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Abstract

We are interested in the question of stability in the field of shape optimization, with focus on the strategy
using second order shape derivative. More precisely, we identify structural hypotheses on the Hessian of the
considered shape function, so that critical stable domains (i.e. such that the first order derivative vanishes
and the second order one is positive) are local minima for smooth perturbations; as we are in an infinite
dimensional framework, and that in most applications there is a norm-discrepancy phenomenon, this type
of result require a lot of work. We show that these hypotheses are satisfied by classical functionals, in-
volving the perimeter, the Dirichlet energy or the first Laplace-Dirichlet eigenvalue. We also explain how
we can easily deal with constraints and/or invariance of the functionals. As an application, we retrieve or
improve previous results from the existing literature, and provide new local stability results. We finally test
the sharpness of our results by showing that the local minimality is in general not valid for non-smooth
perturbations.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction
1.1. Motivation and literature

In this paper, we are interested in the question of stability in the field of shape optimization.
More precisely, given J : A — R defined on .A C {€ smooth enough open sets in R?}, we con-
sider the optimization problem

min {J (), Qe A}, (H

and we ask the following question:

if Q% € Ais a critical domain satisfying a stability condition (that is to say a strict second
order optimality condition), can we conclude that Q* is a strict local minimum for (1) in the
sense that

J(Q) — J(2) > cdi (2, 2%)%,  for every Q € V(Q¥) (2)

where ¢ € (0, 00), d| is a distance among sets, and V(Q*) ={Q € A, d»(2, Q*) < n} is a neigh-
borhood of Q*, relying on a (possibly different) distance dy?

Note first that the word distance is used here and in the rest of the paper as an intuitive notion,
asserting that €2 is far or close from the fixed shape 2%, and does not refer in general to the
formal mathematical notion of distance. Note also that in the case where solving (1) is still an
open problem, obtaining (2) with ¢ = 0 is already an interesting achievement, nevertheless the
method used in this paper will always provide a result with ¢ > 0.

During the last decade, starting with [21], this type of question gained interest in the com-
munity of isoperimetric inequalities and shape optimization, in particular three main methods
were developed in a quite extensive literature, in order to get a stability result of the form (2) for
the most classical problems (1): symmetrization technique, mass transportation approach, sec-
ond order shape derivative approach. In this paper, we focus on the third strategy, which recently
received even more attention as in some examples, the other techniques could not be applied, see
for example [7].

One specific difficulty for this strategy is that differential calculus within shapes is available
only for rather smooth deformations of the initial shape. Nevertheless, as it is shown for example
in [2], the strategy can also provide results for very weak distances (as the Fraenkel asymmetry
which can be seen as the L!-‘distance’ to the ball, up to translations, see [21,2]), when it is
combined with a regularization procedure. For the perimeter functional, the stability result for
smooth perturbations goes back to [20], and the regularization step is inspired by results in [43,
32], though the complete result was achieved in [11]. These two steps rely on very different
arguments.

The aim of this paper is to describe a general framework so that the first step of the above
strategy applies: while this has been done in a few places in the literature, every time specifically
for the functional that was under study, we aim at giving some general statements, and then show
that these statements both apply to the examples already handled in the literature, and also to
new examples. Despite getting a wider degree of generality, we also simplify many proofs and
strategies found in the previous literature, as we describe in the rest of this introduction. We also
show that the second step of the above strategy does not work with a similar degree of generality.

In order to tackle this question, we have to face two main difficulties:
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e The first difficulty for this strategy is to define a suitable framework of differential calculus
within shapes. This can be done for example with the notion of shape derivatives, but one
can not expect positivity of the second order derivative with this tool (see Section 2 for
more details). We can restrict to normal deformations, but this may lead to difficulties when
dealing with the next point, see the proof of Theorem 1.4.

e The second difficulty is the classical two-norm discrepancy phenomenon in optimization in

infinite dimension. The studied function J is twice differentiable with respect to one norm
but the coercivity inequality J” (u)(h, h) > c||h||3, holds only for a strictly weaker norm.
Hence the usual theorem on sufficient conditions for local optimality does not apply. This
has been studied for example in [28], and mainly applied in the framework of optimal control,
see for example [31,8]. In this paper we discuss an adaptation of these results to the context
of shape optimization.
In the context of shapes, this norm-discrepancy issue was noticed for the perimeter functional
by Fuglede in [20] (studying the case of the Euclidian ball) and in [25, Proof of Theorem
6], [6, Equation 3.23], [43, Equation (1)] in the more general framework of constant mean
curvature surfaces. Various geometric examples have been handled in the literature since
these first examples, see [15,17,5,33]. In the specific context of shape optimization involving
PDE, the issue was first overcome in [14,12]. More recently a very similar approach can be
found in [2], see also Section 5.1.

1.2. Main results

1.2.1. Stability results

Our first results provide an answer to the main goal of the paper: it gives the suitable as-
sumptions on the functional so that linear stability implies non-linear stability. In other words if
Q* € A is a critical domain satisfying a strict second order optimality condition, then Q* is a
strict local minimum for (1). Before giving the main statements, we precise the notations and the
assumptions.

Definition of derivatives: for the sake of simplicity, we define everything here using normal
deformations, which is enough to give the main statements. We refer to Section 2 for more
details. Assuming that Q is C! and n = nyq is its outer unit normal vector we can consider
“normal graphs” on 0€2, that is €2, such that

Q) = {x + h()n(x), x € I}, 3)

where h € X, and X is a Banach space of scalar functions on 92. If J is a shape functional,
then we can define jo (h) = J(R2}) for h € X close to 0, and if jq, is twice Fréchet differentiable
around O in X, we can define

J(Q).h=jn0).h and J"(Q).(h, h) =j}(0).(h, h). 4)

The first assumption will help to deal with the coercivity of the second derivative, and also to
identify which distance di may be expected in (2). To that end, we formulate

Assumption (Cys, ): for sp € (0, 1], we say that the bilinear form £ acting on C*°(92) satisfies
condition (Cy2) (and by extension we say that J satisfies the condition at  if j¢, (0) does) if:
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(Cys2) there exists s7 € [0, s2) and ¢y > 0 such that £ = ¢, + £, with

£, 1s lower semi-continuous in H%2(92) and ¢, (h, h) > c; |h|ﬁsz(m), Vh € C*(092),

£, continuous in H’1 (9L2),

where | - g2 (5q) denote the H2(d€2) semi-norm. In that case, £ is extended by density to the
space H%2(0%2).

Second, as we face the two-norm discrepancy problem, we need to precise the estimation of
the Taylor remainder. This is the goal of the following improved Taylor condition:

Assumption (ITys x): given 2, s € [0, 1] and X C WLo°(3) a Banach space, and assuming
that jo is twice Fréchet differentiable at O in X, we say that J satisfies condition (ITys x) at
if:

(ITys x) there exist n > 0 and a modulus of continuity @ such that for every domain €2 with
Iallx <n,

1
J(Qn) = J(Q) = J'(Q2).h — EJ”(Q)-(h, m| < oI og)-

We are now in position to give our first stability result in the framework of shape optimization:

Theorem 1.1. Let Q* be a domain of class C', and J a shape functional such that jo, is twice
Fréchet differentiable at 0 in a Banach space X such that C®(dQ*) ¢ X C Wh®QQ*). We
assume that J satisfies (Cys2) and (ITys: x) at Q* for some 55 € (0, 1]. Then if Q* is a critical
and strictly stable shape for J, that is to say':

J () =0, andJ"(Q)> 0onH2(Q*)\ {0}, (5)

then there exist n > 0 and ¢ = c(n) > 0 such that

VY Q= with [hllx <. J(Q) = JQ) + el gge-

The reader can compare to classical results dealing with the two-norm discrepancy problem,
see for example [28]. We give a proof of this result in Section 3.2.

Remark 1.2. Usually, when dealing with sufficient condition for local optimality in an infinite
dimensional setting, (5) is replaced by a coercivity assumption. In fact we will prove in Sec-
tion 3.1 that both conditions are equivalent under condition (Cys2 ). In practice, this improvement
is rather secondary as in most applications, we directly prove coercivity, see Section 5. Our main
interest in this new formulation is that it is an easy way to identify the value of s, which does not
require to diagonalize the second order derivative. Also, assumption (Cys, ) will be useful when
dealing with constraints/invariances as explained just below.

' Here J”(S) is a quadratic form, so J” (Q*) > 0 on X \ {0} means J” (2*)(h, h) > 0 for any h € X \ {0}.
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Constraints and invariance: In many shape optimization problems, we have to handle two
extra difficulties: the functional is translation invariant, and there is a volume constraint (we
denote Vol(£2) the volume of €2, see Section 2 for the computation of its derivatives). Therefore
one cannot expect (5) to be satisfied. Here is the statement adapted to this case:

Theorem 1.3. Ler Q* of class C', and J a shape functional, translation invariant and such that jo,
is twice Fréchet differentiable at 0 in a Banach space X such that C*(0Q*) C X C WL Q*).
We assume:

e Structural hypotheses: there exists s € (0, 1] and X a Banach space with

C®(0Q*) C X c W™ Q")

such that J satisfies (Cys2) and (ITys: x) at QF,
o Necessary optimality conditions:
— Q* is a critical shape under volume constraint for J, that is to say there exists u© € R a
Lagrange multiplier such that

(J = uVol) (%) =0,

— Q¥ is a strictly stable shape for J under volume constraint and up to translations, that is
to say

Vh e T(OQ")\ {0}, (J —uVol)"(2%).(h,h) >0 6)

where

T(0Q*) :={h e H (OQ"), / h=0, hY =0 (7
ok aQ
Then there exists n > 0 and ¢ = c¢(n) > 0 such that:
V Q=Qj suchthat |h|x <nand |Q|=|Q"|, J(Q)>J(Q")+cdx (L, Q)2
where
dx (Q, Q) = inf{||gllu2 90+ § such that 3t e RY, Q@ + 1= Q) (8)

The proof is given in Section 3.3. In some particular cases for the functional J, similar results
were already obtained but with a different strategy: in [14,12] the authors carefully handle the
volume constraint by building a path preserving the volume and being almost normal, and prove
that an estimate like (ITys> x) is valid for this more involved path. Similarly in [2] the authors
also handle the translation-invariance of the functional (which is not there in the example of [14,
12]) using the same path, which implies a lot technicalities.

