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Abstract

This paper studies the large time existence for the motion of closed hypersurfaces in a radially symmetric
potential. Physically, this surface can be considered as an electrically charged membrane with a constant
charge per area in a radially symmetric potential. The evolution of such surface has been investigated
by Schniirer and Smoczyk [20]. To study its motion, we introduce a quasi-linear degenerate hyperbolic
equation which describes the motion of the surfaces extrinsically. Our main results show the large time
existence of such Cauchy problem and the stability with respect to small initial data. When the radially
symmetric potential function v = 1, the local existence and stability results have been obtained by Notz [18].
The proof is based on a new Nash—Moser iteration scheme.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction and main results

Let ¥ be an oriented smooth closed manifold of dimension 7, and (M, g) be the Euclidean
space, i.e. M = R"*! and g be the Euclidean metric. Consider a smooth family of immersions
F:[0,T] x ¥ — M, we define an action integral of the form
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T
S(F)= /IC(F) —V(F)dt,
0

where /C is the kinetic energy and V = V + 7 is the total inner energy, V is a radially symmetric
potential energy and 7 is the inner pressure.

We fix a reference measure d . on ¥ with a smooth density function defining a mass distribu-
tion on X. Then the total kinetic energy of all the points of the surface is

1
/C(F):E/wlﬂzdu.
)

We denote du, as the induced surface measure of the induced metric g = F(¢)*g at time ¢,

¢ denotes a smooth, radially symmetric function (reflecting the presence of a central force)

depending on s := @ The radially symmetric potential energy of the hypersurface F(X) is

defined by

V(F) = / o(s(F))d s,

x
where v is defined by

v(s):exp(—%/?dw), (1.1)
1
Oy v(w) _n

U(w) - %n(w)s

p(s) =—

where i : Rt — R is a smooth function.
The inner pressure is defined as

Vol(F)
Voly

J(F) = —plog( ),

where p > 0 denotes a parameter which determines strength of the influence of the inner pressure
compared to the surface tension, Vol (F) denotes the enclosed volume of the surface F'(X). The
initial enclosed volume Vol as well as the constant p are included for scaling reasons. This
inner pressure is motivated by that of an ideal gas with constant temperature, i.e. proportional to
Vol~L(F). One can see [17,18] for more details on the inner pressure.

Then the action integral is

T T

T
S(F):l//|8,F|2d,udt—//U(S(F))dutdt—i—,o/log(VOl(F))dt.
2 Voly
0 X x 0

0

The Euler-Lagrange equation of functional S(F) is
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|F|?

VaaF:%v(F)< H(F)+¢F = V() + p )v (12)
o du Vol(F)) '

where H (F) denotes the mean curvature of F(X), v denotes the outer unit normal, | F| denotes
the absolute value function of F, Vj, denotes the covariant derivative along F, i.e.

Vatﬁt —8[[Fa+r (F)B,F B[Fy

with f‘gy being the Christoffel symbols of g. Here and in the sequel, we use the Einstein sum-
mation convention.

Another setting of above problem is that closed hypersurfaces moves in Riemannian man-
ifolds with density v(s). To our knowledge, Gromov [6] first studied the manifolds with den-
sities as “mm-spaces”, and mentioned the natural generalization of mean curvature in such
spaces. Morgan and his collaborators [14,19] considered the corresponding mean curvature
H, = H— < Vw,v >, where the density is denoted by . When the density in the Euclidean

2
space R"*! is the Gaussian density (%)%e_%, Borisenko and Miquel [2] studied a flow of a
hypersurface driven by its mean curvature associated to the Gaussian density It is obviously that
the Gaussian density is a special case of the density v(s) =exp(—% [} "(w)

The study of mean curvature flow can date back to Brakke [ ] who 1ntroduced the motion
of a submanifold moving by its mean curvature in arbitrary codimension and constructed a gen-
eralized varifold solution for all time. Huisken [8,9] showed that the mean curvature flow has
much abundant and complicated behavior, e.g. singularity and asymptotic behaviors. Schniirer
and Smoczyk [20] studied the asymptotic behavior of mean curvature flow in central force fields,
where they chose the radially symmetric potential as (1.1). For complex geometry, Chen and Tian
[3] used the mean curvature flow in a Kihler-Einstein surface to show the symplectic property
being preserved as long as the smooth solution exists. Chen and Li [4] produced holomorphic
curves from a given initial symplectic surface by the mean curvature flow method. LeFloch and
Smoczyk [13] established a hyperbolic mean curvature flow, which is a strickly hyperbolic equa-
tion when the tangential part vanishing. Then they obtained the local existence and singularity
for such flow. Meanwhile, He and Kong [7] also introduced a hyperbolic mean curvature flow
and established the local existence and nonlinear stability for this kind of flow. After that, a hy-
perbolic mean curvature flow similar to the well-known Hamilton’s Ricci flow was introduced
by Kong and his collaborators [11,12], and they obtained the short time existence and lifespan
result. Recently, A new kind of more physical hyperbolic mean curvature flow was established
by Notz [18], its motivation is closed hypersurfaces moving driven by mean curvature and inner
pressure. Meanwhile, the local existence of smooth solutions and the stability with respect to
initial data was obtained.

We notice that the du-term of equation (1.2) prevents reparametrization of (1.2) (see [5] for
the method of reparametrization) to remove the degeneracy of such a quasilinear equation. Hence
a suitable approximation method should be explored. One of main results in this paper is the large
time existence of equation (1.2).

Theorem 1.1.Let Fy : ¥ —> M = R""! be any smooth immersion with Vol(Fy) =
Voly > 0, and initial velocity Fy € I'(F;TM). Assume that the radially symmetric potential
function v has the form (1.1), and
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0< 11| < jwiP, 0= p < oo. (13)
w

Then there is € > 0 and a smooth family of immerisions F : [0, %] — M =R""! solving
the Cauchy problem (1.2) with small initial data F (0, -) =¢Fy and 0; F(0,-) =¢F|. Here T is a
positive constant and T'(F§'T M) denotes the space of smooth sections in a vector bundle FyTM,
and ¢ is a positive sufficient small parameter.

We remark that we construct a small amplitude smooth solution, which can exist on time
interval [0, %] for a positive constant 7'. Here ¢ is a sufficient small positive parameter measures
the nonlinear effects.

Next result gives the stability and uniqueness of solutions for equation (1.2) with respect to
the initial data in the Euclidean space Rt

Theorem 1.2.Let § > max(2,3). Assume that equation (1.2) with two different small
initial data (Fo, F\) and (Fo, F\) has two different solutions F and F in BAI'{T = {F €
Cr: NFllsr SR <1} If

1 Fo — Follls.r + [IIF1 — Fillls.r < O(e),
then we have
II|F — Fllls.r < O(e).

In particularly, when 1?0 = fo and F; = F 1, the solution of equation (1.2) on the time interval
[0, %] is unique, i.e. F = F. Here O(¢g) denotes an infinitesimal and one can see the definition

of the norm ||| - |||s.1 in the section 3.

The organization of this paper is as follows. In Section 2, we derive some conservation laws
on the solution of equation (1.2). In section 3, we establish the existence of weakly linear hyper-
bolic system which will arise in the linearization of equation (1.2). Section 4 is devoted to solving
equation (1.2) by means of a new Nash—Moser iteration scheme. (For general Nash—-Moser im-
plict function theorem, one can see [10,15,16].) In the section 5, we give the proof of the stability
problem with respect to the initial data and the uniqueness of solution for equation (1.2). In the
last section, we discuss the extension of our main results to more general case, i.e. (M, g) be an
oriented smooth complete n + 1 dimensional Riemannian manifold.

