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Abstract

We study the overdetermined problem for a large family of non-local operators given by generators of
subordinate Brownian motions. In particular, this family includes the fractional Laplacian, relativistic stable
operators etc. We consider these problems in bounded domains, exterior domains, and in annular domains
and we show that under suitable conditions, the domains and solutions are both radially symmetric. Our
method uses both analytic and probabilistic tools.
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1. Introduction

In his celebrated work [28], Serrin solved the following overdetermined problem: Given a
bounded C2 domain D, if there exists a positive solution u to

—Au=1 inD, u=0 ondD, du=ceR onadD, (1.1)
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then D is necessarily a ball. In the above, 0,, denotes the Neumann derivative along the exterior
normal 7. A very large number of extensions of Serrin’s result can be found in the literature and
it is virtually impossible to provide a complete list of bibliography. To cite a few we refer to [,
9,11,12,15-17,29]. Overdetermined problems for the Laplacian operator in exterior domains are
first studied by Reichel [26]. In this work it was established that if D and R¢ \ D are connected,
D is a bounded C? domain, and there exists a solution to

—Au=f() inRI\D, u—0, as|x|— oo,

u=A ondD, duu=constant<0 ondD, O<u<A inR?\D,

where f is Lipschitz in [0, A] and non-increasing close to 0, then D has to be a ball, and u is
radially symmetric and radially decreasing. This result is further extended to quasi-linear opera-
tors in [25,26]. Overdetermined problems for annular domains are considered in [2,23,24]. The
key ingredients in all the above works are a boundary point lemma (or Hopf’s lemma) and the
moving plane method. Very recently, overdetermined problems for the fractional Laplacian have
been studied. It should be kept in mind that for the o-fractional Laplacian operator the Neumann
derivative in (1.1) does not exist due to the boundary behavior of solutions, but can be replaced
by

(Bqu = lim M for x € 9D.

Fall and the second named author [14] (see also [13] ford =2,a = %) study the overdeter-
mined problem for the fractional Laplacian in bounded domains whereas Soave and Valdinoci
[30] consider the problem in exterior and annulus domains. Let us also mention [19] where an
overdetermined problem for the fractional Laplacian is studied with (9,),u being given by a
suitable increasing function on the boundary.

In the present article we generalize the above results to a large family of isotropic nonlocal
operators. More precisely, these operators are obtained as the generator of subordinate Brownian
motions. For instance, when the subordinator is a ¢-stable process we get the a-fractional Lapla-
cian as the generator of the corresponding subordinate Brownian motion. We refer to Section 1.1
for more details. In this article, we denote these operators by W(—A), where W is a Bernstein
function vanishing at 0, and given by

W(=A)f(x) =/(f(X) — [+ D)+ lp=nz- VD)) (Izhdz,  f € CoRY,
R4

where j is a suitable nonlocal kernel (see (1.2)). For W(¢) = t%,«a € (0, 1), we have j(r) =
r~4=2 for r > 0. Note that unlike the fractional Laplacian, these operators need not have a
global scaling property. It turns out that if W has certain scaling properties at 0 and oo then one
can obtain the heat kernel estimates for the associated operator and therefore, a PDE analysis
is possible in many cases. Interested readers may consult [7,22] for more details. As mentioned
above, one of the key steps in studying overdetermined problems for W(—A) is to have Hopf-type
lemmas and narrow domain maximum principles. The maximum principle may be obtained as
consequence of heat-kernel estimates (see [5] where the authors consider semigroup solutions).
Using the observation that any viscosity solution can be represented as a semigroup solution we
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obtain the narrow domain maximum principle (see Theorem 3.1). Recently, the first named au-
thor and Lorinczi [4] establish a Hopf’s lemma for W(—A). For this they use the sharp boundary
behavior for Dirichlet solutions of W(—A) obtained in [21]. It turns out that the renewal function
V corresponding to a one dimensional Lévy process associated to the one generated by W(—A)
is related to the boundary behavior of the Dirichlet solution. This can be heuristically seen as fol-
lows: for the domain D if we consider the Dirichlet problem W(—A)v =1 in D with vanishing
exterior condition, then the unique solution is given by the mean exit time of the Lévy process
from D. Therefore, applying [8, Theorem 4.6], it follows that v &~ V (§p) where §p denotes the
distance function from the boundary d D. We draw our inspiration from these results to find a
Hopf’s lemma for anti-symmetric supersolutions (see Theorem 3.2) as also a corner point ver-
sion of Hopf’s Lemma (see Lemma 3.3). These ingredients play a key role in our overdetermined
problems and the application of the moving plane method. We study the overdetermined prob-
lems in bounded domains (Theorem 2.1 and 2.2), exterior domains (Theorem 2.3 and 2.4), and
in annuli domains (Theorem 2.6).

1.1. Subordinate Brownian motions

The class of non-local operators we would be interested in are generators of a large family
of Lévy processes, known as subordinate Brownian motions. These processes are obtained by a
time change of a Brownian motion by independent subordinators. In this section we briefly recall
the essentials of the subordinate process which will be particularly used in this article.

A Bernstein function is a non-negative completely monotone function, i.e., an element of the
set

d"f
B= {f €C*®((0,00)): f>0 and (_1)HW <0, forall n EN}.

In particular, Bernstein functions are increasing and concave. We will consider the following
subset

Boz{feB:}Ci{%f(x)zo}.

For a detailed discussion of Bernstein functions we refer to the monograph [27]. Bernstein func-
tions are closely related to subordinators. Recall that a subordinator {S;};>0 is a one-dimensional,
non-decreasing Lévy process defined on some probability space (Q2s, Fs, Ps). The Laplace
transform of a subordinator is given by a Bernstein function, i.e.,

Epgle ™% =e"""™, 1,x>0,

where W € By. In particular, there is a bijection between the set of subordinators on a given
probability space and Bernstein functions with vanishing right limits at zero.

Let B be an R?-valued Brownian motion on the Wiener space (Qw, Fw, Pw), running twice
as fast as standard d-dimensional Brownian motion, and let S be an independent subordinator
with characteristic exponent W. The random process

Qw x Qs 3 (01, @2) F> Bs, ) (@1) € RY
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is called subordinate Brownian motion under S. For simplicity, we will denote a subordinate
Brownian motion by {X;};>0, its probability measure for the process starting at x € R? by Py,
and expectation with respect to this measure by E,. Note that the characteristic exponent of a
pure jump process {X;};>¢0 (i.e., with b = 0) is given by

W(jzP) = / (1= cos(y - 2)(Iy]) d,
R4\{0}

where the Lévy measure of {X,};>0 has a density y — j(|y|), j : (0, 00) — (0, 00), with respect
to the Lebesgue measure, given by

jr) = /(4m)—d/2e—§ m(dp), (1.2)
0

where m is the unique measure on (0, co) satisfying

WA = f (1 — e *ym(dr).
(0,00)

In this article we impose the following weak scaling condition on the subordinators.

