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Abstract

In this paper, we consider the initial-boundary value problem to the nonhomogeneous incompressible
Navier—Stokes equations. Local strong solutions are established, for any initial data (pg, uq) € whrn
L) x HOI’U, with y > 1, and if y > 2, then the strong solution is unique. The initial density is allowed
to be nonnegative, and in particular, the initial vacuum is allowed. The assumption on the initial data is
weaker than the previous widely used one that (pg, ug) € (H ALy x (Hol’(7 N H?), and no compatibility
condition is required.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

The motion of the incompressible fluid in a domain €2 is governed by the following nonho-
mogeneous incompressible Navier—Stokes equations

orp+u-Vp=0, (1.1)
p@u+ (u-V)u)—Au+Vp=0, (1.2)
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divu =0, (1.3)

in 2 x (0, 00), where the nonnegative function p is the density of the fluid, the vector field u
denotes the velocity of the flow, and the scaler function p presents the pressure.

Since Leray’s pioneer work [20] in 1934, in which he established the global existence of weak
solutions to the homogeneous incompressible Navier—Stokes equations, i.e. system (1.1)—(1.3)
with positive constant density, there has been a considerable number of papers devoted to the
mathematical analysis on the incompressible Navier—Stokes equations. A generalization of Ler-
ay’s result to the corresponding nonhomogeneous system, i.e. system (1.1)—(1.3) with variable
density, was first made by Antontsev—Kazhikov in [3], for the case that the initial density is away
from vacuum, see also the book Antontsev—Kazhikov—Monakhov [4]. For the case that the initial
density is allowed to have vacuum, the global existence of weak solutions to system (1.1)—(1.3)
was proved by Simon [29,30] and Lions [24]. However, the uniqueness and smoothness of weak
solutions to the nonhomogeneous Navier—Stokes equation, even for the two dimensional case,
is still an open problem; note that it is well known that weak solutions to the two dimensional
homogeneous incompressible Navier—Stokes equations are unique, and are smooth immediately
after the initial time, see, e.g., Ladyzhenskaya [18] and Temam [31].

Local existence (but without uniqueness) of strong solutions to the nonhomogeneous incom-
pressible Navier—Stokes equations was first established by Antontsev—Kazhikov [3], under the
assumption that the initial density is bounded and away from zero and the initial velocity has
H'! regularity. Local in time strong solutions, which enjoy the uniqueness, were later obtained
by Ladyzhenskaya—Solonnikov [19], Padula [25,26] and Itoh—Tani [17]. Some more advances
concerning the existence and uniqueness of strong solutions, in the framework of the so-called
critical spaces, to the nonhomogeneous incompressible Navier—Stokes equations have been made
recently, see, e.g., [1,2,9-12,15,27,28]. It should be mentioned that in all the works [1-3,9-12,
15,17,19,25-28], the initial density is assumed to have positive lower bound, and thus no vacuum
is allowed.

For the general case that the initial density is allowed to have vacuum, Choe—Kim [7] first
proved the local existence and uniqueness of strong solutions to the initial-boundary value prob-
lem of system (1.1)—(1.3), with initial data (pq, uo) satisfying

0<poeH'NL®, upeH*NH,,, (1.4)
and the compatibility condition

Aug — Vpo=./pog, (1.5)

for some (pg, g) € H '« L2, Since the work [7], conditions (1 4)—(1.5) and their necessary mod-
ifications are widely used, as the standard assumptions, in many papers concerning the studies of
the existence and uniqueness of strong solutions, with initial vacuum allowed, to the nonhomo-
geneous Navier—Stokes equations and some related systems, such as the magnetohydrodynamics
(MHD) and liquid crystals, see, e.g., [6,8,13,14,16,21,32,33].

Noticing that, when the initial vacuum is taken into consideration, conditions (1.4)—(1.5) are
so widely used in the literatures to study the existence and uniqueness of strong solutions to
the nonhomogeneous Navier—Stokes equations and some related models, we may ask if one can
reduce the regularities on the initial data stated in (1.4) and drop the compatibility condition (1.5),
so that the result of existence and uniqueness of strong solutions to the corresponding systems
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still holds. As will be indicated in this paper, we can indeed reduce the regularities of the initial
velocity and drop the compatibility condition, without destroying the existence and uniqueness,
but the prices that we need to pay are the following: (i) the corresponding strong solutions do
not have as high regularities as those in [7]; (ii) one can only ask for the continuity, at the initial
time, of the momentum pu, instead of the velocity u itself.

In this paper, we consider the initial-boundary value problem to system (1.1)—(1.3), defined
on a smooth bounded domain € of R?, and the initial and boundary conditions are as follows

u(x,t)=0, xe0L, (1.6)

(0, pu) =0 = (0o, PoU0). (1.7)

Note that, instead of imposing the initial condition on the velocity u, we impose the initial con-
dition on the momentum pu. As will be explained in (iii) of Remark 1.2, below, generally one
can not expect the continuity of the velocity u, up to the initial time, when the vacuum appears
and the initial data is not sufficiently smooth.

Throughout this paper, for positive integer k and positive number g € [1, oo], we use L4
and W54 to denote the standard Lebesgue and Sobolev spaces, respectively, on the domain €.
When g = 2, we use H*, instead of W2, Spaces Lg and HO1 , are the closures in L2 and H!,
respectively, of the space Cgf’a ={p € C3°(R) |dive = 0}. For simplicity, we usually use || f1l4
to denote || 1| ra-

Strong solutions to system (1.1)—(1.3), subject to (1.6)—(1.7), are defined as follows.

Definition 1.1. Given a positive time T € (0, 00), and the initial data (pg, ©p), with pg € wlrn
L*®, vy e(l,00), and ug € Hola- A pair (p, u) is called a strong solution to system (1.1)—(1.3),
subject to (1.6)—(1.7), on  x (0, T), if it has the regularities

p€L®0,T; WY NL®)NnC([0,T]; L),

e L®(0,T; Hy,) NL* 0, T; H?), pueC(0,TI; L?),

Viu e L0, T; H)NL*(0,T; W*%), VidueL*0,T; H),

satisfies system (1.1)—(1.3) pointwisely, a.e. in  x (0, T'), for some associated pressure function
peL?0,T; H'), and fulfills the initial condition (1.7).

