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Abstract

We consider a three-dimensional kinetic model for a two species plasma consisting of electrons and ions
confined by an external nonconstant magnetic field. Then we derive a kinetic-fluid model when the mass
ratio m, /m; tends to zero.

Each species initially obeys a Vlasov-type equation and the electrostatic coupling follows from a Poisson
equation. In our modeling, ions are assumed non-collisional while a Fokker—Planck collision operator is
taken into account in the electron equation. As the mass ratio tends to zero we show convergence to a new
system where the macroscopic electron density satisfies an anisotropic drift-diffusion equation. To achieve
this task, we overcome some specific technical issues of our model such as the strong effect of the magnetic
field on electrons and the lack of regularity at the limit. With methods including renormalized solutions,
relative entropy dissipation and velocity averages, we establish the rigorous derivation of the limit model.
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1. Introduction

In many plasma physics applications, the numerical simulation of full multi-species kinetic
systems of equations can be extremely expensive in computer time. Indeed, since the typical time,
space and velocity scales of each species differ from several orders of magnitude, it requires a
fine discretization to accurately approximate the different scales. We refer to [2] for a discussion
on these issues in the two-species Vlasov—Poisson case. Therefore, part of the problem is some-
times overcome by making simplifying assumptions on species with negligible contribution to
the whole dynamic. In this paper, we are interested in reducing a kinetic model by taking the
limit when the mass ratio between light and heavy particles, namely electrons and ions, tends
to 0.

The charged gas evolves under its self-consistent electrostatic field and an external magnetic
field. This configuration is typical of a tokamak plasma [4,40] where the magnetic field is used to
confine particles inside the core of the device. We assume that on the time scale we consider, col-
lisions on ions can be neglected while for electrons, it is entirely modeled with a Fokker—Planck
operator. At the formal level, an exhaustive study of asymptotic mass-disparate model with more
involved collision operators such as the Boltzmann or Landau operator can be found in the re-
view [16] of Degond. When the mass ratio goes to 0, our model converges to a drift-diffusion
equation featuring a magnetic-field dependent diffusion matrix for the electrons coupled with the
original kinetic equation for the heavy particles. Similar parabolic equations with non-symmetric
diffusion for plasmas can also be found in [5,15,20,17,16].

Hereafter, we start from the physical equations and propose a detailed scaling with respect to
the ions time scale. In the dimensionless system, for the light species equation, the leading order
terms with respect to the mass ratio are those related to the magnetic field and the collisions.
Therefore, the resulting derivation is in the mean time similar to a strong magnetic field limit as
in the papers of Golse and Saint-Raymond [29,44], and to a diffusive or parabolic limit as in the
work of Poupaud, Soler, Masmoudi and El Ghani in [43,25]. While the latter papers provide us
with many tools to handle our own problem, some technical issues in our analysis are closely
related to the special features of our model. In a single-species model of charged particles, the
other particles density is usually given either as a static regular background or as a function
of the electric potential, while our ions are only known to obey a non-trivial kinetic equation.
Because of this coupling, it turns out that some extra analysis is needed to recover the regularity
required for our limit system to make sense. Besides, we have to control the strong magnetic
field. This is done by looking at the interplay between the increasing effect of oscillations and
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collisions in the asymptotic regime where the mass ratio tends to 0. Indeed, despite the fact
that collisions and magnetic forces appear at the same order of magnitude in original and limit
equations we consider, we prove, by making the most of special cancellations, that with other
respects collisional effects provide a form of control on magnetic contributions. While the rest
of our analysis seems rather robust the latter control — that relies on cancellations — does not
seem to extend readily to other forms of dissipation operators such as linear Boltzmann collision
operators.

1.1. The physical model

To avoid unnecessary technicalities, we suppose that there is only one type of ion in the plasma
of mass m; and charge ¢, while m, denotes the electron mass and —g their negative charge. The
case of a plasma containing several types of ions can be treated in the same way.

The number of particle of type « in the phase space volume dx dv at position x € R, with
velocity v € R3 between time 7 and 7 + dr is fou(t,x,v) dx dv dt. The index « stands for the
species of particles and can be either i for ions or e for electrons. The ion distribution function
fi evolves according to a Vlasov equation and the electron distribution function f, follows a
Vlasov-Fokker—Planck equation. The coupling occurs through the Poisson equation that relates
the electric field to the densities. The equations of the model, written in physical units, are the
following

q
O fi +v-Vifi +;(_Vx¢+v/\Bext)'vvfi =0,
i

q 1 kpb (1.1)
O fetv-Vyfe— m_ (=Vid +v A Bext) -V fe = t_vv “(ufe + m—vvfe)y

e col e

—e0Axp =qn; —n.),

where . is the characteristic time between two collisions, kp is the Boltzmann constant, 0 is
the average electron temperature and &y is the dielectric constant. The Poisson equation involves
the macroscopic densities

na=/fadv, Va € {i, e}.
R3

As mentioned before the typical time scales of ions and electrons largely differ due to the
smallness of the mass ratio m,/m;. In applications involving magnetic confinement fusion, ions
are the particles of interest and approximations are made on the electron distribution function
fe in order to simplify the model. A common reduction supposes that the macroscopic electron
density is given by the Maxwell-Boltzmann density

qe(t.x)
nmp(t,x) =C(t)e *87 ,

where C(¢) is a normalization function. The derivation of the latter from (1.1), with Bexs = 0, is
discussed in [6] and obtained in [8] for a one species Vlasov—Poisson—Fokker—Planck model. To
our knowledge, the case of a magnetized plasma has never been treated before. We stress that the
presence of a strong magnetic field modifies even formal computations.
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The goal of the present paper is to derive a fluid equation for electrons, when the mass ratio
tends to 0. The evolution of their dynamic shall obey an equation on the macroscopic density. In
the next paragraph we write the system in a consistent dimensionless form to receive the fluid
model in the asymptotic regime of massless electrons.

1.2. Scaling

We denote by L the characteristic length of the system, fy the characteristic time and V,, the
thermal velocity for the species « € {i, e}. For any other physical quantity G, we denote by G the
characteristic value of G and G’ the dimensionless quantity associated to G so that G = GG'.
We assume that the plasma is globally neutral, which means that

nij=ne=:N,
and that the characteristic temperature (or kinetic energy) of each species are equal. A plasma
satisfying the latter hypothesis is called a hot plasma [4] and satisfies with our notation

m,'V<2 = meVe2 =kpgb.

