Q) — L r+n-T (Q) < Lr+m-1(L2), whence in particular the number

4o P tm=DIp—m+1)g"—p.]
S (p=m+DBp+m—1)—pJlg’
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satisfies a € [0, 1], and accordingly the Gagliardo—Nirenberg inequality provides C3 > 0 such

that
L/ ptm—1  2p—m+1)
(P m+1)q’ | |
= ||1e 2(p—m+1)q’
Q L ptm—1I (Q)
p+,,, |, Slp=m+Dq’ p*] prm—1 2(p—m+1)(1_a)
B(p+m—1)—p«lq’ 3 p+m—1
< C3 H Vl’l N * & 2ps
L=(Q2) L ptm—1 ()
p+m—1 Z(Pf—m*’ll)
|| Tpm=
+ Cs|n 2
L ptm—1 (Q)
for all > 0. As
p+m—1 iP* T
m—
ne 2 || o =/nf*§K forallt >0
[ ptm—1 (Q)

by (4.3), together with (4.9), (4.8) and Young’s inequality this shows that regardless of the sign
of (p —m + 1)q’ — p, we can find C4 > 0 and Cs > 0 fulfilling

_1 , Slp=m+Dg’ p*]
p(p—1) i 2 P Bl —pald 2
Ty ) IVel =G ‘V"E Dl Y Vel

6[(p—m+1)q’ pi] !

+m 1 q
<277cy- {Hw S +1} + CslIVes |34

L2(Q) L24()
I)+m 1 76[51(’;_:”':_1;‘)1_7*]
S {HV LX) - 1} e ”VCE”L”I(Q) (4.10)

for all ¢ > 0, the latter inequality being valid because (¢ + 77)‘4/ <24 -lgd 4+ 7]‘1/) forall £ >0
and n > 0.
Now our assumption (4.2) enters by ensuring that

6[(p—m+Dq"—p.] _ 6(¢g' —Dp—4p.—6(m—1)(q"+1)
3(p+m—1)— ps 3(p+m—1)— p,s
6

T BpAm—1)—plg-1

-2 2p- 2g - Dn-1)

507

whence another application of Young’s inequality yields

1 6[(p=m+Dq —ps]
C‘1 p+m—1 B s C ptm—1
bl HVne || 3Dy Vn, 2
2 L2(Q) 2

2
+C forall ¢t > 0.
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Together with (4.10), this shows that (4.7) implies that

d p+m—1
p 2
+ — ‘Vn
dz / ¢

where a linear absorptive term can be generated again by interpolation in a straightforward

<C5/|w8| 94¢C;  forallt >0, @.11)

2p
manner As according to our restriction p > p, we know that WL2(Q) — Lrm=T1(Q) <

LP+'" pFm=1(Q), the number b := % satisfies b € [0,1] and from the Gagliardo—

Nirenberg inequality, (4.3) and Young’s inequality we obtain C¢ > 0 and C7 > 0 such that

ptm—1 2P
P _ 5 p+m—1
ng = ||Ne _2p
L ptm—1 (Q)
Q
_ 6(p—px) _ 2p _ 2p
<clva’® L 3D || L5 || w1 1B coln 25 L\ =t
=Ce|| Vng ) & 2px + Co||ne 2px
L“(Q2) L pFm=T (Q) L pFm=T (Q)
1 6(p—px)
e
- L2(Q)
p+m 1
<C7/‘Vn ‘ +2C,  forallr >0,
6(p—py) 6(p—px) E _
because EI e — <3 e < 2 by nonnegativity of m — 1 and p,. Therefore, (4.11) shows

that if we let y(¢) := [on? (-, 1), t >0, and h(t) := Cs [ |Vea (-, 1) + %Cl, t > 0, than

, Cl Cl ptm—1,2
Y(@)+—y(@)+ —/ Vn, 2 <h(@®) forall t > 0, (4.12)
4Cy 4
Q
where in view of our assumption (4.4) we have
1+1 3
/h(s)dstg :=C5K+5C1 for all t > 0. 4.13)

t

In view of an elementary lemma on decay in linear first-order ODEs with suitably decaying
inhomogeneities (see e.g. [30, Lemma 3.4]), (4.12) thus firstly implies that with some Cg > 0 we
have y(¢) < Cyg for all ¢ > 0, whereupon (4.12) and (4.13) secondly entail that

t+1 : t+1
ptm—
f/‘w 2 dsgy(t)+fh(s)ds5c8+cg forall £ > 0,

t
so that indeed both (4.5) and (4.6) hold with some conveniently large C =C(K) >0. O
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5. Uniform L? bounds on n, for p <9(m — 1) by a first iteration

In a first series of applications of Lemma 4.1, with regard to the regularity assumptions on V¢,
we shall exclusively rely on the corresponding estimate provided by Lemma 3.2 and intend to
repeatedly increase the integrability parameter in (4.5) and (4.6), thus keeping the number g := 2
in Lemma 4.1 fixed while successively choosing larger values of p, and p. We shall see that this
indeed leads to improved information whenever m > 190, and thereby we partially re-discover a
similar observation that was already made in [33], with an important difference consisting in the

fact that unlike in the latter reference, here the achieved bounds are global in time.

Lemma 5.1. Let m > 19—0. Then for all p € [1,9(m — 1)) there exists C(p) > 0 such that for all
e€(0,1),

/ngp(~, t) <C(p) forallt >0 5.1
Q
and
41
ptm—1 l
//‘Vn 2 <C(p) forall t > 0. (5.2)

Proof. We define (pi)ken, C R by letting pp := 1 and

2
Pk+1 = gpk +3m—1) for k > 0. (5.3)

It can the readily be verified that due to our assumption m > % the sequence (pi)ken, is strictly
increasing with py /" 9(m — 1) as k — oo, so that by means of an interpolation argument it is
clear that we only need to prove (5.1) and (5.2) for p = px and each k € Ny. To this end, we note
that the case k = 0 can be covered by combining Lemma 3.2 with (2.8), so that in view of an
inductive reasoning we are left with the verification of the property that whenever k € Ny is such
that

t+1

prtm—1
/np"( 1)< Ci(k) and f/ Vne 2

with some C{ (k) > 0, we can find C(k) > O satisfying

< Ci(k) forall t >0 and eache € (0, 1)

54

t+1

Pk41tm—1
/nﬁ"“(-,t)sz(k) and //‘w 2

Q

<C2(k) for all > 0 and any ¢ € (0, 1).

