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Abstract

In this paper, we study an initial boundary value problem of the Cahn—Hilliard—Darcy system with a
non-autonomous mass source term S that models tumor growth. We first prove the existence of global weak
solutions as well as the existence of unique local strong solutions in both 2D and 3D. Then we investigate
the qualitative behavior of solutions in details when the spatial dimension is two. More precisely, we prove
that the strong solution exists globally and it defines a closed dynamical process. Then we establish the
existence of a minimal pullback attractor for translated bounded mass source S. Finally, when S is assumed
to be asymptotically autonomous, we demonstrate that any global weak/strong solution converges to a single
steady state as r — 4-00. An estimate on the convergence rate is also given.
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1. Introduction

In this paper, we consider the following Cahn—Hilliard—Darcy (CHD in short) system that
arises in the study of morphological evolution in solid tumor growth (see, e.g., [15,45]):

¢ +diviug) =Au+S, in(r,T) x Q, (1.1)
2 / . 1 4 1 2

n=—€e"A¢p+ f(¢) with f(¢):Z¢ —§¢ ) (1.2)

u:—Vp—i-%/LVqS, in (7, T) x @, (1.3)

divu=S, in(r,T) x Q. (1.4)

Here, 2 is assumed to be a bounded domain in R? (d € {2, 3}). 7 € R denotes the initial time and
T > t is any given number. The CHD system (1.1)—(1.4) is subject to the following boundary
and initial conditions:

dy¢p=0,u=0, onad, (1.5)
u-v=0, onodS, (1.6)
¢(t’x)|t=f=¢f(x)’ (17)

where v is the unit outward normal vector to the boundary 9€2.

The CHD system (1.1)—(1.4) can be viewed as the simplest version of those general diffuse in-
terface models for tumor growth, which were derived based on the principle of mass conservation
together with the second law of thermodynamics [ 15,45]. In the diffuse-interface (or phase-field)
framework, the tumor volume fraction is denoted by a scalar order parameter ¢ and the sharp
tumor/host interfaces are replaced by narrow transition layers, whose thickness is approximately
characterized by a small parameter € > 0. Instead of tracking the interfaces explicitly, the dynam-
ics of interfaces (now recognized as zero level sets of the order parameter) can be simulated on
a fixed grid. Therefore, the diffuse-interface model has the advantage that it can easily describe
topological transitions of interfaces (e.g., pinch-off and reconnection for two-phase immiscible
flow) in a natural way (see [2,21,22,24,25]).

Eq. (1.1) is a convective Cahn—Hilliard type equation, which is derived from the mass conser-
vation. The vector u stands for the advective velocity field, while the scalar functions u, S stand
for the chemical potential and the mass source term accounting for cell proliferation (or the rate
of change in tumor volume, see [15,45]), respectively. The chemical potential y is the variational
derivative of the free energy functional:

2
E() :=/ (%sz + f(cb)) dx,
Q

in which the function f (see (1.2)) can be viewed as a smooth double-well polynomial approx-
imation of the physically relevant logarithmic potential (see [6]). Eq. (1.3) for the advective
velocity u follows from a generalized Darcy’s law, in which y is a positive constant measuring
the excess adhesion force at the diffusive tumor/host tissue interfaces and p is the pressure that
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consists of a combination of certain generalized Gibbs free energy and the gravitational potential.
Eq. (1.4) serves as a constraint for the velocity due to the possible mass exchange.

We recall some previous works in the literature that are related to our problem. In biolog-
ical applications, e.g., the phase-field models for tumor growth and wound healing [15,28],
the mass source term S may depend on the order parameter ¢ in a quadratic way such that
S=a¢(l —¢) (0 > 0). When S has a linear dependence on ¢, Eq. (1.1) (neglecting the veloc-
ity u) is also known as the Cahn—Hilliard—Oono equation that accounts for long-range (nonlocal)
interactions in the phase separation process [33]. Concerning the mathematical analysis for these
generalized Cahn—Hilliard equations with mass source (with the convection under velocity u
being neglected), we refer to the recent work [9,32,34], in which well-posedness and asymp-
totic behavior of the associated dynamical system have been investigated. When § = 0, the
CHD system (1.1)—(1.4) is referred to as the Cahn—Hilliard—Hele-Shaw (CHHS) system that
has been used to describe two-phase flows in the Hele-Shaw geometry [21,22] (see also [37] for
a similar model for spinodal decomposition of a binary fluid in a Hele-Shaw cell). The CHHS
system with zero mass source term has been studied by many authors in the literature, both nu-
merically and mathematically. For instance, an unconditionally energy stable and solvable finite
difference scheme based on convex-splitting was proposed in [46], see also [14] for an implicit
Euler temporal scheme combined with a mixed finite element discretization in space. Concern-
ing the analysis results, existence and uniqueness of global classical solutions in 2D torus and
local classical solution in 3D torus were first established in [44]. Besides, some blow-up criteria
were also obtained in the three-dimensional case. In [43], long-time behavior of global solutions
and stability of local minimizers in both 2D and 3D periodic setting were proved based on the
Lojasiewicz—Simon approach [39]. For the CHHS system in a 2D rectangle or in a 3D box under
homogeneous Neumann boundary conditions, qualitative behaviors of strong solutions such as
existence, uniqueness, regularity and asymptotic stability of the constant state ﬁ fQ ¢rdx are
studied in [29]. Quite recently, the connection between the Cahn—Hilliard—Brinkman (CHB) sys-
tem and the CHHS system has been investigated in [4] such that a suitable weak solution to the
CHHS system can be shown to be a limit of solutions to the CHB system as the fluid viscos-
ity goes to zero. Moreover, we would like to remark that the CHHS system can be viewed as a
simplification of the full Cahn-Hilliard—Navier—Stokes (CHNS) system (see e.g., [2,24,25]) in
the Hele-Shaw geometry. We refer to [1,5,12,17,18,41,47] and the references therein for analyt-
ical results of the CHNS system on well-posedness as well as long-time behavior under various
situations.

However, to the best of our knowledge, there seem no analytical results in the literature con-
cerning the CHD system (1.1)—(1.4) with a non-zero mass source term S. This is the main
goal of the present paper. In this paper, we shall confine ourselves to the situation that S is
assumed to be a given source of mass, possibly depending on time ¢ and position x, but not
on the parameter ¢. The case with more general mass source term will be treated in the future
work.

We summarize the main results of this paper as follows. First, under suitable integrability con-
ditions on the mass source term S, we apply the Galerkin method to prove the existence of global
weak solutions as well as the existence and uniqueness of local strong solutions to the CHD
system (1.1)—(1.7) in both 2D and 3D cases (see Theorem 2.1). Then we focus on the studies
of qualitative behavior for solutions in the 2D case. It is shown that in 2D, problem (1.1)—(1.7)
actually admits a unique global strong solution ¢ in HI%,(Q) which defines a family of closed
processes {U(t, T)};>; on H,%, (2) (see Theorem 2.2). If the mass source S is further assumed
to be a translated bounded function in L%L% (see (2.4)), the family of processes {U (¢, T)}i>r
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that are confined on the phase space H s (see (2.3)) turns out to admit a minimal pullback at-
tractor A (see Definition 5.3 and Theorem 2.3). In addition, we prove that under suitable decay
assumption on S (see (2.5)), the dynamical process becomes asymprotically autonomous. In this
specific case, the w-limit set of each trajectory is actually a singleton. Namely, for arbitrary large
initial datum, the global bounded solution will converge to a single steady state as ¢t — +o00 and
an estimate on the convergence rate is also given (see Theorem 2.4).

Before concluding the introduction part, we would like to stress some new features of the
present paper. The presence of the mass source term S brings us several difficulties in the math-
ematical analysis. First, unlike in [14,29.43,44], the velocity field u is no longer divergence free.
As a consequence, in order to prove the existence of weak/strong solutions, we use a modified
Galerkin approximation different from that in [29]. Instead of solving the approximate velocity
directly (by taking the Helmholtz—Leray orthogonal projection to eliminate the pressure term),
we solve the pressure function that satisfies a Poisson type equation subject to homogeneous
Neumann boundary condition (see (3.1)) and then obtain the velocity via the Darcy equation
(1.3). Besides, some new estimates for the pressure p and its derivative (cf. [44]) are derived,
which play an important role in the subsequent proofs for existence of global solutions (see
Lemma 3.1).

Second, we study the long-time dynamics of problem (1.1)—(1.7) from the infinite dimensional
dynamical system point of view [42]. The theory of global attractors has been generalized to the
case of non-autonomous dynamical systems, for instance, the uniform attractors (see [8]) and
pullback attractors (see [11,27] and the references therein). In this paper, we prove the existence
of a pullback attractor for the CHD system (1.1)—(1.7) under rather general assumptions on the
time dependent mass source term S in 2D. Due to the mass conservation property (2.2), we cannot
expect an absorbing set for initial data varying in the whole space. Instead, we first confine the
associated dynamical process {U (¢, T)};>r on a suitable phase space Hjs (see (2.3)), which is
a subset of HI%,(Q). Next, due to the highly nonlinear coupling of the CHD system, it seems
difficult to obtain (strong) continuity of the process {U (¢, T)};> in Hp but only a continuous
dependence result in the lower-order space H'! (see Lemma 4.2). This indicates that the process
{U(t, v)}1>1 is only closed (see Definition 4.1, cf. also [35] for the notion of closed semigroups).
We then perform a nonstandard argument devised in [19] for closed processes to conclude our
result (cf. [40] for the case with closed cocycles). For this purpose, we deduce a generalized
Gronwall type inequality (see Lemma A.2) to obtain some uniform estimates that lead to the
existence of a pullback absorbing set (see Proposition 5.1). We believe that Lemma A.2 may have
its own interests and can be applied to other problems with highly nonlinear structure. Besides,
since the mass source term S is only assumed to be translated bounded in L?L2, we are not able
to obtain higher-order estimates of the solutions (and thus compactness) by taking derivatives of
the PDEs. Instead, we use a continuity method for energy functions (see e.g., [19,30]) to obtain
the pullback asymptotic compactness (see Proposition 5.2).

At last, we study the long-time behavior for any bounded global weak/strong solution of the
CHD system (1.1)—(1.7) when the mass source S becomes asymptotically autonomous. This is
nontrivial, since the topology of the set of steady states (see (6.7)) can be rather complicated in
high dimensional case and it may form a continuum (see e.g., [36]). Moreover, since our prob-
lem (1.1)—(1.7) is now non-autonomous due to the presence of S, it no longer has a Lyapunov
functional. Nevertheless, for global bounded solutions in H?, it is possible to derive an energy
inequality (see (6.8)), which enables us to characterize the corresponding w-limit sets. Based on
that energy inequality, we are able to apply the Lojasiewicz—Simon approach (cf. [10,13,26,39])
to obtain the convergence of ¢ () as time goes to infinity as well as an estimate on convergence
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rate. Our convergence result generalizes the previous one in [43] for the homogeneous CHHS
system in periodic setting. Moreover, we do not need to impose any additional assumption ei-
ther on the initial datum for ¢ (e.g., the average of initial datum ﬁ fQ ¢-dx being outside the
spinodal region) or on the size of domain (being ‘small’) like in [29] in order to obtain certain
asymptotical stability.

The rest of this paper is organized as follows. In Section 2, we introduce the functional settings
and state the main results of this paper. Section 3 is devoted to the proof of the existence of global
weak solutions as well as the existence and uniqueness of local strong solutions to problem
(1.1)—(1.7) in both 2D and 3D. In Section 4, we prove the existence of a unique global strong
solution as well as the regularity of weak solutions in 2D. Then we show in Section 5 that
the associated closed processes {U (¢, T)};>r on the phase space /{3, admit a minimal pullback
attractor .4, provided that the mass source S is translated bounded in LIZL)%. Finally, in Section 6,
we prove the convergence of global weak/strong solutions to a single steady state as t — +00
and obtain an estimate on the convergence rate.

