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Abstract

The main purpose of this paper is to investigate mathematically gas discharge. Townsend discovered
a- and y-mechanisms which are essential for ionization of gas, and then derived a threshold of voltage
at which gas discharge can happen. In this derivation, he used some simplification such as discretization
of time. Therefore, it is an interesting problem to analyze the threshold by using the Degond—Lucquin-
Desreux—Morrow model and also to compare the results of analysis with Townsend’s theory. Note that gas
discharge never happens in Townsend’s theory if y-mechanism is not taken into account. In this paper, we
study an initial-boundary value problem to the model with ¢-mechanism but no y-mechanism. This prob-
lem has a trivial stationary solution of which the electron and ion densities are zero. It is shown that there
exists a threshold of voltage at which the trivial solution becomes unstable from stable. Then we conclude
that gas discharge can happen for a voltage greater than this threshold even if y-mechanism is not taken
into account. It is also of interest to know the asymptotic behavior of solutions to this initial-boundary
value problem for the case that the trivial solution is unstable. To this end, we establish bifurcation of non-
trivial stationary solutions by applying Crandall and Rabinowitz’s Theorem, and show the linear stability
and instability of those non-trivial solutions.
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1. Introduction

We are interested in the mathematical analysis of gas ionization processes. At the begin-
ning of the 1900s, Townsend discovered two essential mechanisms for ionization of gas. He
experimented what happens in a chamber consisting of two planar parallel plates and filled
with a gas, which is an insulator, when he apply a high-voltage to these two plates. Here the
higher voltage plate is the anode, and another one is the cathode. If electrons are emitted in
the tube, these initial electrons are accelerated from the cathode to the anode by high-voltage
and simultaneously make ions and additional electrons by the collision with gas particles. This
mechanism is called as «-mechanism. Another one is y-mechanism which is the secondary
emission of electrons caused by impact of positive ions with the cathode. These two mecha-
nisms yield the electric multiplication which permit large current flow throughout the gas. This
phenomenon is called as gas discharge or avalanche breakdown. From an observation taking
- and y-mechanisms into account, Townsend also derived a threshold of voltage at which
gas discharge can happen and continue. This threshold is called as sparking voltage. However,
he used several simplification such as discretization of time and ignorance of advection in the
derivation of sparking voltage (for more details, see [20]). Therefore, it is an interesting problem
to analyze the sparking voltage by using a partial differential equation with no simplification
and then compare the results of analysis with Townsend’s theory. It should be noted here that
gas discharge never happens in Townsend’s theory if y-mechanism is not taken into account.
In this paper, we study an initial-boundary value problem of a partial differential equation with
a-mechanism but no y-mechanism, and also make clear whether we can have a sparking voltage
or not.

Several mathematical models for gas discharge were proposed in [1,5,6,9-11,15]. These mod-
els vary with the constitutive equations of velocities. In this paper, we adopt the model derived
by Morrow in [15]. This model has been widely used in a lot of numerical researches (for ex-
ample, see [12,16,17]). Moreover, Degond and Lucquin-Desreux [4] formally derived it from
the Euler—Maxwell system. Hence, it is reasonable to adopt this model from both physical and
mathematical points of view. Throughout this paper, we call this model as the Degond—Lucquin-
Desreux—Morrow model. It consists of two continuity equations for the densities of positive ions
and of electrons, adopting constitutive velocity relations, coupled with the Poisson equation for
the electrostatic potential:

001+ 0x (opug) = aexp (=013, 017 ) pe el (1.1a)
01 pe + 0 (pett) = aexp (—bl2x @ ~") pe fve (1.1b)
Adxx ® = pj — e, (1.1¢)

U ;= kiox®, ue:=ve —koOxpe/Pe, Ve:=—kedoy®, x€l:=(0,L), >0, (1.1d)

where L is a width of the planar parallel plates. The unknown functions p;, p., and —® denote
the positive ion density, the electron density, and the electrostatic potential, respectively. The ion
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and electron velocities u; and u, are assumed to obey (1.1d). Moreover, k;, k., a, b, and A are
positive constants. The right hand sides of (1.1a) and (1.1b) come from o-mechanism. In partic-
ular, ¢ = aexp (—b|8x<l>|’1) is the first Townsend ionization coefficient expressing the number
of ion—electron pairs generated per unit volume by the electron impact ionization. We notice that
this model is a hyperbolic-parabolic-elliptic coupled system by substituting constitutive velocity
relations (1.1d) into continuity equations (1.1a) and (1.1b).