We drastically simplify the presentation of [14,12,2] by using an exact penalization method.
More precisely we prove that under assumption (Cysz), (6) implies the unconstrained condition
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(5) when J is replaced by

Ju,c = J — Vol + C (Vol — Vp)* + C || Bar — Bar(2")| 2

where C € (0, 00) is large enough, and Bar is the barycenter functional. We then apply Theo-
rem 1.1 to J, c which implies the constrained local minimality. It is clear, looking at the proofs
of our results, that the method we describe in this paper is general and can be applied to other
constraints or invariance.

Theorem 1.1 is relevant only if one provides explanations on how to show assumptions (Cgs2 )
and (ITys x) on concrete examples: Theorem 1.4 below is dedicated to this issue, and in Sec-
tions 2.2 and 4 we provide several other examples.

1.2.2. Condition (ITys x) for Dirichlet energy and first eigenvalue when X is a Sobolev space
The situation of a shape functional involving a PDE is much more involved than for geometric
functionals, as it is much harder to write the remainder term in order to show condition (ITys x)
for suitable spaces.
In this case, it is more convenient to define a slightly different condition: given €2, s € [0, 1]
and X ¢ W1 (3Q) a Banach space, assuming that j, is C? in a neighborhood of 0 in X, we say
that J satisfies condition (ICys x) (for “improved continuity” in /) at € if:

(ICps.x) there exist n > 0 and a modulus of continuity w such that for every domain 2 with
lkllx <n,andall ¢ €0, 1]:

|j"(®) = j" ()] < wlhllx) 1211,

where j : ¢t € [0, 1] — J(€2;) for the path (£2;);¢[0,1] connecting €2 to €2, and defined through
its boundary

Q= {x + th(x)n(x), x € 9Q}. )
Using the Taylor formula with integral remainder:

1
1
J(Qp) —J(Q)=J'(Q).h+ EJ”(Q).(h, h) + /[j”(t) —j"(O](1 - pdt,
0

it is easy to see that condition (ICys, x) implies (ITqs, x).
We now recall the definition of two classical PDE functionals, E the Dirichlet energy and X
the first Dirichlet-eigenvalue:

Jq |Vul?

1
W, ue Ho(Q)

E() = min %f|Vu|2—/u, ueH)(Q) ¢, Al(Q)zmin{
Q Q
(10)

In this paper, we prove the new following result:
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Theorem 1.4. Let Q be a bounded C* domain. Then E and A1 satisfy (ICy112 w2.p) for p > d.

This result is an improvement of the previous literature in several ways: first in [14,12] the
authors prove (ICy1/2 c2.«) for functionals similar to £, which is weaker. In [2] the authors ob-
tain a condition similar to (ICy /2, w2.p) for p > d, but for a PDE functional which provides more
regularity (see (30)). Finally, as far as we know, the case of 1| was not known in the literature.
Note that this improvement about spaces is not just a technical issue, as in [2] the choice of
W2P rather than C2¢ is relevant for the second step of the strategy when proving stability in an
L! -neighborhood ([2, Section 4]): indeed their regularization procedure needs to allow disconti-
nuities of the mean curvature, see equation (4.9) in the proof of [2, Theorem 4.3].

1.3. Old and new applications

In order to justify the interest of our general statements, we provide several examples of
functionals for which Theorems 1.1 or 1.3 apply. We give here a short list, see Section 5 for more
details.

e First, we retrieve with our results classical statements already existing in the literature: this
relies on the computation of the first and second derivatives of the functionals, and the fact
that they satisfy conditions (Cys2) and (ITys2 x) (for suitable s and X). This includes the
examples of [14,12,2,7]. We believe that despite the degree of generality of our approach,
the proofs are less technical and more straightforward.

e Second, we apply our result to cases where only linear stability was studied: this includes
the result in [34] (see Proposition 5.1).

e We finally provide new examples, which come with minor cost thanks to our results. One
generic example we have in mind is the following: if Q* = B is a ball of volume Vj € (0, 00),
then the conditions of Theorem 1.3 are fulfilled for the functional / = P + y E (P is the
perimeter and E is the Dirichlet energy) when y > 4 and yy € (—o0, 0) (whose optimal
value is given in Proposition 5.5), and we can conclude from our strategy that the ball is a
local minimizer (in a W>? neighborhood for p > d) of the following optimization problem

min {P(2) + yE(R2), || = V}. an

For y > 0 this result is not surprising, since the ball minimizes both the perimeter and
the Dirichlet energy. But this result is new and surprising when y is nonpositive: there is a
competition between minimizing the perimeter and maximizing the Dirichlet energy. Another
way to state the result is to say that

P(§2) — P(B)

m >lyl, VQeV(B),

where V(B) = {Q2 = By, |2| = |B| and ||\ h|lw2.» <1}, for some n > 0.

For a problem related to (11) when y < 0, see also [24]. We also notice that local optimality
of the ball is no longer valid when one considers a neighborhood of Q* for a weak distance,
for example the Frankel asymmetry, see Section 6. Especially it means that the second step
of the strategy described in Section 1.1 does not apply to (11) if y < 0, despite the fact that
sets are minimizing the perimeter, and it shows in what way the two steps of this strategy
have different degree of generality.



3016 M. Dambrine, J. Lamboley / J. Differential Equations 267 (2019) 3009-3045

In addition to this example, we obtain several new local isoperimetric inequalities, see
Proposition 5.1 in Section 5.2.

In Section 2, we give a review of classical results and computations for shape derivatives that
will be useful for applications. We show in particular a new proof of the Structure Theorem for
second order shape derivatives. In Section 3, we discuss the coercivity assumptions and we prove
Theorems 1.1 and 1.3. In Section 4 we discuss assumption (ITys2 x), in particular we recall and
improve existing results, and show Theorem 1.4. In Section 5, we focus on applications of our
results. In the last Section, we show that similar results in non-smooth neighborhoods cannot be
achieved with the same degree of generality.

2. On second order shape derivatives

In this section, we review classical results and computations about first and second order
shape derivatives. On one hand, we will recall the values of J'(2) and J”(2) as defined in
(4), for classical functionals J: they will be needed in Section 5. On the other hand, we give
useful facts that will help to deal with Assumption (ICys2 x) in Section 4.2, where we prove
Theorem 1.4: this requires indeed to work with non-normal deformations. We start recalling
the Structure Theorem from [35] which generalizes to the second order the classical Hadamard’s
result about shape derivatives. Even though this is not a mandatory tool to obtain stability results,
this will help to guide and shorten the computations.

2.1. Structure Theorem

If J is a shape functional, and ® = W (R4 RY) (see Remark 2.5 for a discussion about
other functional spaces) one can define 6 € ® — Jq(0) = J[(Id + 0)(L2)], and the derivatives
.75’2 (0) and Jé’ (0) (when they exist) are called first and second order shape derivatives of J at €2,
see for example [41,26].

It is well-known since Hadamard’s work that the first shape derivative is a distribution sup-
ported on the moving boundary and acting on the normal component of the deformation field.
The second order shape derivative also has a specific structure as stated by A. Novruzi and M.
Pierre in [35]. We quote their result, and provide a new proof that we think is more natural. The
proof can be skipped in a first lecture.

Theorem 2.1 (Structure Theorem of first and second shape derivatives). Let @ = W (R4 R9),
Q an open bounded domain of R? and J a real-valued shape function defined on
V() ={(Ild + 0)(2), ||0]le < 1}. Let us define the function Jq on {6 € O, ||0|le < 1} by

Je(0) = J[(d +6)()].

(i) If Jq is differentiable at 0 and Q2 is C2, then there exists a continuous linear form £y on
C'(9Q) such that T, (0)& = £1(&sq - n) for all § € C*(RY,RY), where n denotes the unit
exterior normal vector on 0S2.

(i) If moreover Jq is twice differentiable at 0 and 2 is C3, then there exists a continuous
symmetric bilinear form £, on C2(3€2) x C2(d) such that for all (£,¢) € C®(R?, R%)?

To0)(E, &) =6 1, & -n) + (B, &) = Ve(§-n) - & = Ve (E - n) - &),
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where V. is the tangential gradient, &, and ¢, stands for the tangential components of § and
¢, and B = D.n is the second fundamental form of 0€2.

With respect to this work, it is important to notice that at a critical domain for J, the shape
Hessian is reduced to £, and hence does not see the tangential components of the deformation
fields.

Remark 2.2. In particular, if 6 is such that & = hn on 92, then (Id + 0)(2) = 2j, as defined in
(3). Therefore

J'(Q.h=20,(h) and J"(Q).(h,h)=L;(h,h)

where J', J” are defined in (4), and £;, £» are obtained with Theorem 2.1. We will call these
objects ‘shape gradient’ and ‘shape Hessian’ respectively. The most interesting part here is
that knowing only J'(2) and J”(2) (that is using only normal deformations), one can retrieve
js’z’ (0).(&, ¢) for any (&, ¢), see also Section 4.

Remark 2.3. The requirement that €2 is bounded is made only to simplify the presentation: the
result remains valid replacing Cl(3Q) with CZ(B 2) and localizing the test functions.

Remark 2.4. As noticed in [26, p. 225], with this degree of generality, the regularity assumption
on 2 are sharp. We could indeed wonder if £; can be extended as a continuous linear form on
CY%(dR); this is not true in general if  is only assumed to be C!, as the example of the perimeter
shows (it would mean that the mean curvature is a Radon measure, which is not true for a C!
domain). Our strategy provides £ being continuous for the C2(3Q)-norm, while [35] gives a
better result with £, being continuous for the C1(3Q)-norm. However, if we assume that £; can
be extended as a continuous linear form on C%(32), then point (ii) is valid assuming €2 of class
C? only, and ¢, is then continuous for the C!-norm; it is easy to see how the proof adapts to this
case, and we retrieve then an optimal result, see also [35, Remark 2.8, Corollary 2.9].