1 /R\a Y(R R\a
There are 0 < aj <az < 1 < by such that —(—>I§ ( )5171(—)2 forl1 <r <R,
by \r W(r) r
(1.3)

and,

there is b > 1 suchthat j(r) <by j(r+1) forr>1. (1.4)

There is large family of subordinators that satisfy (1.3) (see [5,21]). Moreover, any complete
Bernstein function satisfying (1.3) also satisfies (1.4) [22, Theorem 13.3.5].

For some of our proofs below we use some information on the normalized ascending ladder-
height process of {X t‘ }r>0, where X ,1 denotes the first coordinate of X;. Recall that the ascending
ladder-height process of a Lévy process Z is the process of the right inverse (Z L )i>0, Where L;
is the local time of Z; reflected at its supremum (for details and further information we refer to
[3, Chapter 6]). Also, we note that the ladder-height process of X! is a subordinator with Laplace
exponent

[e¢]

- 1 log W
W(x) =exp ;/OfT(;y)dy , x>0.

Consider the potential measure V (x) of this process on the half-line (—oo, x). Its Laplace trans-
form is given by
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9]
/ Vix)e ¥ dx = ——, s>0.
sW(s)
0

It is also known that V (x) = 0 for x < 0, the function V is continuous and strictly increasing
in (0, 00) with V (c0) = oo (see [18] for more details). As shown in [6, Lemma 1.2] and [7,
Corollary 3], there exists a constant C = C(d) such that

l\1:(1/r2) < <cvd/rh), r>0
. < < , .

V2(r)

Also, using [7, see expression (15)] we obtain

U(r2)
,.d

jn=cC r>0, (1.5)

for some constant C > 1. We define the operator

WA f() = f (f+2) = F() = Tgap=nyz - V£ (2)dz
Rd
1
-3 / (G424 f(xr = 2) = 2 (2Ddz,
R

for f e Cg (R%), by functional calculus. The operator —W(—A) is the Markov generator of sub-
ordinate Brownian motion {X,},;>¢ corresponding to the subordinator S, uniquely determined by
v,

2. Main results

Let D ¢ R?,d > 2, be a bounded domain with C2_ boundary. Now given any continuous
function f let us consider the viscosity solution u € C(D) of

Y(—Au=f inD, and, u=0 inD".

By [21, Theorem 2.1] and (1.3) we know that u is Holder continuous in R9. Furthermore, the
function u/V (6p) is Holder continuous in D [21, Theorem 2.2] where ép(x) = infd(x, D)
is the distance function from the boundary. Thus, we can define the trace of u/V (6p) on the
boundary 9D as

Try (u)(x) = lim ) b 2.1)
v D32—x V(6p(2))’ ' '

This trace operator plays an important role in the study of overdetermined problems.
Let B, denote the ball of radius r around 0. By 7, we denote the exit time of X from B, i.e.

o =inf{r >0 : X; ¢ B,}.
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By [4, Section 4.2] the function u,(x) = E,[t,] is a solution to the overdetermined problem

W(—Au, =1 in B, (0);
u, =0 in R\ B, (0); (2.2)

Try (u,) = constant = H, on 0B, (0).

Furthermore, the function r — H, is positive and strictly increasing in (0, oo) [4, Lemma 4.1].
Here and in what follows, by a solution we always mean a viscosity solution.

The goal of this work is to show that indeed for an open bounded set D the overdetermined
problem

{ U(—Au=1 1inD;
(2.3)

u=0 inR? \ D,
with Try (#) = constant on d D has a solution if and only if D = B, (0), that is, we have

Theorem 2.1. Let D be an open bounded set with C* boundary and d > 2. Assume there is a
solution u of (2.3) satisfying for some fixed c € R

Try(u)=c ondD.
Then, up to translation, D = B, (0) for some r > 0 and u = u, given by (2.2).

Remark 2.1. We emphasize that connectedness of D is not assumed a priori. In fact, due to the
nonlocal character of W(—A) the connectedness follows a posteriori.

Theorem 2.1 is indeed a special case of a more general result concerning semilinear problems.
In particular, we show

Theorem 2.2. Let D C Rd, d > 2, be an open bounded set with c? boundary. Let f € co1 (R)
and assume there is a nonnegative nontrivial bounded solution of

W(—A)u= f(u) inD,
u=0 inRI\ D,

which satisfies for some fixed ¢ > 0
Try(u)=c onaD.

Then, up to translation, D = B, (0) for some r > 0, u > 0 in D, and u is radially symmetric and
strictly decreasing in the radial direction.

Our next result concerns an overdetermined problem in the complement of a bounded set in
the spirit of [30] (for the local case, we also refer to [26]). Note that here, we assume u to be a
positive constant on this compact set. Hence the trace defined in (2.1) is adjusted by this constant.
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Theorem 2.3. Let Gy,...,G, C RY,d > 2, be a Sfamily of compact connected sets with C?
boundary such that Gi N G; =@ for i # j and let G := | J;_, Gr. Let A >0 and f €

C%1([0, A)) be nonincreasing for small arguments. Assume that for some given A1, ..., A, <0
there is a solution u € CP(R?) for some B € (0, 1) of the problem

W(—Au=fu) inRY\G,
u=A in G,
Try(u — A) = Ay on 4Gy,

withO<u < AonR4\ G and lim u(x)=0. Then G is a ball and u is radially symmetric and

|x]—00
strictly decreasing in the radial direction with respect to the center of G.

We emphasize that in contrast to the [30, Theorem 1.3], where the above theorem was
stated for the fractional Laplacian, we do not need an additional regularity assumption on
u/(Vo 5Rd\G)- Indeed, the above theorem extends the one from [30] and this is mainly due
a narrow type maximum principle Lemma 3.1.