Remark 1.1. Thanks to the regularities of the strong solutions stated in Definition 1.1, by

equations (1.1) and (1.2), one can show that the strong solutions have the following additional
regularities

dpeL*0,T;LY), J/pdueL?0,T;L?, i /pdueL>®0,T;L?).

The main result of this paper is the following theorem on the local existence and uniqueness
of strong solutions to system (1.1)—(1.3), subject to (1.6)—(1.7).

Theorem 1.1. Let Q be a bounded domain in R3 with smooth boundary. Suppose that the initial
data (po, uo) satisfies
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0<po<p, poeW", wupeH,,,

for some y € (1, 00) and p € (0, 00).

Then, there is a positive time Ty, depending only on p, 2 and ||Vuoglla, such that system
(1.1)—(1.3), subject to (1.6)—(1.7), admits a strong solution (p,u), on Q2 x (0, Ty). Moreover, if
y € [2, 00), then the strong solution just established is unique.

Remark 1.2. (i) Through we ask for the W'? regularity on the initial density, the only factor of
the initial density that influences the existence time 7y in Theorem 1.1 is the upper bound. As
will be seen in the proof of Theorem 1.1, such higher regularity assumption on the initial density,
i.e. pp € W7, is used only to guarantee the continuity of the momentum at the initial time and
the uniqueness of the solution.

(ii) The regularity assumptions on the initial data in Theorem 1.1 are weaker than those in
[7], where the initial data was assumed to have the regularities stated in (1.4). Note that, the
compatibility condition (1.5) plays an essential role in [7], while in Theorem 1.1, no compatibility
condition on the initial data is required, for the local existence and unique of strong solutions.

(iii) Due to the insufficient smoothness and the absence of the compatibility conditions on
the initial data, and the presence of vacuum, for the strong solutions (p, u) established in The-
orem 1.1, the quantity d,u, viewed as a vector valued function on the time interval (0, Tp), is
not generally integrable on (0, Tp). As a result, one can not expect the continuity of u, up to the
initial time. It is because of this that we impose the initial condition on pu, in stead of u, in (1.7),
and correspondingly ask for the continuity in time of pu in Definition 1.1.

The key observation leading us to reduce the assumptions on the initial data, from those im-
posed in [7] and widely used in many other papers to the current version, stated in Theorem 1.1, is
that the boundedness of the initial density and the H'! regularity of the initial velocity is sufficient
to guarantee the L0, Ty; W) estimate on the velocity of the solutions to system (1.1)—(1.3).
In order to achieve the L1(0, T; W) estimate of the velocity, the main tool is to perform the
t-weighted H 2 estimate to system (1.1)—(1.2) or its approximated system, see Proposition 3.3,
below, obtaining

Ty
sup (|| V2ull3 + ||ﬁa,u||§)+ft||va,u||§dtsc.
0<t<Ty 0

Note that, thanks to the weighted factor 7, the constant C in the above estimate is independent of
the H? norm of the initial velocity. With the above estimate in hand, one can then successfully
obtain the desired L' (0, Tp; W 1) estimate on the velocity, and further the regularity estimates
on the density, see Proposition 4.1, below, for the details. In proving the uniqueness of strong
solutions, the idea of the #-weighted estimates is also used, but in a different manner from above,
see the Gronwall type inequality in Lemma 2.5, below.

Remark 1.3. (i) The same argument can be adopted to other similar systems, including the
nonhomogeneous incompressible magnetohydrodynamics (MHD) and the liquid crystals, in the
presence of initial vacuum. Specifically, one can weaken the regularity assumptions and drop the
compatibility conditions on the initial data stated in [6,8,13,14,16,21,32,33], without destroying
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the existence and uniqueness of strong solutions; however, the definitions of the strong solutions
in those papers should be modified accordingly.

(ii) The idea of making use of the ¢-weighted estimate has been used in the study of several
incompressible models, to weaken the regularity assumptions on the initial data, see, e.g., Paicu—
Zhang—Zhang [28] for the inhomogeneous incompressible Navier—Stokes equations, i.e. system
(1.1)—(1.3), in the absence of vacuum, Li-Titi [22] for the Boussinesq equations, Li-Titi [23]
for a tropical atmosphere model, and Cao—Li-Titi [5] for the primitive equations. This idea can
be also adopted to the compressible Navier—Stokes equations, but the argument will be different
from and more complicated than the incompressible case. We will present the details of such
kind result for the compressible Navier—Stokes equations in another paper.

The rest of this paper is arranged as follows: in Section 2, we collect some preliminary lem-
mas; in Section 3, we carry out the Galerkin approximation to system (1.1)—(1.3), and perform
some uniform a priori estimates on the solutions to the approximated system; the proof of Theo-
rem 1.1 is given in the last section.

2. Preliminaries

In this section, we state several preliminary lemmas which will be used in the rest of this
paper. We start with the following compactness lemma due to DiPerna—Lions.

Lemma 2.1 (¢f. [24]). Let T be a positive time, and assume that {(pn, u;\/)}]"\,":1 satisfies

pn €C(0, T L"), 0<py<C, ae onQx(0,T),
divuy =0, a.e.on Q2 x (0,T), HMN”LZ(O,T;HOI’U) <C,
dpn + div(oyuy) =0, in D'(Q x (0, T)),
pN(0) = po, in L', uy —u, in L*(0,T; HY),

where C is a positive constant independent of N.
Then, py converges in C([0, T]; L?), for 1 < p < o0, to the unique solution p, bounded on
Qx(0,7T), of

3 p~+div(pu)=0, inD'(2x(0,T)),
peC(0,TI; LY, p(0)=po, ae. inS.

The next lemma about the existence, uniqueness and a priori estimates to the transport equa-
tions is standard, see, e.g., [19].

