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Abstract

In this paper, we propose a sufficient and necessary condition for the boundedness of all the solutions
for the equation X + n2x + g(x) = p(¢) with the critical situation that ’ f02” p(t)efi"tdt| = 2|g(+oo) —
g(—oo)‘ on g and p, where n e NT, p(1) is periodic and g(x) is bounded.
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1. Introduction and the main results

The boundedness for semilinear equations at resonance is very complicate. It is well known
that the linear equation

i 4+ n%x = sinnt, neNT
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has no bounded solutions, where ¥ = d”x /d 12 Ding [4] constructed another example as follows:

% 4+ n’x + arctanx = 4 cosnt, neNT

for which each solution is unbounded. Due to these resonance phenomenons, the existence of
bounded solutions and the boundedness of all the solutions for semilinear equation at resonance
are very delicate.

In 1969, Lazer and Leach [7] studied the following semilinear equations:

¥+n’x+g(x)=p@), neNt, (1.1)

where p(t + 2m) = p(¢) and g is continuous and bounded. They obtained the existence of a
periodic solution of (1.1) if

2

/p(z)e—””dt <2(liminf g — limsup g). (1.2)
x—>+00 X—>—00

0

In addition, they obtained that each solution of (1.1) is unbounded if

2

/ p()e ™ dt| > 2(sup g — inf g). (1.3)
0

It implies that the Lazer-Leach condition (1.2) is also necessary for the existence of bounded
solutions if

lim g(x)=g(—00) <g(x)<g(+o0)= lim g(x), VxeR. (1.4)
X—>—00 xX—>+00
Later, Alonso and Ortega [ 1] studied the following equation:

¥+n’x4+gx)+v'(x)=p@), neNT, (1.5)

where g and p are the same as above and the perturbation ¥'(x) is small at infinity in the
following sense:

" ¥(x)
m =

|x]|=>o00 X

0.

They showed that unboundedness for each solution with a large initial condition if

2

fp(z)e—"’”dz >2(H — K),
0

where
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H =max{limsupg, limsupg}, K =min{liminfg, liminfg}.
X——00 x—+400 X—=> =00 x—>+00

Ortega [16] obtained the first positive result on the boundedness of (1.1). He established a variant
of Moser’s small twist theorem, with which he proved the boundedness for the equation

F4+n’x+h(x)=p@), p@t)eCR/2rD),
where L > 0 and A (x) is a piecewise linear function of the form

L, if x>1,
hrp(x) =1 Lx, if —1<x<l1,
—L, if x<-1,

and p(r) satisfies

2

/ p()e Mdt| < 4L,
0

Then Liu [9] studied the equation (1.1) with p(t) € C’(R/27Z), g(x) € CO(R) satisfying

g(£oo) = lim g(x) exist and are finite, (1.6)
x—+o00
and
lim x*¢®(x)=0, 0<k<6. 1.7)
|x]— 400

He showed that the Lazer-Leach condition (1.2) implies the twist condition in Ortega’s small
twist theorem, by which the boundedness of (1.1) is obtained.

One can refer to [9-12,16,17] for the applications of Ortega’s small twist theorem.

Recently Wang, Wang and Piao [18] studied the equation

F4n’x4+gx)+v'(x)=p@t), neN, (1.8)

where g(x) and p(¢) are similar to those in [9] and ¢ (x + T) = ¥ (x).

They proved that the Lazer-Leach condition (1.2) on g and p is sufficient for the boundedness
of (1.8) with the existence of an oscillating term v, in other words, the oscillating term does not
play any role in the boundedness.

If

2

/p(t)eiimdt

0

> 2|g(+00) — g(—00)|, (1.9)

then Alonso—Ortega’s result [1] implies the existence of unbounded solutions for (1.8), one can
also see [9]. Thus Wang, Wang and Piao [18] obtained that if
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2

/ p()e ™ dr

0

#2(g(+00) — g(—00), (1.10)

then (1.2) is sufficient and necessary for the boundedness of (1.8).

Other conditions for the existence of bounded and unbounded solutions are described in [1,2,
5,6,13,14] and their references.

We say (1.1) is in the critical situation if

2

/ p(t)e " dt

0

=2|g(+00) — g(—00)|. (1.11)

In this case, due to the absence of the Laser-Leach condition (1.2), the study on the validity of the
twist condition becomes more subtle and the corresponding results on the boundedness solutions
of (1.1) are very few. In fact, the only known work for equation (1.1) is about the unboundedness
of each solution in [7] (see (1.3)) for the case

min{g(—00), g(+00)} < g(x) < max{g(—00), g(+00)}. (1.12)

In this paper, we will study the boundedness of (1.1) in the critical situation if the condition
(1.12) is violated.

Let 0 < d # 1. Suppose that g(x) € C"'(R), p(t) € C¥2(R/2nZ) and there exist two con-
stants c4 satisfying c+ > 0i1f0 <d < 1 and ¢+ <0if d > 1 such that

lim 1160 a) =0, 0<k<v +1, (1.13)
|x]— =00
where
X
—d
Gi(x)= /(g(x) — g(£00))dx —cy - (1 —l—xz)lT. (1.14)
0

Remark 1. From the assumptions (1.13) and (1.14), one can easily check that g does not satisfy
the condition (1.12).

Let v = 5. The main result of the paper is as follows.

Theorem 1.1. Let 0 <d # 1 and v1 =5+ v, vo = 1 +v. Assume (1.6), (1.11), (1.13) and (1.14)
hold true. Then the sufficient and necessary condition for the boundedness of (1.1)is 0 <d < 1.

Example 1. Let g(x) = arctanx + 2x(1 + xz)’z/3 and p(t) = 2cos(nt). Then the sufficient
condition in Theorem 1.1 for boundedness are met with g(+o0) =+ 7/2, d=1/3 <1, cx =3.
On the other hand, let p(¢) be the same as above and g(x) = arctanx + x(1/3 + x4 x(1+
x2)732andd =2 > 1, ¢+ = —1. Then Theorem 1.1 implies that (1.1) has unbounded solutions.
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This paper is organized as follows. We prove the boundedness result for 0 < d < 1 in sec-
tions 2, 3 and 4. In Section 2, we define action-angle coordinates. In Section 3, we introduce a
rotation transformation such that a nearly integrable sublinear system is obtained under a series
of canonical transformations. In Section 4 we show that a twist condition in some weak way
holds true which implies the boundedness of solutions in Theorem 1.1 by Moser’s twist theorem.
The last two sections are devoted to the unboundedness result for d > 1. In section 5, we first
make a series of canonical transformations to obtain a normal form (for which the twist condition
is violated). Then in last section we show the existence of an invariant set such that each solution
starting from it is unbounded.

