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Abstract

In this paper we consider the spreading phenomena in the Fisher-KPP equation in a high dimensional
cone with Dirichlet boundary condition. We show that any solution starting from a nonnegative and compact
supported initial data spreads and converges to the unique positive steady state. Moreover, the asymptotic
spreading speeds of the front in all directions pointing to the opening are ¢ (which is the minimal speed of
the traveling wave solutions of the 1-dimensional Fisher-KPP equation). Surprisingly, they do not depend
on the shape of the cone, the propagating directions and the boundary condition.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

We consider the Fisher-KPP equation in a cone in R¥:

ur=Au+ f(u), x€Q,t>0,
u(t,x)=0, x€o2, t >0, P)
u(0,x) =uo(x), xe€g,
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where f(u) € C 1([0, o0)) is a Fisher-KPP type of nonlinearity:

fO)=f1)=0, f'0)>0> f'(1), f(u)/u isdecreasinginu > 0, (F)

and the domain € is a cone in RY which is constructed as follows: let E be a bounded and
convex domain in the hyperplane {(1,x’) | x’ = (x2,x3,---,xy) € R¥Y~1} with C? boundary
dFE, and (1,0,---,0) € E; let Q, be the cone with vertex 0 and directrix dE; Q C Q4 is a
convex cone-shaped domain obtained by smoothening €2, near the vertex 0.

We are interested in the spreading phenomena for the solutions of (P). In some applied fields
like chemistry, ecology, etc., the spreading of a new or invasive species is an important topic. It is
known that such phenomena can be described by the spreading for solutions of certain reaction
diffusion equations. For example, in 1937, Fisher [9] used the equation u; = uy, + u(l — u)
to model the spreading of advantageous genetic trait in a population, and found that there are
traveling wave solutions u = ¢ (x — ct) (see also Kolmogorov, et al. [11]). In 1970s, Aronson
and Weinberger [1,2] studied systematically the spreading phenomena in the Cauchy problems
of u; = Au+ f(u), where f(u) can be a monostable (including the Fisher-KPP case) or bistable
type of nonlinearity. In the monostable case, they found the so-called hair-trigger effect, that
is, any solution starting from a nonnegative and compactly supported initial data, will converge
to a positive steady state (to say, u = 1). Moreover, they showed that the approximate spreading
speeds of the level set {x | u(t, x) = %} in any directions are cg, which is the minimal speed of the
traveling wave solutions of u; = uy, + f(u). In the last decades, many authors also studied the
spreading phenomena in the Cauchy problems of u; = Au + f (1) with bistable or combustion
type of nonlinearity (cf. [7,8,10,13-15], etc.). Among others, they gave sufficient conditions for
spreading and used the traveling wave solutions to characterize the spreading solutions.

On the other hand, it is also interesting to study the spreading phenomena in unbounded
domains with boundaries, like the half space, cones, cylinders with straight or undulating bound-
aries, etc. For example, Berestycki et al. [3-5] considered the following problem on the half
plane:

u; — Duyy =vv(t, x,0) — pu, xeR, >0,
vy —dAv = f(v), x>0, yeR, t>0, (1.1)
—dvy(t,x,0) = pu(t,x) —vv(t,x,0), x€R, >0,

where f is also a Fisher-KPP nonlinearity. This model is used to describe the spreading of a
species in the field with a fast diffusion on its boundary y = 0 (like a road), and exchanges of pop-
ulations taking place between the road and the field. They gave a function c(0) € C([—n /2, 7 /2])
to characterize the approximate spreading speed in each direction (sin6, cos8): c(6) > cp :=
2,/ f(0) and, when D > 2d, there is 6y € (0, /2) such that c(0) > cq if |0]| > 6y, c(0) = ¢ if
6] < 6o.

In this paper we consider the spreading phenomena for the solutions of (P). First we have the
following result on the existence and uniqueness of the positive steady state of (P).

Theorem 1.1 (Steady state). Assume (F). Then the problem (P) has a unique steady state V (x)
which is positive in Q2. Moreover,

V(x)—V*d(x))— 0, as x; — oo, (1.2)
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where d(x) := d(x, 02) denotes the distance from x to 02, and V* is the unique solution of the
one dimensional problem

V' + f)=0 (x>0), v0)=0, wv(co)=1. (1.3)

Denote by cg := 2,/ f’(0) the minimal speed of traveling wave solutions of u; = uy, + f(u).
Our next result implies that any solution of (P), starting from a compactly supported nonnegative
initial data, spreads and approaches the steady state with speed cp.

Theorem 1.2. Let u be the solution of (P) with compactly supported initial data ug > 0. Then
u(-,t) > V() as t > oo, locally uniformly in x € Q. (1.4)
Moreover, for any ¢ > co we have

lim sup  u(t,x)=0; (1.5)

=00 |x|>ct, xeQ

and for any c € (0, co) we have

lim inf Qu(t, x)=V(x). (1.6)

=00 |x|<ct, x€

The first half of this theorem shows that, like the Cauchy problem, our problem also has the hair-
trigger effect: any nonnegative solution of (P) converges as t — oo to the positive steady state.
Since the domain €2 is a cone-shaped one, it is natural to ask: how do the shape of €2 (especially
the vertex angle), the propagating directions 5))1 (for y € E) and the Dirichlet boundary condi-
tion influence the spreading speeds? Our results show that, surprisingly, the asymptotic spreading
speeds in all directions pointing to the opening are the same. They do not depend on any of the
above mentioned factors. This is different from the conclusions for (1.1). The reason seems that,
in our model (P), there is no exchange of populations between the road and the field.