1

The new unknowns of the system are then defined by the following relations

£t ) Nf, tr x v (t.x) = Nu! t x
y X, V) = PEEEETEE E n , X) = n PR K
“ V3T \1 LV, * “Nto' L

code (L
¢(,X)—¢¢ (572)

The dimensional analysis of (1.1) introduces several important physical constants of the sys-
tem, namely, for each species « € {i, e}

rp = sok397 t(a):)*_D, (o) — M 7 rl(‘“)zVat(“),
qZN p Voc c dext c

which are respectively the Debye length, the plasma time, the cyclotron time and the Larmor
radius. More details on these constants can be found in the physics literature (see [4,40]). We
mention that the first two are typical scales of the electrostatic effects while the last two are
related to magnetic phenomena. Since the goal is to perform a model reduction for the electron
dynamic, we choose a scaling relative to the typical ion time scale. In particular, it means that we
choose

From some of the original physical constants and characteristic quantities arise dimensionless
parameters of the system, namely

_tp 49 o [me

8 9 — N = .
L 7 kg6 ” LV; Bext m;
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In a tokamak plasma these parameters would all be small. Dealing with the asymptotic 6 — 0
is called the quasineutral limit and has been first investigated for the Vlasov—Poisson system by
Brenier and Grenier in [11,32,10] and developed recently by Han-Kwan, Hauray and Rousset
in [34,36,35]. The second parameter 7 is called the coupling parameter, for it measures the im-
portance of the electrostatic effects with respect to the thermal agitation. The third parameter
w compares the Coulomb (electric) and the Laplace (magnetic) forces. The limit u — O corre-
sponds to the case of a strong magnetic field and has been studied for single-species plasma by
Frenod and Sonnendrucker in [26] and Golse and Saint-Raymond in [29,44]. This asymptotic
is called the gyrokinetic or drift-kinetic approximation in the mathematics literature. The last
parameter ¢, quantifying the mass ratio, is the main concern of this paper. We are interested in
the limit of massless electrons, namely ¢ — 0. The dimensionless equations write

n
atfi/ +v- fol‘/ - an¢' : vai/ + ;(v A Bexy) - vai/ =0,

1 U U to
USit o Vel Vet Vaflm WA Be) Vufi= 2V 4 Vo (D

col

— 82 A ¢ =n) —nl.

The link between the different time scales and dimensionless parameters follows from the
previous relations and writes

Finally we consider the regime where

t()_l

Teol g2’

which means that the ratio between collision time and the observation time is of the same order
than the mass ratio. This can be derived considering that the Knudsen number, namely the ratio
between the mean free path of the particles and the observation length L is of order €. More de-
tails on this part of the scaling can be found in the paper of the physicists Petit and Darrozes [42]
and in the work of Degond and Lucquin [18,19,16] and more recently Graille, Magin, Massot
and Giovangigli [31,27,28]. This makes the collision the leading order term with the magnetic
field in the electron equation. In its analysis, the resulting scaling slightly differs from the usual
parabolic or hydrodynamic scaling of Vlasov—Poisson—Fokker—Planck since the magnetic field
introduces fast oscillations when ¢ tends to zero and it is a priori not clear that the latter can be
controlled by the dissipation effect due to collisions.

By taking weaker collisions, say #y/?.0] = 1/¢, one formally derives a Maxwell-Boltzmann
density in the direction parallel to the magnetic field and a guiding center model in the per-
pendicular plane when ¢ — 0. This limit model features interesting and well-known physical
phenomena. Its derivation and analysis will be investigated in future work.
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1.3. The mathematical model
From now on, we keep 8, 1, u fixed and thus, for writing convenience, we assume that § = n =

u = 1. The rescaled two species (Vlasov)—(Vlasov—Fokker—Planck)—(Poisson) kinetic system
with external magnetic field writes

8tfl~8+v~vxfi8—Vx¢8~vvff+(v/\B)-vaf=0,

1 1
e fe +v-Vofi +Vip® -V fy — g(v AB) -V, fi= gﬁl(ff), (1.3)
— Ac¢® =ni —n,

where we have dropped primes and marked the dependency on ¢ with an exponent. The Fokker—
Planck operator on the right-hand side of the second equation of (1.3) is defined by

Lr:f=Vy-(uf+Vyf).
The external magnetic field is of the form
B(t,x)=(b1b2b3)",
in the canonical Euclidean basis of R3. The magnetic field B is assumed to belong to
L°(0,T; LY) and to satisfy the Maxwell-Thompson equation V, - B = 0. Its effect on the

particle is given by the Lorentz force, appearing in the kinetic equations as “(v A B) - V,”’. The
Cauchy problem is completed with initial conditions on distribution functions

fEt=0,x,v)= f"x,v), Vaeliel.

The Poisson equation can be reformulated using its fundamental solution ®, in dimension 3

d(x) = (1.4)

4r|x|
The potential ¢° is then given by
810 =@ xon = [ 00— 1)y, (13)
R3
where n® denotes the total charge density and is given by
n®(t,x) =ni(t,x) —ni(t, x).
For later use, we also introduce the current density

1
JE@, x)=ji(t,x) — ji(t,x), where j; =/vffdv and j, = g/vfjdv,
R3 R3
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and the rescaled uniform Maxwellian, in dimension 3

(1.6)

The existence of global weak solutions for the Vlasov—Poisson system, namely the first and
the last equation of (1.3) with a given electron background n, was first established by Arsenev
in [1]. DiPerna and Lions improved conditions on the initial data for this result in [22] and
adapted their renormalization techniques for the Vlasov—Poisson system [21]. Concerning clas-
sical solutions, global existence in dimension 2 was proved by Ukai and Okabe for well-localized
initial data in [46]. The case of dimension 3 was considered by Bardos and Degond in [3].

The theory for the Vlasov—Poisson—Fokker—Planck system, consisting of last two equations of
(1.3) with a given ion background #;, is also well-known. The existence of global weak solutions
is proved in [47,12] and results on the existence and uniqueness of smooth solutions were first
obtained by Degond in [14] and generalized by Bouchut in [7]. Here, we shall consider DiPerna—
Lions renormalized solutions of the Vlasov—Fokker—Planck equation as introduced in [21]. Our
choice is motivated by two observations. First, the presence of the friction part of the Fokker—
Planck operator precludes any hope for a uniform (in time and in &) LY, bound of f¢ in the
small ¢ limit when p > 1. As Poupaud and Soler proved in [43], a uniform in & bound can be
obtained for the adequate weighted L” norm but only on a finite time decreasing with p, which
is not quite satisfying. On the other hand, knowing merely that f¢ lies in L }C,U and that V,¢°
belongs to L)% is insufficient to give even a distributional sense to the product f7V,¢® appearing
in the electron equation of (1.3). The concept of renormalized solutions proposes to replace the
direct consideration of the troublesome equation for f7 by a family of meaningful equations for
B(ff), B ranging through a sufficiently large class of smooth functions.

For the coupled system (1.3), we consider weak solutions of the ion equation and renormalized
solutions of the electron equation, the electric potential being given by (1.5).

