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Abstract

We prove the existence of a subsonic axisymmetric weak solution (u, p, p) withu =u e, +u, e, +ugey
to steady Euler system in a three-dimensional infinitely long cylinder N when prescribing the values of the
entropy (= piy) and angular momentum density (= rug) at the entrance by piecewise C 2 functions with a
discontinuity on a curve on the entrance of A/. Due to the variable entropy and angular momentum density
(=swirl) conditions with a discontinuity at the entrance, the corresponding solution has a nonzero vorticity,
nonzero swirl, and contains a contact discontinuity » = gp(x). We construct such a solution via Helmholtz
decomposition. The key step is to decompose the Rankine-Hugoniot conditions on the contact discontinuity
via Helmholtz decomposition so that the compactness of approximated solutions can be achieved. Then we
apply the method of iteration to obtain a solution and analyze the asymptotic behavior of the solution at far
field.
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1. Introduction
In R3, the steady flow of inviscid compressible gas is governed by the Euler system [13]:

div(pu) =0,
div(pu®u+ pl3) =0 (I3:3 x 3 identity matrix),

div <p(E n %)u) —0.

In (1.1), the functions p = p(x), u = (u1e; + urex + uze3)(x), p = p(x), and E = E(X) rep-
resent the density, velocity, pressure, and the total energy density of the flow, respectively, at
X = (x1, x2, x3) € R3. In this paper, we consider an ideal polytropic gas for which E is given by

(1.1)

1
E=_juf+—L (12)

2 (y —Dp
for a constant y > 1, called the adiabatic exponent. With the aid of (1.2), the system (1.1) is
closed, and can be rewritten as
div(pu) =0,
divi(pu®u+ pl3) =0, (1.3)
div(puB) =0,

for the Bernoulli invariant B given by

yp

B 1| 1? +
= —|Uu _—
2 (¥ —Dp

1
— P+ L sprt, (1.4)
2 y —1

Here, S = p/p? denotes the entropy.

Let © C R3 be an open and connected set. Suppose that a non-self-intersecting C!-surface
I' divides Q into two disjoint open subsets Q% such that Q@ = Q~ UT U Q7. Suppose that
U = (u, p, p) satisfies the following properties:

(wy) UelLZ(@NnCL.@5Hnc) @FuDP;

loc

(wz) Forany & € C°(Q) andk =1,2,3,

/,ou-Védx:/(puku+pek)-Vde:/,ouB-Védx:O.
Q

Q Q

Here, ey, is the unit vector in the xj-direction.

By integration by parts, one can directly check that U satisfies the properties (w1) and (wy) if
and only if

(w}) U satisfies the property (w1);
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Fig. 1.1. Contact discontinuity.
(wi*) U is a classical solution to (1.3) in %, and satisfies the Rankine-Hugoniot conditions
[ou-n]r =[pu-nB]r =0, (1.5)
[o(u-m)u+ pn]r =0, (1.6)

for a unit normal vector field n on I", where [ F]r is defined by

[FX)Ir:= FX)|g=— FX)|gr for xel.

Let 71 and 7, be tangent vector fields on I" such that they are linearly independent at each
point on I'. Due to [pu - n]r = 0 in (1.5), the condition (1.6) can be rewritten as

[p(u-n)2+plr=0, pu-mu-t4lr=0 fork=1,2. (1.7)

Suppose that p > 0 in 2. Then, the second condition in (1.7) holds if either u-n = 0 holds on
Ior[u-tglr=0forallk=1,2.

Definition 1.1. We define U = (u, p, p) to be a weak solution to (1.3) in  with a contact dis-
continuity I (Fig. 1.1) if the following properties hold:

() T is a non-self-intersecting C!-surface dividing 2 into two open subsets Q% such that
Q=QturuQ;
(ii) U satisfies (w1) and (w2), or equivalently (w}) and (w});
(iii) p>01in Q;
@iv) (H|Fmr — u|§mr) (x) # 0 holds forall x e T';
(V) w-n|g= =u-n|gy, =0, where n is a unit normal vector field on I.

One can directly check from (1.5) and (1.7) that U = (u, p, p) is a weak solution to (1.3) in
2 with a contact discontinuity I' if and only if the following properties hold:

(i") The properties (i)-(iv) stated in Definition 1.1 hold;
(ii") [plr=0andu-n=0onT.

Let (x, r, 0) be the cylindrical coordinates of (x1, x2, x3) € R3, that is,

(x1,x2,x3) = (x,rcosf,rsinf), r>0, 0eT,
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where T is a one dimensional torus with period 27. Any function f(x) can be represented as
f(x) = f(x,r,0), and a vector-valued function F(x) can be represented as

F(X)ZFX(-xvrve)ex +Fr(x,r,G)er—l-F@(x,r,O)eg,

where

e, =(1,0,0), e=(0,cos0,sinf), ey=(0,—sinb,cosh).
Definition 1.2.

(i) A function f(x) is axially symmetric (=axisymmetric) if its value is independent of 6.
(i) A vector-valued function F is axially symmetric (=axisymmetric) if each of functions Fy(x),
F,(x), and Fp(x) is axially symmetric.

The goal of this paper is to prove the existence of subsonic axisymmetric weak solutions to
(1.3) with contact discontinuities in the sense of Definition 1.1 in a three-dimensional infinitely
long cylinder. In particular, we seek a solution with nonzero vorticity and nonzero angular mo-
mentum (=swirl). Furthermore, we analyze asymptotic behaviors of the contact discontinuities
at far field.

There are many studies of smooth subsonic solutions to Euler system, see [5,6,14—18,21-23]
and references cited therein. As far as we know, there are few results on the existence of so-
lutions to Euler system with contact discontinuities [1,3,7-12,20]. In [20], supersonic contact
discontinuities in three-dimensional isentropic steady flows were studied.

In this paper, we prove the existence of a subsonic axisymmetric weak solution (u, p, p) with
u=u,e; +u,e +ugey to steady Euler system in a three-dimensional infinitely long cylinder
when prescribing the values of the entropy (= p%) and angular momentum density (= ruyp) at the

entrance by piecewise C? functions with a discontinuity on a curve on the entrance of . Due
to the variable entropy and angular momentum density (=swirl) conditions with a discontinuity
at the entrance, the corresponding solution has a nonzero vorticity, nonzero swirl, and contains
a contact discontinuity » = gp(x). We construct such a solution via Helmholtz decomposition.
By using Helmholtz decomposition, smooth subsonic solutions for the full Euler-Poisson sys-
tem with nonzero vorticity were studied in [2,4]. To construct subsonic solutions with contact
discontinuities, the challenge is to decompose the Rankine-Hugoniot conditions on contact dis-
continuities via Helmholtz decomposition so that the compactness of approximated solutions can
be achieved.

The first work to construct subsonic weak solutions with contact discontinuities to steady Eu-
ler system via Helmholtz decomposition is given in [3], in which new formulations of steady
Euler system and Rankine-Hugoniot conditions via Helmholtz decomposition are introduced,
and the existence of subsonic weak solutions with contact discontinuities and nonzero vorticity
is proved in a two-dimensional infinitely long nozzle. Furthermore, it is proved that a two di-
mensional weak solution converges to a constant pressure state at far-field (x = o), if one side
of the contact discontinuity has uniform state with (p,u) = (po, 0) for a constant pg > 0. In
this paper, we consider a three-dimensional infinitely long circular cylinder with the same as-
sumption. Namely, we prescribe boundary condition at the entrance of the cylinder so that the
resultant subsonic weak solution to steady Euler system contains a contact discontinuity, and its



2828 M. Bae, H. Park / J. Differential Equations 267 (2019) 2824-2873

one side has uniform state with (p, u) = (pg, 0) for a constant pg > 0. Differently from the two
dimensional case, however, the three dimensional problem that we consider in this paper requires
a more subtle approach. If we seek a weak solution via Helmholtz decomposition with a contact
discontinuity so that its inner layer flow has nonzero vorticity and nonzero angular momentum,
we first need to establish the unique solvability of a singular-coefficient elliptic equation, which
concerns the angular component of the vorticity in its cylindrical-coordinate representation. Also,
a careful treatment is needed in analysis of streamlines near the x-axis (r = 0). To resolve these
difficulties, we employ the method developed in [4], but with more sophisticated computations
to handle nonlinear boundary conditions on the contact discontinuity, which are derived from the
Rankine-Hugoniot conditions.

To analyze the asymptotic behavior of the solution, we use the stream function formulation
and energy estimates. We emphasize that the asymptotic behavior of three dimensional subsonic
weak solution with a contact discontinuity is completely different from the two dimensional solu-
tion, which are studied in [3]. Due to the non-zero angular momentum generated by the boundary
condition at the entrance, the asymptotic limit of pressure p of three dimensional subsonic weak
solution with a contact discontinuity does not converge to a constant py at x = 0o. And, this
is purely three dimensional phenomenon. To our best knowledge, this is the first result on the
three-dimensional subsonic flows to steady Euler system with contact discontinuities.

The rest of the paper is organized as follows. In Section 2, we formulate the main problem
of this paper, and state its solvability (Theorem 2.1(a)) and the asymptotic limit of the solution
(Theorem 2.1(b)) as the main theorem. In Section 3, we reformulate the problem introduced in
Section 2 by using the method of Helmholtz decomposition, and state its solvability as Theo-
rem 3.1. As we shall see later, the problems given in Section 2 and 3 are free boundary problems
in an unbounded domain. To construct a solution to the free boundary problems in an unbounded
domain, free boundary problems in cut-off domains will be formulated and solved in Section 4.
Based on the results of Section 4, we prove Theorem 3.1 from which Theorem 2.1(a) follows.
Finally, the asymptotic behavior of the solution at far field is analyzed in Section 5.

2. Main theorems

We define an infinitely long cylinder

N = {(xl,xz,x3)eR3: x1 >0, ,/x%+x§< 1}. 2.1)

As we defined in the previous section, let (x, r, #) be the cylindrical coordinates of (x1, x2, x3) €
R3, that is,

(x1,x2,x3)=(x,rcosf,rsinf), r>0, 0eT,

where T is a one dimensional torus with period 27. Then, the wall I'y, and the entrance I'e, of
N are defined as

Dy :=0NN{r=1}, Tep:=0oNN{x; =0}

To prescribe a boundary condition which causes an occurrence of a contact discontinuity, we
define an inner layer of the entrance I'_, by
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_ 1
Fen::l"enﬂ r§§ .

Let us consider two layers of flow in A separated by the cylindrical surface r = % with
satisfying the following properties (Fig. 2.1):

(i) For fixed pgt > 0 and ug > 0, the velocity and density of outer and inner layers are given by
(0,0,0), ,03' and (ug, 0, 0), Lo respectively;
(ii) The pressure of both outer and inner layers is given by a constant py > 0;
(iii) The outer and inner layers are subsonic flows, i.e.,

ug < co forthe sound speed ¢y = )/_p_o'
\' ~o

Then a piecewise constant vector

N 1

0,0,0,p4, po) for r> -,

2

Uo(x1, x2, x3) := :
(10,0,0, 05, po) for r< 3

is a weak solution of the Euler system (1.3) in A/ with a contact discontinuity N' N {r = %}. In
this case, the entropy Sp and Bernoulli function By are piecewise constant functions with

1
]io =:S(J)r for —<r<l1,
(,0() )Y 2
So(x1, X2, x3) = !
P_o =8 for 0<r < —,
(,00 )Y 2
| 2.2)
&4-:33 for —<r<l,
(y — Dpy 2
Bo(x1,x2,x3) = | 1
—u%+&7=:30_ for 0<r<-—.
2 (¥ — Doy 2

A
\ 0,05, 1o
1/2
\ \ (40,0,0),5 o
0 >
o

N

Fig. 2.1. Background state.
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Our main goal is to solve the following problem.