Remark 2.2. As we have discussed above the trace operator of the boundary is justified from

[21], but when D is unbounded, some explanation is required to justify the boundary trace Try ().
To do so consider the exterior domain Dirichlet problem

Y(—Au=f inG° and u=0 inG,
where f is a bounded continuous function, G is closed bounded with c? boundary, and u is a

bounded viscosity solution. Observe that for any bounded domain D C G¢, with C> boundary,
we can write (see [4] or [5, Remark 3.2])

u(x) = Ex[u(Xep)] — Ex /f(Xs)ds . xeD,
0

where tp denotes the exit time from D. This follows from the uniqueness of viscosity solution
[21, Theorem 3.8] and the fact that the right hand side function is a viscosity solution in D with
exterior boundary data being u. With this representation we can write u = w + w, where

wi(x) =E;[u(X,)], aharmonic function in D,

and,
™
wy(x) =K, /f(Xs)ds satisfying W(—A)wy = f inD, wy; =0 in D,
0

Furthermore, we also check that for any x € D we have

1
Awi (x) == ltif{)l; (Ex[w1(X)] —wi(x)) =0. (2.4)
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Indeed, for any ball B, (x) C D we have
IE.[wi (X1 — wi ()] = |[wi (X)] = Ex[wi (Xingy, ]|
= |Ex[wi(X) 1>t 0] — Exlwi (Xep, ) L rs15, 0011

= Bl ) By ) [0 X )1 = B[t (X ) V0]

By (x)
where in the first and third line we use the strong Markov property of X. Now observe that for

any non-negative cut-off function ¢, 0 < ¢ < 1, that vanishes outside a compact set, we have ¢ w
uniformly continuous in R?, and therefore,

sup Ex[surzl({wl)(Xs) —@wi(x)[]—0, ast—0.

xeR4 s<

Thus using [8, Corollary 2.8] we get

1
; IEX[I{T>TBr(x)}]EXrBr(x) [Cwl(th‘EBr(x))]] _Ex[é‘wl(thr(x))l{t>‘r3r(x)}] - 07

ast — 0. Now let ¢ =1 in B,,(0) and let 7, be the exit time from B,,(0). Then

1 1
;Exn(l - ;(Xt))wl(Xt)|1{t>rgr(x)}] = ? sup w1 | Py (T <1)

< sup|wy| — 0, asm — oo,

1
V2(m)

where the last line follows from [8, Corollary 2.8]. Again,

|(1 - C(XtBr(x)))wl(XTBr(x))ll{t>TBr(x)} # 0

would imply for some point s <t we have |X| > m, and thus, it is included in {zr,,, <t}. So we
can use the above argument to show

1 . .
?Ex [1(1 = ¢(Xzp, o DW1 X1y ) 1575, )] = 0, uniformly inz > 0,

as m — oo. Thus we have (2.4).

With the above decomposition of u (i.e. w; + wy with respect to any sub-domain D) one
can follow the arguments of [21] to conclude that Try (u) exists on dG€. Indeed, this will be a
consequence of [21, Lemma 4.10]. Furthermore, if u € ch (Rd ) then we get from the arguments
of Theorem 2.2 of [21] that V(g—’cc) is Holder continuous in a neighborhood of dG°¢.

Theorem 2.4. The conclusion of Theorem 2.3 remains true, if f is additionally assumed to be
non-increasing in [0, A] but only assuming 0 <u < A.

In the spirit of the moving plane method, which we use to prove Theorem 2.3, we have the
following result
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Theorem 2.5. Let A > 0 and f € C%'([0, A]) such that f is non-increasing for small t. Then
any continuous solution u of the problem

W(—Au=f(u) inRI\{0},
u=A

with 0 <u < A on R? and | llim u(x) = 0 is radially symmetric and strictly decreasing in the
X[— 00

radial direction.
An immediate consequence gives

Corollary 2.1. Let f € C%1((0, 00)) such that f is non-increasing for small t. Then any non-
negative continuous solution u of the problem

W(—Au=fw) inRY with lim u(x)=0

|x]—00

is radially symmetric up to translation. Moreover, either u =0 or up to translation u is strictly
decreasing in the radial direction.

Concerning radial sets, we get

Corollary 2.2. Letr,A >0, A1 eR,d>2,and f € Co’l([O, A)) be non-increasing. Then any
Hoélder continuous solution u of

U(—Au=fu) inR?\ B (0),
u=A in B-(0),

with 0 <u < A and | llim u(x) = 0 is radially symmetric and strictly decreasing in the radial
X[—> 00

direction.
Moreover, the approach in complements allows also to tread annular-like sets.

Theorem 2.6. Let Gy, ...,G, C Re,d > 2, be a family of compact connected sets with c?
boundary such that G; N Gj = for i # j and let G :=|J;_, Gk. Let D C R? be an open
bounded set with C* boundary and such that G € D. Let A > 0 and f € cY1([o, A)). Assume
that for some given B >0, Ay, ..., Ay <0 there is a continuous solution u of the problem
Y(—Au=fw) inD\G,

u=0 inRY\ D,

u=A in G,
Try(u — A) = Ay on 4Gy,

Try(u) =B ondD,
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with0 <u < A on R4\ G. Then D and G are concentric balls and u is radially symmetric and
strictly decreasing in the radial direction with respect to the center of G.

Remark 2.3. Consider a smooth function ¢ satisfying the boundary condition
(=0 inD° and ¢=A inG.

¢ being smooth we have g = W(—A)¢ continuous in D \ G, and using [10, Lemma 5.8] we
obtain

U(—-A)u—-¢)=fu)—g inD\G, and (u—¢)=0 in(D\ G)".
Hence, by [21, Theorem 2.1], (u — ¢) is Holder continuous in R4, and thus, u is Holder contin-

uous in R¥. Furthermore, Try (1 — ) is also Holder continuous. Note that since ¢ is smooth, we
have

Try(¢)=0 ondD, and Try(A—¢)=0 ondGg.

This follows from the fact that V(r) = r for all r € (0, 1). Hence the operator Try is well
defined on u near the boundary. Furthermore, Remark 2.2 suggests that the trace functions are
Holder continuous near the boundaries.

As before, as an immediate consequence, we have

Corollary 2.3.Letr 0 <r < R <00, A>0, Aj €R, d >2, and f € C®'([0, A]). Then any
continuous solution u of

W(=Au=f@) inBg(0)\B0);

u=0 in RY\ Br(0);

u=A in B-(0);
with 0 <u < A is radially symmetric and strictly decreasing in the radial direction.
3. Proofs of main results
3.1. Maximum principles for anti-symmetric viscosity solutions

As is well known, maximum principles for anti-symmetric solutions play a key role in the

analysis of overdetermined problems. In this section we develop all the required tools in the
direction which will later be used to establish our main results. Since our framework is based on

viscosity solutions, we recall the definition of viscosity solution from [10] for convenience.