2. Conservation laws

In this section, we derive three conservation laws, which are satisfied by the solution of (1.2).
More precisely, they are the total energy conservation, the momentum conservation and the inte-
rior momentum conservation.

Let X be a killing vector field on M = R"*!. We define the total energy by

Vol(F)
Voly

1
E(F(t, -))=EflazFlzd,u—/v(S(F))d,uz+,010g( ),
z

)
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the momentum with respect to X of a solution F of (1.2) by
Mx(Ft.9) = [ <0F.X(F) > du
)
the interior momentum with respect to a vector field ¥ (divg, Y = 0) by
)

For the total energy conservation, we have:
Lemma 2.1. Let F : [0, T) x ¥ —> M be a solution of (1.2). Then we have

(1) E(F(t,))=E(F(0,-)) forallt €[0,T).
(2) Let 8, FT be the tangential part of 3; F. Then we have
1 ds di 14 dpy . 7 A
(=10, F|? —)=<&F,V — 4+ —— < 0/F, —_— divo, F')—.
t(2|t |+vd,u) < 0 v>d,u+Vol(F)<t V>dM+U( 1vo; )dM
Proof. The proof of (1) is simple, so we omit it. Now we derive the equality in (2). Using (1.2),
we derive

1 de
3 (=0 F|> +v—"
r(2|z | +Ud,u)
_ d d d
— <O, F, V38, F > +v(diva, F)™ 4y <9, F, Hv > T 45,07
du du du

d d d
=—v<8,F,Hv>ﬁ+v<8,F,<pF>ﬂ+<8,F,Vv>ﬂ
du du du
p d,LL; . Td,ut d“l‘ th
— < 0 F, —_— divo, F')— o F, H — 4+ v—
+Vol(F)<t v>dM+v( ivo; )dM+v<t v>du+tvdu
di P dpy . 7\ A1
=<oF,V — o F, —_— divo; F*)—,
<OVt Vo S g e ED

where we use the form of v in the last inequality. O

Lemma 2.2. Assume that there is a positive constant c such that

/vdu, > cVol(F ).
)

Then there exists a positive constant K depending on Voly, ¢, p and Eg such that

E
Voloe_70 <Vol(F) <K,
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1 2 K
—10:Fl*dpu+ | vdu; < Eg+ plog(——-).
2 Vol
= )
Proof. This proof is simple, and can also be found in [17], so we omit it.

O
For the momentum conservation, we have:

Lemma 2.3. Let F :[0,T) x ¥ —> M be a solution of (1.2). Then we have

(1) Mx(F(t,-))=Mx(F(,")) forallt €[0,T).
(2) Let 8, FT be the tangential part of 9; F. Then we have

d
3, <9, F. X >=vdivxT 4 vy
"

d d
ﬂ,X>+ p <v,X>ﬂ

du Vol (u) du’
Proof. The momentum conservation (1) can be obtained by integrating (2) with respect to d 1
and dt and using that

a

/ <V, X > d,LLt = 8—|q=0VOI(Fq) =0.
q

z

So we only prove (2).

We denote ¢ as the local flow of X, which is by definition an isometry, and set F; = ¢, o F'.
Then we have

0y <o F, X >:<Vat8,F,X >+ < 8,F,V3tX>

d d
v<Hv,X>ﬂ+<v¢)Fﬂ,X>+<vvﬂ,X>
du du
o

dpe
<V, X>—
Vol(u) du
. du a duy d d
T
=vdivX W — g|q=0 IOg(sz(Fq))W + g|q=0U(S(Fq))E
d d
+<Vv—Mt,X> p <v,X>—Mt
du Vol(u) du
=vdivXT%+<Vv%,X p <v,X>%
du du Vol(u)

du’
Furthermore, since X is killing, we get

a
3 lq=0log(du(Fy)) =0,
q

ad
8—|q=ov(S(Fq)) =0. O
q
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Lemma 2.4. Let F : [0, T) x ¥ —> M be a solution of (1.2) and 3; FT be the tangential part
of 0; F. Then we have

(1) Qy(F(t,-) = Qy(F(0,") forallt [0, T).
(2) & < F, F.Y >= 1divg, (|13, F*Y).

Proof. This proof is similar with Proposition 2.4 in [18], so we omit it. [
3. Analysis of linearized weakly hyperbolic systems

This section is to discuss the linearized system of (1.2), which is a weakly hyperbolic linear
systems. More precisely, it is obtained by decomposing with respect to time dependent subbun-
dles into a system of coupled linear wave equations and linear ODEs. Here we prove the local
existence of smooth solution of an abstract system for convenience.

Firstly, we give some definitions of the norm and some inequalities. The following set-
ting is inspired by the work of [18]. Let W :  —> X be a k-dimensional Riemannian vector
bundle over X, and F be the Fréchet space C*([0,T] x X, ) of smooth time dependent
sections of 2. Assume that we have an atlas of coordinate charts (x4, Uy) of X such that
a=1,---,J, xq(Uy) = B1(0), and the sets x;l(Bl(O)) cover X, where B;(0) C R” is a ball
with radius 1. Meanwhile, for each such chart there are smooth time dependent local sections
v/(f‘), A=1,---,d, and r;“), d=1,---,d", of Q (d +d"” = k) defined on the domain of the
chart that together form a basis of the fiber over each point in U,. For any other chart (xg, Ug)

with Uy N Ug # @, we assume that the v/(f)(p) and vl(f)(p), p € Uy N Ug, span the same space

and are bases for this space. The spaces spanned by the vg") and the 1[50‘) are orthogonal. For

the specific (fixed) coordinate chart, we omit the index («) for convenience. Let 2 € F. In each
coordinate chart we take the decompose

h:hl+h-r=uAvA +rd‘l.'d.

For any s € [1, oo], H*(B1(0), Rd/)XJ be the Sobolev space of the set of functions (ué{)). The
corresponding norm is

Jod
A
llulls = Z Z N2t ey 115 (B, (0)) -

a=1A=1
For v, we use the norm

J d

A —1
lls =YD " llvg o xg e sy 0))-

a=1A=1
Cl([0, T1: H' (B, (0), Rd/) *J denotes the function spaces with the norm
IJ o d

i A
el o, sy 0 ey = S0P D> D 137w s 3,0
[0.71i=0 ¢=1 A=1
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C = ﬂfZOCl ([0, T1; H*~I(B; (0), RY)*’) denotes function space with the spacetime norm
2 J d
Mallls.r = sup > Y "> " 10fuih lews-i ¢, 0)-
0.TT;=0 =1 A=1

We similarly define || - ||cs as the spatial C*-norm and the L2-Sobolev norm of order s in space
and time. It is obviously that

Nellms (80)) < Nullcogo, 7115 (8, 0yy) = Hullls,7-

We make use of the following inequalities, which can be proven using classical methods of
calculus; see, for example, the book of Chapter 13 in [24]. Note that while versions of these
estimates hold in all dimensions, as presented here the estimates are dependent on the dimension
of ¥ being n. Generic constants are denoted by cg, cy, ..., their values may vary in the same

formula or in the same line.
Sobolev inequality: For s > 5 and u € H*(B1(0)) we have

lullLee (B, 0)) < llullms (B, ©)-
Product inequality: For u, v € L°°(B;(0)) N H* (B1(0)) we have
luvllas s, ©0) < lullmss,opllviiLe s o) + llullLe s, o) llviias 3, ©)-
In particular, if s > Z, we have

luwvllas ) < llullass opllviiass, o)-

We denote the spatially weighted Lebesgue space by L?(R"), which is equipped with the
norm