Problem 2.1. Fix € € (0,1/10) and « € (0, 1). For given radial functions Sen(r), ven(r) and
ul(r), define

0 (Sen; Ven, usn) = ||Sen — SOHZ,Q,[‘;H + ||Ven||2,a,re—n + IIanlll,a,r;, (2.3)

Assume that

1
(Senaven)E(S+a0) on Fen\rmzrenm{rzi},
| 2.4)
u*=0 on Fenﬂ{rzi—e},

and

0 (Sen; Ven, u::n) <00 2.5)

with sufficiently small oy > 0 to be specified later.
Find a weak solution U = (u, p, p) to (1.3) with a contact discontinuity

Lgp 7 =gp(x1)
in the sense of Definition 1.1 in A such that

(@) gp(0) = 3.
(b) Subsonicity:

l[u] < ¢ for the sound speed ¢ = rp in N.
0
(c) Positivity of density: p > 0in N.
(d) At the entrance I'ep, U satisfies the boundary conditions:
p en

p—yZSen, U-€9 =Ven, U-€ =1U on Fen~

(e) On 'y, U satisfies the Rankine-Hugoniot conditions, i.e.,
[plr,, =0, w-mg, =0 on Ty,

where ng,, denotes a unit normal vector field on I'y,,.
(f) On the wall I'y,, U satisfies the slip boundary condition, i.e.,

u-¢,=0 on TIy.
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(g) The Bernoulli function B is a piecewise constant function,

B(;r for r > gp(x1),
B(x1,x2,x3) =1
By, for r<gp(xy),

where BOi are given by (2.2).
Remark 2.1 (Compatibility conditions). If an axisymmetric vector field
V(x) = Vi(x,r)ex + Vo (x, e + Vo(x,r)eg is C',
then it must satisfy
Vi (x,0) = Vp(x,0)=0.

Since it is assumed in (2.5) that the axisymmetric functions (Sep, Ven)(r) are C L on Tep, the
compatibility conditions

07 (Sens Ven) (0) =0 (2.6)
are naturally imposed.

One can easily see thatu =0, p = ,00+ , p = po satisfy the following properties:

(i) (Subsonicity) [u| =0 < /yp/p=/(ypo)/pg
(i1) (Positivity of density) ,0(‘; > 0;
(iii) Asin (2.2),

po o+ Y Po — B+
- O 9 - .. I — 0 9
(pg )Y (v — Dpg

(iv) u-v=0 for any vector v € R3.

From this observation, we fix u =20, p = ,03', p=poin NN{r> gp(x)}, and we solve the
following free boundary problem to find a solution to Problem 2.1;

Problem 2.2. Under the same assumptions of Problem 2.1, find gp : R* — (0,1) and a C 1
solution U = (u, p, p) to (1.3) in J\/g_D =N N{r < gp(x)} such that (Fig. 2.2)

()

1
gp(0) = 7. 2.7)
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Fig. 2.2. Problem 2.2.

(b) Subsonicity:

Yye . =
lu| < ¢ forthesoundspeed c¢=_/— in NgD.

0

(c) Positivity of density: p > 0in Ng,,.
(d) Atthe entrance I',,, U satisfies the boundary conditions:

en’

P -
— =Sen, W € =Ven, W € =u. on I, (2.8)

0
(€) On Ty, :r =gp(x), U satisfies the boundary conditions
p=po, u-ng,=0 on Iy, (2.9)

where ng;, denotes a unit normal vector field on I'g .
(f) The Bernoulli function B is a constant function,

B(x1,x2,x3) =B, in ./\/g_D,
where B, is given by (2.2).

Since p = Sp¥, we can regard Problem 2.2 as a problem for (u, p, S). Assume that the smooth
solution (u, p, S) of (1.3) is axially symmetric, i.e.,

u=ux(-xvr)ex+ur(-xvr)ei‘+u9(xvr)e67 pzp(-xar)a SZS(X,}’).
Define the angular momentum density A as follows
A(x,r):=rug(x,r). (2.10)

Then one can directly check that (1.3) is equivalent to the following system:
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pou
dx (pux) + 0y (puy) + r’ =0,
2
0y +r iy — 28 49, p =0
Py 0y + uy0p)uy p rp =0, 2.11)

puxdy +u,9,)S =0,
P(Uxdx +ur0,)A=0.

Now we state the main results in this paper.

Theorem 2.1. For given radial functions Sen(r), Ven(r) and us"(r) on Ten, assume that they
satisfy (2.4), and let 0 (Sen, Ven, uS") be given by (2.3). For simplicity of notations, let o denote
0 (Sens Ven, u‘;,n)‘

(a) (Existence) For any fixed o € (0, 1), there exists a small constant o1 > 0 depending only on
(uo, py » Po. Sy ) and a so that if

o =01,
then there exists an axially symmetric solution U = (u, p, p) of Problem 2.2 with a contact

discontinuity r = gp(x) satisfying

1 _
lgp — 5”2,&,R+ + [[(u, p, p) — (o, p, ,po)lll,a,Ng—D <Co forug:=upey, (2.12)

where the constant C > 0 depends only on (ug, p, , po, S, ) and a.
(b) (Asymptotic state) There exists a constant o3 € (0, o1] depending only on (ug, py » po, Sg )
and « so that if

o <02,
then the solution U = (u, p, p) in (a) satisfies

g e e mey =%
. p(u-eg)’
AP = == 0 ) o Ay =0

Remark 2.2 (Zero swirl case). As we shall see later, the constant o in Theorem 2.1(a) will be
chosen sufficiently small so that the estimate (2.12) yields that

1
u-exziuo in Ng,. (2.13)

If ven = 0 on Ty, by the definition of A given by (2.10), then it follows from (2.6), the trans-
port equation p (u, 0y + u,-0-)A =0 given in (2.11), and the estimate (2.13) that A =0 in /\/'g;.
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A
1

1/
K 0, 99, po

Sens Ven, Ng

Fig. 2.3. Remark 2.3.

a2
And, this implies that M =01in N, ¢p- (See (5.2) for further details.) In this case, Theo-

rem 2.1(b) yields that
Jim 1pCx. ) = poll coqvpe=zy) = 0-

where we extend the definition of p onto N'\ Ny by p = po in N'\ N, . And, this coincides
with the result obtained from [3]. From this perspective, the two dimensional subsonic weak
solution with a contact discontinuity, constructed in [3], can be considered as a three-dimensional
subsonic weak solution with the zero-swirl boundary condition for ve, at the entrance of the
cylinder \V.

Remark 2.3. In Problem 2.2, we seek a subsonic weak solution to steady Euler system with a
contact discontinuity r = gp(x) by fixing the outer-layer flow in N'N {r > gp(x)} as a uniform
state (u, p, p) = (0, p(‘)" , po). One can also consider a problem to seek a subsonic weak solution
to steady Euler system with a contact discontinuity » = gp(x) by fixing the inner-layer flow in
N N{r < gp(x)} as a uniform state (u, o, p) = (0, Pg » Po) (see Fig. 2.3). Actually, this problem
is even simpler than Problem 2.2 for the following reason: In order to solve Problem 2.2, we
use Helmholtz decomposition u = Vg + curlV(x) with V(x) = h(x, r)e, + ¥ (x, r)eg. With this
representation, (1.3) is decomposed as a system of second order elliptic equations for (¢, V),
and transport equations for (S, A). In this reformulation, one of the difficulties rises. Namely,
the equation for ¥ becomes a singular-coefficient elliptic equation, with a coefficient blow-up on
the x-axis (r = 0). If the inner-layer flow is fixed as a uniform state with (u, o, p) = (0, o, ", po),
however, such a singularity issue is not needed to be considered, as the inner-layer flow is fixed,
and the outer-layer flow state is to be determined by solving nonlinear system of equations for
(¢, ¥, S, A). In particular, the outer-layer of A/ is away from the x-axis, therefore coefficients of
all the equations are regular.

3. Reformulation of Problem 2.2 via Helmholtz decomposition

For a function gp : Rt — (0, 1) to be determined along with (u, p, p) in NV,

2> WE express
the velocity vector field u = uy (x, r)ex + u,(x,r)e, +ug(x,r)eg as

ux) = Vo(x) +eurl V(x) in N,



M. Bae, H. Park / J. Differential Equations 267 (2019) 2824-2873 2835

for axially symmetric functions
p(xX) =@(x,r), V&) =h(x,re +vy(x,res.

If (¢, V) are CZ in N

o> then a direct computation yields

u= <3x<p + %ar (r1/f)) ex + (0r¢ — dx)e, + (dch)ey, (3.1

from which we derive that

Uy =0y + %8r(r1/f), Ur =00 — 0¥, Ug= % = 0yh.
Hereafter, we denote the velocity field u as
u=q(r, v, Dy, Do, A) for D = (0, o). (3.2)
For such q(r, ¥, DY, Dp, A), set
t(r, ¥, DY, A) :=q(r, ¥, DY, Do, A) — Vo (=curlV). (3.3)

By a simple adjustment of computations given in [4], we can rewrite the system (2.11) as follows:

div(H(S,q)q) =0,
— A(Yeg) =G(S, A, 3,.S,0.A,t, Vo)ey,

(3.4)
H(S,q)q-VS=0,
H(S,q)q-VA =0,
with
q=q(r, ¥, DY, Dp, A), and t=t(r, ¥, Dy, A),
for (H, G) defined by
1/(y=1
y—1 _ 1
H(n,q) = I:W (Bo - E|‘l|2)i| )
3.5)

1 H' (1, t+v) m
G(n1,1n2,13, M4, L, V) == ( ,

+_
t+v) e y—1_ Pram

forneR,qe R3, n,n2,n3, N4 €R,and t, v e R3.

Next, we derive boundary conditions for (gp, S, A, ¢, ¥) to satisfy the physical boundary
conditions (2.8)-(2.9). We intend to derive the boundary conditions so that a compactness of
approximated solutions to Problem 2.2 can be established.
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(i) Boundary conditions on 'z : We require (S, A, ¢, ) to satisfy

(S, A)(0,7r) = (Sen, ' Ven)
00,r) = flr/z uS"(1)dt =: gen on 'y, (3.6)
oY (0,r)=0

so that the boundary conditions given in (2.8) hold on I';, for

(w,p,p)=(q, H(S,q), SH"(S,q) withq=q(r, ¥, DY, Dy, A). (3.7

(ii) The Rankine-Hugoniot conditions (2.9) on I'y,: If a contact discontinuity I'y,, is rep-
resented as I'y, = {x € N : r = gp(x)}, then the unit normal ng, of I',, pointing toward
{r > gp(x)} is given by

_ _g/[)(x)ex +e

l'lgD = —/
J1+1gp@?

