Available online at www.sciencedirect.com

Journal of

CrossMark SClenceDlreCt Differential
& 3 Equations
ELSEVIER J. Differential Equations 259 (2015) 1323-1353 _——

www.elsevier.com/locate/jde

A structurally damped plate equation with
Dirichlet—-Neumann boundary conditions

Robert Denk ¢, Roland Schnaubelt **

& Universitit Konstanz, Fachbereich fiir Mathematik und Statistik, 78457 Konstanz, Germany
b Karisruhe Institute of Technology, Department of Mathematics, 76128 Karlsruhe, Germany

Received 18 September 2014; revised 21 January 2015
Available online 16 March 2015

Abstract

We investigate sectoriality and maximal regularity in LP—L9-Sobolev spaces for the structurally damped
plate equation with Dirichlet-Neumann (clamped) boundary conditions. We obtain unique solutions with
optimal regularity for the inhomogeneous problem in the whole space, in the half-space, and in bounded
domains of class C*. It turns out that the first-order system related to the scalar equation on R” is sectorial
only after a shift in the operator. On the half-space one has to include zero boundary conditions in the
underlying function space in order to obtain sectoriality of the shifted operator and maximal regularity for
the case of homogeneous boundary conditions. We further show that the semigroup solving the problem on
bounded domains is exponentially stable.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries

In this paper, we study the linear structurally damped plate equation with inhomogeneous
Dirichlet-Neumann (clamped) boundary conditions given by
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32u+ A*u—pAdu=f,  (t,x)€(0,00) xG,
u=go, (t,x) € (0,00) x 9G,
hu =gy, (t,x) € (0,00) x 9G,
Uli=0 = ¢o, x €@,
Ol |i=0 = @1, x €q. (1.1)

Here, p > 0 is a fixed parameter and 9, stands for the normal derivative with respect to the
outer unit normal. We treat the full space G = R" (where we drop the boundary conditions),
the half-space G = R’ := {x € R" : x, > 0}, and bounded domains G C R with a boundary
of class C*. We establish maximal regularity of type L? for the inhomogeneous problem (1.1)
and discuss sectoriality of the operator matrix governing the associated first order system. The
generated semigroup is exponentially stable for bounded G.

The undamped plate equation with p = 0 occurs as a linear model for vibrating stiff objects
where the potential energy involves curvature-like terms which lead to the bi-Laplacian (—A)?
as the main ‘elastic’ operator B, see e.g. Chapter 12 of [25] or [27]. (In the one-dimensional case
one obtains the Euler—Bernoulli beam equation.) In this model, energy dissipation is neglected
and the equation has no smoothing effect as the governing semigroup is unitary on the canonical
L?-based phase space. One adds damping terms to incorporate the loss of energy. Structural
damping describes a situation where higher frequencies are more strongly damped than low
frequencies. Here the damping term has ‘half of the order’ of the leading elastic term, as proposed
in Russell’s seminal paper [27]. Such systems have been studied in detail also from the viewpoint
of dynamical systems and control theory, see e.g. [5,20,23,29] and the references therein. In the
L? case, the basic generation results were already obtained in [6]. It turned out that the underlying
semigroup is analytic, which is false if the damping operator is a fractional power of the elastic
operator with exponent strictly less than 1/2. In this sense, structural damping is a borderline
case. The case of strong damping (where the elastic operator is bounded by the damping operator)
is easier as it can be handled by perturbation arguments, see e.g. Section VI.3.a of [14].

Structurally damped plate and wave equations can also be considered in L”-based spaces for
p # 2 (in contrast to the weaker damping given by —pd;u), which is very convenient for the
treatment of nonlinear terms in the framework of parabolic evolution equations, see e.g. [4,7,28].
However, in this context the available existence results are restricted to the very special case that
the damping operator is a multiple of the square root B!/? of the elastic operator B (which we
call the square root case). On the other hand, in L? one can treat much more general problems,
[6]; but these results use the numerical range in an essential way and seem to be restricted to
the L? case. In our problem (1.1), the damping operator is a multiple of B'/? only if G = R".
For other domains the square root case corresponds to the boundary conditions u = Au =0 on
dG. In the square root case one can easily compute the resolvent of the associated generator in
terms of the given operators and show its sectoriality, see [16] and the references therein, as well
as [4,7,8,15,28] for more recent contributions. Moreover, Theorem 4.1 of [7] shows maximal
regularity in the square root case if the elastic operator B has an “R-bounded H *°-calculus’
(which can be applied to our case if G = R"). In these papers, inhomogeneous boundary data
have not been considered.

In our work we establish a fairly complete well-posedness and regularity theory for (1.1) with
inhomogeneous boundary conditions in an L? context, where p € (1, 0c0). We have chosen the
(arguably most basic) situation of a clamped plate (i.e., having Dirichlet and Neumann boundary
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conditions) governed by the bi-Laplacian and the Laplacian. We believe that our methods also
apply to analogous general systems with coefficients and other boundary conditions, provided
that appropriate ellipticity and Lopatinski—Shapiro conditions hold, cf. e.g. [ 10]. For conciseness
we do not investigate such generalizations here.

The problem (1.1) on a bounded domain is reduced to corresponding equations on the full and
half-space by localization, transformation and perturbation, see Section 5. In our approach we
use ideas from [10] and [11] where different, more standard parabolic systems have been treated.
We rewrite (1.1) as a system of first order in time with the new state v = (u, a,u)T, which is
governed by an operator matrix A(D) on R" or A, ¢ on R}, see (2.2) and (4.1), respectively.
This has the advantage that one works in the framework of well developed theories for operator
semigroups, dynamical systems (cf. [5]) and control problems (cf. [23]). We further see that
our problem leads to a mixed-order boundary value problem in the sense of Douglis—Nirenberg,
see e.g. Proposition 3.4 and [9]. The full and half-space problems are then solved via Laplace
transform in time and Fourier transform in space. To invert these transforms, we mainly use
Michlin’s theorem and employ its operator-valued version due to Weis [31], for the inversion
of the Laplace transform. This step requires recently developed methods from operator-valued
harmonic analysis briefly indicated at the end of this section.

The full space problem is solved in Theorem 2.5. In Section 2 we however focus on a detailed
study of regularity properties of the resolvent of A(D) needed later on, see Theorem 2.3. These
results are based on an analysis of the symbols associated with (1.1) which play an essential
role in our approach. We thus present detailed proofs although some of the results could also
be deduced from e.g. [7] and [16]. In Section 3 we derive the crucial solution formula for the
parameter-dependent elliptic boundary value problem (3.1) corresponding to (1.1) on R’} and
establish the core estimates on the operators appearing there, see Theorem 3.5 and Corollary 3.6.
These facts rely on a thorough investigation of the relevant symbols in Lemma 3.2. We further
show in Proposition 3.4 that the operator matrix A(D) with Dirichlet-Neumann boundary con-
ditions is not sectorial in HI%(Ri) x LP(R'}) even if we allow shifts. The resolvent still exists
but it does not satisfy the sectoriality estimates. This is actually a general phenomenon of such
elliptic systems if the state space allows traces relevant to the boundary conditions, see [9].

Theorem 4.4 then shows that the restriction A, o of A(D) to H;’O(Ri) x LP(RY) is sec-
torial after applying a shift. To derive the resolvent estimate, one has to exploit the additional
zero boundary conditions of the right-hand side, which is done using the Hardy-type Lemma 4.1.
Such techniques may also be applied to other Douglis—Nirenberg systems on state spaces in-
volving regularity in future work. In Theorems 4.5 and 4.6 we then deduce well-posedness and
maximal regularity of (1.1) on R} from the previous results combined with semigroup theory
and operator-valued harmonic analysis. In the last section, we finally treat the case of bounded
domains. Here we can omit many details which are similar to, e.g., [10] and [11]. We further use
standard spectral theory of analytic semigroups to show that the semigroup solving (1.1) on a
bounded domain is exponentially stable. (This fact was recently shown in the square root case
[15].) We thus obtain maximal regularity on (0, co) and not just on bounded time intervals as for
the full and half-space.

We will investigate maximal regularity in the sense of well-posedness in L”—L7-Sobolev
spaces for Eq. (1.1). For this, we will make use of the concept of R-boundedness and vector-
valued Fourier multiplier theorems which has become kind of standard for L?”-theory of bound-
ary value problems. We give a short summary of these tools, for a more detailed exposition we
refer to [10] and [22].
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Let X and Y be Banach spaces, and let L(X, Y) be the space of all bounded linear operators
from X to Y. For an interval J = (0, T') with T € (0, oo], we denote by L9(J; X) the X-valued
L9-space, by H;(J; X), k € Ny, the X-valued Sobolev space, and by W;(J; X) = B;q(J; X),
s € (0, 00) \ N, the X-valued Sobolev—Slobodeckii space (which coincides with the Besov space).
Moreover, (-, )g,4 stands for the real interpolation functor. Throughout, we let p € (1, 00).