Lemma 2.2. Let v € LI(O, T; Lip) avector field, such that divv =0, and v-n = 0 on 32, where
n denotes the outward normal vector on 092. Let pg € W4, with q €1, oc0].
Then, the following system

{ or +div(pv) =0, inQ2x(0,7T),
Pli=0 = po, in 2,

has a unique solution in L*°(0,T; wkey N C([o, T];ﬂ15r<ooW1’r), if g =00, and in
C(0,T1; Wh), if 1 < ¢ < oc.
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Besides, the following estimate holds

t
o )llyig < elo 1VP@lecdTy ooy,
foranyte[0,T].

To determine the pressure associated with the strong solutions, we will use the following two
lemmas.

Lemma 2.3 (cf. [31]). Let  be an open set in R%, d > 2, and f ={f1,---, f4}, with f; being
distribution, i = 1,2, --- ,d. A necessary and sufficient condition for f =V p, for some distri-
bution p, is that ( f, $) =0, for any ¢ € C7, ().

Lemma 2.4 (¢f. [31]). Let Q be a bounded Lipschitz open set in R?, d > 2.
(i) If a distribution p has all its first-order derivatives d;p, 1 <i <d, in Lz(Q), then p €
L%(Q) and
P — palli2) < cEDVpllr2g),

where po = |—512‘ Jo pdx.
(ii) If a distribution p has all its derivatives 3;p, 1 <i <d, in H=Y(Q), then p € L*(Q) and

P — pallr2@) < cCIVPIlg-1q)-
In both cases, if Q2 is any open set in R, then p € L? ().

loc

Finally, we state and prove a Gronwall type inequality which will be used to guarantee the
uniqueness of strong solutions.

Lemma 2.5. Given a positive time T and nonnegative functions f, g, G on [0, T], with f and g
being absolutely continuous on [0, T]. Suppose that

4 f(1) < AVGD),
Lo(t) +G(t) <a(t)g(t) + 1) f2(1),
£(0) =0,

a.e. on (0, T), where A is a positive constant, « and 8 are two nonnegative functions, satisfying
a e L'((0,T)) and 1B(t) e L' ((0,T)).
Then, the following estimates hold

F(1) < A/g(0)/1e? @@ +A%spNds,

and
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t
g(t) + f G(s)ds < g(0)elo @ +AMsB()ds,
0

fort € [0, T, which, in particular, imply f =0, g =0 and G =0, provided g(0) = 0.
Proof. It follows from the assumption and the Holder inequality that

1 2

t
f(z)gA/,/G(s)ds < AV /G(s)ds , 2.1)
0

0

which, along with the assumption, gives
d 1
t
T80+ G =g + A1) [ Geoyas.
0

Setting n(t) = g(t) + fot G (s)ds, then it follows from the above inequality that

n' (1) < (a(t) + A2 BN (1),
which, by the Gronwall inequality, implies

t
n(t) =g + / G(s)ds < g(Oelo ) HATPLN:,
0

Thanks to the above estimate, and recalling (2.1), we have

£(6) < AVg(O)re? o @ +AspG6Nds,
This completes the proof. O
3. Galerkin approximation
In this section, we preform the Galerkin approximation to system (1.1)—(1.3). We first present
the approximation scheme, then prove the solvability of the approximated system, and finally
carry out the uniform estimates to the approximated solutions.

3.1. The scheme

Let {w;}72, be a sequence of eigenfunctions to the following eigenvalue problem of the
Dirichlet problem to the Stokes equations in £2:
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—Aw; + Vp; = Ajw;,

divw; =0, 3.1
wilse =0,
where 0 < A] <Ay <---, with A; — 00, as i — 00, are the eigenvalues. The sequence {w,'}l?"i1

can be renormalized in such a way that it is an orthonormal basis in L?, (2). One can further show
that it is an orthogonal basis in Holﬁ (£2), and a basis (but not necessary orthogonal) in Holﬁ )N
H?*(Q), see, e.g., Ladyzhenskaya [18]. By the regularity theory of the Stokes equations, w; is
smooth on Q.

For any positive integer N, we set Xy = span{w;, w, --- , wy} as the linear space expanded
by w;,i=1,---, N.Denote by || - || x, the norm on Xy, given by

N 2 N
||f||xN=<Za3> . for f=) aw;.
i=1

i=1
Recalling that {w;}{2, is an orthonormal basis in Lg(Q), one can verify that || f] x, is exactly
the L2(£2) norm of f,forany f € Xn. Note that X is a finite dimension space, all other norms
on Xy are equivalent to the norm || - || x,, defined above.
We are going to solve the following system:

iz

orpNy +un-Voy =0,
(onQruny + (uny - Viun), w) + (Vuy, Vw) =0, Yw € Xy, (3.2)

ONli=0 = pon, UN|i=0 =Uon,

where {pon 13, is a sequence of functions from C?(Q), satisfying

O<p=<pow=<p. pov€CHQ). pon— po, in W(Q), (3.3)

for some r € (3, 00), and ugy is given as

N
UGN = Z(Mo, w;)w;. 34

i=1

For any vy € C([0, T]; X ), define ®(; x, t) as the particle path which goes along with the
velocity field vy and passes through point x at time ¢:

d
d_q)(t;x,t)ZUN(CD('[;X,I),T), q)(t;xat)z-x'
T

Note that vy € C([0, T]; C3(Q)), by the standard theory of the ordinary differential equations,
the particle pass ®(t; x, ) is at least C 3 continuous in (x,1) and C! continuous in 7, on the
domain {(t,x,t)|t,t €[0,T],x € S_Z}, in other words we have SEJCD, ;P € C(0,T] x Q x
[0, T']). Moreover, ® depends continuously on the velocity vy, and actually by considering the
difference system of two particle paths ® and @, which pass through the same point x at the
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same time ¢, but go along two different velocity fields vy and Dy, respectively, by using the
mean value theorem of differentials and the Gronwall inequality, one can explicitly deduce that
H_db ) <Tl5 - } ClVN 1 0.7: Lipcy)
1P — @llco,71xaxi0.71) = TIVN — Unlle@xpo,77)€ PER),
for a constant depending only on the domain £2.
Denote py = pon (P (0; x, t)). Using the fact that ®(0; x, ) = ®~1(z; x, 0), where the inverse
is with respect to the spatial variable x, one can easily check that py is the unique solution to

opn +vN - Vpy =0, 35)
Plt=0 = pon-

Recalling the regularities of @, _it is straightforward that py € CZ(S_Z x [0, T]). We define the
map Sy : C([0, T]; Xy) — C>( x [0, T]) as

vy > oy = Sy[vn], pw is the unique solution to (3.5).