2. Preliminaries and main results

We first introduce some notations on the functional spaces. Let @ € R, d = 2, 3, be either
a smooth bounded domain or a convex polygonal or polyhedral domain. L49(2), 1 < g < oo

denotes the usual Lebesgue space and || - ||zq(q) denotes its norm. Similarly, W9 (Q), m € N,
1 < g < oo, denotes the usual Sobolev space with norm | - ||ywm.r(q). When g =2, we simply
denote W™-%(Q) by H™ () and denote the norms | - [|;2(qy. || - | zm(e) by || - Il and || - || g,

respectively. The L2-Bessel potential spaces are denoted by H*(2), s € R, which are defined by
restriction of distributions in H*(R%) to . If X is a Banach space, we denote by X its dual and
by (-,-) the associated duality product. The inner product in L? will be denoted by (-,-). If 1 is an
interval of RT and X a Banach space, we use the function space L”(/; X), 1 < p < +o00, which
consists of p-integrable functions with values in X. Moreover, Cy,(I; X) denotes the topological
vector space of all bounded and weakly continuous functions from / to X, while wlr I, X)
(1 < p < +00) stands for the space of all functions u such that u, ”ZJ—L; e LP(I; X), where ‘f]—’;
denotes the vector-valued distributional derivative of u. Bold characters will be used to denote
vector spaces.

Given any function v € L' (), we denote by v = Q! fQ v(x)dx its mean value. Then we
define the space L) :={ve L*(Q):9=0} and v =Pyv := v — 0 the orthogonal projection
onto L2(£2). Furthermore, we denote H'(Q) = H! () N L%(2), which is a Hilbert space with
inner product (u, v) g1 = fQ Vu - Vvdx due to the classical Poincaré inequality for functions
with zero mean. Its dual space is simply denoted by H~'(2). Denote the spaces HZ = {¢ €
H%(Q) | 9,9 =00n 9} and HY = {¢ € H*(Q) | 3,9 = 3,Ap = 0 on d2}. We can see that
the operator A = —A with its domain D(A) = Hz%' N L2(RQ) is a positively defined, self-adjoint
operator on D(A) and the spectral theorem enables us to define powers A® of A for s € R. Then

space (H'()) is endowed with the equivalent norm ||v||%11(9), = ||A_% (v —0)||* + |9|*> and
the norm on H~!() is given by ||v||i.[7] — A" (v — D)2

Throughout the paper, without loss of generality, we assume that y =€ = 1. C > 0 will stand
for a generic constant and Q(-) for a generic positive monotone increasing function. Special
dependence will be pointed out in the text if necessary.
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Following the constraint (1.4) and the boundary condition (1.6), we can easily see that a
necessary condition for the external force S is that

/S(t,x)dx =0. (2.1)

Q

Below we introduce the definitions of weak solution as well as strong solution to the CHD
system (1.1)—(1.4).

Definition 2.1. Assume d =2, 3.

() LetT >, ¢, € HY(Q) and S € L%(z, T; ILQ(Q)) be given. A triplet (¢, u, p) is a weak
solution to the system (1.1)—(1.4) endowed with boundary and initial conditions (1.5)—(1.7), if

¢ eCo([r. T H(Q) N LA(x, T; H3(Q)), 8¢ LS (1. T; (H'(Q)).
ue L(z, T; L*(Q)), peL%(t,T;Hl(Q))
such that
(¢, ¥) + (div(ug), ¥) + (Vu, Vi) = (S, ¢), Y e H(Q), ae.ter,T],

(Vp. Vo) =(S,9) + (uVp,Vp), VYeoeH'(Q), ae.telr,T],
(u,v)=(=Vp+nuVe,v), Vvel?(Q), ae.re[r,T],

with € L?(t, T; H'(2)) given by (1.2), and
0, =0, ae.ondx(r,T),
Oli=r = ¢, ae.inQ.

() LetT > 1, ¢, € HI%, () and S € L(z, T LQ(Q)) be given. A triplet (¢, u, p) is a strong
solution to the system (1.1)—(1.4) endowed with boundary and initial conditions (1.5)—(1.7), if

¢ € C(t, Tl; HY () N L*(z, T; HY(RQ)), ¢ € L*(z, T; L*()),
ue L’(r, T:H'(Q), pel’Gx,T; H*(Q)),
weC(r,TT; L*() N L*(z, T; HX()),

such that

¢ +diviug) = Au+S, in L*(Q) ae. te(r,T]
with p given by (1.2),

—Ap=S8—div(uVe), in L}(Q) ae. telr,T],

(1.3) holds in H!() for a.e. r € [t, T] and
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oo =0u=0,p=0, aeond2x(r,T),
Qli=r = ¢, ae.in Q.

Remark 2.1. It is easy to see that the mean of any weak/strong solution ¢ over €2 is conserved
in time, i.e.,

_ 1 1
o(t) = ﬁb/qb(t,x)dx = ﬁgfdhdx =M. 2.2)

Now we are in a position to state our main results.

Theorem 2.1. Suppose that d =2, 3.

(i) For any ¢, € H'(Q) and S € L*(t, T; LA(Q)) with arbitrary T € (t,+00), problem
(1.1)—(1.7) admits at least one global weak solution (¢, u, p) on [t, T].

(ii) For any ¢. € Hy(Q), S € L*(z,T; L*(Q)) N L>®(z, T; H~'(Q)) with arbitrary T €
(1, +00), there exists a time T* € (t, T) such that problem (1.1)—(1.7) admits a strong solution
(¢, u, p) on [t, T*] that is unique up to an additive function of t to p.

When the spatial dimension is two, more comprehensive information about problem

(1.1)—(1.7) can be achieved. First, we can prove the existence of a unique global strong solu-
tion, i.e.,
Theorem 2.2. Suppose that d = 2. For any ¢, € HI%,(Q), S e L%OC(R; LZ(Q)) and arbitrary
T € (t,+400), problem (1.1)—(1.7) admits a global strong solution (¢,u, p) on [t,T] that is
unique up to an additive function of t to p. The global strong solution defines a family of closed
processes {U(t, T)}i>1 on H,%, (2) such that

Ui, t)p. =¢(t), YVtelr,T].

Consider the following phase space:
HM={¢6HA2V(Q), |<7b|§M}, M >0. (2.3)

For the external source term S, we consider the Banach space Li(R; L%(S)) defined by

t+1
Ly (R; L2(0) = { S € Lipe®; L2(D) : 1817552 = S0P / IS@)|Pds < oo, (2.4)
’ teR
t

loc

which is the subspace of leo (R; L2(Q)) of translation bounded functions.

Then we can prove that:

Theorem 2.3. Let d = 2. For any S € Li(R, LA()), the family of closed processes {U(t, T)}i>¢
associated with problem (1.1)—(1.7) defined on the phase space Hy admits a minimal pullback
attractor A in the sense of Definition 5.3.
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Furthermore, if the dynamical process becomes asymptotically autonomous under suitable
assumptions on the external source S, we can prove that the global weak (or strong) solution
converges to a single steady state as # — +oco and obtain an estimate on the convergence rate.

Theorem 2.4. Let d = 2. Assume that S € L%(t, +00; L%()) and satisfies the following condi-
tion

400
sup(1 +1)!*? f I1S]1%ds < 400, for some p > 0. (2.5)

t>t
t

Let (¢, u, p) be a global weak (or strong) solution to problem (1.1)—(1.7). Then there exists a
steady state Poo € H,%, (2), which is a solution to the stationary Cahn—Hilliard equation

—Adoo + [ (¢o0) = fQ fl(@o0)dx, inQ,
0Poo =0, on o2, (2.6)

fsz Poodx = fQ ¢rdx
such that as t — +00

¢(t) > do  strongly in H*(2), s <2,
d(1) = ¢ weakly in HX(S).

Moreover, the following convergence rate holds

I¢() — doollis <C(L+1)~ T M8 vi>r41, se[-1,2). @.7)

Here C is a constant depending on || ¢ | g1, f:_w IS|12dt and 2, 6 € (0, %) is a constant de-
pending on ¢so.

3. Well-posedness

In this section, we prove Theorem 2.1, namely, the existence of global weak solutions and
(unique) local strong solutions to the system (1.1)—(1.7) in both 2D and 3D. For the sake of
simplicity, we shall present the proofs in the 3D case, which are still valid for the 2D case with
minor modifications due to different Sobolev embedding theorems and interpolation inequalities.

3.1. Pressure estimate

The following lemma on the estimate for the pressure p will be useful in the subsequent
analysis:

Lemma 3.1. Suppose d = 2, 3. For any given function ¢ € H>(S) N HI%](Q), the pressure func-
tion p satisfies the following Poisson equation subject to a homogeneous Neumann boundary
condition:
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—Ap=S—div(uVe), inQ,
dyp=0, onof2, 3.1
fQ pdx =0.

Moreover, the following estimates hold:

IVpll = CISI+ Cllnlizs IVl L3, (3.2)
el = CISI +C||VM||||V¢IIL% + [u@)|llp — 1. (3.3)
where w is given by p = —A¢ + ¢> — .

Proof. It follows from the assumption on ¢ and the Sobolev embedding theorem (d = 3) that
w=—Ap+¢> —¢ e H'(Q). Multiplying (3.1) by p and integrating by parts, we get

||Vp||2=/(Sp+(W¢>~vp)dx.
Q

The above formula together with the Poincaré inequality and the Holder inequality easily yields
(3.2).
Next, we deduce from (3.1) that

p=A""'S— A" div(u(¢)V¢)
—A7's— A div ((M(qﬁ) - Wp))w) — A div (,T@Vqs)
= A7l s = A7 div (@) — 1@) V) — LA™ div (V(p - B)
= A7 = A7 div ((u(@) — k@) V) + 1) (@ — ). (3:4)

Applying the Sobolev embeddings L3 () < (H'(Q)), H' < L6 (d = 3) and Holder’s in-
equality, we obtain that
1Pl < 1A+ 147" div (@) = 1@)V) Il + [ 16 - b1
<CUSI+ (e =DVl my) + | n@)]|ld — ¢l
= CUSI+ 1=Vl o)+ [n@)]lg - gl

=CISI+Clipw = EllellVel 5 + l(@)[llp — ol

=CISI+Cliw = Elm Vel 5 + [1(@)|ld - oll,

which together with the Poincaré inequality yields our conclusion (3.3). O
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3.2. Global weak solutions

The existence of global weak solutions can be obtained by a suitable Galerkin procedure. We
consider the eigenvalue problem —Aw = Aw subject to the homogeneous Neumann boundary
condition 9, w = 0. It is well known that there exist two sequences {1, },=12,... and {w,},=1.2, .
such that, for every n > 1, 1, > 0 is an eigenvalue and w, # 0 is a corresponding eigenfunction,
the sequence A, is nondecreasing, tending to infinity as n — +o00, and the sequence {wy} is
orthonormal and complete in LQ(Q). We notice that A = 0 is an eigenvalue, whence A1 = 0, and
that any non-zero constant is an eigenfunction (i.e., w; = 1). For every i > 1, w; cannot be a
constant and fQ w;dx =0, whence A; = fQ |Vwi|2dx > (. Moreover, as w; = 1 is a constant
and {w,} is orthonormal in L2(2), we easily deduce that A= 'w; = Ai_lwi forevery i > 1.

For any n > 1, we introduce the finite-dimensional space W,, = span{wy, ..., w,} and I1,, the
orthogonal projection on W,,. Then we consider the Galerkin approximate problem (P,):

Set

n
Gn(1,3) =) gni (Nwi (x)
i=1
which satisfies the following approximation equation:

0 pp = Ay + I, (S — div(u,dy)),

Un = —A¢n + T, f (), (3.5
On(t) = 1,00,
where f(d)n) = (b; - ¢n and
u, = —Vpy+ un V. (3.6)

Here, p, satisfies a Poisson equation with homogeneous Neumann boundary condition:

{ —Apy =8 —div(u,Ve,), ing, 37

dypn =0, ondQ.