A family 7 C L(X,Y) of operators is R-bounded if there exists a constant C > 0 such that
forallm e N, (Ti)k=1....m C T, and (xg)r=1....m C X we have

,,,,,

m
H ZrkaXk
k=1

.....

m
<C H riX, ‘
LP([0,11;Y) — ,; Kk LP([0,1];X)

Here the Rademacher functions rg, k € N, are given by r: [0, 1] — {—1, 1}, 1 > sign(sin(2¥71)).
If two families 7; C L(X;,Y;), j € {1, 2}, are R-bounded, then also 71 + 7> (if X; = X5 and
Y1 =Y) and 7,7 (if Y1 = X») are R-bounded.

Domains of closed operators are endowed with the graph norm. A densely defined, closed
operator A: D(A) C X — X is said to have maximal L1-regularity, 1 < g < 00, in the interval
J = (0, T) if the Cauchy problem

du(t) +Au(t) = f (@), tel,

uli=0 = uo,

has, for every f € L9(J; X) and ug € (X, D(A))1-1/4,4> a unique locally integrable solution
u:J — D(A) such that o,u, Au € L9(J; X) and

Il a(r:x) + I AullLacr.xy < C(IflLar:x) + luollx. pcay_ie,)

with a constant C independent of f and ug. If J is bounded or A is invertible, this property is
equivalent to the isomorphy

(8 + A, 700 ): By (3 ) N IG5 DAY = L9 X) X (X, DA -1 /g,

where yo;:u — ul|;=o denotes the time trace. It is known that —A generates an analytic
Cop-semigroup if it has maximal L9-regularity. If this semigroup is exponentially stable, then
one even obtains maximal L9-regularity on (0, 00).

In the following, we use the notation Xy := {z € C\ {0} : |argz| < ¢} for ¢ € (0, 7]. Recall
that a closed operator A: D(A) C X — X is called (R)-sectorial if A has dense domain and dense
range, and if there exists an angle 9 € (0, ) such that p(—A) D ¥,_y and the set {Ax(A+A) "' :
A € Xy_p}is (R)-bounded. In this case, the angle of (R)-boundedness is defined as the infimum
of all ¢ for which this holds.

A Banach space X is called of class HT if the vector-valued Hilbert transform is continuous in
L1((0, 00); X) for some (and then any) g € (1, o). Sobolev—Slobodeckii spaces with p € (1, 00)
are of class HT, as well as their X-valued analogues if X is of class HT. It was shown by Weis
in [31] that a sectorial operator in a Banach space of class HT has maximal L?-regularity for all
g € (1, 00) if and only if the set {A(A + A)~! : ReA > 0, A £ 0} is R-bounded.
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2. The full space case

In this section we solve (1.1) in the whole space G = R" (omitting the boundary conditions).
Let us remark that in this case (1.1) can be treated by an operator-theoretic approach as it can be
written in the form

32u + pBY?9,u + Bu = f, t € (0, 00),
ul;=0 = @0,

Orulr=0 = @1 (2.1

with the operator B: D(B) C L?(R") — LP(R") being defined by D(B) := H;(R”) and Bu :=
(—A)2u. Therefore, (2.1) is related to the quadratic operator pencil V: H;(R”) — LP(R"),

V(W) =A% +1pB"? + B = (ayr + B (a_r+ B'/?),

where

%:l: p__11 pzzv
o4 = 2
Sxi\J1-5, 0<p<2
Defining the angle ¥ = ¥ (p) by
D (p) = arctan% 1— %2, 0<p<?2,
0, 2<p<oo,

we can write o+ = =¥ for p <2 and a1 > 0 as p > 2. Note that arga = £ (p) and ¥ (p) /
7 for p \, 0.

By the theory of quadratic operator pencils and second-order Cauchy problems, we can invert
the operator V (1) and show maximal L?-regularity, see Theorem 3.4 of [16] and Theorem 4.1
of [7], as well as [4] and [28]. However, a more detailed investigation of the related first-order
system will be useful for the analysis of the half-space. To this aim, we set v = (u, d,u) | and
re-write (1.1) with G =R" as

ov+ A(D)v= (;) (t,x) € (0,00) x R",

Wl = (*"‘)), xeR",
1

with A(D) :=.Z 1 A(§).Z, where .Z denotes the Fourier transform in R” and the matrix-valued
symbol A(£) is given by

. 0 —1
A®) "<|5|4 p|s|2)'
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Note that the Fourier transform is defined by

(F)(E) = /?4“¢uwx £eR",

Rn

for Schwartz functions ¢ € ./(R") and extended by duality to tempered distributions. Here and
in the following, we use the standard multi-index notation and put D = —iV = —i(91, ..., 8,,)T.
We also set

AG. L) =r+AE) = ( |;|4 A +_,01|§ |2> ’

‘We thus have

A(D) = <(—0A)2 __pIA> and  A(D,)) = ((—)LA)Z N —_LA> : (2.2)

Employing the spaces
E:= Hy(R") x LP(R"),
o pgd 2
F:=H,[R") x H,(R"),

we introduce the unbounded operator A,: D(A,) CE — Eby D(A,) :=F and Apu := A(D)u.
Note that for the weight matrix

2
&@»=(“ﬂ“ ?)

the operator S(D) :=.Z~'§|(£).% defines an isomorphism of E onto L”(R"; C?), and we
thus have the equivalence of norms || f|lg = ||S1(D) f || Lr. Setting S2(§) := (1 + |E]%)S] (§), one
obtains S»(D) € Lisom(F, L? (R"; C?)) and ||lu|lr = ||S2(D)u||r. Below we will use Michlin’s
theorem in the following variant.

Lemma 2.1. Let b: (R" x T,_y_,) \ {0} = C, (£, 1) — b(&, 1), be infinitely smooth and ho-
mogeneous in (€, 11/%) of degree 0. We then have ||)J’8;9’71b(~, MNZ | Lwr @y < C with a
constant C not depending on L. Moreover, the family of operators

B:= {13 F'b(-,1)F i e Tr_y_o} C LILP(R"))
is even R-bounded. These facts apply to symbols of the form

)L(sflwl)/Zga
(A +1E2)5/2

withs e Nand |a| €{0, ..., s}.
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Proof. By the assumption, the function given by &7 85 AY 8{ b is again smooth and homogeneous
of degree 0, and hence it is uniformly bounded for (£, 1) € (R"” x £,_y_,)\ {0}, foreach 8 € Np
and y € N% (where we identify C with R?). Michlin’s theorem then implies the first assertion.
See e.g. Theorem 5.2.7 of [18] and the remarks preceding it. In this situation Corollary 3.3 in
[17] shows the R-boundedness of B. O

We first show that A, + A is invertible for all A in the above setting, but that A, fails to be
sectorial. Later we will see that A, + A¢ is R-sectorial for every positive shift Ao. Recall the
definition of sectoriality given at the end of the introduction.

Proposition 2.2. a) For % =9 (p) and all . € ¥, _y, the operator A, + A : F — E is invertible.
b) The operator A, is not sectorial in E for any angle and, consequently, —A, does not

generate a bounded Co-semigroup on E.