!
= [ 1+ 1)
Rn

Then the Fourier transform is an isomorphism between L? (R™) and H* (R").
ForT >0,s > max{%, 2} and 0 < R < 1, we define

B 7= {u € C =Nj_oC'((0, T1; B~/ (B1(0), RY)!) : [[Jullls,r < R < 1.
We say that
h=uvs +rity

is a solution of a weakly hyperbolic linear system if in each local coordinate chart (x,, U,) we
have
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du? —v(F)LAU — v(F)N4r — v(F)Q%u” = h*, (3.1)
der? —v(F)M% — v(F)P%u =hn?, (3.2)
with the initial data
ut(0) =ufy, du0)=uf, (3.3)
r0) =rd, 8ri0)=r, (3.4)

1F2
where v(F) =exp(—% [, "E})‘))dw) and

LAyA = gAii (t, x)8,~8.,'uA + aAi(t, X, VA, rd)aiuA + aA(t, X, VA, rd)uA, 3.5

NAr = nj»“(t, x,v4, T)dird (e, x, v, )t + 040, x, va, 0)d,r?

+ntl(t x va, fd)Z/bos)J gy, (3.6)
p=1%,
0% =gy (t,x,va, t)du® + g (t.x,va, Tu® +q5°t, x, 4, T0)du”
+q4 (1, x, v, td)Z/c(ﬂ)Bu(ﬂ)du, (3.7)
p=1%;
MO =md (t, x, va, w)r’ +mP, x,va, 1)1, (3.8)
Plu=PYt,x,va, t)0ju® + PO, x, va, 1a)du®. (3.9)

We assume all the coefﬁcients in (3 1)—(3.2) and u* and r“ to be smooth functions on xq(Uy),
and supp b(,s), Supp c(ﬂ)B - x (31 (0)), a® (t, x) = ai (¢, x) and a¥ (¢, x) satisfies

P8 &2 < a?giE; < pi8Y €7, VE €R”, (3.10)

for some positive constants py < p1. On the other hand, we need that the operators are coordinate
invariant under coordinate transformation on ¥ and under a change of basis between different

(vgw, T, )) and (V,(qﬂ ), td’3 )) This means that the external force W = h*v; + h%1; is an element
of Q.
For the coefficient of the operators LA, N4, QA, M9 and P?, we define the local norm

Is= Z[L s = Z(Z lla™™ |less By 0y) + Z lla™ [l ®, o)

a=1 A,i,j

+Z lla® e @, 0))-
A
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[N]s _Z[N]AO(_Z(ZHH ||H3(B1(O))+Z||” 1 B, 0)

a=1 A,,j

+ Z 1% s 8, 0y) + Z 1n ! s 8, 0) + Z 1B 1111 (8, 01
Ad A,j

Is= Z[Q]Sa = Z( Z g g e @, 0) +Z g 1 @, 0)-

a=1 A,B,i

+ Z g5 e @, o) + Z g™ 1 @, o)) + Z ey 180 8 0)-
A,B A A,j

Is= Z[M s = Z(Z I lless 8 0y) + Z 1 s 8, 0))-

a=1 d,i

J J
i
[Ply= [Plsa=Y_( Y IP5 lw®op+ Y I1PE lns®0))-

a=1 a=1 B,d,j B.d
Assume that
[L]s + [9;L]s + [N]s + [Q]s + [M]s + [Py < co, (3.11)
det(< vg,vg >) >c1, det(<1g, 77 >)>C]. (3.12)
We give some estimates on v = % and 1y = dy F. The proof of the following results is

similar with the results in pages 26, 49 of [17], so we omit it.

Lemma3.1. Let F € B;?,T' Assume that ||v||co+ITllco < R for some R > 0 and (3.12) holds.
Then there exists a constant ¢y such that

A8 ks @, 0y < 1 (1 + v llas 8, 0))-
I s By 0y < c1 (1 + 11T las B, 0)
VA8 s 0,711 0)) < €1 (1 + [V Il15 (0,71xB1 0)))+
T s 0, 71xB1 0)) < €1 (1 + 1T 1|5 (0, 71% B, 0)))
Ivils <ct(X+1Flls+0, (vl < et +Fs+1)s
i

3 vlls < c1(1 +ZI|3,IF||s+1), Sfori>1,

1=0

AB dl
v licom, oy = c15 1T%co, o)) = c1-
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From above result, we can see

212
Wlls+1 + 10 vllss1 + 107 vIE + ITlls+1 + 10 Tlls41 < c2.

The following result is the main result in this section, which states the existence of linear
system (3.1)—(3.2).

Proposition 3.1. Assume that (3.10)—(3.12) holds. Let ho, hy € C*°(Z,2) and F € B%’T be
given. Then system (3.1)—(3.2) has a unique smooth solution h on [0, T] x X with h(0) = hy and
0:h(0) = hy for some given external force W = h4v; 4+ hiz; € C°([0,T] x =, Q).

Before giving the proof of above result, we carry out some prior estimates on the solution
(u?, r?y of system (3.1)—(3.2) in local coordinates. We remark that the following energy esti-
mates does not depend on the compact property of the spatial domain. We also do not use the
integral on spatial variable by part. The main idea of proof of Lemmas 3.2 and 3.3 divides into
two steps. The first step is to find a suitable differential inequality with respect to the time vari-
ables. The last step is to integrate the time variable by part. Meanwhile, the integral on spatial
variable is taken.

Lemma 3.2. Let (u?,r%) be a smooth solution to system (3.1)—(3.2) with initial data
(3.3)—(3.4). F € B;&,T is given. Assume that (3.10)—(3.12) holds. Then there holds

T

2
f / [k—cgu(F)—cm"('Z'z) <3, F+0,F, F>v(F)e™

0 B1(0)
x [ +a* g0 ju + w? + o) + (- 1dxdr

= [ et + Mo + @i+ 0+ o)
B1(0)

T
+c5/ / e M™? 4+ (h)? 4 (3ir!)1dxdt. (3.13)
0 B1(0)

Proof. Taking the inner product of the linear system (3.1) with 2e My ;“ and using (3.5), we have

e ™™ (wM? + (F)a* d;ud;u™) 1+ re ™ () + v(F)a* d;ud;u®)
—2¢7 My (v(F)at T ufta;u)
= v(F)e ™ (3a)d;udju? — 20(F)e™ (8;aV yul o;u?
— 20, v(F) + d;v(F))e M a g;u™du’
+ 2v(F)e_)‘taAiu;48iuA + 2v(F)e_MaAu,AuA

+ 2v(F)e_MulANAr + Ze_Mv(F)utA QAMA + 2e_MutAhA. (3.14)
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Taking the inner product of the linear system (3.2) with 2e=*/ r,d , we have

e M) 4+ re M (rd)?
=2 Mu(F)yrd M + 2¢ ™M v(F)rd PAu +2¢ ' rdn. (3.15)