(5.5)
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To achieve this, we observe that according to the first inequality in (5.4) and (3.6), the require-
ments (4.3) and (4.5) from Lemma 4.1 are fulfilled for p, := pr and ¢ := 2. In light of (5.3),
both inequalities in (5.5) therefore result from an application of Lemma 4.1 to p := pgy1. O

6. Improving estimates for V¢, via maximal Sobolev regularity

We next plan to apply Lemma 4.1 by using the outcome of Lemma 5.1 as a starting point
with respect to the regularity assumptions on n., but with regard to the hypothesis (4.4) no
longer going back to Lemma 3.2 but rather using suitably improved integrability information
on V.. Within a range of m which is smaller than that in Lemma 5.1 but yet larger than the
interval (3, 00) we shall finally focus on, such further properties can indeed be gained under
the assumptions provided by the result of Lemma 5.1 by means of the key Lemma 6.3 below
which in turn relies on the following statement on time-independent bounds for u, in appropriate
Lebesgue spaces.

215

Lemma 6.1. Let m > 1g5. Then there exists §1(m) > 0 such that for all p > 1 fulfilling p >

9(m — 1) — §1(m) and K > 0 one can find C(p, K) > 0 with the property that if for some
g € (0, 1) we have

fng’(.,r) <K forallt >0, (6.1)
Q
then
2(5p+3m—3)
/|us(',f)| 3 <C(p,K) forallt>0. 6.2)
Q

Proof. We let

p(p):=20p> — (33— 12m)p — 18(m — 1), peR.

Then our assumption m > % precisely warrants that

p(9(m — 1)) = 1620(m — 1)> =9 (33 — 12m)(m — 1) — 18(m — 1)
=9(m — 1)(192m — 215) > 0,

— 215 _ 131
while since 195 > 151 We moreover have

0'(p) =40p — 33+ 12m > 360(m — 1) — 33 + 12m
=3.(124m —131)>0  forall p > 9(m — 1).

We can therefore pick §; = §;(m) > O such that

o(p)>0 forall p>9(m — 1) — 8;(m),
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and given p > 1 such that p > 9(m — 1) — §;(m) we thus obtain that g := w satisfies
g > 1and
3p
33-2p)- (4 - 575-) =—p(p) <0
3-2p
and hence
3,1 1
S(o-2o) <t 6.3)
2\p ¢

Now assuming (6.1) for some ¢ € (0,1) and K > 0, on the basis of a variation-of-constants
representation of u, we can estimate

t

oDl < e ol + [ [ Plaval] s 1200 64
0

and recall known regularization properties of the Dirichlet Stokes semigroup (e ~"4),>0 ([16,
p. 201]) to find C1 > 0, C> > 0 and A > 0 such that

le™ Yol Loy < CilluollLa@ ~ forallz >0 (6.5)

and

t

[l

0

AP, )V

L‘I(SZ)

t

§C2/<1+(t—s) G0

0

Pine(.5)vol|,, d (6.6)

for all t > 0. Here by boundedness of V¢ on 2 and the continuity of the Helmholtz projection
when acting as an operator in L?(2; R3) ([14]), we see that with some C3 > 0 we have

1
|[PineC.5vel|, < CallneC. 9l < €K7 foralls>0

according to (6.1). Therefore, (6.6) entails that

t t
1 3,1
/ ”e_(’_s)AP[ng(-, $)Vo] H ds <CrC3K7? / (1 +(t— s)—z(;——)> —A(t— Y)ds
L4()
0

1
< CrC3C4K? forallz >0

with Cy4 := fo 140 2( ))e % do being finite thanks to (6.3). When combined with (6.5)
and (6.4), in view of our choice of ¢ this establishes (6.2). O
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As a second preliminary for Lemma 6.3, let us note how a pair of hypotheses in the flavor of
(4.1) influences space-time integrability of n, by means of straightforward interpolation.

Lemma 6.2. Let m > 1. Then for all p > 1 and any K > 0 there exists C(p, K) > 0 such that if
for some ¢ € (0, 1) we have

/nf(-, Hn<KkK forallt >0 6.7)
Q
and
1+1
ptm— l
/ / Vn, 2 < K forallt >0, (6.8)
then
1+1
Sp-Hm 3
/ / <C(p,K) forallt > 0. (6.9)

Proof. Using that p > 0 and m > 1 imply that

2p <2(5p+3m—3) -
p+m—1~" 3(p+m-—1)

2(5p+3m—=3)

and hence W!2(Q) — L SemD (Q)— L P+m pm=T (2), from the Gagliardo—Nirenberg inequality
we obtain C; > 0 such that

_ _ 2(5p+3m—3)
5p+_7;m 3 . p+r2n 1 Sotm=
ng = |[ne 2(5p+3m—3)
L 3(p+m=1) ()
Q
P+m 12 pm—1 4P ptm—1  26p+3m=—3)
= || 3GpFm—D 3(p+m—1)
<CWVn ‘ H | +an82 o
LZ(Q) L prm—=1 (Q) L ptm=1 Q)
for all r > 0.
ptm—1 _2p —=L
Noting that [ln, > [”™,, < K for all t > 0 by (6.7), on integrating in time we thus infer
[ ptm— I(Q)
that
t+1
5p+3m 3 p+m—1 5p+3m=3
// <C1K*//Vn82 +CiK 3

S5p+3m—3

<CiKi4+C K

forallt >0. O
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We can now proceed to the main result of this section which, on the basis of a maximal
regularity property of scalar parabolic equations, asserts that bounds of the flavor in (4.1) entail
an estimate for V¢, in a spatio-temporal L2? space with some positive ¢ which indeed satisfies
q > 2 if p > 1 is suitably large.

Lemma 6.3. Let m > %, and let §1(m) > 0 be as in Lemma 6.1. Then for all p > 9(m — 1) —
81(m) and each K > 0 one can find C(p, K) > 0 with the property that if for some ¢ € (0, 1),

/nf(~, t)<K forall >0 (6.10)
Q
and
t+1
ptm—1 1
/ f Vng 2 <K forallt >0, (6.11)
then
t+1
2(5p+3m—3)
//chg| 3 <C(p,K) forallt > 0. (6.12)
Proof. We abbreviate g := % and apply a standard result on maximal Sobolev regular-

ity in scalar parabolic equations ([17]) to find C; > 0, as all subsequently appearing constants
(2, Cs, ... possibly depending on p, with the property that whenever 7, € R, z € C 2@ x
[t.,t, +2]) and f € CO(Q x [t,, 1, + 2]) are such that

=Az+f(x,0),  x€Q 1€t +2),
bz o, X €0Q, 1 € (th, 1, +2),
z2(x, ) =0, x €,
then
tet2 2
[ 120t €1 [ 17C O gt (6.13)
te b

Furthermore, let us fix C> > 0 and C3 > 0 such that in accordance with a well-known regulariza-
tion feature of the Neumann heat semigroup ([41]) and the Gagliardo—Nirenberg inequality we
have

IVe' @l 20 < Call@llwizgq ~— forall p € W24(Q) and any 1 > 0 (6.14)

as well as
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”V(p”Lz‘I(Q) C3||w||w2 q(Q)kuLOO(Q) for all 2 € WZ,q(Q)’ (615)

where in establishing the latter we note that W24(Q) — W2 (Q) < L®() due to the fact
that g > % > %