The rest of the paper is arranged as follows. In Section 2 we present some preliminaries, in-
cluding some positive steady states of u; = Au + f(u) in bounded domains, in the half space
Rﬁ , and in €2, as well as traveling wave solutions with compact supports. We also prove Theo-
rem 1.1 by using the properties of these solutions. In Section 3 we study the general convergence
result and the asymptotic spreading speeds of the solution u(z, x).

2. Steady states and traveling wave solutions

Let D be a connected domain in R¥ with a smooth boundary. We call a function v € C2(D) N
C (D) as a positive steady state of u; = Au + f(u) in D if v solves the following problem

Av+ f(v)=0, xeD,
v(x) >0, xeD, 2.1)
v(x) =0, x €dD.

As it was seen in the previous section, we are interested in the positive steady state V (x) in
(that is, the solution of (2.1) with D = Q). However, in our approach, we also need the solutions
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v(x; D) of (2.1) in bounded domains D, the solution v = V*(x) in the half space D = RY, and
the traveling wave solutions w¢(x — cet; D) in bounded domains (to be specified below). In this
section we study these solutions.

2.1. Steady states in bounded domains

For any bounded domain D  R" with a smooth boundary, consider the following eigenvalue
problem:

—Ap=xrp, x€D,
{ ¢(x)=0, xe€dD. (2.2)

It is known that this problem has a principal eigenvalue (denoted by A;(D)), and the corre-
sponding eigenfunction (denoted by ¢ (x; D)) can be chosen positive in D and be normal-
ized by [[¢1(x; D)|Lpy = 1. Moreover, A1(D) is strictly decreasing in D in the sense that
M(Dy) > A (D) if Dy ; D». For any X € R¥ and R > 0, denote

Br(X):={xeR" | |x— X| <R}.

When D = Bg(X), it is easy to verify that A1 (Bg(X)) = A)/R?, where A := 11 (B1(X)) =
*1(B1(0)). Set

R*:= [ff((‘)o)]l/z, 2.3)

then A1 (Bg(X)) < f/(0) if and only if R > R*.

Now we show that, when D is a large bounded domain, the problem (2.1) has a unique solu-
tion, which can be obtained by taking limit in the solution of the initial-boundary value problem

uy=Au+ fu), xeD, t>0,
i(t,x)=0, x€edD, t>0, 2.4)
i(0,x) =y (x)>,#£0, xeD.

Lemma 2.1. Let D be a connected bounded domain in R™ with a smooth boundary. Assume
Br+(X) ; D for some X € RY. Then

(1) the problem (2.1) has a unique positive solution v(x; D) < 1;
@ii) for any v € LOO_(D) with Y (x) >, %0, the solution u(t, x) of (2.4) converges as t — 00 to
v(x; D), in C2(D) topology.

Proof. (i). Since Bg+(X) ; D we have A (D) < A1 (Bg+(X)) = f(0). So, for small § > 0 we
have

A@g1(x; D)) + f(8¢1(x; D)) > 8[A¢1(x; D) + A1 (D)p1(x; D)] =0, xeD.



7068 B. Lou, J. Lu/ J. Differential Equations 267 (2019) 7064-7084

This means that 6¢;(x; D) is a lower solution of (2.1). Clearly, v =1 is an upper solution of
(2.1). Hence, the existence of a positive solution v(x; D) of (2.1) can be obtained by the standard
method of lower and upper solutions.

Now we prove the uniqueness of v(x; D). Suppose by contradiction that (2.1) has two dif-
ferent positive solutions v (x) and v2(x) (assume, without loss of generality, vi(x) < v(x) for
some x € D). Then, for any sufficiently small p € (0, 1) we have vi(x) > pv2(x) in D. Taking
o the maximum of such p, then 0 < p* < vl 1, and either

— n(X)
v1(x) > p*v2(x)in D and vi(y) = p*vy(y) for some y € D, (2.5)
or,
v1(x) > p*va(x) in D and %m () =p*- aa—vvz(z) for some z € D (2.6)

holds, where v denotes the outward unit normal vector on dD.

We claim that f(p*v2(x)) >, p* f(v2(x)). By the monotonicity of f(s)/s in (F) we
have f(p*v2(x)) = p* f(v2(x)). If f(p*v2(x)) = p* f(v2(x)), then f(p*s) = p* f(s) for all
s € J :=[0, supp va(x)]. This implies that f'(s) = f'(0) or f(s) = f'(0)s for all s € J. Hence,
the solution v, of (2.1) is actually an eigenfunction of —A corresponding to the eigenvalue f7(0).
Since v is positive in D, f’(0) should be the principal eigenvalue A (D), a contradiction. This
proves the claim. Therefore,

A(p*v2) + f(p*v2) = p*[Ava + f(v)]+ [f(p*v2) — p* f(v2)] =, #£0.

This implies, by the maximum principle, that the solution & (x, t; p*v;) of the parabolic problem
(2.4) with ¥ (x) = p*vp(x) satisfies

ou(t, x) L 02 (x)
0

< forx e oD, t > 0. 2.7
av ov

i(t,x) > p*va(x)forx e D, t > 0;

On the other hand, using the maximum principle to v{(x) — u(¢, x) we have

ovy(x) - ou(t, x)
v~ dv

vi(x)>u(t,x)forxe D, t >0; forx e daD, t > 0. 2.8)

Therefore, if (2.5) (resp. (2.6)) holds, the first (resp. the second) inequality in (2.7) contradicts
that in (2.8). This proves the uniqueness of v(x; D).

(ii). By the parabolic theory, the solution i (x, t; ) of (2.4) exists globally in time and it is
positive in D. Using Lyapunov functional in a standard way, one can show the convergence of
u(x,t; ) to v(x; D). In particular, if we take ¥ (x) = 8¢ (x; D) for small 8, then u(x, t; §¢1)
is monotonically increasing in ¢ > 0 since §¢; is a lower solution. Hence u(x, f; 8¢;) increases
and converges as t — 0o to v(x; D) from below. O

We now prove the monotonicity of v(x; D) in D.