Definition 1.1. We say that a triplet (f°, f7, #) is a solution on [0, T') to the Cauchy problem
(1.3) with initial data £, £i" if it satisfies

1) ff e L>(0,T; L}C,v OL;OU); fZeL™0,T; L}C’v); fe > 0 almost everywhere for « € {i, e},
2) ¢° € L0, T; HD; Vy/fE € L*(0,T; L2 ),

and, for every ¢ € D([0, T) x R®)
3) The mapping 7 — [ re @fdvdx is continuous and the first equation of (1.3) holds in the

sense of distributions on [0, T") x R® with the initial condition fii“.
4) For every function g € C*(R..) satisfying

Bw| < CWu+1), IVup W] <C, [up”"w)] <C,

for some C > 0, the mapping ¢ ffR(, eB(fS)dvdx is continuous and B(f7) satisfies in
the sense of distributions on [0, T) x R®
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1 1
e B(f)+v-VaB(f)+Vied® - Vo B(fS) — S WAB): VuB(f) = g&(ff)ﬁ/(ff), 1.7

with the initial condition B(f").
5) Forany A > 0, 6,5 =/ ff + AM is such that the mapping ¢ — ffR6 @0, rdvdx is continu-
ous and 6, , satisfies in the sense of distributions on [0, T) X RO

M
v-Vegt,  (1.8)

A
83z98,x +uv- vxea,k + Vx¢8 : VUQS,A = 26
e\

La(f) —

2898,)\.

where the Fokker—Planck operator and the term related to the magnetic field are gathered
within the operator £4 which may be written in the following form

La(f)=Vy- (A, x)vf +Vy f) (1.9)

where the matrix A(¢, x) is given by

1 by —by
Av=v+vAB=| —b;3 1 by |v. (1.10)
by —b 1

Remark 1.2. One readily checks that weak formulations of 3), 4) and 5) are consistent with
estimates in 1) and 2). We stress that we need to use two types of renormalization for the electron
Vlasov—Fokker—Planck equation. Actually, points 1) to 4) are sufficient to define a self-consistent
notion of solution for which we can prove an existence result. The introduction of the additional
equation (1.8) is inspired by [25]. It comes from a renormalization of the equation satisfied
by f7/M with the function s — +/s + A. While equation (1.7) provides us with the required
alternative meaning for the electron equation in (1.3), we shall pass to the limit ¢ — 0 in (1.8).

1.4. Main result

Our main goal is to prove the convergence of solutions to (1.3) — in the sense of Definition 1.1
— towards weak solutions of the following coupled kinetic-fluid system

O fi+v-Vifi—Vid-Viyfi+(WAB) -V, fi =0,
One + Vi - je =0,

je=—D(Vin, — Vion,), (1.11)
— Ax(t) =n; — N,

£i(0,-,) = fiin and n.(0, -, ) = / f;ndv,
where the diffusion matrix is given by

1~|—b% —b3+b1by  by+b1b3
by + b1by 1+ b3 —b1 + babs
—by +b1bs b1+ bybs 1+b§

Dit,x)=A " (t,x) = ———
(.0 =470 =
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Since B is essentially bounded, it yields
De L*™(0,T; LY).

Moreover by denoting I3 the identity matrix in dimension 3, one sees that

Re(D) D+DT ! ;
c =
2 T 1+BP°
is uniformly positive definite.
Remark 1.3. Let us denote by E = —V, ¢ the electric field. In the strong magnetic field limit,

namely |B| — o0, the particles follow the guiding center dynamic (see for example [41,40,4] in
the physics literature). They are mainly advected along the magnetic field and transport in the
perpendicular plane, called the electric drift, occurs at the next order in 1/|B|. The corresponding
parallel and drift velocities are respectively

(E-B)B EAB
_—, Vdariff = ———.
|B|2 drift |B|2

The guiding center dynamic can be recovered from the limit electron equation in (1.11). Indeed,
note that applying the diffusion matrix to the electric field gives

1
EANB4+ —F=(EAB)AB,

DE=E— ——
14 |BJ? 14 |BJ?

Therefore the limit equation for the electrons formally rewrites
e+ Vs - [ ) + Vate+ 0 (1/1B)ome — DV, | = 0.

Definition 1.4. A triplet (f;, ne, ¢) is called a weak solution on [0, T") of the Cauchy problem
(1.11) if it satisfies

1) f;eL>*0,T, L,l(,v N Li?v); fi = 0 almost everywhere,
2) n, € L0, T; L)lc); ne > 0 almost eve}'ywhere,
3) ¢ =%, ([ fidv—n,) € L0, T; H!) and n, V¢ € LL ([0, T) x RS),

loc
and for every ¢ € D([0, T) x R%), ¥ € D([0, T) x R3)

4) The mappings ¢ > [[ e @fidvdx and 1+ [p3 Yn.dx are continuous and (1.11) holds in
the sense of distributions.

Let us state the main result of this paper. We make the following assumptions on the initial
data

Please cite this article in press as: M. Herda, On massless electron limit for a multispecies kinetic system with external
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Va € {i, e}, f, in > 0 almost everywhere, (A1)
> /[ x|+ [v? + |In £i"))dvdx + [ ‘vxqfn dx < 400, (A2)
aeli,e} RS
fiheLl ,nLy,, fireLl,, (A3)

/ f firdvdx = / / findvdx, (Ad)

where ¢ = @ x, ([ fi"dv — [ fidv).

Remark 1.5. The case of initial data depending on ¢ may be treated in the same way as soon as
assumptions (A1) to (A4) are satisfied uniformly in ¢. In this case one may pick as limit initial
condition for (1.11) any accumulation point of the sequence of initial data.

Theorem 1.6. Under assumptions (Al) to (A4), there exists a solution (ff, 2, 9°%) of (1.3) in
the sense of Definition 1.1. Moreover, for any such solution, one has, when ¢ — 0 and up to the
extraction of a subsequence

ff— fi  weakly-x in L*([0,T) x R* x R?),
f& —>neM  stronglyin L'(0, T L;yv),
¢ —> strongly in L*(0, T; Wy'") for 1 < p <2,

and the limit (f;, ne, @) is a weak solution of (1.11).

The parabolic limit for the Vlasov—Poisson—Fokker—Planck system with a given ion back-
ground has been studied in dimension 2 by Poupaud—Soler in [43] and Goudon in [30]. Mas-
moudi and El Ghani generalized these results in any dimension in [25], using DiPerna—Lions
renormalized solutions and averaging lemmas. The procedure they follow was introduced by
Masmoudi and Tayeb to study the diffusion limit of a semi-conductor Boltzmann—Poisson sys-
tem in [37]. Let us point out, here and later, the importance of the latter paper, which provides
efficient tools to derive a global in time result for our own problem. A recent paper [48] of Wu,
Lin and Liu treats with this method the case of a multispecies model where several Vlasov—
Fokker—Planck equations are coupled by a Poisson equation on a bounded domain. Let us also
mention [24], where the author deals with the case of a self-consistent magnetic field in the
context of a Vlasov—-Maxwell-Fokker—Planck system.