Definition 3.1 (Viscosity solution). Let D C R? be open. An upper semi-continuous function
u:R?4 — R in D is said to be a viscosity sub-solution of

V¥ (—Au+cx)u=g inD, 3.1
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if for every x € D and test function ¢ € Cp(x) (Cp(x) is the set of all bounded continuous func-
tions that are twice continuously differentiable in a neighborhood of x) satisfying u(x) = ¢(x)
and

e >u(y) yeRI\ {x},
we have
—V(=A)px) + c(xux) = g(x).
Similarly, a lower semi-continuous function is a viscosity super-solution of (3.1) whenever
o(y) <u(y), ye R4 \ {x}, implies —W(—A)p(x) + c(x)u(x) < g(x). Furthermore, u is said
to be a viscosity solution if it is both a viscosity sub- and super-solution.
Let H be the half-space defined by
H:{xeRd DX -e> A},

and we denote by x) = R(x) = Ry ((x) :=x —2(x - e)e +2Ae the reflection at 0 H = {x - e = A}
of x. Let u : R?Y — R, then we call u anti-symmetric (w.rt. H)ifu=—-uoRonR¢. Let Q C H

and u be a bounded anti-symmetric super-solution of W(—A)u = g in Q with u > 0in H \ Q.
Define

0 otherwise. 3.2)

_{—u ifxe{u<0jNQ

Denote by ¥ = {u < 0} N Q. Note that v is upper semi-continuous and X is open. We claim that
—V¥(—Aw>g inX, 3.3)

in viscosity sense. To prove the above, consider any point x € ¥ and a test function ¢ that touches

v from above at the point x. Then ¢ := ¢ + (—u — v) touches —u from above at the point x.
Since —u is a sub-solution, it follows that

—V(=A)px) —W(=A)n(x) = -W(=A)¥(x) = g(x),
where n = —u — v. To prove (3.3), we only need to show that
—V(=A)n(x) <0.

Since n =0 in ¥ and equals to —u in X¢, we have

—V(=M)nx) =— / u(z)j(lx —zldz

EC
=- / u(z)j(x —zhdz — / u(z)j(lx —zhdz.
R(D) R(H\S)N(H\E)
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Note that the first term is non-positive due to the anti-symmetry of u and the fact u < 0 in X. On
the other hand the second term equals to

u(z)j(lx —zhdz = f u()(j(x —z]) — j(x — R(z)Ddz = 0,
R(H\Z)N(H\X) H\X

since v > 0in H \ X, and j is radially decreasing. This completes the proof of (3.3). (3.3) will
be useful in proving anti-symmetric maximum principle.

Theorem 3.1. Let H be a half-space, Q2 C H open and bounded, and c be bounded. Then there

exists p > 1 and C > 0, depending only on V and diameter of 2, such that if u € Cp(R?) is an
anti-symmetric super-solution of

Y(—MANu+cx)u=0 1inS,

withu >0 on H \ Q, then we must have
supu~ < Cllct |z lu e
Q

In particular, given coo > 0 such that ¢t < coo on Q there is § > 0 such that if || < 8, then
u>0.

Proof. As discussed above, we consider the set X = {u < 0} N @ and the function v as in (3.2).
From (3.3) we have

—W(—Aw+cT@)v>0 inX.
We follow the arguments of [4, Theorem 3.1]. Since 9 is not nice in general, we consider a

collection of increasing smooth sets {D,},, contained in X and increasing to X. Let w,, be the
unique viscosity solution of

-V (—A)w,=—g inD,, and w,=v inDj,

where g = [|c*|| oo (q)v. From the comparison principle [10, Theorem 5.2], [21, Theorem 3.8] it
follows that

v <w, inRRY.

Moreover, w, attends a stochastic representation given by

‘L’Dn

wy (x) = Ex[v(Xz), )]+ Ex /g(Xs)ds , x€D,. 34
0

Hence, using (1.3)-(3.4) and [5, Theorem 3.3] we see that for some constant C, p > 1 we have
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supw, + Cllgllrp,) <sup|v|+Clligllrr),
C D;"

n

which in turn, implies

supv < sup [v| + CllgllLr(e)-
Dl‘l D;l‘

Thus, the result follows by letting n — co. O

Our next result concerns a version of Hopf’s Lemma for W(—A) for anti-symmetric super-
solutions

Theorem 3.2. Let H be a half-space, @ C H open, and ¢ € L°(Q). If u € Cp(R?) is an anti-
symmetric super-solution of

Y(—MANu+cx)u=0 inQ

withu > 0in H. Then either u =0 or u > 0 in Q. Moreover, if u # 0 and there is xo € 0Q \ 0H
with u(xg) = 0 and such that there is a ball B C Q2 with xo € 9B, then there is ¢ > 0 such that

In particular, if Try (u)(xq) exists, then Try (u)(xg) > 0. Here n denotes the outward normal at
X0

Proof. Assume u = 0 on R¢, then there is a compact set K € H with infgx u = 8 > 0. Suppose

that u(x) = 0 for some x € Q. Consider a test function ¢ > 0 with the following property: for
some ball Bys(x) € 2 we have

¢<uinR?, ¢=0inBs(x), ¢=u in Bj3s(x).
We may also choose § small enough so that the ball is far from K. Thus, by definition, we have
Y(=A)p(x) =0,
which implies
0= [ 90t~ 3y
R4

- / u(2)j(x — yDdy + / ()G (x = yD) = j(1x — yaD)dy

R(Bs(x)) H\Bs(x)
= / u(z)j(lx —yhdy +/u(y)(j(x =y —Jj(x = yD)dy.
R(Bas(x)) K
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Thus if we choose § small enough the RHS of the above display is positive which leads to a
contradiction. Hence we must have u > 0 in €. This proves the first part.

Now we prove the second part. Let B be a ball that touches €2 at x(o from inside. Let ¢ be the
expected exit time from B. Define w = a(¢ — ¥ o R) as before. It is straightforward to see that

Y(—A)w <aC inB,
for some constant C. To complete the proof we only need to show that for some ap > 0 we have

u > w in B and then, the proof follows from (2.2). To the contrary, assume that no such ag exists.
Now it follows from [10, Lemma 5.8] that v, = u — w is an anti-symmetric super-solution of

W(—A)v, = —(llcllLx@u+aC)=—g inB.
Let x, € Argmingv,. Since ming v, < 0, it follows that x, — dB as a — 0. This also implies
u(xq) < w(xy) =avr(xy) — 0 as a — 0. Now we choose a test function ¢(> ming v,) that

touches v, at x, from below and agrees with v, outside a ball B’ € B. By definition, it then
follows that

W(=A)p(xq) = —(llcll Lo @uxy) +Ca) - 0 asa — 0.

Let us now compute the LHS. Let K be any compact set inside B and we may assume that
X, ¢ K.