Therefore, if gp : Rt — (0, 1) solves the initial value problem

/ q(ralptisD(p,A)'er
(x) = (x,gp(x),0) for x>0,
gD q(r7 w’ DI/f’ Dw, A) N ex gD

| (3.8)
0)=—,
gp(0) >
then the condition u-ng,, =0 holds on I'g, for u given by (3.7). We use (3.8) to find the location

of the contact discontinuity r = gp(x).
Due to axi-symmetry of I'g,, an orthonormal basis of I'y;, can be given as

_extgpxe
Tgp =
v 1+ IgD(x)|2

Then, it follows from the condition u - ng;, =0 on I'g, that

{tep.€a} for

> =|u-7g, > +u-el*> on T,y (3.9)
By substituting the expression (3.1) into (3.9), we get

2 2

1
ju? = ‘[(axw + -0 (rw)) e+ (0,0 — axw)er} T on Ty, (3.10)

’A
4=
r

On the other hand, to satisfy the condition (f) stated in Problem 2.2, u should satisfy

1=1/y gl/y
|u|2=2(BO_—ypyT) on FgD' (311)
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Therefore, if (¢, ) satisfy
1
Vo 14, =Veo-1g, and ;V(rlﬂ) -ng, =B(gp, &p. S, A) (3.12)
for o and B defined by

@o(x) :=upx; for x=(x1,x2,x3) € Ng,

1=1/y ¢1/ 2
_ YD Sty A
B(gDvgbs S»A) = 2<B0 _07) _<_> _V(pO'Tguv

(3.13)
y —1

then one can directly check from (3.9)—(3.11) that the condition p = po on I'y,, given in (2.9)
holds for (u, p) given by (3.7).
We collect all the boundary conditions for (gp, S, A, ¢, ¥) with (3.8) as follows:

(8, A) =(Sen,"Ven);, @ =@, 0¥ =0 on F;17
1 , (3.14)
Vo -1, =Vo-Tg,, ;V(’"W)'ngD:B(gDng»SyA) on Ty,

Theorem 3.1. For given radial functions Sen(r), Ven(r) and ul"(r) on Ten, assume that they
satisfy (2.4), and let 6 (Sen, Ven, us") be given by (2.3). For simplicity of notations, let o denote
0 (Sens Ven, usn)'

For any fixed a € (0, 1), there exists a small constant o3 > 0 depending only on (uo, py , po,
Sy ) and « so that if

o <o, (3.15)

then the free boundary problem (3.4) with boundary conditions (3.8) and (3.14) has a solution
(gD, S, A, @, ¥) that satisfies

1
g0 = 5 la.aR+ < Co.
(3.16)

Il = ¢ollo a1V €sllo 0, + 105, A) = (S5, 0l 4, < Co,
where the constant C > 0 depends only on (ug, p, , po, S ) and a.

Hereafter, a constant C is said to be chosen depending only on the data if C is chosen depend-
ing only on (ug, £g » P0» Sp )-

We first prove Theorem 3.1, then apply this theorem to prove Theorem 2.1. We will prove
Theorem 3.1 by a limiting argument. So we introduce a free boundary problem in a cut-off do-
main of the finite length L, and solve it by the method of iteration in Section 4. And, uniform
estimates of the solutions to the free boundary problems in cut-off domains are established in-
dependently of the length L. In Section 5.1, we prove Theorem 3.1 by taking a sequence of the
solutions to the free boundary problems in cut-off domains, then passing to the limit L — oo.
The limit yields a solution to the free boundary problem (3.4) with boundary conditions (3.8)
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and (3.14), then we can prove that (gp,u, p, p) for (u, p, p) given by (3.7) yields a solution to
Problem 2.2. This proves Theorem 2.1(a). Finally, Theorem 2.1(b) is proved by using the stream
function formulation and energy estimates.
4. Free boundary problems in cut-off domains
4.1. Iteration framework
Let NV be given by (2.1). For a constant L > 0, define N7, by
N =NNn{0<x <L}

For a function f :[0, L] — (0, 1), we set

NL_,f =N N{r < f(x)),

T/ =Ny ;N{x=L}, Tol =Ny Nir=f).
Problem 4.1. Find a solution (f, S, A, ¢, ¥) of the following free boundary problem:

3.4) in N, L.f

with boundary conditions

(Sv A) = (Senv rven)v (p = (pena axw = O on F7
0,¢=0, 0¥ =0 on 1—‘ex’fy .1

1
Vo -17=Vgy- 1/, ;V(rl/f)~nf=[)’(f,f’,S,A) on FCLd’f,

and
/ _Q(r,K[f,DWvD(P,A)'er
fix)= 4 V. DV Do ) e (x, f(x),0) for x>0, )
) .
where

_ e+ f'(x)e, S —fl(x)ex +e,

ST T e

Proposition 4.1. For given radial functions Sen(r), ven(r) and ul™(r) on ey, assume that they
satisfy (2.4), and let 6 (Sen, Ven, uS") be given by (2.3). For simplicity of notations, let o denote
0 (Sen; Ven, usn)'

For a fixed o € (0, 1), there exists a small constant o4 > 0 depending only on the data and o
so that if
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0 <04,

then Problem 4.1 has a unique solution (f, S, A\, ¢, V) that satisfies

1
I f— 5”2,0[,(0,L) <Co,
“4.3)

o — (PO”z,a,/\/’L—vf + ||1//e9||2,a,N;f + (S, A) = (Sy s O)HI*O"NL_,f <Co,
where the constant C > 0 depends only on the data and o but independent of L.

In order to find (S, A) as a solution to transport equation H (S, q)q-V(S, A) =0in N
first need (f, q) to satisfy the condition (4.2). Furthermore, the vector field H (S, q)q needs to be
divergence free (see [4, Proposition 3.5]). Therefore, we need to solve a free boundary problem
for (f, ¢, ¥) by fixing approximated entropy and angular momentum density (S, A), then solve
H(S,@q-V(S,A)=0in N;f to update (S, A), where q is given by q = q(r, ¥, DV, Do, A).
This procedure yields an iteration map in the iterations sets defined below.

For fixed constants € € (0, 1/10), @ € (0, 1) and M; > 0 to be determined later, we define an
iteration set

P(My) :==P1(My) x Pr(My)

for
s — S()_||l,a,_/\f1:3/4 < Mo,
Pi(My) = S=S(x,r)eC1'“/2(N;3/4); : | Lo
dxS=0on (I'g, ﬂ{r>§—€})UI‘
”Vll]agz— /4§M10,
Pa(My):=3 A=rV(x, r)ecla/z(/\/— RE V(x,0)=0, Vx €[0, L], ’

1
dA=00n (TN {r= > —epurke
(4.4)

for a two dimensional rectangular domain €2 5 /4 given by

Q34 '=

3
{(x,r)€R2:0<x<L, O<r<Z}.
Problem 4.2. For each W, := (Sy, Ax) € P(M)), set

qx ‘= q(r, w, Dw, D(p, A*), t* = t(rv vawv A*)

for (q, t) given by (3.2) and (3.3). Then, find (f, ¢, 1) satisfying (4.2) and
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div (H (Sx, q+)qx) =0 ] .
mn L,f’
—A(l//eo):G(S*,A*,BVS*,B,A*,t*,qu)eQ
®=¢en, Y =0 on Iy, 4.5)
39=0, ¥ =0 on Ig’,

1
Vo.tr=Veotr. YY) mp=B(f [ S A on rk/
where H, G, and B are given by (3.5) and (3.13).

Lemma 4.2. Under the same assumptions on (Sen, Ven, US") as in Proposition 4.1, there exists a
small constant os > 0 depending only on the data and (o, M1) so that if

o < o5,

then, for each W, € P(My), Problem 4.2 has a unique solution ( f, ¢, V) satisfying

1
1f = 3l2a0.0 + 19 = @0lly g p; , + Vol n;, < C M1+ Do, (4.6)
where the constant C > 0 depends only on the data and o but independent of L.

We will prove this lemma in Section 4.2. Once Lemma 4.2 is proved, we prove Proposition 4.1
by the following approach: Let (f, ¢, ¥) be the unique solution of Problem 4.2 for a fixed W, =
(S«, Ay) € P(My). For such a solution, we find a unique solution W = (S, A) of the following
initial value problem:

H(S«,q(r, ¥, DY, Do, A))q(r, ¥, DY, Dy, Ay) - VS =0
H(S*7 q(r7 W’ Dl//7 D(D, A*))q(rs '(p-’ DWﬂ D(pa A*) VA =0
(S, A) = (Sen,rven) onN Fe_n'

i N (4.7)

We take suitable extensions £5(S, A) € [CT*/2(N] , /4)]2 of (S, A). For such £/(S, A), we
define an iteration mapping J : P(M1) — [Cl")‘/z(]\/'L_jM)]2 by

T(Ss, M) =E7 (S, A).
Then we choose M and o so that the mapping J maps P (M) into itself, and has a unique fixed
point (S4, Ay) € P(My) of J. This will prove Proposition 4.1. A detailed proof of Proposition 4.1
is given in Section 4.3.

4.2. Proof of Lemma 4.2

For a constant M3 > 0 to be determined later with satisfying Mo < l, we define an iteration
set
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1
f— 5”2,0{,(0,L) < Mo,
F(Mp):=1{ feC(0,L]): . (4.8)

1
f0)= X flO)=f(L)y=0
We fix fi € F(M>), and solve the following boundary value problem in N L

le(H(S*v q(rv I/faDwa D(va*))q(rs wy DW, D(ps A*))ZO . N

in s

- A(llfeG) = G(S*y A*y arS*7 arA*7 t(r5 ‘(/fa DI//9 A*)’ Dw)ee Lf*
go = wen, 8x1ﬁ = O on F;l’ (4.9)

99=0, 8,9y =0 on Ik’

1
Vot =Veo-t. VOY)-ng =B, fl, 80 Ay on Th/r
where H, G, and B are given by (3.5) and (3.13).

Lemma 4.3. Under the same assumptions on (Sen, Ven, Us") as in Proposition 4.1, there exists a
small constant o¢ > 0 depending only on the data and (a, M1, M>) so that if

o < 06,
then the nonlinear boundary value problem (4.9) has a unique solution (@, ) satisfying
I = 90llpgn, + IVesllrn;, <C M1+ Do, (4.10)
where the constant C > 0 depends only on the data and o but independent of L.

Hereafter, we regard any estimate constant C to be chosen depending only on the data and o
but independent of L unless specified otherwise.

Proof. 1. (Iteration set) For two constants M3, M4 > 0 to be determined later, let us define
16112057, < Mso.

1
*p=0on (T N{r>=-—ehurg’”

K (M3) = {px.r) e C** N ) 2 :
fork=0,2,

¢(x,0)=0,Vx € [0, L]

V)40 =< Mo,
OREL fy

KJ (Ma) := 39 (x,1) € C¥*(Q 1) 5, =0 on T T :

’

3y (x,0)=0fork=0,2,¥x €[0, L]

for a two dimensional set Qz_yf* given by
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o

Lp =l eR0<x <L 0<r < ).

Then, we define an iteration set of (¢, ¥) as
KF= (M3, My) = KI* (M3) x KI*(My). 4.11)

Note that the iteration set ICf*(M4) is defined through the norm || - ||, Q . This is to find an

axisymmetric solution v (x, r) to the equation —A({reg) = Gey given in (4 9), and to make the
function ¥ (x, r)es become C? in NL fo

2. (Linearized boundary value problem for yrey) For a fixed (qB, &) e K+ (M3, My), set

G = GWy, 3, Wi, t(r, ¥, DV, Ay), D + Do),  B:=B(f, fl, W), (4.12)

where G and B are given by (3.5) and (3.13), respectively. The compatibility condition 3, W, =0
on Ny, N {r =0} implies that G=0onN; ;. N{r=0} and Geg € C*(N 1) Since f >

% > 0, ey is smooth on Fch,f * and l”;’eg eC 1""(FCLd’f *). Then the standard elliptic theory yields
that the linear boundary value problem

—AW=Gey in N,
#HW=0 on I, uTk’ (4.13)
VW~nf*—,u(x)W=l§’e9 on FLf*

for u defined by

(x) := _ ,
o OVIF I

has a unique solution W € Cl’“(N;f*) N Cz""(NL_ f*)' By adjusting the proof of [4, Proposi-
tion 3.3], one can show that W is represented as

W=1y(x,r)eg in leﬂ,

where 1/ solves the boundary value problem
1 1 = . -
- (axx +—0,0r9)) = r—2> v=G in N, (4.14)

with boundary conditions

-, ¥ =0 on I,
0.y =0 on Il
] i (4.15)
“Vey)-ng =B on Tkl
p

Y =0 on L_’f*ﬂ{r=0}.
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By taking the limit r — 04 to the equation (4.14) and using L’Hospital’s rule, one can also check
that

=0 on NL_,f* N{r=0}.
Claim: Regarding 1 as a function of (x,r) € QZ £ We have
Wlkaa; , <€ (1Gan;, +1Bl, 4 per) fork=1.2. (4.16)
Proof of Claim. Since v = W - eg, and ey is smooth with respect to (x, r, 8), we have
”w”k,aﬂ;f* < C”W”k,a,/\/’g‘h fork=1,2. 4.17)
Now we show that W satisfies
Wi o, =€ (I1Geollyp;, +1Beoll,_y o pore) fork=1.2.
Define a function 91: NV}, — R¥ by
o 2 NS 2
Neroxzx) =20 (=x3 +5) for a:=[Geglly - +[1Beslly ..