We consider the initial-boundary value problem of (1.1) by prescribing the initial and bound-
ary data

(0i P (0, x) = (pi0, Pe0) (X),  pio(x) =0,  peo(x) =0, xel=(0,L), (1.1e)
pi(t,0) = pe(t,0) = @(1,0) =0, (1.1f)
Pe(t,L)y=0, &, L)=V.>0. (1.1g)

The boundaries x = 0 and x = L correspond to the anode and cathode, respectively, since —®
is the electrostatic potential. Boundary condition (1.1f) means that, in an instant, electrons are
absorbed to the anode and ions are excluded near the anode. We emphasize that y-mechanism
is not taken into account on the cathode x = L, and thus the zero Dirichlet boundary condition
is adopted. From physical point of view, it is reasonable to assume the non-negativity of initial
densities p;og and p.q. For the compatibility, they are also assumed to satisfy

pi0(0) = pe0(0) = peo(L) = 0.

The first mathematical work for the Degond—Lucquin-Desreux—Morrow model was an-
nounced by the present authors [21]. They showed the time-local solvability of an initial bound-
ary value problem over a domain 2 := ]Rj_\K , where Ri_ is a half space, K is a simply connected
open set, and the intersection of B]Ri and K is the empty set. They also mentioned several re-
marks on the time-local solvability over other domains of which boundaries are two of plates and
spheres, because the typical shapes of the cathode and anode are either a sphere or plate for the
physical and numerical experiments.

In this paper, we study the Degond—Lucquin-Desreux—Morrow model only over a bounded
interval to derive the sparking voltage in the same situation as in Townsend’s theory. Initial—
boundary value problem (1.1) has a trivial stationary solution of which densities p; and p, are
zero. We will show that there exists a threshold of voltage at which the trivial solution be-
comes unstable from stable. This fact means that gas discharge can happen and continue for
a voltage greater than the threshold. Therefore, we conclude that gas discharge can happen even
if y-mechanism is not taken into account, whereas it cannot happen without y-mechanism in
Townsend’s theory. It is also of interest to know the asymptotic behavior of solutions to prob-
lem (1.1) for the case that the trivial solution is unstable. To do so, we establish bifurcation
of non-trivial stationary solutions from the trivial stationary solution by applying Crandall and
Rabinowitz’s Theorem, and show the linear stability and instability of those non-trivial solu-
tions.

Notation. For 1 < p < oo, L?(Q2) is the Lebesgue space equipped with the norm | - |,. For a
non-negative integer k, H*(I) is the k-th order Sobolev space in L? sense, equipped with the
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norm || - [|x. Note that H%(I) = L>(I) and || - || := || - [lo. The inner product of L>([) is denoted
by (f, g) for f, g € L>(I). Moreover, HOl (I and H(}I(I) are closures of C§°(1) and C§°((0, L])
with respect to H'-norm, respectively. We denote by C” ([0, T]; X) the space of the m-times
continuously differentiable functions on the interval [0, T'] with values in a Banach space X,
and by H"(0, T; X) the space of H"—functions on (0, 7)) with values in a Banach space X.
Furthermore, we denote by ¢ and C generic positive constants and by Cl«, 8, ---] a generic
positive constant depending on special parameters «, 3, .. ..

2. Main results

For mathematical convenience, let us rewrite initial-boundary value problem (1.1) by using
the new unknown functions

L Ve
L, Ve
Ri:=pie V", R,:=peeL”

and the new given functions

—b V. V2
h(x) :=aexp m) x|, g(Vo):=h f) TR

Note that the function g plays essential roles in our analysis. We also decompose the electrostatic
potential as

d=V+ Ve
= —x’
L

where V.x /L is a solution to the equation dy,u = 0 with the boundary conditions #(0) = 0 and
u(L) = V.. As aresult, we have the following problem

Ve
O Ri + ki 0y {<3x(V[Ri, Re, Vel) + f) Ri} +kiR;

\% _L. .V
:keh <TC> ‘ix XLXRe"'kifi[Ri’ R, Vel, (21&)
iRy —keOxyxRe —ke8(Ve)Re = ke fe[Ri, Re, Vel, (2.1b)
L
1 Ly ey,
VIR:, Re, V] i= X/G(x,y) (e‘/r Ri(t,y) —e sze(z,y)) dy, 2.1¢)
0
(Ri, R)(0,x) = (Rig, Reo)(x),  Rio(x) 20, Reo(x) >0, (2.1d)
Ri(t,0) = R.(¢,0) = R.(t, L) =0, (2.1e)

where G (x, y) is the Green function of the Laplace operator d,, with the Dirichlet zero condition,
and the nonlinear terms f; and f, are defined as
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L
JilRi, Re, Ve] = — vRiax(V[Ria Re, Vel
c
ke Ve V. _L