W(—A)p(rg) = / (@(x) — 9(1))j (1xa — yDdy
Rd

_ /(qo(xa) oG (1 — YD) — J(1xa — yaD)dy
H

< / (@) — 9N (X — YD) — J (1xa — ya )y
K

< @ sy — minu) /(j(m — 3D = (e — yaD)dy <O,
K

for all @ small. This is a contradiction. Thus we have the second part. O

Our last result on maximum principles for antisymmetric functions concerns unbounded sets,
where we have a sign on the linear part given by c.

Lemma 3.1. Let H be a half-space, 2 C H open, and ¢, R > 0. Then there is § > 0 such that

the following holds. Let ¢ € L°°(Q2) with ¢~ < coo and such that there is K C Q with Q\ K C
Br(0)andc>0on K. IfueCp (R?) is an anti-symmetric super-solution of

Y(—Au+cx)u=0 inQ
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with u > 0 in (H \ Q) U ((sm (x e H : dist(x, dH) > 5}) \K) and _liminf u(x) = 0, then

eH,|x|—o00
u>0inH.

Proof. Let co, > 0 be given and denote H' = {x € R9 : dist(x, H) > 8} for § > 0. Note that we
can fix § > 0 such that

inf fj(|X—Y|)dY>Cw
xeR4, dist(x,H')<28
H/

since j ¢ L'(R¥) and hence the above value convergence to infinity for § — 0. Next assume that
¢, K, u are given as stated and that u changes sign in H. Moreover, let v be given in (3.2) and
note that v satisfies in viscosity sense

V(=AW <cxu=—cx)v<c (Xv Zcoologv inX:={u<0}NQ,

with v = 0 in R¢ \ . Moreover, since liminf u(x) >0, we have lim v(x) =0 and v €
x€H,|x|—o00 [x]—00

Cp(RY). In particular, there is x € ¥ with a := maxgd v = v(x) > 0. Moreover, let ¢ € CZ(R%)
(0<@<a)withgp =a on H and ¢ =0 on H’'. Then ¢ touches v from above at x and ¢ > v in
R?. Thus

coolank (V) = coola & (1) = W(—A)g(x) = p.v. / (0(x) — p()j(1x — y]) dy
Rd
za/j(lx ~ v dy.
H’

That is, at the maximal point x we have

coolank (¥) = /mx ~ 3 dy.
H/

Clearly, from this inequality it follows that we must have x € Q2 \ K. Moreover, since u > 0 in
H\ Q and (sz NixeH : dist(x,0H) > 5}) \ K we must have dist(x, 9 H) < 8. But then this is
again a contradiction by the choice of §. Hence v =0, and thus # > 0 in H as claimed. O

3.2. Proof of Theorem 2.1

Proof of Theorem 2.1. We follow the idea of moving planes described in the classical case by
Serrin [28] and for the fractional Laplacian, i.e. the case W(r) = re/2 o € (0,2) in [14]. In the
following let D C R? be a fixed open bounded set with C> boundary and let u be a solution of
(2.3) satistying Try (u) = c on dD. Note that ¥ > 0 in D by the maximum principle. Moreover,
as explained above, u is Hélder continuous in R? [21] and thus in particular bounded. Given
A €R, e € dB1(0) denote

v(x) =y (x) =u(x) —u(¥), xeR?
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Do

Fig. 1. Situation 1 at pg; Situation 2 at pg.

where X := R) .(x) :==x —2(x - e)e 4 2)1e denotes the reflection of x at Ty . := 9 H) ¢, Hy . :=
{x e R? : x-e> A}. Note that we have R? \ H) .= H_) _.. Moreover, fix e € dB1(0) and let
A <l:=sup,px-e. Then H N D is nonempty for all A </ and we put D, := Ry (D N H,).
Then for all A <[ the function v satisfies in viscosity sense

Y(—A)v=0 in Dy;
v>0 inH ) .\ Dy;

v(x) =—v(x) forxe RY.

Hence we must have v > 0 in Dy or v =0 in R? by Theorem 3.1 and 3.2 for A close to [. As we
decrease A, there are two possible situations that may occur (Fig. 1):

Situation 1: There is po € 0D Nd Dy \ Ty , or 3.5)

Situation 2: 7). is orthogonal to d D at some point po € 3D N T} . 3.6)

We fix A¢ as the maximal value in (—o0, /) such that one of these situations occur (or, equiva-
lently, the first time while moving A from [ to —oo where one of the two situations occur). Our
goal is to show that in either case we have that D is symmetric with respect to T}, ., which im-
plies the theorem since e was chosen arbitrarily. For this, we show first that we have v = v, . =0
on R?. In the following we assume v > 0 in Dy,,.

Situation 1: Note that u(pg) = 0 = u(po) and hence v(pp) = 0. Hopf’s Lemma, Theorem 3.2,
implies 0 # Try (v)(po) = Try (u) — Try (u o Ry,,.) = 0. This is a contradiction and hence we
cannot be in Situation 1.

Situation 2: Let T =T, ., H = Hy, ., and R = Ry, .. Moreover, let pg € T N dD such that
T is orthogonal to d D at pg. By translation and rotation, we may assume Ao =0, po =0, e = e,
and e, € T is the interior normal at d D. Note that this implies V28p(0) is diagonal. We have

Please cite this article in press as: A. Biswas, S. Jarohs, On overdetermined problems for a general class of nonlocal
operators, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.09.010




YJDEQ:9980

A. Biswas, S. Jarohs / J. Differential Equations eee (eeee) eee—esee 17

Lemma 3.2. We have
v(tn) =o(V()t) ast— 0T,
where n=e; —e1 =(—1,1,0,...,0) e R4,
Lemma 3.3. Let Q C R4, d > 2, be an open set such that 0 € 92 and {x| = 0} is orthogonal to

92 at 0. Moreover, let 2 be symmetric about the hyperplane {x| = 0} and there is a ball B C 2
with B N 8Q = {0}. Denote D* := QN {x| < 0} and assume w € Cyp(R?) satisfies

Y(—A)w +c(x)w >0 in D*,
w>0 in {x1 <0},
w>0 in D*;
wx) =wx,x)=—-w(—x,x) forx=(xx), xR, x eRI!

in viscosity sense, where ¢ € L°°(D*). Let 1 =e; —e; = (—1,1,0,...,0) € R4, then there is
C, 1ty > 0, depending on D*, N, V, such that

w(tn) = CV(t)t forallt e (0,1).
Combining Lemma 3.2 and 3.3 (see proofs below), with Q = D N HU Dy, and D* = D, it
follows that we cannot have v > 0 in Situation 2.
Thus, we must have v = 0 in R¢. From here, the claim follows analogously to the proof of

Theorem 1.1 in [14] (see page 9 there). O

Proof of Lemma 3.2. We use [21, Theorem 2.2], which gives a function ¥ € C¥ (5) for some
o > 0 such that

u(x)=V@px)y(x) forxeR9.
Moreover, by assumption

Y(x)=c forxeaD.