As a final preparation, let us observe that according to Lemma 6.2 and Lemma 6.1, our as-
sumptions (6.10) and (6.11) ensure that we can choose C4(K) > 0 and Cs(K) > 0 such that

t+2
/ IneC, s)||Lq(Q)ds < C4(K) forallz >0 (6.16)
t

and

lute -, )l 20y < C5(K)  forall >0, 6.17)
the latter conclusion relying on our hypothesis on p.
In order to make appropriate use of these preliminaries in the present context, we pick a

nondecreasing ¢y € C*°(R) such that {y =0 in (—oo, —1] and ¢y = 1 in [1, 00), and for fixed
o> 0welet £(t) =% (1) :=¢o(t — 19), t >0, and

2= -{ectn a1z 0D
Then by (2.6) and the identity 3,e’*co = Ae'*cy,

=) [Ace — Fe(ne)ce — ug - Vcs] — (M)A Peg+ (1) {Ce ~ e’ACO}
=Az— (W) Fe(ng)cg —ug - Vz

~L(Oug - Veleg+ ¢ (Dee — ¢ (e ey in 2 x ((fo — 1), 00), (6.18)
and clearly
0z
™ =0 on 92 x ((to — 1)4, 00). (6.19)
v

Moreover, at the respective initial time we have
z<~, (to — 1)+> =0 inQ, (6.20)
because if 79 > 1 then ¢ (o — 1) = 0 and hence
2(n o= i) =210 = D=Cly— D {ecCto = =@ D2} =0 ing,
whereas if 7y € [0, 1) then
(0= i) =200 =20 - fec .0~} =0 ing

by (2.6).
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As a consequence of (6.18)—(6.20), we may now invoke (6.13) which along with (6.15) and

(2.9) shows that abbreviating #, := (fo — 1)+ and noting that (§; + & + & + &1+ &5)7 <59 (Sf +
Sg + E;] + SZ + 5;]) for all nonnegative &1, &, &3, &4 and &5, we have

te+2

te+2
2
/ V2¢O 5 )@t < Callcolf e / 126, D120 d1

te Ty

te+2
<51C; C3||CO||(£OO(Q) / {”C(t)Fs(ne)csntzq(Q) + llue - VZ”(I{LI(Q)
L

HIZ e - Ve PeollTy g + 18 el g q)

+||§/(t)etAc0”Zq(Q)}dt~ (6.21)

Here we use that by (2.4) we have 0 < F(s) <s foralls >0and that 0 <¢(¢) <1forallz eR
to see, again by means of (2.9), that

te+2 te+2

/||§(t)F8(”e)Ca||%q(Q)dt§||CO||L£<><>(Q) / ||na("t)||%q(gz)dt
[

[

according to (6.16), while the Cauchy—Schwarz inequality together with (6.17) and (6.14) shows
that

142 te+2
f 15 (e - Ve 2eollf g gy dt < [ lite 1)1 g V€' 2 011 g 1
Iy e
< 2C3CE(K)llcolly12 - (6.23)

Next, by (2.9) and the contractivity of the semigroup (e’A),zo on L9(2), writing C¢ :=
19|l (r) We obtain

142

18 0ol qydt <2CEIR - llcoll ooy (6.24)

Ly

and

142

/ 18 (e A colldg gyt <2CE llcol Ly -

[

(6.25)
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so that it remains to estimate the corresponding integral associated with the second summand in
brackets on the right of (6.21). For this purpose, after employing the Cauchy—Schwarz inequality
we additionally make use of Young’s inequality to see, again by means of (6.17), that

te42 42
59C1C3llc0ll g / e - V2lf g gydt < 59C1Csllcol (g f el 2y o 19219 )1

Ly te
te+2

=z / ” Z”LZq(Q)
142

5qC2C3 ||CO||LOO(Q)
2 ” Ug ”qu(Q)

t*
142

1 c2
<3 [ 19a gy + 25 R Kol

L%4(Q)
e

In conjunction with (6.22)—(6.25), this shows that (6.21) leads to the inequality

142

1 2 2

5 f IV2C, D134, g, dt < C7(K) =251 CTCRC5 (K leoll e g
e

+59CIC3llcoll ooy - {CBD ol ) +2CECE 0]
+2CL o] +2CE ol ey |-

so that since (fg, top + 1) C ((to — D4, (to— Dy + 2) and thus ¢ = 1 1in (%, tp + 1), in particular
we infer that

to+1

2q
f ” Ve (o, t) — Vemco

L24(Q)

dt <2C7(K) for all 1o > 0.

Once more recalling (6.14) and using that (& 4+ 1)%¢ <224~ (£29 4 »%4) for all € > 0 and 5 > 0,
we therefore obtain that

to+1 to+1
2q
2qg—1 . _ tA
/||vc5( D24, )t <2 /chs(,t) ve'ta| ot
to 0]
fo+1
+2%7! / IVe'2col3%, o dt
1o
1,2 2
< 2XCo(K) +2271Cy eollyhag gy forall 220,

which in view of our definition of g precisely yields (6.12). O
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7. Arbitrary L? bounds for n, by a second iteration

Now in light of Lemma 6.3, our general regularity statement from Lemma 4.1 can readily be
developed to the following basis for a second iterative reasoning.

Lemma 7.1. Let m > % and py > 9(m — 1) — 81(m) with §1(m) > 0 taken from Lemma 6.1.

Then for all p > 1 fulfilling

_ 10p2 + (36m — 42)p. + (m — 1)(18m — 27)
< S ,

(7.1)

and any choice of K > 0 one can pick C(p, K) > 0 such that if for some ¢ € (0, 1) we have

/nf*(-, <K  forallt>0 (7.2)
Q
and
1+1
pxtm—1
/ / Vn, 2 | <K forallt >0, (7.3)
then
/nf(~,t) <C(p,K) forallt >0 (7.4)
Q
and
t+1
p+m—1
/ / Vn, * <C(p,K) forallt > 0. (7.5)

Proof. Since p, > 9(m — 1) — §;(m), we may invoke Lemma 6.3 to see that writing g :=
M we can find C;(K) > 0 such that

t+1

ffwcgﬁq <Ci(K) forallt>0. (7.6)
Q

t

Now observing that in our situation the right-hand side of (4.2) can be rewritten according to

S5px+3m—6
. 2patim=6 10p, +6m — 9
p*+<2q—1)(m—1>=+-p*+pf~(m—1>
_ 10p? + 36m — 42) p, + (m — 1)(18m — 27)

9

20 -1
3
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given any p > 1 fulfilling (7.1) we may apply Lemma 4.1 to infer that due to (7.2) and (7.6) both
inequalities in (7.4) and (7.5) hold if we fix C(p, K) > O suitably large. O

With regard to the question how far the above lemma through its condition (7.1) indeed allows
for an improvement in knowledge, let us briefly prove the following elementary observations
which highlight the role of the restriction m > % made in Theorem 1.1.