2. Action-angle coordinates

Let y = x/n, equation (1.8) is equivalent to a Hamiltonian system with the Hamiltonian
I, 5,01 1
H(x,y,t):in(x +y )—}—;G(x)—;xp(t), (2.15)

where G (x) = [ g(s)ds.
Under the action-angle coordinates transformation (dx A dy =dI A d6)

x=x(1,0) :\/glécosne

2
| . (1.0) eRT xR/(Z2),
y=y(1,9)=\@17 sinn6 n

(2.15) is transformed into
1 2 1 1 /21
H(,0,t)=14+ —-G(,/—12cosnf) — —,/—12cosnfp(t). (2.16)
n n nVn

Denote f1(1,6) = %G(\/glécosne), H(1,0,1) = —%\/gl%cosnép(t), then (2.16) is
rewritten by

H(,0,0)=1+ fi(1,0)+ fr(1,0,1), (I,6,1) e RT x S! x §! (2.17)
with S' =R/(2nZ).
Remark 2. From the action-angle coordinates, the Hamiltonian (2.16) is 2w /n periodic in 6,
then it is also 27 periodic in 8 for n € N. Thus, for convenience, we assume H be defined in
Rt x S! x S!.
! 2
In this context, we denote [ f](-) = > / f(-,0)do be the average function of f(-,6) with
4
0
respect to 6. Without loss of generality, C > 1, ¢ < 1 are two universal positive constants not

concerning their quantities, and j, k, [, v, x, etc., are non-negative integers.
Next, we give several lemmas about the estimates on f1(Z,0), f>(1,0,1).
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Lemma 2.1. For I large enough, 6 € S', k 4+ j < vy + 1, we have the estimates on fi(I,0) as
follows:

Ao scrr, [aka] £i1.0)| < cri-krsimatii-D,
The estimates about Lemma 2.1 are classic and can be obtained by direct calculations. Thus
we omit it. Readers can refer to [9].

Direct calculations can lead to the following conclusions:

Lemma 2.2. For I large enough, 0, t €S', k+ j <vi + 1 and | < va, we have the estimates on
£o(1,0,1) as follows:

oka] ol fo(1,0,0)| <12+,
3. A sublinear system and its normal form for 0 <d <1
In this section, we first transform the semilinear system into a sublinear one by a rotation
transformation. Then by a series of canonical transformation, we obtain the normal form of the
sublinear system, for which a weak twist condition holds true.
3.1. A rotation transformation
Since oy H > 1/2 when [ is sufficiently large, we can solve (2.17) for I as follows:
I=ICh,t,0)=h—R(h,t,0), (3.18)
where R(h, ¢, 0) is determined implicitly by the equation
R=fi(h—R,0)+ fo(h —R,0,1). (3.19)

It is obvious that 4 — +oc if and only if / — +-00. Since 1d60 — hdt = —(hdt — 1d0), we know
that the new Hamiltonian system

19 h L) ’
d9 ! o

is equivalent to the original one, see [3,8,9,19]. Note that in the new system, 6 is the new time
variable, thus it can be eliminated from f; by a canonical transformation, which is helpful to
obtain a normal form later.

We present some estimates on R(k, ¢, 6) in (3.18).

Lemma 3.1. For h large enough, 0, t € st k 4+ j <wv1 4+ 1 and l < vy, we have estimates on
R(h,t,0) as follows:

jofato] k| < crikrsometin b,
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The proof is given in the Appendix.
From the identity (3.19), R has the following form by Taylor’s formula:

1 1

R=f1(h,9)+f2(h,t,9)—/81f1(h—/LR,9)Rd/L—/31f2(h—,uR,9,t)Rdu- (3.20)
0 0

(3.18) and (3.20) yield
I=h— fi(h,0) — fr(h,0,1) + Ro(h,1,6), (3.21)

where Ro(h, 1,0) = [} 8; fi(h—uR,0)Rdp+ [y 3 f(h— 1R, 6, 1) Rdje. Moreover, for h large
enough, 6, t € sl k 4+ j <vi+1and! <wuvy, Ro(h,t,0) satisfies

j —k+L
|3fo1 0] Ro| < cht+3 (3.22)
by direct calculations.
Next we introduce a rotation transformation to eliminate the linear part of the Hamiltonian

which helps us to obtain a sublinear function.
Define a rotation transformation @1 : (hy, t1,0) — (h,t,60) by

h=h

Under @1, the original semilinear system determined by the Hamiltonian / is transformed into a
sublinear system given by the following Hamiltonian:

Li(hy,1,0) == fi(h1,0) = fa(h1,0,t1 +0) + Ri(h1,11,0)
with Ry (h1,11,0) = Ro(hy,t1 +6,6).
Lemma 3.2. For h{ large enough, 0, t| € St and k 4+ j <vi+1, I <y, it holds that:
0F 0L, 8] Rl < Chy 42,
Proof. It is obtained from formula (3.22). O
3.2. Normal form with a weak twist condition

Since 6 is the new time variable, we can easily eliminate it from fj(h,6) by a canonical
transformation ®; : (hy, 1,0) — (hy, t1, 0) given by

{h‘ =ha, (3.24)

t1 =1t — 0y S2(h2,0)

with the generating function S, (h3, ) determined by
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[%

S2(h2,0) = / (f1(h2,0) = [f11(h2))d6. (3.25)

0

Under ®,, the Hamiltonian /; is transformed into I, as follows

Iy(hy,t2,0) = — f1(h2,0) — fa(h2,0,10 +0 — 0, 82(h2,0)) + Ry (hy, t2 — 0p,52(h2,0),0)

=—[f1l(h2) — f2(h2,0,t2 +6) + [ f11(h2) — fi1(h2,0) + 99 S2(h2,0)
1

+ / 0y fo(h2, 0,12+ 0 — pdy, Sa(ha. 0))3n, Sa(ha, O)dpe
0
+Ry(h2, 12 — 0p,S2(h2,0),0).

It is obvious that (3.25) implies

0
[f11(h2) — f1(h2,0) + @Sz(hz, 6) =0.
Let

Ry(h2,12,0) = Ry(ha, 1 — 0y, S2(h2,0),0)
1

+ / O fo(h2, 0. 12 — dn, Sa(ha, )9, Sa(h, ). (3.26)
0

Thus, I is rewritten as
I(hy, t2,0) = =[f11(h2) — f2(h2,0, 12+ 0) + Ra(ha, 12, 0).
We have the following estimates:
Lemma 3.3. For hj large enough, 0, t, € S, it holds that

—k+%

: 1
105,09 Sa(ha, )| <Ch3 2, k+j <vi +1, (3.27)

and

D=

Onyt1] < Chy ™2, 9yt =1, |dpt1| < Chy~2,

10,0001 < Chy 3% ki 4 j =2, k+j <vi,l<w.
Moreover, for k + j < vy andl < vy — 1, it holds that:

18 8! 8] Rol < Chy 2.
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The proof is given in the Appendix.
Now we are in a position to eliminate 6 from f>(h2, 0, t> 4+ 0). Without causing confusion,
for convenience we still denote