Letn = ey — e, n = ez +e1 and in the following we let ¢ to be small enough such that t5, tn € D.
Then

V(i) =c+o(l)=vy(tn) ast— 0T,
But then

() = u(tq) —un) =[VEpm) = VEpn)lc+o(l)) ast—0". (3.7

Moreover, we have
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2
8p(t7) =38p(0) +1V8p(0) - ij + %V25D(0)[ﬁ] -7+ o(t?)

T e S GO .
= z-n+2V5D(0)[n]-n+0(t)—t+2C+o(t) ast— 07,

where C = V235 (0)[e2] - e2 + V28p(0)[e1] - €1, and similarly

r? 2 +
8D(t77)=t+EC+0(t ) ast—0".

Thus we have §p(tn) — ép(tn) = o(t?) for t — 07 and hence, for some 7 € (0, 1), the mean
value theorem gives

V@) = VEntm) =V (8p(tm) + 1@t — 5pun) ) (37 — () )
=o(VO)1))=o(V()t) ast— 0T,

where in the last step we used [20, Proposition 3.1] (see also [21, Lemma 2.5]). Combining this
with (3.7) the claim follows. O

Proof of Lemma 3.3. By assumption, we can fix a ball B = Bgr(Rez) C 2 for some R > 0
small enough with 9 B N a2 = {0}. We put

K :=BN{x; <0}.

{:L'l > 0}

=5

Moreover, let M| € D* such that § = esAs/[inf w > 0 and let M» = Ro ., (M). Note that we

may assume that M; is an open ball. Morflzover, by making R smaller, we may assume that
dist(M1, K) > 0. Moreover, by making R even smaller if necessary, we may also assume that
|K | is small enough with respect to ||c|| () to apply the second assertion of Theorem 3.1. Let
g be the unique (viscosity) solution of

Y(—=A)g=1 inB;
g=0 inR?\ B.
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Note that g(x) = ur(x — e2) with ug satisfying (2.2) from the introduction. Let ¢ € CZ° (]Rd)
with supp ¢ C M1,0 < ¢ <1 and there is U € My, |U| > 0 such that ¢ = 1 in U. We claim that
there is C > 0 such that the bounded continuous function

x> h(x) = —kx18(x) +8¢(x) — 8¢(Ro,e, (x))
satisfies for some fixed « > 0, to be chosen later,
YU(—A)r+c(x)h <0 inK, (3.8)
in viscosity sense. Having shown this, and noting that by construction w — 4 is anti-symmetric

bounded and continuous with w — & > 0 on {x; < 0} \ K, the maximum principle for anti-
symmetric functions, Theorem 3.1 (in K), implies

w(tn) > h(n) =«tV(t) fort > 0 small enough,
as claimed. It remains to show (3.8). For this, let x € K and we write
W(=A)h(x) = =k W (=A)(x18)(x) + SW(=A)[p — ¢ 0 Ro.¢, 1(x).
For the second term (which can be computed classically, since it is smooth in K') note that
W-B)lp — g0 Ro 10 == [ 90270 = 3D =l = Koy 0D dy
M,

< —/ ((x = yD = (R0, ) = ¥D dy = —=C,
U

where C1 > 0 is a constant depending only on K, U, and j. And for the first term we show that
for some constant C, we have

Y(=A)(x1g(x)) =C2 inK, (3.9)

in viscosity sense. Let x be a point in K and ¥ be a C? function that touches —y;g(y) from
above at x. Let B, C B1(0) be a ball around x satisfying B, € K. Let

¥ (y) fory € By,
—y1g(y) otherwise.

Q(y) = {
Thus to establish (3.9) we need to show that
Y(—A)D(x) < C.

Let us also define

1
~ - for y € By,
3(y) W) Y € By
g(y) otherwise.
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Now by [21, Theorem 1.1] we have
180) — g < Cax(x —yl) forx,yeR?,  where x(r)=W(r 22,

and C4 > 0 depending on d, B, and W. Observe that, by (1.3), x(r) < Csr® for all r < 1. Thus
g is aj-Holder continuous in RY. Let

foon (=¥ () A (g(x) + Cax(Ix —y])) fory e By
= 1 .
gy otherwise.

Note that @’ touches g from above at x and when y is very close to x we have 5()}) = d/'(y).
This is possible since x(r) 2 r2 where ay < 1. Since g is a viscosity solution we have
W(—A)P'(x) < 1. On the other hand ®(y) > —y;®’(y) := ®”(y) in R%. Let us now compute

W(—A)(P)(x) < W(—A)(P")(x)
= /(—X1<I>’(X) + (1 +yD)P (x +y) — Iyy<iyy - VIx1® 0D j(y]) dy
R
=—x]U(—A)P'(x) + /()’ICD/(X + ) = L=y ® @) j(y]) dy

R4

=-x1+ / (' (x +y) = @ ()y1j(yD dy + / y1g(x +y)jdyl) dy
B1(0) R4\ B (0)

<Ci+ / (@' (x +y) — gy j (yD) dy dy + C.
B1(0)

Since @’ touches g from above it follows that |®'(x + y) — g(x)| < C4x(|y|) and therefore,
using (1.5) we have

1

. _n. 1 _ _n. 1
/(g(x+y>—g(x))|y|;(|y|)dyscs / R HEL ddySCS/\I’(V % dr = G,
B1(0) B1(0) 0

where Cs, Cg > 0 is a constant depending on d, B, and W and the finiteness follows from (1.3)

and the fact that a» < 1. Hence (3.9) holds. Next, let x < 8¢, , then for x € K
Catllcllpoop)llgllLoe By

we have
W(—=A)h(x) <kCyr—8C1 = —lcllLoprykligllLo )y < —c(x)h(x)

as claimed in (3.8). O
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3.3. Proof of Theorem 2.2
Proof of Theorem 2.2. As in the proof of Theorem 2.1, given A € R, e € d B1(0) denote
V(x) = vpe(x) =u(x) —u(¥), xeR?

where x := R (x) :=x — 2(x - e)e + 2Ae denotes the reflection of x at Ty , := 0H), ¢, Hy ¢ :=
{x eR? : x-e> A}. Moreover, fix ¢ € dB;(0) and let A <[ := sup,cp X - e. Then H; . N D
is nonempty for all A </ and we put D, := R, (D N H)) C H_) —.. Then for all A < the
function v satisfies in viscosity sense
Y(—Ayw+cx)v=0 in D;;
v>0 in Hy _, \ Dy;

v(x) =—v(x) forxe RY,
where

Jux) — fu(x))
cx)=cr(x)= ux) —u(x)
0, u(x) =u(x).

u(x) # u(x);

Note that since u is bounded and f is locally Lipschitz continuous, there is ¢, > 0 independent
of A such that

lcllLoo(p,) < coo  foralld <.