Proof. a) Due to the definition of the spaces, the operator A, + A belongs to L(IF, E) for every
A € C. Let A € X;_p. From the identity

det A(E, 1) =A%+ aple > + &1 = (s h + [EP) (@i + E]%)

and a1 A € X, we deduce that A(&, A) is invertible with inverse

1 1 <A+p|5|2 1)
AG N = A T D@ At ED \ —Et 1) @3)

To show that (A, + 1)1 exists in L(E, F), we have to establish M (D, 1) € L(L? (R"; C?)) for
the matrix-valued multiplier symbol

M(E, 2 = SE)AE VNS

Direct calculations lead to

1 2
MEN=—— &) (A oIl 1) S16)"!

det A(E, 1) —E1* A
_ 1 ((1 +EDO+plED) 4+ |s|2)2>
(@sh+ €2 (a—r + £]) —lgN* A1+1E1%) )
For every fixed A € X, _p, each of the terms
1+ € A HE

, , and —————
ath+ 1§77 axh+ £ ath+ (]2

can be estimated by a constant depending only on A and p. Similarly, the k-th derivatives in &
of each term are bounded by a constant times |§|_k, where the constants depend on X, p and k.
Michlin’s theorem (see e.g. Theorem 5.2.7 of [18]) then implies M (D, 1) € L(L? (R"; C2)).
Clearly, M(D, 1) is the inverse of S;(D)A(D,1)S>(D)~" in L(L?(R"; C?)), and thus asser-
tion a) holds.
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b) Assume that A, is sectorial in E of some angle, i.e., [[A(A, + 271 |y < C forall A €
(0, co) with some constant C independent of A. Similarly to a), this property is equivalent to the
uniform boundedness of the operator Mo(D, 1) € L(L?(R"; C?)) with the symbol

Mo(§,2) :=AS1(E)AE, 1) 'S8

B 1 (A(x+p|§|2> A<1+|s|2)> o4
T @A+ ED @A+ ED \ —Ei ) '

Since every L”-Fourier multiplier is an L°-function (see e.g. Proposition 3.17 in [10]), we
derive

A1+ €%
(s h + €12 (@A + |£]

2)‘5(:

for all A > 0 and & € R”, where the constant C does not depend on A or &. However, setting
A = k=2 and |€] = k~! with k € N, the expression on the left-hand side equals mﬁ%
which tends to co as k — co. O

Although A, is not sectorial, certain A-dependent estimates for the inverse operator are valid
in each sector X, _y_ with ¢ > 0. One could formulate the next result more concisely within
homogeneous Sobolev spaces, but for simplicity we avoid this setting. We often denote the
vector-valued space L? (R"; C™) also by L?(R"), for any m € N.

Theorem 2.3. Let ¢ € (0,71 — 9), A € Sy_p—p, and h = (h1, ho) T € E. Set v:= (v, 1) =
(Ap+2)"'h. Letk €{0,1,2}, o € N} with |a| =k, y € N}, and § € N}, with |8| = 2. Then there
is a constant C, > 0 such that

« (D¥DPv,
A=t | < Ce (AR Lo ny + 2]l Lo ). 25
H (Davz ) oy = Co (1R Loy + ol o) @.5)
2k o
IA*72 D% || Lo ey < Co(lIMAL I Lo @y + Ih2]l e @) (2.6)
Moreover, the families of operators
o né
[y [a1-3 (DOD [?a>A(D,A)_1] h€ Taopoe @.7)

in L(E, L? (R™)) and

a no —1
{)\Va{ [x‘*% (DOD Doa> AD, )" (Q _OA)

)

)] Ae zn_ﬁ_g}, (2.8)

—

—1
{)\Va{[(x—Af—%(Da 0)A(D,A)“<(’\_OA) ?)]:xezﬂ_ﬂ_g} (2.9)

in L(LP(R™)) are R-bounded.
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Proof. We proceed as in the proof of Proposition 2.2, where we replace the matrices S;(§) by
516 = ( i ?) and  So10p®) = 61§ ©)
and use the symbols

M€ 2) = 272800 2 (E)AE. 1)1 81 (8)!

_ ME gk <A+p|5|2 |£|2>
(i +1EPY @A+ €2\ —IEF 2

for k € {0, 1,2}, cf. (2.3). We fix e € (0O, m — ) and take A € X, _y_, and & € R". Observe that
then the expressions

A HE
ash+ &2 ash+ &2

are uniformly bounded. Moreover, 2 |k|% |E] < |A|+1&|% and V(€| = £ |€|~ ). Therefore the terms

gﬂaf )J’a){/ My (£, 1) are bounded by a constant depending on |«|, |y| and ¢, but not on A €
Yr_p—e and & € R". A result by Girardi and Weis (Corollary 3.3 in [17]) now says that the
family of operators

(A8 My(D,A) 1 € Sp_y_s} C L(LP(R"))

is R-bounded for each & > 0. Since the symbols £% |£|71¢! and |&|2(1 + |&|*)~! also satisfy the
assumptions of Michlin.’s theorem, the estirpate (2.5) and the assertion about (2.7) follow.
In the definition of M} one can replace S;(£)~! by the symbol

O+1EPT 0
0 1

and then establish the 7R-boundedness of the operator family (2.8) as above. By means of the
symbols

(r + [ED) (@A + 1)) (arr+ ) (-2 + [§])

(O + [E17)* "2 r+plEl?
(esd+ED) @A+ [ER) \ A+IEP T )

( klfk/zga(k+p|g|2) k27k/2€a )

we finally derive (2.6) and the R-boundedness of (2.9) from (2.3) and Michlin’s theorem as
before. O

Although the operator A, is not sectorial, the above theorem contains precise resolvent esti-
mates. By the next result, the singularity for A — 0 disappears if we consider the shifted operator
Ap + Ao with A9 > 0.
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Proposition 2.4. For every Lo > 0, the operator A, + Ay is R-sectorial with R-angle ¥ (p).

Proof. As in the proof of Proposition 2.2b), we have to consider My (&, A) from (2.4) with & € R”
and A € Ag + Xy, for fixed Lo > 0 and ¢ € (0, 1 — ). However, as o+ A cannot approach
zero, now the term

A1+ 1Y)
(aph + €D (@A + E]2)

is uniformly bounded for A € A9 + X,;_y_.. The same holds for all other terms of My(&, A)
and for sﬂano(g, A) with g € Ng. Using Corollary 3.3 in [17], we deduce that A, + A¢ is
R-sectorial in E. O

Proposition 2.4 allows us to solve (1.1) in optimal regularity. Part b) of the next result would
also follow from Theorems 2.1 and 4.1 of [7].

Theorem 2.5. a) The operator — A, generates an analytic Co-semigroup on IE and has maximal
L9 -regularity on bounded time intervals for every q € (1, 00).

b)Let f € LP((0, T); LP(R")) =: £ for some T > 0, go € Wy /P (R") and ¢1 € W~ /P (R").
Then there is a unique solution

ue Hy((0,T); LP(R")) N LP((0, T); Hy(R")) =: F
of (1.1) on G =R", and there is a constant C,(T) > 0 such that
Il = Cp(T(1f e + 100l ys-27p gy + 101122 )

c)Let f=0, o€ Hﬁ(R”) and ¢ € LP(R™). Then there exists a unique solution u of (1.1)
on G =R" with

32u, 8, V>u, V*u € C([e, 00), L (R"))
for each ¢ > 0 and
du, VZu € C([0, 00), LP (R")).
If o € H;,‘(R”) and ¢ € HI%(R”), we can take € = 0.

Proof. Assertion a) follows from Proposition 2.4, Theorem 4.2 in [31] and rescaling, since we

have #(p) < %. In the context of part b) we thus obtain a unique solution v = (vy, )" e

H,g (O, T); EYNLP((0,T); F) =: X of the first-order problem

dv+ADWw=(, )T, t>0,
v(0) = (g0 ¢1) . (2.10)
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Moreover, [[vllx < Cp(T) (1f llecry + 100, @1)llys-21p g y2-2/pzy) for some constant
Cp(T) > 0. (See e.g. Theorems 1.14.5 and 2.4.2/2 in [30] for the relevant properties of real
interpolation spaces.) We set u# := v;. The first component of (2.10) then yields d;u# = v, which
easily implies that u belongs to F, solves (1.1) and satisfies the estimate in b). Conversely, if
u € F solves (1.1), then v := (u, 0;u) " belongs to H)((0, T); E) N LP((0, T); F) and fulfills
(2.10). We recall that F — H[‘,(J; H[%(R”)). (This fact can be found, e.g., in Lemma 4.3 of
[12].) Hence, assertion b) holds. Part ¢) can similarly be shown using that — A, generates an
analytic Co-semigroup on E. O

3. The stationary problem in the half-space case

In this section we treat the model problem in the half-space R’}. We start with a homoge-
neous right-hand side and inhomogeneous boundary conditions. We thus study the parameter-
dependent boundary value problem

AD,MD)v=0 in R,
V] = go on R 1,
—0,v1 = g1 onR"!, (3.1)
for A € £;_p and given functions go and g; on R"~!, say in the Schwartz class.
Following a standard approach in parameter-elliptic theory, we apply the partial Fourier trans-

form .#’ in the tangential variables x’ := (x1,...,Xx,_1) . We set w(x,) := w(&’, x,,A) 1=
(Z'v)(E', x,, 1) and

/ —_ )\' _1
A&, Dy, 2) = <(|g/|2 —? A+p(E) - 33)) .