27
1
[fz](h,t)zZ—/fz(h,e,t—i—e)de.
JT
0

Then we have

Lemma 3.4. For any h e RT, t € S!, it holds that

ﬁ 2 2
[f21(h,t) = —z—nfgh% { cos(nt) / p(t)cos(nt)dt + sin(nt) / p(t) sin(nr)dt}. (3.28)
b4
0 0
Moreover,
2
2 3 .
12100 = j—_nﬁhi / pe" dz|. (3.29)
T
0
Proof.
2 2
1 ] V2 3 ]
[AR)h,t)=— | fo(h,0,t+0)d0 = ——n"2h2 | cos(nf)p(t + 0)do
2w 2w
0 0
2 2
VI3, i N
= —2—n 2h2{cos(nt) | p(r)cos(nt)dt + sin(nt) [ p(r)sin(nt)dr}.
b4
0 0
Thus, (3.29) is obtained immediately. O
We make a transformation ®3 : (h3, 13,60) — (h3, t2, 6) implicitly given by
hy =h3 + 0, S3(h3,12,6) (330)
t3 =1+ 0py S3(h3,12,0)

with

0
S3(h3, 12,0) = /(fz(ha, 0,12+ 6) — [f21(h3,12))d0. (3.31)
0
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Under @3, the Hamiltonian /; is transformed into /3 as follows

I3(h3,13,0) = —=[f1l(h3 + 01, 53) — fa(h3 + 0, 53,0, 12 +0) + Ro(h3 + 01,53, 13 — 03,53, 6)
+0p 53
=—[f11(h3) = [21(h3,13) + [ f2l(h3, 1) — f2(h3,0, 12 4+ 0) + 09 S3

1
_ / LAT (s + 101, $3)3,,S3 (3. 12, 6)d it
0

91 f2(h3 + 1o, S3,0, 12 +0)0;,S3(h3, 12, 0)dp

St~

1
+/ 0 [ f21(h3, 13 — 0py S3) 0y S3d e + Ra(hs + 0,83, 13 — 0383, 0).
0

(3.31) implies

[f21(h3,12) — f2(h3,0,1 +0) + 39 S3 =0.

Let

a(hs, 13) = —[f1]1(h3) — [ f21(h3, 13);
1

R3(h3,13,0) = Ry(h3 + 01,83, 13 — 03 53,0) — /[f1]/(h3 + 10y, 83)0, 83 (h3, 12, 0)du
0
1

- / 01 f2(h3 + 101, 83,0, 12 +0)0, S3(h3, 12, 0)d
0
1

+ / Bl f21(h3. 13 — pdny S3)00, Sad s
0

Thus we have
I3(h3,13,0) = a(h3, t3) + R3(h3, 13, 0). (3.32)
Lemma 3.5. For hj large enough, 0, t3 € S! and k + Jj <uwvi, Il <uvy—1, it holds that:

05,040 Rs| = Cha™+4. (3.33)
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Proof. The proof is similar to the one of Lemma 3.3. O

Next we estimate the lower and upper bounds for derivatives of «(h3, #3) in (3.32), which
shows that «(h3, t3) satisfies some weak twist condition. Denote

2 1
B(h3) =[f1l(h3) — %n_%hf - |g(400) — g(—00)|

and

2 2

Vi i N
a(rz) = ST (2|g(+oo) — g(—00)| — (cosnt3 | p(s)cosnsds +sinnt3 | p(s) smnsds)).
T

0 0

Then it holds that
1
—a(h3, 3) =a(t3) h; + B(h3). (3.34)

Denote A := ’fOer p(t)e_i’ltdt‘ = 2|g(+oo) — g(—00)|, then we have that

a(ty) = Tfn_%A(l — cos(ntz — &) (3.35)

21 .
with tan&é = 7@” p(5) sin(ns)ds .
o P(s)cos(ns)ds

Obviously, a(t3) > 0 and a(t3) = 0 if and only if the following holds true:

(J" p(s)cos(ns)ds, [ p(s)sin(ns)ds)
‘fozn p(t)e~intdt '

(cos(nt3), sin(nt3)) =

We have the following estimate on :

Lemma 3.6. For hj large enough, B(h3) satisfies

1-d

Sk 54—k @ 1742
Cohy® 20Uy fork=0,1,  BOM)zc hy?
and
k S
1BR () <C-hy” 7, k<u+1 (3.36)

Proof. Without loss of generality, assume g(+4-00) > g(—00). Note that

2
B(h3) = L / G(,/ %hé cosnf)db — Qn_% (g(+oo) - g(—oo)) -hé.
2nw n T
0
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Then we have

1

2
B (h3) = Z/—jn_%hSZ (/ g(\/ghé cosnb)cosnfdod — 2(g(+oo) - g(—oo)))

0
2 3 -1 "
= onin, ];(Jk+(h3>—fk_<h3)) (337)
where
2 1
Jes(h3) = / (g(\ﬁhg cosne)—g(+oo))cosn9de, (3.38)
n
2km _ 7
n 2n
2 1
Te_(h3) = / (g(\/jh32 cosne)—g(—oo))cosnede.
n
From (1.13),
2k | T
n 2n
Chnd s thy) = / (g(\/?h% cosnf) — g(+oo)) (ﬁh% cosn0)? cos! =4 nodo
n n 3 n 3 (3.39)
2k T
n T 2n

— s(d)c4, as h3 — 00,

with s(d) some positive constant. Similarly, we have

21<_7T+~;_7T
Gt ) / ((\/7hé 6) — g( ))( 217 cosnd) cos! = node
— — = — cosn — —0 — coSn COS n
PR S us & ns (3.40)
— —s(d)c_, as h3 — o0.
Thus
2 i, 1
(=h3)2 B'(h3) > ——s(d)(c++c-), as h3 — 00, (3.41)
n 2nm

which means that

1-d

—d
2

1—d _
chy? <Bh) <Cehy?

With L’Hospital’s rule, (3.41) implies
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1-d 1=d
C’h32 5,3(}13)56‘]’132
From (3.38) and (1.13), we have

2k

2\d d
2.(\/;) h;+2 J]é+(h3) = g (\/7]12 Cosng)(fh2cosn9)1+d 1 dnedg

2k_ﬂ z
n

— —5(d)cyd(1 —d), as h3 — oo,

with 5(d) some positive constant. Similarly, we have

n 2n
2\d 14d
2(,/—) ny 20 (hs) = g(‘/ h2cosn9)(,/ hzcosne)”d '~ 1o,
n

2/ﬂ+2
— S(d)c_d(1 —d), as h3 — o0.

Thus

’ ’ - 1 2\—d —1-4
(Jk+(h3)—Jk_(h3))—>—d(l—d)s(d)(c++c_)§( ;) hy' 72 ashs — oo, (3.42)

Note that

n

" L _ ’ \/E 3 -3 ’ /
B/ (hs) = —Sh3'B/(hs) + 5 —n "2y I;(JH(hz)—Jk_(hg)) (3.43)

1d_
By this together with (3.41) and (3.42), we have |8"(h3)| > c - hy*
For the remaining upper bound estimates, by direct calculations, we have for m < vy + 1 that

2k

n 2n m
+d
hm+2](m)(h )= / ch(l)(fhzcoan ([kzcosne cos' ¥ node,

2k _ w
n 2n

which together with (1.13) implies

m

_d_
I ()l < Chy 2 (3.44)

Similarly, we have

(m) —m—§
[JZ (h3)| < C - hy , as h3 — oo. (3.45)

Thus (3.37), (3.44) and (3.45) gives (3.36). O
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Consequently, a(h3, t3) in (3.32) satisfies a weak twist condition:

1—d _

oy (hs. 13)] = c-hy® k=0, 1, 2, (3.46)
and fork <vy +1, [ < vy,

Lk
|0y, 0p,c(h3, 13)] < C - h3 . (3.47)