Then p, is uniquely determinate up to an arbitrary additive function that may only depend
on t. For the sake of simplicity and without affecting the mathematical analysis, we require
that [ p,dx =0 and thus

pn=AT1S — A7 div(u, V).

Taking the inner product of (3.5) in L2(Q) with w j» we infer that g,,; (¢) satisfies the following
ODE system

{g;:j + O =2)gn +Gi(@=S;®), j=1,---,n, (3.8)

&nj(t) =& .= (¢, wj)

where
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n n
3 .
Gi(g)=4Aj ((Z gniw;i)”, wj) + <le(lln Zgniwi), wj) ,
i=1 i=1

and
Si(t) = (S,wj) € L*(z, T).

It is easy to verify that the nonlinearity G is locally Lipschitz in g = (gn1,---, gun) and as a
consequence there exists 7,, € (t, T') depending on |§ | such that (3.8) has a unique local solution

gnj(t) € Clz, T, 1.

In what follows, we derive some a priori estimates on the approximate solutions that are valid
in both 2D and 3D.

First, integrating (3.5) over 2 x [, T'], it is easy to find that

/¢n(t)dx :/qbn(t)dx :/qﬁfdx, Vielr Tl (3.9)
Q Q Q

Multiplying Eq. (3.5) by u, and integrating by parts, we get

d

— (llw 1>+ f(o )) dx + |V unl?
d[ 2 n n n
Q

_ / St (1 — d)dx — / Wy - V) ndx. (3.10)
Q

Q

Taking L2-inner product of (3.6) with u,,, using integration by parts, we obtain that

||un||2 = /(_vpn + un Vo) - udx = / PnS + (Un V) - updx.
Q Q

Summing it with (3.10), using (3.4) for p,, Holder’s inequality and Poincaré’s inequality, we
deduce that

d

1
o (—|V¢n|2 + f(¢>n>) dx + [V in[1? + lluy |12

t 2
Q

_ / Stin(l — du)dx +/andx

Q Q
=/5(Mn — ) (1 _¢n)dx_lTnfS¢ndx
Q Q

[ S (4715 = A7 div (a0 V00) + (0 — )
Q
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= [ St = = gx + [ (4715 = 47 div (un = ) V) da
Q Q
< 1S ien = nll + 1SN 3w =l sl il o

+USIAATES| + 1A~ div ((n — T0) V) |I)
< CISIIVinll(1+ gl 1) + CISI (||S|| + ||m||||V¢n||L%) : (3.11)

Thanks to Young’s inequality and Poincaré’s inequality, it holds

1
6all3n = 1900l + Ngul> < € | S1Vul® + / F@)dx+1]. (3.12)
Q

Denoting

1
Eo(@n) = 51964 +/f(¢n>dx 1,
Q

we infer from (3.11), (3.12) and Young’s inequality that

d 2 2 _1 2 2
thO(¢n)+”VMn” + lluy, || SZIIVMnII + CIISII”Eo(én)- (3.13)

Applying the Gronwall inequality, we obtain that

T T
1
/ (5|V¢n|2 +f<¢n>> (t)dx + / IV ||t + / lu, 12dt < C (3.14)
Q T T
where C depends on [|¢¢ || 41, € and || S| 2(; 7.2y but not 7, and n. This entails that
| n
g3 =1(—A+ D2, |7 =) (A +2)gr()<C  forr<t<T. (3.15)

i=1

Hence the local solution ¢, can be extended to [z, 7] for any fixed T > 7.
The estimate (3.14) indicates that u,, is uniformly bounded in L%(t, T; L*(2)). Since

/Mndx = /f(cbn)dx < Clgnllzr + lgnll3s) < C, (3.16)
Q

Q

it follows from (3.14) and the Poincaré inequality that w, is uniformly bounded in L%(t, T;
H'()). Furthermore, by the Gagliardo—Nirenberg inequality (d = 3), we have
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1VAGIP < C | 1Vial? +/¢;‘|V¢n|2dx IVl
Q

<SCA+Vial® + llgnll7)
<CU+ Vil + el oIV AGull + llpnll} )

1

< VA2 + CU + Va1,

N

which yields that

T
f IVAg, |I2dt < C.
T

As a consequence, we obtain that ¢, is uniformly bounded in L (z, T; H'(€2)) and also in
L?(z, T; H3(Q)). By the following interpolation inequality (d = 3)

3 1
nliee < Clignll;sIVAPl* + Clignll s,

it holds that for any ¢ € Lg (v, T: HY(Q)),

T T
/ / div(u,dn)edxdi| < / 1 lidall = IV olldr
T Q T

ool

T LA 8 / T
8
< / lu, |2t / 18wt / ol dr
T T T

<C

Therefore, we have
divu,,) € L (z. T: (H' ().
which further implies that
din € L3 (2. T3 (H' ()
is uniformly bounded.
By the interpolation inequality (d = 3)
3 1
IVonllps < ClIIV@ull* IVAGL|I* + ClIVnll, (3.17)

we have for any v € L-% (z, T; L2(R)), it holds
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T T
/ (n V) - vdt| < / a9l 2 VIt
T T

3

1 3
2 8

T 8 /T
8 8
IVl dt Ivil3de
T T

<C. (3.18)

T
2
<c| [l ar
T

As a consequence, 1, Vo, € L% (z, T; LZ(Q)) and hence we have Vp,, € L% (r, T; L2(Q)).

The above uniform estimates are enough to pass to the limit # — +o0 in the Galerkin scheme
by standard compactness theorems to obtain the existence of global weak solutions to the system
(1.1)—(1.7). The details are omitted here. One may refer to [4,43] for detailed argument for the
simpler case S = 0.

3.3. Local strong solutions
Now we proceed to prove the existence of local strong solutions. For this propose, we derive

some higher order a priori estimates for the approximation solutions.
Testing (3.5) by A2¢, and using integration by parts, we obtain that

| =

IAG 1% + | A%,

N =
L

t

= [ 2@ - oa0udn + [ 50 -6)8%0,dx ~ [ u, V0,07, dx
Q Q Q

< ||A2¢n||2+3/(|A<¢2—¢n)|2+52<1—¢n>2+|un|2|V¢n|2)dx. (3.19)

Q

-

1 1
By the three-dimensional Agmon’s inequality ||@,| 1~ < C ||¢,,||il1 ||<1>,,||il2 and the estimate
(3.15), we can deduce that

f|A(¢3 — ¢n)|Pdx
Q

<C [ (90,1 + 91106, +186, ) dx

Q
<C (||¢n||§6||V¢n||‘;6 + lpnl o | All* + ||A¢n||2)
< CUIAGI* + 1 AGul* + 1), (3.20)
and

/32(1 — ¢n)2dx < (14 1gnllL)?ISII> < C(1+ | A ID IS (3.21)
Q
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For the third term on the right-hand side of (3.19), we have

[ iv6,2dx <€ [ (19paP190uP + 110,196,
Q

Q

< CIIVu I3 IV Pull> + ClIVu 300 ll it |1 (3.22)

Using the estimates (3.15), (3.17) together with Agmon’s inequality for V¢,

1 1
IV@nllLe < Clignll o lldnll 3

and the fact

IV pull? = / (SPr + (V) - ¥ pu) dx
Q

we have
IVull 7o IV pull® < CUVGulIT e (ISIZ 1 + 140 Vebull®)
< ClIVullZoolISIZ 1 + CUV @l liall, (3.23)
where
IVl oo lltall> < CCL+ 1V ull50 I Vullz2) (1 + | Ad|*)
SCA+[AgulPIVAGI* + [ Adu|* + IV Agu 1) (1 + | A1)

l 2.2 10
< 8|IA Onll” + CU1AGull ™ + 1), (3.24)
and

IVl 7 IS17,-1 < CA+ [ AGa IV AGull + | Adull + IV A DS,

1A2@a 11> + C| A1 + D). (3.25)

=<

oo —

As a consequence, we obtain from (3.19)—(3.24) that

d
NG+ 182,17 = € (I8¢ +1). (3.26)
dt

Letting y,(f) = || A¢,||*> + 1, we have

yh(t) < Coya (1) (3.27)
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where the constant Cy is independent of ¢. Solving this inequality implies that

yn(f)
(1 —4Coyd(r)n)s

1
thtfmin{— T}::Tn.

1) < s
) = 4CoyA(T)

Noticing that
yn(T) < y(0) = 1A 1> + 1,
we get

1
5 4,T} =T*.
8Co([|Ag- 1=+ 1)

yu() <2 5(|Ag |2 +1),  whenevert <7 < min{

As aresult, for any ¢ € [t, T*], the following estimate holds

T*

lbn (12,2 + f b (0)]12, 1t < C. (3.28)

The above estimate together with (3.21)—(3.24) yields

T*

/ lIdiv(u,,)|%dt < C.
T

Besides,

T* T*
f lltnll3,2dt < C / (IA2Gull* + llpn 32 + I l16,)dt < C. (3.29)
T T

As a consequence, we also have

T*

f 18 |1 2dt < C (3.30)
T

and
T* T*

[ 1ptpar =c [ (11 + iiviun Vo) )
T

T
T*
2 2 2 2
=C+ /(||VM11||L3||V¢n”L6 + len oo 1P ll32)dt
T

<c. (3.31)



3048 J. Jiang et al. / J. Differential Equations 259 (2015) 3032-3077

Finally, from (3.29) and (3.31) we can easily derive that

T*
/Ilun I3,1dt < C. (3.32)
T

Combining the above estimates together, we are able to prove the existence of local strong
solution to the system (1.1)—(1.7) by the same argument as in [29]. Moreover, arguing exactly as
in [29, Section 6], we can obtain the uniqueness of strong solutions. This completes the proof of
Theorem 2.1.

4. Global strong solution in 2D

In this section, we focus on the study of the CHD system (1.1)—(1.7) in the 2D case and
prove Theorem 2.2. Differently from the 3D case, the strong solution exists globally under weak
assumption on the external source term S. Moreover, it defines a family of closed processes
{U(¢, 7)}:> in the space HI%](Q).

4.1. Existence

We show that under a slightly weaker assumption on S than in Theorem 2.1(ii), one can actu-
ally prove the existence of global strong solution to the system (1.1)—(1.7). Based on the Galerkin
scheme described before, we only need to obtain proper global-in-time a priori estimates. For the
sake of simplicity, below we shall just perform formal estimates for smooth solutions (i.e., drop
the subscript ‘n’), which can be rigorously justified by the Galerkin approximation in previous
section.

Lemma 4.1. Suppose thatd =2 and S € L*(t, T; L%()). Let (¢, u, p) be a smooth solution to
problem (1.1)—(1.7). Then the following estimates hold

A < Cy (H—%), Vie(r,T], .1
and
T
1AG(1)I1* + / IA%¢()|%dt < Ca, Vie[r,T] (4.2)

where the constant Cy depends on ||¢ || g1, 2 and ||S|lp2(; 7. 12), while the constant C; depends
on ¢l g2, 2 and ||S| 12 1. 12)-

Proof. Similar to (3.14), we have the following estimate

T T
sup llg®)17,: + f IV pll*dt + f lul?dr <C 4.3)
telr,T] ! r
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where C depends on ||¢c| g1, Q and [|S][z2¢; 7.12). Next, it is similar to (3.19) that by testing
(1.1) by A%¢ and using integration by parts, we obtain

1d s 3 55
ST IApI” 42 167
<3 [ (186° =917 + 5% - % + WPIVP) dv. @4

Q

1
Using the two-dimensional Agmon’s inequality ||@||pe < C||¢>||%I|¢||1%12 and the Gagliardo—

Nirenberg inequality ||Vl 4 < C||VA¢||% ||V¢||% + C||Vo|, we can estimate the first two
terms on the right-hand side of (4.4) as follows:

3/|A(¢>3 —¢)|%dx
Q

< [ (#1901 + 6120P + 1a9P) dx

Q
= C (113 1V8I3: + o1 <1 6012 + I A01?)
<C(lplI> + 1A¢l1¢DUAIVASIIVSI® + [VH[*
+CUIAGIP 017 + 61D AGI* + Cll AG
<CligIl, (Igl%,1 + 1ASIHUV AL + [1pll 1) + Cll A, (4.5)

where we have used the interpolation ||A¢||> < [|[Ve||||[VA¢||, which is a consequence of the
fact that ¢ fulfils 9,¢ = 0 on the boundary. Besides, it is easy to see that

3/520 — )2 <CISIPA + ¢ll=)* < CISIP(lA @l + 1p]12). (4.6)

Q

For the third term on the right-hand side of (4.4), we deduce from (3.4) that
3/ lul*| V| dx
Q
=C [ IVpPIVoPdx + IVl il
Q

<C f IVAT'SI2 |V 2dx + f VA~ div(uV$) [V |2dx + CIIVP ol
Q Q

<CIVAT'SIZ VIS4 + ClIVSI ool el
< CISIPUIVSI* + IVl Al
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+CUIVOI* + IVOIPIAGI + VI IVARID L £ @)1 + 1 Agl1%)

<CISIPUIVeI* + 1A¢]%)
+ CIVOIPUIVI + IV ASID NI, + 16135, + 1 Ag]12).