Problem (3.1) then leads to the family of ordinary differential equations

A, Dy, Mw(x,) =0, xp >0, (3.2)
w1 (0) = (F'g0) (&), (3-3)
— w1 (0) = (F'g1) (&), 34

on the half-line R, where &’ € R Eq. (3.2) gives wy = Aw; for the solution w; of
Wwi () + o (€1 — owi (o) + (&' =90 wi(x) =0,  x,>0.  (3.5)
To solve this equation, we consider its characteristic polynomial
P(r) =22+ ap (&' — ) + (&' — )%

Straightforward calculations show that the roots of this polynomial are given by 7 =
+./|&’|2 + a+A. We know from the beginning of Section 2 that argay = +1, and hence
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|§’|2 + a4A ¢ (—00,0) for A € ¥;_p. The above square root is thus well-defined. The roots
with positive real part are given by

=11, 0) =2 +asr and w =1, A) =/|&>+a_A.

We have 11 # 15 for p # 2, while in the case p = 2 the root 71 = 15 has multiplicity 2. For fixed
& >0, we obtain Re 7; > C|7;| and

CUE'P + 1D <17 " I < C'(E'1P + 1A'/ (3.6)
for all &' € R*land » € £,_y_,. Our arguments below also involve the points t(r, &, 1) =

T(r) ;=11 +r(12 — 71) € Z(z—s),2, r €[0, 1], on the straight line between 71 and 72, which also
satisfy

CUEP+ MDY <[z (r &, M) < C'(1E'1> + 1AD V2 (3.7)

for all € [0,1], & e R"!, and A € £,_y_,. Here, the upper inequality directly follows from
(3.6). For the lower one, the above estimates yield

lz(r)| =Ret(r) = (1 —r)Ret; +rRety > C (1 —r) 11| + 7 |12])
> C(IE'1* + [AD'/2.

Here and below, C, C’, ... stand for generic constants which may be different in each appearance
and which are independent of &', A, and y, (but which may depend on ¢ and p).

Lemma 3.1. Let & e R"! and 1 € ,_y. We define the fundamental solutions o® =
(@&, 1) j=12:0,00) — C for i € {0, 1} by

0 - _
o\ (& xn, 0) = f1ir2 (—mpe T 4 g e 2NN,
! - _
(,l)g )(%-/’xn’)\‘)zrllrz(_e ‘L’])(,l+e ‘[‘zxn)’
@0 _ 5 @
W, = Aw,

for p #2. For p =2 we set

0O E  xp0) = (14 Tx,)e ™,
a)%l)(é/v xnv )‘) = xneitxn )

o =20,
where T := 1| = Tp. Then o'\ is a solution of (3.2) with the initial values

V0 =1, 3,0”0)=0
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and
0} (0) =0, 8,0("©0) =1,
respectively. In particular, {»©, oV} is a basis of the space of all stable solutions of (3.2).

Proof. We first consider the case p # 2. Then every stable solution of (3.2) has the form w (x,) =
(01 (xn), 02(xy)) T With w2 (x,) = Aw (x,) and w; (x,) = c1e” """ 4 cpe~ 2% The initial values
are given by

w0)=ci+c» and (0,w)(0)=—1iC] — T20).

The formulas for the fundamental solutions now follow directly from the initial conditions.
Similarly, in the case p = 2, we have a double root T = 11 = 15 = /|€/|> + A, and every

stable solution is of the form wj(x,) = (¢1 + x,c2)e” " . The initial conditions w1 (0) = ¢ and

(0,01)(0) = —tc1 + 3 then yield the asserted expression for the fundamental solutions. O

The following technical result will be the basis for the a priori estimate of the solutions of the
half-space problems.

Lemma 3.2. a) For fixed ¢ > 0, k € N and € € 7, we define the function fi ¢:R"~! x (0, 00) x
Eﬂ—ﬁ—a - C by

k
*n (Tfefrlx,, _ Tﬁefrzx,,) P ?é 2
71—12 1 2 ’ ’

xkHlgte=Tan, o=2 Witht =1 =10).

FeoE  xn, M) = {

Then for all y € N3 and p' € Ng_l we obtain
(1707 € 0L fre's a1 = C (1R 120) T,

b) Let oD, ic {0, 1}, be the fundamental solutions from Lemma 3.1. Further, let ¢ > 0, k €
{0,1,2,3,4} and a = (', aty) € N} with |a| = k. Then for all y € N2 B e Ngfl, x>0, A€
Yr—o—e, m € No, and & € R"™! the inequality

k

w7 € ol |22 o) €, 0 G+ DT <
holds for j € {0, 1}.

Proof. a) We only consider p # 2, the case p =2 is treated in the same way (it is actually a bit
simpler). We define

@ Z—eyp— C; T xkrlem™m,

Recall that T(r) = 71 +7 (72 — 71) € X(n—¢),2 forr € [0, 1]. We start with the case |y | = 18| =0.
Using the elementary estimate |(tx,)" e " | < C for T € Xz _s)/2 and x, > 0, we obtain
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@(t1) — p(12)
1 — T2

1
| fie (€, xn, )| = = ‘/fp/(n +r(r2—t1))dr‘
0

=€ sup [1Gat () e 4 () e e () !
rel0,1]

<C sup [t < g P+ apEhh2
ref0,1]

In the last step we employed inequality (3.7). The statement in the case 8’ # 0 and y = 0 follows
iteratively from the recursion formula

(%
Og; fre =6 St +Lfee—2— frate—1).
/ 11k2)

This formula can directly be checked observing that Bg_/r = %’ for t =11, 12.

For the A-derivatives we note that 9,7 = % and 9,7 = "%, We compute

1
Oy S, e = 0y, /(ﬂ/(fl +r(r —11))dr
0
1

_ " _ o+ | re- ro‘_+>d
—/90 (t1 +r(n2 Tl))(Z‘El + 24 r.
0

We set o = (|&|? + |A])!/2. Estimate (3.7) yields

2
[A1] ktj o ke
218, fieel <C== sup 3 Iy e ()T 27N < Co sup ()T

0=<r<1 =0 0<r<l

< C(I&"P + apEh=nr,

The A,-derivative is treated in the same way so that we have shown a) for |[y| =1 and 8’ = 0.
The remaining cases can now be established by recursion.
b) For p # 2 and i =0, we write

0 1% — 7] _
60( )(é/yxn,)\') - _ e T1Xn _|_ e TXn
1
1 — T2 11— T2

== rlirz)g_nxn +a+ ﬂl’_zn Je

— (e—nxn +e—7.'2xn) _ fo,l(fl,xn,)\)

It follows
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X;T+13:"+jwi0)(§/,xn, A = (_l)a,l+j (xrrln-s-lrixﬁje—nx,,
AT g1 € 0). (B8)
The first term on the right hand side can be estimated by
|x’r1n+lfixn+jeft1xn | = |an+j7m71 }(Tlxn)erlefr]xn
< CE'P + [rp(entimm=br2,
Derivatives with respect to £” and A can be handled as in a), and we infer

)\ya)}:(f/)ﬁ/ag/[x’rln+lffl'l+j€_r1x"] < C(|§/|2 + |)\'|)(Oln+j—m—l)/2. (39)

The same inequality holds for the second term in (3.8), and due to part a) also for the third one.
For p #£2 and i = 1, we have wil)(é’, Xn, &) = fo.0(&’, xn, A) and hence

ntj (1 ntj
Ao oM (& 20 1) = (=D fuit i € 20 ).
Assertion a) then implies

270 € 0L [ o o (€, ]| = CUIET P Ay eI,

In the case p = 2 (where 7| = 70 = 1) the situation is similar. For a)go)(é’,xn,k) =
(1 4+ 7x,)e” ", Leibniz’ formula yields

1o o o )| = [ e (= — o Ta)e

< C(§"P + [apentimm=Dr2,

The derivatives with respect to £” and A can then be controlled as in (3.9). In the same way, we
estimate a)ﬁl)(g " Xn, A) = xpe” ™ In all cases, we have established

(2707 € of) [ o5 o) (67, x, ]| = &R+ et T2,
The statement in b) now follows from Leibniz’ rule and the observation
W7 9] €Yol 1EN 32| < cE P4 bz g

In the next result, we introduce the solution operators L;l)(k) for the parameter-dependent
boundary value problem (3.1) and establish the crucial a priori bounds for these operators. For
s> 0and A € C we will use the parameter-dependent shift operators (A — A")* = (F")~ (A +
€125 .F on R"" ! and (A — A)* = (F)"1(h + |£[1)*F on R".