. 1 1
Since || fx — 3 ll2,.0,.L) < 5, We have

VON-ns, — (x)‘ﬁ—L —2x cos@+ﬁ
T e ful) wis)

2a
27(—24-4):211 on Fé‘d’f*.
Set
W;:=W-ej, Gj:=ée9~ej, Bj:=l§’eg~ej for j=1,2,3.

Here, each e; for j = 1,2,3 denotes the unit vector in the positive direction of xj-axis for

x= (x1,x2,x3) €N L_ Ix Then straightforward computations and (4.18) yield that

AMEW))=—4a£G; <0 in N,
9 (MEW;)=0 on Ty ULk’
VO£ W))-ny, — u(x)N+W;)>2a+B;>0 on Tl

By the comparison principle and Hopf’s lemma, we have

—N<W; <M forj=1,2,3 in Nl:f*.
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Therefore we get the estimate

IWio;, =€ (IGesllg n; , +1Beslly v )

(4.19)

By adjusting the proof of [19, Theorem 3.13] with using the C%-estimate given right above, we

obtain the estimate

IWla;, =€ (I1Geoll, p, +1Beoll, pe.r.)-

(4.20)

To obtain C%“-estimate of W up to the boundary, we use the method of reflection. Define an

extension of f, € F(M>) into —1 <x <L + 1 by

Sfe(—x) for —1<x <0,
fix) = fe(x) forO<x <L,
f+@RL—x) forL<x<L+1.

Since f,(0) = f/(L) = 0, we have the estimate

I fll2,e (=1, 041y < Cll fill2.a,0,1)-

We define an extended domain
Next = {(xl,xz,X3) eR¥:—1<x;<L+1,0< ,/x% +x32 < ff(xl)}
and
Fext := 0Nexe N { X% —i—x% = ff(xl)} .
We also define extensions of (W, G, l§) into Nex as follows:

(W, G,B) (—x1,x2,x3) for —1<x; <O,

(Wext» 6ext»%ext) (X) = <W7678~> (x17~x27x3) forofxl §L7

(W,G,B) QL —x1,xp,x3) forL<x; <L+1.

Then Gexeg € C¥(Next) and
|Bexiet lanew = CllGenlly n;, -
By the compatibility conditions of (W, f) given in (4.4) and (4.8),

VBex T, =0 on TexN{x1=0,L}.
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From this and the definition of B, we have the estimate
[Bext€oll1,,re < CllBesll, , oL.ss-
T ed

Consider a connected subdomain N; of Ny such that

1 1
A/extm{_i EMSE}CN} CNextN{=1=<x; <1}

and the boundary 9N is smooth. By the standard elliptic theory, the boundary value problem

—AW =Geqeg in N,
V- nype — pext (X)W = Bexeg  on NI N {r = £ 0}, (4.21)
W=Weq on N \{r=f{x)}

for

ne = et e Mext(X) 1= —
N T U TR VT 0P

has a unique solution 20 € C>% () that satisfies

121, -yt =€ (n@extee i + IBexie 1o, ain(r= ey + ||W||Co(m)) :

By the definitions of (®exi, Bexi, Wext) and the uniqueness of a solution to (4.21), we have
2W(x1, x2, x3) =W(—x1, x2, x3) and 9,,20(0, x2, x3) = 0. The uniqueness of a solution to (4.13)
yields that 20 = W in A7 N {x; > 0}. By combining (4.19) and the C>*-estimate of 20 given right
above, we obtain that

W] =€ (1Geally -+ 11Bes ||1,o,,rLd.f*) : (4.22)

2Ny . ﬂ{Ole <3
One can also similarly check that

I et <€ (G0l + 1Bl i) 429

20N, nfL-4=
It follows from (4.22)-(4.23) that

Wi, =€ (I1Gesll, p, +1Beoll,, o.r:)- (4.24)

Fix x = (x,§),x = (v, &) e N, with x,x" € (0, L) and &, € B1(0)(C R?). Without

loss of generality, we assume that |£'| < |£|. Since ey depends only on the unit vector lying on
9B (0) C R2, we have
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(Ges(x) — Gey ()| _ 1G®) — Gx)| 1GO)lles () — ea ()]
Ix —x'|* T k=X & —&'|«

G, &) leo () — ea(E0)]
&)

o

<Gl +

‘i _ &
I

Due to the compatibility condition 9, W, = 0 on N, E f. N {r = 0}, we have G(x’ ,0) =0, and this
yields that '

GG, &) G, E) -G, 0)]  ~
= G — .
&' &' =Gl

So we get

|Gey(x) — Gey(X)]
[x — x/|*

<ClGllgn; , -
from which it is obtained that

1Gesllyn; , = ClICl, ;- (4.25)
Since fi(x) > % > 0, eg is smooth on FCL(if*, and we have
1Beoll,_, o e < CUBI,_ o e fork=1,2. (4.26)
It follows from (4.17), (4.20), and (4.24)-(4.26) that
1Wlkaa; , <€ (1Cn;, +1Bl,_, 4 per) fork=1.2.
The claim is verified. O

3. (Linearized boundary value problem for ¢) For § € R, s = (s1,s2,53), and v =
(v1, v2,v3) € R3, define H and A = (A{, Az, A3) by

ﬁ(é,s, v):=HE,s+v), Ajé,s,v):= ﬁ(é,s, v)s; for j=1,2,3,
where H is defined by (3.5). Then the equation
div (H(S,q(r, ¥, DY, Do, M)q(r, ¥, Dy, Dp, A)) =0
can be rewritten as
div (A(S, Do, t(r, ¥, DYy, A))) = —div (ﬁ(S, Do, t(r, ¥, DY, ADt(r, ¥, DY, A)) . (4.27)

For ¢ given by (3.13), denote Vo := (S, , D¢y, 0) and set
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aij == 1d5;A;(Vo) for i,j=1,2,3. (4.28)

Then the constant matrix [a; j]l.3 j=1 is strictly positive and diagonal, and there exists a constant
v € (0, 1/10] satisfying

1
v<ajj<-— forall i=1,2,3. 4.29)
v
Set ¢ := ¢ — ¢o. Then (4.27) can be rewritten as

£(¢) = leF(S - S(;’ D¢9 t(r’ ‘(//a D‘(//a A))v
where £ and F = (Fy, F,, F3) are defined as follows:

3
L(¢) I=Zaii3ii¢,
i=1
1
Fi(Q) = A(Vo+ Qi — [ DeaitVo+1Q)dr - €9 (4.30)
0
1

_S'/DsAi(VO +10) — DsA;(Vo)dt,
0

with Q = (£,s,v) € R x (R3)2. Here, 9, is abbreviated as ;.

By the boundary conditions for ¢ given in (4.9) and the definition of ¢, the boundary condi-
tions for ¢ on N i \FCLd’f * become

¢=¢m on TI'z and ¢=0 on T’

On Fch’ f *, the boundary condition for ¢ given in (4.9) implies that ¢ should be a constant along
FCLd’ +Since we seek a solution ¢ to be continuous up to the boundary, and since @en(0, %) =0

by the definition (3.6), we prescribe the boundary condition for ¢ on Ffd’f *as
¢=0 on FCLd’f *.

For a fixed (q;, IZ) e K (M3, My), let ¢ € Cz’“(QZ f*) be the unique solution to the linear
boundary value problem (4.13) associated with (¢~>, 1}) € K/+(M3, My). For such Y, we set

S:=F(S =5, D, t(r, ¥, DY, A)), (4.31)

where F is given by (4.30). And, we consider the following linear boundary value problem
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L@)=divy in N,
=@ on I, (4.32)
$=0 on Thlurg’

In the next step, we prove the well-posedness of (4.32).
4. (The well-posedness of (4.32)) Claim: For each (¢, ¥) € K+ (M3, My), the linear boundary

value problem (4.32) associated with (JJ, 1}) has a unique solution ¢ € C 2N [ f*), and the
solution satisfies '

“d)”k,ot,/\/[f* =C (Hg”k_],a’j\/g f + ||(Pen||k,a,r;1) fork=1,2. (4.33)
Moreover, the solution ¢ is axially symmetric, and it satisfies
_ - 1 L.f.
ox¢p=0 on (I ,,N{r=> > —eh Ul .

Proof of Claim. For ¢, given by (3.6), define a function ¢, by

2 2
,/x2+x3

Gen (X) :=n(X1)@en W

for x=(x1,x2,x3) GN;f*, (4.34)

where 7 is a C*°-function satisfying

L 9L , ”
n=1 forx; <o =0 forx,>-m [na)[=2. G =2. (4.35)

Set Phom 1= ¢ — @g,. Then the linear boundary value problem (4.32) can be rewritten as

L(¢hom) =T in NE i
. (4.36)
¢hom =0 on BJ\/L’f*,
for §* defined by
3
FF=divE — ) aiidi gk (4.37)

i=1

where a;; (i =1,2,3) are given by (4.28). By the standard elliptic theory, the linear boundary
value problem (4.36) has a unique solution ¢pom € C1% (N LN C>*(N, L)
To obtain a uniform C°-estimate of ¢nhom for all L, we define a function 91 by

3 (1S g nr— 2018 g pr=
< AV S x§+ o Lifx

M(x) := —3
ax an
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Since azp > v >0in N, £ by (4.29), 901 is well-defined. A direct computation yields

LN £ Ghom) = =3I18" o n- o FL(Phom) =0 in N g,

M+ Phom =M >0 on 8NL_,f*'

Since £ is uniformly elliptic, the comparison principle implies —9 < ¢pom < M in N, L_ for from
which it follows that A

Ignomlo.n; , < CIF* o,
NES NES

Then we obtain the estimate
k
”d’hom”lya’/\[gyf* = C”S" ”“’NLi,f*'
To obtain C>%-estimate of ¢pom up to the boundary, we use the method of reflection. By the

compatibility conditions of (S, A, ) given in (4.4) and (4.11), and 9y =0 on (I'g, N {r >
% —ephu Fé{f* given from (4.15), we have

; 1
divg = divE(Si — S5, DG, tr. Y. DY, A)) =0 on (TG N (r = 5 —€hU rkf o (4.38)

From the definition of ¢, given in (4.34), the compatibility conditions of f given in (4.8), and
the definition of 1 given in (4.35), it can be directly checked that

gt =0 on (T'yNi{r> % —epurk’, i=1,2.3. (4.39)
It follows from (4.38)-(4.39) and the definition of §* given in (4.37) that
§*=0 on (I';Nir> % —ehurk.
Then we can apply the method of reflection to obtain the estimate

||¢h0m”2,a,NL_f = C”s*”a,/\/L—f >
Jx 2 Jx

and this implies that the linear boundary value problem (4.32) has a unique solution ¢ = ¢pom +
@t € CH (N, 1,) that satisfies

19lcan; =€ (liian;  +I9eliar,) fork=12.
For any 6 € [0, 277), define a function ¢flom by

qbgom(x) '= Phom (X1, X2 cOSH — x38in6, xp sin6 + x3 cosH).
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Then, we have ¢gom = Phom 0N AN L_ £ By using (4.28), it can be directly checked that ayy = as3.
Therefore, L(gbgom) = L(¢hom) holds in N L. £ This implies that q&ﬁom is a solution to (4.36). By

the uniqueness of a solution to (4.36), we conclude that ¢nom = ¢g0m. Therefore ¢nom is axially
symmetric, and this implies that ¢ is axially symmetric.