3.3. A nearly integrable system

Lemma 3.7. Assume Hamiltonian

I =a(h,t)+ R(h,t,0)
with a satisfying (3.46), (3.47) for k <m, | <n, and R(h, t, 0) satisfying

|0k of o] R| < cphhemai0- 5,

for h large enough, k + j <m1, | <niy(m; <m, ny <n).
Then there exists a transformation @ : (hy, ty, 0) — (h, t, 0), such that

I+(h+,l‘+,9)=[0q>+(h, t, 9)=Ol+(h+, t+)+R+(/’l+, 1y, 0),

with ay(hy, t4) =a(hy, t4) + [RI(hs, ty) satisfying (3.46) and (3.47) for k <my, [ <nj.
Moreover for hy > 1,1 <ny — 1, k+ j <mjy — 1, it holds that

Bl k+max{0, S5}

k al aj -
ok o, 9] Ry | = cny
Proof. Set & : (hy, t+, 6) — (h, t, 0) implicitly given by

h :h"r + 8ZS+(h+7 t99)
L =t + 3h+S+(h+,t, 9)

with the generating function Sy (A4, ¢, 6) determined by

0
Se(hsa1,0) = —/(R(h+,r,9> [RI(hy. 1))d6.
0

It is easy to show that, for k <m, | <ny, j <i,

a,’;+a,lags+(h+,t,9))§Ch;7"‘, =01, it 1
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Under &, the Hamiltonian / is transformed into 7 as follows

Li(hy ty,0) =alhy + 0S4+, 04 — 0 S4) + R(hy + 0:54,1,0) + 09 S+
=a(hy,ty) +Ri(hy,ty,0),

where

1 1

Ryhite.0) = [ o1ty +udSp.00iSsdi— [ 8yt = w9, S0 Ssdu
0 0
1 1

- / Oi[RI(hy, ty — udp, S0, Sydp + / O R(hy + 110,54, 1,0)3, S d .
0 0

Then the estimates on R can be obtained by direct computations. O
Remark 3. Without loss of generality, o is still denoted by «.
With repeated applications of canonical transformations given in Lemma 3.7 by v times, the

Hamiltonian system with the Hamiltonian /3 can be changed into the one with the following
Hamiltonian

Iy = a(hyg, t4) + Ra(hs, t4,6), (3.48)
where a(hg4, t4) satisfies
k =k
of aha )| = c-hy” , fork=0, 1, 2, (3.49)
10F, 0! at(ha, 14)] < C - hf"‘, fork <vi+1—v, [ <vy—v; (3.50)
and Ry satisfies
9k 0L od Rl < C -y K for j<v, k4 j<vi—v, [<vm—T—v. (351

4. The boundedness result for 0 <d <1

In (3.48), the leading term « depends on the angle variable z4. Hence we have to exchange the
—1-d

roles of angle and time variables again. From (3.49) and (3.51), we have 9, 14 > ch4T >0 as
hq — oo, for large h4 we can solve (3.48) for it with the following form:

ha(ls,0,t4) = N4, ta) +P 14,0, tg), (4.52)

where h4 = N (I4, t4) is the inverse function of 14 = a(h4, t4). With (3.48) and (4.52), we have
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Li=aWN+P,tg) + Re(WN + P, 14,0)
1

=aN, 1)+ /8h4o¢(./\f+u77,t4)du P+ Ry(N + P, 14,0). (4.53)
0

Note that I; = a(N, ), then
1

0= /8h4a(J\/+MP,t4)du P+ RN + P, 14, 0).
0

Implicitly,

P Ry(N +P,14,0) (4.54)

fO] 3h40t(./\f + uP,t)dp .

Exchanging the roles of time and angle variables, we obtain the new system determined by the
Hamiltonian (4.52). Without leading to confusion, we denote (l4, h4,t4) by (Z,h,T), 04 by
and R4 by R, then the new Hamiltonian is as follows:

h(Z,0,1)=NTZ,t)+PZ,09,1). (4.55)
It holds that
Lemma 4.1. For T large enough, 0,t € S', it holds that:
¢ TP < ]N( <C.TT, N-TF< ‘a@N’ <CN-T* k=12 (456
)a@/\f’ <CNT™*, k<uvi+1-v. (4.57)
Moreover, P satisfies
0%9) Pl < C- TN -|R|. (4.58)
forj<v, k+j<v; —v.

The proof is similar to the one of Lemma 3.1. For the sake of readers, we provide the details
of the proof in the Appendix.

4.1. The Poincaré map

Consider the system with Hamiltonian (4.55), that is

do
T = NI, v)+9;P(1,0,7),
T

dl
— =—09P(1,0,71).
dt

(4.59)
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The Poincaré map P of (4.59) is of the form

L=1+F(,0),

where (1,0) = (1(0), 6(0)), and

2
r(I):/E)IN(I,r)dr;
0
2 2 2
F1(I,8):/BIP(I(I)),Q(I),r)dr—l—/a]N(I(r),r)dt—/81N(1,r)dt;
0 0 0
2
F2(1,6):—/89P(I(r),9(r),t)dr.
0

From Lemma 4.1, we have the following estimates on the map P:
Lemma 4.2. Given I large enough and 6 € S', for j <v —1, k+ j <vy — v — 1, it holds that:

10¥8) Fi(1,0)| < CN -I241)-T* '\ - |R|. 4.61)
10K0) Fa(1,6)| <C-T "'\ - |R]. (4.62)

Moreover, the following estimates hold true for r(Z):

T < ‘r(I)‘ <CIT, c<

r’(I)( <cIv; (4.63)
and
@) < CTETF, k< vy —v. (4.64)

Let Z(r) be the inverse function of r(Z). From (4.63) and (4.64), we obtain the following
estimates on Z(r):

1—

c-r#d <IT<C-r, (4.65)
ZO@ < C-r T, k<v —v. (4.66)

QU

With a transformation: (6,Z) — (6, r), we obtain the following map:

6, =6 Fi(r,0
{ 1 +r+ Fi(r,0) 4.67)

ri=r+ Fy(r,0),

where
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1
Fi(r,0) = F1(Z(r), ), ﬁz(r,e)=/r’(z+AFQ(I,Q))FQ(I,G)GM.
0

From Lemma 4.2 and (4.65), (4.66), we have that for j <v—1, k+j <v;—v —1,

0Fa) il < Y5, 1050) Fi| - 1Z60 () - T6) (1)
<CNZ.[7P"3R|-TF .7k (4.68)
<CZI73.-r k. R|-N?,

where Zk1+---+k,- = k. Similarly, we have that for j <v—1, k+j <v; —v—1,

0ka) Fal < CT73 - r % |R|- N2, (4.69)
Recall in (3.51) we have the estimate
koAl qj -5k : :
|8h4('3,489R|§C-h4 yforj<v,k+j<vi—v,I<v,—1—v.
Since N = hy, thus for j <v—1, k+ j <v; —v — 1, (4.68) and (4.69) yield that
ko) Fi| < CT 3. r k. n—3t2<cT3, i=1,2
if v > 4. Assume
v >4,
v—1>4,

vi—v—1>4,

vy—@w+1)=>0.
Therefore, let v =15, vi =5+ v, vo =1+ v, then the map (4.67) is a C4-perturbati0n of the
twist map, hence meets all the conditions of Moser’s small twist Theorem [15]. Thus we obtain
the boundedness results of Theorem 1.1.