Lemma 7.2. For m > 1, let

10p% 4 (36m — 42) p 4 (m — 1)(18m — 27)

v(p):= 9 peR. (7.7)
Then
: : 9
¢<9(m—1))>9(m—1) if and only if m>§, (7.8)
and there exist 6o(m) > 0 and I > 1 such that
v(p)=Tp forall p>9(m — 1) — §2(m). (7.9)

Proof. Computing

Y (O(m—1))—9m—1) 810(m — 1% 4+936m — 42)(m — 1) + (m — 1)(18m — 27) 9
m—1 N 9(m —1)

=16(8m —9)
>0,

we directly obtain (7.8). To verify (7.9), we let
J(p) =— for p > 0,

so that since (7.8) asserts that Cy := J(9(m — 1)) — 1 is positive, by continuity we can pick
83 = 82(m) > 0 such that 9(m — 1) — §, > 0 and

F(p)>T:=1+ % forall p € (9(m 1) =8, 9(0m — 1)]. (7.10)
As
Ty =2 w for all p > 0, (7.11)
9 p

it thus immediately follows that if m < % then J’ > %0 > 0 throughout (0, c0). If m > %, then
for p >9(m — 1) we can use (7.11) to estimate
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10 (m-h@n—3) _ 88m—87
8lim—12  8lim—1)

v'(p) =

because m > 1. In both cases, we thus obtain that J’ > 0on [9(m — 1), 00) and hence J >T on
9(m — 1) — 83,00) by (7.10). O

We are thereby prepared for our second recursive argument, with its outcome being as follows.

Lemma 7.3. Let m > %. Then for all p > 1 there exists C(p) > 0 such that

/n§(~, 1 <C(p) forallt >0 (7.12)
Q
and
t+1
p+m—1
[/‘Vn P <cp) forallt>0. (7.13)

Proof. As m > % > %, taking 8;(m) > 0 and &,(m) > 0 as given by Lemma 6.1 and

Lemma 7.2, respectively, we may pick po € (1,9(m — 1)) such that
po > 9(m — 1) — min{5;(m), 82(m)}, (7.14)

and thereupon recursively define

Pk = llf(pkfl), k€N={1,2,3,...}, (715)

with ¢ : R — R taken from Lemma 7.2. Then since pg > 9(m — 1) — 82(m) by (7.14), according
to (7.8) an inductive argument shows that

pe>Tkpy  forallkeN (7.16)

with I > 1 as provided by Lemma 7.2, whence in particular py — oo as k — co. Now due to
the boundedness of €2, in order to verify the lemma it is sufficient to show that for all k > O there
exists C(k) > 0 such that for all ¢ € (0, 1),

t+1

pgtm—1 1
fn”"( t) <Ci(k) and f/ Vn, 2

which will again result from an iterative reasoning: Namely, for k = 0 the claimed inequality
is a direct consequence of Lemma 5.1, because m > % > % and pg € (1,9(m — 1)). If (7.17)
holds for some ko > 0 and some C| (ko) > 0, however, then since (7.16) and (7.14) warrant that

Pk = po > 9(m — 1) — 81 (m), and again since m > %ég, Lemma 7.1 provides C3 > 0 such that

< Ci(k) forallt >0, (7.17)
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t+1

ptm—1
/ng(~,t)§C2 and //Vng 2
r Q

Q

2
<C forallt >0

with

_ 10p}, + (36m — 42) py, + (m — 1)(18m —27)
_ d .

p:

As thus p = ¥ (pr,) = Pro+1 by (7.15), this asserts (7.17) also for k = ko + 1 and thereby com-
pletes the proof. O

8. Further regularity properties
With Lemma 7.3 at hand, further regularity properties can now be obtained by essentially
straightforward arguments: We firstly recall Lemma 6.1 and a standard regularization feature of

the heat semigroup to obtain the following.

Lemma 8.1. Assume that m > %, and let p > 1. Then there exists C(p) > 0 such that whenever
e€ (0,1,

/|Vc8(-,t)|p§C(p) forallt >0 8.1)
Q

and

/|u8(-,t)|p <C(p) forallt > 0. (8.2)
Q

Proof. In view of Lemma 7.3, (8.2) is an evident consequence of Lemma 6.1. Thereafter, (8.1)
can be derived from (8.2) and again Lemma 7.3 by well-known results on gradient regularity in
semilinear heat equations ([21]). O

By means of a Moser iteration, the latter together with Lemma 7.3 entails an e-independent
L°° bound for ng.

Lemma 8.2. [f m > %, then there exists C > 0 such that for arbitrary ¢ € (0, 1) we have
e, OllLe@ <C  forallt>0. (8.3)

Proof. In view of Lemma 8.1 and Lemma 7.3 when applied to suitably large p > 1, this directly
follows from a Moser-type iterative procedure (see [31, Lemma A.1] for a version precisely
covering the present case). 0O

Again by means of maximal Sobolev regularity properties combined with an appropriate em-
bedding result, the estimates collected above imply Holder bounds for c,, u, and Vc,. This will
be achieved in Lemma 8.4 on the basis of the following lemma in which any influence of the
respective initial data is faded out.
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Lemma 8.3. Let m > % Then there exist 0 € (0, 1) and C > 0 such that for all € € (0, 1),

lce —E\]|C1+g,g(§x[m+l]) <C forallt >0 (8.4)
and
e — ﬁ”CHg,g(ﬁX[mH]) <C forallt >0, (8.5)
where
e =€y and W(,t):=eug  fort>0. (8.6)

Proof. Since ¢; = AT, it follows from (2.6) that
0 (ce =) = A(ce —0) — Fe(ng)ce —ug - Ve, xeQ, t>0,

where given p > 1 we may invoke Lemma 8.1, Lemma 8.2 and (2.9) and recall (2.4) to find
Ci > 0 fulfilling
142
P
/ / ‘ — Fo(ne)ce —ue - Ves| <Cp forallt>0and e e (0, 1).
1 Q

Therefore, by means of maximal Sobolev regularity estimates along with an appropriate time
localization in the style of the argument from Lemma 6.3, we infer the existence of C> > 0 such
that

42

[ {16005 =2y + 105 =D s = €

t

forallr >0and e € (0, 1).

In view of a known embedding property ([1]), an application thereof to suitably large p > 1
establishes (8.4).
Likewise, using that

0 (ug — ) = —A(ug — ) + PlnVol, xeQ, t>0,

and that herein for p > 1 we can use the boundedness of P on L?(2; R3) ([14]) together with
Lemma 8.2 to find C3 > 0 such that

t+2
//‘P[ns(~,s)v¢]p§C3 forallz >0 and ¢ € (0, 1),
t Q

we obtain (8.5) from corresponding maximal Sobolev regularity estimates for the Stokes evolu-
tion equation ([17]). O
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Indeed, the latter inter alia implies the following Holder estimates, which with regard to the
gradient bound in (8.9) must remain local in time due to possibly lacking appropriate regularity
and compatibility properties of cg.