1338 R. Denk, R. Schnaubelt / J. Differential Equations 259 (2015) 1323—-1353

Proposition 3.3. For i, j € {0, 1} and ) € X, _y, we define the operator L;i)()\) by

(LY )P, x) == f (T 00 x + Y, DT ), yn)dyn, X0 >0,
0

for all functions ¢ : R, — C which are restrictions of Schwartz functions on R". Here the ‘dot’
refers to x' or§ ! in R*~L. Then the following assertions hold. '
a) Set v'il) = Lg)()»)an¢ + Lgl)()»)qﬁ and v = (vgl), Avil))—rfori € {0, 1}. Then UY)(', Xp) =
(F) o (., x0, M(F'$)(, 0) for x, > 0 and
AD, P =0 in RY, i=0,1,
V0 =9¢,0, 30°¢0=0 on R,
vWe,0=0, 9,0"¢,00=¢¢,00 on R".

b) Let e € (O, m — 0), y € N2 k e {0,1,2,3,4} and o € Ng with |a| = k. Then the set of
operators in L(LP(R'}))

(o) [ *2D LY W) — AT h ey . )
is (well-defined and) R-bounded.

Proof. a) Integrating by parts in the integral defining Lﬁi)(k), we obtain the first assertion. The

properties of wY) shown in Lemma 3.1 then yield the second part of assertion a).
b) Let Xy, yn > 0, A € Sy_p_e, & e R,y e N2, k e N, « € N2 and g’ e N~ L.
Lemma 3.2b) yields with m =0

’ / _k NP i P C
78] €0l [ € T o€ x4 3, O A 8T £ ——,

Xn =+ Yn
where C does not depend on x,, y,, A or §’. The Michlin-type Corollary 3.2 in [17] thus shows
that the family of operators

()00 22 0 o €+ v DO+ 1T
M€ Ty} CLALPR")
C

Xnt+yn’
is bounded, we can apply Proposition 4.12 in [10] to

is R-bounded with R-bound not greater than for all x,, y, > 0. As the scalar integral

1
Xp+Yn

operator in L”(R;) with kernel
derive the statement. O

Based on the above result, we now investigate the inhomogeneous parameter-dependent
boundary value problem
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AD, M )v=nh inR’,
vl = go on R 1

—d,v1 = g1 on R"~ 1, (3.10)

for L € ¥,_p and given functions & = (hy, hg)T in R% and go, g1 on R"~!. Due to the structure
of the matrix A(D), the natural choice of spaces is

E; = H}(R}) x LP(RY),
Fi:=Hy(R") x HARY),
G:= W;_l/p(Rn_l) % Wg_l/p(R"_l).

We remark that (3.10) is a mixed-order boundary value problem in the sense of Douglis—
Nirenberg, see e.g. [1]. The boundary conditions can be written in matrix form as B(D)v = g

where
1 0
B(D) := .
(D) Vo(_an O)

Here yo: v — v|gs—1 denotes the trace onto the boundary R"~! of R’ . By standard trace results
(see e.g. Theorem 2.9.1 in [30]), the operator (A(D, A), B(D)):F;+ — E; x G is continu-
ous. As usual, the L?-realization A, ;:D(A, ;) C Ey — E4 of the boundary value problem
(A(D), B(D)) is defined by

D(A,4):={veF, :B(D)v=0} and A, v:=A(D)v.

Note that we can write the domain of this operator in the form D(A, ) = (Hg(Ri) N
H[%’O(R’i)) X HI%(R’}F), where for k € N we define

H;O(R'jr) ={ue H;(Ri) Syou = YoOpu =+ = yoa,];_lu =0}.

Before stating precise a priori estimates for the solution, we note that Ao+ A,  is not sectorial
on [E; for any shift 1o > 0.

Proposition 3.4. For each Ay > 0, the operator A, | + Ao is not sectorial in B and, conse-
quently, does not generate a Co-semigroup.

Proof. The mixed-order system (A(D) + Ao, B(D)) fits into the framework of Section 3.2 of
[9] with the Douglis—Nirenberg structure (s, sz) = (0, 2), (mq,m2) = (2,0), and (r1,r2) =
(=2, —1). By Theorem 3.8 in [9], for every h € E; and v) € D(A, 1) with A(D, v, =h
for A € (0, 00), the estimate sup; ¢ ) lIAUalIE, < 0o implies yoh1 = ypdnh1 = 0. Therefore,
the desired resolvent estimate does not hold for & € E; with B(D)h #0. O

The proof of the last result indicates that zero boundary conditions have to be included in the
basic space .. In Section 4 we will indeed obtain a sectorial operator in this way.
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To solve the inhomogeneous boundary value problem (3.10), we make use of restriction
and extension operators. Let ep: L (R}) — L?(R") denote the trivial extension by zero and
ry:LP(R") — LP(R}) the restriction onto R’ . Instead of the trivial extension ep, we will
also consider a global coretraction e; of r; which satisfies e, € L(H IS, RY), H IS, (R™)) and
ryer =id H3(RY) for all s € Ny (see e.g. Section 4.4 of [3]). A parameter-dependent extension

operator from R"~! to R% is defined by

(Exd) (. xn) = (F) " exp (= + 1)) x,) F'p (50 > 0).
This extension was studied in [2] and [19], for instance. In particular, Proposition 2.3 of [2] yields

(after a minor modification) that E; belongs to L(W;f*]/ PR, Hllj‘ (R%)) and that pE; =
ide_l/p(Rn,l) forall k e Nand A € X, _y». We further deduce that
p

nErp=—0—A)V2E ¢,  pew, /PR, (3.11)

Theorem 3.5. For all . € £,_y, h € E; and g € G, there exists a unique solution v € F
of (3.10). Moreover, this solution can be written in the form

v=RMWesh+TMWEg, TO)=TOWd, +TV0)

with operators R(A) and TV (1), j =0, 1, which have the following R-boundedness property:
Let e > 0. Then forall k € {0, 1,2}, |a| =k, |§| =2, and y € Ng the families of operators

) —1
{Va{ [)\151)“ (% (1)) R(Y) (“ _oA) ?)] e En_ﬁ_g}

in L(LP(R"), L?(R™)) and

_k D} 0 ; A —AHEI/2 0
{)\Vai’ |:Al 2 D% ( 0 1) TG0 <( 2) - A/)(—j—2)/2) TAE X _py_¢

in L(L? (R")) are R-bounded.

Proof. (i) Let A€ X;_y, heE; and g€ G. Weset v’ :=r (A, + M leih e Fy (see Propo-
sition 2.2a)) and write v = v” + v”. Then v” has to solve the boundary value problem
AD, )V =0 inR’,
B(DW' =g — B(D)Y  onR"L (3.12)

The function g := (20, 81) " 1= E;g — ( glv,) is an extension of g — B(D)v’ to R”.. By Propo-
— o]

sition 3.3, a solution of (3.12) is given by
1 ) (e9)
LY (A —LY (A
(A) ;) ) 3.13)

V' =T(WE = T<f)(x)al‘f§ with T(j)()») — < ]O 1
,-; ! AO@) L)
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We remark that the operators Ly) (1) were defined in Proposition 3.3 for restrictions of Schwartz
functions to R’} , but Proposition 3.3b) shows that L(.l ) ()»)817] can continuously be extended to
an operator in L(H4 ’(R ), H 4(]R )) fori, je {O 1}. In the same proposition, the equalities
A(D,)T(\)g=0 and B(D)T(A) g = yog were shown for restrictions of Schwartz functions,
and by continuity this identities also hold for the extended operators. As a result, the function
v:=1v +v" €Fy solves (3.10).

If z € F4 is another solution of (3.10), then ¢ := v — z € F solves this problem with 4 =0
and g = 0. In particular, ¢ belongs to H 20(R ) so that o = Ap; € H 20(R ). Therefore,
ey is contained in HZ,(R", C?) C E and satisfies A(D, 1)egp = 0. This means that AZeqp; =
(pA — Meppr in R™ which yields epp; € H;(R”) and hence egp € F. Proposition 2.2a) now
implies epg = 0 and thus the uniqueness of the solution of (3.10).

(ii) In this part we fix ¢ > 0 and consider A € X, _y_.. We have seen in part (i) of the proof
that the unique solution v of (3.10) is given by v = R(A)eih + T (X)) E;, g where T ()) is defined
in (3.13) and

1

RO :=ri(Ap+2)7" =T M) <—a

8>r+(A,,+,\)—1. (3.14)

Let || =k€{0,1,2},]|6]=2and y € N%. By Theorem 2.3, the family

8 -1
{)\')’a;\/ I:)\.l_k/zDa <lg (1)) (Ap +A.)_l ((}\, _OA) ?)] :)\. c 27‘[05}

in L(LP (R™)) is R-bounded, i.e., the first term in (3.14) is R-bounded as asserted in the theorem.
For the second term, we use (3.13) and write

T()\)( O>r+(A,, + )71

1

B
X;: <AL(0)(A) )\L“)(A)) ( 0 @ - A/)H_M)
j=

1 —Jj (j+3)/2
(r—ANHY 0 -1
( 2 J(/\ A)(]+2)/2 0 re(Ap+A)" .