4.7

Here we note that the constants C in (4.5)—(4.7) depend only on 2 and coefficient of the system.

As a consequence, we deduce from (4.4)—(4.7) and the uniform estimate (4.3) that

d
Enmnz +1A%¢]1> < Ch(D) || Ap|> + Ch(2),

where
_ 2 2
h(@) =1+ [SI7+ IVAQ||

and the constant C in (4.8) depends on [|¢r || 51, 2 and Sl 27 7. 12)-
Besides, it easily follows from (4.3) that

t+r

sup fh(s)ds§r+C, Vr e (0,min{l, T —t}).

telz,T)
t

Then by the uniform Gronwall inequality [42, Lemma III.1.1], we infer that

|Ag(t +6)||2 <CA+68Y, Vre[r,T), §e (0, min{l, T —1}),

where the constant C depends on [|¢¢ || 1,  and [|S] 127 7.72)-
On the other hand, by the classical Gronwall inequality, we also infer that

1AGD) 2 < (| Ay |12 + 1)eC 7 h)s,

and then

T
/ A% (1)||dt < C,

where the constant C depends on [|¢- || 2, €2 and ||S||L2(T’T;L2). O

(4.8)

4.9

(4.10)

A.11)

4.12)

The existence of global strong solutions to problem (1.1)—(1.7) is a direct consequence of the
uniform estimates (4.2) and (4.3) (see [29, Section 4] for detailed argument with S = 0). Thus,

the proof is omitted here.
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4.2. Continuous dependence on initial data

The strong solution to problem (1.1)—(1.7) satisfies the following continuous dependence
property, which also yields the uniqueness:

Lemma 4.2. Suppose that d = 2. Let (¢i,u;, p;) (i = 1,2) be the two global strong solutions
corresponding to the initial data ¢; € HI%,(Q). Then fort € [t, T, the following estimate holds:

T
|wmn—¢xm@r+/mvmnW+mmewssCﬂwﬂ—¢ﬂﬁw (4.13)

where the constant Ct may depend on ||¢z1 g2, @21 g2, frT IS)1%ds, @, T and T.

Proof. The argument is similar to [29, Section 6] with minor modifications due to the appearance
of the source term S. For the convenience of the readers, we sketch the proof here. Let us set
¢=¢1 — ¢, u=u; —up and p = p; — pa. Also denote u; = —A¢; + f(¢i), i = 1,2 and
wi=pu1 —u2=—A¢+ f(¢1) — f(¢2). Then (¢, u, p) solves the system

¢ +div(ug) + ) = Ap,
u=-Vp+ (uVe| + uzVe), (4.14)
divu=0,

subject to boundary and initial conditions

{avqs:am:u-u:o on 0€2,
O, X)) 1= = Pr1 — Pr2.

Testing the first equation of (4.14) by ¢, after integration by parts we obtain that
1d 5 5
~— A
5 1017+ 1Ag]
1
= [(f/(qﬁl) — f($2) Apdx — 3 / S¢*dx + / 1u- Vodx
Q2 Q

Q
=1L+ 1L+ 1. 4.15)

Using the uniform estimates (4.3) and Agmon’s inequality, the terms I, I3 can be estimated as
in [29, (6.9)] such that

L < (14 1167 + 162+ P31l 9111 A

1
sﬂmwﬁ+aww, (4.16)

1
I < lu[IVolll¢iliLe = gllllll2 +CIVoI*. (4.17)
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Concerning I, we have

1 3 1
L < §||S||||¢||||¢||L°° < CISIlglz 1l
3 1
< CIISIllgl* + ClSIIPNIZ 1A 2

1A% + CISII* + D llglI>. (4.18)

B —

<
As a consequence, we have

d 1
Enqsnz +lag)* < Znun2 +CUSI>+ DAV + 612 (4.19)

Next, testing the first and the second equation of (4.14) by u and u respectively, adding the
results together, we obtain that

d (1 I R s s

= 21vel? = 1ol + - dx | + 11Vl +

7 2|| ol 2||</>|| 4/¢ x IVeell” + full
Q

=/y,2V¢>-udx+/¢u2.Vudx+3/¢1¢2¢¢tdx. (4.20)
Q Q

Q
The first two terms on the right-hand side of (4.20) can be estimated exactly like [29, (6.6)—(6.7)]
that
//,sz¢ -udx + / ouy - Vudx
Q Q

1
<Vl + guun2 + C(lp2ll, + w2l 2, DAV + el (4.21)

0| —

For the third term, we have

3 f P12 dx
Q

= —3fdiV(ll¢1 +wd)d1drpdx +3/¢1¢2¢Aﬂdx
Q

Q

— 3 / (u- Vo) drdapdx — 3 / S1da’dx — 3 / (W2 V)1 daddx
Q Q

Q

3 / V($126) - Viudx

Q

=

lull> + ClIVoLIT sl d1 7 B2l @174 + CUSIHI | oo lpall o< D117 4

oo —



J. Jiang et al. / J. Differential Equations 259 (2015) 3032-3077 3053

1
+C||uz||L4||¢1||Loo||¢2||Loo||V¢||||¢||L4+gnwnz+C||¢1||%m||¢z||%m||V¢||2
+ CIVPLIZ 2113 0 1PN + Clidt 13 I VD212 11
1 2 1 2
<= -V
< Slul®+ 2 1vul
+ ClIp2l35 + 111135 + w2l + ISI* + DAVSI® + lll1). (4.22)

As a consequence, we infer from (4.20)—(4.22) that

d (1 1 1 3 3
__Vz__z_/4d UV Ll? + Ziull?
7 2||¢|| 2WH+4 ¢ dx +MIMH+4WH
Q
2 2 2 2 2 2
= Cl#2l54 + o1l + 2l + 1S17+ DAVOI™ + 1$117). (4.23)

Adding (4.19) with (4.23), we obtain that

d (1 A 1/4 3 S

— | =1V - — | ¢*a “Iv -

7 | 21VeIm +5lel™ + 5 [ ¢dx |+ 2IVel” + Sl
Q

2 2 1 4
< Ch() [ 19917 + 1917 + 5 / otdx |, 424)
Q

where

h(t) = g2l 3 + Id113,5 + w2l + 1517+ 1.
Due to (4.2),

t
/h(s)ds <C, VtelrT],

T

where the constant C depends on [|¢2(7)|l 42, fTT |S|I>ds, T and T. Thus by the Gronwall in-
equality, we deduce that for all 7 € [7, T]

1
IVo @I+ llp ) 1* + §/¢>4dx
Q

T 1
< € s (nvwﬂ —¢)I* + 91 = doall” + S g1 — mn;).

Our conclusion (4.13) easily follows from the above estimate. The proof is complete. O
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4.3. Associated process

Recall the following definition (see [19], we also refer to [35] for the definition of closed
semigroups):

Definition 4.1. Let X be a metric space. The set class {U (¢, 7)};>; that U(t,7) : X — X is
called a processon X,if 1) U(r,t)x =x forany x € X; (i) U(t, T)x = U(t, s)U (s, 7)x for any
T<s<tandanyx € X.

Moreover, a process {U (¢, 7)};> is said to be closed on X, if for any 7 < ¢, and any sequence
{xp}e X withx, >xeXand U(t,T)x, > y€ X, thenU(¢, T)x = y.

Then we infer from Lemma 4.2 that:

Proposition 4.1. For any S € L%OC(R; L%(2)), we are able to define a family of closed processes

{U(t, T)}>r on H = Hy(Q) as follows:

Ut, D¢ = (T, ¢0), Vo € HY(Q), Vr=<t,
where ¢ (t) is the unique global strong solution to problem (1.1)—(1.6).
5. Pullback attractor in 2D

In this section, we study the long-time dynamics of the family of processes {U (¢, T)};>; de-
fined by the global strong solution to CHD problem (1.1)—(1.7) in terms of the pullback attractor.
To this end, we first introduce some basic definitions and abstract results about pullback attractors
for closed processes adopted from [19] (cf. [40] for the case of closed cocycles).

5.1. Preliminaries

Consider a metric space (X, dy). We denote by disty (B, Bz) the Hausdorff semi-distance
in X between two sets By, B, C X defined as distx (B, By) = SUPyep, infyep, dx (x,y). P(X)
stands for the family of all nonempty subsets of X. Let D be a nonempty class of families
parameterized in time D= {D(t) :t € R} C P(X). The class D is called a universe in P(X)
(see [31)).

‘We recall now some definitions that will be useful in the subsequent analysis (see e.g., [7,19]):

Definition 5.1. A family of nonempty sets Do = {Do(t) : t € R} CP(X) is said to be pull-
back D-absorbing for the process {U (¢, T)};>¢, if for any D € D and any ¢ € R, there exists a
19(t, 5) <t suchthat U(t, t)D(t) C Do(t) for any t < tp(t, ﬁ).

Definition 5.2. The process {U (¢, T)};> is said to be pullback D-asymptotically compact, if for
any ¢ € R and any DeD, any sequence 1, — —oo and any sequence x, € D(t,), the sequence
{U(, r,,)xn}goz | is relatively compact in X.

Definition 5.3. A family Ap = {Ap(¢) : t € R} of nonempty subsets of X is said to be a pullback
D-attractor for the process {U (¢, 7)};>7 in X, if
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(i) Ap(r) is compactin X for any r € R,
(i1) Ap is invariant, i.e., U(t, 1) Ap(t) = Ap(t) for any <t
(iii) Ap is pullback D-attracting, i.e., for any r € R and any D = {D(¢) : t € R} € D, it holds

lim _distx (U(r, 1) D(7), Ap(t)) =0.

The following abstract result on the existence of minimal pullback attractors for closed pro-
cesses is proved in [19] (see also [40] for the case of closed cocycles):

Lemma 5.1. Consider a closed process {U(t, t)};>¢ in X. Let D be a universe in P(X). If the
following conditions are satisfied:

(1) there exists a family ﬁo ={Do(t) : t € R} C P(X) such that 130 is pullback D-absorbing for

{U(t7 T)}IZ‘D
(2) {U(t, t)}t>1 is pullback D-asymptotically compact,

then there exists a minimal pullback D-attractor Ap = {Ap(t) :t € R} in X given by

7AX
Apt)= | J AD.1) |
DeD

where

_ X
A(D,t) = ﬂ U Ut,7)D(t) , DeD.

S<tT<s

Remark 5.1. (i) Such a family Ap is minimgl in the sense that if C = {C@):teR}CPX)is
a family of closed subsets such that forany D ={D(¢) :t € R} € D,

lim_distx (U (1, 1) D(1), C(1)) =0,

then Ap(t) C C(¢). R
(ii) In the definition above, Dy does not necessarily belong to the class D. Furthermore, if

Do € D, then we have Ap (1) = A(Do, 1) C Do) ..
5.2. Existence of pullback D?M -absorbing sets

Since our system (1.1)—(1.4) preserves the spatial average of ¢ (see (2.2)), it seems im-
possible to construct a suitable absorbing set for the process {U (¢, v)};>: on the whole space
H = HI%,(Q). Instead, we shall study the dynamics of problem (1.1)—(1.7) confined on the phase
space H s (see (2.3) for its definition).