B. Lou, J. Lu/ J. Differential Equations 267 (2019) 7064-7084 7069

Lemma 2.2. Assume that Dy and D, are two connected domains in RN with smooth bound-
aries, Dy is a bounded one and Bpg+(X) ; D for some X € Dy. If D1 C Dy and if the
problem (2.1) with D = Dy has a solution v(x; D) (no matter Dy is bounded or not), then
v(x; D1) <v(x; Dy) in Dy.

Proof. Since v(x; D7) > 0 in D, there exists a sufficiently small § > 0 such that §¢(x; D1) <
v(x; Dy) in Djp. As in the proof of the previous lemma, ¢ (x; D) is a strict lower solution.
Consider the problem (2.4) in D1, with initial data v (x) = §¢1 (x; D1), we have

u(x,t;8¢1) <v(x; D2), xe€Dy, 1>0
by the comparison principle. Taking limit as + — oo in this inequality and using Lemma 2.1

(i) we conclude v(x; D) < v(x; D) in Dy. Moreover, the inequality is strict by the strong
maximum principle. O

Remark 2.3. Since f is a Fisher-KPP type of nonlinearity, it is known that v = 1 is the only
positive solution of (2.1) in the entire space R”. As a consequence of the previous lemma, for
any X € RN, v(x: Br(X)) is strictly increasing in R, and v(x; Br(X)) — 1 as R — oo, in
Clzo C(]RN ) topology.

2.2. Steady states in the half space
Denote by ]Rﬁ the half space:
RY :={x e R | x; > 0}.
We consider the problem (2.1) in this domain:

Av+ f(v) =0, xeRﬁ,
v(x) >0, x1 >0, (2.9)
v(x) =0, x1=0.

Lemma 2.4. The problem (2.9) admits a unique solution v(x) = V*(x1), where V*(s) is the
solution of the following one-dimensional problem

V() + f(s)=0 (s>0), v0)=0, v()=1, v (s)>0(>0). (2.10)
Proof. Multiplying the equation in (2.10) by 2v’ and integrating it over (s, c0), one has

1

V' (s) = Z/f(r)dr.

v

Its solution V*(s) solves the problem (2.10). Clearly, v(x) = V*(x}) is a solution of (2.9).
In what follows we prove the uniqueness of the solution of (2.9). First, we present some a
priori estimates for any given solution V of (2.9).
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Estimate 1. There exist M > m > 0 (depending on V) such that

oV
m< 2|  <wm. @2.11)
ax1 |ory

The second inequality follows from the boundary estimate for elliptic equations. On the other
hand, for any z € B]R{ﬁf, denote X = X (z) := (2R*, z2,---,2zn), then the ball Byg+(X) lies in
Rﬁ and touches 8]1%1 at exactly one point z. By Lemma 2.2 we have V (x) > v(x; Bag=(X)) in
Brr+(X) and so

Vv (x) dv(x; Bag+(X))
>m=—"—"" .
ox) lx=¢ dx1 X=z

Estimate 2. For any [ > 0, set D; := {x e R¥ | 0 < x; < I}. For any « € (0, 1) and some
positive constant C depending on V, « and [, by the boundary estimate we have

IV ll2te < C. (2.12)

Estimate 3. V(x) — 1 as x; — 00, uniformly in (0, x3, -+ , xy) € R¥-! For any given small
¢ > 0, by Remark 2.3, there exists R; > 0 such that v(0; Bg,(0)) > 1 —¢. Hence, for any x € Rﬁ
with x1 > R, we have Bg, (x) C Rﬁ and so by Lemma 2.2

V(x) > v(x; Bg,(x)) =v(0; Bg,(0)) > 1—e.

The opposite estimate V (x) < 1 is clear since 1 in an upper solution.

We now prove the uniqueness based on the above estimates. Assume by contradiction that
(2.9) has two different solutions Vi and V,. Without loss of generality, we assume Vj(x) <
V,(x) for some x € Rﬁ. By the above estimates we see that pV>(x) < Vi(x) in ]Riﬁ provided
p > 0 is sufficiently small (the first two estimates give the comparison near the boundary, and
third estimate gives the comparison near x; = co). Taking p* the supremum of such p, then

0<p*< % < 1, and one of the following holds:

(@) p*Va(x) < Vi(x) for x e RY, and p*Va(y) = Vi(y) for some y € RY;

(b) p*Va(x) < Vi(x) for x € RY, and p*%(lz) = %X(IZ) for some z € 9RY ;

(@) p*Va(x) < Vi(x) for x € RY, and p*Vo(y®) — V1 (y®) — 0 as k — oo for a sequence
{y®} c RY with [y®| — 0o (k — 00);

(b)Y p*Va(x) < Vi(x) for x € RY, ,o*M < %x(f) for all z € 9RY, and p*w —

ax1 dx1
Vi)

b — Oas k — oo for a sequence {z®} c dRY with 2P| - 0o (k — oc0).

In case (a) or (b) holds, we can derive a contradiction as in the proof of Lemma 2.1. Now we

derive contradictions in case (a)’ or (b)’ holds.
In case (b)’ holds, we move the origin of the coordinate system to the point z¥) and define

Bk(x) == p*Va(x + 28, Dp(x) := Vi(x +20).
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Then, for each k, . is a lower solution and ¥y, is a solution of the problem (2.9),
U (x) — Ug(x) = p* —1 as x;y — oo, uniformly in k,

and

5 (0) Dk (0)
3)61 8)61

— 0 ask — oo.