Leti,je{0,1}, || =ke€{0,...,4}and y € N2 The desired statement about the R-bounded-
ness for the second term in (3.14) now follows from Leibniz’ rule, from the R-boundedness of
the family

{AVa;’ [)\z—k/zD“Ly)(,\)(A — AN e E,HH} (3.15)

in L(L?(R",)), see Proposition 3.3b), and from the R-boundedness of the family

-1
{AV&{[((A—A)2—’</ZD“ 0)(Ap+x)—‘((’\_0A) ?)]:xezﬂ_ﬁ_s}

in L(L?(R")), see Theorem 2.3.
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The R-boundedness of the second operator family in the theorem is deduced from Proposi-
tion 3.3b) and (3.11) in the same way. O

Corollary 3.6. For each ¢ > 0 and Ly > 0 there exists a constant C = C (g, L) such that for all
] =k €{0,1,2}, |86| =2 and all . € Ay + X _y_¢ the estimate

142D, < C(Ihls, + gle + A1 I llLoges)

Sl=

21 3
+ P gl ooy + 1A P gl Loy

holds for all h = (hy,hy)" € By and g = (g0, g1) " € G, where v is the unique solution of (3.10).

Proof. We use the parameter-dependent norms P s, p,re := ”¢”H1S7(R'jr)+|A|S/2||¢||LP(R1)’¢ c
H;(]R’i), for s € [0,00) and its analogues in R” and R”~!. By Michlin’s theorem (see e.g.
Theorem 5.2.7 of [18]) the norm [||@]lls, ,r» is equivalent to ||(A — A)S/2¢||Lp(Rn) where the

constants of the equivalence may be chosen independent of L € Ao + X _p—¢.
Due to Theorem 3.5, the problem (3.10) has a solution v satisfying

1A 2Dy |, < C(ll()» = Neihiller@e + llexhzllr@n + 101l g2y
+ 10— AV ErgollLo) + I — AV Ergillo) )

< C(Whillp.wy, + Ikl + 1 Ergolla pzr + 1 Ergills v ).

(We also use the equation Avy = vy + h; and the lower bound for || in the shifted sector to
deal with zero order part of the norm in E,.) Now the statement follows from the fact that £
is continuous with respect to the parameter-dependent norms in the sense that ||| Ey¢ |, pRL =

Csll@lly—1/p, p o1 forall A € Tz ¢ + Ao, s €Nand ¢ € W;fl/p(R”_l), cf. Proposition 2.3
of [2]. O

4. Sectoriality and maximal regularity of the evolution equation on the half-space

In this section we solve the inhomogeneous problem (1.1) on R’ in optimal regularity. As
a first step we discuss the sectoriality of the operator matrix A, governing the associated first
order system.

We have seen in the previous section that the operator A, 4 is not sectorial in the basic space
E.. As indicated in Theorem 3.8 of [9], see the proof of Proposition 3.4, one has to include zero
boundary conditions already in the basic spaces. We thus use the spaces

o := H, o(R}) x LP(RY),

Fo:= (Hy(R}) N Hp o(RY)) x H o(RY).
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We will see below that it is advantageous to replace the 0-extension operator ey from Ej to [£ by
the odd extension e; € L(Eg, E) which is defined by

[ f@, if x, >0,
(es H(x) := { —f(x', =xp), ifx, <O.

The LP-realization A o: D(Ap o) C Eo — Eo of the boundary value problem (A(D), B(D)) in
the space [ is defined by

D(Ap0):=Fy and A,ov:=A(D)v. 4.1)
For the analysis of this operator, we start with a Hardy-type result.

Lemma 4.1. Let X be a Banach space and let M be the operator of multiplication with t, i.e.,
(Mf)(t) :=tf(t) for functions f:(0,00) — X. For all f € H[%O((O, 00); X) we then obtain

M~2f e LP((0,00); X) and

)
IM ™ fllLe0,00):%) < CILf" L ((0,00): %)-

In particular, M=% € L(HZO((O 00); X), LP((0, 00); X)).

Proof. As f(0) = f/(0) =0, we can write f(¢) = fé Jo f"(r)dr ds and compute

00 y
IM72 fllr0.00:0) = (/t_z”llf(t)llffdf) ’
0
s(/ 2 //Ilf”(r)||xdrds) d;) p
0

e ¢]

f//”f”mu ) )1/p
/[”f”(ps)nxdpd_) d)l/p

0 0

o"\g 0\8 =
o\_

1
b4 1/p
/Hf”(:OUf)de,odo) dt> ,
0

where we substituted p = r/s and o = 5/¢t. With Minkowski’s inequality, we conclude

00 y
([1r wanigar) " apao

o _
(=]

1
M2 F il 0oz < /
0
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1
/p dp do
"
//mfnf<mx 7p 517
0 0

1 o)
po\2
(ﬁ) I £ 1 Lr (0,00): X)- a

Remark 4.2. Let M, denote the operator of multiplication with x,,. Then for every f € H (]R )

we have M, 2felL? (R%) by Lemma 4.1. This gives additional information on the Fourler trans-
form of e; f because of 82§ esM 2 °f = —Zes f. To see this equality, we may assume that
f € Z(R7) by density, and write

. 1 .
852:1fe_lsnxnﬁ(j/esf)(sl’xn)dxn = _/e_lénx"(y/esf)(g/a Xp)dxy.
n

R R

We exploit the above observation in the next lemma which will provide the main step of the
proof of the following sectoriality result.

Lemma 4.3. Let ¢ € (0,1 — 9) and b: (R" x Z,_y_¢) \ {0} = C be infinitely smooth and
homogeneous of degree 0 in (&, A1/2). We set

bo(&, 1) i= —(n + [E'1))32b(E, 1),
bi(E,2) := =2i(h + €' 29, (&, 1),
by(£,1) :=b(E, 1)
for (€,1) € R" x T;_y_g) \ {0}. We then obtain
2
Z b N Fef =Y MO — AV T by (M) FesM, f

£=0

forall f € H} ((R%) and
I+ 7~ be -, N FeslliLwr@yy <€ (€=0,1,2).
Moreover, the operator families
W ry F 7 by(-, ) Fes i€ Tr_y_s} C LILP(RY))
are R-bounded for every y € N% and £=0,1,2.

Proof. Set [ := 2f e LP(RY) for f € Z(RY). Let x, > 0. Using Remark 4.2 and inte-
grating by parts, we deduce
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F'ryF b 1) Fes £ x0)

_ J% R[ D (-, £y, W) (Fey - En) dy

_ _%R b (-, £, X Fes O, E) d,
_ _\/%R D2 b, 0, )] (Fes (- £) dEy
_ ‘\/%—7, J 508 [ 25, &0, 3) + 20X, 0, 2)

— b 60 ) |(Fes FEY . 6)ds,

2
= 5 = AP T by () Fes S x).
¢=0
By density the first assertion follows. As b is homogeneous of degree 0, the same holds for by
with £ =0, 1,2. Lemma 2.1 thus yields the remaining assertions. O

We now establish the sectoriality of the shifted operator matrix on Eg which governs the
associated first order system.

Theorem 4.4. For every Ao > 0, the operator Ap o + Ao (given by (4.1)) is R-sectorial in Eo
with R-angle v (p).