For the sake of simplicity, in the subsequent text, we denote by D;{M the class of families D =
{D(t) = D :t € R} with D being a nonempty fixed bounded subset of H s (i.e., D cPHu)

and D is parameterized in time but constant for all # € R, see [11]). Then D?M is the universe
we shall work on.
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First, we prove the existence of a pullback D;{M -absorbing family of sets for the process
{U(t, D}z

Proposition 5.1. Let d = 2. Suppose that S € L%(R; L%(2)). Then there is a family Do C

D?M that is pullback D?M -absorbing for the processes {U (t, T)};>r associated with problem
(1.1)—(1.7).

Proof. In the subsequent proof, C, C; denote constants that may depend on €2, M, but are inde-
pendent of the initial datum for ¢. Q; (-) stand for certain monotone increasing functions.

Multiplying (1.1) by p and (1.3) by u, integrating over 2 then adding the resultants together
(comparing with (3.11) for the approximate solutions), we deduce from the Holder inequality
and the Poincaré inequality that

iE<<z>>+ IVl + [la)?
dt "

= / S(u—m)(1 — p)dx + / s(A7's— A div((n - V) dx
Q Q
< IS — BN+ IS — Tl gl

+ 111471+ 147" div (e =D V) )
< CUSIIVRIA + gl + CISI (14T SI+ 1Vl 3). 5.1)

where

1
E(¢)=/ <§|v¢|2+f(¢)> dx.
Q

By the two-dimensional Gagliardo—Nirenberg inequality and Young’s inequality, we have

CISIIVRI+llollL+) + ClSI (IIA_lSII + IIVMIIIIV¢>||L%>

IA

IVRIZ+CISIPA + @I+ IVEI7 )

IA

, 4
IVill* +clsi® (1 +IVolslal;. + I|¢||i4>

IA

Bl= A= A=

§ 4
IIVMII2+C|IS||2<1+II¢||24+IIV¢II3>. (5.2)

From estimates (5.1)—(5.2) and Young’s inequality we infer that

d o2 1 2 2 2 3 4
7 §|V¢| + (@) dx+§||VM|| +llul* = CilsSI*{ 1+l s +1IVel3 |. (5.3)
Q
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Recalling the mass conservation property (2.2), we rewrite Eq. (1.1) in the following form

@ — )i + A% (¢ —d) — A(S(#) — f/(§) = S — div(ug). (5.4)

Multiplying the above equation by A~!(¢ — ), integrating by parts, we obtain that

| =

d _ _ _
EnA—%w — PP+ IVel* + f (f' @) — (@) — p)dx
Q
= / (S — div(ug)) A~ (¢ — ¢)dx. (5.5)
Q
By Young’s inequality, we have
/ (f' @) — F @) — p)dx = / (@) (¢ — p)dx
Q Q
_ / & — $)(¢ — B)dx
Q
= /(¢4 — ¢Pdx — |<7>|/¢3dx + 12161
Q Q
_ l 4 A 3 -2
= | Qf @)+ 5¢Hdx — 19| | ¢dx +12116|
w Q

- / F@)dx — Ca. (5.6)

Q

Moreover, by Young’s inequality and Poincaré’s inequality, the right-hand side of (5.5) can be
estimated as follows

/ (S — div(ug)) A~ (¢ — B)dx
Q

< / SA~\ (¢ — §)dx +/¢u VA (¢ — Prdx

Q Q

<A @ = H)NISI+ lullgl«IVA~ () — @)l 1
1

=

1 n _ _
IVel*+ClISI* + ﬂnun2 + 5 I IVAT @ = D)7
=

1 _
IVel* + znun2 +Cnligla il + 161 + ClSI?

=<

N —= = NI

1
IVell* + %nun2 +(Canllglie + C3MPnlll74) + C3lISII7,
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where 1 > 0 is a constant to be specified later. Since

4 2 2 M? 4 2
Canllgll;« + C3M nllgll;. < C3n 1+T ol s +C3M™n

< C3n(8+2M%) / f(@)dx + C3(4+2M)n,
Q

we take n = and deduce that

1
C3(8+2M?2)

inA—%«z) — DI+ 1IVel* + 2f F(@dx <CIISI*+ C3@ +2MD)|[ull* + Cs.  (5.7)
dt - 3 + ’
Q

Multiplying (5.7) by Cs5 = and adding the resultant up with (5.3) gives

C3(16—1i-4M2)
d _1 —
S (E@+CslIa2@ - )1?)

1 1
+ Enwnz + Enuu2 +Cs| VoI +2Cs / f(p)dx
Q

5c6||5||2<1+||¢||§4+||v¢||%>+c7. (5:8)
It is easy to see that there exist constants Cg, Cg that are independent of ¢ such that
Cs(IVI2 + 161144 — Co < E(@) + CsI1 A2 (& — B)I* < Cs IV + 114 5) + Co.
Then we define W1 (¢) := E(¢) + Cs IIA’% (¢ — @)||*> + Co + 1, which satisfies

i) = max {1, Cs(1V917 + 91170 | (5.9)

Then it follows from (5.8) and Young’s inequality that

d 1 1 2
SO+ CroWi() + Enwn2 + §||ll||2 < CullSIPw) () + Cr(1+1S1%.  (5.10)

Since S € le)(R; L2(Q)), then applying Lemma A.2 in Appendix A withn =1and w =a; = %,
we obtain the following dissipative estimates

—3Cio(t—1) ( 2 )
Wi (1) < CizVi(r)e™ 3 + QIS @ j2ey): VIZT (5.11)

It follows from the above estimate and (5.9) that

16O = Qaigelye 4 + Qs (IS 2520 ) - (5.12)
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As a consequence, we deduce from (5.12) that for any ¢ € R, De D;{M , there exists a time
tl(ﬁ, t) <t — 3 such that

lpGiT. ¢l <p1. Vrelt—3.1], t<ti(D.1), ¢ e De D, (5.13)

where

_ 2
pP1 = 1 + Q3 (”S”LIE(R,LZ(Q))) .

Besides, integrating (5.10), we infer that

r

sup [ (IVROIP + 1) 1) 5 = 0 (o1, ISy 2 ) (5.14)
re[t—=2,t] bA
,

fort < Tl(b, t)yand ¢ € D € f), which together with (5.12) and the Sobolev embedding theo-
rem yields

r

reft—2,t]
r—1

Next, testing (1.4) by A2¢, using the estimate (5.12) and a similar argument in Lemma 4.1, we
can still obtain the differential inequality (4.8) for || A¢ ||, namely,

d
- IAG()II> + 1A%p (5)1? < Ch(s) | AGII* + Ch(s), (5.16)

forae.selt—3,t],t <t (D,t) and ¢, € D € D, here h(s) = 1 + ||S||*> + |[VA¢|?, and the
constant C now depends on py, €2 and ”S”LZ(]R;LZ)'

Using (5.15), (5.16) and the uniform Gronwall inequality [42, Lemma III.1.1], we can deduce
that

180017 = Qs (01, 181325, 12y )+ V7 €11 = 2.1 (5.17)
Thus, it follows from (5.12) and (5.17) that
(it ¢ <p2. Yrelt—2.1], t<n(D.1), ¢preDeD (5.18)

h 2, M and Q.
where p, depends on p, ||S||L%(R;L2(Q)), and

In summary, we can take the family

~ 1
Do = {Do(t) = Bu(0,p}), eR} eDitv,
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1 1 ~
where B (0, p22) is the closed ball in H s of center zero and radius ,022. Then Dy satisfies that
for any ¢ € R and any family De D?M , there exists a time 79(D, 1) < ¢ such that

U(t,7)D(t) C Do(t), Yt <t0(D,1), D(t) € D.
This completes the proof. O

Using the uniform estimates obtained in the above proposition and the Sobolev embedding
theorem, indeed we can also prove the following

Corollary 5.1. For any t € R and any family De DqF{M , there exists a time ro(ﬁ, t) <t such
that

r

sup /(||¢(s>||i,4+||u<s>||§,l+||¢,<s>||2)ds5p3, Vo <w(D.1). ¢ € D(@).

re[t—1,t]
r—1

5.3. Pullback D?M -asymptotic compactness

Now we proceed to prove the pullback D?M -asymptotic compactness for the universe D?M
in Hyy.

Proposition 5.2. Suppose that S € Li(R; LZ(Q)). Then the family of processes {U(t, T)};>¢ is
pullback D?‘M -asymptotically compact.

Proof. Consider ¢ € R, a family De DZ;‘M , a sequence of time 17, - —oo and a sequence of

initial data ¢,, € D(z,) € D (recall from the definition that here the set D(¢) is indeed time
independent). For the sake of simplicity, below we just denote

¢n(s) =¢(s; fnvfprn) =U(s, tn)‘prn-

It follows from Proposition 5.1 and Corollary 5.1 that there exists a ro(D, t) <t — 3 such
that the subsequence {¢" : 7, < ro(b, 1)} C {¢"} is uniformly bounded in L*°(¢t — 2, t; H2(Q)N
L2(t —2,t; H*(Q)) and correspondingly, {¢}'} is uniformly bounded in L2(r —2,1; L2()).

Recall the following compactness lemma (see e.g., [38]):

Lemma 5.2. Let X C Y C Z be three Hilbert spaces, T € (0, +00). Suppose that the embedding
X < Y is compact. Then:

(1) For any p,q € (1,400), the embedding {¢p € LP(0,T;X), ¢ € L1(0,T;2)} —
LP(0,T;Y) is compact.

(2) Foranyq € (1, +00), the embedding {¢ € L°°(0,T; X), ¢, € L1(0,T; Z)} — C([0,T]; Y)
is compact.

(3) The embedding {¢ € L*(0,T; X), ¢; € L0, T;Y)} — C([0, T1: [X, Y1,) is continuous.
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We deduce that there exists a subsequence still denoted by {¢"} and a function ¢ € L*°([t —

2,11 HX(Q) N L2(t — 2,1; HY(Q)) with ¢, € L2(t — 2, t; L*(2)) such that

¢" — ¢, weakly starin L@t —2,1; HX()),

¢" — ¢, weaklyin L>(t —2,1; HH(Q)),

" — ¢y, weaklyin L>(t —2,1; L*(R)),

" — ¢, stronglyin L>(r —2,t; H*(Q)) and C([r — 2, 1], H' (), (5.19)

@"(s) > ¢(s), strongly in H2(§2), fora.e.s € (r —2,1). (5.20)
Moreover, we have ¢ € C([t — 2,¢], H2()) and it satisfies the system (1.1)—(1.4) a.e. on
(t—=2,1).

From the fact that {¢"} is uniformly bounded in C ([t — 2,¢], H 2(Q)), we infer that for any
sequence {s,} C [t — 2, t] satisfying s, — s« € [t — 2, t], it holds (up to a subsequence)

@"(sp) — P(s5) weakly in H*(R). (5.21)
In what follows, we prove that the sequence {¢" ()} is relatively compact in H (see Defini-

tion 5.2), which is a direct consequence of the following result such that up to a subsequence, it
holds

¢" — ¢ stronglyin C([r — 1, 1]; H2(Q)). (5.22)
To proceed, first we need to derive proper energy estimates. For every ¢”, recalling (4.4) and
the computations in (4.5)—(4.7), using the interpolation inequality ||VA@"||> < || A¢™ ||| A%¢" ||

and Young’s inequality, after a straightforward but tedious calculation, we can re-estimate the
three terms on the right-hand side of (4.4) (now in terms of ¢", cf. (4.5)—(4.7)) and deduce that

d
T lae" 12+ 1A% |I> < Ca(Fi(@") + F2(¢") + F3(¢™)), (5.23)

where Cgq is a constant that depends only on 2. In particular, it is independent of ¢". The func-
tions F; are given by

Fi(¢") = ll¢" 71 110",
F(¢™) = (16" ;3 + ISI7 + DIl ag"|1%,
F3@") = [0" 11 + ISI21le" 117, + 1.