Using the elliptic estimate (like that in Estimate 2), we conclude that, there exist two C? functions
Vand V and a subsequence of {k} (denote it again by {k}) such that

Tr(x) = V(x), te(x)— 17(x) as k — oo,
in Cloc( &) topology, and

avV(0) avV(0)
3)61 a 3)61 '

V(x) - f/\(x) — p* =1 asx; — oo,

The first limit implies that V(x) E= V(x). Hence they satisfy the conditions in case (b) and so
lead to a contradiction.
In case (a)’ holds, we first see by Estimate 3 that the sequence {y®} satisfies 0 < y{k) <M

for some M > 0. Hence, a subsequence of {y®} (denoted it again by {y®}) satisfies yik) —
y1 (k — oo) for some y; € [0, M]. When y; = 0, a contradiction can be derived as in case (b)'.
When y; € (0, M], as in case (b)’ we move the origin of the coordinate system to the point
y® .= (0, y(k) ,yN)) and define

B () = p*Valx + YO, () i= Vi + Y ).
For each k, wy, is a lower solution and wy is a solution of the problem (2.9), and

wk((y(k) 0,---,0) — wk((y(k) 0,---,0)—0 ask— oo.

Using the elliptic estimate (like that in Estimate 2), we see that, there exist two C? functions
W and W and a subsequence of {k} (denote it again by {k}) such that

W (x) = W(x), wp(x)— W(x) ask— oo,
in c2_(RY) topology, and W ((§1,0, - -+ ,0)) = W((51,0, -+ ,0)). Since
W(x) — p*, W(x) — 1 as x;] — 00,

we have VT/(x) <,# VT/(x). Hence they satisfy the conditions in case (a) and so lead to a contra-
diction. O
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Remark 2.5. Note that the uniqueness of the solution of (2.9) has been proved in [6, Proposition
4.1] for one dimension problem, and in [12, Proposition 6.2] for two dimension problem. Here
we use a different method to verify the uniqueness for the N-dimension problem. One will see
that our method remains valid for the problems in general cones (see Theorem 2.8 below).

In the above lemma, the existence of the solution of (2.9) is verified directly. In fact, we

can also construct the unique solution V*(x1) of (2.9) in the following way. For any given z =
©0,z2,---,zN) € B]Rﬁ and any k > 0, denoting

el:z(laov"'70)v XZ(k)::Z+ke1=(kaZ25"aZN)
and considering the problem (2.1) in the ball By(X,(k)). By Lemma 2.1, when k is large,
the unique solution v(x; Bx(X;(k))) of this problem is positive in By (X, (k)). Moreover, by

Lemma 2.2, this solution is increasing in k, and so it converges as k — 0o to the unique solution

V*(x1), in Cfoc (Rf) topology. Therefore, for any given ko > 0 and any small ¢ > 0, there exists

K = K (&, ko) > 0 such that, when k > K,
v(x; Br(X (k) > V*(x1) —e for x € By, (X;(ko)).

On the other hand, we have V*(x) > v(x; Bx(X;(k))) by Lemma 2.2. Thus we have the follow-
ing lemma.

Lemma 2.6. For any ko > 0 and any small € > 0, there exists K = K (g, ko) > 0 such that
V*(x1) = v(x; Bg(Xz(K))) > V*(x1) —&  for x € Biy(X;(ko)). (2.13)
2.3. Positive steady state in <2
Now we study the solution of (2.1) with D = Q.

Theorem 2.7. The problem (2.1) with D = Q2 admits at least one solution V, which satisfies
V(x) — 1asdist(x,dQ) - oo, and V(x)<V*(d(x))forxeQ. (2.14)

Proof. Let {D;} be a sequence of bounded subsets of €2 such that, they have smooth bound-

aries, By (Xy) C Dy C Dy41 for some Xj € €2, and U,fozl Dy = Q. For any large k, we see by

Lemma 2.1 that the problem (2.1) with D = Dy has a unique positive solution v(x; Dy) < 1. By
Lemma 2.2 we have

v(x; D) <v(x; Diy1) <1, x € Dy
Therefore, there exists a function V (x) such that
v(x; Dy) /" V(x)ask— o0, in Clzoc(Q) topology.

So, V(x) is a solution of (2.1) with 0 < V(x) < 1.
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Moreover, for any small ¢ > 0, by Remark 2.3 there exists K(¢) > 0 large such that
v(0; Bg()(0)) > 1 — . Hence for any x € Q with dist(x, Q) > K(¢) and Bg)(x) C Dy we
have

I — & <v(0; Bx(e)(0)) = v(x; Bg(e)(x)) < v(x; Di) < V(x).

Combining with V(x) < 1 we obtain the first limit in (2.14).

For any given z € €2, we can take a tangent plane T (z) of d€2 at z such that the whole domain
2 lies on one side of this plane (this is possible since E is convex, so is €2). Denote by n(z) the
unit normal vector of 7'(z) (or d€2) pointing into €2, and denote

RY(m():={(x=y+sn@) |yeT(2), s >0}
the half space of RY separated by T (z), where 2 lies. Consider the problem

Av+ f(v)=0, xeRYn(2),
v(x) >0, x e RY (n(2)), (2.15)
v(x) =0, x eT(2).

By Lemma 2.4, this problem has a unique positive solution
v= V*((x -2 n(z)).

For any bounded domain Dy C Q2 C Rﬁ(n(z)), v(x; Dp) < V*((x —2)- n(z)) by Lemma 2.2.
We conclude that

V(x)<V*((x—2)-n(z) forxeq.