Since we have

dle ™ ™ + re ™M ) =2e Mulul, (3.16)

oLe™ (D) + @r D)+ re LD + @ir D)) =27 (! + irTeir). (B.17)
and

_nn(FP)

ov(F) = 2 IFR

< d0F,F >v(F),
summing up (3.14)—(3.17), it holds

dle ™ (uM? +v(F)a* dud;u* + @™)? + rH + )]
+ )Le_“[(uf)z +v(F)ati BiuAE)juA + w*)? + (rfl)2 + rH?]
—2e7 My (v(F)a*ufa;u)

= v(F)e ™ @,a*)o;ud;u® — 20(F)e ™ (3 yul d;u?

n(IF %)
|F|2

+ 2v(F)eiMaAiutA8iuA + 2v(F)ef)"aAulAuA
+ 20(F)e MuNAr 4 2e Mo (F)u Q4u™ + 2¢ M uth?
+ Ze_Mv(F)rthdr + Ze_Mv(F)rtd Plu+ 2e_Mr[dhd

<& F+8F, F>v(Fe Ma*guy;u’

+ 2 M whu + rrd 4 0;r99;r?). (3.18)

Note that v(F) > 1. Using Cauchy inequality, by (3.6)—(3.9), (3.10)—(3.11), (3.18) and
Lemma 3.1, we derive
¥le ™ (uM? + v(F)a* dud;u + @) + rH* + )]
+ e M + v(F)at dutdut + @) + ¢ + ¢
—Ze_ktai(v(F)aAijulABjuA)
< c3v(F)e ™[ + @u™)? + @u™)? + @) + ¢ + (r)?]

n(F1%)
|F|?

+4e M @irf)? + cge MMM + (1. (3-19)

+ can <& F +F, F>v(F)e [@u")? + @;u*)?]
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Then inequality (3.19) leads to

ale™ () +a*Toutdjut + ) + () + rHH)]
n(IF )
|F|?

< [ +a™ g0 ju + @)’ + () + ¢+’

+[A—c30(F) — can <8 F+3F,F>v(F)e ™

—2¢7 My (v(F)a* ultdju)

<4e ™M @irh)? + coe M (W) + (k)21

Thus integrating both side of above inequality on [0, T'] x B;(0), we obtain

/ e MIMT))? 4+ a d;u (T)dju (T) + ™ (T))?

B1(0)
+ (1) + (r(T))*1dx
T 2
+/ / (A —c3v(F) — c4n"T|TF||2) <8 F+3F,F>v(F)e ™
0 B1(0)

[ +a* udju’ + @? + () + (+)1dxds

< / e M) + @ duy djul + @)+ ¢ + (7 Hdx
B1(0)

T T
+4/ [ e_}‘t(a,-r,d)2+c<,/ / e M2 + (W) dxdt.

0 B (0) 0 B1(0)
This completes the proof. O

Lemma 3.3. Let (u?,r%) be a smooth solution to system (3.1)—(3.2) with initial data
(3.3)—(3.4). F € B;&,T is given. Assume that (1.3) and (3.10)—(3.12) hold. Then there exists a
positive constant A > c¢7 such that

T
(,\—C7)f / e MM + Bu™? + W? + ¢rH? + ()2 1dxdr
0 B1(0)
< / WY + @i + ) + Gruly?
B1(0)

+ D+ @ird)? + ¢ + @) 1dx
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T
+c9/ / e MR +19;h2 7 + | + 0:h?P)d xd.
0 B(0)

Proof. we introduce auxiliary functions i and 7, which satisfy
et — dat —at =nt,
a0, x) =uf, 3a*0,x)=uf,
and
and —8tfd _;d =hd,
70,x)=rd, 870,x)=r{.
Let

it =ut — i,
fdzrd—fd,

then it follows from (3.1)—(3.2) and (3.21)—(3.22) that

di —v(F)LAGA —v(F)NAF —v(F) Q%44 = 41,

440,x) =0, 9,44(0,x)=0,

379 — v(FYMF — v(F)Pi = %5,
70,x) =0, 379(0,x)=0,

where LA, N4, QA, M4 and P are defined in (3.5)—(3.9), and

81 =v(F)LAi* + v(F)NAF + v(F)Q4a? — 8,0 — a4,

g2 = v(F)MF +v(F) P — 8,79 — 7.

Using the similar deriving process with (3.19), from (3.25)—(3.26) we get

dle M (@M?* + v(Fataata;at + @) + GH* + ¢HH)]
+ae M@ +v(F)ati it at + @) + GH? + ¢

—2¢7 M ((F)at 4t a;a)

=v(F)e ™ (3,a*")3;a49;0" — 20(F)e™ (3;a*)af ;0"

<& F+F, F>v(Fe Ma*g;a%9;0"

(3.20)

(3.21)

(3.22)

(3.23)
(3.24)

(3.25)

(3.26)

(3.27)
(3.28)
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+20(F)e ™ Ma a0t + 20(F)e Matata?
+20(F)e MaANAF + 2e M o(F)al QAa? 4 2 M v(F)rd M7
+ 2 My(F)F deu +2¢7M (G4 ut + fdftd + 8,~fd8,-f,d)

+2eMatg +2e M7 .

1987

(3.29)

In order to avoid an extra loss of derivatives of integrating (3.29), we need to rewrite (3.29). By

(3.27)—(3.28), the last two terms in (3.29) can be rewritten as
e M (@81 + 7 82)
=0 (v(F)e Ma’ T 3;a 8,0y — 8, (v(F)e ™ aV 3;ad;0™)
—v(F)e ™M 3;a™ 3;0 0,1 — av(F)e ™ a 9,090

+v(F)e ™Md,a’ T 3;a%0;0% + v(F)e ™ a 3;04 8,90

nAEPD) OF. F > v(F)e a3ty F)e gy, 34
_W< i n >v(F)e 4904 + v(F)e™ iy
+u(F)e Matiti, + e Ml (W(F)NAF +v(F)QAa? — o,a” — a?)
+e M WF)MF +v(F) P — 7 — 7).

(3.30)

Note that v(F') > 1. Inserting (3.30) into (3.29), integrating in [0, T'] x B;(0), then using Cauchy

inequality we obtain

/ e M@AT))? 4+ v(F)at a0 (T)d;a* (T) + @4 (T))* + GF(T))?

B1(0)

2
+ YT dx—i—/ / [n— ”TZ'Z)<3,-F+@F,F>|U(F)]
0 B0

e MIGM? +v(F)atT 94194 + @) + ¢ + (7)) )dxdt

< / e My(F)(8;a™(T))%dx

B1(0)

F
+c10n/ / —“|’7(||F|'2) F—3,F, F > |v(F)(®a%)’dxdt
0 B1(0)

T
+c11/ / e Mu(F) @) + 3™ + @M + (@) dxdr
0 Bi(0)

+ D2 4+ (7% + (8;79)?)dxdt.