Since ¢pom = 0 and Z?:] a;i ;i3 =0on (g, N{r > % —ephu FeL,{f*, we have
_ - 1 L.f. .
;=0 on (I';j;N{r=> 3~ eHUTy for i=2,3. (4.40)

It follows from (4.38) and (4.40) that £(¢) = a11dxx¢p = 0 on (Tz, N {r > & —ep UL,

Since aj; > 0, we conclude that d,,¢ =0 on (I'_, N {r > % —ephu Fé{f*. The proof of claim is
completed. O

5. (The well-posedness of nonlinear boundary value problem (4.9)) For fixed W, f«) €
P(My) x F(M,), define an iteration mapping Z/="V« : Kf+(M3, My) — Cz'“(NEf*) X

C>*(Q ;) by
TR ($, ) = (9. 9),
where (¢, V) is the solution to (4.13) and (4.32) associated with (¢~5, 1/7).

By straightforward computations, one can easily check that there exists a constant €1 € (0, %)
depending only on the data so that if

Mio + Mro + M3o + Mo <¢€p, 4.41)
then we have
180y, =€ (Mio+(30)? + Myo)

) | .
1Bl o gt = C (M1 + (M20)?). (4.42)

1G g n, = CMio,
where §, B, and G are given by (4.31), and (4.12). It follows from (4.16), (4.33), and (4.42) that

1610, = C1 (Mio+(M30) + Mso +0).,
' (4.43)
1Wloae; , =C (Mo +(020)).

for a constant C;’ > 0 depending on the data and « but independent of L. We choose M3, M4,
and o as
6
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b b
M3 =4C|(1+ My +My), Ms=2CM,

€ My 1 (4.44)

and o¢ =min ST T ,
My + Mo+ M3+ My 20 M2 4C M5

where €] is given in (4.41), so that (4.43) implies that (¢, V) € K+ (M3, My) foro < 06*. Under
such choices of (M3, My, 06* ), the iteration mapping Tfe W maps K/ (M3, My) into itself if
o< 06*. Furthermore, (¢, V) satisfies the estimate

1620, + Wlaaar , < M3+ Ma)o < CM1 + 1o

*

Now we show that Z/* V= is a contraction mapping if ¢ is a small constant depending only
on the data and (o, M, M>).
For each j =1, 2, let

@D,y Dy = THWe (3D 5Dy for (3D, 5Dy e Kfx (Ma, Ma),
F,:=F(S.— Sy, D¢V, tr, vV, Dy D AL))

—F(S: = Sy, D@ tr, @, DY?, AL,
Gy 1= GWe, Wi tr. 9D, DYV, A, DG + Do)

— GWs, 3 Wa, t(r, 7@, DY P, AL), DFP + Dyy),

where F and G are given by (4.30) and (3.5), respectively. By a direct computation, it can be
checked that there exists a constant €; € (0, €1] depending only on the data so that if

Mio + Myo + M3o + Myo < e,

then we have

IFally g, <CIW Y =9 Pl o +CMI+Dallg? =P 4 n

- - - 5 (4.45)
1G-lon;, < CMio (190 =3Pl g +160 =8P )

Then it follows from (4.16), (4.33), and (4.45) that

160 = 6@l ny, + 1V =¥ Pl g0

L. fx

i o o
=G+ Do (17D = FP g0, +180 =60, )

for a constant C; > 0 depending only on the data and « but independent of L. Choose og as

1
06 = min { o', — , = (4.46)
2C,(My+ 1) Mi+ My + M5+ My
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with o defined in (4.44). Thus if o < 0%, then the mapping Z/+Ws is a contraction mapping
so that Z/+"Vs has a unique fixed point in IS+ (M3, My). This gives the unique existence of a
solution to (4.9). The proof of Lemma 4.3 is completed. O

Next, we prove the unique solvability of Problem 4.2, which is a free boundary problem.

Proof of Lemma 4.2. 1. Now we choose M from (4.8), and adjust o to find a solution of Prob-
lem 4.2 by the method of iteration.

Given f, € F(M>) and (Sx, Ay) € P(My), let (¢, V) € C? a(N— ) x C* a(sz— ) be the
unique solution to the boundary value problem (4.9). Note that (¢, V) satlsﬁes the estlmate (4.10)
given in Lemma 4.3. For simplicity, we set

10* = H(S*a q(ra ‘(//s Dl//’ D(pa A*))a
1
ut = ((’MO + ;8r(r1//)> e+ (0,9 — oY) ey,
where H is given in (3.5). From the first equation in (4.9), we have

Oy (ro*u* - ey) + 9, (rp*u* - e,)
r

0. (4.47)

As in the proof of Lemma 4.3, there exists a constant €3 € (0, 1] depending only on the data and
o so that if

Mio + Myo + o0 <e3,
then we have
p*u* — p()_uoexnl,a”/\/’;f* <Ci(M; + Do, (4.48)

where the constant C, > 0 depends only on the data and « but independent of L. If o € (0, o¢]
satisfies

o< oM
= 2C,(My + 1)

then we obtain from (4.48) that

Pg 4o

lo™w* = g uoexlly gy < =5 (4.49)
For each x € [0, L], we choose f(x) € RT to satisfy
f(x) 1/2 Sa(x)
/ tpy uodt = /tp*u* e (0, t)dt — / to*u* - e, (x,t)dt. (4.50)

Ji(x) 0 0
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If f = fs, then (4.50) yields that

1/2
/tp*u* e, (0,1)dt =
0

~

(x)

ko ¥

tp u” - ey (x, t)dt. (4.51)

o

Differentiating (4.51) with respect to x, and using the equation (4.47), we have

u*

)=

3 — Dy
- OV roo.

- e _
o, SN = Lo (rp)

u* -

Also, we have f(0) = % Thus f satisfies the free boundary condition (4.2) for 0 < x < L.
Since p 1o > 0, (4.50) is equivalent to

1/2 Se(x)

2 2 2 koK 2 koo
) =fix)+— tp*u* - e (0, 1)dt — — to*u” - ey (x, t)dt. 4.52)
Po U0 Py U0
0 0
By (4.48) and (4.49),
i _
RHS of (4.52)> — >0 if o <min S ___Ffolto —iol. (453
16 M+ My+1 16C, (M1 +1)

Then the function f : [0, L] — R™ given by

5 1/2 5 fi(x)
fx):= f*z(x) + — /t,o*u* -e, (0, )dt — — / tp*u* - ey (x, t)dt 4.54)
Lo U0 0 Po Ho 0

is well-defined, and satisfies (4.50). And, f(0) = %, f(0) = f/(L) = 0. Moreover, by a direct
computation, we have the estimate

1
”f - 5”2,0{,(0,L) <Cu(M1+ Do (4.55)

for a constant C,, > 0 depending only on the data and « but independent of L.
We define an iteration mapping 7" : F(M;) — C>%([0, L]) by

IV (f) = f
for f given by (4.54). Choose M; and o3 as
M>=Cun(M;+1) and of =min{os,0i} (4.56)

for og and 05’ defined by (4.46) and (4.53), respectively. Under such choices of (M, 05), the
iteration mapping Z"V* maps F (M) into itself if ¢ < os.
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2. The iteration set F(M3) given by (4.8) is a convex and compact subset of C 2.2/2(10, L)).
For each fixed W, € P(M)), the iteration map Vs maps JF (M>) into itself where M> is chosen
by (4.56), and o < 03" for o from (4.56).

Suppose that a sequence {f* )}k | C F(M3) converges in Cc%9/2([0, L)) to f(oo) e F(My).
For each k € N U {00}, set

FO=D (1.

And, let YR := (o0 0y ¢ Cz’“(N_ '(,{)) x C2¢ (Q (k)) be the unique solution of (4.9)

® Define atransformatlon T® . N — N~

associated with f, = f<°°> LW

by

P00 0 ()
), "2 | o0
f* (x1) f* (xl)

T® (x1, x2, x3) = | x1,

Then {U® o T(k)}<>Q is sequentially compact in CZ'O‘/Z(N_ e ) X Cz'“/z(Q_ (OO)) and the

limit of each convergent subsequence of {{/ ®) 5 T(k)}oo in C~ 2 “/ 2(/\/ (o)) X C2 “/ 2(Q_ f(oo))

solves (4.9) associated with f, = f*(oo). By the uniqueness of a solutlon for the problem
(4.9), {U® o T® Yo, is convergent in Cz’a/z(./\/:f(oo)) X C2’“/2(QZ f(oo)). It follows from

(4.54)-(4.55) that £® converges to £ in C2%/2([0, L1). This implies that 7" ( ) con-
verges to IWs (f*(oo)) in C%%/2([0, L]). Thus Z"V* is a continuous map in c2e/2([0, LY). Ap-
plying the Schauder fixed point theorem yields that 7"+ has a fixed point f € F(M). For such
f.let (9, ¥) eC? “(N . ) x C2(Q7 L f) be the unique solution to the fixed boundary problem
(4.9) associated with f* f Then (f, ¢, ¥) is a solution to Problem 4.2. It follows from (4.10)
and (4.55) that

1
If— E”Z,a,(O,L) +llo — QDOHZ’O"NE,f + ||1ﬁe(9||2,0,,/\/;f =CM;+1o.

3. Finally, it remains to prove the uniqueness of a solution to Problem 4.2. For a fixed W, €
PMy),let (f D, oMy Dyand (fF@, 0@, @) be two solutions to Problem 4.2, and suppose
that each solution satisfies the estimate given in (4.6) of Lemma 4.2. Define a transformation

TN —>/\/'I:f(2) by

L, f(l)
F®(x1) F®(x1)
T(x1, x2,x3) = XL\/f(l)(xl)xz’\/f(l)(xl))g . 4.57)

Since f ) > % >0 (j =1, 2), the transformation ¥ is invertible and

)] 1)
T, y2, 93 = yl,\/f (yl)yz,\/f (Y1)y3

fA0n) @0
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Set

F=o®_ (¢(2> 03:), T =y (w(m 03:)7
Fi=fO— O We=W, - W, 09).