Lemma 8.4. Let m > %. Then there exists 0 € (0, 1) with the property that one can find C > 0
such that for all € € (0, 1),

||CS||C9(§X[I’[+1]) <C forallt >0 8.7)

and

||ug||cg(§x[tﬁt+1]) <C forallt >0, (8.8)

and that for all T > 0 it is possible to choose C(t) > 0 fulfilling

||VC€||C9(§x[z,z+1]) <C(7) forallt >t (8.9)
whenever € € (0, 1).

Proof. We take ¢ and @ from (8.6) and note that since co € W'(Q) < [Ny (.1, C?(R) and
ug € D(AY) — ﬂeem 20-3) Cc?(Q) ([15], [18]), known smoothing properties of the heat equa-

tion and the Stokes evolution system ensure that there exist 81 € (0, 1),6, € (0, 1), C; > 0 and
C> > 0 such that

||E‘\”C6| (@x[t,t+1]) < Cl for all ¢ > 0

and

”iZHCGZ(ﬁX[t,t-‘,-l]) =< C2 for all ¢ > O,

and that for all 7 > 0 we can find C3(t) > 0 such that

||V?]|C1(§X[m+1]) < C3(1) forallz > t.

Therefore, (8.7)—(8.9) result from Lemma 8.3. O

For strongly degenerate cell diffusion present when e.g. D(s) = s™~!, s > 0, with large val-
ues of m, we do not know whether n, enjoys equicontinuity properties in the classical pointwise
sense, which may indeed suffer from a possible dominance of the transport terms in the first
equation of (2.6) at small densities. In order to nevertheless provide some compactness and
equicontinuity properties of this solution component, let us finally derive two statements on time
regularity of n, in a straightforward manner.

Lemma 8.5. Suppose that m > %, and let T > 0. Then there exists C(T) > 0 such that for all
e€(0,1),
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T
/Hatn;"(.,z)H L dr=C(T) (8.10)
Wy (2))*
0
and
e G Dl a2y <CT) forallt e 0,7). 8.11)

Proof. Wefixt € (0, T) and ¢ € C3°(2) such that ||¢ lwi.co(q) < 1, and then obtain from the first
equation in (2.6) by straightforward manipulations that writing C := Sup,¢ (g 1) [17&l L (@x (0.00))
and C; := || D]l 1> ((0,¢;)) + 2, according to (1.5) we have

1
’—/3171?(',0{’
m
Q
= ‘ /nZhlV . {Dg(ng)Vng —ngFl(ng)Vee — ngug}{‘
Q

_ ' — (- 1)/n;"—208(n8>|w6|2¢ - /n;"—ng(nSan Ve
Q Q

1
+(m — 1)/n?—1F;(ne)(Vn8.ng); +/n’;1Fg(ng)ch Vi + —/n;"ug-vg‘
m
Q Q Q

< (m— 1>cz/n;"—2|we|2+(m - 1)szn;"—l|wg|
Q Q

1
+m—1) | B\ Vne| - |Veel + | 0| Veel + — | nue
m
Q Q Q

1 1
<(m— 1)02/n’;1—2|w€|2+ m2 CZ/n?—2|Vng|2+ m2 CQ/ng"

Q Q Q
m—1 m—1
+—/ng”*2|ws|2+ —/ng"|Vcs|2
2 2
Q Q
m 1 m
+ ng |VC<9|+_ ng |u8|
m
Q Q
3¢, 1 B (m—1DC"CL|Q|  (m—1)C™
<om-n(52+3) [nr2vap+ e e
Q Q

+C7 | |V % for all 0,1
1 ce| + " |uee | oralle € (0, ).
Q Q
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In view of the estimates provided by Lemma 3.2 and Lemma 8.1, (8.10) therefore readily results
upon integration.
The inequality in (8.11) can similarly be derived from Lemma 8.1 and Lemma 8.2. O

9. Existence of a global bounded weak solution

In the sequel, we shall refer to the following natural concept of weak solvability in (1.1), (1.6),
(1.7):

Definition 9.1. Let

nelL),.(Qx[0,00)),
ce L(Rx[0,00)NL} ([0,00); Wh(Q))  and
u € L}, (10, 00): Wh(Q: RY)), ©.1)

be such that n >0and ¢ > 0in 2 x (0, T) and
Dy(n), n|Vc| and n|u| belong to L}ac(ﬁ x [0, 00)), 9.2)

where Dg(s) := fos D(o)do for s > 0. Then (n, ¢, u) will be called a global weak solution of
(1.1), (1.6), (1.7) if V - u = 0 in the distributional sense, if

o o0 o o0
—/fn(pt —/n()(p(',O)=//Do(n)A¢+//nVc~V¢+//nu-V(p (9.3)
0 Q Q 0 Q 0 Q 0 Q
forall ¢ € C8°(§ x [0, 00)) fulfilling g—f =0o0n 02 x (0,00), if
o0 o0 o0 o
// /coga( 0)= //Vc-V<p—f/nc¢+/fcu~V<p 9.4)
0 0 Q 0 Q 0 Q

forall ¢ € C8°(§ x [0, 00)), and if moreover

//u ©r — /uo o(,0) = //Vu-Vgo—i—//an&-(p 9.5)
0 Q 0 Q 0 Q

for all ¢ € C§°(Q x [0, 00); R?) such that V - ¢ = 0in € x (0, 00).

In this context, a series of standard extraction procedures on the basis of our estimates col-
lected above indeed yields global solvability.
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Lemma 9.1. Let m > % Then there exist () jen C (0, 1), a null set N C (0, 00) and a triple
(n, ¢, u) of functions n : Q2 x (0, 00) — [0, 00), ¢: 2 x (0,00) = [0,00) and u : 2 x (0, 00) —
R3 such that £; (0 as j — oo and

ng(-,t) => n(-,t) a.e. in Q forallt € (0,00) \ N, 9.6)
ne —n in L(R x (0, 0)), 9.7)
ne—n  inCP.([0,00); (W ()", (9.8)
ce—>c  inC).(Qx[0,00)), 9.9)
Ce Ao in L*((0, 00); WP () forall p € (1, 00), (9.10)
Vee = Ve inCP (R x [0, 00)), 9.11)
ue—u  inCp (2 x [0, 00)), (9.12)
we —u  in L®(Qx (0,00)  and (9.13)
Vue — Vu  in L3, (R x [0, 00)) (9.14)

as e = & \ 0. Moreover, (n, c, u) forms a global weak solution of (1.1), (1.6), (1.7) in the sense
of Definition 9.1, and we have