So it follows from (3.23)—(3.24) and (3.31) that

(3.31)
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T
2
f / = TUED b 8 FF = (R

|F|?
0 B0

e MM + v(F)a dutd;ut + @) + ¢r®)? + () 1dxdr

2
< / e_“v(F)(B,-ﬁA(T))2dx+/ / [A—|n(|F|)<8iF+8tF,F>|v(F)]

|F|?
B1(0) 0 B (0)

x e MG + v(F)at it o it + @) + (7 + (7)) ldxdt

F
—l—cl()n// *“|'7(||F||2) — & F, F > |v(F)(a*)*dxdt
0 B1(0)

+en / / e M U(EY@GEAY + G + @2 + @)
0 B;1(0)

+ N2 + 7% + (074 1dxdt. (3.32)

Multiplying (3.21) and (3.22) both side by 2e=*ii4 and 2¢~*7¢, respectively, then integrating
on [0, T] x B1(0) and summing up two inequalities, we have

f eM@NT)? + B,a™ (1)) + FUT))? + (8,7 (T))*1dx
B1(0)
T
+/\/ / e MM 4+ @a™? + FH? + (8,74 dxdt
0 By(0)

<cn / IR + ) + O + () 1dx
B1(0)
T
+c13/ f e M(hA 12 4 |h 1P dxdt. (3.33)
0 B1(0)

Differentiating (3.21) with respect to x, by the similar process of getting (3.33), we derive

/ e M@at (1)) + (3™ (T))* + ;7 (T))* + (3,8;7 (T))*1dx
B1(0)
T
+A / / e M@ + @80 + (8;7)% + (8,8;79)1dxdr
0 B1(0)
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<cu / Y + ) + @) + P ldx
B1(0)
+c1s f M + D + @) + @) 1dx
B1(0)
T
+c16f / e M (A +19;h 1 + 1h9 ) + 19;h 1P dxdt. (3.34)

0 By (0)

On the other hand, we notice that

FeBir, |FlLe <|Flus and [[Flcoqo.rymsy) <IFlllrs for s>1.

So by (1.3), we have

n(FI%)

| |FI?

2p+1
<G F+ 0 F, F>|=|lIFl7] p (N F oo, ry:ms+1) + 1 F et o, 71: 15))

2p+2 2p+2
<2/IFNIA 7 < R <1,

2(p+1
MFNEETY i RY0+D

n
S B R

v(F) <e? [l 1o1Pdo < 2 < 2D (p+1) ) (3.35)

Hence by (3.32), there exists a A such that
- R2(p+D)
A > e2PTp+n > 1,

and

__n R2AptD) _ o ppth)

(A — 27D itn ) e Mwh? + 2P D ien a guty;ut

0 B1(0)
+ @M+ ¢H? + v dxdr
n 2(p+1)
< PG ’ / e ™M (8;a(T))*dxdt
B/ (0)

R2(p+D) _a R2(p+D Aii A A
+( - TG K )/ / @at? +e2(P*2><p+1> a”’ o;u"d;u
0 B (0)

+ @2 + GNH? + 7 dxdt

L R2(p+D 5
+ cpgne M e 2P+ (0;a™)2dxdt

0 B1(0)
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s R —Arpa ~AN2 CAN2 | ~AN2
+ c1ge2? P o+n e M@iahH? + @:aM)* + @ + @)
0 B(0)

+ D+ FD? + (@iF ) dxdr. (3.36)
On the other hand, inequalities (3.33)—(3.34) give the control of four terms in the right hand

side of (3.36). Thus substituting (3.33)—(3.34) in (3.36), we obtain (3.20). This completes the
proof. O

In what follows, we plan to obtain the estimate for |||uA|||S,T and |||rd|||S,T by consider-
ing the equation of time space derivatives of u4 and r“. For convenience, we recall the norm

ullls.r = suppo 7y Yimo Yuet gt 18] 14fhy lbts—i (8, 0y)- For any multi-index y € Z2 with
|y| =s, applying Biy to both sides of (3.1) and (3.2) to get
30 u —v(F)LY3 ut —v(F)N*]'r —v(F) Q"8 u® = h), (3.37)

39 r! —v(F)M?*0] r — v(F)P*0] u =S, (3.38)
where the nonlinear terms

hy=olht+ > 8 w(F)at)90;0ut
si+s2=y, |si|=1

+ Y et et
sits2=y, Is1[=1

+ Y BEmahp A+ Y 8 w(F)nthaar

s1t+s2=y, Is1|>1 s1t+s2=y, Is1|>1

D S 43 CC10 ) VT Vo S S R CT0 S Y ey
s1t+s2=y, |s1|>1 sit+s2=y, |si1|=1

+ ) 3S1(”(F)”AI)Z/asz(b<ﬁ> rlg)dn
s1+s2=y, Is1|=1 =1y,

D DR 10 Y L e S S A I v L
sits2=y, Is11=1 si+s2=y, Is1/=1

+ Y A eEep)duf

sits2=y, Is11=1

+ > a“(v(F)qu)Z/a (c(pyptt ()1 (3.39)

si+s2=y, Isi1|=1 B=1y,

and
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h=oln'+ > 3 wEmhHor + Y 8 F)m{)ey/

sits2=y, Is1/>1 s1+s2=y, |s11>1

+ > R P8t

sit+s2=y, |si1|=1

+ > 7 (v(F)PE) b, (3.40)

si+s2=y, |si1|=1

For convenience, we denote all spacial derivatives of #“ and r? of the order s by a column vector
of m(s) components and n(s) components

ul = @u’, 8 oou?, ... 85u’),
rl =@, 07 . a3 Y).
Putting (3.37)—(3.38) together corresponding to all y with |y| =, we have
s — v(F)LAuy — v(F)NArg — v(F) Q% ug = 03, (3.41)
ders — v(F)Mry — v(F)Plug = hs, (3.42)

where
LAu, =ati 0;djus + ar oius +atug,

J
NAr, :ﬁ?’ 0iTs +ﬁl‘.4rx +ﬁf}08,rx + 74l Z/b(Aﬂ)jrS(ﬂ)dM’
B=ly,

QA qB 8”s +qB”s +C]3 at”s +C]AIZ/C(/3)B”v(ﬁ)dMs
B=ly,

Mir, = r?l;-lrs + nﬁfloatrs,

Isdus = f’gj djus + ﬁgoatus,

with all the coefficients in EA, NA, QA, M9 and P9 are (m x m)-matrices and ﬁ? and fzg are
m-vectors given by

A T
(h(.SO ,,,,, 0)’h(A 1,1,...,0)° "’h(0,0,.‘.,s)) ’

d d T
(h(sO 0)’h(s—1,1,...,0)’""h(0,0,...,S)) :

Lemma 3.4. Let (u?, r?) be a smooth solution to (3.1)—(3.2) with initial data (3.3)—(3.4).
Fe B?Q,T is given. Assume that (1.3) and (3.10)—(3.12) hold. Then for s > 2, there holds
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Wellls,r 4+ HIrllls,r < croluolls+1,7 + lutlls+1,7 + Hrolls41,7 + [rills+1,7

+ 1AM .7 + 1R, 7),

where c19 depends on T.