Proof. Let h € Eg, e € (0,7 — ) and A € Ag + Xr_p_,. As in part (i) of the proof of Theo-
rem 3.5, one sees that the equation A(D, A)v = h with boundary condition B(D)v = 0 has the
unique solution v given by

v=RMesh=r (A, +1)"lesh —T() <—la 8) ri(A, +2)"Tesh. (4.2)

To check the asserted R-bound, we can restrict ourselves to i belonging to the dense subset
ZRL) of Eg. As esh € I, the function V= (Ap+ 2 Legh belongs to [ and solves the equation
A(D, M)V = esh in R, Since esh is odd, also the map x — —v(x, —x,,) satisfies this equation.
Because of uniqueness, the function v'is odd, and we obtain yyv” = 0 for v’ := r V. Therefore,
we may assume that go = 0 in (3.13) and replace the second term in (4.2) by

1 (€9]
0 —-L; (/\)> 1»< 1 0) _
§ J o ! re(A, 4+ 1) lesh
(1) n _ + P K
j=0<0 AL’ () o 0
1

2
1 _ -
- <x> SO S L0002 e T a2 Feshi = SiOOh1 + S2(0h2, (43)
=0k=1
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where we denote the first line of A(&, 1)~! by (@11(£, 1), d@12(&, 1)), i.e.,

(@€, 0),dnE L) = ( AtolE 2 1 )

(@4 A+HEP) @-A+ED) " (@4 A+H[E2) (@—A+IE[?)

see (2.3). Since .Z a1k (-, \).Feshy, is a Schwartz function, we can write
2—j i~
L0y re Ak 1) Feshy
=L P00 = AT TN T 0+ 18 TP E ) Fehi (44
for j € {0, 1} and k € {1, 2}. The functions

gk (&, 2) 1= ((5) > T (L + 18/, (5, 1)

O+ plEPGEN* T (A + [E'1H)I/?
(o) + [E) (e + £]?)

(i£)>7 O A4 |E12) 112

(o h+ [E1D) (@i + [E2)

ifk=1,

if k=2,

are smooth and homogeneous of degree 0 in (&, A!/2) and therefore satisfy Michlin’s condition.
Due to Lemma 2.1, for k = 2 the set

(W) ry F g\ M) Fes:h€Tag_p} CLILP(RY)) 4.5)
is R-bounded for j € {0, 1} and y € N3.

As we will see below, in the case k = 1 we need a more refined representation formula which

exploits that h; € H ; o(R+) and not only that h; € H I%(R.Q. To this aim, we apply Lemma 4.3
and obtain as above that

LD G0y~ ry 7V (L ) Fesh

=L W0 = AP T g (0 Fesh

2
1 — i _
=Y LP 0= AT M T e 1) Feshl (4.6)
=0

where hgz] =M, 2p,, the functions g1j¢ are given by

g1je(E,A) 1= (&) (L + €11 a4 (8, 1),

and @ are defined as by in Lemma 4.3 with b replaced by d;;. By homogeneity and Lemma 2.1,
for the corresponding Fourier multipliers the set of operators

(Wl ry T g1, 1) Fegih€Tqy o} CLILP(RY)) 4.7)

is R-bounded for £ € {0, 1,2}, j € {0, 1} and y € Ng.
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To prove the theorem, we have to estimate Av = AR(A)egh in the space Ey. For the first
term in (4.2), the R-boundedness of {r; A(A, + M les k€ ro+ Sr_p—e) in L(Eg) follows
directly from Proposition 2.4. To treat the second term in (4.2), we first use (4.3) and (4.4). For
the summands with k = 2, Proposition 3.3 and (4.5) imply that {S2(A) : L € Ao + Ep_p—_s} i
R-bounded in L(L?(R%), Eo).

It remains to consider the summands with k = 1 in (4.3). In view of the definition of the space
Ey, the representation (4.6) and the R-bound (4.7), we have to show that

{A2_|"‘|/2D°‘L§.D(/\)(A — AT e ho + Srmp—e ) (4.8)
in L(LP(R™.)) is R-bounded for |a| <2, £ € {0, 1,2} and j € {0, 1}.

For £ =0, this fact is stated in Proposition 3.3b). For £ > 0, we follow the lines of the proof
of Proposition 3.3 and write

)\'2—|0t|/2D(1L5_1)()\’)()\‘ _ A/)—1+l/2_j/2le¢(., xn)
o0
_ / (F) " (s Xn + 30 D (F'B) s yw)dyn
0

with
_ / _ _j i
ME, X+ yu, 1) o= A2 @EN (g |22 gty D e 4y, )

for xn, yp > 0, @ = (&', @), and & € R*~1. Since y,f < (xp + yn)t for x,, > 0, Lemma 3.2b)
shows that (x, + y,)m(-, x, + yn, A) satisfies Michlin’s condition, see e.g. Theorem 5.2.7 of
[18]. The R-boundedness of (4.8) can thus be established as in the proof of Proposition 3.3. O

The R-boundedness results above enable us to solve the instationary problem (1.1) on R
with inhomogeneous right-hand sides, i.e.,

Ou+ A%u—pdAu=f inJ xR,
you=go onJ x R
Yooyt = g1 onJ x R
ul=0=¢o inR},

diuli—o =¢1 inR. (4.9)

Here J = (0,T), T € (0,00), is a finite time interval, and we recall that p > 0 is fixed. The
natural spaces for the right-hand sides are given by

fe&i=LPJ; LP(RY)),
g0€Go= W, P L@ ) N L Wy PR,
g1€Gy:= W;/z_l/(zm(]; LP(R"_I)) NLP(J; Ws_l/P(Rn—l)%



1348 R. Denk, R. Schnaubelt / J. Differential Equations 259 (2015) 1323—-1353

4 2

9o € Yo:= Wy PR,
2 2

g1 €Y =W, PR,

The analogues of these spaces for the time interval R are denoted by £ (R) etc. The data have
to satisfy the compatibility conditions

8oli=0 = Y090,
81li=0 = v00v¢o,
dhgoli—o=yop1  if p>3,
0:g111=0 = Y00y 1 it p>3. (4.10)

The solution will belong to the space
ue Fy:=Hy(J; LP(R})) N LP(J; Hy(RY)).
We recall that F; — H (J; H 2(R )). This is stated, e.g., in Lemma 4.3 of [12] for R" instead

of R’} , and follows for R” by the existence of a universal extension operator (see Lemma 2.9.1/1
in [30]). For i € {0, 1}, we will write oG; for the subspace of all g; € G; which satisfy (4.10) with

wo=¢; =0.

We first state the result for homogeneous boundary conditions which follows from Theo-
rem 4.4 as in the proof of Theorem 2.5. (For the initial values in part a) one now needs an
interpolation result essentially due to Grisvard, see e.g. Theorem 4.9.1 and Example 4.9.3 in [3].)
Theorem 4.5. a) The operator —A o (given by (4.1)) generates an analytic Co-semigroup on
Eqo with maximal L1-regularity on bounded time intervals for every q € (1, 00).

b)Let f €&y, g =0, and let g € Yo, ¢ € Y] satisfy (4.10) with g = 0. Then there is a unique
solution u € Fy of (4.9), and there is a constant C,(T) > 0 such that

lullF, =< Cp(T)(||f||£+ + llgolly, + ||¢1||Y1)-

c)Let f=0,¢g=0, ¢o€ H? O(R ) and @1 € LP (R ). Then there exists a unique solution u
of (4.9) with

3, 3,V2u, V*tu € C(le, 00), LY (R))
for each ¢ > 0 and
du, Viu € C([0,00), LP(R™)).
Ifgo € Hy(R) N H ((RY) and g1 € H ((R'L), we can take ¢ = 0.

Based on Theorems 4.5 and 3.5, we can now solve (4.9) by inverting the Banach space valued
Fourier transform in time, where we proceed as in [11], for instance.
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Theorem 4.6. Let T € (0,00) and p € (1,00) with p ¢ {3/2,3}. Then for every (f, 8o, &1,
00, 91) € E+ X Gy X Gy X Yo x Yy satisfying the compatibility conditions (4.10), there exists a
unique solution u € F of (4.9). Conversely, if u € F is a solution of (4.9), then the right-hand
sides of (4.9) belong to the spaces indicated above and satisfy the compatibility conditions (4.10).
Finally, there is a constant C,(T) > 0 such that

lull 7, < Cp(M(Iflle, + lgollyy + llotlly, + ligollg, +llgilig,)-

Proof. The necessity of the regularity and compatibility conditions (4.10) follows from standard
spatial and temporal trace theorems, see e.g. Corollary 2.8 in [21] in a more general setting. The
uniqueness is a consequence of Theorem 4.5.

To show existence, let data (f, go, &1, ©0, ¥1) € £+ X Go x G1 X Yy x Y1 be given which satisfy
(4.10). Extending f, go and ¢; to R" and applying Theorem 2.5, we obtain a solution u’ € F4 of

u' + A% — pdAu' = f inJ xR,
u'li=o=¢o inRY,

du'li—o=¢1 in R’j_

which satisfies the asserted estimate with gg = gy = 0. We set gg = go — you’ and g = g| —
y00,u’. Again standard trace theory and (4.10) yield that g € oGy for k € {0, 1}. Moreover,
IZklige < Cp(T) (lgkllg, + el 7).