- {h (f) —h <8x(V[R,-, R, V) + f) } e TETHIR, (22a)

Ve
fe[Ri, Re, Vc] :Zax(V[Ri» Re, Vc])axRe - iReax(V[Ri, Re, Vc]) + Reaxx(V[Ri» R€7 Vc])
V, Ve
- {h (f) —h (8X(V[Rl~, R., VD) + f) } R.. (2.2b)

It is easy to check that the corresponding stationary problem has a trivial stationary solution

(Riv Re) = (Oa O)

The advantage of using the new unknown functions R; and R, lies in the following two facts.
The first one is that the rewritten hyperbolic equation has the dissipative term k; R;, although the
original hyperbolic equation does not have any dissipative structure. Secondly, the linear part of
the rewritten parabolic equation is self-adjoint. These two facts play important roles in the proofs
of both the nonlinear stability and instability of the trivial stationary solution.

We state the nonlinear stability and instability theorems for the trivial stationary solution.

Theorem 2.1. Let g(V,) < w?/L?. There exists € > 0 such that if the initial data (R;o, Reo) €
Holl(l) X H(} (I) satisfy || Rioll1 + || Reoll1 < €, then problem (2.1) has a unique time-global solu-
tion (R;, R,) as

R; >0, R;€C([0,00); HY (1) N C([0, 00); L*(I)), (2.32)
R, >0, R,eC([0,00); Hy(I)) NL*0,00; H*(I)) N H'(0,00; L*(I)).  (2.3b)

Moreover, it converges to zero exponentially fast in H'(I) x H'(I) as t goes to infinity.

Theorem 2.2. Let g(V,) > n%/L? and (;, ¥.) € HY(I) x Hi (1) satisfy

L
7
Vie 20, il + Ivel? =1, /x/fesmzxdwo. (2.4)
0

There exists ¢ > 0 such that for any sufficiently small § > 0, problem (2.1) with the initial data
(Rio, Reo) = (8, 8Y¢) has a unique solution (R;, R.) satisfying || Ri(T)l1 + [|R.(T)|l1 = € for
some T > 0.

In this instability theorem, the last inequality in (2.4) is equivalent to that the initial datum
R.( is a non-zero function. It is of interest to know what happens for the case that R, is the zero
function. For this question, Proposition 2.3 gives an answer that there exists a unique time-global
solution, and it attains the trivial stationary solution at finite time.
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Proposition 2.3. Let V. > 0. There exists ¢ > 0 such that if the initial data (R;g, R.0) € HOII(I) X

HO1 (1) satisfy R.o =0 and ||Rjol| g1 < &, then problem (2.1) has a unique time-global solution
(Ri, R.) as (2.3). Furthermore, there exists To > 0 such that

(Ri, R.)(t,x) =(0,0) for (t,x)e[Ty,00) x 1. (2.5)

The principal significance of this proposition is that a set {(R;o, Re0) € Holl(I ) X HO1 (I);
R.o = 0} is a local stable manifold of system (2.1a)—(2.1c) for any V. > 0.

Now we mention physical observation from Theorems 2.1 and 2.2 and Proposition 2.3 in the
next remark.

Remark 2.4. Townsend defined the sparking voltage as a threshold of voltage at which gas dis-
charge happens and continues. In following his manner, it is reasonable from Theorems 2.1
and 2.2 to define the sparking voltage for the Degond—Lucquin-Desreux—Morrow model by
V¥ > 0 with

7.[2

gV = 7

g'v¥ >o0. (2.6)
In fact, the solution never goes to the trivial stationary solution (R;, R.) = (0,0) in the case
V. < V; the solution converges to the trivial solution as 7 tends to infinity in the case V. > V.
These facts mean that V* is a threshold of voltage at which gas discharge happens and continues.
Therefore we conclude that gas discharge can happen even if y-mechanism is not taken into ac-
count, whereas it cannot happen without y-mechanism in Townsend’s theory. On the other hand,
in common with Townsend’s theory, we cannot have gas discharge for the Degond-Lucquin-
Desreux—Morrow model without o-mechanism, since there does not exist V* with (2.6) in the
case a = 0. We also remark that there exists the sparking voltage in (2.6) for some physical
parameters, and moreover it is unique if it exists. For more details, see Appendix A.

Physically speaking, in the case that the electron density is zero, «-mechanism never happens
and neither does gas discharge. Proposition 2.3 really coincides with this observation.