Remark 2.5. Compare to the result in [35], we restricted ourself to the space ® = WL (or
similarly C1:* := W12 N C!, see the proof below), as all the functionals of this paper are
differentiable in this space. The same proof can be adapted to spaces like WX for k > 2, which
is important to handle higher order geometric or PDE functional.

Remark 2.6. When & = ¢, we get
J5(0).(5,8) =€2(5 -n, & -n) +£1(Zg), where Zg = B (&, &) — 2V (§ - n) - &
As noticed in [2, Equation (7.5)], the term Zg can have be written in a different way:
Zg = (& - m)div(§) — dive (5 (€ -n)) — H(E.n)*.
The advantage of Z; is that it clearly vanishes when &; = 0, but this second formulation can also

have advantages, especially when £ has a vanishing divergence (as it is the case in [2]) or when
there are simplifications as it is the case for the volume (see Lemma 2.8 for the first equality):
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Vol”(Q)-(S,E):/H(E~n)2+/Zg=/(§-n)diV(§)- (12)
Q2 Q2

02

Remark 2.7. It is sometimes considered that first and second order derivatives described in the
previous theorem cannot handle the differentiation of 7 > J(T;(2)) where T € Cz([O, of, ®)
is not of the form 7; = Id + t&. This is not true, as the chain rule formula easily gives (and is
allowed when we have proven the Fréchet-differentiability of the functionals, which is valid for
all the functionals of this paper):

2

d " d . d ) a2
227 (1) = Jo(T: — Id). <5Tt, ET’> + TH(T; — 1d). <ﬁTf>

and the structure result can then be applied. For example, if 7; is the flow of the vector field £ as
it is usually done in the speed method, we obtain:

d2
WJ(T,(Q))“:() = J5(0). (€, 8) + J5(0). (D§) - £).

Another interesting case is that if Q is a critical shape for J, namely [7;(0) =0, and if

T =1d + t€ + %n + o(t%) where o(t%) has to be understood with the norm || - |l@, then we
always have

d2
WJ(Tt(Q))\tzo =06 -n,§-n).

Proof of Theorem 2.1. We only focus on the second order derivative, as the first order one
is classical (see for example [26,16,30]). For k € N, we define ckoo.=Ckn W""’O(Rd, Rd)
equipped with the same norm as WX, which is also a Banach space and is more adapted to
approximation by smooth functions. Let &, ¢ € C* compactly supported, and denote y, § their
respective flow, namely

{%y:(x) = E(y(x)) {%az(x) = ()
wx) = x 80(x) X

Thanks to our assumption on &, we easily check that the function T €e ® > £ o (T + Id) € ®
is locally Lipschitz and C2, and therefore these ODE admits solutions defined on (—to, tp) and
such that [t — y; — Id, t — §; — Id] are in C2((—19, 10), ©). As a consequence,

(t,s) > ys06 —Ild € ®

is well-defined in a neighborhood of (0, 0) and C2.

Let now assume that ¢ - n = 0. Then from classical criterion of invariance of sets with the flow,
we have §;(2) = Q for every ¢ small enough, so J(y;s 08;(2)) = Ja(ys 0 8; — Id) is independent
of ¢. Differentiating successively with respect to 7 and s at (0, 0), we obtain:

T50).(5.0) + TH0).(DE - £) =0, VE €CP, Ve e KNCY,

where K =Ker(®) and ®: £ €e © = & - n.
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We define b: (£,¢) € C2%° x Ch s jg’z/(O).(E, )+ jg/z(O).(DE - ¢) which is a continuous
bilinear functional that vanishes for ¢ € K, for any fixed &. Therefore we can write, using quo-
tient properties, b(§,¢) = E(E, {jaq - n) where b:C2:® x C!(3Q2) — R is continuous (a priori
we only get that bis separately continuous but with Banach-Steinhaus Theorem, it implies conti-
nuity), as ® induces an isomorphism between ®/K and ®(®) = C'(3Q2) equipped with the C!
norm (using that € is of class CZ). Moreover by construction we have:

TH0).(5,8) + TH0).(DE - ¢) = b(&, ¢pq - n), VE,¢ € CH® x Ch™,

Using the symmetry of [7/5(0), we can write, for every (&,¢) € C2o°;

b(¢, Epq - n) — b(E, g - n) = JH(0).(D¢ - & — D& - ¢) (13)

Our goal is now to apply this formula to &, the normal component of ¢, which needs to be
extended as a vector field on R¥. To that end, we introduce myq the projection on 9€2, which is
well-defined and C? in a neighborhood of 9%, as € is assumed to be C> (see for example [16]).
Then if ¢ is defined on 92, we set @(x) = @(ynx)x (x) where x is a smooth function with
x = 1 in a neighborhood of 92, and x = 0 outside a compact set (in other words, ¢ is extended
so that it is constant in the normal direction). This operator ¢ > ¢ is continuous from C2(3%)

to C>°. Let us define then ¢, := (¢ - n)n the extension of the normal component of ¢. Defining
the bilinear form £o(@1, ¢2) = b(¢1n, ¢2), continuous on C2HQ) x C! (0€2) (and a priori non
symmetric), we obtain

T50).6.0) = b ¢ n)—JhH0).(DE-0)
= b(n. & 1) — TH0).(Dty - & — DE - &) — TH(0).(DE - ¢)  (using (13))
(& 1, & 1) — JH0).(Dy - & — DE -y + DE - ¢)
= Lo -nE-n)— TH0).(Dy - £ + DE - &)

where ¢ = ¢ — ¢ We now use D¢, = D; ¢y, because thanks to our choice of extension op-
erator, ¢, is constant in the direction n (by definition, Dra = Da — (Da - n)n), and therefore
D¢y - & = Digp - & Moreover, D§ - §r = D:§ - {7

Using a symmetrization of the previous formula, we obtain

THO0E0) = Ao mg m+ o n ¢ m) = THODey &
+Drs : §t + DrEn : C‘L’ + DTC St)]

= 0 n.5om) = LTH0) - (2Deg & +2Dek & — Dekr & — Dede &)
where we defined €7(& -n,¢ -n) = %(Eo(g‘ -n,&-n)+ Lo -n, ¢ -n)), which is a continuous
bilinear form on C2(32)2.

From the structure of the first order derivative, and using the formula

tDrsr 'n+tDrn'§r =0
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(obtained by tangentially differentiating &, - n = 0), we finally obtain (using the C? regularity of
0$2 so that D, n belongs to the space of definition of £1)

J50).(8,¢) & -n.-n)

—301(@Des & +2De - 60) - m— G- (Do -m) = - (Dt -m)
= 0@ e+ (D) = Ve m) & — Ve m) &)

(where we used that D n is symmetric), which concludes the proof (a priori, £9 depends on the
extension operator that has been chosen, but as in the final formula the extension only appears in
£> which does not depend of the extension operator). 0O

2.2. Examples of shapes derivatives

For an open bounded (smooth enough) set 2 C R?, we consider in this section (and in the
rest of the paper) its volume ||, its perimeter P(2) = H?~1(9), its Dirichlet energy E ()
and its first eigenvalue of the Dirichlet Laplace operator A1(£2) (see (10)). The existence and
computations of the shape derivatives of these functionals are well known, see for example [26,
Chapter 5]. We denote the mean curvature (understood as the sum of the principal curvatures of
dQ2) by H, B = D.n is the second fundamental form of 92, and || B |% is the sum of the squares
of the principal curvatures of 92.

Lemma 2.8 (Expression of shape derivatives). If Q is C2, one has, for any h € C*®(32),

. Vol’(Q).h:/h, Vol”(Q).(h,h):/th.
0 Q2
. P’(Q).h:/Hh, P”(Q).(h,h)=/|v,h|2+/[Hz— ||B||2] K2
a Q2 Q2

° E(Q)h———/(a u)*h,

1]
1
E"(R).(h, h) = (3qu h, ABuut h))g1/2 3312 +/ [anu + —H(anu)2i| h?

where u € H\(Q) is the unique solution to —Au = 1 A: H'2(0Q) - H™2(0Q) is the
Dirichlet-to-Neumann map defined as A(y) = 9, 1,0 where 1// is the harmonic extension
operator from H1/2(8S2) into HY(Q):

—AY=0inQ, ¥ =1vondQ,

o M(Q).h=— /(8,,v)2h, A().(h, h) = / 2w(h) dyw(h) + H(8,v)>h>
aQ
where v is the normalized eigenfunction (solution in H(l)(Q) of —Av=XAvwithv>0inQ
and ||vllp2(q) = 1) and w(h) is the solution of
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—Aw(h) = Mw(h)—v/(anv)zhinQ,
Q2
wh) = —hd,vonis2, (14)
/vw(h) = 0.
Q

A fundamental fact for this work appears here in the expression of the shape Hessians. Even if
they are derived for regular perturbations, they are naturally defined and continuous on different
Sobolev spaces on 9€2:

Lemma 2.9 (Continuity of shape Hessians). If 2 is C?, there is a constant C > 0 such that

|P"(€).(h, b)| < ClIhII%, [Vol"().(h, )| < C||h?,

(0€2)° (92)

|E"(Q).(h, )| < ClhlZunpq).  1M(Q).000)] < Cliklifi g,

Therefore, from this Lemma, it is natural to consider the extension of these bilinear forms to
their space of continuity.

2.3. The case of balls

In this section, we describe the shape derivatives of the previous functionals when the set 2
is a ball. This will be very efficient when studying if one can apply Theorems 1.1 and 1.3 to the
ball, see Section 5.