Here, we are considering a multispecies model with an external magnetic field. This brings
some new technical difficulties in the analysis. First, the coupling with a non-collisional kinetic
equation rather than a fixed background of charged particles makes it harder to recover regular-
ity sufficient to give a distributional sense to the limit problem. Indeed, the regularity given by
Vlasov—Poisson in dimension three for the ions impacts that of the electrons (see Lemmas 6.1
and 6.2). Besides, by considering a magnetic field of the same order of magnitude than the colli-
sions, it is not clear at all that one can control the fast Larmor oscillations at the limit especially
in the three dimensional setting. As an example of this difficulty in the non-collisional case of
Vlasov—Poisson, we refer to the paper of Saint-Raymond [44] where only the two-dimensional
case can be treated since the dynamic along the magnetic field lines is too fast to be captured
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at the limit in this scaling. Here, we are able to control the whole dynamic thanks to the dissi-
pative effect of the collisions and the orthogonality between the Lorentz force and the velocity
field (see Lemma 3.3 and Proposition 4.3). An other proof of the nontrivial effect of the B field
can be seen with the diffusion matrix of the limit drift-diffusion equation which is anisotropic,
for it contains the magnetic field effects. Let us mention that such a model was derived in a lin-
ear setting (i.e. with an external electric field) by Ben Abdallah and El Hajj in [5] with a linear
Boltzmann collision kernel.

In the rest of this paper we detail the proof of Theorem 1.6. The outline is as follows. In
section 2, we introduce natural estimates associated with (1.3). These estimates will be crucial to
prove our derivation and the existence of solution which is briefly discussed in Section 3. After
proving the required compactness of the family of solutions in Section 4, we will take limits in
equations in Section 5. Eventually, in Section 6, we shall use the algebraic structure of the limit
system to gain some regularity which will allow us to recover (1.11) in a distributional — rather
than renormalized — sense.

2. A priori estimates

The study of the asymptotic € — 0 requires estimates that are uniform with respect to ¢. For
our coupled system, the only natural identities providing such bounds are mass estimates (see
Lemma 2.2), free energy and entropy inequalities (see Proposition 2.1). Let us introduce kinetic
energies associated with each species

1
K®(t) = K[ (1) + K. (1) where K, = > f/ |v|2fofdvdx Yo € {i, e}.
RO
The characteristic energy due to electrostatic effects is called electric energy and reads
3 1 g2 1 e €
E (l)=§ [Vxd®| dx:g ¢°n"dx,
R3 R3
where the last equality stems from the Poisson equation. Let us also define the entropy of each

species

S;(t)zf/fgln(fof)dvdx Yo € i, e).
RO

The natural energy associated with Vlasov—Fokker—Planck type equations is called the free en-
ergy and writes, for our system

U(t) = E*(t) + K*(1) + S, ().

We also introduce the free energy dissipation given by the following non-negative quantity

2
Dg(t)—i i|vf8+v f€|2dvdx—i Y fé Mdvdx
T g2 fes e v/e T g2 "W m
RO R®
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Proposition 2.1 (Free energy and entropy estimates). Suppose that (7, f;,¢%) is a smooth
localized solution of (1.3). One has the following “entropy” estimates, for all ¢ > 0 and t €
[0, 7).

o The free energy satisfies

t
US(t) + / Df(s)ds = U(0).
0

o The ion entropy satisfies
Si (1) = S; (0)

Proof. Multiplying the first two equations of (1.3) by |v|?/2 and |v|?/(2¢) respectively, integrat-
ing in v, x and summing the two equations yields, up to an integration by parts,

d &€ & - & 1 & &
EK + | Vip® -] dx:—g—2 v-(vf, +Vyf,)dvdx 2.1

The continuity equation is obtained by integrating the fist two equations of (1.3) with respect
to v, x and summing the resulting equations after dividing the electron equation by ¢. It reads

on®+Vy-jo=0 2.2)
Then using (2.2) and the Poisson equation, we can rewrite the second term in (2.1)
/ Vig© - fdx———/w ¢°|*dx (2.3)

Hence we get an energy estimate from (2.1) and (2.3), namely

i(Kg +Ef) = —% // v (Uff 4 Vy f5)dvdx (2.4)
dt g

The entropy equations are obtained by multiplying the first two equations of (1.3) by In f;* +1
and In f + 1 respectively and integrating in x, v. It yields

d . _
E st =0, (2.5)
8_ - __ // Vofe ~(uff + Vyff)dvdx, (2.6)

where we performed an integration by part of the right-hand side of the second equation. Equa-
tion (2.5) provides the ion entropy estimate. By summing (2.6) divided by ¢ and (2.4), we obtain
the announced estimate up to an integration in time. O

The other type of natural a priori estimate for Vlasov-type equations is the conservation of
L? norms.
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Lemma 2.2 (L? norms). Suppose that (ff, f7, ) is a smooth localized solution of (1.3). For
alle >0andt €0,T),

e The distribution function of electrons satisfies

”fgg(tv i) ')”LJIC,U = ”fgln”L)l(v

o The distribution function of ions satisfies

L@, =1 e, VP ell, ool

Proof. Keeping in mind that distribution functions are positive, the integration of the Vlasov—
Fokker—Planck equation in (1.3) with respect to x and v provides the first estimate. Let us

multiply the ion equation of (1.3) by (ff)” ~!'/p and integrate in x and v to get

d
TN, =0,

P
Ly

Hence || /7] 1P, is constant. Letting p go to infinity gives the limit case. [

As we are working on an unbounded domain in space, we need to control space moments of
the distribution functions to ensure that no mass can be “lost” at infinity. It reduces to controlling
current densities as shows the following estimate.

Lemma 2.3 (First moment in space). Suppose that (f, f, ) is a smooth localized solution of
(1.3). Foralle >0,t € [0,T) and o € {i, e}

t

// |x|f;dudx=//|;‘—|.j§dx+// x| fndvdx
]R3 6

RO 0 R

Proof. Multiply the first two equations of (1.3) by |x| and integrate in x, v and ¢ to obtain the
result. O

3. Existence of solutions and uniform in ¢ estimates

In this section, we give an existence result for (1.3). The a priori estimates of the previous
section are necessary to build these solutions, by a mollification procedure. Let us mention that
this result follows from single-species cases. Indeed the coupling between the kinetic equations
of (1.3) is weak in the sense that, because of the form of the Poisson equation, it is possible to
isolate the contribution of each species in the electric field V,¢*. The addition of the magnetic
field term only cause minor and harmless modifications to usual proofs as it is linear and does
not alter a priori estimates. For the Vlasov—Poisson part, the theory of Arsenev may be applied.
We refer to [9, Theorem 1.3 and 1.4] for details. The Vlasov—Poisson—Fokker—Planck part of
(1.3) may be handled with the DiPerna—Lions theory of renormalized solutions [22,21]. Some
technical details may also be found in [8] and [37-39] on bounded domains.
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Proposition 3.1. Under assumptions (A1) to (A4), the system (1.3) admits a solution in the sense
of Definition 1.1. In particular, the solution satisfies the continuity equations in the sense of
distributions on [0, T) x RO

ne, + V- jo=0, Vaelie} (3.1

Moreover, the following estimates hold, uniformly int € [0,T), ¢ > 0 and « € {i, e},

t
UE(t) + / Dé(s)ds < U™, (3.2)
0
NGRS (3.3)
L2, <0 Mg (3.4)
Vpell,ool, If5 e, I e, (3.5)
t
/f |x|f;dvdx5/f|x—| -j;dx+/[ x| fdvdx, (3.6)
X
RS 0 R3 RS

and the distribution functions are non-negative almost everywhere.