Moreover, since u is continuous, we have hence ¢ € L (D, ). Next, we show that we can move
the hyperplanes from [ up to the first occurrence of either situation (3.5) or (3.6). Denote Ag < [
as this first occurrence. In order to apply the argumentation in these two situations as in the case
f(u) =1, we need to show that

v=vy=u—uoR;,.,>0 in D, forall A €[Ag,!).

First note that due to Theorem 3.1 there is € > 0 such that we have v > 0in D, for A € [l — ¢, ).
Let

A =inf{xA <l : v, >0in H, _, forall u € (x,1)}

Clearly, A* > Ag. Assume by contradiction A* > Ag. By continuity, we have v = v)» > 0 in D,x.
Then Theorem 3.2 implies v = 0 on R? or v > 0 in D;+. Assume that v =0 on R?. Then u is
symmetric with respect to d Hy+ . since D \ (Hy+ .U D;+) has nonempty interior by assumption,
we can also move hyperplanes from /_ :=sup,.p x - (—e) to —oo and due to the symmetry of u
with respect to d Hy« , there is ¢’ > 0 such that v_; _,=0o0n D_, _, forA € (I_ —€’,1_). But
then this implies # = 0 in contradiction to the assumption that u is nontrivial. Hence we have
v =+ > 0 in D;+. By continuity of v and A > v, there is § > 0 and K C D, such that for
any € € [0, §] we have vyx_ > 0 in K and |D,x_s \ K| is small enough (with respect to cso) to
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apply the second assertion of Theorem 3.1. But then, Theorem 3.1 applied to 2 = Dy»_ \ K
implies vyx_¢ > 01in Hyx_, _, for all € € [0, §]. This is a contradiction to the definition of A* and
hence we must have 1* = Ag. From here, the proof follows as the proof of Theorem 2.1. O

3.4. Proof of Theorem 2.3

In the following, we assume there is a solution as stated in Theorem 2.3 and we let
Gi,...,Gy, G be compact sets and Ay, ..., A,, A € R, A > 0 as stated. We proceed similarly
as in the proof of Theorem 2.1 and 2.2, however, arguing with the Situations 2 occurring in the
previous proofs this time for the set G. We continue with the notation of the previous sections.
In particular, the function vy =v) . =u —u o R, . for A € R, e € 3B1(0) satisfies in viscosity
sense

Y(—A)vy +c(x)v), =0 in D;;
v, >0 inH_) .\ Dy;
. (x) = =V, (Ry.o(x)) forx eRY,

where Dy = H_; _.\ (GUR,; _.(G)) and

SRy e(x)) — f(u(x))
c(xX) =cppelx)= u(x) — u(Ry ex)
0, ux) =u(Ry (x)).

»ou(x) Fu(Ry (%)),

Since f is assumed to be Lipschitz continuous and u is bounded we have

lclLoo(p,) <coe forall A € R, e € dB1(0).

As before, we denote Ag € R as the largest number such that we have

Situation 1: There is po € 3G N IRy, (G N Hy o)\ Ty . OF (3.10)

Situation 2: 7). is orthogonal to dG at some point pp € 0G N T ,, 3.11)

and moreover

A i=inf{A > X : v, >0in H_, _, forall u € (1, 00)}.

Clearly, as in the previous case, we have g € R due to the boundedness of G and the regularity
assumptions on its boundary. In the following, we let e € d B1(0) be fixed and we aim at showing
that we have A9 = A* to conclude our result. For simplicity of the notation, we may assume
Ao = 0 and e = e; by translation and rotation of the problem, and denote

H, ={x1 > A},
H*={x; <M =RI\H, =H_; _,,,
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Ry(x) = Rye; (x) = 21 — x1,x7), forx = (x1, x'), x € R, x’ e R4 and

Dy ={x1 <A} \ (G U Ry (G)).
Moreover, we consider the statement
(5.) ve>0 inD,foru=>A.

Since we assume f is non-increasing for small arguments we can find fp € (0, A] such that
S0, fo1 1s non-increasing. Note that since u — 0 for |x| — oo, given A > 0 there is R > 0 such
that vy | < uj +u < fo in R4\ Bg(0) and in particular, ¢ > 0 on D; \ Bg(0). To begin the
moving plane method, we note that

Lemma 3.4. (S,) holds for A large enough.

Proof. We first show that we have v; > 0in H” for A large enough. First note that G ¢ H* for A
large and hence D) = H* \ G. Moreover, since u — 0 for |x| — 0o, we can fix R > 0 such that
u < % (with fy € (0, A] such that f|, f,) being non-increasing). Hence, by making A larger if
necessary, we have u o R < % in H*. Moreover, clearly vy > 0in {u > fy/2} N H*and ¢ >0in
Q:=D; N{u < fo/2}. With K = Q in Lemma 3.1 implies v) > 0 in H*. Having shown v) >0
in H* for A large, we note that Theorem 3.2 implies v) = 0 or v, > 0. But since u is nontrivial
and u — O for |x| — oo we cannot have vy = 0 for A large. This finishes the proof. O

Lemma 3.5. (S,) holds for all » > \*. Moreover, v+ > 0 in H.

Proof. Let A = inf{A : (S)) holds}. Then A* < A < oo by Lemma 3.4. And by continuity, we
have v; > 0in H * The statement follows once we have shown A = A*. Assume by contradiction
X > A*andlet A € (M, A By Theorem 3.2 we have vy, =0 in RY or v; > 0 in D;,. First, assume
v;, = 0 in R¢. Note that this implies we have u(r, x') = u(2x —r,x’) forall t € R, x’ e R4~
Moreover, since v, > 0in H* for u > 1*, we have u (¢, x") > u(2u —t,x’) forall t < p, u > 1*
and x” € R4~! In particular, we have . € (A*, 1), r <, and x’ € R4~! we have

u@h—t,xY=ul,x)>u@u—t,x)>u@r—t,x),

where in the last inequality, we have used the monotonicity of u for ;i = (uw 4+ A) — > A*—note
that 2 — ¢ < i and R;(2u — £,x") = (24 — t,x'). This implies that we have v, =0 in RY
for all u € [A*,A]. Let o =sup{n : v, =0}. Then A < it <A and by continuity vz =0 in
R4, but Viite > 0 in H/*€ for all € > 0. But this implies 7 — u(t + 1, x') = u(—t + f1, x’) is
strictly decreasing on (0, o) for all x’ € R?~!, which is a contradiction to the symmetry of u
with respect to {x; = u} for all u € (A*, 1). Hence we must have v, > 0 in D,. But since A
was chosen arbitrarily in (L%, A], this contradicts the definition of A and hence we must have

r=1% O
Lemma 3.6. If 1* > Aq, then vy+ =0 on R%.