Let us focus on the ball By of radius 1. For the Dirichlet energy E, we remark that
ux)=(1-— |x|2)/2d solves —Au =1 in H(l)(Bl) and satisfies d,u = —é on dBj. For A;, we
recall that the eigenvalue and eigenfunction are

A1(B1) =j§/2_1 associated to v(x) = ag x|'""? Jyp (jajo—1 Ix1),

where j;/2-1 is the first zero of Bessel’s function J;/2—1 and oy a normalization constant. More-
over, from [27, p. 35], the eigenfunction satisfies

0pv = 2 Jdj2—1:= B4, so that ,35 = 2h1(B1) . (15)
V P(B1) P(B1)

We obtain the shape gradients:

Vol’(Bl).h=/h, P’(Bl).hz(d—l)fh,
dB 9B

1
E’(Bl).hz—ﬁ/h, X\ (By).h = —ﬁﬁ/h

JdB 0B
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Let us notice that these four shape gradients at balls are colinear. As a consequence, the balls
are critical domains for the perimeter, the Dirichlet energy and A (or any sum of these func-
tionals) under a volume constraint, and these formulas easily provide the value of the Lagrange-
multiplier.

Let us turn our attention to the Hessians. The value of )Jl’ is a bit more involved, so we deal
with it in the next lemma. For the other functionals, it is known from Lemma 2.8 that:

Vol”(By).(h,h) = (d — 1) / 2,
dB;

P”(Bo.(h,h):f|vfh|2+<d—1><d—2)/h2,

dB 0B

1 1 d+1 2
E (Bl).(h, h) = E(h, Ah>H1/2><H*1/2 —_ W h*.
0B

In order to see that the quadratic forms associated to the Lagrangian are coercive on their
natural spaces, it is useful to study the diagonalized form of these Hessians. To that end, we use
spherical harmonics defined as the restriction to the unit sphere of harmonic polynomials. We
recall here facts from [42, pages 139-141]. We let H; denote the space of spherical harmonics
of degree k (that is, the restriction to 3 By of homogeneous polynomials in R?, of degree k). It
is also the eigenspace of the Laplace-Beltrami operator on the unit sphere associated with the
eigenvalue —k(k +d — 2). Let (Yk! )1<i<d, be an orthonormal basis of H; with respect to the
L2(3B;) scalar product. The family (Yk’l)keN,lglgdk is a Hilbert basis of LZ(3 B;). Hence, any
function 4 in L2(d B;) can be decomposed:

oo dy

h(x) =" ar ()Y (x), for x| =1. (17)

k=0 =1

Then, by construction, the function defined by

oo dy,
R =Y x> aa ! (ﬁ) for x| < 1, (18)
X
k=0 =1

is harmonic in B; and satisfies H=h on dB1. Moreover, the sequence of coefficients
ak, characterizes the Sobolev regularity of h: indeed & € H*(dBp) if and only if the sum
>+ k2)’ > |oek,1(h)|2 converges. We can now state the following lemma expressing the
previous shape Hessians are diagonal on this basis.

Lemma 2.10. Using the decomposition (17), we have (B4 is the constant defined in (15))

oo dy

Vol (B1).(h, i) =) ) (d — 1) a1 (h)?,

k=0 I=1
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, oo dy d-+1 ,
E"(By).(h,h) = ZZ[dz —Zdz}akz(h)

k=0 I=1

oo di

P"(B).(h,h)=>"Y" [k2 +(d—k+(d—1)d— 2)] a1 (h)?,

k=0 =1

oo di .
d-1 . Jk+d/2(Jaja—-1)
M(B)(h, k) =7 [ 3ag () +) D 2 [k o P G2y

k=1 I=1 2 Je—14d2(jaj2-1)

Proof. First we check that

oo di
/h2 ZZakl(h) /|v h)? = /hA h= Zk(k+d Z)Zakl(h)
9B k=0 /=1 3B 3B,

Then, we precise the term involving the Dirichlet-to-Neumann map that appears in the shape
Hessian of the Dirichlet energy. Using % defined in (18) and Green formula, we have:

(hy AhYgi2 12 = / hanE=/|v'ﬁ|2

9B B
1 1
/ / (a,,h)2+|v 7l )do dr_/ / (a,,ﬁ)z—ﬁA,Z)da dr
0 J B 0 J0B,
oo di 1
k(k+d—2
= Z /r‘Fl |:k2r2(k1) + kk+d -2 5 ) er] dr otk,l(h)2
k=0 I=1 0 r
oo di 2 oo di
k k(k+d —2) ) 5
glzl |:2k+d—2+ 2k+d—2 }“"”( ) g; @t ()

We obtain Vol”(By), P”(B) and E”(By) by gathering these elementary terms.

Let us now consider the case of the first eigenvalue. We apply [27, p 35] (see also [38] and
[40]): for a second order volume preserving path, that is # — 7; such that |T;(Q)| = || + o(t%)
for small ¢, we have

oo di

d’ J, a2
(le(m&))) =33 28 {k +d—1=jups M} o )
|[t=0

k=1 1=1 Je—1+d/2(jaj2-1)

where h = (% Ti)ji=0 - n and we have used the recursive formula for Bessel function
J)(2) = (v/2)Jy(z) — Ju+1(2) to adapt his expression to our notations ([ 1, section 9.1.27, p 361]).

To deduce )Jl’ (B7) from this computation, we introduce 6 a smooth vector field which is
normal on 0B and denote & =6 - n|3p,. We assume that faBl h =ag,1(h) =0. It is then clear
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. 2. . .
that there exists & such that 7; := Id 4-t6 + %E is volume preserving at the second order, that is
to say

Vol”(By)(h., h) + Vol (By)(¥) =0,

where ¢ = £ - n. Then we observe that for a smooth shape functional J and for such ¢ — Tj,

d2
(—2J(Tz(Bl))) =J"(B1)(h,h) + T (B) (),
dt 1t=0

and therefore, denoting u the Lagrange multiplier such that [A; — uVol]'(By) = 0, we obtain

d2
<ﬁ)\l (Tt(Bl))> = A{(B1)(h, h) + 2 (B1) () = A (B1)(h, h) + Vol (By) ()
[t=0

=M (B1)(h, h) — uVol”(By)(h, h)
Then, we get, as here u = — ,35:

d2
A (h,h) = (mM(Tz(BD)) + uVol”(By)(h, h),
[t=0

OOdk

) Jivay2(japa—1)
= 222,35 |:k +d—1- ]d/2—lL:| ai,z(h)

k=1 1=1 Je—1+d/2(jaj2-1)

oo di

—Bi> Y d—Dag,(h),

k=0 [=1
oo di

d—1 Jivdy2(japa—1)
= 222,33 |:k + T Jdj2 PRl a%,ﬂh)-
k=1

-1 .
= Jk—14d/2(jd/2—1)

It remains to compute the coefficient associated to the mode k = 0. It suffices to consider
the deformations as 7;(x) = x + tx mapping the ball B; onto the ball B;,;. Here h = 1 and
ap,1(h) = P(Bl)l/z. Since A; is homogeneous of degree —2, we get

@)= r(T(B) = (1 +1)"2A1(B1)
so that

A1(B1)
P(By)

f"(0) =6ir1(B1) =6 a0, 1(*. O

3. Stability theorems
3.1. About coercivity and condition (Cys)

Usually the coercivity property for the second order derivative (of the functional or of the
Lagrangian) has to be proven by hand on each specific example by studying the lower bound of
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the spectrum of the bilinear form J”(2), typically thanks to Lemma 2.10. Nevertheless, when
J”(£2) enjoys some structural property, coercivity is a consequence of the following lemma.

Lemma 3.1. Ler M be the boundary of a Lipschitz-domain in R¢, s, € [0, 1], and V a linear
subspace of H2(M), closed for the weak convergence in H2(M). If €, a quadratic form de-
fined on H2(M) satisfies condition (Cys:) (see page 3011), then the following propositions are
equivalent:

(i) €(h,h) >0 forany h € V \ {0}.

(i) 3y >0, £(h,h)> y||h||12_lsz(M)for anyheV.

Remark 3.2. In practice, we apply this lemma when V is either H*2(d2) or T (dS2) defined in (7).

Proof. The implication (ii) = (i) is trivial. Assume (i) and let (&;)x a minimizing sequence
for the problem

inf{€(h,h), heV,|hlgs =1}.

Up to a subsequence, h; weakly converges in H2(M) to some h € V. By the compactness of
the embedding of H'2(M) into H*' (M), hy — heo in H*1 (M) so that £, (hy, hy) — £y (hoo, hso)-
We distinguish two cases: if hoo # 0, liminfy €, (hy, hy) > £, (heo, hxo) by the lower semi conti-
nuity of £,,, so that liminfy £(hg, hg) > £(hoo, hoo) > 0 by assumption (i). Now, if i, = 0, then
as the norm || - ||gs2 is equivalent to the norm || - |[gs1 + | - |gs2, we know that |Ag|gs2 is bounded
from below by a positive constant, and using (Cygs2),

limyinf ¢(he. hy) = liminf £, (hi.. ) = 1 lirr}{inf|hk|ﬁv2 >0. O

Remark 3.3. The equivalence between coercivity in L? and H! was already known in the context
of stable minimal surface, see [25]. In [2], the previous lemma is proven in the particular case of
the functional under study (see also Section 5.1).

Remark 3.4. When one applies this lemma to a shape Hessian, assumption (i) may seem unnatu-
ral. Indeed, shape derivatives are usually defined for regular perturbations that are dense subsets
of H*(0€2) and one could expect to assume only £(k, i) > 0 for h € V \ {0} smooth enough. But
this assumption may not be sufficient: indeed the function /4 in the proof above may not be
smooth and therefore not admissible to test the positivity property. Therefore, the shape Hessian
£ has to be first extended by continuity to the whole H*(d€2) (see assumption (5) in Theorem 1.1
and (6) for Theorem 1.3), see Lemma 2.8 for such an extension in classical examples. However
in some cases, we may expect regularity for /., see for example [15, Remark 1].