From estimates obtained in Proposition 3.1 we infer uniform in ¢ estimates that will allow
us to take limits in the following sections. Let us first give a name to the particular solutions
satisfying these estimates.

Definition 3.2. Any triplet (f, f;, ¢®) which is a solution of the system (1.3) in the sense of
Definition 1.1, associated with initial datum satisfying (A1) to (A4), and itself satisfying esti-

mates of Proposition 3.1 is called from now on a physical solution of (1.3).
Proposition 3.3. A physical solution of (1.3) satisfies the following properties
(a) Control of current densities:
1l < C(T) + K¢, 3.7)

. r .
el = C(T) + ED : (3.8)

(b) Uniform bounds on the free energy and moments:

t

> / FE(Ix| 4 [v)* + In ££dvdx +/|Vx¢el2dx+/D€(s)dsSC(T) (3.9)
]R3

aeli,e} RS 0
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(c) Consequences of (b):
”jiS”Ll(O,T;L}() + ||J.§||Ll((),T;L’1Y) + ”VU\/E”LZ(O’T;L%U)
+§||(UAB) 'vaeSHLl(O,T;L}(YU) <C() (3.10)
for some constant C(T) independent of ¢ and t € [0, T)

Proof. (a) First we can control the ion current density by decomposing the velocity space in the
following way,

”jiS”Li 5//|v|fi€dvdx+/ [v| ffdvdx

lv|<2 lv|>2

. |
< 2||fim||LOO(OvT;L)1(,v) + 5 // |v|2fi5dvdx-
RO

We can conclude with (A2).
The electron current density can be controlled by the free energy dissipation. Indeed, follow-
ing the idea in [43, Equation 2.21], it writes

1
o=+ / (W TE + 2V /TE) FEdv

and thus
. 1 e 1 1 & £12
Ll = 310y, + 55 [ | lofe + Vofe Pdvdx
e

and the desired result follows using (A2).

(b) The key arguments here are the entropy estimates (3.2) and (3.3). Since distribution functions
are non-negative, we decompose the free energy in the following form
U8=K£+E£+S§)+—S£,, (3.11)

e,

where we define, for o € {i, e},
Se s =/ £t fidvdx,
55 = / £ In- fEdudx,

with In* (s) = max{In(s), 0} and In™ (s) = max{— In(s), 0} for s > 0. By applying the same argu-
ments as in [43, Lemma 2.3] and estimate (3.6), one can get the following bound on the negative
part of the entropy
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13 1 & . 1 in
Si-=C+3 (Ke + 11 ||L1(0,,,LD) +5 [ v, (3.12)

for some positive constant C. By inequality (3.8) on the electron current density and (3.12)

t

1

St <3 K§+fo(s)ds +C(T).
0

Now with estimate (3.2) and the decomposition of the free energy (3.11), one can conclude that
K¢, E®, fot D¢ (s)ds, Ss,f and Sj,Jr are uniformly bounded in € and ¢. Replacing the index e by i,
inequality (3.12) holds true for the ion related quantities and the bound (3.7) on the ion current
density and estimate (3.3) on the ions entropy give the boundedness of Sf’ _and Sf’ 4

(c) The estimates on current densities follow using (a) and (b). Now, as in [25, Corollary 5.3],
the following computation

2
||vu\/f_§||Lz(o,T;L§,u> =

St~

ff (%IUJT;HVUJT;F - %|v|2fj NG f;)dudxd;

&2
4

2
e 3T .
ZDS -+ 7 ﬂ femdvdx,

provides the third bound. Finally we can control the term related to the magnetic field by noticing
that, since (v A B) -v =0,

IA

T
1
Df + 3 f/ (Vy - v) ffdvdxdt
0

IA

dxdvdt

T
1 1
SN@AB) -V fllori,) = f f/ 0 A B) - VI + 0V FVTE
0

T
1
=IBllLx S—Z/Dsdt—i-T ?)up K
0 [0,T)

We conclude with the estimates in (b). O

Remark 3.4. Actually, the estimate on the ion current density can be largely improved using a
classical moment lemma [29, Lemma 3.1]. The latter gives that ( jf )e is uniformly bounded in
L=, T; LY.

4. Compactness of the family of solutions

From the estimates of the foregoing section, we can infer some compactness. When ¢ tends
to 0, estimates (3.5) and (3.9) give, up to the extraction of a subsequence,
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1 — fi weakly-xin L0, T; LP(R%)) for p e (1,00], 4.1

and
V,¢° — V¢ weakly-x in L>°(0, T; L*(R%)), 4.2)

where the limit is a gradient because it is irrotational in the sense of distributions.
Lemma 4.1. Families of physical solutions of (1.3) satisfy the following properties

(a) (fl.s)s and (f‘f)‘g are weakly relatively compact in LY ([0, T) x R9).
(b) (nf)‘S and (ni)g are weakly relatively compact in L'([0, T) x R?).
(€) f&—niM — 0in L'([0, T) x R®) when & — 0

Proof. The first two assertions follow from the Dunford—Pettis theorem.

(a, b) Let us define W : x — e Pl/@8n), M : (x,v) » WEx)M@) and ¥ : u > 0 >
u(In™ u + 1). Note that W and M are of integral 1 and W is a convex, non-negative, increasing
function satisfying

v
fim YW _ o

u—>o00 Yy

Let o € {i, e}. One sees that by the Jensen inequality

/w@)wx—/w (/ Ja Mdv) Wax
w B M
<//‘~I’(f—§> Mdvdx
- M
=// feln (fﬂ‘f) dvdx
SS§,++52,—+K§+// |x|fadvdx+Cf fedvdx,

for some constant C > 0. Because of the uniform estimates (3.5) and (3.9), we hence get by the
de la Vallée Poussin lemma the equi-integrability of the bounded families

{fE/M}e C L0, T; LY (Mdvdx))
and
{(nf/W)e c LY0, T; L' (Wdx)).

This yields the announced weak compactness by the Dunford—Pettis theorem.

(c¢) Using the log-Sobolev inequality (see [33]), we get an upper bound for the relative entropy
of the electrons with respect to a local Maxwellian
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t t 2
fe 1o
// filn ¢ )dvdxds < 2/ // Vi 25| Mdvdxds
ntM M
0 0

<C(T)e?,

where the last inequality comes from estimate (3.9). By the Cziszar—Kullback—Pinsker inequality
(see [13, Theorem 3.1 and Section 4]), we have

t

2 t .
/(//|fes_n§M|dvdx> ds <2 sup </n§dx>// ffln( fe
[0.7) ) neM

0

)dvdxds

< C(T)e%,
which yields the L(0, T; L )1“}) convergence hence the expected result. O

The results of Lemma 4.1 are not sufficient to take limits in equations. We need to gain strong
compactness to deal with non-linear terms. While there is no hope of doing so with the distri-
bution functions, the particular averaging properties of Vlasov type equations allows us to get
additional compactness results in space on the macroscopic densities. Indeed, by the disper-
sion property of the v - V. transport operator, one gains regularity on velocity averages of the
distribution function. Besides, time compactness stems from the continuity equations (3.1) and
the uniform bounds on current densities. We shall apply the following averaging lemma that is
adapted from the famous DiPerna and Lions results in [23].