5. Unbounded results for d > 1

In this section, we make a series of canonical transformations to obtain a normal form for
which the twist condition is violated.

5.1. Some lemmas
We say a function f(x) is of O,,(|x|%) for ¢y € R if | f®(x)] < C|x|7F for x satisfying

[x] > 1and 0 <k <m. S‘imilarly, for a function f :RT x S? > R, we say f(1,6,t) is of
O (1) for co € Rif [0¥0) 8! fl < CIO ¥ for j <1, j+k+I<mand I > 1.
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Since G(x) = [y g(x)dx =x - g(x) — [§ xg'(x)dx :=xg(x) — f3(x), we have

1 2 1 ~
fi= —G(\/;Ifcosné?) = f11,0) + f3(1,0)

n

with f1(I,6) = %\/gl% cosnf - gqu% cosnb), f3(1,0) = —%f3(\@1% cosn).

Therefore, (2.16) can be rewritten as
h=1+fill,0)+ f(1,0,0) + f3(1,6), (5.69)

where f>(1,60,1) = —% %I%cosnep(t). From the condition (1.13) and (1.14) on g, we have

f3() = 04(1x]"%. (5.70)
Similarly, for k + j <4 and j <1 we have
0ka] 71(1,0)1,10%9] f(1,0, )| < C177%, (5.71)
Since oy H > 1/2 when [ is sufficiently large, we can solve (5.69) for large I as follows:
I=1(h,t,0)=h—R(h,t,0),
where R(h, t, 6) is determined implicitly by the equation
R=fi(h—R.0) + fah — R.6,1) + f3(h — R, 0). (5.72)
We present some estimates on R(h, ¢, 6) in (5.72).

Lemma 5.1. For h large enough, 0, t € s, J<1,k+j+4+1<5, we have the estimates on
R(h,t,0) as follows:

[ofofo] R| < cni*. (5.73)

The proof is similar to the proof of Lemma 3.1. So we omit it.
Then we have

1 =h—f~1(h—R,@)—fz(h—R,9,t)—f3(h—R,0)
=h— fi(h,0) — fa(h,6,1) — f3(h,6)
+07 f1(h, 0) + 01 fo(h, 6, 1) + 81 f3(h, 0)) - R(h,0,1) + Roo(h, 6, 1),

where

1 1
Roo(hﬁ,t)zf/B?(ﬁ(h—s,uR,9)+f2(h—s;LR,9,t)+f3(h—s,uR,9))-R2(h,9,t)dsdu.
0 0
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Moreover, from (5.70), (5.71) and Lemma 5.1, it holds that
Roo(h, 0,1) € O4(h™7).
From the definition of ﬂ, f2, f3, we claim that
(31 F1 (R, 0) + 3y f2(h, 6.1) + 1 f3(h,0)) - R(h.1,0) := Ri(h,1,0) + O4(h™7),

where
2 1
Ry(h,1,0) = Zf4,i(g<\/;hf cosnb)) - fs,i(t,6),

with f4; € C*(R!) and fs5.i € C*(T?) are finitely many smooth functions. In fact,

(21 73 0,0) + 91 f3(1,0.) + 31 f3(,/ 23 cosnd) ) - R(h,0.1)
(91 71,6) + 01 fo(h, 6,00+ 01 £,/ 2 cosné)

(Fith=R.0)+ foth = R.6.0+ f3(h = R.6))

= ufi-fitouf-fi+dfs-fi+oifi-hrorfr-fhtorfs-f
FUfi i+t 03 f

From (5.70), (5.71) and Lemma 5.1, we have

8, Fi(1.0)- Fi(h— R.0) = n—3g2(\/gh% cosnf) - cos? né + Oa(h™ 1),

31 f2(h,6.,1) - fi(h — R,0) = —n_3g(\/gh% cosnf) - cos’nb - p(t) + 04(h—%),

31 fi(h,0) - fa(h —R.,6,1) = —n_3g(\/gh% cosnf) - cos’né - p(t) + 04(h—%),

31 f(h,0) - fo(h— R.6,1) =n"3cos>nf - p(t) + O4(h~7),
01 f3(h,6) - Fi(h — R,60) + 01 f3(h,0) - fa(h — R,6,1) = Oa(h™ ),

2313

(5.74)

1 fi1,0) - f3(h — R.0) + 81 f2(h,0,1) - f0h — R,0) + 0, f3(1,0) - f3(h — R, 6)

= 04(h™?).
Denote
Ry =n"3 cos® ne{gz(\/gh% cosnf) — 2g(\/gh% cosnf) - p(t) + pz(t)}.
Therefore, we get the conclusion. Meanwhile, again from (1.13) and (1.14), we have

Ry € 04(1).

(5.75)
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Now [ can be rewritten as
where
1 1
Roa(h,t,0) = Roo(h,0,1) + O4(h™2) € O4(h™2).
5.2. A sublinear system and its normal form

Still using the rotation transformation @ defined in (3.23), the Hamiltonian (5.76) is trans-
formed into a sublinear system with the following Hamiltonian

Li=—fi(h1,0) — fo(h1.0.11+0) — f3(h1.0) + Riy(h1.11,0) + Ria(hy, 11, 6),
where
Rii(h1,t1,0) =Ri(h1,0,t1 +6) € 04(1) (5.77)
and
Ria(h1,t1,0) = Roa(h1,0,t1 +0) € 04(h1_%). (5.78)
To eliminate the new time variable in ﬁ and f>, we make a transformation W : (hy, 2, 0) —

(h1, 11, 0) implicitly given by

hi =hy+ 9,51,
h =t 4+ S,

with
0
Si(h2, 11,0) = /{—fl(hz,@) — falh2, 0,11 +60) + [ fil(h2) + [ f21(ha, 11)}d0,
0

where [fi1= 57 fi(h2,0)d6 and [ £1(h2, 11) = [§7 fa(h2, 0, 11 + 6)d6 satisfying similar esti-
mates as in (5.71).
Similar to Lemma 3.3, we have

Lemma 5.2. For h large enough, 0, 1 € S', it holds that:

. 1
ok 0! 00 S1(ho11,0)| < ChIT", < Lk+1+)j <4
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Moreover, the map WV satisfies

3 1
[Op,t1] < Ch3™2, = <|0pt1] <2, |0pt1] <Chy™ 2,

| =

kol oj -l . . Al
04,0, 0511l =Chy" 277, j<1,2<k+1+j<3;
1
5 S Ikt 20 [9phi] < Cha2, [9phi| < Cha?,
k al aj k. .
8k 8! 81| < Cha2 ™, j <1, 2<k+1+j <3.
Under W, the Hamiltonian /; is transformed into I (h2, 17, 0) as follows