In a similar manner, we have for ¢

d
EIIAtbll2 +114%11> < Ca(Fi($) + F2(9) + F3(9)), (5.24)

where Cqg, is the same as in (5.23).
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As a consequence, for ¢” and ¢, 1 —2 <51 < 57 <, we infer from the above inequalities that

52
IAG" ()11 + / INCRGINE
S1
$2
<A¢"(s)II* + Cq f (F1(¢"(§)) + F2(¢" (§)) + F3(¢" (§)))dE, (5.25)
S1
52
A (s2)II* + / NGRS

K
<1A¢ DI + Ca /(Fl (@) + F2(¢(§)) + F3(9(8)))d§. (5.26)

51

Define

Ju(s) = 1A¢" (9)]I* — Ca / (F1(¢"(§)) + F2(9" (§)) + F3(9" (§)))dE,

t—2

J(s) =1Ag(s)]I* = C /(F1(¢(E))+F2(¢(%‘))+F3(¢(€)))d%'-

t—2

Since ¢", ¢ € C([t —2, t]; H*(2)), the functions J, (s) and J (s) are continuous for s € [t —2, 1].
Moreover, they are non-increasing with respect to s € [f — 2, t]. To this end, we infer from (5.25)
that

Jn(s2) — Ju(s1)

= 1A¢" (21> — A" (s> — Cq /(Fl (9" (&) + F2(¢" (§)) + F3(¢" (8)))dé
s1

)
< / 182" &) | 2de
51
<0, forallt —2<s1<s <t.

Similar result holds for J (s). From the strong convergence results (5.19) and (5.20), we have for
ae. se—2,1), A" ()| = |A¢(s)|| and [[¢" (s) | g1 — ll¢(s)]l 1. As a consequence,

F;(¢"(s)) — F(¢(s)), aeforse(—2,1), i=1,23. (5.27)
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Since ¢” is uniformly bounded in L>°(t — 2, t; H*(S2), then F; (¢") is also bounded L™ (t —2, t).
It follows from the Lebesgue dominated convergence theorem that

N

/ Fi(¢" ())dE — / Fi¢@ENde. Vselt—2.1]. i=1.2.3, (5.28)

t—2 =2
which implies
Ju(s) —> J(s), ae.se(t—2,1). (5.29)

Now we proceed to prove the strong convergence property (5.22) by a contradiction argument
introduced in [19,30]. Assume that (5.22) is not true, then there exists a constant ¥k > 0 and a

sequence {t,}°° | C [t — 1,¢] that without loss of generality, converges to a certain point 1* €

[t — 1, t] (otherwise, we can take a convergent subsequence) such that

18" (ta) — ()l g2 = 2.
From the elliptic estimate, here we can simply use the equivalent norm on H>(2) given by

I -llg2 =1+ llg1 + IA - |l. Then it follows from (5.19) that there exists no € N depending on «
such that

A" (t,) — Ap(t™) | =k, Yn=>no. (5.30)

On the other hand, from (5.29), we can take a monotone increasing sequence {r;} C (t — 2, t*)
that satisfies

lim r;=r* and niirfoojn(rj):J(rj), VjeN. (5.31)

Jj—+00

For any é > 0, it follows from the continuity of J (s) that there exists a constant jo € N depending
on § such that

8
| (rj) = J ()] < 5 Yizjo®) (5.32)

Due to (5.31), for jo, there exists an integer n| depending on jj and satisfying n; > ng such that

8
th >r1j,, and |Jn(rjo)—J(rj0)|<§, Vn>n. (5.33)

Since J, (s) is non-increasing for s € [t — 2, ¢], we infer from (5.32) and (5.33) that foralln > ny,
it holds

In(tn) = J (™) < Ju(rjy) = J (@) < [ n(rjy) = T @j)l + [T (rjp) = J (@) <8, (5.34)
which implies

limsup J, (t,) < J(*). (5.35)

n——+00
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It follows from (5.28) and the boundedness of F; that

th t*
i / Fi(¢" (€))dE — / Fi((&)de
122 22

r* r* tn

< tin_| [ F@"@nds— [ Reoende|+ tm | [ F@enas
t—2 t—2 1*

=0, i=1,2,3. (5.36)
Then from the definition of J,, J, and (5.35)—(5.36), we can see that

limsup [|A¢" (t) ]| < [1A¢ ). (5.37)

n——+00

On the other hand, the weak convergence (5.21) implies that
liminf | A@" (#,) || = [|Ap (™). (5.38)
n——+00

As a consequence, we have the norm convergence

|A" ()l = 1Ap )], (5.39)

lim |
n——+00
which together with the weak convergence (5.21) yields the strong convergence such that

Jlim [1A¢" (6) — A ()] = 0. (5.40)

This leads to a contradiction with our assumption (5.30). Therefore, (5.22) holds and the se-
quence {¢" ()} is relatively compact in . The proof is complete. O

5.4. Proof of Theorem 2.3

For any S € L(R; L*(2)), we know from Proposition 4.1 that the global strong solution ¢
to problem (1.1)—(1.7) defines a closed process {U (¢, T)};> in the phase space H . Observing

Propositions 5.1 and 5.2, also noticing that the pullback D?M -absorbing family Dy constructed

in Proposition 5.1 indeed belongs to the universe D?M , then we are able to apply the abstract
results in Lemma 5.1 and Remark 5.1 to conclude that the process {U (¢, T)};> admits a minimal

pullback D?M -attractor AD’HM ={Any (1) :1 € R} in Hy, which is given by
F F

A ————HX®)
A ()= A(Do, ) =Y J U, ) Do)

S<tT<s

The proof of Theorem 2.3 is complete.
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Remark 5.2. We remark that in the current particular case under consideration, i.e., Dis param-
eterized in time but constant for all # € R, the corresponding minimal pullback D?LM -attractor
for the process {U (¢, T)};>+ is just the pullback attractor defined in [11]. One can also apply the
abstract results in [19] to treat more general case that the family D is time dependent, under suit-
able assumptions on its element D and the external source term S. We leave this to the interested
reader.

6. Convergence to steady states in 2D

In this section, we investigate the long-time behavior of a single trajectory ¢ (¢) when the
associated dynamical process becomes asymptotically autonomous as time goes to infinity.

6.1. Uniform-in-time estimates
Hereafter, we assume that the external source term S satisfies
S e L?(t, +00; L*(Q)). (6.1)

We recall the inequality (3.13) which implies that

d 1
S Eo@n) + Eumn2 + [ |I* < ClISI? Eo(¢n), (6.2)
Eo(¢n (1)) < Eo(¢e)els 15145 vy > g,

The above estimate easily yields the following uniform-in-time estimates for global weak (or
strong) solutions to problem (1.1)—(1.7) such that

+o00 +o00
sup  [lp@)13, + / IVl?dr + / luldt < C, (6.3)
te[t,+00) 4 4
and
t+1
sup / lplI3,5ds < C, (6.4)
>t y

where the constant C depends only on ||¢¢ | g1, fjoo |1S]1>ds and 2.
Next, recalling the differential inequality (4.8), by the uniform Gronwall inequality [42,
Lemma III.1.1], we can deduce that

A+ D> <C, Vix>rt, (6.5)

where the constant C depends on [|¢- || 1, €2 and ffoo 1S112ds. If in addition, ¢, € H*(S2), then
by the classical Gronwall inequality, we have
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T+1
IAG@I* < (1AGe | + 1DeC 1O <C, Vrelr,T+11. (6.6)

The above uniform-in-time estimates (6.5)—(6.6) imply that:
Proposition 6.1. Assume that S € L*(t, +00; L*(2)). Then the global strong solution to prob-
lem (1.1)—(1.7) is uniformly bounded in H? for all t > t. Moreover, the global weak solution
to problem (1.1)—(1.7) will become a strong one after a positive time and it is also uniformly
bounded in H?.
6.2. The w-limit set

Since we are interested in the long-time behavior of ¢ as t — 400, Proposition 6.1 enables

us to focus on the study of uniformly bounded global strong solution of problem (1.1)—(1.7).
For any initial datum ¢, € HI%,(Q). We define the w-limit set as follows

() = {Boo € HZ(Q) | Htn) S +00 5.t (1) = oo in HY, as 1, — 400},

Besides, we introduce the set of steady states associated with the initial datum

1
S=3ve HI%,(Q) | =AY + f(¥) = @ / f'(W)dx, ae.in Q, / Ydx = /qb,dx . (6.7)
Q Q Q
Using the classical variational method and the elliptic regularity theorem, we can easily deduce
that (see [43, Proposition 3.5] for the case with periodic boundary condition):

Proposition 6.2. The set S is nonempty. Any element W € S is a critical point of E (¢), which
satisfies ¢ € C* and its H™ -norms (m > 0) are bounded by a constant depending on |¢.| and Q.

Using the fact that the strong solution ¢ is uniformly bounded in H? for ¢ > 7, similar to the

calculations in (3.10)—(3.11) for the approximate solution, we can apply Young’s inequality to
obtain the following energy inequality for ¢:

4 1 2 2 2
7 E@O) + SIVull” + llul” = Ky[[S])7, - forae.r=1, (6.8)

where

1
E(¢)=/(§|V¢I2+f(¢)) dx (6.9)
Q

and K is a constant depending on ||¢- || g2, f;roo I1S|12ds and 2.

The above type of energy inequality plays an important role in studying the long-time behavior
of global solutions to non-autonomous system (cf. [10,26]). First, we can prove the following
relationship between the w-limit set and set S.
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Proposition 6.3. For any ¢ € H 1%, (R2), its corresponding w-limit set is a nonempty bounded
subset in H*(Q) such that w(¢) C S. Moreover, E(¢) is a constant on o (¢py).

Proof. Due to the uniform HZ2-estimate for ¢ and the compact embedding H? < H', there
exists certain function ¢o € H,%, (£2) and an unbounded increasing sequence f, — +o00 that
l¢ (1) — Pooll g1 — 0 as n — +o00. Hence, w(¢-) is a nonempty, bounded subset in H2(Q).

It follows from (6.8) that

1
E(¢>(t1))—E(¢(t2))§K1/||S||2dt, Vi<t =<t <+oo. (6.10)
15)

Thus, E(¢ (7)) is continuous in time (and it is bounded from below from its definition (6.9)).
Denote E(1) = E(¢(1)) + K1 [ [ S||°ds. Then it follows from (6.8) that

dE(r>+1||v I+ ul? <0, fort>
- — u , ort>rt.
dt 2 IVH =

Hence, E (tl is non-increasing in ¢. Since E is also bounded from below, we may infer that as
t > 400, E(t) > Ex for some constant E,. Recalling the fact lim;_, fl+°° I1S|12ds = 0,
we get

lim E(¢(1)) = Eno. (6.11)
t—+00

By the definition of w(¢;), it is easy to see that E(¢) equals Ex on w(¢;).

Next, for any cluster point o € w(¢-), it easily follows that ¢oo € Hy (R2) and ¢og = ;. In
order to show that ¢, € S, we apply the argument introduced in [26]. Consider the unbounded
increasing sequence f, — 400 such that ||¢(t;,) — ¢ooll g1 — 0 as n — 4-00. Without loss of
generality, we assume f,1 > t, + 1, n € N. Integrating (6.8) on the time interval [¢,, t,+1], we
obtain that

Iny1 Int1

1
E(¢(tn+1))—E(¢(tn)+/<§|IVM(S)||2+IIU(S)IIZ)dSSKl/IISI|2dS- (6.12)

In tn
It follows from (6.11) and (6.12) that as n — 400, it holds

In+1

1
1 1
/(5||w<tn+s>||2+||u(rn+s>||2>dss / <5||w(s>||2+||u(s>||2)ds+0. (6.13)
0

n

Besides, by Eq. (1.1), the uniform H2-estimate for ¢ and Agmon’s inequality, we have (cf. [1])

el (g1 (@) = CUUSI + [Vl + (IS < Clallliglizee + IV iell 4 (IS
= Kz (Jlafl + Vel + 151D (6.14)
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where K> is a constant depending on [|¢: || g2, fr+oo [S]1>ds and Q. By (6.14) and (6.13), we
have

1

. 2 N
nEI—iI-loo 12 (2 4= )1 g1 () s = O. (6.15)
0

As a consequence,
o (t, +5s1) —P(t, + sz)||(H1(Q)), — 0, uniformly for all 51, 57 € [0, 1].