Lemma 4.2. Let (h®), be a bounded sequence in L*(0, T; L)zc (Lfoc’v)) satisfying in the sense of
distributions

eh® +v-Vih® =hi+V, -k

where (hg)s, (hf)s are bounded sequences in LY, T; L}C (LL ). Then for all Y € D(R3),

loc,v

—0
LY0,T;L})

H/(ryhf — h*)Ydv

when y — 0 uniformly in &, where v is the translation of vector y in the x variable.
Proof. We refer to [37, Appendix 2] for a proof. O

Let us highlight that the following result is crucial to the rest of the proof of Theorem 1.6 and
that in particular, point (b) in Proposition 4.3 depends upon the control of the magnetic leading
term of the equation by the entropy dissipation.

Proposition 4.3. Families of physical solutions of (1.3) satisfy the following strong compactness
properties

(@) (Vi¢®), is relatively compact in L%0,T; LY Yforl<p<2,

loc,x

(b) (ns)s is relatively compact in LY([0,T) x R3).

e
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Proof. The result of (a) stems from applying the Aubin-Lions—Simon lemma [45, Theorem 5,
Corollary 4] to the family of electric fields and the proof can be readily adapted from [37, Propo-
sition 3.3 3)].

(b) Let us define

Bs:ur—>

14 68u’

There exits Cs > 0 such that, for all u > 0

1 , 1 , 1
ﬂa(u)fmln(g,u), (1+«/ﬁ)|ﬂ5(u)lil+%, Iuﬂg(u)lfi.

In particular, one checks that s satisfies the requirements of a renormalization function for
the Vlasov-Fokker—Planck equation and hence (1.7) holds. Now set

h* = Bs(f7)
; VU eE ¢ re 1 €
he = —V, £ - %ﬁa )+ - WA B) - VulBs(£))
e v, ee e
hi =—Vi¢®Bs(fS) + Wﬂs(fe )

With the estimates of Proposition 3.3, one can show that the sequences (h%),, (hf))s and (h'i )8
satisfy the hypotheses of Lemma 4.2. We refer to [25, Proposition 6.1] for the details. In our case,
we additionally need to check that the magnetic field term satisfies the L' bound. Indeed, using
that (v A B) - v =0, we have

1
Hg(v A B) - Vy(Bs(f)

L'0,T;LL )

1
(A B)fE- g(zvmf? + o/ fEBEfD)

LY(0,T;LL )

vfeg + vae&‘

< VT IBl~oriz |10P £ .
NI

||ﬂ§(feg)||Loo(o,T;L§?u '

L®(0,T;L} ) L0512 )
E o Hx

Then for any fixed 8 and any ¥ € D(R?)

—0 4.3)
L1(0.T;LY)

H / (B (15) — By (fE)prdv

when y — 0 uniformly in &. The L>(0, T'; L' ((1 4 |v|*)dvdx) uniform bound on f7 from (3.4)
and (3.9) allows us to extend this to ¥ (v) = 1. Now, we can also take the limit § — 0 uniformly
in ¢, using the equi-integrability of the family (f?).. Indeed, since, for any u > 0

0<Bs(u)<u and |Bs(u) —ul < 8u?,
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one has

T T
1£E = BsCFE L o.1yxcms <2 / / fedvdxdt + 6 / / \ffPdvdxdt  (4.4)

0 i>M 01fi<m)

for an arbitrary M > 0. The first term is O(1/In(|M|)) because of the uniform bound on the
entropy S;. Using the uniform bound on the mass, the second term is seen to be O(§M). Take
M = 81/ to conclude. Therefore, using (4.3) and (4.4), one has

|zyng —n ||L1(0,T:L,l) —0

when y — 0 uniformly in ¢.

Finally, using the continuity equation (3.1), we get a L'(0, T; Wy 1) bound on 9;n. With
the uniform L'((1 + |x|)dxdt) estimate (3.6) on ng, this gives the relative compactness of the
sequence. 0O

Using the results of Lemma 4.1 and Proposition 4.3, we get the following strong convergence
results concerning the macroscopic density of electrons.

Lemma 4.4. The families of physical solutions of (1.3) satisfy the following properties, up to the
extraction of a subsequence. There exists n, € L' ([0, T) x R3) such that when € — 0

(@) né —n,in LY0,T; L)),

(b) \/nt — J/nin L*(0,T; L),

(©) ff—neMinL'0,T;LL),

(d) Ocp =/fE+AM - /ng+Av/M in L*(0,T; L% ),
© AL — My [2(0,T; L2 ),

he+A
M M
) /f—l — My 120,75 12,,),
for any A > 0.

Proof. Properties (a, b, c, d) are straightforward consequences of Lemma 4.1 (c) and Proposi-
tion 4.3 (b). The last two assertions follow from (b), (d) and the L*> bounds on v/ M /6, ; and

Se/A/he+A. O
5. Taking limits in equation (1.8)

Using the previous compactness results, we can readily take limits in weak formulations of
the Vlasov equation for ions in (1.3), the continuity equation for electrons (3.1), and the Poisson
equation in (1.3).

Lemma 5.1. The limits n, € L'([0,T) x R?), f; € L0, T;L}, N L) and V. €
L, T; L%) defined respectively in Lemma 4.4, (4.1) and (4.2) satisfy in the sense of dis-
tributions,

Please cite this article in press as: M. Herda, On massless electron limit for a multispecies kinetic system with external
magnetic field, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.02.005




YJDEQ:8256
M. Herda / J. Differential Equations eee (eeee) eee—see 21
O fi+v-Vifi—=Vidp-Vyfi+ (WA B)-V,fi =0,
e + Vy - je=0,

— Ay =n; —n,,

na=ffadv, Vo € {i, e},

for any accumulation point j, of the family (jf).

At this point, we do not know much on limits' of the electron current density Jj¢. Our goal is
now to characterize them. Let us introduce,

1
e = (JfE—/nEM), 5.1
re 8,\/_( fe ne ) ( )

and

Ry = i(ff —niM) (5.2)
2¢e

so that the distribution function of electrons may be written as

e

ff =n§M—+—28r§\/}T§M +82|}’:|2M

=n,M + 2¢R;. (5.3)

With this in hands, one writes the electron current density as

jj:Z,/ni/rjMvdv+s/|rj|2Mvdv

Asin [25,24], we aim at taking the limit ¢ — 0 on the latter and characterize the limit current.
We first gather some useful estimates on rf.

Proposition 5.2. Let (f; ). be the electron distribution functions of a family of physical solutions
of (1.3) and define r; by (5.1). Then, the following uniform estimates hold

(@) (%) is bounded in L*(0, T; L*>(Mdvdx)),
(b) (elré|*|v[*M), is bounded in L'(0, T; L ),
(©) (Velré[*|vIM), is bounded in L'(0, T; L1 ),
() (Vyrd)e is bounded in L*(0, T; L*(Mdvdx)).