L = —[fil(h) — [f2)(ha, 12) — f3(ha,0) + Ra1(ha, 12,0) + Razu (ha, 12, 6),

where Ry; = Ry1(hy, tp,0) and

1

Ry = — / O, (f1(ha + woy S1,0) + folhy + 1oy 81,6, 11 +60) 4+ f3(ha + 0;,51,0))0;, S1du
0

1 1

+/3h1R11(h2+M3z151,9,t2—3h251)31151du—/3”1?11(/12,9,@—3h251)3h251dﬂ
0

0
1

+/3t1 [f21(h2, t2 — 0p, S1)0k, S1dp + Ri2(ho + 94,51, 6, 12 — 91, S1)
0

= —%(ﬁ (h2,0) + fa(h2,0,11 +6))0;, S1+ 0, [ f21(h2, t2) - Ok, ST+ Rooyu,

where

11

Ryyu = —//3;%1 (Fi(ho + 5118y, S1,0) + fa(hy + 509, 51,60, 11+ 0)) (3, S)*dsd
00

1
O, f3(ho + 04, S1,6) 0, S1dp — /
0

o— _

1
/3,21 [f21(ha. t — 51404, S1) (On, S1)*d pudls
0

1 1

—/athnmz,e,rz—ahzsl)ahzsldw/ahlzen(hz+uat. S1.6, 12)0n, S1dit
0 0

+Ri2(hy + 8 S1,0, 12 — 0, S1).

_1
Obviously, Ry, € O3(h, 2) follows from (5.70), (5.71), (5.77), (5.78) and Lemma 5.2.
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From the definition of fl, f2, f3 and Lemma 5.2, the only term in 9, (f] + f2) - 9, S1 depend-
1
ing on g’(\/ghz2 cosnf) is

—/—cos“nf - g'(;/ —h; cosnb) = —,| —(h; cosn®)” - h; " - g'(,/ =12 cosnd)
2n\V n n 2n\ n n
2 O, (Fi + f2) - 3, 501,

_1
which is 03(h1 ) since g’ (x) = ((1 +x2)_#)” - (1 4+ o(1)) for |x]| > 1.
Denote

On, (F1 + f2) - 0, SO 11 = 00, (i + F2) - 9, St — On, (F1 + f2) - 01, S1)1-

Then one can easily obtain from the definition of fl, f2, f3 that
~ 21
@ (Fr+ ) 0, SDr =Y fo.i(g( —h2cosnf))) - f1.i(0.11) (5.79)
i

with fs; € C*R!Y) and frie C*(T?) are finitely many smooth functions.
Similarly, the only terms in 9, [ f2] - 95,51 depending on g’ are

%
1 1 N _1
O [f2]- /(—Ecoszné’ &'+ [5 cos?nf - g' (YDA £ (3, [ o1 3n,S1)1 € O3(hy ),
0

1
where g'(-) = g/(\/ghzz cosnb). Let (3, [ 21 0n, S1) 11 = (3, [f2] - 0ny S1) — (9, [f2] - Omy ST
Then a direct computation shows that

_1 _1
@l f2l- 9y SD11 = J37 folha, 0,11 +0)dO - [ (3hy * cosnb - g(-) — [Lh, * cosnd - g(-)])do
=_ fOZ” %\/gcosé’p(tl +6)do - fog(% cosnf - g(-) — [§ cosnf - g(-)])db.
Thus we obtain a Hamiltonian as follows:

L =—[fil(hy) — [f2l(ha, 12) — f3(h2,0) + fe7(ha, 12,0) + Ra(ha, 12,0),

where

2
fo7 = Zfﬁyi(g(\/;h; cosnd)) - f7,i(0,12)

2 6

+ / zi\/gcosep(tg +6)do - /(cosn@ -8(-) — [cosnB - g(-)])do
n\Vn

0 0
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and
_1 -1
Ry(h2,t2,0) = Rozyy + O3(ha™2) € O3(h, *). (5.80)
Next, to eliminate the term fg.7, we make the following canonical transformation Wy:

{ hy  =h3+ 03,5,
3 =+ S

with the generating function S, determined by

0
S>(h3, 12,0) :/{_f6~7 + [ fe71(h3, 12)}d0
0

with
| 2
o7, 1) = > / fordb,
T
0

Under W, Hamiltonian /5 is transformed into /3 as follows

I =—[fil(h3) = [f21(h3, 13) — f3(h3 + 0,52,0) + [ fo71 + R3,

where

1
Ry =— /([fl]/(% +50,52) + On, [ f21(h3 + 501,52, 12)) 01, Sodls
0

1

+ / Bl f21(h3. 15 — 3y S2)0p, Sads + Ra
0

We have the following estimates:

Lemma 5.3. For h3 large enough, 0, 13 € S!, we have the estimates on R3(h3, t3,0) as follows:
forj<l,k+14+j<2

all(%afl%aéR?’(h?ﬁ’ 13,0)] < Ch3_%_k;

Proof. Similar to the proof of Lemma 3.3, the estimates are obtained by direct calculations from
(5.80). O

Note that ﬁ(l, 0)= fi(l,0) — f3(1,60). From (3.35) and (5.70), we have

~ 2 1—
LFi1(h3) + [ fal(h3. 13) = —%n—%A(l — cos(nts +E)Vhs + 02(hy 7).
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In conclusion, the new Hamiltonian /3 can be rewritten as

13=—£n*fA(1—cos(mz—s)>F f3<\f h3? cosnd) + [ for] + O2(h}

max{—}, 154}

).

.. . . .. 1
Similarly, we can construct a canonical transformation to eliminate the term f3 (\/g h32cosnf)
by the following canonical transformation W,:

hs =p,
T :t3+3p53

with

0
2
S3(p, 0) = / {fs(\/;oi cosnf) — [ f31(p)}do.
0

where [ f31(p) = [ f3(\/g,0% cosnB)de.

Under W5, the Hamiltonian /3 is transformed into I4(p, 7, ) as follows

\/_ _3 max{— 5 #}
I4=——n ZA(I—COS(nrJrE))f [f31(p) + fs(7) + O2(hy ).

With the help of (5.70), we have
510 <C-pFmat=2 59 k—o,1. (5.81)

In fact, for p large enough,

\[f31<p>\<4 (fs(f0281nn9)‘d9+4/ ‘fz([pZSIHnG))dG

NI—

I\)I'—‘

<C-p 244 [ a1 ‘f3(x)’p% sin' =4 640

\N\-\-l

o

D=

_1 1—d . 1-d
<Ci-p 24Crp2 sin'~ ¢ 6do

\NFI

k)
NI—

1—d

_1 2 1=d 1—d _1 1
<Ci-p 24+ -Cp2 0 7%d0 < C-max{p~2, p 2},
T

'—\u\:\-\-(

o

[S]

where x = \/g ,0% sinnf. Moreover, the estimate of [ f3]' (o) is similar. Therefore, (5.81) holds.
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Similarly, from (1.13) and (1.14) we have that

[fo71(h3. 13) = fi(ts) + Oa(h3~10), (5.82)
where f3(13)= 3" (Jeos no=06.i (€(+00)) - 7,0, 13)d0 — [ ¢ g0 fo6,i (8(=00))- f1,:(6,13)d) €

C2(Sh).
From (5.81) and (5.82), we have that

hip,t,0) = —g—jn_%A(l —cos(nt 4+ £)/p + fz(t) + 01(p7%), (5.83)

where —§ = max{—%, %, —]d—o} <Oford > 1.
6. The existence of unbounded solutions for d > 1
Finally, we prove that

Lemma 6.1. The Hamiltonian system with Hamiltonian (5.83) has unbounded solutions.