Recalling the continuous dependence on vy of the particle pass @, the above solution mapping
on = Sy[vn] is continuous, with respect to vy € C([0, T]; Xn).

In order to prove the solvability of system (3.2), it suffices to find a solution uy €
C([0, T]; Xn) to the following system

{ (Snlunl@iuy + (uny - Vuy), w) + (Vuy, Vw) =0, Ywe Xy, (3.6)

UN|i=0 = UQN,

where Sy[uy], as defined before, is the unique solution to system (3.5), with vy replaced by uy.
To this end, we consider the following linearized system

3.7

Snlvn]@uy + (vy - VIuy), w) + (Vuy, Vw) =0, VYw € Xy,
UN|i=0 = Uon,

where vy € C([0,T]; Xy) is given. We define a solution mapping Qy : C([0,T]; Xy) —
C([0,T]; Xn) as

vy = uy = Onlvn]l, up is the unique solution to (3.7).

As it will be shown later, the mapping Q y is well-defined. Therefore, to prove the solvability of
system (3.7), and consequently system (3.2), it suffices to look for a fixed point of the mapping
Onin C([0, T]; Xn).

Given vy € C([0, T]; Xn), and denote by py = Sy[vn], as before, the unique solution to
system (3.5). Then py € CXQ x[0,T]) and p < p < p. Suppose that u ; has the form

N
un(x, ) =Y fri(wi,

i=1
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for some unknowns fy; € C([0,T]),i =1,2,---, N. Then (3.7) is equivalent to

: SR aly (O f1;0 + 301 b @) fig (O + hi fvi =0, 48)
le(O)Z(M()swl)s i=1529"'9N7
where the coefficients ai’}’ and b{y are given by
N Ny —
a;;j () = (pywj, wi), b;; (1) = (pn vy - VIw;, wp).
Rewrite the above system of ordinary differential equations in matrix form as
AN R+ By@ + AN N =0, fn@) = (fni@). . fan@)", (3.9)
where Ay (1) = (a,']}/(f))NxN’ By(1) = (bg{(t))NxN and Ay =diag (A1, -+, AN).
Since py € C*(2 x [0,T]) and vy € C([0,T]; Xn) € C($ x [0,T]), it is clear that
Ay, By € C([0,T]). Besides, Ay is nonsingular. Otherwise, there are constants o, - -, &y,

not all zero, such that
ANDa =0, a= (- an)’,

that is
N N N
N .
Zaij(t)aj=2(prjawi)aj= /ONZO!jwj,wi =0, i=1,---,N.
j=1 j=1 j=1

Multiplying by «; the i-th equality of the above system, and summing up the resultants with
respect to i yield

N N
PN Zajwj,zaiwi =0,
j=1 i=1

wherefrom, recalling that py > p> 0, we get ZlNz 1 «;w; = 0, which contradicts to the linearly
independency of the basis {w;}2,.
Thanks to the nondegeneracy of Ay, (3.9) can be reformed as

fu@® + AR O BN () + An) fy (1) =0. (3.10)

Since Ay and By are continuous on [0, T'], so is A;,l , the solvability of the initial value prob-
lem to the above system follows from the classical theory of the ordinary differential equations.
Therefore, for any given vy € C([0, T]; Xn), there is a unique solution uy € C([0, T]; Xn)
to (3.7), in other words, the solution mapping Qy is well-defined. Moreover, noticing that
the solution mapping py = Sy[vn] to system (3.5) is continuous in vy € C([0, T]; Xn), it is
straightforward that the matrices Ay and By, viewed as the functionals of vy, are both contin-
uous in vy, SO is A;l. Therefore, in view of (3.10), fy is continuous in vy, and as a result the
mapping uy = Qn[vy] is continuous with respect to vy € C([0, T]; Xy ).
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3.2. Solvability of (3.2)

As mentioned before, in order to prove the solvability of (3.2), it suffices to find a fixed point
to the solution mapping Qy, with uy = QOn[vy] being the unique solution to the linearized
system (3.7). Recall that in the previous subsection, we have shown that Qy is a continuous
mapping from C ([0, T']; X y) to itself. We will apply the Brower fixed point theorem for compact
continuous mappings to prove the existence of a fixed point to the mapping Q. To this end,
recalling that the continuity of Q y has been proven in the previous subsection, one still need to
verify compactness of Oy, which, noticing that X is a finite dimensional space, is guaranteed
by the following proposition:

Proposition 3.1. Let Sy and Qn be the mappings defined as before. Then, for any vy €
C([0, T]; Xn), the following hold

T
sup [/SvTow1@nonlI2 +2 f IV OnTonI2dt < [l /aomuon |2,
0

0<t<T
T
2 2 2 CNTlvwlZ g 1.
sup ||VQN[UN]||2+/||\/SN[UN]8IQN[UN]||2dt§ (Vuonlize CUOTEXN),
0<t<T
- 0

where Cy is a positive constant depending only on N, p and S2.

Proof. Denote py = Sy[vy] and uy = Qn[vy]. Taking w = up in (3.7), then it follows from
integration by parts and using equation (3.5) that

1d

VT I/onunll3 + Vuy 3 =0,

from which, integrating in ¢ yields the first conclusion.
Next, we prove the second conclusion. Choosing w = d;uy in (3.7), and integration by parts,
one obtains

1d
S SV B+ A = — / p(uy - Vo - dyindx
Q

<Vollvondun 2 lvnllsol Vaun ll2 < Cnllon lixy IoNdunll2l Vuy 2

<l 9 2, ¢ 2 vyl

=3 IVondunllz + Cnllvn Iy, Vunlz,
wherefrom, by the Gronwall inequality, the second conclusion follows. In the above, we have
used the fact that the L°° norm and the norm || - || x,, are equivalent, as Xy is a finite dimensional

Banach space. O

Thanks to the above proposition, we can prove the global solvability of system (3.2), and we
have the following:
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Corollary 3.1 (Solvability of (3.2)). For any positive time T, there is a unique solution (py, uy)
to system (3.2), satisfying

py €CHQ X [0, T]), uyeC*([0.T): Xy)., p=<p=<p.