' From estimate (3.3), we only know a priori that, up to the extraction of a subsequence, (j§)s converges to a finite
Radon measure for the weak star topology.
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Proof. Properties (a, b, ¢) can be readily adapted from [25, Proposition 5.5].

(d) From the definition of r{ stems

T T 2
1 &

// |er§|2Mdvdxdt=—2/// vv,/f—e Mdvdxdt.
e M

0 0

The right-hand side is uniformly bounded thanks to estimate (3.9) on the entropy dissipation. O
From now on we consider a subsequence of a family of physical solutions of (1.3) such that

all convergence properties following from the previous compactness results hold. Let us denote
by r, the weak L2(0, T; L?>(Mdvdx)) limit of (rf)

o
Lemma 5.3. When ¢ — 0, the family ( Je )8 satisfies
JE— jei= 2\/n—e/redev weakly in L0, T; L;).

Proof. Take the limit in the following expression, coming from (5.3),

jE= 2\/175/ vréMdv + ¢ / v|ré > Mdv. (5.4)
The first term in the right-hand side converges weakly in L! O,T; L )lc,v). Indeed,
né — /1. strongly in LZ(O, T; Li),
and since r, — r, weakly in L2(0, T; L2 (Mdvdx)) and (¢, v) — v € L0, T; L2(Mdv))
/ vriMdv — / vreMdv weakly in L2(0, T; L?).

The second term in the right-hand side of (5.4) goes to 0 in L'(0, T; L )1[) since we know from
Proposition 5.2 (c) that («/E|r§|2|v|M)‘E is bounded in L'(0, T; L}C’v). O

Now we focus on the limit of equation (1.8) from Definition 1.1 to derive the last pieces
of information we need to characterize the limit of the current density j,. To do so, we intro-

duce elements of notation associated with the operator £4. We denote by L%,, the Hilbert space
L2(R3, M~'dv) endowed with the scalar product

(frg) = / FeM~\dv,
]R3

Almost everywhere in ¢, x,

La:fr>Vy - (A )0f +Vof) =V - (Wf + Vo )+ WAB(@E, X))V f
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is an unbounded operator on L12v1' On

La(f)=Vy-(MV, (%))-{-(UAB)-VU <\/LM> VM, (5.5)
one sees that the formal adjoint of £4 in L%M is given by
A=V Wf + Vo) = @WAB) -V f =Vy - (ATof +V, f) = Ly (/). (5.6)

Proposition 5.4. The limit density n, and electric field —Vy¢ are such that (Vi /n, —
%quh /ng) € L%(0, T: L)zc). Moreover the limit electron current density j, satisfies in the sense
of distributions

o= 2 AT (Ve — 3 V29,

Proof. We know from Lemma 5.3 that

Je = 2«/ng/redev.

We will now take the limit in the renormalized equation (1.8) in order to get an additional equa-
tion characterizing r,. Let us recall that (1.8) reads

AM
26, 5,

1
Sath,x +v- Vxes,x + vx¢s : Vvee,k = —EA(feE) -

V8
260, 5 v Vaf

By the strong convergence of 6, ; from Lemma 4.4 (d) and the weak convergence of V,¢® from
(4.2), the left-hand side of equation (1.8) converges to

Vy - (U\/ (e +M)M) 4V, - (vx¢\/ (ne +A)M)
=vvVM - (Vye/ne + A — %vﬂp,/ne +A).

The first term of the right-hand side of the renormalized equation (1.8) may be written, using
(5.2) and the fact that M € KerL 4, as

1
Gs,k

Lalf)=

LA(RY). 5.7
2600, A(R;) (5.7

Now, for any ¢ € D([0, T') x R9%), one has

T
1
I¢ =//_/ 9 AﬁA(Rg)(ﬂdvdxdt =I5+ I+ 15,
&,
0

with
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It = / / / ( )dvdxdt

e T () G

[ —/ffvv (%).vv(g) ov/Mdvdxdt,
) :

where we have performed an integration by part on the Fokker—Planck part of the operator £ 4
defined in (5.5) to obtain /5 and I5. Mark that

()

Oc... fs 3/2
)

so that using the definition of RZ in (5.2), one has, for some constant C(T'),

et [ 5]

by the control on the free energy dissipation provided by estimate (3.9). Hence /5 goes to 0. To
handle /{ and I}, we decompose R? according to,

fe

sk

¢

’QSA

dvdxdt

=C(T)e,
L®@O,T; L,

L*(0,T:LY)

e
&

e / e &2

—_— = ngre+—|re|

Doing so, the contribution of the magnetic field becomes

I¢ //f mM _ nM (v A B) - Vyrédvdxdt
v . r vax
! Qek ne+)\ ¢ ve
T \/_
n
—/// 7nei)\r§vM(v/\B)-VUgodvdxdt
0

S

after an integration by parts in the second term. The first and third terms of the right-hand side
go to zero by Lemma 4.4 (f) and 5.2 (a), (d). Therefore

e MriN/ Mdvdxdt,
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T
n
I — —//f %rem(v A B) - Vypdvdxdt
0

T
:0/// %(UAB) - Vy(reM)pdvdxdt

The contribution of the Fokker—Planck part may be written as

/f/ (\/'?M KA>«/—Vr (%)dvdxdt

T
+Of// %rjvv(zwvu (%))dvdxdt

N
—8/// ; NMrENMVyrf -V, <L>dvdxdt.
e,A
0

VM

As for I, the first and third terms go to 0 and therefore

T
ne
I; — O/// ﬁvv < (MVy (rp)) pdvdxdt

We eventually showed that, in the sense of distributions

1 N
La(fs ————LA(reM 5.8
Ty SV — = Lt (5.8)

The convergence of the second term of the right-hand side of the renormalized equation (1.8)
stems from the strong convergence of M /6, ; from Lemma 4.4 and the weak convergence of
V. ¢¢ from (4.2). Finally, we receive for any A > 0

1
WM - (Vx e + A — zvx¢,/ne +,\)

_ V" e — M v
N ) R Wy v A

By dominated convergence, one may take the limit A — 0O to obtain

oM - (Ve /g — —v /1) = La(reM)
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in the sense of distributions. Since the left-hand side of the former equality is rapidly decaying in
v, one may actually multiply the previous equation by v and integrate in the v variable to derive
in the sense of distributions

(Vs i = 5 Vebfie) = [ oLardray
_ / L (wM)redy
_ f [£; (M) — (v A B) - Vy(uM)] redv
_ / —(+ A B)r.Mdv=—A / rouMdv.