Considering u — u’, we may therefore assume in the following that the data in (4.9) satisfy
f =0, 99 =¢; =0 and g € oG for k € {0, 1}. Note that test functions on (0, c0) x Rr-1
are dense in oGy, see Theorem 4.7.1 in [3]. Since we will show that the solution operator g =
(g0, g1) " +> u is continuous from Gy x ¢G; — F, we may restrict ourselves to test functions
go and g;. We extend them by O to functions on R, using the same symbol. We now employ
similar arguments as in Proposition 4.5 of [11] (see also the proof of Lemma 3.4 of [26] for a
more detailed exposition in a somewhat different situation).

Let .%; be the temporal Fourier transform and put g := .%;g. In view of Theorem 3.5, setting
A =it with T € R, we define v(it) := T (it)E;; £ and recall that 0,(it) =it0;(it) for T € R.
We write v := ﬁ}_lﬁ and u := vy, observing also that d,u = ﬁ}_l(itf)l(it)) = vy. Taking into
account (3.13), (3.11) and that E; . g is rapidly decaying, we can compute

1 .
5(i i (it — AHi=3/2 0
v(it) = Z T ( 3 e — ANIDP Z
j=0
_ i —ANHU+3/2 0 - )
s [<( 0) @i - —A’)<1+2)/2> O Ei.g|()

1 .

_ 4) (it — A)i—3/2 0

=Y 190 ( 0 (it — A)—i-D/2 it
j=0

) S A2
(g [(“ o _OA,)M) Eié} (©. @11
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We further note that E;;g(-, x,) = e_x"(”_A/)l/zg?(ir, ) for x, > 0 and T € R since the
Dunford calculus for sectorial operators and Fourier multipliers coincide here. The operator
L =9, — A" with domain H}(R, LP(R""")) N LP(R, H3(R"™")) is sectorial of angle /2
in LP(R, LP(R"" 1)), hence —L1/2 generates an analytic semigroup. Because of ﬁ,_l(k +i-
—AN 1z, = A+ L)~ ! for Re A < 0, we can use the Dunford calculus to deduce

. e L12
ag—1 (- _A/)z 0 oA _ Le™n Lgo
Jt |:< 0 (l . _A/)3/2 El -8 (xn) - Ll/ze_anl/ZLgl .

The norm in &, of these functions is bounded by C ([l gollg, + 11 llg,)- Here, for the first compo-
nent we use Lemma 3.5 of [11] and for the second that Lg; € (L? (R4, LP (R 1Y), D(L))%_% »
P’
= (LP(Ry, LP(R*™ 1)), D(Ll/z))l_l » by Lemma 3.1 of [11] and the reiteration theorem, see
E
e.g. Theorems 1.10.2 and 1.15.2 in [30]. In the first part of (4.11) we employ our Proposition 3.3
and the operator-valued Fourier multiplier theorem (Theorem 3.4 of [31]) and conclude

102ulle, ) + IV ulle, @) < c(lgollg, + llg1llg,)- (4.12)

Since g have support in (0, 0o) and since the symbols involved have a holomorphic extension
to the half-plane {r € C: Imt < 0}, all Fourier multipliers (with respect to ¢) have the Volterra
property in the sense of Section 2 in [13]. Hence, the function u vanishes on (—o0, 0), so that
u and o,u have trace 0 at ¢ = 0. In particular, (4.12) implies that |lu|l¢, sy < c(T) (llgollg, +
lg1llg,) which yields the asserted estimate ||ull 7, ;) < c¢(T) (llgollg, + lIg1llg,)- Finally, d(it)
solves (3.10) with A =it and boundary data g(it). So the first component u = v; of the inverse
Fourier transform in time of 0 is the desired solution of (4.9). O

5. The evolution equation in a bounded domain

In this section we consider a bounded domain G C R” with boundary of class C*. We use the
analogous spaces as in the previous section, replacing R by G, which we denote by £(G) etc.
Moreover, we allow for 7 = oo in the time intervals. As before, we define D(A ), o) = Fo(G) and
Apov=A(D)v.

Theorem 5.1. Let G C R” be a bounded domain with boundary of class C* and p > 0. The
operator Ap o is R-sectorial of angle ¥ (p) in Eo(G). Moreover, —A, o generates an exponen-
tially stable, analytic Cy-semigroup on Ey(G) with maximal L1-regularity on (0, 00) for every
q € (1, 00).

Proof. The R-sectoriality of A; + A, o for sufficiently large A; > 0 is shown by a standard
localization argument based on the R-bounds shown in Theorems 2.3 and 3.5. For details we
refer to Section 8 of [10]. Via localization, transformation to the half-space and perturbation, one
can reduce the problem to equations on R” and R’} having constant coefficients and no lower
order terms. Choosing appropriate transformations, these model problems turn out to be those
studied in Theorems 2.3 and 3.5, cf. p. 102 of [10]. In this argument plenty of lower order terms
appear which can be absorbed adding a large A; > 0. There are also top-order perturbations
both in G and in the boundary conditions which are treated by means of the continuity of the
coefficients of the transformed operators and by choosing sufficiently small neighborhoods in
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the localization. Here one has to exploit the full power of the regularity results in Theorems 2.3
and 3.5.

As in the proof of Theorem 2.5, it now follows that — A, o generates an analytic semigroup
on Eg(G) with maximal L9-regularity on bounded time intervals. Because of standard theory of
analytic semigroups, it thus remains to show that the spectrum of —A, ¢ is contained in the open
right half-plane. Since Fy(G) is compactly embedded in Eo(G), the spectrum is a discrete set of
eigenvalues contained in the complement of A; + X _». If v is an eigenfunction for A, ¢ and
some g € (1, 00), then it is also an eigenvalue for A, o for all p € (1, ¢) and the same eigenvalue.
The case of p > ¢ is treated by a standard bootstrap argument using the invertibility of i + Ao
for large n > 0 and r > g. We can thus restrict ourselves to p = 2. We then define the scalar
product in Eo(G) by

(v, WYEy(G) = (Avi, Awi) 2y + (V1 Wi) 26y + (V2, w2) 126y, v, w € Eo(G).

Let Av + Az v =0 for some A € C and 0 # v = (vy, v € D(A3,0). Taking the scalar
product with v in Eg(G), integrating by parts and taking the real part, we deduce

0=Refho+ Az0v. vlzgic) = Red) [0+ luaP)dx -+ p [ Vol
G G

thanks to the boundary conditions. Hence, Re X is non-positive. If ReA = 0, then v, € H22 0(G)

has to vanish, so that (—A)?v; = 0 because of Av + A ov =0. Since v € H;(G) N H22,0(G)7
we obtain v; = 0 and the contradiction v =0. As aresult, ReA <0. 0O

We can now state our final result on the solvability and regularity of the inhomogeneous
damped plate equation (1.1).

Theorem 5.2. Let G C R" be a bounded domain with boundary of class C* and p > 0. Then the
following assertions hold.

a)Let f =0,80=g1=0,¢o € H;%,O(G) and ¢ € L? (G). Then there exists a unique solution
u of (1.1) with

82u, 8, V2u, V*u e Co([e, 00), L¥ (G))
for each ¢ > 0 and
du, VZu € Co([0, 00), LP(G)).
If oo € H;(G) N H[%’O(G) and ¢ € H;%,O(G)’ we can take € = 0.
b) Let T € (0,00] and p € (1,00) with p ¢ {3/2,3}. Then for every (f, go, &1, %0, ®1) €
E(G) x Gop(G) x G1(G) x Yo(G) x Y1(G) satisfying the compatibility conditions (4.10) on G,
there exists a unique solution u € F(G) of (1.1). Conversely, if u € F(G) is a solution of (1.1),

then the right-hand sides of (1.1) belong to the spaces indicated above and satisfy the compati-
bility conditions (4.10). Finally, there is a constant Cp, > 0 such that

lull 7y < Cp(ll flle) + leolivy) + et lvi) + Igoligo) + g1l @))-
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Proof. We omit the details of the proof which follows a fairly standard pattern, based on our
results above. Assertion a), the uniqueness in b) and the case go = g1 = 0 in b) follow from The-
orem 5.1 and standard semigroup theory. The necessity in b) is a consequence of trace theorems
again. The main step of the proof is the existence part of b) for f =0 and g9 = ¢; = 0 on finite
time intervals. This can be done by localization, transformation to the half-space and perturbation
as in Section 5 of [11], using the R-bounds of Theorems 2.3 and 3.5. Since —A o generates an
exponentially stable analytic semigroup by Theorem 5.1, one can extend the existence statement
and the maximal regularity estimate to the time interval (0, co) as in Proposition 8 of [24]. O
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