Proof. The system with Hamiltonian (5.83) is given by

dt

——8 wh(p,T,0),

jﬁ (6.84)
% :_811’1(,077—'»9)-

Let p* > 1 determined later. Assume t* satisfy 1 — cos(nt* + &) =0, ie., nt* 4+ & =0.
Denote { =7 — t*, then we have

dc — —?n_%A(l — cos(n{))p_% + O0o(p™h),

a0 - (6.85)
d—’o—\/—in*%Asin(n ) %—f/(T*WL )+ 0o(p™%)

5= o)p 8 ¢ oo ).

Assume p(0) > p*. The second equation in (6.85) implies that j—g = O(p'/?+1), it holds that
p(6) > %p* forany 6 € [0, 1]if p* > max{A, n, || f||}, which is true if p* > max{n, |Ig||, | pII}.

Next we further assume that (£(0), p(0)) € D = {({, p)|p‘l4ﬁ << p*% } We claim that
(€0), p0)) € D for any 6 el0,1].

Otherwise, let 8; 2 sup{6 | (¢(s), p(s)) € D, 0 < s < 6} < 1. Obviously, it holds that
€ 6y), ,0(91)) € 9D. Thus p(0;) " = ¢(0;) with 1 = 0 or 1+8 , that is, p(61)" - £(01) = 1 (note
that p(s) > ,o > 1 forany 0 <s < 1). By a direct computatlon, we have

(p(©) - £(©)) lo=s,

=p®)' "2 0)- (3 n*?ASln(n;“(@))p(@)2 — f{(T* +2(0)) + 00(p(0) ™)) lo=s,

+0(0) - (—2n"7 A1 = cos(nZ (0))p(8) "2 + Oo(p(®) 1) lg—p,
27+ ).
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From p(61)'-¢(61) = 1, p(61) = L p* > max{n, l|gll, Il pll} and the facts that sinx = x + Op(|x|*)
for small x, we have that

2
sin(ng(01) =n-pO) " + 0p(pB1) ™), 1 —cos(nz (@) = ”7 P12 4 0o (p (1) ™).

Thus we obtain

=@ (Ln=3 Asin(ng 01))p 017 — (T +£01) + Oo(pH1) ™))
=25 p(6) T+ Op(p(61) )

and

V2A

L0t p(O)7E T+ O (o 1),

Jr=—

Hence for: = 21—0, we have

2A 1
(p(©) - £®)) lg=o,= {—nni (= Z) : p(91)*%*‘ -(1+0(1)) <O,

which implies that there is a 6, > 6; such that p(@)% -¢(0) <1 for 6 € [0, 67]. It contradicts
the definition of 0;. Thus for all 6 € [0, 1], it holds that £ (f) < (p(G))*%.

Similarly for ¢ = # > %, we have —% — 1> max{—% — 31, t — 1 — §}. Then we have
AL,
(p(B) - ¢0)) lo=0,= o n2 ~(L—Z)-p(91) 27 - (14+0(1)) >0,

which implies that there is a 8, > 6; such that ,0(9)# -£(0) > 1 for 6 € [0y, 62]. It contradicts

the definition of ;. Thus ¢(0) > (,0(9))’1%8 for all 6 € [0, 1]. The proof of the claim is thus

completed.
1468

From the claim and § < %, we obtain £ (0) > p(6)” 4 > ,0(9)_% for all @ € [0, 1]. Thus again
from the second equation in (6.85), we have that

V2
Z_Z 2 Lub @) + 00(1c@) ) + 00(1) = AL 5(0) - p(6)? = A PO
T 2 2z

for 0 < 6 < 1, which implies that p(1) > p(0) + 1 > p*. In a word, if p(0) > p* and
(¢(0), p(0)) € D, then p(1) = p(0) + 1> p* and (¢(1), p(1)) € D.

Since the system (6.85) is periodic in 6, using the above argument repeatedly, we obtain that
if (£(0), p(0)) satisfies the initial conditions stated above, then p(i + 1) > p(i) + 1 for any i. It
leads that the solution (£(0), p(0)) is unbounded. 0O

Let the map r =#(z, p,6), h=h(z,p,0) isdetermined by W, o ¥| o Wo ®. For a solution

(T, p) = ((8), p(8)) of (6.84), let (t, h) = (1(z(8), p(8),0), h(z(0), p(6),6)) = (1(6), h(9)) be
the corresponding solution for the system determined by the Hamiltonian (5.76).
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Let 6(¢) be the inverse function of #(0), then (0, I) = (8(¢), I (0(¢), h(r), 1)) = (8(¢), I (1)) is
a solution of (1.1).

From (5.69), one can easily see that & — 400 is equivalent to + — +o00. Moreover, from
the constructed canonical transformations, we know that I = I (p,0,t) = p + o(p). Thus for
d > 1, if a solution (7, p) = (t(8), p(0)) of (6.84) is unbounded, i.e., limsup, p(f) = oo, then
0,1)=(6(t), I()) is an unbounded solution of (1.1), that is, limsup, I (#) = oo. This completes
the proof for the instability of (1.1) ford > 1.
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Appendix A. Proof of Lemma 3.1
Proof. Suppose k+ j <v;+1and! < wvy,.

i) When k 4+ j 4+ [ = 0, the conclusion follows from Lemmas 2.1 and 2.2.
i) When k 4+ j +1 =1, define

g1(h,t,0) =01 fi(h—R,0)+ 07 f2(h — R,1,0);

g3(h,t,0) =0 fi(h — R,0) + dg f2(h — R, 1,0);

A(h,t,0)=14+0;fi(h—R,0)+09; fr(h —R,1,0).
Obviously, A(h,t,0) > 1/2 for h > 1 and

A-3R(h,1,0)=g1(h,t,0), A-8,R(,t,0)=gr(h,t,0), A-dR(h,t,0)=gsh,t,0).
(A1)

From Lemmas 2.1-2.2, we obtain

1
5‘8hR(h,t,9)‘ < ‘A R (h.1.0)

= ‘a,fl(h —R,0)+ 0 foh — R,t,@)‘

1

=Ch—-R)y2=<Ch 2,

1
: OR(L1,60)| < |A-8R(,1,60)| = o f20h = R.1.0)|
<C(h—R)z <Chz,

and
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%‘BQR(h,t,G)‘ < ‘A ~0gR(h,1,0)

= |80 i(h = R.0) + 8 folh — R.1,60)
<C(h—R)? <Ch2.
iii) When k + j 4+ [ =2, from i) and ii), we have

[ongi(h,1.0)| < 3,

Big1(h1,0)| < Ch™3, g1 (h,1,0)| < s
(Ohg2(h,1,0)] < CH=3, |ohgath,1,0)| < Ch3, - |aggath.1,0)| < Ch3;
(Ongath.1.0)| < ChO, |args(h,1,0)| = ChE, |aggath,1,0)| < Ch;

and

‘3hA(h,t,0)‘ <Ch 3,

A1, 9)( <Ch 3, ‘89A(h, ‘, 9)( <cn.