From the precompactness of ¢ () in H 1(Q) and the sequential convergence of ¢ (z,) in H 1 we
infer that

Jm gty +5) = dooll g1 =0, Vs €[0,1]. (6.16)

For any & € H'(R2), using Lebesgue’s dominated convergence theorem, the Poincaré inequality,
(6.13) and (6.16), we deduce that

f (Voo - VE + f/(9o0)E — FG)E)dx
Q

1
= dim | [ [ (V49 Vet £ @0+ 905 - TG +9)¢) dxds
0

n——+00
Q

(1 (tn + 8) — L(tn + $))Edxds

n——+00

|

5
Sp—
K)\

1
lim / it +5) — w(tn + )& s
n—+00
0

IA

1
1 2

lim / |4 tn + 8) = Bltn +9)[1ds | 1]
n—-+00
0

IA

2

1
lim /IIVM(tn+S)II2dS 11
0

IA

n—-+00
=0

which enables us to conclude that ¢ € S. The proof is complete. O
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Remark 6.1. Indeed, from (6.12), we can also obtain the decay of velocity u in the following
weak sense

1
lim /||u(t+s)||2ds=0.
t— 400
0

6.3. Convergence of trajectory ¢ (t)

The precompactness of the trajectory ¢ (z) in H'(Q) only yields a sequential convergence
result for ¢ (r). Next, we demonstrate that the w-limit set w (¢ ) consists of a single point, namely,
we show that each bounded global strong solution converges to a single steady state as time goes
to infinity. For this purpose, we assume in addition that

+00
sup(1 +1)'+° / |IS]I?ds < 400, for some p > 0. (6.17)
t

t>7

First, we introduce the following Lojasiewicz—Simon type inequality, which easily follows from
the abstract result in [16]:

Lemma 6.1. Let ¢ € HI%,(Q) be a critical point of E(¢). Then there exist constants 6 € (0, %)
and B > 0 depending on  such that for any ¢ € H,%/(Q) satisfying fQ ¢dx = fQ Ydx and
l¢ — g1 <B, it holds that

IPo(—=Ad + £/ (@)l = |E(#) — EW)|' . (6.18)

The proof for convergence of the whole trajectory ¢ () follows from the so-called
Lojasiewicz—Simon approach (see e.g., [10,13,17,26,47]). By Lemma 6.1, for each element
$oo € w(¢7), there exist By, > 0 and Gy, € (0, %) such that the inequality (6.18) holds for

6 By, 6= [0 3@ [ gdx= [ gudr. 16— bl < o)
Q Q

The union of balls {B/glﬁoo (Do) : Poo € w(¢py)} forms an open cover of w(¢,) and because of

the compactness of w(¢;) in H', we can find a finite sub-co_ver {Bg (¢éo) i=1,2,...,m}of
w(¢p;) in H 1 where the constants Bi, 6; corresponding to ¢, in Lemma 6.1 are indexed by i.
From the definition of w (¢ ), there exists a sufficient large #y > max{z, 0} such that

dt) el = UBﬂi (W), fort > to.
i=1

Taking 6 = min!"_,{6;} € (0, %), using Lemma 6.1 and the convergence of energy (6.11), we
deduce that for all ¢ > 1o,

IPo(—A¢ + f' (@) = |E@(1) — Eno]' ™. (6.19)
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It follows from (6.8) and (6.14) that

2 E@O) + Il gy + IV + Z lul
1
< <K1 + Z) IS|I?, forae.t>r. (6.20)

Introduce the auxiliary functions

o
1 1 3 1
2_ - 2 - 2 - 2 _ - 2
VWP = g 19l gy + ZIVRIP+ J 1P, 20 = (K1+4)f||sn ds.
t

The assumption (6.17) implies that

) <CA+0)~1P V>,

Then the energy inequality (6.20) yields that for ¢ > 1y,

E@(1) — Ee > / V(s)2ds — 2(0)
t

o
z/y(s)2ds —C(1+1)~ 0+, 6.21)
t
Set the exponent
¢ = mi {9 P }e 0.5
=miny0, —— , =),
2(1 4 p) 2

We infer from (6.19) and the uniform H2-bound for ¢ that

|E@ (1) — Enol < [Po(—Ad + f' ()| 77
< CIIPo(—Ad + f/ ()T

=ClVul = < Cy(t)ﬁ, Vi> 1. (6.22)

On the other hand, it is easy to verify that

o0 o0
/(1+s)*2“+p>“*f>dsgf(l+s)*<2+f’>dsg(1+z)*<‘+p>, Vi>1.  (6.23)
t t
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Now we denote

Z(6) =YV() + (1 4 1)~ 4F0=0),

It follows from (6.21)—(6.23) that

oo

/Z(s)zds <CY()T7 +C(1+ 1=+
t

1
<CZ®)™%t, Vt=>rn. (6.24)
Thanks to the technical Lemma A.3, we conclude from (6.24) that

+00

/ Z(t)dt < 4o00. (6.25)
fo
Since p > 0, we also have
400 o0 2
/ (1 41)~ P00y < /(1 40" Pdi =21 +10)% < +00, forip >0,
o fo P
which together with (6.25) yields
400

/ el o gyt < +00.

fo
As a consequence, ¢ () converges strongly in (H L)) as t — +o0. Together with the com-

pactness of the trajectory in H*(2), s € (0, 2), we finally obtain that there exists ¢, € S such
that

tii?oo ¢ () — poollrs =0 and  p(r) — poo weakly in H>(R).
Next, we proceed to prove the estimate on convergence rate. Let
K({t)=E(t) — Ex + z(1).
It follows from (6.20) that
d 2
E’C(t) +Y(@) <0, fort=>r1. (6.26)

Thus, K(¢) is decreasing on [fy, +00) and due to (6.11) and (6.17), () — 0 as t — +o0.
Besides, we deduce from (6.17), (6.22) that
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K@= < cy@)? + €1 472000+
d
= =C K@)+ 42700,
Then by [3, Lemma 2.6], we obtain that

KO <CA+n™™, V=1,

with the exponent given by

I
BEAS
1-26 +'0}

K = min {

We infer from (6.26) that for any ¢ > 1o,
1
2

2t 2t
/y(s)ds <12 /372(s)ds <CrIK ) <C(1+1) 7"
! t

Thus, we have

27+

00 +o00 +o00
/ V(s)ds <Y / V)ds <CY @I <cl+n7™*, Vizn,
t J=0 5; Jj=0

where

—1 6
A=2 =min{ B} > 0. (6.27)

Therefore,

+00 +00
/ el 11 pyds < C / V@s)ds <C(1+0D7* Vi=1,
t

t

which yields the convergence rate of ¢ in (H'(2))’:

(1) = ool 1y <CA+D* V=1

Using the interpolation inequality and the uniform HZ-estimates for ¢, we have for any s €
[_17 2]9

2—s s+1

16(6) — docll i < CllS (1) — docll 1 16 D) — ol 2
<CU+0)"F* Vizn. (6.28)

The proof of Theorem 2.4 is complete.
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Remark 6.2. If the external source term S is more regular, further decay property can be ob-
tained. For instance, if in addition S € L?(t, +00; H'(Q)) N H'(t, +00; H2(R)), then using

the energy method (see e.g., [23,43,47]), we can prove

Jim ([l¢ (1) = dooll 3 + O + POl 1) =0.
Moreover, the convergence rate (6.28) can be improved such that
() = ocllz <CA+0)74, Vizi,
where the exponent A is given in (6.27).
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Appendix A

We first recall the following Gronwall-type inequality (see [20, Lemma 2.5]):

Lemma A.1. Let y(t), f(t) and g(t) be nonnegative locally integrable functions on [t, +00)

which satisfy, for some y > 0

d
Ey(t)+yy(t)Sf(t)y%(l)+g(l) fora.e. 1 €[t,400).

Then

t 2 t
y(t) <2y(r)e 700 4 /f(s)e_%(l_s)ds —|—2/g(s)e_y(’_s)ds
T

T

forany t € [T, +00). Moreover, the inequality

t r+1

y
/m(s)e_y(l_s)ds < ¢ sup / m(s)ds
I —e™7 >t
T r

holds for any nonnegative locally integrable function m on [t, +00) and any y > 0.

The above lemma easily yields the following result:

(A1)

(A2)

(A3)



3074 J. Jiang et al. / J. Differential Equations 259 (2015) 3032-3077

Corollary A.1. Let y(t), f(t) and g(t) be the nonnegative locally integrable functions on
[z, +00) that satisfy the assumptions in Lemma A. 1. Assume, in addition that

t+1 1+1
sup/ f(s)ds <Ay and sup f g(s)ds < Aj (A4)
t

t>1 t>1
t

for some positive constants A1, Ay. Then

y(1) <2y(0)e ") 4 0(y, Ay, Ar) (A.5)
where
v 2 eV
ez e
O(y,A1, Ay) = < — Al) + — Aj. (A.6)
1—e 2 1—e 7

The result in Corollary A.1 can be generalized. Namely, we have

Lemma A.2. Let y(t), f(t) and g(t) be nonnegative locally integrable functions on [t, +00)
which satisfy, for some y > 0 and some w € {an}sozo with a,, .= ntl n=0,1,2,..)

n+2
d w
Ey(t) +yy@) < f@0)y“@)+g@)  forae. te€|[r,+00) (A7)
and such that
t+1 1+1
sup/ f(s)ds <Ay and sup f g(s)ds < Ay
>1 t>1

t t

for some positive constants Ay, Ay. Then
y(0) =4 (428 y (@770 1 0 (L Ar ) (A8)

forany t € [t, 400), where

0, ifn=0,
ntl n+2 n+2
O = (”l+2)z—,, ifn>1, Pn = 7 9":2n+]’
—J
j=2

and Q is the same as in Lemma A. 1.

Proof. Without loss of generality, we suppose that y(¢) > 1. Otherwise, we can simply set y(¢) =
y(t) + 1. Using the fact y* < y®, we obtain a differential inequality for y that has the same form
as for y.
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Then we prove the result by induction. The case w = ap = % corresponds to (A.5) in Corol-
lary A.1, with ag = 0, Bo = 1 and 6 = 1. Supposing that (A.8) holds for w = a, (n > 0), we
consider the case w = a;,+1. Denote ¢(t) = y“(¢). Then y(t) = (pi (t) and it holds that

d
o)+ oy < of (g™ (1) + wh(D),
where

h(t) = @'~ 5 (g ().

Noticing that w € [}, 1), ¢(#) > 1 and 2 — -

1 _ a,, we have
n+1

h(t) < g()

and

d
o)+ ggo(o < F(O)@" (1) + wg (1).

Then it follows from the case w = a,, that

Ony(t—1)
2

o) <4 (42 p@e T + 0 (L A1 )

ie.,

Ony(t—1)

yO(0) <4 (420 (e 4 0P (D An AY).