Proof. Note that Theorem 3.2 implies either the claim or vy > 0 in D,+. Hence, we may assume
by contradiction that the latter holds. Recall that we assume f|jo, f,) is non-increasing for some

Please cite this article in press as: A. Biswas, S. Jarohs, On overdetermined problems for a general class of nonlocal
operators, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.09.010




YJDEQ:9980

24 A. Biswas, S. Jarohs / J. Differential Equations eee (eeee) eee—see

fo € (0, A]. So we choose R large enough so that |v)x| < %f() on R4\ Bg(0). For any § €
(0, Ao — 1*) we define U = Br(0) N D+ N{x; < A* —§}. We claim that ming; vy~ = & > 0. If this
does not hold true, U being compact, we can find a point x € Dyx N G N {x; < A* — §} such that
v+ (x) = 0. But, since u < A in G, this is possible if x € Ry« (G N Hy+)NI(G HH)‘*) \{x1 =A%}
This is contradicting to the definition of A¢. Thus we must have ming; vy+ = ¢ > 0. Choose
w € (A*, Ap). Using continuity we note that for p sufficiently close to A* we must have v, > 0
in U. Moreover, on H* \ D,, we have v, > 0, where we use again A* > Ag. Lemma 3.1 applied
to Q=D,\U, K =D, \ Br(0) implies v, > 0 in H* for u < 1*, A* — p small, which is a
contradiction to the definition of A*. Hence v;» =0 as claimed. O

Lemma 3.7. We have 1* = \.

Proof. Recall, 19 =0 < A*. Assume by contradiction A* > 0 and note that by Lemma 3.5 and 3.6
we have that 1 is symmetric with respect to d H)» and strictly decreasing in x; > 1*, i.e. for ¢ >
s > 2* and x’ € R?~! we have u(r, x') < u(s, x’) and u(s, x’) = u(22* — s, x'). Moreover, there
isxoe GN H \ R;*(G) since A* > 0. Since u(xp) = A is a global maximum this contradicts
the fact that u is strictly decreasing in the direction x; > A* (this follows similarly as in the proof
of Lemma 3.5). Hence A* =0 as claimed. O

Remark 3.1. We note that due to Lemma 3.4-Lemma 3.7 and by rotation and translation, we
actually have u is symmetric about d H,, . and strictly decreasing in the direction x - e away
from 9 Hy .. In particular, this implies that G must be connected in x - e direction and symmetric
about 9 H) ..

Proof of Theorem 2.3. The Lemma 3.4-3.7 imply that we can move the hyperplanes up the
first time one of the two situations (3.10) and (3.11) occurs. From there, the statement follows as
outlined in the proof of Theorem 2.1. Indeed, Theorem 3.2 rules out v, > 0 in Dy, in Situation
1, while in Situation 2 we can rule out vy, > 0 in D), by a combination of Lemma 3.2 and
Lemma 3.3. For the application of the first Lemma, we note that also in the unbounded case we
indeed have u/[V o dp] is Holder continuous (see Remark 2.2). It then follows that we have
V), = 0 and then the statement follows analogously to the proof of Theorem 2.1 (see also the
argument for the end of the proof of [30, Theorem 1.3]). O

To extend the proof of Theorem 2.3 to the situation of Theorem 2.4 we need the following
adjustment of Lemma 3.6 and Lemma 3.7.

Lemma 3.8. Assuming f is nonincreasing on [0, A], but 0 < u < A, then 1* = Ay.
Proof. Suppose that A* > L. Then it follows that none of the situations (3.10), (3.11) can occur

of A > 1* — ¢ for some ¢ > 0 small. Fix A € (A* — ¢, 1*) and note that we have R, .(H), N G) =
R;. .(G)N H* C H* N G. Thus v; > 0in H* N G. Moreover, v;, solves

W(—A)vy +c(x)vy >0 in D, =H"\G.

Note that since f is nonincreasing, we have ¢ > 0 on D;. Since also v) = v, o Ry on T) , and
vy, — 0 for |x| — oo, Lemma 3.1 with K = Q = D, implies vy > 0 in H*. Since A was chosen
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arbitrarily in (A* — €, 1*), this gives a contradiction to the definition of A* and hence we must
have A* =Ag. O

Proof of Theorem 2.4. The proof follows as the proof of Theorem 2.3 but with Lemma 3.8 in
place of Lemma 3.6 and Lemma 3.7. O

3.5. Proof of Theorem 2.5 and Corollary 2.1

Proof of Theorem 2.5. Analogously to the Lemmas 3.4-3.7 (with 19 = 0), using the same no-
tation, we have for any ¢ € dB;(0) that A* =0, vp, =0 and v) . > 0in H_, _, for all A > 0.
We do not need u < A, since G = {0} C H_, _, for all A > 0. These statements imply that for
eache € dB1(0), A€ R wehaveu >uoR; . on Hy ,oru <uoRy,onH,,.[l4, Proposition
6.1] then implies u is radially symmetric and strictly decreasing (due to Lemma 3.5). O

Proof of Corollary 2.1. If u is nontrivial, there is, by assumption, A = maxgas # = u(xp) > 0
for some xg € R<. Replacing u with u(- — xg) the statement follows from Theorem 2.5. O

3.6. Proofs of Theorem 2.6 and Corollaries 2.2 and 2.3

Proof of Theorem 2.6. This statement follows analogously to the proof of Theorem 2.3 (see
also the proof of Theorem 2.5). However, since D is bounded, the moving plane argument can
be done as prescribed in the proof of Theorem 2.2 using Theorem 3.1 instead of Lemma 3.1. In
fact, one can follow the arguments in [30, Theorem 1.7]. O

Proof of Corollary 2.2 and 2.3. Both statements follow immediately from the moving plane ar-
gument explained in the proof of Theorem 2.2, 2.3, and 2.5. O
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