/n(',t)zfno forallt € (0,00) \ N. (9.15)

Q Q

Proof. Since Lemma 3.2, Lemma 8.2 and Lemma 8.5 guarantee that (n]').c(0,1) is bounded
in L2, ([0, 00; WH2(R)) and that (8,n”")sc(0,1 is bounded in L7, ([0, 00); (Wy*(£2))*) due to

loc loc
the continuity of the embedding WS ’2(9) — W(}’OO(SZ), an Aubin-Lions lemma ([34]) yields
(¢j)jen C (0,1) such that £; \( 0 as j — oo and that n’ — n™ holds a.e. in Q x (0, 00) as
& =¢; \( 0 with some nonnegative function n defined on © x (0, 00), whence using the Fubini—
Tonelli theorem we readily obtain (9.6). In view of Lemma 8.2, Lemma 3.2 and (8.11), on further
extraction we may also achieve (9.7) and (9.8), whereas the bounds provided by Lemma 3.2,
Lemma 8.1 and Lemma 8.4 ensure that we can moreover easily achieve (9.9)—(9.14) upon two
applications of the Arzela—Ascoli theorem.

The regularity properties in (9.1) and (9.2) as well as the claimed solenoidality of u are evident
from (9.6)—(9.14), while the verification of (9.3), (9.4) and (9.5) is thereafter straightforward. O

10. Large time behavior
10.1. Basic decay information

Next addressing the large time asymptotics of our solutions, as in several previous studies
on qualitative behavior in related chemotaxis-fluid systems with signal absorption ([44], [24],
[47], [45]) we shall rely on the following elementary information indicating a certain decay of
the quantities nc and Vc. Here and throughout the sequel, without further mentioning we shall
assume that m > % and that (n, ¢, u) denotes the global weak solution constructed in Lemma 9.1.
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Lemma 10.1. There exist e, € (0, 1) and C > 0 such that

o0
f/ngcg <C forall € € (0, &) (10.1)
0 Q
and
o
// Ve > <C  foralle €(0,¢,). (10.2)
0 Q

Proof. Using Lemma 8.2, we can fix C1 > 0 such that n, < Cj in Q x (0, 00) for all ¢ € (0, 1),
and let ¢, € (0, 1) be small enough such that i > C1. Then (2.3) implies that F.(n.) = n,
throughout © x (0, co) whenever ¢ € (0, &,), whence integrating the second equation in (2.6) we
obtain

t
/c£(~,t)+//n5c8=/c0 for all € € (0, &,) and each t > 0,
Q 0 Q Q

from which (10.1) follows. Moreover, testing the same equation by ¢, and recalling (2.4) yields

t t
1 1 1
5/05(-,t)+//|ch|2=5/63—//&("5)0355
0 Q Q 0 Q

Q

/cg foralle € (0, 1) and t > 0
Q

and thereby verifies (10.2). O
10.2. Decay of c

A first application of Lemma 10.1 shows that thanks to the uniform Holder estimates from
Lemma 8.4 the second solution component indeed decays in the sense claimed in Theorem 1.1.

Lemma 10.2. We have
c,t)=>0 inWh®(Q) ast— oco. (10.3)

Proof. Following a variant of an approach pursued in [44], we first use (9.15) and the Poincaré
inequality to see that for all € € (0, 1),

n_o-/cs=/ns@
Q Q
Z/’/lscs_/.ns(ce_a)
Q Q
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1
S/‘nscs‘k\/@cl{/(%_a)z}z
Q Q

1

2
§/n8c8+C2{/|Vc8|2} forallz >0
Q

Q

with Cj := sup,¢ g 1) 176l L (@x(0,00)) < 00 by Lemma 8.2, and with some C; > 0. Thus, by

(2.9),
2 2
%2.{/%} 52{/ngcg} +2C§/|Vc5|2
Q Q Q

§2C1||c0||Loo(Q)/ngc€+2C§/|Vc5|2 forallz > 0,
Q Q

so that according to Lemma 10.1 we infer that with some ¢, € (0, 1) and C3 > 0 we have
00
/||c8(-,t)||il(9)dt <C; foralle € (0,¢,)
0
and hence
00
/wum@wmsa
0

thanks to Lemma 9.1 and Fatou’s lemma. Since the spatio-temporal Holder continuity property
expressed by (8.7) warrants that 0 <7+ ||c(-, #)|| 1 () is uniformly continuous, through a stan-
dard argument this entails that necessarily

c(,t)—>0 inL'(Q) ast— oo. (10.4)
Since Lemma 8.4 moreover guarantees that with some 6 € (0, 1) and C4 > 0 we have
leC Dllcrto gy = Ca forall t > 1, (10.5)

a straightforward reasoning based on interpolation and the compactness of the first among the
continuous embeddings CH(Q) — WL (Q) — LY(Q) shows that (10.4) and (10.5) entail
(10.3): In fact, given > 0 we may employ an Ehrling-type lemma to pick C5 > 0 fulfilling

}’] —
Ielwioe@) = 57 I¢llcrso@ + CslellLie forallp e C'™(Q),  (10.6)

and then use (10.4) to choose 7y > 1 satisfying
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leC. Ol L1y < 2’7 for all 7 > 1.

Then by (10.6) and (10.5),

||C( t)||W100(Q) < f C4 +C5 =n forall ¢ > 10,

2C 5
as desired. O
10.3. Stabilization of n

Next concerned with the large time behavior of 7, in order to circumvent obstacles stemming
from possibly strong degeneracies of diffusion when m is large, we rely on another quasi-energy
structure in deriving the following result which can be viewed as asserting a certain short-time
conservation of smallness of the quantity f o(ne— 79)?, and which, remarkably, beyond the above
properties and in particular (10.2) does not explicitly require the presence of any diffusion mech-
anism in the first equation in (2.6).

Lemma 10.3. There exists C > 0 such that for each ¢ € (0, 1) and any choice of t, > 0 we have

2 2
[ (ecn-m) <cf [ (e =)+ [1Wetal+ s et |
Q Q Q

SE(ty,te+1)

forallt e (t.,t,+1). (10.7)

Proof. We start by multiplying the first equation in (2.6) by n, — ng to obtain

1d
2 (ne —Tig)> = / Do (ne) Vi + / ne Fl(n)Vine - Ve,
Q Q
< /nsF;(ns)Vns -Vee for all r > 0. (10.8)
Q

Here in order to appropriately estimate the right-hand side, we introduce

N
G.(s) :=/UF£(o)da, s>0,
0

and once more integrate by parts to rewrite

/ngFé(ns)Vng -Vee = / VGe(ng) - Ve

Q Q

- / Ge(ng)Ac

Q

=—/(Gg(n8) —Gg(%)) ‘Ace  forallz>0,  (10.9)
Q
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because fQ Acg(-,t) =0 for all + > 0. Now since we know from Lemma 8.2 that with some
C1 > 0 we have

ne <Cp inQ x (0, 00) forall € € (0, 1), (10.10)

and since 0 < G/ (s) < s thanks to (2.4), by the mean value theorem we can estimate

Ge(ne(x, 1) — Go(mo)| < Gl L (0,c1)) Ine (x, 1) — g

< Ci|ng(x,t) —no| forallx e Q,t>0and¢e € (0, 1).