(3.43)

Proof. The proof is based on the induction. For s = 1, Lemma 3.3 gives the case by choosing
a suitable 1. We assume that (3.47) holds for all 1 < j <, and we prove that (3.47) holds for
s + 1. Since (3.41)—(3.42) has the same structure with (3.1)—(3.2), the result in Lemma 3.3 can
be used directly. Note that the vector D*u? and D*r¢ satisfy (3.41)—(3.42). By (3.20), we have

T
(. = c20) f / e MI@Fu)? + ] u™)? + (0 u™)?
0 B (0)
+ @O r)? + 37 r)1dxdi
sen [ MUGUER + @ P+ Gl + @l
B1(0)
+ @)+ @)+ @ + 07 )1

T
ten Y e MRS+ 1R 17 + WS 1> + |0ihS | Pdxcdt.
|V|=50 B (0)

By (3.35), (3.39)-(3.40), we derive

B+ 10 17 + B 17 + |0,k
+ o3 (187w P 4+ 185w 105wt + 188+ 195 ).
So choosing a A > ¢y + ¢24 + 1 large enough, it follows from (3.44) and (3.45) that
T
(cn—ca [ [ MG+ @R + @y
0 B1(0)
+ @) + (0] r)*1dxdt
<en / IO Y + 0 ) + @y + (0 udy?
B1(0)
+ @) + O + O] () + @) M dx
T
+C25/ f e MU RA 135 A 195 h9 12 4105 hd Py dxdr,

0 B1(0)

(3.44)

(3.45)
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which implies that

185 e 2, oy + 197 sy oy + 187 07 sy oy + 1977 2, oy
< 626(||M64||Hs+1(31(0)) + ||Mf||Hx+l(Bl(o))
+ ||761||HS+1(31(0)) + ||Vfl||HS+'(31(0)) + [lh# les+1¢8,0)) + ”hd||H~‘+1(Bl(O)))- (3.46)

Furthermore, we can apply B,j Bis 177 to both sides of (3.1)—(3.2) for 2 < j < s+ 1, then deriving
a similar estimate with (3.46). We conclude that

s+1

jas+1—j A jas+1=j d
D870 uM s o + 1070, acs, o))
j=0

A A d
< co7(llug llgs+2(, 0y) T 147 las+2(8, 0y) + 170 lms+28, 0y

+ ||rf||H.c+2(Bl(0)) + ”hA“HH'Z(Bl(O)) + ”hd“HH'Z(B](O)))' (347)

Summing up the estimate (3.47) over all coordinate charts, and we notice that ||u||, is equivalent
to ||u|ls + |00;u||s, hence (3.43) can be derived by (3.47). This completes the proof. O

Note that 4 = u4vy + r?z; and W = h4v + h%74. So by Lemma 3.5, direct computation
gives the following result.

Lemma 3.5. Let h be a smooth solution to weakly linear hyperbolic system (3.1)—(3.2) with
initial data h(0) = ho and 8;h(0) = hy. F € BY, ;. is given. Assume that (1.3) and (3.10)-(3.12)
hold. Then for s > max{2, %}, there holds

Allls,r < cag(lholls+1.7 + htlls+ 1.7 + W5, 7)- (3.48)

Proof of Proposition 3.1. The proof is based on a standard fixed point iteration. Let 7 = u” v +

rdzy and W = hAv4 + hvt;. We consider the following approximation system of (3.1)—(3.2) as

Dttty yyy — VIFYLAuf, 1) = v(F)N rgmy — v(F)Q4ufy,) = h*,

ity — V)M 7y — v(F) Pugmy = h?,
with initial data

Wl O =ud, rl 0 =rd,
druh o (0) = uf =< hy,vp(0) > vAB(0) — u§ < dvc(0). vp(0) > VA5 (0)
—r{ < 74(0),v5(0) > vA5(0),
drd 1 (0)=r =<hy,1(0) > T(0) — uff < 3v4(0), 7(0) > ¥ (0)

—ry < 3;tm(0), 7 (0) > v14(0).
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Above system is a linear wave equation coupled with an ODEs. By a standard fixed point iteration
and similar estimates in Lemma 3.5, we can prove that it has a local smooth solution on [0, T].
For the existence of solution for general linear wave equation, one can see [17,18,22,23] for more
details. O

4. Proof of Theorem 1.1

In this section, we construct a solution F (¢, x) on [0, %) of equation (1.2) by a Nash-Moser
iteration scheme. Rescaling in (1.2) amplitude and time as

F(t,x)— eF(J/et,x), >0,

we obtain the following system

_ n_1dﬂt .
ol =¢ _d v(EeF)(—H(EF)+¢ecp(eF)F
N

—epenvd P, @1
2 Vol(eF)
with initial data
F(0,-) = Fo, 9,F(0,-)=F1. (4.2)
Introduce an auxiliary function
F=F—Fy—tF, 4.3)

then the initial value problem (4.1)—(4.2) is equivalent to

_ d _ _
9 F = ¢! d—‘:v(e(F 4 Fo+tF)(—H((F + Fo+1F))

+e(F+ Fo+tF)o(e(F + Fy+1tF))

_ F+ Fy+tF|?
—2p(e(F + Fo +zF1))V(%)
__F . (4.4)
Vol(e(F + Fy +tFy))
with zero initial data
F0,)=0, 8F(@,-)=0. 4.5)

We define
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N(F):=0,F — 8”_1%U(8(f+ Fo+tF)(—H(e(F + Fo+ tFy))

+&(F + Fo+tF)e(e(F + Fo +tFy))

|F + Fy+tFy|?

—&20(e(F + Fo+1F1))V( >

)

0
— v,
Vol(s(F + Fo + tFl)))

(4.6)

then our target is to construct a T(ﬁt, X) € B; r on the time interval [0, T'] such that N(F)=0.

Here /et € [0, T]. Thus we obtain the existence of smooth solution for (4.4) with initial data
(4.5). In fact, we treat the initial value problem (4.4)—(4.5) iteratively as a small perturbation of
the initial value problem for a weakly linear hyperbolic system. Linearizing nonlinear equation
(4.4), we obtain the linearized operator

_ d _ -
0N (F)h = 0, — s"—ld—’“”v(s(F FFo+tFO)(A <hov>+iP<hv>
n

— <VH,h'" >)+ehg(e(F + Fo+tFy) +&(F + Fo +tF1)(37¢)h)

|f—}— F()~|—l‘F]|2

— &2 (dFp)hV( 5

y—e?pe(F+ Fo+tF)V<F+ Fy+1tF,h>

P
+ _
Vol(s(F + Fo +tF))2

/<h,v>dut]v
)

n—ldﬂf ol =
—€ EU(E(F+F0+IF1))[—H(8(F+F0+ZF1))

+e&(F + Fo+tF)e(e(F + Fo +tFp))

_ F4+Fy+tF|?
—82¢(8(F+F0+IF1))V(%)

p ](dith—|—<h,v>H)v

+ —
Vol(e(F + Fo +tF1))

d — _
n 8"6%”(8“” + Fo+tF)[—H(e(F + Fo+tFy))

— — 5 = |F + Fo+tF1|?
+e(F+Fy+tF)oE(F +Fy+tF) —e pe(F+ Fy +tF1))V(f)
1

Vol(e(F + Fy +tFy))

lp(e(F + Fo+1tF1)) <|F + Fy+tFi|,h>v

nfldﬂl ol —
—¢ Ev(s(F + Fo+tF)[—H(e(F + Fy+tF))

+e(F+ Fo+tF)oe(F + Fo+1tF))

|F+Fo+tF1|2)

—&2p(e(F + Fo 4+ 1 F1))V( 3
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0

_ IV <h,v>—62<h &F > h¥,F), 4.7
Vol(s(F + Fy +tFyp))

where fzi ;j denotes the second fundamental form, o7 denotes the Fréchet derivative to F and we
use the following relations

—87H=A<h,v>+|ﬁ|2<h,v>—<VH,hT>,

oFdu, = (dith—i— <h,v>H)du,,

oFpv=V<hv>— <h,8lf>ﬁld8df,

dpv(e(F + Fy+1tF) = —ep@)v(e(F + Fo+tF) <|F + Fo+tFi|,h > .