Proof. As mentioned before, it suffices to find a fixed point to the mapping Qn in C([0, T]; X ).
The regularity of py has been mentioned several times in last subsection, while the regularity
of uy can be easily seen from the ordinary differential equations (3.10), in view of the fact
that A;,l, By € C%([0, T]), which are guaranteed by the regularity of py. Thanks to the first
conclusion in Proposition 3.1, we have the estimate

IOnlvN]Illcqo.Txy) < K, Yoy € C([0,T]; Xn),

where K = K(N, p, ||u0||%) is a positive constant. By the second conclusion of Proposition 3.1,
the following estimate holds

19: On TNl 20,7 %) < CN, T, K, uoll),
for any vy € C([0, T']; Xn) subject to [luxllcqo,71:xy) < K. Recalling that Xy is a finite di-
mensional Banach space, by the Arzeld—Ascoli theorem, the above two estimates imply that Q x
is a compact mapping from By to itself, where By is the closed ball in C([0, T]; X 5). Thanks
to this fact, and recalling that Q y is a continuous mapping from C ([0, T]; Xu) to itself, by the

Brower fixed point theorem, there is a fixed point in Bg to the mapping Q. This completes the
proof. O

3.3. Uniform in N estimates

In this subsection, we will establish some a priori estimates, which are uniform in N, in a
short time, to the solution (py, u ) established in Corollary 3.1.

Recall the expression of uy = Z;-V:1 fnj(@®)w;j. On the one hand, choosing w = w; in (3.2),
one obtains by integration by parts that

(=Aun, w;) = (Vuy, Vw;) = (—ponBrun + (un - Viuy, w;),
fori =1,2,---, N. On the other hand, recalling (3.1), it follows from integration by parts that
N N
(—Auy, w) =Y fyjO(=Awj, w) =Y fyjO)hjwj = Vpj, wi)
j=1 j=1

N
=Y NjORjSij = ki fai(0).
j=1

Thus, we have

1
fhi() = _;(PN(atuN + (un - Vuy, wp).
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Thanks to this, and using (3.1) again, one deduces

N N
1
uy jzlfNj w; jz_l( jwj — Vpi) —)\j)(,oNuN w;)

N N
1 ) .
=V ZT(pN“N»wj)pj —Z(pNMN,w./)w./,
=" j=1

with ity = 0;upny + (un - V)uy, or equivalently

N
Auy +VPy = (pn@uy + (uy - Vuy), wjw;, (3.11)
j=1

where the pressure Py is given as Py = Z?’Zl %(,oNdN, w;)pj.
J

We first consider the H'! estimate, that is the following proposition:

Proposition 3.2. Let (py,upn) be the solution established in Corollary 3.1. Then, there is a
positive time Ty depending only on p, Q2 and ||Vuo||2, such that

Ty
sup [[Vun|3+ / (IvVoNdun i3 + Vun[3)de < C||[Vuoll3,
0

0<t<Ty

for a positive constant C depending only on p and Q.

Proof. Taking w = d;uy in (3.2), then it follows from integration by parts and the Young in-
equality that

1d

3 VN B+ AN 3 = — / oy - V) - dyundx
Q

1 1
S NG E/pmbtmzwumzdx,
Q

and thus

d
SNV B+ /AN B s/pN|uN|2|wN|2dx. 3.12)
Q

Applying the H? estimate to (3.11), and noticing that HZ?’;](&’, w;)w;
g€ L2($2), we deduce

, = llgll2, for any
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N 2
2 2
IV2unll3 < C | Y (on @un +un - Vun), wjw;
j=1 2

<Cllon@Bun +uy - Vuy)|3

< Chll/onhun B+ Cp / pxlun P Vuy Pedx
Q

< M| /pndun|3 + C/pN|uN|2|VuN|2dx, (3.13)
Q

where M and C are positive constants depending only on p and 2.
Multiplying (3.12) by 2M1, and summing the resultant with (3.13), we obtain

d
M= IVun 13 4+ My l|/pndiun |13+ IV2unll3 < C / onlun PIVuy2dx,  (3.14)
Q

for a positive constant C depending only on p and 2.
We have to estimate the term fQ onlun |} Vuy|2dx. By the Holder, Sobolev and Poincaré
inequalities, we deduce

C/pN|uN|2|VuN|2dxsC||uN||é||wN||z||wN||6
Q

3192 1 2 2 6
< ClIVu 31V2unll2 < SIV2un I3 + ClIVunlS, (3.15)
which, substituted into (3.14), gives
d 1
M= IVunll3 + (Mi | /ondiun i3 + 3 IV2un13) < ClIVun|$, (3.16)

for a positive constant C depending only on p and 2.
Set

t
1
Fy (1) = 2M1 | Vun 13() + / My /ARl + 5 19%unlds.
0

Then, it follows from (3.16) that
FLy(t) <C Fy(1), tel0,T],

where C| is a positive constant depending only on p and 2. Simple calculations to the above
ordinary differential inequality yields
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Fx (0 2M, || Vuon |13
Futd) < v (0) _ 1IVuonli;
J1=2CI 0 \J1-8CI M3 Vuo 3

)

for any ¢ € [0, (16C1M12||Vu0N||‘21)_1], from which, noticing that ||Vuoyll2 < ||Vug|l2, one ob-
tains

Fy (1) <2v2M1||Vuon |3 < 2V2M1 || Vuoll3, 1 € [0, (16C1 M7 |[Vuol3)~'].
This completes the proof of Proposition 3.2. 0O
Next, we study the 7-weighted H? estimate, which is stated in the next proposition.