Since A(t, x) is invertible one gets the result by combining this identity with the expression of
Je from Lemma 5.3. O

6. Regularity of the limit

Let us summarize what we have proved so far. The triplet (f;, Vy¢,n.) € L*°(0,T; L)lc,v N
L) x L0, T; L)zc) x LY, T; L}C) is such that in the sense of distributions

O fi+tv-Vifi—=Vid-Vyfi+(WAB) -V, fi =0,
One + Vy - je =0,

(Ve — %van_a € L2(0.T. L2)

o= =2 ANV, e — %chzﬁ\/@

—Ayp=n; —ne,

with initial data
£i0, ) = fi" and n (0, -, ) = / fingy =: pin,

Note that because of uniform bounds on (9;n%), in LYo, 7; wy 1’1) and on (0 ff )e In
L! 0, T; Wy, 5’1), we get that, by the Arzela—Ascoli theorem, the limit functions ¢ — f ne@dx
and ¢+ [ fiydvdx are continuous on [0, T') for any test functions ¢ and . Thus, we do recover
the above initial conditions for the limit system. On the other hand, usual arguments based on the
convexity and lower semi-continuity of the energy and entropy functionals and corresponding
uniform estimates prove the boundedness of the following quantities, uniformly in ¢ € [0, T)

/ne|lnne|dx+/|x|nedx+//(|v|2+|x|)f,-dvdx <C(T)

[ i fidvax < g g,
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for some positive constant C (7). Furthermore, the following mass estimates and global neutrality
result hold uniformly in ¢ € [0, T)

Inellpy = fillgy = MF" e =1£" - (6.1)
X X X, )

X,V

1 fill Ly, < If"lp for pe (1, 400] (6.2)

Equality is verified for the mass estimate thanks to the tightness of the distribution functions
that comes from the control of space and velocity moments.

The classical moment lemma [29, Lemma 3.1] shows that, by the boundedness of f; in
L0, T; L'((1 + |[v]*)dvdx) N L?7,), the limit macroscopic ion density has the regularity

ni € L0, T: LY3). (6.3)

We may gain some additional regularity on n, using the particular structure of the limit sys-
tem. The procedure we set up is a generalization of Lemma 7.1 in [37]. Here the situation is
trickier because the ion background n; is not regular enough to reach directly an L? regularity
in space for n, in order for the product n,V,¢ to make sense. However one may first gain some
regularity and conclude by a bootstrap argument in Lemma 6.2.

Lemma 6.1. Let n, € LY ([0, T) x R?) be a non-negative function that satisfies

1
Vid/ne + EE\/n_e =G, (6.4)
Vy-E=n; —n, (6.5)

in the sense of distributions, where G € L*([0,T) x RY), E € L*([0,T) x RY) and n; €
D'([0, T) x RY). Then, for any p € [1,2] it holds

n; € LP([0, T) x RY) = n, € LP([0, T) x RY)

Proof. Let p € (1, 2]. The first step of the proof is the renormalization of equation (6.4). We
define hereafter the particular renormalization function we use and which is built to recover in
the end an L? bound on 7,. Let us define y € C*°(R) such that y(s) = s on [0, 1], y (s) = 2 for
s>3and 0 <y’ <1.Now set, for § € (0, 1],

1 /1 p-l 1 p=2
vs(s) = —— (—V(5S) + 1) and  y5(s) =y’ (8s) <—V(5S) + 1)
p—11\6 B

The derivative of the renormalization function satisfies
/ / 3
@[ <1 and  |syis)] < 3. (6.6)

Equation (6.4) implies that V,./n, € L}

10 ([0, T) x R4). Let us renormalize equation (6.4) by
multiplying it by y; (/1)

Please cite this article in press as: M. Herda, On massless electron limit for a multispecies kinetic system with external
magnetic field, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.02.005




YJDEQ:8256

28 M. Herda / J. Differential Equations eee (eeee) eee—eee

1
Viys(Vne) + EE\/ITeJ/a/(\/’Te) = Gy;(Vne).

One can check with (6.6) that every term is square integrable. By taking the L? norm of the
equation and expanding we obtain

1
IVxys (W72 + S IEVmers (VeI
+ / / Vers(Jie) - Exigvi(Jaodxdt < G112 6.7)

We want to rewrite the third term as the scalar product of E with a gradient in order to use (6.5).
Let us define

Vs (s) Z/(Vg/(u))Zudu. (6.8)
0

Using (6.8) in the third term of (6.7) and dropping the first two non-negative terms yields
//E-vxmm)dxdr <IGI..

By using equation (6.5), one gets after integrating by parts
/ / 7s(J/1e) (ne —ni) < |Gl17. (6.9)

Let us estimate y5(,/n.). For s € [0, 1/5], one obtains

s s

S2p—2
fg(s):/u(u+1)2p—4du 5/u2p—3du= ,
2p—2
0 0
and
(s+D*2-1 (+D>3-1 3
i -2  2p-3 itp# 5
Vs(s) = 3
s—In(s+1) ifp:z.

Then, one readily checks that for any p € (1, 2] there exists C1 > 0 such that for any é € (0, 1]
and s < % it holds

1
Ps(s) > Zs”’—z —-C

For s > 1/6, there exists C, > 0 depending only on p such that
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3
1 2p—2
Vs(s) < vs(3/8) < <5> / Y )P~ *udu = Cps*P 2
0
This provides the following estimates, for any s > 0 and C = max(Cy, C2, 1/(2p — 2))

1
<1s2p—2 - c) Tis<1/8)(5) < P5(s) < Cs*P72, Vs >0. (6.10)

We now use estimate (6.10) in (6.9). First we get rid of the part involving the ion density ;.
Using Young’s inequality, for any n > 0 there exists some constant C;, > 0 such that

_P
/ / S < CyllnillZy + 1 / / (75(1)) 7T dixdr.
. -
< Cylnill}, +C7 r;// neys(ne)dxdt

where we used estimate (6.10) in the second inequality. On the other hand, we have

1
// neys(Vne)dxdt > Z // nbdxdt — Cln.| 1.

{ne<1/5%)

As a result, by taking n sufficiently small, one gets

0< / / B0 <1 jszydxdt < CAIGI 2, Inilo, el ),
uniformly in 8. Taking the monotone limit § — 0 concludes the proof. O

The regularity of n, that one may establish by the previous proof is limited by the regularity
of n;. Nevertheless the available regularity of n; is sufficient to provide us with a termwise sense
for j,.

Lemma 6.2. Limiting densities of families of physical solutions satisfy V¢./ne € L'(0,T;
L%OC’X), S, € LY(0, T: Hl})c,x) and in the sense of distributions

Jje=—D(Vyin.— Vyopn,),
where we recall that D = A~ 1.

Proof. First by an application of Lemma 6.1 with p = 5/3, we show that the source n in the
Poisson equation —A ¢ = n; — n, =: n lies in L>3(0, T; Li/3) N L*®0,T; L}C) and there-
fore, with an L*°(0, T; L)ZC) electric field, it yields Vy¢ = V,® %, n. Thus, by the Hardy—
Littlewood—Sobolev inequality, V,¢ € L33 O, T, L}CS/ 4). Hence, by the Holder inequality, the
product V,¢./mg is in L1920, T; L3*/'") and since
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1
Vo/te + EE\/n_e e L*([0,T) x R?),

this yields /n, € L'%°(0, T; WIL;%(;/ 17). By Sobolev embedding this gives at least /n, €

LY0,T; L} . ) andsince Vy¢ € L°(0, T; L2), the product V, ¢ /n, belongs to L'(0, T; L2 . )

) > ~loc,x loc,x
which yields the results. O

This completes the proof of Theorem 1.6.
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