We first rewrite the nonlinear boundary value problem (4.5) for @@, ¥ Pey) in Lo asa

nonlinear boundary value problem for (¢ o T, ey 0 T) in N, and subtract the re-

L,fo°
sultant equations and boundary conditions from the nonlinear boundary value problem (4.5)

for (oD, yWDey) in N'- Then we get a nonlinear boundary value problem for (5, Jeg)

L f0
in N L By adjusting the proof of Lemma 4.3 with using

Wi ) 2EMolfliaon and 13 Wiy = CMolfliao.n:
we obtain

¢ - U - <CEMy +1 b _ U -
19 ) + W hag; , SCIOM+ Do <||¢||1,Q,NL,N)+||w||1,a,QL,fm)

+C(M + Dol flla.0.L)

for a constant C} > 0 depending only on the data and o but independent of L. In the above,

Qz)f(,) = {(x, rNeR*:0<x<L,0<r< f(l)(x)} is a two dimensional set. If it holds that

1
U S ES 9
2CE(My + 1)

then we obtain from the previous estimate that
181 F 1V lag  <CMi+ Dol fliao.L)- (4.58)
L (M Iy )

By using the free boundary condition (4.2), we can express (f)’ in terms of (5 , 1}, T, DT). Then
we apply (4.58) to obtain the estimate

1) 0.y < C(My + Do || Fll1ac0.1)- (4.59)

To complete the estimate of ||f|l1.a.0.) = Il fllo.0.) + () le.0.)» We now estimate
I 7ll0.c0.1,- Define p®, 1", p@, and u$? by

p® = H (S, q(r, y®, DY® De® | A,)),

1
ul® :=8x(p(k)+;8r(r1ﬂ(k)) for k=1,2,

where H is given by (3.5). By using (4.51), we get
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1/2
/r (,O(l)u)(cl) — p(z)u§2)> O, rydr
0
(4.60)
ARIE)) I
= / r,o(l)u)(cl)(x, rdr — / r,o(z)uf) (x, r)dr.
0 0

Fix x¢ € [0, L]. Without loss of generality, we may assume that

FP0) < fP(x0).
Then (4.60) can be rewritten as
1/2

/r (,o(l)u)(cl) — p(z)u;z)) 0, r)dr
0

1O o) 1P o)
= / r (,o(l)u)(cl) - p(z)u§2)> (xq, r)dr — / rp(z)uf)(xo, rydr.

0 FO(x0)
By applying (4.58), we have
0= f@xo) = f P (x0) < CM1 + Dol fll1a0.0)-
Combining this with (4.59), we finally get

I Fe0.) < CE(My 4+ Do || Fllta.0.0), (4.61)

where the constant C > 0 depends only on the data and o« but independent of L. We choose o7
as

1 1
o5 =min {03, , (4.62)
20 (M + 1)’ 2C5(My + 1)

for o5 defined in (4.56), so that (4.61) implies that D = @ for o < os. By Lemma 4.3,
(@, Yy Dy = (@, @), The proof of Lemma 4.2 is completed. O

4.3. Proof of Proposition 4.1

The proof of Proposition 4.1 is divided into four steps.
1. For a fixed Wi = (Si, Ay) € P(M)), let (f, @, %) € C>*([0, L]) x Cz*“(NEf) X

C2""(Qzﬁf) be a solution to Problem 4.2. By Lemma 4.2, if o < o5 for o5 given in (4.62),
then there exists a unique solution (f, ¢, ¥) that satisfies the estimate (4.6).
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Lemma 4.4. Under the same assumptions on (Sen, Ven, Us") as in Proposition 4.1, there exists a

small constant o* € (0, 05] depending only on the data and o so that if
0 = ||Sen — SO||2,01,[‘;n + ||Ven||2,a,r;] + ||”$n||1’a,re*n = GI*,
then the initial value problem (4.7) has a unique solution VW = (S, A) satisfying
|| (S’ A) - (So_a O)“ l’a’NL_f S C*”(Sen, rven) - (S05 0)”1,0[’11;1

for a constant C* > 0 depending only on the data and o but independent of L. Furthermore,
regarding (S, A) as functions of (x,r) € 2 e have

(S, A) — (S(;’ O)HZ’O[»QZ ; < C*™||(Sen, rven) — (S0, 0)”2,0{’392 #N{x=0} (4.63)
for a constant C** > 0 depending only on the data and o but independent of L.

Remark 4.5. The estimate (4.63) is needed in (4.75) to prove the uniqueness of solutions.

Proof of Lemma 4.4. Define a function w : s R by

r

w(x,r) :=/sM~ex(x,s)ds for (x,r)eQy , (4.64)

0

for
M= H(Sx, Vo +t(r, ¥, DY, Ay)) (V<P + %&(Nﬁ)ex - (3x¢)er> ,

where t and H are given by (3.3) and (3.5), respectively. For such w, we consider an invertible
function G : [0, 1/2] — [w(0, 0), w(0, 1/2)] satisfying

Gr)y=w(,r), (4.65)

and define a function Ry : QZ F [0, 1/2] by

Ro(x,r) =G Low(x,r). (4.66)

By adjusting the proof of [4, Proposition 3.5], we can obtain a unique solution W of (4.7) repre-
sented in

W, r) =Wen(Ro(x,r)) for Wen := (Sen, F'Ven), (4.67)
and the estimate

WV =Wo lhan;, SCHWen =Wy lly o1, for Wy :=(Sy,0),
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where the constant C* > 0 depends only on the data and « but independent of L.
Since Ry satisfies

IR0l , < CIMI 07 -
we also have
”W — WO_ ”2,0!,92_f = ”Wen oRop— W()_“Z,otIf

L.f
ek —
S CWen — W, ||2,a,aszz_fn{x=0}

for a constant C** > 0 depending only on the data and « but independent of L. The proof of
Lemma 4.4 is completed. O

2. (Extension of (S, A) onto/\/I:3/4)For/\/'1:2f =N N{r <2f(x)} and./\/[’2 =N N{r <
2}, consider a transformation B s : N, P N , defined by

= (x, 2 B
Prxi,x2,x3) = <x" fon’ f(x1))'

Note that we have shown that f € F(M>) for F(M3) given by (4.8) therefore we have f(x) > %
on [0, L], thus the mapping 3 is well defined. And, 37 is invertible with

B 01 y2, 33 = 01, FGDy2, f0)y3) - for (1. 32.y3) €N .

For the unique solution W of the initial-value problem (4.7), define YW¢ by

3
e L _1 re(y2,¥3)y2 re(y2,¥3)y3
W()’l,}’2,y3)-—§Ci(WOq3f)()’1, ; , -

for1 <,/ y% + yg <2, where r, is defined by

2-\/v+5

re(y2, y3) == —
VY Y3
Here, c1 =6, c; = —32, and c3 = 27, which are constants determined by the system of equations

3 1\
Zci (——_) =1, m=0,1,2.
i=1 !

For such W¥¢, define an extension of W into N, L4 /388 follows:
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W(x1,x2,x3) for \/x3 +x3 < f(x1),

ErW)(x1, x2, x3) := (4.68)
3
W oPBr(x1,x2,x3) forf(x1)<,/x%+x§’<z.

Since f(x1) > % on [0, L], &f is well defined by (4.68), and it satisfies

1E7OV) = W5 I aiz, , < CIV = W5 e - (4.69)

— 2
We define an iteration mapping J : P(M1) — [Cl’“/z(NE3/4)] by

TW,) = Er(W).

By (4.69) and Lemma 4.4, we have the estimate
1€ OV) = W5 ez, , < CIW =Wy gz, < Clo

for a constant C} > 0 depending only on the data and & but independent of L.
3. (Further estimate of % (=V))By (4.1) and (4.67), A is represented as

A(x,r)=Ro(x,r)ven(Ro(x,7r)) for (x,r)e Qzﬁf,

where Ry is given by (4.66). Set V as

Er(M)(x,r)

r

for (x,r)e[0,L]x (f(x), %),

(4.70)

Vx,r)= M\Jen(RO()ﬁ r)) for (x,r)el[0,L]x (0, f(x)],
r

0 for (x,r)e[0,L]x {0}

By the compatibility condition v, (0) = 0 and the representation

8, V(x,r) = Wvgnmo(x, )3 Ro(x, r)
n (a’R"(’“’” _ Rotx, ”) en(Ro(x, 1),
r r

we get
lir(l)l 3V (x,r) = (3, Ro(x,0))> ., (0) =0.
r—>04
With using this observation, it can be directly checked that

IIVlll,a,Qz_f <Co. 4.71)
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By (4.70)-(4.71) and the definition of £¢(A), we have the estimate

<Cio

Wlhag; ,, <

for a constant C5 > 0 depending only on the data and & but independent of L.
4. In this step, we finally choose (M1, 04) so that 7 has a unique fixed point in P(M}).

By a direct computation, one can easily check that there exists a constant €4 > 0 depending
only on the data and « so that if

(M1 + 1)o < e,
then
1 (Sx. q(r. ¥, DY Do, A))q(r, v, DY, Do, As) — po uoexllo py , = C3(My + Do
for a constant C3 > 0 depending only on the data and « but independent of L. If it holds that

g<___
= 2C5(My + 1)

then we obtain from the previous estimate that

Pg U0

15 (Sx. q(r ¥, DY, Do, A))Q(r, ¥, DY, Do, As) = py uoexllony = =5

4.72)

Also, by the boundary conditions in (4.5) for (¢, ¥) and the definition of ¢, given in (3.6), we
have

1 .
By =y =0 on (TgNir=z—ehu rk/ 4.73)
It follows from (4.7) and (4.72)-(4.73) that

1
(0:E7(5), 0:E4 (M) =0 on (TN ir> 53— hU rL3m,

Choose M| and o as

1
My =2(Ct+C3) and ajzmin{as,o:*, 4 } (4.74)
M+ 1" 2C5(M; + 1)

with o5 defined in (4.62) and o™ given in Lemma 4.4. Under such choices of (M1, o), the
mapping J maps P (M) into itself whenever o < o).

The iteration set (M) given by (4.4) is convex and compact subset in [C!-%/2 (NL_3/4)]2.
Suppose that a sequence {Wik)};{’il = {(Sik), Afkk))},‘:il C P(M;) converges in Cl’“/z(Ni3/4)
to W .= (50 Ay ¢ P(M)). For each k € N U {0}, set
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W = 700,

And, let (f®, p® &y e c22([0, L]) x cla(N ) X ce (Q ) be the unique solution

of Problem 4.2 associated with W, = ,ﬁk). By the uniqueness of a solution for Problem 4.2,
{(r® Joo is convergent in C 2.9/2([0, L]). Denote its limit by £ and the unique solution of

(4.9) associated with (i, W) = (f©, W) by (¢, (). Define a transformation 7®) :

N;f(m) —>N_f<k>
(k) ®)
(k) = /) L)
T® (x1, x2, x3) = xl,\/f(oo)(x)x% rem ]
and set

1
M® = 1 (59, Vo ®, 1, 4, Dy ®, A0)) (w‘“ + =0y ey - (axw“‘))er) :

where t and H are given by (3.3) and (3.5), respectively. Then M® o T®) converges to M(*)
in b “/Z(N_ (OO)) By Lemma 4.4, W® converges to W in C" “/Z(NL_ /4)- This im-

plies that J (Wi )) converges to J (W,EOO)) in ¢/ 2(/\/ L_ 3 /4). Thus J is a continuous map

in [ChY/2(N, L3 / 4)]2. Applying the Schauder fixed point theorem yields that 7 has a fixed point

W=E¢(S,A) e P(My).Forsuch W, let (f, ¢, ¥) be the unique solution of Problem 4.2, and let

us set (S, A) = Er(S, A)|N’* . Then (f, S, A, ¢, V) solves Problem 4.1 provided that o < crf.
L,.f

Finally, we prove the uniqueness of a fixed point of 7. Let (fM, WM oM Dy and
f @ W2, (p(z), 1//(2)) be two solutions to Problem 4.1, and suppose that each solution satis-

— N

Lf®

fies the estimates given in (4.3) of Proposition 4.1. For a transformation ¥ : N~ L0
defined in (4.57), set

&= _ (¢(2> og>7 T =y (w@ og>7
W= _ (W(2> og)’ Fi= O _ f@,

By a direct computation, it can be checked that there exists a constant o, > 0 depending only on
the data and o but independent of L so that if o < 04{, then

W ar- SWI ar
Wl g T 10 Wl

<Co <||¢7||1,Q,Nm+||¢7||1,a,g T f||1,a’(0’L)> “75)

L.fM

<Coll fl1,a0,L)-

By adjusting the proof of Lemma 4.2 with using the estimate (4.75), we have
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1f e 0.0) < Ciol Fllta0.r) (4.76)

for a constant C3 > 0 depending only on the data and « but independent of L. We choose o4 as