Note that this inequality holds for any given z € 2. In particular, fix an x € 2, the inequality
holds for z = Z,, where Z, is a point on <2 such that d(x) := dist(x, 02) = |x — Z,|. Thus,
(x—Zy)-n(Zy) =d(x), and so (2.14) holds at this given x. Since x € 2 can be chosen arbitrarily,
we indeed obtain (2.14) forallx € Q. O

We now prove the uniqueness of V.
Theorem 2.8. V in the previous lemma is the unique positive solution of (2.1) with D = Q.

Proof. The proof is similar to that in Lemma 2.4. Assume by contradiction that V| and V, are
two different solutions of (2.1) with D = €, and that V|(x) < V»(x) for some x € Q2. By the
standard theory of elliptic equations, similar estimates as in Lemma 2.4 hold for both V; and V5.
Hence, there exists 0 < p* < % < 1 such that one of the following holds:
(a) p*Va(x) < Vi(x) for x € 2, and p*V,(y) = Vi (y) for some y € Q;

(b) p*Va(x) < Vi(x) for x € , and p* 39‘:12((5) = Ba‘g(g) for some z € 9L2;

@) p*Va(x) < Vi(x) for x € Q, and p*Va(y®) — V1 (y®) — 0 as k — oo for a sequence
{(y®} c @ with |[y®| - oo (k — 00);
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V. v, Vo) _ vy e
() p*Va(x) < Vi) forx € 2. p* G5 < i3 forall 2 € 02, and p* G5 — UG — 0

as k — oo for a sequence {z¥)} C 9 with |zF| — oo (k — 00).

The rest proof is also similar as that in Lemma 2.4. We consider only the case (b)'. Define

B(x) == p*Va(x + 28, () := Vi(x +20).

Then, for each k, ¥y is a lower solution and 9 is a solution of the problem (2.1) in D = Q&) .=
xr=y—-z®|yeq),

Tk (x) — Dp(x) = p* — 1 asdist(x, 9Q%) > 0o
by (2.14), and

dve(0) 90k (0)
on(z®)  an(z®)

— 0 as k — oo.

Since {n(z) | z € 3R} € S¥~!, we see that a subsequence of n(z%)} (denote it again by
n(z®)}) converges to n,, and so Q® RN (ny) as k — oo. Then, usmg the elliptic estimate
as in Lemma 2.4, we conclude that, there exist two C2 functions V and V and a subsequence of
{k} (denote it again by {k}) such that

Be(x) = V(x), r(x)— V(x) ask— oo,
: 2 N
in Cj, .(RY (n,)) topology, and

avV(0) 9V (0)
on,  on,

V(x)—f/\(x)—mo*—l as x - N, —> 00,

The first limit 1mpl1es that V(x) E= V(x) Hence we can derive a contradiction as in the proof
of Lemma 2.4, since V(x) is a lower solution and V(x) is a solution of (2.9) with RN being

replaced by RY Y. O

To study further properties of V, we give some notation. Denote X* := (1,0, ---,0) € E. We
can find two real numbers 0y, 0, € (0, ) with 8, > 6; such that the cones

={xeRY |x - X*=|x|-|X*|cos;} (i=1,2)

satisfy C; C Q4 C Cp, where €2, is the cone in constructing the domain 2. Therefore, for any
7* € OE, the angle 0 between the ray Oz* and O X* satisfies 6 < 6 < 6,. Any point z on the ray
—

Oz* is also on 92 when |z| is large. For any m > 0, denote by

L(z,m):={z+sn(z) |0 <s <m} (2.16)
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the line segment with length m on the normal line £(z) := {x | x =z + sn(z), s € R}. For any
a > 0, denote

Qui={x+aX*|xeQ}, QR):={xeQ\Q x| >R} (2.17)

For any given m > 0, if x € Q¢ (R) and if R is sufficiently large, there exists a unique Z, € 9S2
such that x € L(Z,, m) C £(Z,). Hence, for such x,

d(x) == dist(x, 9Q) = (x — Zy) -n(Zy) = |x — Zy|. (2.18)

Lemma 2.9. For any a > 0 and R > a + 1, there exist oo > o1 > 0 (independent of a and R)
such that the distance function d(x) := dist(x, 02) satisfies

d(x) > aoy forx € Qq, d(x) < aoy for x € Q. (R).
Proof. When a = 1, we see that the domain €2 is separated from 92 by a distance o > 0.
Hence the first inequality holds by proportionality.

Now we prove the second inequality. For any z, € 92, with |z,] > R > a 4+ 1, by the defini-
tion of 2, we have z : =z, — aX™* € 0Q2. Denote by O the original point and O, := aX™, then

the ray O,z, is parallel to Oz, which implies that
d(z4) <dist(z4, Oz) =dist(O4, Oz) =asinf < asinby,
— —
where 6 denotes the angle between the rays Oz and 00O,. O
By the above lemma and the first limit in (2.14) we have the following result.
Lemma 2.10. For any small € > 0O, there exists A such that when a > Ag, V(x) > 1 —¢in Q.