By means of Young’s inequality, (10.9) therefore implies that

/”sFé(ns)Vna'VC85C1/|ns_n_0|'|AC8|
Q

Q
2
l =2 & 2
< 2 (ng —np)” + > |Ac] for all t > 0,
Q Q
and that in view of (10.8) we thus have

d
E/(ng—%)25/(ng—n_o)2+C12/|Ac8|2 forall z > 0. (10.11)
Q Q Q

Here an adequate compensation of the rightmost integral can be achieved by using the second
equation in (2.6), which when tested against —Ac; yields

1d
Eav/\|Vc8|2+/|AC8|2:/F€(n8)C8AC€+/(u5.Vcé‘)ACE
Q Q Q 5

1
fzflAcslz—l—/ngcg
Q Q
1
+Z/|Ace|2+f|ug-ws|2
Q Q

1
< 5/|Acs|2+6%/c§+cgf|wg|2
Q Q Q

forallt > 0, (10.12)

where in accordance with Lemma 8.4 we have chosen C, > 0 large enough fulfilling |u.| < C»
in 2 x (0, 00) for all € € (0, 1).
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In combination, (10.11) and (10.12) now show that

d _ _
E{/(ng—no)ﬂcf/wcgﬁ} gf(ng—n0)2+2c;‘/c§+2c%c§/|Vc8|2
Q Q Q Q

Q
forall ¢ > 0,

implying that y(#) := [ (n:(-,1) —710)> 4+ C} [ Ve (-, 1)[%, t > 0, satisfies

y/(t)gc3y(t)+c4/c§ forallz > 0
Q

with C3 := max({l, 2C§} and Cy := ZCf. By an ODE comparison, this entails that

t

y(t) <eBUTy(1) + Cy / G { / (., s)}ds

te Q
C3

o
< Cay(t,) + =X sup /cg<.,s) forall £ € (1,1, + 1)

C3  se i+
Q

and thereby establishes (10.7). O
By means of another L7 testing procedure applied to the first equation in (2.6), again relying
on the estimate (10.2) from Lemma 10.1, the latter implies stabilization of n toward its average,

at least when yet considered in L%(2) and outside a null set of times.

Lemma 10.4. Let N C (0, 00) be as provided by Lemma 9.1. Then

n(,t)—>ng inL*Q)  as(0,00)\ N>t — oo. (10.13)

Proof. We first invoke Lemma 10.3 to find C > 0 such that for any ¢, > 0 and ¢ € (0, 1) we

have

—\? —\? 2 2
[(necn=m) scred [ (e =m) + [IVetdP+ s el
J : J sE(ta,tu+1)

forall t € (t,, t, + 1).

Here since ¢, — ¢ in C} (Q x [0, 00)) and V¢, — Ve in C) (Q x [1,00)) as e = &; \ 0 ac-
cording to Lemma 9.1, and since (n; — 710)¢(0,1) is bounded in L*°(€2 x (0, 00)) by Lemma 8.2,
on the basis of (9.6) and the dominated convergence theorem we may let € = ¢; ~\ 0 to obtain

that
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2 2
[ (nt.) =) ECr{/(Mww—W® +/\de»ﬂ+ﬁfw |wmsm;m4
Q

o o te et 1)
forallt, € (I,o00) \ N andany t € (¢,,t,. + 1) \ N. (10.14)
In order to prepare an appropriate control of the right-hand side herein, we fix some y > 1

satisfying y > m — 1, and noting that then 2y — m is positive we use nﬁy"" as a test function in
the first equation from (2.6) to see that for all ¢ € (0, 1),

1 d _ m—
ma nﬁy mtl +(2y—m)/nﬁy "D, (ne) | Ve ?
Q Q

=Qy —m)fngy_mF;(ng)Vng Ve, forallr >0,
Q

which in light of (2.1), (1.5), (2.4) and Young’s inequality implies that

t
1 2y— (ZV—M)kD// _
- y—m+1,, H = 2 2y -2 \V/ 2
o | e+ S "2 2V,
0 Q

Q

t
1 _ 2y —m)k
- /n(Z)y m+1 2y —m)kp //nﬁV*Zanlz
2y —m+1 2
0 @

Q

t
+Q2y —m)f/nﬁy"”|w8| | Veg|
0 Q

t
< 1 /n(Z)y—m+1+ZV—m//ngyfszrzWCg'z
2y —m+1 2kp
0 Q

Q
1 2 r
2y —m+1 y —m 2y —2m+2 2
= m/”o + 2kD ||n8”LOO(QX(O,OO))'/\\/\|VCE|
Q 0 Q

forall ¢t > 0,

because 2y — 2m 4 2 > 0. Due to the boundedness properties asserted by Lemma 8.2 and
Lemma 10.1, we therefore conclude that there exist &, € (0, 1) and C > 0 such that

o0
//‘Vn}g’
0 Q

and that hence according to the Poincaré inequality we can find C3 > 0 fulfilling

2
<C, for all e € (0, &,),
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2
dt < C; for all ¢ € (0, &,),
L2(Q)

nL ) = L)

7
0

1
where we have set . (f) := [I_SIN fQ nZ(~, t)} " fort>0and e € (0, 1). Again using (9.6) along

with the dominated convergence theorem, from this we readily infer on invoking Fatou’s lemma
on the time interval (0, oo) that

OO 2
/Hny(-,z) ~ w0, =6 (10.15)
0

1
is valid with w(z) := {\lﬁl fQ n? (-, t)} ", t€(0,00) \ N, the latter satisfying u(t) > g for all
t € (0,00) \ N due to the fact that by (9.15) and the Holder inequality we can estimate

1
1
%IQI=/n(-,t)s {/ny(ut)}y Q'Y fort € (0,00) \ N.
Q Q
As |EY — Y| =¥~ . |& —p| forall £ > 0 and 5 > 0, this implies that
y y 2 2y-2 2
W) =@ O =520 6 - po)]
>0 72 n(-,1) — u(0))* ae.inQforall 7 € (0,00) \ N,

so that from (10.15) we obtain that
o0
/ ln(, 1) — I,L(t)”iz(g)dt <C4 (10.16)
0

with C4 1= C3 -71g> "% > 0.
Now to derive the desired conclusion from this and (10.14), given n > 0 we use (10.16) to
find some large ¢y > 1 such that