We conclude this section noticing that the shape Hessians of the model functionals from Sec-
tion 2 satisfies (Cysz):

e The perimeter satisfies (Cy1) with

Em[P](Q)(h,h):[WTMZ and
a2

6P (h, h) = / [H2 —IB ||2] K% (here we can choose s; = 0).
Q2
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e The Dirichlet energy and A1 satisfy (Cyi,2) (again s1 = 0):
L E1(Q)(h, h) = (d,uh, A(Ouh))gi/2g-12 and

¢, [ENQ)(h, h) :/ [a,,u + %H(a,,u)z] h2,

Q2

Em[kl](Q).(h,h)=/2w(h) d,w(h) and Er[)q](Q)(h,h)=/H(3,,v)2h2.
0 o

Remark 3.5. Let us emphasize that condition (Cys ) may not be valid in some interesting exam-
ples. Shape functionals used for domain reconstruction from boundary measurements provide in
general non-coercive Hessians. With the examples treated in [3], [4] one can find critical shape
whose Hessian is positive but is not coercive (for any H*-norm). For a reconstruction function
J related to this kind of inverse problem (for example the least square fitting to data), the Riesz
operator corresponding to the shape Hessian J” () at a critical domain is compact. This means,
that one cannot expect an estimate of the kind J(€2;) — J(20) > ct? with a constant ¢ uniform
in the deformation direction. This explains also why regularization is required in the numerical
treatment of this type of problem. This fact is well-known in the inverse problem community.
There are also situations where the objective is flat up to fourth order (see [13]).

3.2. Proof of Theorem 1.1

Let * be a domain satisfying the assumption of Theorem 1.1. Let > 0 and let Q = Q} with
|hllx < n. Then from (ITys x) we have

1
J() = J(Q") =T (Q9)(h) +§J”(Q*)(h, ) + o (Rl
=0

Using (Cys2 ), we can apply Lemma 3.1 and there is a constant ¥ > 0 such that
J7(Q5).(h, ) = ¥ bl -

Therefore there exists n small enough such that if ||4||x <n, then w (||| x) < % and then

Y
J(®) = J( @) 2 Ll O
3.3. Proof of Theorem 1.3

We denote p the Lagrange multiplier associated to J. Therefore we consider J,, = J — Vol
and Q* satisfies Jl: Q%) =0.

Step 1: Stability under volume and barycenter constraint: Under the structural hypotheses
on J"(2*) = €,, + £, and the fact that Vol”(2*) is continuous in the L2-norm, we can apply
Lemma 3.1 to JIZ(Q*), so there are constants ¢y, ¢2, ¢3 and ¢4 > 0 such that
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Vh e H2(0Q), [€n(h,h)| > c1lhlgs  18-(h )] < callbllfs, VOl (2%).(h, )| < c3llhlEs,

19)
Vhe T(ORQ"), (J— uVol)”"(Q%).(h,h) > C4||h||%52. (20)
Step 2: Stability without constraint: We consider
Ju.c = J — Vol + C (Yol — Vp)? + C |[Bar — Bar()|”,
where Bar(2) := fo and || - || is the Euclidean norm in R¢. The shape Q* still satisfies

J l; c(82%) = 0. We claim that Q™ is a strictly stable shape for J, ¢ on the entire space H*2(92*)
when C is big enough, that is to say for all 4 in H*2(3Q*) \ {0},

J;:/,C(Q*)~(hvh) > 0. 21

Indeed, if it was not the case, we would have the existence of i, € H2(3Q2*) \ {0} such that

J,/L/,,,(Q*).(h,,, h,) <O.
Using (19), this leads to

2 2

crlbulfs = callnnl, = wleslials +20 [ o | +20| [ o] <0 @2

I ok
Assuming by homogeneity that |4, | g1 = 1 for every n, (22) implies that (h;), is bounded
in H2 and using the compactness of H®2(d2*) in H*1 (d2*), we have up to a subsequence
that h, converges to h weakly in H%? and strongly in H*'. Therefore (22) implies first that

2n[Vol' (h,)* + Bar’(h,)?] is bounded, then that 4 € T (32*) and then the semi-lower continuity
assumption in (Cgs; ) implies

J;’(Q*).(h,h) <0, with ||a]lgs =1
which contradicts (20).

Step 3: Stability: It is now easy to see that J,, ¢ satisfies both (Cys2) and (ITys> x) at Q* (using
that Vol and Bar satisfy (ITo y1.0), see Section 4.1), and for C large enough we have (21), so
applying Theorem 1.1, there exists ¢ > 0 and n > 0 such that for every Q = Q, with ||| x <7,

Ju.c () — T c (%) > ¢l hl|3s, -

We then write this inequality in particular for shapes 2 having the same volume and barycenter
as %, and conclude the proof using the invariance of J with translations. 0O
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4. About condition (ITgs, x)

In this section, we show that our main examples satisfy condition (IThs, x) where s is given
in Section 3.1, and X is hoped to be as large as possible. Let us start with the notations we will
use in this section.

Given 2 an open set and & : 92 — R, we recall that 2, is defined so that

I = {x + h(x)n(x), x € IQ}.

It will be useful to see 25, as a deformation with a vector field. To that end, we assume 2 of
class C2 so that the projection 5o on <2 is well-defined and C' in a neighborhood of 92, and
we define

h(x) =h(mye(x)) and  n(x) =n(mHe(x)),

in order to extend £ and n in a neighborhood of 92, and then we define &;,(x) = h(x)n(x) in this
neighborhood. With this construction, &, is constant in the normal direction, so div&, = div(n)h.
We can then extend it smoothly to R?, so that &, € W1 (R?, RY). Denoting T}, = Id + &,,, we
have Qj = T, (2), and jo (h) = Jq (&) = J(25) (where J is the shape functional under study).
In this section, the notation wy, stands for wy, o T, where wy, is defined on €, or 92y,

When studying condition (ICps, x) (which implies (IThs, x)), we focus on the path €2; defined
in (9), and we have Q; = (Id + 1£,)(Q) and ;" (1) = J;(t&)).(§;, &) for all ¢ € [0, 1], where
j (@) = J(£2;). Note that in this case we will notify the dependence of quantities with respect to
t, but there is also a dependence in £ that we will not recall in order to simplify the notations: for
example n;, will denote the exterior normal vector to €2, and n; the normal vector to €2; while
we should use n;j. Also, as we chose a vector field that is constant along the normal vector in a
neighborhood of 92, we have (if ||&|| is small enough)

J'(0) =TG5 (0)(), &p). (23)
4.1. Geometric quantities
e The volume:
Proposition 4.1. If  is C2, then Vol satisfies (ICy 2 wi1.) at Q.

Remark 4.2. More generally (with a similar proof), we have that Q — [, f also satisfies
(IC 2 wi)if feC I(R9). This is true in particular for the barycenter functional.

Before proving this result, we give a geometric Lemma, inspired by the results in [12]. We
recall that Jacyq(h) :=det DTy |(* DTh_l)n| is the surface Jacobian, appearing when changing
variables between 02, and 0€2.

Lemma 4.3. We have the following Taylor expensions, where O denote a domination uniform in
X € 0%,
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o Jacao(h)(x) = 14 £{(h(x), Vh(x)) + 5£3°° (h(x), Vh(x))

+ O(ll Al ) (17 +VAx)[?)),
o WH(x) = n(x) + £ (h(x), Vh(x)) + 503 (h(x), Vh(x))

+ O(lIhllwi gy (1R )2 + [VAR(X)]?)).

where (EIJ“C, EDieq.ap) (Eg“c, (€3)ic[1,a)) are respectively linear and quadratic forms on
RdJrl’

Proof of Lemma 4.3. The first part follows simply from the fact that

A € My(R) > det(A)

(A~n|

is smooth in a neighborhood of Id, and the fact that D&, = h(Dn) + Vh @ n.

For the second part, we use a level-set parametrization: there exists ¢ of class C? such that
Q ={¢ < 0} and V¢ does not vanish in a neighborhood of 92, and then Q2 = {¢ o Th’1 < 0}.
Therefore

VigoT, 5 Vo _ ‘DT, 'V Ve
VgoT, D" IVel DT Nel IVl

ﬁh—nz

and we conclude using the smoothness of A > A~! and w € RY > ﬁf—)‘ in the neighborhood of
Id and V¢ respectively. O

Proof of Proposition 4.1. We use (12), (23), and the fact that div(§,,) = hdiv(n) (as h is constant
in the direction of n). Therefore if v(¢) = Vol(£2;), we have:

v”(t):f&h-n,div(’;‘h)z/div(n)(n-nt)h2=/H(n"ﬁ,)h2Jacag(t).
082 a2 02

With Lemma 4.3, we easily obtain
(1) = v"(0)| < Ct[|hlyrxIklIf2 < Cllalwec k], O
Remark 4.4. We could try a direct proof estimating

201 - 1921 = [ (deuttd + D) 1),
Q

but a priori this only leads to the fact that the volume satisfies (ITy1 w1.). In the spirit of [33,
Lemma 4.1], we could also try:

1| = %/X ny = é/(x +h(x)n(x)) - myJacya(h)
30 PYo)

but this leads to the same issue (see also Remark 4.6).
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e The perimeter:
Proposition 4.5. If Q is C2, then P satisfies (ITy1 wi.eo) condition at 2.

Proof. We follow exactly the second proof suggested in Remark 4.4 and use Lemma 4.3:

P(Qp) = / IZ/JaCasz(h)

aQ a0

1
=P(Q) + P'(2)(h) + EP”(Q)(h, ) + Ol 1Al O

Remark 4.6. It is interesting to compare the two strategies used for the volume and for the
perimeter: indeed, for the volume we prefered to use condition (IC), while a similar strategy for
the perimeter, as it is done in [12] or in [2, Proof of Theorem 3.9] (but for a different path of
shapes) lead to weaker results, namely (ICy1 ¢2.«) and (ICy1 y2.p) respectively.