Proof of Theorem 1.1. The existence and uniqueness of V have been proved in Theorems 2.7
and 2.8. We now prove (1.2). Using the result in Theorem 2.7 we only need to prove

limsup [V*(d(x)) — V (x)] =0. (2.19)

X1—>00
For any small € > 0, by Lemma 2.10 we have
V¥Adx)—=Vx)<1-V(x)<e forxeQq, (2.20)

provided a > A;. Fix such an a, and take a kg > ao», then by Lemma 2.6, there exists K =
K (g, ko) > ko such that

v(x; Bg (X (K))) = V*(x1) —&, x € By (X (ko)). (2.21)
Choose R > 0 sufficiently large such that when z € '} :={z | z € 02, |z| > R}, the ball

Bk (Y;(K)) (where Y,(K) :=z + Kn(z)) lies in @ and its closure touches 92 at exactly one
point z. Moreover, we can take R so large that the line segments L(z, 2K) do not meet each other.
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This implies that, for any x € Qf (R + K), there is a unique Z, € I'y such that x € L(Z,, K) (note
that K > ko > ao > d(x) for x € QS (R + K)), and

d(x) =dist(x, 0R) = |x — Zy|.
For each z € I'1, we identify
RY, B (X:(ko)), Bx(X:(K)), xi

in Lemma 2.6 and (2.21) with

RY(n(2)), Bi(z) := Biy(Yz(ko)), Ba(z):= Bk (Y:(K)), d(x)=|x—Z,

respectively. Then v(x; Bx (X;(K))) is converted into a function v(x; B,(z)) and (2.21) is con-
verted into

U(x; Ba(z)) = V¥(d(x)) —e, x€Bi(2). (2.22)

Since this inequality holds for all z € I'; and since v(x; B2(z)) < V(x) by Lemma 2.2, we con-
clude that

V) = Vide) —e xeQR+K)C [ Bi@).

zel';

Combining with (2.20) we obtain (2.19). O
2.4. Traveling wave solutions with compact supports

A special solution of u; = Au + f(u) with the form u = w(x — cet) for some ¢ > 0 and
e € SV~1is called a traveling wave solution (with speed ¢ in the direction e). Clearly, the function
w should be a solution of the following elliptic problem:

{Aw+ce-Vw+f(w)=0a xeDCRY, (2.23)

w(x) =0, x €dD.

To study (2.23), we first consider the eigenvalue problem for the operator —A — ce - V:

{_M_ce-v(p:xq), x €D, (2.24)

¢(x) =0, x€dD.

Since, with ¥ (x) := d)(x)ec”/z, the equation is equizvalent to —AY = (A — %)1/;, we see that
the principal eigenvalue of (2.24) A{(D) = A1(D) + CT, where A1 (D) is the principal eigenvalue
of (2.2) in D. Denote co := 2,/ f'(0) as before. For any ¢ € [0, cp), due to % < f(0) we have
A{(D) =1 (D) + % < f7(0) when A1(D) is sufficiently small. In particular, if D = Bg(X) for

some X € RY, then there exists a constant R, such that the principal eigenvalue A{(Bg(X)) of
(2.24) in D = Br(X) satisfies A{(Br(X)) < f'(0) if and only if R > R¢.
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Lemma 2.11. Assume c € [0, co) and R is the positive real number given above.

(i) If Bre(X) ; D for some X € RY, then the problem (2.23) has a unique positive solution

wC(x; D).

(i) wC(x; D) is strictly increasing in D in the sense that w®(x; D>) > w°(x; Dy) in Dy if
Bge(X) G D1 G Dj for some X € Dy. In particular, w®(x; Bg(0)) — 1 as R — oo, in
C120 . (RN) topology.

@{ii) If D = Rﬁ ={x € RN | x1 >0} and e Ley =(1,0,---,0), then the unique solution of
(2.23) is V*(x1). Moreover, for any ky > 0 and any small ¢ > 0, there exists K = K (e, ko) >
0 such that, for any z = (0, z2,--- , zny) and any k > K,

V(1) = wh(x; Be(X (k) = V*(x1) —e  for x € Biy(X:(ko)), (2.25)
where X, (k) :=z + kej.
Proof. This lemma can be proved in a similar way as Lemmas 2.1, 2.2, 2.4 and 2.6. O
To end this section we show w€(x; By) < v(x; Bz) when B; C B, and B is sufficiently large.

Lemma 2.12. Assume e € SY ! and ¢ € (0, c). Let wC (x; By, (0)) be a positive solution of (2.23)
in D = B, (0) and v(x; By (0)) be a solution of (2.1) in D = By (0). Assume m is fixed. If M is
sufficiently large then

w(x — 2Me + me; B,,(0)) <v(x — Me; By;(0)), x € B,(2Me —me). (2.26)

Proof. Since w :=sup,cp ) w(x; Bn(0)) <1, by Remark 2.3, there exists M > m suffi-
ciently large such that v(x; Bys(0)) > w in B,,(0). Hence,

v(x — Me; By (0)) > w(x — Me; B,,;,(0)) for x satisfying |[x — Me| <m.

Both u; :=v(x — Me; By (0)) and up := w(x — Me — cet; B,,(0)) are solutions of u; = Au +
f (), and so the comparison principle is applied in the time interval z € [0, (M —m)/c] (since in
this period the domain of u; lies in that u1). In particular, at t = (M —m)/c, we have (2.26). O

3. Spreading for the solutions of (P)

o0

3.1. Convergence in L}, (S2) topology

o]

We show that any solution u of (P) converges, in L},

state V.

(2) topology, to the positive steady

Theorem 3.1. Let u be the solution of (P) with nonnegative and compactly supported initial data
ug. Then for any given R > 0 we have

lu(t,) = V()llre@npg) — 0ast — oo,

where V is the positive steady state constructed in Section 2.
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Proof. For any given small ¢ > 0, we first prove
liminfu(t,x) > V(x) —¢, uniformly inx € QN Bg. 3.1
t—0o0

Recall the construction of V in the proof of Theorem 2.7 we see that there exists a large domain
D with Q N Br C D C 2 such that

Vix)>v(x;D)>V(x)—e, xe€QNBg.

On the other hand, by the maximum principle we have u(1, x) > 0 in D. Consider the following
auxiliary problem

u=Au+ f(w), xebD,t>0,
ut,x)=0, xeodD, t>0,
u(0,x)=u(l,x), xeD.

By the comparison principle we have

u(t+1,x)>u(,x), xeD,t>0.