=minio;, o, —

o4 {04 oy 2C g}

with o defined in (4.74), so that we obtain from (4.76) that £ = f® for o < 04. Then, by
(4.75), we have WO = WD Therefore

(f(l), W(l), g0(1)’ 1ﬂ(l)) — (f(Z)’ W(2), <p(2), 1/’(2))
by Lemma 4.2. The proof of Proposition 4.1 is completed. O
5. Free boundary problem in the infinitely long cylinder A/
5.1. Proof of Theorem 3.1

Let o4 be from Proposition 4.1 and suppose that o < o4. By Proposition 4.1, Problem 4.1
has a solution for each L > 0. For each m € N, let (£, §t™ A o) 4,0m)y be 3 solution
of Problem 4.1 in Nj,420 := N N {0 < x < m + 20}, and suppose that the solution satisfies the
estimates (4.3) given in Proposition 4.1. Then, using the Arzeld-Ascoli theorem and a diagonal
procedure, we can extract a subsequence, still written as {( f (m)  glm) A (m) gp(m), 1/f(m))}meN SO
that the subsequence converges to functions (f*, S*, A*, ¢*, ™) in the following sense: for any
L >0,

(i) f™ convergesto f*in C?in [0, L].
(i) (S oT™ A oT M) converges to (S*, A*)in Clin L+ where T :Nr;+20,f* —

N 420, pom is defined by

£ () \/ £ (xp)

(m) _
TV (x1,x2,x3) = X1,X2\/ 750 , X3 )

(iii) ("™ o T, (1y™ey) o T™) converges to (p*, Y*eg) in C in Lo

@iv) ¥ o T converges to ¥* in C? in Qz’f*.

By a change of variables and passing to the limit m — oo, one can easily show that
(f*, S*, A*, ¢*, ¥*) is a solution to the free boundary problem (3.4) with boundary conditions
(3.8) and (3.14). Furthermore, it follows from the C2-convergence of {( £, ™ ™eg)}neN,
C!-convergence of {(S”, A"™)}, cn, and the estimates (4.3) given in Proposition 4.1 that
(f*, S*, A*, p*, ¥*eg) satisfy the estimates (3.16) for a constant C > 0 depending only on the
dataand . O
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5.2. Proof of Theorem 2.1(a)

Let o3 be from Theorem 3.1, and suppose that the functions (Sen, Ven, #3") satisfy (3.15).
By Theorem 3.1, the free boundary problem (3.4) with (3.8) and (3.14) has a solution
(gp, S, A, ¢, V) that satisfies the estimates (3.16). For such a solution, we define (u, p, p) by

1 A
u:i= (8x§0 + ;ar(”ﬁ)) e + (0, — e, + 799»
p:=H(S,w), p:=8p¥ in Ng,,

where H is given by (3.5). It follows from the estimates (3.16) given in Theorem 3.1 that
(gp,u, p, p) satisfy the estimate (2.12). Then, one can choose a small constant o1 € (0, 03] de-
pending only on the data and « such that if o < o1, then (gp, u, p, p) satisfy p > % 0y >0and

2 —|u)?> % ((cg)? — u3) > 0in Ng,,, thus solve Problem 2.2. Here, c; is givenby ¢, = /%.
0
The proof of Theorem 2.1(a) is completed. O

5.3. Proof of Theorem 2.1(b)

Let o1 be from Theorem 2.1(a). By Theorem 2.1(a), if o < o7, then there exists a solution
(gp,u, p, p) withu=u,e, + u,e, + ugeg of Problem 2.2 satisfying the estimate (2.12).
Set

Q,, = {(x,r)e]Rz:x>O,O<r<gD(x)},
Tér =092, N{x =0}, T%:=0Q, N{r=gp)}.

The equation 0y (puy) + 0r(pu,) + pi# =01in QgD, stated in (2.11), can be rewritten as

Ox (rpuy) + 0y (rpuy)
r

=0 in Q;D.

With using this equation, it can be directly checked that the function b given by

r

h(x,r) ::/t,oux(x,t)dt for (x,r)eQ—g_D
0

satisfies

oh=—rpu,, oh=rpuy. (6.1

By (4.64)-(4.67), the entropy S(= p/p") and angular momentum density A(= rug) are repre-
sented as

S(x,7) = Sen 0 G (h(x, 7)) =: S(h(x, 1)),

R 5.2)
A(x,r) =Aeno g_l(b(x, r) =:A(h(x,r)) for(x,r) € Ry,
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where G is given by (4.65) associated with w = ) and A¢,(r) := rveq (r) for r € [0, 1/2]. Since
Sen» Aen, and G —1 are differentiable, S and A are differentiable functions of h. Set

v
&) ;= ——=8).
y—1
Then, by the definition of the Bernoulli invariant (1.4), we have
1 . [
Byr?p? =2 (10 + A)%0%) +r2&() 7! in 2, (53)
where V = (dy, ;). By differentiating the equation (5.3) with respect to x and r, we have

(@00 @xxh + AN P 417 p" ) + (3,5) (B,4h)

0xp = ,
w7 r2(y + DGp? —2r2By p + A’p (5.4)
5,p = — Q) Buxrh = 0:1) + @) @rr + MNP +r2&'p7 ! — ) — A% '
' r2(y + )&p” —2r2By p+ A2p ’
where ’ denotes the derivative with respect to . Using (5.1)-(5.4), the equation
pué . -
p(uxax+u,a,)ur—7+a,p=0 in € (5.5)
in (2.11) can be rewritten as
0 \Y 9,H)& p” H AN
_(r_h)v(_b>_(rh) 14 _(rh)2 p:() in Q;[y (5.6)
r rp Y r
We multiply (5.6) by r/(9,h) to get
v AN
V. <—h> - lep -2 i o (5.7)
rp Y r
Set
w:=0xh
and differentiate (5.7) with respect to x to get the following equation for w:
ij 19;h : _
d; (%%w) +9; (qrp; w) =g+ q309;hHGjw) in Q, (5.9)

where
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O :=r2(y + )Sp” — 2rzBO_p + A%p,

(3:H)(;h)

qij = pdij + %

. AA/pz + r26/py+1
" ° ’ 5.9)
Bi=——&"p” — (A)?p  AA"p N (AN p? + 126/ pr+1)2

= : |

14 r r o0
AN
0= = ( &'pr !+ )
,

Note that u is represented by (3.1), for (¢, ¥, h) solving the equations (3.4). Similarly to
(4.14), we rewrite the second equation in (3.4) as

1 1 1 (HY (S, 0 A , _
- axx+_8r(r8r)_—2 l[f= arS+—23rA n Qg .
r r u-e; y—1 r D

gD’
we have Y € C 3o (QED). Next, we regard the first equation in (3.4) as a second order quasilinear

By Theorem 2.1(a) and Lemma 4.4, the right-hand side of this equation is C'** in Q _, therefore

equation for ¢. By Theorem 2.1(a), this equation is uniformly elliptic. Since ¢ is C> in N, 2D’
and ¢ € c3»“(sz&7D), we obtain that ¢ is C>¢ in Q,,- And, this implies that € C3*°‘(QQD), thus
the equation (5.8) is well-defined.

By the boundary conditions (2.8) and the compatibility condition #, = 0 on {r = 0}, w satis-

fies
w=—rpu™ on Ts, ©=0 on 3Q,, N{r=0}. (5.10)

Next, we compute a conormal boundary condition for (5.8) on Ffé) .
We consider the expression

00>+ 35> =Ci(gp(x))* —=C2 on T =030, N{r=gpx)} (.11

for
() + (3:h)> + A%p?
Cri=— = (x.gp(x)), Cri=A%p*(x, gp(x)). (5.12)
Since we have
1 1 <D
S = Sen 5) A = Aen ). p=po on rse, (5.13)

we obtain that

Po v
0= , (5.14)
<Sen(%)>
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from which it follows that C; in (5.12) is given by

26 )p”s 2“( )

A direct computation with using (1.4), (5.1), and (5.13)-(5.14) yields that

- 14
c1=z(30 - Sal G )) 7 sal ().

By differentiating the equation (5.11) in the tangential direction along I'*? od » We have

(9xH) (axxh + g/D(x)axrb) + (9-h) (8rxh + g/D(x)arrb) = C]gD(x)g/D(x) on Ffé)

And, we solve this expression for d,,h to get

__(CGisp(®) 3 w -
O b = < 5.1 + 0xxh arrh> G2, @6 on TSP (5.13)

Substituting the expression of C; in (5.12) into (5.15), we have

—0.h+gp(0)E ) "
= b= r 5.16
’ ’ <(3xb)gb(x)+(a,h) @ o e (5.16)

for

=il (-] ()

By the definition of g1 in (5.9), we also have

@@ @b
N 9} IS

(5.17)

Finally, a direct computation with using (5.16)-(5.17) yields the following conormal boundary
condition for (5.8) on I'$}:

q1 q2; ~
(er djw rpfza a)> ‘ng, =flo on I’ (5.18)
for 11 defined by
ﬁ. qllaxxb+q128xrh 1 <(arh)(8xxb))
rp2<arh>,/ 1+ |gD|2 2 J1+1gp2 N P

_axxh + gDe )

/1+|g |2 ((axh)gp+(arb)
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where we represent ng,, as

1 w
S <_, 1>.
J1+1g, o2 \ob

Fix a constant L > 0 and let n be a C* function satisfying

n=1 for |x|<L, n=0 for |x|>L+1, and [p'(x)|<2.
Multiply (5.8) by n%w and integrate over the domain Q,, to get

6 2

2 2

Vol
//”TdrdXZE L+ B (5.19)
%)

i=1 i=1

for

Vh-V 2.2
I / VY- VoI g,
rp29O

8D
I :=-2 // (%8,a)> n(@in)wdrdx,
p
=2 // <r6’ r=ly )(vh V) nw?drdx,
1 ry—1
Iy:==2 o r&p’ " +
o)
2 "
Is —//< & p? + (A) AA p>n2a)2drdx,
r

A/) 5
(0:H) (0 w)n“wdrdx,

26 y+1 AA/ 252
/ (r=&'p + o) n2w’drdx,
B := / (%8]w> n2a)-noutds,
r
rébyrsp g
0 AN
By = — / Db < & pr 14+ . >n2w2 - Nouds.

8 8
riburgp
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We will show that

h+ 14416 <0,
L+1gp(x) |
|bl<C / / (1 + —2> \Vol*drdx,
r
L 0
L+1gp(x)
|Vol|?
|Ix] < Co drdx for k=3,5,
r
L 0 (5.20)
L+1gp(x)
|Vol?
|Bi| < Co drdx + E,
r
0 0
L+1gp(x)
|By| < Co / / [Vo|*drdx + E,
0 0

where E > 0 and C > 0 are constants depending only on the data and «. From now on, the
constant C depends only on the data and «, which may vary from line to line.
First, by the Holder’s inequality, we have

1/2

1/2
Vh - Vol2n? 26 V+1-|—AA’22
Iy <2 / |h—wlndmbc //( p '0) n2w2drdx
rp29 rp29
$2¢,

£p
=2/[11]|1sl,

from which we obtain that

I+ L+ Ie <—|L|+2y|1||Is] — 16| <O0.