4.2. PDE energies

For PDE energies, a condition of the type (ICqs x) was studied first in [14] where it is proven
that in dimension two the Dirichlet energy satisfy (ICy1/2 c2.«) (for a volume preserving path
instead of a normal path), then a similar result is proven for general PDE functionals in any
dimension in [12], either for the path (9) or a volume preserving path. More recently in [2], it
was proven that the functional described in (30) involving the sum of the perimeter and a PDE
functional (of a different kind than in [12]) satisfies (ICy1 y2.,) for p large enough, also for a
volume preserving path, see also Section 5.1. Finally, condition (ICy1/2 c2.) is also established
for the drag in a Stokes flow in [9]. Thanks to our method to handle the volume constraint (see
Section 3.3), we only need to deal with the normal path (9).

In this section, we prove Theorem 1.4, which includes the case of A (which seemed not to
be handled in the literature), and we improve the result from [12] by proving (IChs, x) with a
smaller space X. We give 4 preliminary steps to prove this result. We only give the details for
A1, as the case of E is easier and the reader can follow [12] or [7, Appendix] and use the ideas
below to get X to be W2 ? instead of C>%. We assume 2 to be C3.

e Step 1: Computing the second derivative along the path.
Denoting v; the first normalized eigenfunction on €2;, A1(¢#) = A1(£2;) and applying
Lemma 2.8 and (23), we get

M) =2 / 0}, v} + / (On, 000 [ o€ 10 = Bi((En)rys (61)) + 2V B - m)En), |

FIon FYon
=2 / 0/ O, V) + / (B, v0)> [H,atz — BB, B1) — 2V () - ,3,] 12 (24)
92 92
\_\/_—J
Ti() T2(t)
-2 f (a,,,vt)za, (,B, . Vrrh) h whereo; =n;-n, pBr=on —n.
082

T3(t)
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e Step 2: Geometric estimates:
Similarly to Section 4.1, we denote Wy, = wy, o (Id + &;,) where wy, is defined on €5, or 3€2;,.
The following Lemma follows easily from Lemma 4.3 (see [12] for more details).

Lemma 4.7. There is a constant C depending on Q2 such that for all h in a neighborhood of 0 in
WP (59),

o [Jacag(h) — Uixpe) < Clhllwicpa, IJacsa® — Ulwirog < Clhllweroa
o |Hy— Hlrony < Clhllwarogy.  1Br— Blirag) < Clhllwaroa)

o 18 — Hli= < Cllwicaes  1Va@iliree < Clhlweros,

o [BullLepe) < Clhllwicpo), IBnllwirea) < Clhllwerga)-

e Step 3: Estimate of ||0p — v|w2.,: This step is not specific to our chosen deformations &,
hence we present it for general deformations 6 € WLoo(R4 RY), that is vy is the first Dirichlet
eigenfunction on (Id + 0)(£2).

Lemma4.8. If p > d, the map 6 — Ty from W>P (R?, R?) with values in W*P () is C* around
0. As a consequence, there is a neighborhood of 0 in W»? (R, R?) and C depending on 2 only
so that

199 — vollw2.r (@) < ClIO — Idllw2.p.

Proof. We use the same strategy as in [26, Proof of Theorem 5.7.4] and [27] but with different
functional spaces: precisely, we will apply the implicit function theorem to

F: XxYxR—-ZxR

defined by

F@,v,%) = | —divA@®)Vv — rJac@)v, / vEJac®) — 1
Q
Jac(0) = det(ld + D9),

where
A0) = Jac®)(Id + DO)~L(Id + ' Do) !,

for suitable spaces X, Y, Z. Using that W7 is an algebra for p > d, we easily obtain that
the maps Jac and A are C* around 0 from W2P(R4, R?) into WP (RY, R9). As a con-
sequence, by Sobolev’s embedding, the map F is C* around (0, vy, Ag := A1(2)) from
W2P (R4, RY) x WHP(Q) N H} () x R into LP(Q) x R. Besides F(0, vo, 9) = (0,0) and
the differential

0y 2 F (0, v0, 20).[w, A]=| (A = Xo)w —/\vo,2/vow
Q
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is an isomorphism from W27 () N HO1 (2) x R into L”(2) x R (see [26, Lemma 5.7.3] for
details) and the conclusion follows. O

e Step 4: estimation of the variation of the shape derivative of the eigenfunction:
The objective of this step is to prove the following estimate:

Lemma 4.9. There is C, 1 depending only on 2 such that, if | hllw2.p o) < n, then
llvs — U6||H1(Q) < Clhllgrpa 1hlweroo)- (25)

This step is the most involved one when dealing with ] instead of the Dirichlet Energy: the
latter reduces in fact to the second step in the following proof.

Proof. We recall (see (14)) that

—Av, = MOV + A (v in
Ut/ = _(an,Ut)Eh -n; on 08,
/U[/Ut = 0.

Q

1. Splitting. We introduce H, the harmonic extension on €2; of (9, v;)&), - n;. Noticing that

)»/1 (t)=-— /(3n,vz)2€h sy = A1 (t) (v, Hy)
EIoN
where (-, -) is the scalar product in L?(2,), we decompose
Ut/ = —ﬂlHt + wy

where ; is the orthogonal projection on E (¢) := {v,}L, and w; solves

(A —=r@)wy = —A1()mH; in 2,
wry = 0 on 89,,
/Utwt = 0.
Q2

We will now prove that each term of the splitting satisfies estimates like (25).
2. Estimate of the harmonic extension. Let us define £, = div(A,V-) where

A; = Jac;.(Id + tDE,) " (Id + t' DE;) ™" and Jac, = det(ld + t DE),),

so that E,ft = Z\f, if f; is defined on €2;. Then as A(I:I\, — Hp) = —div((A; — Id)Vﬁ,), from
classical elliptic estimate (see [23, Corollary 8.7 p 183]), we obtain:
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IF: — Holl ) < ClI(A; — I) VA, 2 + ClIF — Holliz e

< CllA, = Il | VA, gy + C | (@n, 00 = 3w |

H!/2(0%)
< Cllhllwiooae) (1VA: = VHoll 2 + IVHoll 20
+ Cll @, v0)@ — dnvollwi-vpraey Il 50
< Cllhllwe.pagy (1A = Hollg @) + 1l pq) - (26)

Here we used that | VHoll 2oy = IHollgi2(9q) < CllAllgi2gq). Lemmas 4.7 and 4.8, and the
following estimate of a product norm in H'/2:

luvligizge) < Cllullwsreollvinzoo) (27)

if (d —1)/p <s < 1. One can find this inequality in [39, Theorem 2 p 177] for functions on
R9-1, with the condition (d — 1)/p < s; using smooth maps between 92 and R4-1 we obtain
(27) if in addition s < 1. We apply it here to s = 1 — 1/p which is valid as p > d. Equation (26)
leads to the first estimate

IH: — Hollu @) = Cllkllw2r oo lhlnzoe)

as soon as ||hllw2.rpq) < 1/(2C).
3. Estimates on the variation of w;. We look at the PDE satisfied by w; — wo:

(A= OB —w)) = [(—A=11(O0) = (—L; = M(1)] @) = 17,
+X1(0)moHo in €2,
w, —wg = Oond,
and we know that (—A — A1(0)) is an isomorphism on {vo}*. Therefore

|y — wo — )/tUO”Hl(Q) <C|(A; — Id)vu’)\[”LZ(Q) + 1) — )\1(0)|||U7t||L2(Q)
+ A1 ()7 Hy = A1 (0)moHoll 2 (g

where y, is chosen so that W; — wo — ;g € {vo}*. From there and using the previous step, we
obtain

|y — wo — VzUOHHl(Q) = C||h||w2vp(a§z) (”ﬁ)\t”Hl(Q) + ||h||H1/2(asz)) .

But we have:

lyel = /(@ — wo)Vo| = /U/)\t[{)\z-ldcz - UO] = C||h||w2,p(ag)||@||L2(Q),
Q Q

leading to
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1B: = wolli @) < Cllllwer g (19l @) + I2llm2@e)
< Cllhllwzrog) (10 — wollyi ) + lwollur ) + I12lu120pg)) -

Using now [lwollgi ) < ClHollLz@) < Cllhllgzpge) and again that ||h|lw2s e, is small
enough, this leads to

lwr — wollg @) < Cllhllwar@a)lhllazog)
and concludes the proof of this lemma. O

Proof of Theorem 1.4. We deal separately with the terms of the decomposition (24):
Estimate of T1(t) — 71 (0). We first observe that

’n(r>=/|Vv;|2—A1(r>/v,2,
Q; Q;

and also that ”U(/)”HI(Q) < ||w0||Hl(Q) + ”HO”HI(Q) < C”h”Hl/Z(aQ) Therefore using Lemma 49,
we get

/|vu;|2—f|w6|2 - f(A,—1d)|V17;|2+V(17;—v6)-V(17;+v6)
Q; Qo Q

< Cllhllw2rpe) ||h||12{1/2(a§z)

and

w)f v, |2 —Al(O)f vy )2
Q Q0

— o - A1(0>>/ W2+ 21(0) /(Jact DR+ (] — o) (3 + )
& Q0

2
= C||h||w2.p(asz) ||h||1—11/2(a§2)'

Estimate of T>(t) — T>(0). After a change of variable, we have 7>(¢) = [, 90 o,h* where
01 = (O, 00)* [ = Bi(Bi. B) = 2Va (@) - B ] Jacaa(®

and from Lemmas 4.7 and 4.8, we easily get [lo; — oollLra) < Cllhllw2r ). Notice that the
control holds only in L? and not in L* as in [12] or [7, Appendix], hence we do not obtain a
control with the L? norm of 4. However, by Hélder inequality, it comes
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1 T2(t) = T2(0)| < oy — oolie lIRNI},  forany p>2p/(p—1).