Proposition 3.3. Let (pon, uy) be the solution established in Corollary 3.1 and Ty the number in
Proposition 3.2. Then, the following estimate holds

Ty
sup 1(IV2un 3 + IIv/ondunl3) +fz||vazuN||%dr <cC,
0<t<Ty 0

for a positive constant C depending only on p, Ty, Q2 and ||Vug||2.
Proof. Differentiating (3.2), with respect to ¢, and using (3.2); yield
(o (OFun + (uy - V)dpun), w) + (Vopuy, V)
=(div (oyun)(Brun + (un - VIun), w) — (pn Qun - Viun, w),

for all w € Xy . Taking w = d;un in the above equality, then it follows from integration by parts
and using equation (3.2); that

1d
§E||«/_PN3MN||% +IVaun|3
= (div (oyun)(Brun + (un - VIun) — pnouy - Vuy, drun)

S/[PN|“N|(2|3tuN||VatMN|+|'4N||VMN||Vat“N|
Q

HunIV2un|dun| + [Vuy*18un]) + oy |8y Vuy|1dx

=2/PNIMN||3zMNIIV3zMN|dx+/,0NIMN|2|VMNIIV3zuN|dx
Q Q

+/pN|uN|2|v2uN||azuN|dx+/pN|uN||wN|2|atuN|dx

Q Q
5
+ [ ol vuyidx =y (3.17)
Q i=1
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We estimate [;,i = 1,2,---,5, as follows. By the Gagliardo—Nirenberg inequality, || f|lcc <
1

1 1
Clifligf ”;12’ it follows from the Sobolev and Poincaré inequalities that

1 1 1 1
1 1 Lo,
lunlloo < Cllunlig lunll o < ClIVun iy IV-unll; - (3.18)

Thanks to this, by the Holder inequality, we can estimate /1 and I as
I < 20/ oo llun oo l/PN Bt 12 Vst |l2
1 1
< CIIVun 1211V un 13 I1V/oNdun 2 Vaun 2,
and
L < llonlloollun 12 IVun 1211V dsun ll2 < ClIVun 31 Vun 1211V dsu 12,

respectively. By the Holder, Sobolev and Poincaré inequalities, we deuce

2 w2 22
I <|lpnllcollun g Vounllizldunlle < ClIVunI3IV-unll2[lVoun|2,

2)v2
Iy < lpnlloollunllsVunll2[Vunllslldrunlle < CIVun [51Vun 211Vorun iz,

and
Is <llVpn o ll/oNdiun 1211 Vun 13119 un Il
<Clly/An 12 Vun 1 192un 13 1V .
Substituting the estimates on [;,i = 1,2,---,5, into (3.17), and using the Young inequality,

one obtains

1d
5 27 IWON BN 113 + IV dun 13

1 1
< CIVun 12 1Vun 13 /N un 120V un |2 + ClIVun 1311V un 121V duy |2

1
<3 IV un 3+ ClIVunll2IVun l2ll/on diun 13 + ClIVuy 131V un i3,
which implies
d 2 2
T IVPNOuN 3+ IV 13

< C(IVun 120 V?un 2ll/pndun |3 + IVun 1311V un |13). (3.19)

Multiplying the above inequality by ¢ yields
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d
E(ﬂu/—pNatuNn%) + IV un 13 < ClIVun 31IV2un 13 + IIvV/ondrun |13)
+C | Vun 2 V2un 12t I /on diun |13,

from which, by the Gronwall inequality, and using Proposition 3.2, we obtain

To
OSUP (Illx/pzvazu/vﬂg(t))+/IIIV3zuNII§(t)dt <C, (3.20)
<t<Ty

0

for a positive constant C depending only on p, Tp, 2 and || Vuol|2.
Substituting (3.15) into (3.13), one obtains

IV2un|3 < C(llv/ondiun 3+ IVun|9), (3.21)

for a positive constant C depending only on p and €2, which along with (3.20) yields the conclu-
sion. O

4. Local existence and uniqueness

This section is devoted to proving the local existence and uniqueness of strong solutions to
system (1.1)—(1.3), subject to (1.6)—(1.7), in other words, we will give the proof of Theorem 1.1.

Let us first consider the case that the initial density has positive lower bound, and we have the
following proposition:

Proposition 4.1. Suppose that the initial data (pg, ug) € (WHY N L>®) x Hola’ for some y €
[1, 00), and that P=po= 0, for two positive constants P and p, and let Ty be the positive time
stated in Proposition 3.3.

Then, there is a strong solution (p,u) to system (1.1)—(1.3), subject to (1.6)—(1.7), in X
(0, To), such that p < p < p, and
Ty

sup [||Vu||%+||Vp||;+t<||v2u||%+||ﬁatu||%>]+/[||v2u||%
0<t<Ty 0

+ I/porull3 + t(IV2ullg + IVaul3) + | Vulloo + 13,0113 1dt < C.
for a positive constant C depending only on p, 2, ||Vug|l2 and ||V poll, .

Proof. Choose a sequence of pgy € C2(Q), such that

p=poN=p. pony — po, in WH(Q),  [Veonlly < 1Veoll,.

Let {w;}72, be the sequence of eigenfunctions to (3.1), as stated in the previous section, Sec-
tion 3. For any positive integer N, we set ugy = ZlN:l (1o, wi)w;. Then, ugy — ug in HI(Q).

By Corollary 3.1 and Propositions 3.2-3.3, for any positive integer N, there is a solution
(pn,up) to system (3.2), such that p < py < p, and
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sup [IVun |3 +1(IV2un I3 + Ilv/on dun13)]

0<t<Ty
Ty

+ f (AN aun 1+ 1V2ux 13 + 11 Voruy B)dr < C,
0

where T is the positive time stated in Proposition 3.2, and C is a positive constant depending
only on p, Tp, 2 and ||Vug||>.