Before we prove the remaining estimates in (5.20), we compute estimates for (p, O, &, &”,
A, A”). By a straightforward computations with using the estimate (2.12) given in Theo-
rem 2.1(a), one can easily check that there exists a constant o, € (0, 01] depending only on
the data and « so that if o < o,, then we have

B N -
|,0—p0_|§p70 and mo—mg?o in (5.21)
for
Q]o::c(z)—u%:y—lzo—u%, ‘Z]::cz—|u|2.
Lo

By (5.21), it holds that
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O =ri(y +1)8p” —2r*By p+ A p=rp (%p - |u|2> +A2%p

_ (5.22)
AN AN\ _ 2oy
=r’p <c2 — Ju*+ (—) ) =r?p <m+ <—> ) > i el
r r 4
By using the equations in (2.11) and the definition of b, it can be checked that
G (@) r
spu, (0, s)ds = /spux (x,s)ds in Q;D, (5.23)
0 0

where G is given in (5.2). One can also check that there exists a constant o, € (0, 0, ] depending
only on the data and « so that if 0 < 0,4, then

lpux — py uol < Po 0 (5.24)
and it follows from (5.23)-(5.24) that
1 _ G, ) o
0<%5f5\/§ IHQgD,
then we get
Co Co
6’ < —, 16" < —,
4 4 (5.25)
Co
1A' ()] < Ca, |A"(h)] < —
in QED.

. . d; 2 T~
Now we are ready to estimate for /5. Since M <C (a)2 + ‘Vr—“;') and p > %0 in an’ we
have

L+1gp(x) Vol
|12|5c/ / <a)2+| ‘;" )drdx. (5.26)
r

L 0

By the boundary condition w = 0 on {r = 0} stated in (5.10), we have

t
w(x,t):/arw(x,r)dr for (x,1) € Q.
0

By the Holder inequality, we have the following estimates:
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t
3rw)2(x,
wz(x,t)fCtz/i( ro)”(x r)dr,
r
0

5.27
t gp(x) ( )
W (x,1) <t /(B,a))z(x, rydr <C / [Vow|?dr  for (x,1) € Qg
0 0
Substituting the second estimate of (5.27) into (5.26) yields
L+1gp(x) 1
L] <C / / (1 + —2> [Vo|*drdx.
r
L 0
It follows from (5.21)-(5.25) that
L+1gp(x)
a)2
|3 < Co / / —drdx, (5.28)
r
L 0
L+1
|By| < Co / *(x, gp(x))dx + E», (5.29)
0

where the constant E> > 0 depends only on the data and «. Substituting the first estimate of
(5.27) into (5.28) gives

L+1gp(x)

\V/ 2
|13|SC0/ / Vol drdx.
r
L 0

Similarly, substituting the second estimate of (5.27) into (5.29) gives

L+1gp(x)
|B2| < Co / / |Vo|?drdx + E.
0 0

It follows from (5.18) and (5.21)-(5.25) that

L+1 L+1
1B < / FHo?(x, gp())dx + E < Co / D xgp(Ndx+Er, (530)
0 0

where the constant E; > 0 depends only on the data and «. Substituting the first estimate of
(5.27) into (5.30) gives
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L+1g1)(76)V )

1)

|BI|SCO/ / | r| drdx + E;.
0 0

Also, we obtain from (5.21), (5.25), and the first estimate of (5.27) that

L+1gp(x) L+1gp(x)

2 2
\%
IIsliCa/ / —wzdrdXSCo/ / Vel drdx.
r r

0 0 0 0

Now the estimates in (5.20) are all verified.
From (5.19)-(5.20), we have

L
® Vol® 2
<C%o drdx +C l+ |Vo|“drdx + E,
r
0 0 L 0

where the constants C® > 0 and E > 0 depend only on the data and «. If it holds that

1
O =5cm
then we obtain from the previous estimate that
L gp(x) L+1gp(x)
[Vw|? 1 )
/ / drdng/ / <1+—2>|Va)| drdx + CE.
r
0 0 L 0

Since |Vo| < € and Y€ < € in g, by (2.12), we have

Lg

2
/ / Vol drdx <C.
0

Since 0 < gp(x) < 1, we have

L gp(x) gp(x)

L
5 |Va)|2
|Vo|*drdx < drdx <C
0 0 0 0

for some constant C > 0 independent of L. Passing to the limit L — oo yields
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00 gp(x)
/ |Vo|?drdx < C.
0 0
Hence
L+1gp(x)

|Vw|2drdx —0 as L — oo.

L 0
Since w € C1'%(Ng,,), we have

IVt Mo

By (5.31) and the compatibility condition w = 0 on {r = 0}, we have

||a)(x,-)||co(m)—>0 as L — oo.

Since p > p, /2in Q,  and w = b = —rpu,, (5.32) implies that

||ru,(x,-)||co(m)—>0 as L — oo.

By (5.31) and (5.33), we have

||rur(x,-)||cl(m)—>0 as L — oo,

from which
||g/D(X)||cl({x2L}) -0,
leer e, M N ey

It follows from the equation in (5.5) and (5.34) that

2
pPUy
|0-p(x, ) — T(x, ')”CO(N—;DQ{DL}) —0 as L— o0

The proof of Theorem 2.1(b) is completed by choosing o, as

) 1
Uz:mln{ol,a**,m}. O

0 as L — oo.

0 as L — oo.

(5.31)

(5.32)

(5.33)

(5.34)



M. Bae, H. Park / J. Differential Equations 267 (2019) 2824-2873 2873

Acknowledgments

The research of Myoungjean Bae was supported in part by Samsung Science and Technol-
ogy Foundation under Project Number SSTF-BA1502-02. The research of Hyangdong Park was
supported in part by Samsung Science and Technology Foundation under Project Number SSTF-
BA1502-02.

References

[1] M. Bae, Stability of contact discontinuity for steady Euler system in infinite duct, Z. Angew. Math. Phys. 64 (4)
(2013) 917-936.
[2] M. Bae, B. Duan, C. Xie, Subsonic solutions for steady Euler—Poisson system in two-dimensional nozzles, SIAM
J. Math. Anal. 46 (5) (2014) 3455-3480.
[3] M. Bae, H. Park, Contact discontinuities for 2-d inviscid compressible flows in infinitely long nozzles, SIAM J.
Math. Anal., in press; preprint available at arXiv:1810.04411, 2018.
[4] M. Bae, S. Weng, 3-d axisymmetric subsonic flows with nonzero swirl for the compressible Euler—Poisson system,
Ann. Inst. Henri Poincaré, Anal. Non Linéaire 35 (2018) 161-186.
[5] C. Chen, Subsonic non-isentropic ideal gas with large vorticity in nozzles, Math. Methods Appl. Sci. 39 (10) (2016)
2529-2548.
[6] G.Q. Chen, X. Deng, W. Xiang, Global steady subsonic flows through infinitely long nozzles for the full Euler
equations, SIAM J. Math. Anal. 44 (4) (2012) 2888-2919.
[7]1 G.Q. Chen, EM. Huang, T.Y. Wang, W. Xiang, Steady Euler flows with large vorticity and characteristic disconti-
nuities in arbitrary infinitely long nozzles, Adv. Math. 346 (2019) 946-1008.
[8] G.Q. Chen, V. Kukreja, H. Yuan, Stability of transonic characteristic discontinuities in two-dimensional steady
compressible Euler flows, J. Math. Phys. 54 (2) (2013) 021506.
[9] G.Q. Chen, V. Kukreja, H. Yuan, Well-posedness of transonic characteristic discontinuities in two-dimensional
steady compressible Euler flows, Z. Angew. Math. Phys. 64 (6) (2013) 1711-1727.
[10] S. Chen, Stability of a mach configuration, Commun. Pure Appl. Math. 59 (1) (2006) 1-35.
[11] S. Chen, Mach configuration in pseudo-stationary compressible flow, J. Am. Math. Soc. 21 (1) (2008) 63—100.
[12] S. Chen, B. Fang, Stability of reflection and refraction of shocks on interface, J. Differ. Equ. 244 (8) (2008)
1946-1984.
[13] R. Courant, K.O. Friedrichs, Supersonic Flow and Shock Waves, vol. 21, Springer Science & Business Media, 1999.
[14] L. Du, B. Duan, Global subsonic Euler flows in an infinitely long axisymmetric nozzle, J. Differ. Equ. 250 (2) (2011)
813-847.
[15] L. Du, C. Xie, Z. Xin, Steady subsonic ideal flows through an infinitely long nozzle with large vorticity, Commun.
Math. Phys. 328 (1) (2014) 327-354.
[16] L. Du, Z. Xin, W. Yan, Subsonic flows in a multi-dimensional nozzle, Arch. Ration. Mech. Anal. 201 (3) (2011)
965-1012.
[17] B. Duan, Z. Luo, Three-dimensional full Euler flows in axisymmetric nozzles, J. Differ. Equ. 254 (7) (2013)
2705-2731.
[18] B. Duan, Z. Luo, Subsonic non-isentropic Euler flows with large vorticity in axisymmetric nozzles, J. Math. Anal.
Appl. 430 (2) (2015) 1037-1057.
[19] Q. Han, F. Lin, Elliptic Partial Differential Equations, vol. 1, American Mathematical Soc., 2011.
[20] Y.G. Wang, F. Yu, Structural stability of supersonic contact discontinuities in three-dimensional compressible steady
flows, STAM J. Math. Anal. 47 (2) (2015) 1291-1329.
[21] C. Xie, Z. Xin, Global subsonic and subsonic-sonic flows through infinitely long nozzles, Indiana Univ. Math. J.
(2007) 2991-3023.
[22] C. Xie, Z. Xin, Existence of global steady subsonic Euler flows through infinitely long nozzles, SIAM J. Math.
Anal. 42 (2) (2010) 751-784.
[23] C. Xie, Z. Xin, Global subsonic and subsonic-sonic flows through infinitely long axially symmetric nozzles, J. Dif-
fer. Equ. 248 (11) (2010) 2657-2683.


http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6261653230313373746162696C697479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6261653230313373746162696C697479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib62616532303134737562736F6E6963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib62616532303134737562736F6E6963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib62616532303138636F6E74616374s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib62616532303138636F6E74616374s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6261653230313833s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6261653230313833s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E32303136737562736F6E6963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E32303136737562736F6E6963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E32303132676C6F62616Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E32303132676C6F62616Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E32303137737465616479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E32303137737465616479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E3230313373746162696C697479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E3230313373746162696C697479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E3230313377656C6Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E3230313377656C6Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E3230303673746162696C697479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E323030386D616368s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E3230303873746162696C697479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6368656E3230303873746162696C697479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib636F7572616E74313939397375706572736F6E6963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib647532303131676C6F62616Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib647532303131676C6F62616Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib647532303134737465616479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib647532303134737465616479s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib647532303131737562736F6E6963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib647532303131737562736F6E6963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6475616E323031337468726565s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6475616E323031337468726565s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6475616E32303135737562736F6E6963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib6475616E32303135737562736F6E6963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib68616E32303131656C6C6970746963s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib77616E67323031357374727563747572616Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib77616E67323031357374727563747572616Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib78696532303037676C6F62616Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib78696532303037676C6F62616Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib786965323031306578697374656E6365s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib786965323031306578697374656E6365s1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib78696532303130676C6F62616Cs1
http://refhub.elsevier.com/S0022-0396(19)30137-8/bib78696532303130676C6F62616Cs1

	Contact discontinuities for 3-D axisymmetric inviscid compressible ﬂows in inﬁnitely long cylinders
	1 Introduction
	2 Main theorems
	3 Reformulation of Problem 2.2 via Helmholtz decomposition
	4 Free boundary problems in cut-off domains
	4.1 Iteration framework
	4.2 Proof of Lemma 4.2
	4.3 Proof of Proposition 4.1

	5 Free boundary problem in the inﬁnitely long cylinder N
	5.1 Proof of Theorem 3.1
	5.2 Proof of Theorem 2.1(a)
	5.3 Proof of Theorem 2.1(b)

	Acknowledgments
	References