Applying the elementary inequality
o +7 <46’ +y%,  forx,y>0,1<60<2
and noticing that % € (1,2], we get

(+an) Bn _ (=0)ybn

_Bn_
y(@) <4 <4 1 2+l y(T)e  Fntl 4 Q% (g, A, A2)> ,

with

I+« Ba On
Opt1 = v Buri=——, 1= ,
an+1 an41 2an+1

such that (A.8) holds for w = a;,+1. This completes the proof. O

Remark A.1. Since a,, /' 1 as n — +00, the above lemma enables us to deal with the general
case w € (%, 1) in (A.7). On the other hand, when w € (0, %), we can also employ Lemma A.1,

thanks to Young’s inequality such that y* < Zwy% + (1 = 2w).
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The following lemma (cf. [13,26]) will be used to study the long-time behavior of global
solutions to problem (1.1)—(1.7):

Lemma A.3. Let ¢ € (0, %). Assume that Z > 0 is a measurable function on (t,+00), Z €
L2(t, +00) and there exist C > 0 and ty > t such that

o0

1
/Zz(s)ds <CZ()T=, forae.t> 1.

t

Then Z € L (1y, +00).

References

[1] H. Abels, On a diffuse interface model for two-phase flows of viscous incompressible fluids with matched densities,
Arch. Ration. Mech. Anal. 194 (2009) 463-506.
[2] D.M. Anderson, G.B. McFadden, A.A. Wheeler, Diffuse-interface methods in fluid mechanics, Annu. Rev. Fluid
Mech. 30 (1998) 139-165.
[3] 1. Ben Hassen, Decay estimates to equilibrium for some asymptotically autonomous semilinear evolution equations,
Asymptot. Anal. 69 (1-2) (2010) 31-44.
[4] S. Bosia, M. Conti, M. Grasselli, On the Cahn—Hilliard-Brinkman system, arXiv:1402.6195.
[5] E. Boyer, Mathematical study of multiphase flow under shear through order parameter formulation, Asymptot. Anal.
20 (1999) 175-212.
[6] J.-W. Cahn, J.-E. Hillard, Free energy of a nonuniform system. I. Interfacial free energy, J. Chem. Phys. 28 (1958)
258-267.
[7] T. Caraballo, G. Lukaszewicz, J. Real, Pullback attractors for asymptotically compact non-autonomous dynamical
systems, Nonlinear Anal. 64 (2006) 484-498.
[8] V.-V. Chepyzhov, M.-1. Vishik, Attractors for Equations of Mathematical Physics, Amer. Math. Soc. Collog. Publ.,
vol. 49, American Mathematical Society, Providence, RI, 2002.
[9] L. Cherfils, A. Miranville, S. Zelik, On a generalized Cahn—Hilliard equation with biological applications, Discrete
Contin. Dyn. Syst. Ser. B 19 (7) (2014) 2013-2026.
[10] R. Chill, M.-A. Jendoubi, Convergence to steady states in asymptotically autonomous semilinear evolution equa-
tions, Nonlinear Anal. 53 (2003) 1017-1039.
[11] H. Grauel, A. Debussche, F. Flandoli, Random attractors, J. Dynam. Differential Equations 9 (1997) 307-341.
[12] P. Colli, S. Frigeri, M. Grasselli, Global existence of weak solutions to a nonlocal Cahn—Hilliard—Navier—Stokes
system, J. Math. Anal. Appl. 386 (2012) 428-444.
[13] E. Feireisl, F. Simondon, Convergence for semilinear degenerate parabolic equations in several space dimensions,
J. Dynam. Differential Equations 12 (3) (2000) 647-673.
[14] X.-B. Feng, S. Wise, Analysis of a Darcy—Cahn—Hilliard diffuse interface model for the Hele-Shaw flow and its
fully discrete finite element approximation, SIAM J. Numer. Anal. 50 (2012) 1320-1343.
[15] H.-B. Frieboes, F. Jin, Y.-L. Chuang, S.-M. Wise, J.-S. Lowengrub, V. Cristini, Three-dimensional multispecies
nonlinear tumor growth — II: tumor invasion and angiogenesis, J. Theoret. Biol. 264 (2010) 1254-1278.
[16] H. Gajewski, J. Griepentrog, A descent method for the free energy of multicomponent systems, Discrete Contin.
Dyn. Syst. 15 (2) (2006) 505-528.
[17] C. Gal, M. Grasselli, Asymptotic behavior of a Cahn—Hilliard—Navier—Stokes system in 2D, Ann. Inst. H. Poincaré
Anal. Non Linéaire 27 (1) (2010) 401-436.
[18] C. Gal, M. Grasselli, Trajectory attractors for binary fluid mixtures in 3D, Chin. Ann. Math. Ser. B 31 (2010)
655-678.
[19] J. Garcia-Luengo, P. Marin-Rubio, J. Real, Pullback attractors in V for non-autonomous 2D-Navier—Stokes equa-
tions and their tempered behaviour, J. Differential Equations 252 (8) (2012) 4333—4356.
[20] C. Giorgi, M. Grasselli, V. Pata, Uniform attractors for a phase-field model with memory and quadratic nonlinearity,
Indiana Univ. Math. J. 48 (1999) 1395-1445.
[21] J. Goodman, H. Lee, J.-S. Lowengrub, Modeling pinchoff and reconnection in a Hele-Shaw cell. I. The models and
their calibration, Phys. Fluids 14 (2002) 492-513.


http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4162s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4162s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib414D57s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib414D57s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4861s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4861s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib424347s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib414142s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib414142s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib3538s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib3538s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib6374s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib6374s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4356s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4356s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D693134s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D693134s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib434As1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib434As1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4344463937s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib434647s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib434647s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4653s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4653s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib46573132s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib46573132s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib464A43574C43s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib464A43574C43s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib47473036s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib47473036s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib47473130s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib47473130s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4747313061s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4747313061s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib474D523132s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib474D523132s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib474750s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib474750s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib476F6F6431s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib476F6F6431s1

J. Jiang et al. / J. Differential Equations 259 (2015) 3032-3077 3077

[22] J. Goodman, H. Lee, J.-S. Lowengrub, Modeling pinchoff and reconnection in a Hele-Shaw cell. II. Analysis and
simulation in the nonlinear regime, Phys. Fluids 14 (2002) 514-545.

[23] M. Grasselli, H. Wu, S. Zheng, Asymptotic behavior of a non-isothermal Ginzburg-Landau model, Quart. Appl.
Math. 66 (4) (2008) 743-770.

[24] M.E. Gurtin, D. Polignone, J. Vifials, Two-phase binary fluids and immiscible fluids described by an order parameter,
Math. Models Methods Appl. Sci. 6 (6) (1996) 815-831.

[25] P. Hohenberg, B. Halperin, Theory of dynamic critical phenomena, Rev. Modern Phys. 49 (1977) 435-479.

[26] S.-Z. Huang, P. Tak4c, Convergence in gradient-like systems which are asymptotically autonomous and analytic,
Nonlinear Anal. 46 (2001) 675-698.

[27] P.E. Kloeden, M. Rasmussen, Nonautonomous Dynamical Systems, American Mathematical Society, 2011.

[28] E. Khain, L. Sander, A generalized Cahn—Hilliard equation for biological applications, Phys. Rev. E 77 (2008)
051129.

[29] J.-S. Lowengrub, E.-S. Titi, K. Zhao, Analysis of a mixture model of tumor growth, European J. Appl. Math. 24
(2013) 691-734.

[30] P. Marin-Rubio, G. Planas, J. Real, Asymptotic behaviour of a phase-field model with three coupled equations
without uniqueness, J. Differential Equations 246 (2009) 4632-4652.

[31] P. Marin-Rubio, J. Real, On the relation between two different concepts of pullback attractors for non-autonomous
dynamical systems, Nonlinear Anal. 71 (2009) 3956-3963.

[32] A. Miranville, Asymptotic behavior of the Cahn—Hilliard—Oono equation, J. Appl. Anal. Comput. 1 (2011) 523-536.

[33] Y. Oono, S. Puri, Computationally efficient modeling of ordering of quenched phases, Phys. Rev. Lett. 58 (1987)
836-839.

[34] A. Miranville, Asymptotic behavior of a generalized Cahn—Hilliard equation with a proliferation term, Appl. Anal.
92 (2013) 1308-1321.

[35] V. Pata, S. Zelik, A result on the existence of global attractors for semigroups of closed operators, Commun. Pure
Appl. Anal. 6 (2) (2007) 481-486.

[36] P. Rybka, K.-H. Hoffmann, Convergence of solutions to Cahn—Hilliard equation, Comm. Partial Differential Equa-
tions 24 (5-6) (1999) 1055-1077.

[37] A. Shinozaki, Y. Oono, Spinodal decomposition in a Hele-Shaw cell, Phys. Rev. A 45 (1992) R2161-R2164.

[38] J. Simon, Compact sets in the space L” (0, T'; B), Ann. Mat. Pura Appl. 146 (1987) 65-96.

[39] L. Simon, Asymptotics for a class of nonlinear evolution equation with applications to geometric problems, Ann. of
Math. 118 (1983) 525-571.

[40] T. Tachim Medjo, Pullback attractors for closed cocycles, Nonlinear Anal. 73 (8) (2010) 2737-2751.

[41] T. Tachim Medjo, Pullback attractors for a non-autonomous homogeneous two-phase flow model, J. Differential
Equations 253 (6) (2012) 1779-1806.

[42] R. Temam, Infinite Dimensional Dynamical Systems in Mechanics and Physics, Appl. Math. Sci., vol. 68, Springer-
Verlag, New York, 1988.

[43] X.-M. Wang, H. Wu, Long-time behavior for the Hele-Shaw—Cahn-Hilliard system, Asymptot. Anal. 78 (2012)
217-245.

[44] X.-M. Wang, Z.-F. Zhang, Well-posedness of the Hele-Shaw—Cahn—Hilliard system, Ann. Inst. H. Poincaré Anal.
Non Linéaire 30 (2013) 367-384.

[45] S.-M. Wise, J.-S. Lowengrub, H.-B. Frieboes, V. Cristini, Three dimensional multispecies nonlinear tumor growth —
I: model and numerical method, J. Theoret. Biol. 253 (2008) 524-543.

[46] S.-M. Wise, Unconditionally stable finite difference, nonlinear multigrid simulation of the Cahn—Hilliard—Hele-
Shaw system of equations, J. Sci. Comput. 44 (2010) 38-68.

[47] L.-Y. Zhao, H. Wu, H.-Y. Huang, Convergence to equilibrium for a phase-field model for the mixture of two incom-
pressible fluids, Commun. Math. Sci. 7 (4) (2009) 939-962.


http://refhub.elsevier.com/S0022-0396(15)00198-9/bib476F6F6432s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib476F6F6432s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib47575A3036s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib47575A3036s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib475056s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib475056s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4848s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib48543031s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib48543031s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4B523131s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4B533038s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4B533038s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4C545As1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4C545As1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D50523039s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D50523039s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D523039s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D523039s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D693131s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4F503837s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4F503837s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D693133s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D693133s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib505A3037s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib505A3037s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4350444531393939s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4350444531393939s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib534F3932s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib5349s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib533833s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib533833s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D653130s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D653132s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib4D653132s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib5445s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib5445s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib575732303132s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib575732303132s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib575A32303133s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib575A32303133s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib5769736532303038s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib5769736532303038s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib5769736532303130s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib5769736532303130s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib5A5748s1
http://refhub.elsevier.com/S0022-0396(15)00198-9/bib5A5748s1

	Well-posedness and long-time behavior of a non-autonomous Cahn-Hilliard-Darcy system with mass source modeling tumor growth
	1 Introduction
	2 Preliminaries and main results
	3 Well-posedness
	3.1 Pressure estimate
	3.2 Global weak solutions
	3.3 Local strong solutions

	4 Global strong solution in 2D
	4.1 Existence
	4.2 Continuous dependence on initial data
	4.3 Associated process

	5 Pullback attractor in 2D
	5.1 Preliminaries
	5.2 Existence of pullback DFHM-absorbing sets
	5.3 Pullback DFHM-asymptotic compactness
	5.4 Proof of Theorem 2.3

	6 Convergence to steady states in 2D
	6.1 Uniform-in-time estimates
	6.2 The ω-limit set
	6.3 Convergence of trajectory φ(t)

	Acknowledgments
	References