Thanks to the above estimate, using the Cantor diagonal argument, and applying Lemma 2.1,
there is a subsequence of {(pn, un)}3_,, still denoted by {(on, un)}5_,, and a pair (o, u), with
p <pny <pand

sup [[IVull3 41 (IV2ul3 + Il/pdul3)]
0<r<Ty

Ty
+/(||ﬁa,u||%+ IV2ull3 + ¢ Vaull3)dt < C, (4.1)
0

for a positive constant C depending only on p, Ty, 2 and ||Vug||2, such that

oN = p, in C([0, Tol; L), g €[l,00),
uy —u, in L0, To; H') N L®(z, Ty; H?),
: 2 2 * . [e’s) 2
uy —u, in L0, To; H*), 0;uy — o;u, in L™(t, Tp; L7),
dun — du, in L*(0, To; L) N L (z, To; H'),

for any 7 = %, k=2,3,---, and thus for any 7 € (0, Tp), where — and X denote the weak
and weak-* convergences, respectively. Noticing that H> <> <> H! < L?, by the Aubin-Lions
compactness lemma, we have uy — u in C([0, Tp]; L?) N L%(0, To; H'). Therefore, we have

(0, w)lr=0 = (po, uo)-

Thanks to the previous convergences, it is clear that (p, u) satisfies (1.1), in the sense of distri-
bution, and moreover, since p has the regularities p € L*°(0, Tp; Wl’y) and 9;p € L4(O, To; L),
which will be proven in the below, (p, u) satisfies equation (1.1) pointwisely, a.e. in € x (0, Tp).
The previous convergences also imply

oNduy — pdu, in L*(0, To; L),
pn @y - Vuy = pu - Vu, in L*(0, To; L?).

Consequently, one can take the limit N — oo in the momentum equation in (3.2) to deduce that
(p@ru+ (u - Vyu), w;) + (Vu, Vw;) =0, for any positive integer i,

or equivalently, by integration by parts, that

Please cite this article in press as: J. Li, Local existence and uniqueness of strong solutions to the Navier—Stokes
equations with nonnegative density, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.021




YJDEQ:8914

J. Li/ J. Differential Equations eee (eees) sse—see 19
(p@ru + (u - V)u) — Au,w;) =0, for any positive integer i.
Since {wy}%_, is a basis in L?,(Q), and noticing that
p @t + (u - Vyu) — Au € L0, To; L?),
a density argument yields
(p@u+ (u-Vyu) — Au,p) =0, Vwe L2(Q).
Thanks to this, by Lemma 2.3 and Lemma 2.4, there is a function ® € L2(O, To; H 1), such that
pOu+ (u-Viu) — Au=Vo,

which is exactly the momentum equation (1.2), by setting p = —®.
In order to complete the proof of Proposition 4.1, one still need to verify

Ty
sup [IVpll} + /<r||v2u||§ + [Vulloo + 1:0115)dt < C,
0<t<Ty 0

for a positive constant C depending only on p, Ty, 2, || Vugll2 and |[Voll, .
Similar to (3.18), one has ||u||C2>o < C||Vull2lIV?u|)>. Thanks to this, by the elliptic estimate
for the Stokes equations, and using the Sobolev inequality, we deduce

IV2ulls < Cllp @it +u - Vi) l6 < C(Id;ulls + lulloo | Vi)

1 3
< CIVaull2 + IIVullZ IV2ull3),

and thus, recalling (4.1), we obtain

To Ty

2. 12 2 2 13
/lllV ullgdt < C/t(llvazullz + IVull2IVoull3)dr < C,
0 0

for a positive constant C depending only on p, Ty, 2 and ||Vug||2.
1 1
By the Gagliardo—Nirenberg inequality, ||f|lcc < C(Q)||f||62 ||f”évl-6(s2)’ and using the
Sobolev and Poincaré inequalities, we have

1 1 1 1
1 1 , b,
IVulloo < ClIVulig IVully16 < CIVull; IV ullg.

Thus, it follows from the Holder inequality and (4.1) that
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To To Ty

1 1 L 11
fnwuoodrscf||v2u||§||v2u||gdr=0f||v2u||§<t||v2u||§)w—1dr
0 0 0

1 1 1
/T 4 /T 2

To
<C /||v2u||§dt /t||v2u||§dz /r—%dt <cC,
0 0 0

for a positive constant C depending only on p, Ty, €2 and || Vug||2. Thanks to this estimate, and
applying Lemma 2.2, one obtains

sup [[Vpll <C,
OSZST()

for a positive constant C depending only on p, Ty, €2, || Vugll2 and ||V poll, .

1 1
Recall that ||u||co < C(S2)||Vu||22 1V2u ||22 , it follows from the continuity equation (1.1) that

Ty Ty Ty
[ 1aweitar = [wikivorsar <c [ IvuBiviuBivonar <c.
0 0 0

for a positive constant C depending only on p, T, £2, || Vupll2 and ||V pgl|, . This completes the
proof of Proposition 4.1. O

We are now ready to prove our main result, Theorem 1.1.

Proof of Theorem 1.1. Take a sequence {po,};- |, such that

1 _ .
—<pon<p+1, pon— poin W, |Vpoull, <[IVeoly + 1.

S

By Proposition 4.1, there is a positive time Ty depending only on p, 2, || Vugll2, such that, for
each n, there is a strong solution (o, u,) to system (1.1)—(1.3), subject to (1.6)—(1.7), with initial
data (pop, 1o), in 2 x (0, Tp), satisfying % <pon <p+1and

To
2 y 2 2 2 2 2
sup [[IVunllz +1IVonlly +1(IVunllz + ||\/pn8tun||2)]+/[||v unllz
0<t<Ty
0

+ I/Pn 013 + IV unlig + IV0unl3) + | Vitulloo + 13 pn 151dt < C, - (4.2)

for a positive constant C depending only on o, Ty, €2, || Vugll2 and ||V poll, .
Thanks to the above estimates, by the Cantor diagonal argument, there is a subsequence of
{(on, un)}c ,, still denoted by {(poy, u,)}°° , and a pair (p, u), such that

n=1° n=1°
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Un = u, in L0, To; H') N L® (7, Ty; H?),
uy — u, in L*(0, To; H*) N Lz, To; W>©),
dyun — dpu, in L*(t, To; HY),

pn — p. in L0, To; WY N L%, 8,p, — d,p. in L*(0, To: LY),

for any T = %, k=1,2,---, and thus for any t € (0, Tp). Therefore, by the Aubin-Lions com-
pactness lemma, the following two strong convergences hold

Uy — u, in C([7, Tol: H' N LY N L% (7, Ty; C(R)),

on — p, in C([0, Tpl; L?), forany 1 <g < oo.

Claim 1: (p, u) has the regularities stated in Theorem 1.1, and satisfies system (1.1)—(1.3)
pointwisely, a.e. in 2 x (0, Tp).