Since ||k]l; 5 < Cllhllfg12 when p < 2d/(d — 1) by Sobolev embeddings, such a p can be chosen
provided p > d. Then, it holds

1T2(t) = T2(0)] < lloy — oollLe 121132 < Cllallwzp 1R lZ2-
Estimate of T3(t) — T3(0). After a change of variable, we have 73(¢) = /. 9q 01 - (Vg h)h where

pr = O, 0) 2@ B Jacsq(t), and  Vgh=Vh— (Vh-i)i;

and we obtain (recall that Vi - n = 0):

T = T5(0)] < /p,~(vah—vfh)h + /(p,—po»vfh)h

Q2 a2
< IVgh = Vihlig-121lpchllg2 + 11 (or = po) 12 Vehllg-12
<|Vh - (@ = m)lg-12 1l pehllg 2 + 11CGoe — podhllgi2 1|y (28)

In addition to (27), we also have from [39, Theorem 2 p 173] (see the comments on (27)):

luvlig-12¢50) < Cllullwsroo) lvlg-120e) (29)

if max{1/2, (d — 1)/p} < s < 1. Using again Lemmas 4.3, 4.7 and 4.8, we get

llor — PO”wl—l/p,p(aQ) < C”h”wlp(ag)a ||'/1\t - "0||w1,p(3g) =< C”h”wlp(ag),

which combined with (28), (27) and (29), concludes the estimate of this term and hence the
proof. O

5. Applications
5.1. Retrieving some examples from the literature

In this paragraph, we apply our results to retrieve previous results from the literature:
Isoperimetric inequalities: According to the previous sections, the perimeter satisfy conditions
(Cyy1) and (ITy1 wi.) at any smooth enough set, and in particular for the ball. Moreover, as
shows Section 2.3, we have

P'(B)) =(d — 1)Vol'(B;), and

oo di

[P —(d = DVoIl"(B1)(h,h) = Y (k= 1)(k+d — 1) axs(h)*.

k=0 I=1
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Moreover, h € T(0By) if and only if ag,1(h) = a1, (h) =0 fori € {1, ..., d}. Therefore B is
a critical and strictly stable shape for P under volume constraint, and up to translations: Theo-
rem 1.3 applies, and we retrieve Fuglede’s result from [20] about nearly spherical domains.

Recently in [33], an improved version (with a better distance than the Fraenkel asymmetry
for d; in (2)) of the quantitative isoperimetric inequality has been achieved for the anisotropic
perimeter

Pr(Q2) = / f(naQ)
99

where f:R¢ — R is a convex positively 1-homogeneous function, whose minimizer under
volume constraint is an homothetic version of the Wulff shape K = {f, < 1} where f is the
gauge function of f. In particular in [33, Theorem 1.3 and Section 4] focused on the case where
K is assumed to be C? and uniformly convex, a strategy based on the second variation is used: the
author proves in [33, Lemma 4.1] that Py satisfies conditions (Cy1) and (ITy1 y1.). Therefore,
this falls into the hypothesis of our Theorem 1.3, so if we prove that PJQ’ (K) satisfies (6), then
we retrieve [33, Proposition 1.9]. It is interesting to notice though that in order to show that
P’(K) satisfies (6), the author in [33] uses the quantitative Wulff isoperimetric inequality from
[18] (obtained with optimal transport method). Therefore, up to our knowledge, there is no proof
“from scratch” of the quantitative anisotropic isoperimetric inequality using a result similar to
Theorem 1.3.

The Ohta-Kawasaki model: In [2], both steps of the strategy described in Section 1.1 are

achieved in order to deal with the following functional, formulated in T N—(R / 7Z)N and which
includes a non-local term:

J(Q)=Ppn(RQ2) +yG(2) where G(2) = / |VwQ|2 and

TN
—Awg = lg—1ge—m inTV
[va = 0 @)
TN
where m = Q2] — |Q€] € (—1, 1) is fixed. Again, there is an invariance with translation and a

volume constraint.

In order to handle the first step of the strategy, the authors in [2] prove a stability result for
the W2?-topology, for p large enough. The strategy is very similar to [12], but in the framework
of W2 P-spaces rather than C>“-spaces. Note that this difference in the choice of spaces is not
just a detail as it is relevant for the second step of the strategy when proving stability in an
L!-neighborhood as it is done in [2, Section 4]: their regularization procedure needs to allow
discontinuity of the mean curvature, see equation (4.9) in the proof of [2, Theorem 4.3]. From
the computations of [10], we obtain

G(Q)(h) = 4/ woh,

EiY)
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G"(@)(h,h) =8 / |V dx +4/(3nwsz + H)R2, where — Azy = hHY 1199
TN 022

therefore G satisfies (Cyi/2) and J satisfies (Cy1), the dominant term being contained in the
perimeter term. As we have seen that the perimeter satisfies (ITy1 y1.0) condition, it just re-
mains to handle functional G, which is proven to satisfy (ICy; war) for p > d in [2]. Therefore
Theorem 1.3 applies, and we retrieve [2, Theorem 3.9].

The Faber-Krahn inequality: In [7] (see also [22]) a quantitative version of the Faber-Krahn
inequality is achieved, using again the strategy in two steps described in Section 1.1: in order to
achieve the first step, they use the Kohler-Jobin inequality ([29]), which implies that the Faber-
Krahn deficit is controlled by the deficit of the Dirichlet energy E. We show here that it is possible
to achieve this step without this “trick”: we have seen that A; satisfies (Cy12) and (ICy1/2 w2.p)
for p > d, and for any h € C*°(d B}) such that faBl h =0, we have

oo di
M (B)=—BzVol'(B1), and  [A1+ BZVoll"(B1)(h,h) =287 Y Or ags(h)*,
k=0 I=1
where (using [1, Section 9.1.27, p 361])
Jivap—1Udap-1) d Jirds2(jaj2—1)
Ok =jd/2—1+/—.+ —=k+d—-1 —jd/Z—I/—./
Jivap-10ap-1) 2 Jivdp—10as2-1)
. Jivajp—20jaj2-1)
=ch/2—1#—’€7L L.

Jivd2—10jdj2-1)

With the last formula, we easily notice that Q1 = 0. The sign of Q can be obtained using [37,
section 6.5 page 133] (done when d = 2, but as noticed in [27], valid for any d): indeed, their
computations imply

Bevarn1Cdz=1)
S VIR 42— 1,¥n e N,

Jdj2—1 .
/ Jivap—10a2-1)

which leads to Vk > 2, Oy > k — 1. Therefore Theorem 1.3 applies, and we retrieve a Faber-
Krahn quantitative inequality in a W2 ?-neighborhood of the ball.

5.2. Examples with competition

In this section, B is a ball, X = WP (3 B) for p > d and we denote for n > 0 (see (8) for a
definition of dx):

Vy ={Q,dx(Q, B) <nand |Q| = |B|}.

Combining Theorem 1.3 to the computations from Section 2.1, we easily obtain the following
result:
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Proposition 5.1. There exists yy € (0,00) such that for every y € [—yp,00), there exists
n=n(y) > 0and c = c(y) > 0 such that for every Q €'V,

(P+yE)Q) > (P +yE)(B)+cdy (2, B)?,
(P +yr)(Q) > (P+yi)(B) + cdyi (2, B)?
(E+yi)(Q) > (E+yx)(B)+ cdy2 (R, B)?,
(M +YE)Q) = (M +yE)(B) + cdy (R, B)?.

Proof of Proposition 5.1. We show that we can apply Theorem 1.3 to Q* = B and

Je{P+yE,P+yAr,E+yAi, A1 +VvE)}.

It is shown in Sections 3.1 and 4 that (P, E, A1) satisfy (Cpys2) and (ITys  x) for suitable values
of 57, and with Lemmata 2.10 and 2.9 we easily check that the ball is a critical and strictly stable
domain for J under volume constraint and up to translations, either if y > 0 or if y < 0 is small
enough. O

Corollary 5.2. With the same notations as in Proposition 5.1, we have, with ng = n(yp):

P(2) — P(B) P(2) — P(B)
Y B E® T @

A1(R2) — 2 (B) —1
Yo = m =Y

Remark 5.3. In [34], the second inequality in Corollary 5.2 is also investigated, but we provide
here a uniform neighborhood so that this estimate applies. We also refer to [37] for some result
of this kind.

Remark 5.4. To the contrary to the last two-sided inequality, it is not possible to bound the first
two ratios from above. Indeed we can observe that for any given y < 0, the ball is not a local
minimizer of E4+yP orA;+yPin X = w2p (0 B), under volume constraint. More precisely,
one obtains from Proposition 4.5 and Theorem 1.4 that for n > 0 small enough, there exists
¢(n) > 0 such that for any h € C*°(d B) such that ||| x <7,

PB) = PB)
E(By)— E(B) — ”h”%]l/z.

SetQ, ={x=00,0)]|0<r <p,(0} with

’ 2n8 - sin(nf)
:On( )_ 2718 +1 n4 .
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It corresponds to i, = p, — 1. One checks that €2,, has the volume of the unit disk. We check that
12nll w2, — O while ||k, g1/llhall g1/2 = +00. The same argument works also for the ration
(P(S2) — P(B))/(A1(£2) — 11(B)).

This phenomenon is due to the fact that the functionals P and (E, A1) satisfy conditions
(Cys2) for different values of s».

Explicit constants: We want to go further and compute explicit numbers y such that the inequal-
ities of Proposition 5.1 holds. To simplify the expressions, we restrict ourselves to the case of
the unit ball. In the first two cases, we find the optimal constant, see Remark 5.6 about the other
cases.

Proposition 5.5. Using notations of Proposition 5.1 and By defined in (15),

() if y > —(d + 1)d?, then By is a local strict minimizer of P + yE. Moreover, when

y = —(d + 1)d?, the second derivative of the Lagrangian cancels in some directions and
when y < —(d + 1)d?, the ball is a saddle shape for P + y E.
dd+1
@) ify > — 2(2—) then By is a local strict minimizer of P + yA1. Moreover, when
2,34(]‘1/2,1 —d)
dd+1) o . , o
Y =—<-5 5 o the second derivative of the Lagrangian cancels in some directions
2,3[1(][1/2_1 —d)
dd+1)

and when y < — , the ball is a saddle shape for P + y A.

2:3305/2_1 - d)

(iii) if y > ————, then B is a local strict minimizer of E + y A1.
d*(d + 1B,

@(v) ify > —ﬂgdz, then By is a local strict minimizer of A1 + Y E.