Taking limit as t — oo and noticing i (¢, x) — v(x; D) (by Lemma 2.1) we obtain (3.1).
Next we prove

limsupu(t, x) < V(x) + ¢, uniformly in x € Q N Bg. 3.2)

—>0o0

Choose M > 1 sufficiently large such that MV (x) > ug(x). Denote by u(¢, x; MV') the solution
of (P) with initial condition MV. By comparison we have

u(t,x; MV)>u(t,x) fort >0, x € Q; u(t,x; MV) > V(x) for x € Q. 3.3)
Moreover, by (F) we have f(MV) < Mf(V), and so u,(t, x; MV) <0 due to
AMV)+ f(MV)<M[AV + f(V)]=0.
This implies that
u(t,x; MV) \ 9(x) in C,.(), (3.4)

for some v(x) > V(x). By the standard parabolic theory, v is a positive steady state of u; =
Au+ f(u), and so v = V. Thus, (3.2) follows from (3.4) and the first inequality of (3.3). O
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3.2. Spreading speed

The limits (1.5) and (1.6) in Theorem 1.2 are given by the following two theorems, respec-
tively.

Theorem 3.2. Let u be the solution of (P) with compactly supported initial data ug. Then, for

any c1 > co =2/ f/(0),

lim sup u(t,x)=0.

=00 [x|>c1t, xe2

Proof. We choose a large constant R > 0 such that the support of initial data spt(ug) C Bg, and
consider the Cauchy problem

i, = A+ f(i1), xeRN, >0,
i1(0,x) = lluollz~ - xgg, x€RN,

where xp denotes the characteristic function over D. Then the solution u(z, x) is a radially
symmetric one and lim;_, o SUP 4|51 u(t, x) =0 (cf. [2]). Clearly, u is an upper solution of (P),
and u(t, x) < u(t, x) by the comparison principle. This reduces to the conclusion. O

We now prove the lower estimate for the spreading speed.

Theorem 3.3. Let u, co be the same as in the previous theorem, V (x) be the unique positive
steady state of (P). Then, for any c; € (0, co)

lim inf ut,x)=V(x). 3.5)

t—00 |x|<cot, x€Q

Remark 3.4. We first state the idea of the proof. The precise values of V depend on the shape of
2 and are not easy to be specified in detail, hence, to prove (3.5) it is convenient to substitute V
by some simpler approximate functions. More precisely, we divide €2 into three parts Q,, Q5 (R)
and Q2 N Bg. The convergence in the last bounded domain follows from Theorem 3.1. In the first
two domains, we use 1 to approximate V in 2, (for large a), and use V*(d(x)) to approximate
V(x) in Q¢ (R) (for large R). Clearly, both 1 and V* are simpler than V since they do not depend
on the shape of 2. Moreover, they can be estimated from below by the traveling wave solution
wC(x — cet; Bg,) for some Ry > 0. In fact, we will show that, for any small & > 0,

u(t,x)zwc(x—cet;BRO)Z l—e>V(x)—e, in&,, (3.6)

and
u(t,x) > w(x —cet; Bg,) > V*(d(x)) —e=V(x)—e, inQ5(R), (3.7
provided Ry, R and ¢ are sufficiently large. Therefore, besides u and V, the functions V* and

wC(x — cet; Bg,) are also involved in our proof. This point is more complicated than that in
Theorem 3.2, where only one uniform upper solution # is used.
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Proof of Theorem 3.3. We use the notation given in the previous section. Let ¢ > 0 be any given
small number, we only need to prove

inf [u (t,x) — V(x)] > —re, whent is sufficiently large, (3.8)

|x|<cat, xeQ

for some integer r > 0. We prove it in three domains ., Q¢ (R) and N Bg, respectively.

Step 1. To prove (3.8) in Q, :={x +aX™* | x € Q}.
(1). By Lemma 2.10, there exists a; = aj(¢) such that V(x) > 1 — ¢ in Qq,.
(2). For any given c € (c2, co) and any e € S¥~!, by Lemma 2.11, the problem

{ Aw+ce-Vw+ f(w) =0, x e Bg,:= Bg,(0), 3.9)

w(x) =0, X € 0Bg,

has a unique positive solution provided Ry > 0 is large. We use w°(x; e, Bg,) to denote this
solution. Moreover, one can choose a suitable Ry = Rg(&) such that

1 —3e < w(x;e, Bg,) := max w(x;e, Bg,)) <1 —2¢, (3.10)
XEBRO

for some X = x(e) € Bg,.

(3). Choose X € €24, such that Bg,(X) C €24,. By Theorem 3.1, u(t,x) — V(x) (t — 00)
uniformly in Bg,(%). So, there exists 77 > 0 such that, when ¢t > T},

ut,x)>Vx)—e>1-2e>w(x—Xx;e, Bg,), x€Bpr(X). (3.1
(4). Choose a > a; sufficiently large such that Bg,(x) N 2, =, dist(2,, 92) > Ro and
x—y—xeQ forallx € Q,and y € Bg,.
Then, for any y* € Bg,(¥) and y** € Q,, when the ball Bg,(X) moves along the line segment
y*y**, it remains in .
(5). Set

Ty + Ro+ ]
o c—c '

T :

Now we prove a claim:
Claim 1. For any t > T> and any x € 2, with |x| < cat, we have u(t,x) > 1 — 3e.