From (A.1), differentiating on both sides of the equations, we obtain:

A-2R(h,1,0) =381 (h.1,0) — A - 0, R(h, 1,6),

A-9’R(h,1,0)=0d,g2(h,1,0) — 0;A -3, R(h,1,0),

A-3R(h,1,0)=0d5g3(h.1,0) — A - dgR(h.1,6),
AR, t,0)=0,g1(h,t,0)— AR (h.1,0),
A-9,09R(h,1,0) = 0pg1(h,1,0) — A - 0R(h,1,6),
A-309R(h,1,0)=0pg2(h,1,0) — dA -0, R(h,1,0).

It follows that

L., 3
E‘BhR(h,t,e)‘5‘Bhgl(h,t,é)’—I—)BhA-ahR(h,t,@)’§Ch 3,

1 2
S| R(h,1,0)] <

Bi82(h,1,0)| + 0,2 -0 R(h,1,0)| = Ch3.,
1
S| R 1.0)| < |o0gsh1.0)| + |20 -0 R (1.1, 0)| < ',

1
S|t R 1.0)] <

dig1(h.1.0)| + |8, - ahR(h,t,e)\ <Ch 1,

]
5’a,,agk(h, t,G)‘ < )aggl(h,z,e) PN t,@)‘ <ch i,

1
: BtagR(h,t,é‘)‘ < ‘Bng(h,t,O)‘ + ‘39A : 8tR(h,t,9)’ <Ch?.
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Generally, if

‘a,’;a}agze(h, ‘, 9)‘ < Chy~HFH3max (L= for 1 < j 4k 4+1<m,

then
[0ko{] g1 (. 1,0)] < Ch=3 kR II=D - akala) or(h, 1, 0)| < ChATRFR 11D,
[0kof0] g3 (h,1,0)| < CHEFFSAI=D okalal A, 1,6)| < Ch™a A=,

The proof of these estimates is based on Leibniz’s rule and direct calculations. Consequently, by
induction and Leibniz’s rule again to (A.1), we obtain

‘a,’;a,’agR(h,z,e)‘ < ChykF3max(L)=D for i 4k l<m+1. O
Appendix B. Proof of Lemma 3.3

Proof. (3.27) follows from (3.25) and Lemma 2.1.
From (3.24), it is easy to see

9st1] < Cha™3, Byt =1, [3pt1]| < Cha™ 2.
By direct calculations, fork+1+ j > 2 and k + j < vy,
|05, 01,05 11| = 194,01, 8) (12 — ny S22, 0))| = |8 8], 8 S2(ha, 0)]
< Chz—%—k-i-%(max{l,j}—l)'
Next, we consider the estimates on R»;. Firstly, it holds that |R1| < C.
Suppose k + j <v; — 1.

i) Consider 8;1‘2 8112 Z)gRl (ha, to — 0,y S2(h2, 6), 0). From Lemma 3.2 and by Leibniz’s rule, it is
the sum of terms

ki oli o Ji
(), 9 05 R1)(TT;_, 8" 8,185 11)

withl <p+q+r<j+k+l, p+ XL ki=k X! i=0r+Y"L ji=]j, andki + j; +
li>1,i=1,...,q,which implies that

18 8! 8] Ri(ha. 12 — 81, 52(h2, 6),0)| < Chy™*¥2 for [ < vy.
ii) Similar to part i), with Lemma 2.2 we have
195,00 8) B, fo(h2, 0,12 + 0 — g, S2))| < Chy FF 30X LI=D+3 for <y — 1.

By Leibniz’s rule and the estimates on 8,’:2 8,12 8g S>(ha, 6), it holds that
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10F,00] (O, f2(h2, 6, 12 — 104y $2)94, S2)| < Chy™ 37 FF3ax (=D [ gor < gy 1,
which, together with part i) and part ii), implies that
19 0L Rol < Chy ™ %5 forl<vy— 1. O

Appendix C. Proof of Lemma 4.1

(i) Firstly, we estimate N (I, 7). Note that (N (I, t), 7) =1, then

clzg‘ngaﬁ, (C.1)
and
op,o -0, N =1, dp,o- 9y N+ 9,0 =0.

Thus from (3.34) and (3.35) and Lemma 3.6, it follows that

t 1—d 1-
c~a§h~8hazﬁh%+—h¥ <C-«a
2 2
Since a(h,t)=1and N(I,t) =h,
drh=03;N = @Op,a) ' elchI™!, ChI7 ] ~[cI7'N, CI7'N]. (C.2)
It together with (C.1) implies
1+d
cl <9yN <Cl1-4d, (C.3)

A direct computation shows that

1 arh - 92a 9N - 8%a
N =9 (—) = A= A
o

()2 (Bp0)?
Since 92 = —40p~1 — 12235 we have ch~|dal < |02a] < Ch~"|34a. Together with
(C.2) and (C.3), we have
2 N -h! -1 -1 -2
[0/ N| < |————I=<0;h-h™" -9 N|<CI™ " -|9;N| <CI " -|N|. (C4)
! ()

Similarly, we have

|07N|>cI™' - |9;N| > cI™>-|N]|. (C.5)
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Generally, for 2 <k <wv; + 1 — v, using Leibniz’s rule, BfN is the sum of terms

8;%0[ ki
% (W) M f N

with0 <u <k, Z?:l ki=k—1,andk; >1, i=1,...,u. Since |hk8;l‘oz| < C|a| for any k, the
following are obtained inductively with the help of (C.2):

0kN| < C-T7¥|N|, k> 1. (C.6)

(i1) Secondly, from (4.54), we obtain
1
Pl =3|n]. (k)

Furthermore, it holds that
1 -1
|P|<|R(N + P,t,0)|- /8h4a(J\f+M73,t4)dM §C171N|R|§C81N-R. (C.8)

0
For the estimate of d9; P, we have

—(@nR+ P [y 92 &N + pP. 1)) - 9 N
) Ony @ + uP, t)dp + P [ O, @ + uP, t)udp + MR

o P

From (C.8) and |h48§4a| < Clop,a|, |P| K N =h4 and |9, R| < |9pa], it holds for 7 >> 1 that

| fy dn, 0N + wP. t4)d g + AP [y 97 &N + uP. t3)dp + 3 R|
> 11 fo dn@ N + P, ta)dpl

>ch 1.

From |3,R| < Ch™'|R| and (C.8) which implies |Pf01 8,%405(./\/ + uP,ty) < C - 9N -
h=2I|R| < Ch—Y|R), it follows that

8P| < Ch™'[R| -8y N|-h1™" < CI"'[RI|- |9/ N|.
Similar to the proof of (C.6), inductively for any k we can obtain
|0kP| < CI7|R|-13; N|.

A direct computation shows that

—0y R
Jo Oyt + uP. )ydp+ P fy 82 a(N + uP, t))pudp + R

dp P
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from (3.51) we have
0P| <C-1"'h-|09R| <C-0;N -|R|.
Similar to the above argument, we have
|0¥8) Pl < C-I7¥|R|-18;N|. O
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