The regularities of (p, u) stated in Theorem 1.1, except pu € C([0, Tp]; L?), which will be
proven in Claim 2, below, follow from the previous weakly convergences. Besides, thanks to the
previous convergences, one can check that

Un Vo, —u-Vp, in L*(z, To; L7),
ondrty = pdyu, in L*(t, To; L),
on (it - Vg — p(u - Vu, in L*(z, To; L?),

for any t € (0, Tp). Therefore, one can take the limit n — oo to see that (p, u) satisfies equations
(1.1)—(1.3), in the sense of distribution, and further a.e. in Q2 x (0, Tp), by the regularities of
(o, u). This proves claim 1.

Claim 2: pu € C([0, To]; L?) and (p, u) satisfies the initial condition (1.7).

Since p, — p in C([0, Tol; L), puli=0 = pon and pon — po in W7, one has pli=o = po.
Recall that u, — u in C([z, To]; H') and pn — p in C([0, Tp]; LY), for any g € [1, 00), it is
clear that p,u, — pu, in C([t, To]; L2), for any 7 € (0, Tp). It remains to verify the continuity
of pu at the original time and the initial data of pu.

Similar to (3.18), one has ||un||c2>O < C||Vun|21V2uy, 2. Thanks to this, recalling that p, <
0 + 1, and using (4.2), it follow from the Holder that

t

1 Conttn) () — pontolls = / 0, (outtn)d
0 1

t t
= /(pnatun + 0 ppup)dr| < /(”pnatunnl + 10 pnttnll1)dt
0 0

1

t
= C/(”\/pn”oo”\/pnatunHZ + 110 onlly lunlloo)dT
0
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t
1 1
< C/(”\/,OnaturLHZ + 19 ol IV un 13 11V 113 d T
0

¢ 3 ' I
<CVi / I/Pudyunllzdr |+ / 19: pu I3 d / 1V2unll3dT
0 0 0

< C(y, 5, To, 2, | Vuoll2, IV poll, W1,

for any ¢ € (0, Tp). With the aid of the above estimate, and using (4.2) again, it follows from the
Holder and Sobolev inequalities that

2 3
| Conten) (@) — ponuoll2 < | (onttn) () — PonUn ||15 | Gontn) () — pOnuan
1 3 1
= Ct5([Vunll2(r) + [[Vuoll2)5 < Ct5,

for any t € (0, Tp), where C is a positive constant independent of 7.
Thanks to the above estimate, for any ¢ € (0, Ty), we have

lGou) (@) — pouoll2
< |[Gou) (@) — (pnutn) (@) l2 + [(onun) () — ponttoll2 + llponuo — pottoll2
< Cou) () — (pnun)(®)ll2 + llpontto — pouoll2 + Ct%,

for any positive integer n, where C is a positive constant independent of n. Recall that p,u, —
puin C([z, Tpl; L), for any t € (0, Tp), and p, — p in C([0, T']; L?), for any g € [1, 00). Thus,
we have

. 1 1
lCou) (@) — pouollz < Lim (||(ou) () — (outtn) (@) l2 + lloonto — pouoll2) + Ct5 =Ct5,

n—o0

for any t € (0, Tp), which implies that pu is continuous at the original time and satisfies the
initial condition pu|;=p = poup. This proves Claim 2, and thus further the existence part of
Theorem 1.1.

We now prove the uniqueness part of Theorem 1.1. Let (0, &t) and (4, it) be two local strong
solutions to system (1.1)—(1.3), subject to (1.6)—(1.7), on 2 x (0, T'), for a positive time 7', with
the same initial data (uq, pg). Then, we have following regularities

p.pEL®O,T;HY, ii,iel*0,T;H, 4.3)
Vi, N1 € L®(0,T; H?), 1dii,v/ti € L*(0,T; H"). (4.4)

Setting

then (o, u) satisfies

Please cite this article in press as: J. Li, Local existence and uniqueness of strong solutions to the Navier—Stokes
equations with nonnegative density, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.021




YJDEQ:8914

J. Li/ J. Differential Equations eee (eeee) eee—eee 23
qp+i-Voptu-Vp=0, (4.5)
divu =0, (4.6)
p(Ou+1u-Vu) — Au+Vp=—pu-Vu— p(0i+1i-Vir), 4.7

ae.in Q2 x (0, 7).
1
Multiplying equation (4.5) by |p|” 2 p, and integration by parts, then it follows from the
Holder, Sobolev and Poincaré inequalities that

2d  3p JO . 172
§E||p||3/2=—/u'vp|p| 2pdx < |lullslVoll2llells),

Q

~ 1/2
< ClIVul2VAl2llpll3)a.

from which, recalling (4.3), one obtains

d
Ellplh/z =< Al[Vullz, (4.8)

for a positive constant A.

Same to (3.18), we have ||ii]|2, < C||Vii|l2]|V2i||2. Multiplying equation (4.7) by u, and using
equation (4.5), it follows from integration by parts, the Holder, Sobolev, Poincaré and Young
inequalities that

1d - - N A A o
5 27 Whulls + ||Vu||%=—/[pu-w — p(dii + 1t - V)] - udx
Q

< VB lolV B2 llulll Va3 + o320 ddtllsllaells + 1l ool Vi 6 1ull6)

1/2 3/2

< CINVAulallVul2 IVl g + Cllplz 21V a2l Vulla + 1 Vally I Va5 | Vull2)

< S IVul3 + CIVal IV pul3 + CAVHal3 + IVal Vil ollel3 .

N =

from which, one obtains

d ~ =
T IVBul3 + 1Vull3 < a®IVpul} + BO1oI3 2, (4.9)
where
a(t) =C|\Vill3, (1),  B@)=CIVal5+ IValallVal,)@).

Recalling (4.4), it is clear that o € L'((0, T)) and tp(t) € LY((0, T)). As a result, combining
(4.8) and (4.9), and applying Lemma 2.5, one obtains ||pl|3/2 = ||\/,5u||2 = |Vu|l, = 0. Thus
o =u =0, proving the uniqueness part of Theorem 1.1. 0O
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