Otherwise, there exists f > T» and % € ©, with |X| < c»f such that u(f, £) < 1 — 3. Since the
time moment

L X—x@ =X _ . cf+|x@+I|%] (c—c)Tr—Ry—I|%
T(e);:t_wzt_zﬂ()lﬂg( )T — Ro—Ix| _

c Cc c

1,

we have by (3.11),
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u(T(e),x) > 1 —2e>w(x — %;e, Bg,) foralleeSN™!, x e Bg,(%). (3.12)

Recall that the set E' in the construction of €2 is a convex domain. Define a map P :£—> =
SN=1'N'Q as follows: for any x € E, let Px be the contact point between the line Ox and T
Then P is a homeomorphism from E to I'. Define another map A: I' — I" as

Ao X —Xx(e)—x

=————, ecl.
|x —x(e) — x|

Then B := P~ ! o A o P is a continuous map from the bounded, closed and convex domain E
into itself. Using the Brouwer theorem we see that the map B has a fixed point x* € E, and so
e* := Px* eI is a fixed point of A: Ae* = e*. Using e* to replace the direction e in the above
argument, then w°(x — X — ce*t; e*, Bg,) is a traveling wave solution of (P) in direction e* (with
compact support). By (3.12) and the comparison principle we have

u(T(e*)+1,x) > w(x —% —ce*r; e*, Bg,) fort > 0andx with |[x — X — ce*r| < Ro.
In particular, at t = f — T(e*) and x = £, we deduce a contradiction:
1 —3e > u(f, X) > w(x(e*); e*, Bg,) > 1 — 3e.

(6). The estimate (3.8) with r = 3 follows from Claim | directly.

Step 2. To prove (3.8) in Q5 (R) for some large R to be determined.
(1). Once a is fixed, there exists ko > 0 such that dist(x, 92) < kg for all x € Q\2,.
(2). For any given c € (¢, co) and any z € ORY by (2.25) we have

w(x; Bg(X;(K)) = V*(x1) —e, x € By, (X;(ko)). (3.13)

(3). By taking e = —e; and m = K in (2.26), we see that for sufficiently large M > K,
v(x: By (X;(M))) > w(x; Bk (X, (K))), x € Bg(X (K)). (3.14)
(4). Take R; sufficiently large such that, the line segments L(z, M) for z e I'1 :={z € Q2 |
|z| > R1} do not meet each other, and By, (Y,(M)) C Q for all z € I'1, where Y, (k) := z + kn(z)

for k > 0. Thus, for any x € 2 satisfying |x| > R; + M and dist(x, 92) < M, there is a unique
Z, eI'y suchthat x € L(Z,, M) and

d(x) = dist(x, 92) = |x — Zx|.

For any given z € .= {z € 9Q | |z| = Ry}, denote by Rﬁf(n(z)) the half space separated by
the tangent plane 7'(z) with Q C Rﬁ(n(z)). We identify

RY, e1. e By (X:(ko), Bx(X;(K)), Bu(X:(M)), xi

in Lemmas 2.11 and 2.12 with
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RY M), n@), r@ =, Bi@@ :=Bg(Y:(k)),
Ba(z) := B (Yz(K)), B3(z) :=Bu(Y:(M)), d(x)=I|x — Z,|,

respectively. Then w¢(x; Bx (X;(K))) is also converted into a new function w(x; B>(z)) and the
inequality (3.13) becomes

W(x; Ba(2)) = VHd(x) —e,  x €Bi(2). (3.15)
v(x; By (X (M))) is converted into a new function v(x; B3(z)) and (3.14) reduces to
0(x; B3(z)) > w(x; B2(2)), x€Ba(z). (3.16)
Since B3(z) C Q2 and v(x; B3(z)) is a solution of (2.1) in B3(z), by Lemma 2.2 we have
V(x) >0(x; B3(2)), x€B3(2).

By Theorem 3.1, u(t,x) — V(x) (t = o0) uniformly in B3(z). Hence, there exists 73(z) > 0
such that, when 7 > T3(z),

u(t,x) = v(x; B3(z)), x€B3(2).
Combining with (3.16) we have
u(t,x) > wx; By(z)) forxeBr(z), t > T3(2). (3.17)

Taking T3 := max{T3(z) | z € F?}, then (3.17) holds for any z € 1"(1), x € By(z) and t > T;.
(5). Take a R > R; large such that By (Y, (M)) N Q5 (R) =@ forall z € F(l). Set

_B3+2ko+ Ry

c—cC

Ty -
Then we can prove
Claim 2. For any t > T4 and any x € Q{,(R) with |x| < cat, we have u(t,x) — V(x) > —e.
In fact, for any given 7 > Ty and X € Q¢ (R) with |X| < ca7, denote

v

, E::erer‘?, X

| 2t

7:=7Zz, r=r) = X—74+z2eB1@).

2

Then z=Zz, r= é:f;‘ and d(¥) = |X — Z| = |x — Z| =d(x). Since the time moment

- . |X|+2ko+R1 . cof+2ko+ Ry (c — )Ty —2ko — Ry
T.=1— >t — >1— -
C C C C

=T,



B. Lou, J. Lu/ J. Differential Equations 267 (2019) 7064—7084 7083

by (3.17) we have

u(t,x) > w(x; B(2)), xebB(z).

Since w(x — crt; By(Z)) is a traveling wave solution of (P) (with compact support), by compari-
son principle we have

u(t +1t,x) > w(x —crt; Br(z)) fort > 0and x with x — crz € By (2).
In particular, at t = — T and x = X, we have
u(f, X) > w(x; Ba(2)).
Since x € By (Z), by (3.15) we have
W Ba(2) = V() —e=VH(d(RX) —e = V(F) —e.

The last inequality follows from (2.14). This proves Claim 2, and then the estimate (3.8) holds
in Q4 (R).

Step 3. The convergence of u(¢, x) — V (x) in bounded domain 2 N By follows from Theo-
rem 3.1.

Combining the results in these three steps we obtain (3.8). This completes the proof for The-
orem3.3. O
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