For the nonlinear term, by (4.4) and (4.7), direct computations show that

R(h) :==N(F + h) — N(F) — 3N (F)h. (4.8)

Since the exact form of nonlinear term (4.8) is very complicated, here we does not write it down.
In fact, we notice that the solution of (4.4) is to be constructed in B} rand F € B} 7> SO We
have

[FIlls,r <R <1,
WAL 7 <RI 70 Vg =2.

Thus we only need to obtain the lowest exponent of & for convenience. Then by the product
inequality, we can obtain the following result, i.e. Lemma 4.1. Note that

N

v(S)=eXp(—g/¥dw), dpy = /det(gi;),

1

t
OF X xWF Ry v1+/ 3 F,v>dud
V= , Vo =Vo < F,v> s.
101F % ... X 0, F| 0 ' He

0

Direct computation shows that the lowest exponent of F is n+ 1 in (4.4), which is determined
by the lowest exponent of F in dyu,. This lowest exponent of / in (4.8) equals to the lowest
exponent of F in (4.4),1.e.n + 1.

Lemmad.l.Let F, h € BkT. For any s > max{2, 5}, there holds

HIRMIs.r < caolliAlH 1. 4.9)

where cy9 depends on the constant R.
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In order to prove the existence of smooth solution for the linearized equation, we can follow
[18] to decompose & and the external force W (¢, x) into the normal and tangential parts. Then
direct computation shows that the linearized equation has the same form as the weakly linear
hyperbolic system (3.1)—(3.2). So by Proposition 3.1 and Lemma 3.5, we obtain the following
result.

Lemma4.2. Let F € B%,T' For any s > max{2, %}, there exists a function h € B;,’T such that
IEN(F)h = W(t,x),
h(0,)=0, 0:h(0,-)=0.
Moreover, there holds
Alls, 7 < c3ollIW]lls,T- (4.10)
Next we introduce the smooth truncation function, one can see [21] for more details. Let
[Ty € C*°(R) such that TTy =0 for 6 <0 and [1y —> I for 6 —> oo. We introduce a family

of smooth functions S(6") with S(6") =0 for " <0 and S(0') =1 for ' > 1. For W € C., we
define

My W (. x) = S(x') = [xDW(r, ), x,x’ €R".
Forl=0,1,2,..., by setting
x| =N, =2, 4.11)
and the Fourier transform is an isomorphism between L? and HY, it is directly to check that

51—
1T = Wl < e, Ny 2 IIW g2, Vs1 25220, (4.12)
S1—5
1T = W = Wllast < sy N2 (W sz, VO <51 <55

For convenience, we denote I1,/|_|,| by I1y,. We approximate system (4.6), and get the follow-
ing approximation system

_ _ d _ _
G, (F) := 8, F — sn_lﬂNldLl;v(e(F T Fo+tF)[—He(F + Fo+1F))

+&e(F+ Fo+tF)(e(F + Fy+1tFy))
|f+Fo+tF1|2)

—&29(e(F + Fo+1F1))V( 5

0
— v,
Vol(s(F + Fo + tFl))]

(4.13)

where m =0,1,...,[,....
The following Lemma is to construct the “/th” step approximation solution.
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Lemma 4.3. There exists a solution h'* of the initial value problem

E'+3zN(F)h'™ =0,
A0, x) =0, 8h'T10,x)=0,

where E' satisfies
1 —l
E' =GN (F).
Moreover, for s > max{2, %}, it holds
WA 7 < estllE .7 (4.14)

Proof. Assume that a suitable “Oth step” approximation solution of (4.13) has been chosen,
which is W0 = 0. The “Ith step” approximation solution is denoted by

1
F=>n
i=0
Define
—I _ d —1 —
E'=9,F —¢" 1HN,diM’v<s(F + Fo+tF))[~H(e(F + Fo+tFy)

—l —l
+e(F +Fo+tF)eE(F +Fo+tF))

[F' + Fo+1Fy|2
— )
v (4.15)

—l
—&20(e(F + Fo+1tF)V(
0

+ —l
Vol(e(F + Fo+1tFy))

Then we plan to find the “/th step” approximation solution le. By (4.13), we have
—i
G(F +h'*th
—i _ d —i
=0 F + 3"t —e" 'y, d—’:v(a(F + T+ Fy+1Fy))

X [—H((F +h'* 4 Fo+1F)
— —
+e(F + Fo+1F)oE(F +h't + Fy+1F)

—I
|F +hl+1+F0+tF1|2)

—
—&20(e(F + Fo+1tF1)V( >

0
Vol(e(F' + hi*+ + Fo +tFy))
=E' + 3N (BT + R, (4.16)

1v

+
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where

m#“)z—w4nMﬂQVG”+M“)—HMAM?)—%WVG%M“). 4.17)

By Lemma 4.2, there exists a solution #/*! of

E'+0pN(F)h'*!' =0,

n*o,)=0, 8n'*10,)=0

A similar estimate with (4.10) is derived as
A s, < catllE g7
Furthermore, one can know from (4.16) and (4.17) that
El+1 — R(I’ll+l). 0O
For max{2, %} <5 <s9<s,set

s—5
20

Sp =5+

s—3
Q|41 =81 — S1+1 = F

By (4.19)—(4.20), it follows that

SO>S > ... >8> 841> ...

(4.18)

(4.19)

(4.20)

Theorem 4.1. Equation (4.1) with initial data (4.2) has a solution

F =Fo + Fo + Fit,

where F o has the form

00
Foo = Zh,’ € CET
i=0

Proof. The proof is based on the induction. For any [ =0, 1, 2,

constant 0 < d < 1 such that

I+1 2!
A gy <d® <1,

I+1 2l+1
HE™ sy <d”
—I1

F eByr.

421

..., we claim that there exists a

(4.22)
(4.23)
(4.24)
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‘We choose a fixed sufficient small fo > 0 such that

—0
NF s <1, E° s < 1. (4.25)

For the case [ =0, by (4.14), we have

N .7 < et E s, < el E®N o7 < 1. (4.26)

It follows from (4.9), (4.12), (4.17) and (4.18) that

NE Y57 < IIRAEYs,.7

-1 1 1 1
< cae" N IR

< c332¢|l1E°| |15, 7)" . (4.27)

It is obviously to see that (4.26)—(4.27) implies (4.22);—9—(4.23),—¢ by choosing suitable small
e>0. Sowegetf1 EB;I T
Assume that (4.22)—(4.24) holds for 1 <i </, i.e.

A g < 1,
IEIl5, <d?, (4.28)
F e BA};,T'

Now we prove that (4.22)—(4.24) holds for / 4+ 1. From (4.14) and (4.28), we have

A gy 7 < 31l ENg 7 < esid® < 1. (4.29)

It follows from (4.9), (4.12), (4.14), (4.17) and (4.18) that

I+1 I+1
ET g0 7 < MRG0, 7

—1 arn+1 [+1)n+1

< s NS IRTIG T 5
—1 an+1 Ly n+1

§C348n Nl’iH [E |||?1T

2 2
nlen+lN(n+1) |||E171”|("+1)

=348 1+1 Yy sio1.T

<...

I+1
< c35(16e| || E°|||5. )TV

(4.30)

‘We can choose a fixed sufficient small ¢ > O such that
0 < 16¢[|EY|||s0.7 < 1.