Remark 5.6. In the cases (iii) and (iv), the constants we compute are not optimal, in particular
we do not claim the ball is a saddle point once we go beyond the computed value. Nevertheless
computing the optimal value only requires to compute supy-, 7, and SUPg>2 7 (see the notations
in the proof below) as it is done in the cases (i) and (ii). As it is seen in the second case (ii) handled
by Nitsch in [34], these computations can be rather technical. Let us notice also that we simplify
the expression of the optimal constant given by Nitsch.

Proof of Proposition 5.5. (i) We first compute the Lagrange multiplier 1 (7) associated to the
volume constraint at By : it is defined as [P + ¢t E + (¢) Vol (B1) = 0 that is from the expression
of the shape gradients of Vol, P and E:

1
p)y=>7t —d=1.

Let us now turn our attention to Hessian of the function P 4+ ¢t E + w(¢)Vol on the ball B;. As a
consequence of Lemma 2.10, the shape Hessian of the Lagrangian P + t E + u(¢) Vol at balls is

o0

dy
[P +tE + p(@)Voll"(B1).(h, h) = Y ck(t) Y arxa(h)?
k=0 =1
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where we have set

1 1 1
ck(t)=k2+|:(d—2)+ﬁt:| k— |:(d—1)+ﬁt:|=(k—1) |:k+(d—1)+d—2t].

Therefore, the Hessian of the Lagrangian [P + ¢t E + p(¢)Vol]” (By) is coercive in T (3 B;) if and
only if # solves the inequalities

1
kt@d=D+51>0

for all k > 2. Of course, it suffices to solve that inequality in the special case k = 2 that provides
t>—(d+1)d>.

(ii) With the same notations as in (i) with P 4 tA; + u(¢) Vol, we obtain:
p=pgt —d -1,

J e
(1) =K* + (d — Dk — (d — 1) + 2> |:k+(d—1)—jd/2_lw:|. 31)

Ji—14a2(jaja—1)

We introduce the sequences ay = Ji—1+4/2(ja/2—1) and by = a1 1/ay so that (31) can be written:
() =k*+(d =k —(d—1) +2p7[k+d —1— jup_1b].

For a given integer k > 2, ¢ () > 0 holds when ¢ > t; defined as

k—1Dk+d-1)
25k +d —1— jap_1b)

T =

In order to find the optimal value of ¢ so that these inequalities are satisfied for every k > 2, we
need to compute the supremum of {ty, k > 2}. It is proven by Nitsch in [34, proof of Lemma 2.3,
p 332] that for all k£ > 2, 7y < 13, so the ball is strictly stable if and only if 7 > 75. We describe
here how one can obtain a more explicit version of 7>: from the recurrence formula for Bessel
function ([1, section 9.1.27, p 361])

2v/2)Jv(2) = Jv—1(2) + Jov41(2)

applied to v=4k — 1+ d/2 and z = jy/2—1, the sequences a; and by satisfy the recurrence
property

2k —1)+d 2k—1)+d 1
Qg1 = ————ax — dk—1 and by = —— -
Jd2—1 Jd2—1 b1

with the initial terms a9 = 0 and a; = Jg/2(jaj2—1) so that by = az/a; = d/ja2—1 (which
explains c1(¢) = O for any ¢, as known for the invariance by translations of all the involved
functions). Therefore, we have:
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C24d  japa dd+D =i,

2= - .
Jdj2—1 d djaja—1

and as a consequence, we obtain that

dd+1)

=
Zﬂg(]z?ﬂ—l —d)

(iii) With the same notions as in (i) with E 4 A1 + u(¢) Vol, we obtain:
()= (1/d* +1B3 (1) = i+t2 k—i+t2[d—1—' bi ]
u(r) =1/ By, ck(t) = 7 Ba 7 Ba Jdj2—1bi | .

Again c¢1(¢) =0 and ¢, (¢) > 0 if and only if

k—1
d?Bi(k+d — 1 — jajp—1br)

1> =

Using that by > by > 0, we obtain

, 1 k-1 L, d_\_ !
T < — == - B '
k dzﬂgk"‘d_l d2,3§ k+d—1] dz(d+1)ﬂ5

Therefore, if t > — then for any k > 2, ¢ > r,é, which leads to the result.

d2(d+1)p3

(iv) With the same notions as in (i) with A1 4+ ¢ E 4+ u(¢) Vol, we obtain:
t t .
u(t)y=@/d* + By, o) = (d—2 +ﬁ§) k= 5+ Bild =1—jap-1bi].
We check c1(¢) =0, and ¢ (¢) > O if and only if

d— jap-1b
1>t =—p2d> (1+M>‘

k—1

Using that by > b > 0, we obtain ;' < —ﬂédz, and therefore, if t > — ﬂjdz then for any k > 2,
t > 7}/, which leads to the result. O
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6. Counterexample for non smooth perturbations

We show in this section that even if the ball is a local minimum in a smooth neighborhood, it
may not be a local minimum in a non-smooth neighborhood. Consider Q2* = B a ball of volume
Vo. We have seen in Proposition 5.1 that there is a real number yy € (0, oo) such that for every
y € (—y0, 00), B is a stable local minimum for P + y E. For y > 0 this is not surprising. How-
ever, for y < 0, the fact that the ball is a local minimizer is no longer trivial: there is a competition
between the minimization of the perimeter and maximization of the Dirichlet energy. If y is small
enough, our result shows that B is still a local minimizer in a WZ’P—neighborhood. Nevertheless,
in that case B is no longer a local minimizer in a L!-neighborhood:

Proposition 6.1. Let B be a ball. For every y < 0 and any & > 0 one can find Q2 such that
|Q:AB| <¢, |Q|=I|B|, and (P+yE)(2)<(P+yE)(B).

To prove this result, we use the idea of topological derivative: it is well known that if one
considers a small hole of size ¢ in the interior of a fixed shape, the energy will change at order
e4=2 if d > 3 and 1/log(e) if d = 2, which is strictly bigger than the change of perimeter which
is of order £?~!, and therefore will strictly decrease the energy P + y E when y < 0. For the
sake of completeness, we provide a proof of this fact for a centered hole.

Proof. We can assume without loss of generality (using translation and scaling properties)

that B = Bj is the centered ball of radius 1, and we define 2, = By \ B(0, ¢). Using that
Au = 0ppu + dr;la,u when u is radial, the state function is:

(972 —gdyp2d pgd 1 42

- _ I ifd=3
ug, (r) 242 1) a° N4E
== e+ 1= a2
r)= og(r , ifd =
"= T loge) 4

and therefore

d(1 — 82)28d72 —-2(1— Sd)2 1 — gd+2 i| 81)
1

1
ifd>3, E(Q)=—= =
itd> (L2¢) ) / uQ, |: 8d2(1 _ Sd—Z) 4d(d +2)

Qe

1 d—2
- [_2d2(d+2) + 57 gd? +0(8d_2)i| P(B)),
(1—¢%

A2 231~ 210g(e)) — —(1 - 2+é)]P<B>
“Slog(e) © BEN T T T !

1
ifd=2, E(Qg)z—ifugs z[

Q.

1 1 1
= [_E ~ Bloge) ¢ (log@)ﬂ PED.

We now define ﬁ; = 11, where p, = (1 — e?)~1/4 5o that
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@l =1B1l, P — P(B) =[nd "1 +e9"1) = 1] P(B) ~ems0 e P(BY)

(d - 2)P(Bl)8d—2

EQe) = E(BI) ~em0 — 3 >0, ifd>3,
5 P(B1) .
E(Qe) — E(B1) ~e-s0 m >0, ifd=2

so that in both cases, for any negative y, (P + yE)(R2;) — (P + yE)(B1) <0Oforsmalle. O

Remark 6.2. In the proof of Proposition 6.1, the domains we consider are no longer home-
omorphic to the ball. One could wonder if the ball is a local minimizer for P + y E in an
L!-neighborhood if we restrict to domains homeomorphic to the ball. The answer depends on
the dimension:

e In dimension 2, it is proven in [36] that for every smooth simply connected domain £ C R?,

E(Q) < 2§ 14 20 + v log &
— | - —— 1o
= Tor -2 T 1—ur 8
where W:=1— ;*;;g;g; € [0, 1], which leads to
E(Q)— E(B) < ﬂ(P(Qf — P(B)?)
~ 32x
where B is the ball such that |Q2] = |B|. Since we also have the trivial inequality
_ 1eP

E(Q)—E(B)<—E(B) this leads to

iy
E(Q) — E(B) < C|QI**(P(Q) — P(B))

for C large enough (for example, one can take C = ﬁ, but this is not sharp).

e however, in dimension d > 3, the domains from the proof of Proposition 6.1 can be slightly
modified into domains homeomorphic to the ball, by removing a very thin tube (see [19] for
a similar idea applied to a Steklov eigenvalue problem). Using the notations from the proof

of Proposition 6.1, we have proved that for some positive constant ¢, one has

(P+YE)Q) — (P+YE)B1) =ycae?? +o(e?7?).
Set N = (1,0, ...,0) € R and let C(n) denote the set {x, d(x, [0, N]) < n} for n very small

compare to ¢, say 7 = 2. Then Q¢ y = Q¢ \ C(n) is homeomorphic to the Euclidian ball,
and one easily gets

1Qe.9] = Q] + 07" = Q] + 0(e),
P(Qey) = P(Q)+ 0@ = P(Q2) +0E?™), E(Qe,) = E(Q),

the last inequality following from the monotonicity of E. Then denoting
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|Bl| ld d
= =1 0
e (msm o

and Q¢ ) = ey, ;. We get |2, | =|By| and

(P +YE)(Qe) = n8 P(Qe) + vyt E Q)
= P(Qep) + VE(Qe) +0(™)
= P(Q) +VE(Q) +o0(?™")
= P(B)) +yE(B)) +ycae’ > + o™,

hence we obtain the same result as in Proposition 6.1 with domains homeomorphic to the
ball.
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