[o)0]
2 n
/ 1C.0) = O F2(0)1 < e (10.17)
to—1
and such that in accordance with Lemma 10.2 we moreover have
c(x,t)<% forall x € Qand 7 > fo — 1 (10.18)
1

and well as
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f|vC(-, D < forallt>r—1. (10.19)
3C,
Q

Then for arbitrary t > fo we may use (10.17) to pick t, =t.(t) € (t — 1,¢) \ N such that

f InC 1) = )
Q

2
<

(10.20)

n
12Cy°
Again by (9.15) and the Cauchy—Schwarz inequality, this firstly entails that

g — pu(e.)| - 121 = '/ (ot = u(u))'
Q

1

/(n(-,r)—um)zr Nl

and hence

/ (75— ) < T

Q

so that, secondly, from (10.20) we obtain that

/(n(-,t*)—%y52/(n(-,t*)—u(t*))2+2/(n_o—u(t*))z
Q

Q Q

n
< —.
3C

In conjunction with (10.18), (10.19) and (10.14), this means that

!(n(-,t)—%)2<cl-{%+%+%}=n,

because t € (., t, + 1) \ N. Since n > 0 was arbitrary, this completes the proof. O

By interpolation and approximation, in view of the generalized continuity property of n gained
in Lemma 9.1 this readily implies convergence in the style claimed in Theorem 1.1.

Corollary 10.5. Forall p > 1,

n(-,t) > ng inLP(Q)ast— oo. (10.21)
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Proof. By boundedness of €2, we only need to consider the case p > 2, in which due to the
Holder inequality,

p=2 2 2
I, 1) =Tl < InC, 1) = 75l S 11 1) = 701 g < CullnCe, ) = Tl g

forallr >0
p=2
with Cy := {||n||Loo(QX(o,oo)) + n_o} . Therefore, given n > 0 we may invoke Lemma 10.4 to
fix to > 0 such that
InC.0) ~llry <n  foralls € (10, 00) \ N, (10.22)

and for the proof of (10.21) it will be sufficient to make sure that the inequality herein actually
remains valid for all ¢ > #y. To verify this, for any such ¢ we can use the density of (79, 00) \ N
in (f9, 00) to find (fx)ren C (f9,00) \ N such that 1z — ¢ as k — oco. Then (10.22) shows
that ||n(-, &) — nollLr@) < n for all k € N, whence we may extract a subsequence (#,);en of
(tt)keN such that n(-, ) —ng — z in LP(2) as [ — oo. But since this trivially entails that also

n(-, t,) —ng— zin (WO2 ’Z(Q))*, from the continuity property implied by (9.8) we infer that z
must coincide with n(-, ) — ng and that thus

In(-,t) —nollLr(e <liminf|n(., &) — nollLr) <1,
[— 00
as claimed. O
10.4. Decay of u

Finally, uniform decay of u can be achieved on the basis of the following straightforward
application of standard regularity theory in the forced Stokes evolution system.

Lemma 10.6. There exist .. > 0 and C > 0 such that for any choice of u € R and arbitrary
e €(0,1) we have

1
llue G- D)l L) =C +C /(l — )" ng(9) = aqyds  forallt >0, (10.23)
0

where a € (?T’ 1) is taken from (1.8).

Proof. As gradients of functions from W!°°(€2) belong to the kernel of the Helmholtz projec-
tion P, for arbitrary p € R the third equation in (2.6) can be rewritten according to

Uor + Alty = 'P[(ng(-, 1) — u)v¢], xeQ, t>0. (10.24)

Now since o > %, from a known embedding result ([15], [18]) we obtain that D(A%*) — L*°(R2),

so that invoking well-known smoothing properties of the analytic semigroup (e ~’4),>¢ ([29],
[13]) we infer from (10.24) that with some C| > 0, C, > 0 and A > 0 we have



6148 M. Winkler / J. Differential Equations 264 (2018) 6109-6151

e (-, Ol L) < Crll A%ue (- Dl L2(q)

t
A% Ay + / A“e_(t_s)AP[(ne(w s) — M)V¢]d5
0

:Cl

LX(Q)

ds
L2(Q)

1
< CillA%upll 2 + C2 f (t =) e Pl ne ) - V0|
0

for all # > 0. Since P is an orthogonal projector and hence

(ne(,s) =)V

[Pl@ec.0) = V]

) < |IVollLe@line(,s) — il L2

<
L2(Q) H L2(

for all s > 0,
in view of our regularity assumption ug € D(A%) we thereby obtain (10.23). O

Here the integral on the right-hand side can be estimated by using the following elementary
decay property.

Lemma 10.7. Let 8 € (0,1), A > 0 and h : (0,00) — R be measurable and bounded with
h(t) > 0ast — oo. Then

t
/ (t—s)Pe ™M Ins)ds >0  ast— oco. (10.25)
0

Proof. Given n > 0, we pick #; > 0 large such that |h(?)| < % for all t > t;, where C; :=

1
e . 2 B .
Jo o Pe ™ do is finite since B < 1. Then writing #o := | + (%ﬂ“‘)m”)ﬁ, for arbitrary

t > to we can estimate

t
‘/(t — ) Pe ) n(s)ds
0

11 t
< /(r — ) Pe™ )\ n(s)|ds + /(r — ) Pe ™) n(s)|ds
0 141

I

t
(- fl)_ﬁIIhHLOO((o,oo))/e_m_s)ds + % /(t —5) P =9ygs
0 ! 1

t—t1
= (t — 1) PIIh] Lo (0.0 - %(E—A(z—n) ey 4 L / 5B g

2Cy
0
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o
n
< (to — 1) P Al Lo (0,00 - Tf e ™do
0
n n
=—4 -=
2 T

and thereby see that indeed (10.25) is valid. O

In view of the stabilization property from Corollary 10.5, Lemma 10.6 thus entails the desired
decay feature of u.

Lemma 10.8. We have
u(-,t) >0 in L®°(Q) ast— oo. (10.26)

Proof. With the null set N C (0, o) taken from Lemma 9.1, on combining Lemma 8.2 with
the dominated convergence theorem we obtain that ng(-,f) — ng — n(-,t) — ng in L3(Q) as
& = € \( 0. Therefore, using the convergence property (9.12) we infer from Lemma 10.6 that
there exist A > 0 and C; > 0 fulfilling

lu(, D llLe < C1+ Cy /(t —5) "% M| n(., ) — 10|l 2(q)ds forall t > 0,

where o € (%, 1) is as in (1.8). Since [|n(-, 1) —noll;2(q) — 0 as ¢ — oo by Corollary 10.5,
Lemma 10.7 therefore yields (10.26). O

10.5. Proof of Theorem 1.1
We finally only need to collect our previous findings to arrive at our main result.

Proof of Theorem 1.1. The statement on global existence of a weak solution with the regularity
features in (1.10) has been asserted by Lemma 9.1. The convergence properties in (1.11) are
precisely established by Corollary 10.5, Lemma 10.2 and Lemma 10.8. O
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