Thus we conclude that (4.22)—(4.23) holds. Note that F[ = Zﬁzo h'. So (4.22) gives (4.24).
Therefore, we derive
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. 1
lim [|[[E°||l;,r =0,
[—> o0

which implies that system (4.4) with zero initial data has a solution

o
Foo=Y hi €C.
i=0
At last, by (4.3) we obtain the solution of system (4.1) with initial data (4.2) has a solution
F=Fo+ Fo+ Fit. O
5. Proof of Theorem 1.2

This section is to study the stability problem of (1.2) in BS' . Assume that there exist two

solutions F and F of (4.1) with corresponding to two different 1n1t1a1 data (Fo, F 1) and (Fo, F 1.
Let F = F — F. Then we have

w1 A (F) —dp, (F)
du

0 F=¢ v(eF)

x< H(EF)+ecp(eF)F — e p(eF)V( 5 )+Vol(€F) v(F)

+e ‘d’;’( )( (&F) — v(eF))
7
_ _ |F|? p -
X (—H(sF)—i—ego(sF)F e gp(sF)V(—)—i— m) v(F)
—|—8”‘1LM(F)U(81:")
du
|F |2 p - .
_ vl 7 _
< H(eF) +ep(eF)F —*p(e F)V( )+ Vol(eF)>(v(F) v(F))

v(eF)(—H(eF) 4+ H(eF) + e(p(e F)F — @(¢ F)F)

1 A1ty (F)
du

— & (<P(8F)V(i)—§0( F)V(i))—i- pP___ P W(F), (5.1
Vol(eF) Vol(¢F)

with initial data
F():F()—F(), F]:F]—F]. (5.2)
Introduce an auxiliary function

F*=F — Fy—tF, (5.3)
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then the initial value problem (5.1)—(5.2) is equivalent to a zero initial value problem. For con-
venience, we denote the right hand side of (5.1) by N (F, F, F). Then equation (5.1) can be
rewritten as

dF*—N(F*,F,F)=0. (54)
We consider the approximation system of (5.4) as
G (F*) := 8, F* —TINN (0, F, F). (5.5)
Then using the similar computation process with (4.16), we have
Lo(F)+E'(t,x)+R(F*)—E'(t,x)=0, (5.6)
where E’(t, x) is a function which does not depend on F*,

Le(F*) =8y F* — Ty, 0p+N (0, F, F)F*,
R(F*)=¢&""'y,(N(F*, F,F) = N(F, F, F) = aps N (0, F, F)F*). (5.7)

Direct computation shows that L. (F*) is a weak hyperbolic system, which has the same structure
as (3.1)—(3.2). So by Proposition 3.1, there exists a solution F* of

Le(F*)+E'(t,x) =0,
Ff =0, 8,F =0.

A similar estimate with (4.14) is derived as
NE s, < csolllEllls.7-
Since the lowest exponent of F* in (5.7) is n + 1, so we have the following result.

Lemma 5.1. Let F, Fe B}’T. For any s > max{2, %}, there holds

RE) s, 5637|||F*|||§’LI’T, (5.8)
where c37 depends on the constant R.

Furthermore, by (5.6) and (5.8), we have

F* 5,7 < e36ll1E MM, 7 < c36l[IR(FO) I, 7

—1 1 1
< cxge" NP

—1 pnt1 py (12 (n+1)?
<c30e" NTNT IIIF*IIISH,T

IA

1
< cao(Bell|F* |50, 7) "V,
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which combining with (5.3), we have

1
NE s < 1 Follls.7 + T Fillls.7 + cao@el[| F¥[|ls. 7).

Thus we obtain

- ~ - ~ - ~ 1
WIF = Flllg.r < l1Fo — Folllg.r + TII1F1 = Fillls.7 + cao@el[|F*{]l5p,7) ",

which implies the stability result for equation (1.2).
In partlcularly, if two solutions F and F of (4.1) have the same initial data, i.e. Fy = Fo and
F| = F|. Then we choose a suitable small & such that

0 < 8e|||F*|llso. < 1.

Then we have
lim [||F — F|llg.r =0,
|—> 00

which gives the uniqueness of solution for equation (1.2) with the initial data F and Fj. This
completes the proof of Theorem 1.2.

6. Further discussion

Our main results can be extended to more general case, i.e. (M, g) be an oriented smooth
complete n 4 1 dimensional Riemannian manifold. This section will discuss this case shortly. By
Nash’s embedding theorem we may embed (M, g) isometrically into an Euclidean space R* by
fiM— R¥ for some large k. Then we use the similar method of [18,22] to derive an extrinsic
form of the Euler—Lagrange equation (1.2).

We denote W, as the closest point projection to f (M), it is defined on a neighborhood

={x+ylx e fFIM), ye(Tu fFIMNE, Iyl <8(x)},

of f(M) and is smooth there. Here §(x) denotes a positive smooth function on f (M). Since the
second fundamental form hqg of M is normal to f(M) and f = W40 f, we get

00 f —Togdy f =DaDpW g f a5, (6.1)

where D4 and Dp denote the derivative in the direction of the canonical basis vector e4 and ep
in R¥, respectively.

Let F:[0,T]x ¥ —> Mand F:[0,T] x £ —> f(M) with F = f(F). Note that f is an
isometric embedding. Then by (6.1), direct computation shows that

_ d,ut ..
O, F — ——v(F) Z(F)v(F)—DADB\IIM(F)(B,«FABtFB—Ev(F)g”al-FAajFB)
|F|?

d[,Lt —
—Dfmv(F)(P(F)(f oF — V(—)) (F)
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d 2
—Df(Va,azF—Ev( H(F)+§0F (IJV(L)—F

Vo l(F)) v(F)),

where
0 A (Fyg d

Hence F is a solution of (1.2) if and only if F is the solution of

_ du 2
OgF — ——v(F) l(F)U(F) Dfd—U(F)(P(F)(f_ oF — V(u)) (F)

m y
- DADB\I!M(F)(B,FAB,FB - d—lv(F)g’faiFAajFB) =0. (6.2)
o

Next we follow the method of [18] to extend equation (6.2) for F : [0,T] x ¥ —> M C RF
which do not necessarily map to f(M). Let WQ’J_(F ) be the projection onto the normal space
of Q; = F(t, ¥). We notice that if F is close enough in C! to a family of immersions that map
to f(M), then Wy o F is also a family of immersions and v(W 4 o F) and v(Wpq o F) are
defined. Thus we will deal with the following equation

— d/L;N [ A B A~ ;i A B
. F — V-V =W i DADgY A (F)(0; F*0; F° — —vg" 0, F*3; F
g d/i w0l (F) etPAlB MF) (0 t du 87 0; j )
digs ., |F|?
—\I/QLDfd—UQD(f oF — V(—))v_ (6.3)

where 7 = \IIQtLv(\IIM oF), V= \IJQILV(‘JIM oF)and ¢ = ‘IthLgo(lIlM o F).

The following result shows that if F' maps to f (M) initially and the initial velocity is tangent
to f (M), then F maps to f (M) for all time. The proof is the same with Lemma 4.3 in [18], so
we omit it.

Lemma 6.1. Assume that equation (6.3) with initial data F (0, x) € f(M) and 9,F (0, x) €
TrF0.x) f (M) has a smooth solution F on [0, T] x X. Then F(t,x) € f(M) and f~Vo F solves
equation (1.2) with initial data f~' o F(0) and Df~'(3; F(0)) on [0, T] x %.

In what follows, one can use the same process of dealing with the Euclidean case to prove the
existence of solution for equation (6.3). Here we omit the details of proof.
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