Next we are interested in finding the asymptotic behavior of solutions to problem (2.1) for the
case g(V.) > w2/L?. Then it is expected from Theorems 2.1 and 2.2 by regarding the voltage
V. as the bifurcation parameter that there is a non-trivial stationary solution curve near the
point (R;, R., V¢) = (0,0, V). The results on bifurcation are summarized in Theorem 2.5 and
Corollary 2.6.

Theorem 2.5. Let a positive number V} satisfy (2.6). There exist n > 0, V. € C%([—n, n; R),
and z € C*([—n, nl; HY(I) x (H} (1) N H?(I))) such that V(0) = V}, z(0) = 0, and stationary
problem to (2.1) with V. = V.(s) has a non-trivial solution (R;, R,)(s) = s(¢i, ¢.) + sz(s) for
s € [—n, n], where

X

ke —bb_.L v .7
@i (x) ::ak—ee ve va/e LY, (¥)dy, @.(x):=sin Zx.
' 0
Moreover, V,(0) ; 0 holds, where “"” denotes the derivative with respect to s, if and only if
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NLS NLU
o Vi Ve

Fig. 1. Case V,(0) > 0.

Re A
LU
NLS NLU
o Vi Ve
Fig. 2. Case V,(0) < 0.
L
—2Lg (V. )/ ax(V Dis Pe, V Ddx — /fﬂfaxx(V[%‘, Pe Vc*]) dx ; 0. 2.7
0

Corollary 2.6. Let V.(0) in Theorem 2.5 be nonzero. Then there exists a positive constant 6 such
that (R;(s), R.(s)) satisfy

sVe(O)Ri(s,x) >0, sV.(0)R.(s,x) >0 for se[—0,0]\{0}, x € I. (2.8)

Furthermore, the positive non-trivial solution is linearly stable if V.(0) > 0, and linearly unsta-
ble if V.(0) < 0.

From Theorem 2.5 and Corollary 2.6, we can draw the bifurcation diagram of stationary
solutions as Figs. | and 2. Both diagrams are truly possible for some physical parameters k;, k.,
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a, b, and L (for details, see Appendix B). For the case V. > V}, the solution to problem (2.1)
may approach to the positive non-trivial stationary solution as 7 tends to infinity if V.(0) > 0; the
solution may either blow up or grow up as time goes by if V.(0) < 0.

QOutline of paper. This paper is organized as follows. We show the nonlinear stability of the
trivial solution in Subsection 3.1. The proof is based on the energy method with using the best
constant in Poincaré inequality. Subsection 3.2 deals with the nonlinear instability of the triv-
ial solution. Here we construct the Green function of the linearized equation of (2.1b) by using
the eigenvalues and eigenfunctions, and then represent the solutions R, to (2.1b) by applying
Duhamel’s principle. This formula enables us to find a growth mode of solutions. In Subsec-
tion 3.3, we prove Proposition 2.3 asserting that system (2.1a)—(2.1c) has a local stable manifold
for any voltage V.. > 0. The main idea of the proof is to combine the energy method and Green’s
Theorem. Section 4 establishes the bifurcation of a non-trivial solution from the trivial solution
by the application of Crandall and Rabinowitz’s Theorem, and also provides some properties of
the non-trivial solution such as the positivity, linear stability, and linear instability.

3. Trivial stationary solution

Section 3 deals with the stability and instability of the trivial stationary solution (R;, R,) =
(0, 0). Throughout this section, we use a new notation

N(T):= sup ([Ri(®)]l1 + [[Re(®)1)-

0<t<T

Let us observe several fundamental properties of solutions (R;, R,) to problem (2.1). From
formula (2.1c), one can obtain the elliptic estimate

IVIR:, Re, Vel 24k S CIRi (D lx + ClIR(D)|lx  for £ >0, k=0,1. 3.1
This gives
V. V.
VIR, R, Vel(t, x) + f > i >0 (3.2)

if N(T) is sufficiently small. Then it follows from equation (2.1a) and boundary condition (2.1¢)
that

0¢R;(t,0) =0 for t >0, 3.3)

provided that d;R; (t), 9, R;(t) € H 1(I). Furthermore, if N(T) < 1, the nonlinear terms f; and
fe in (2.1) are estimated as

[fe[Ri, Re, Vell = CIRill1 + [IRell) (| Re| + 19x Rel) < CN(T)(|Re| + 19x Re ), B4

k k
D 1L (filRi, Re, VDI < CLVIN(T) Y (104 Ril + 10y Re|) - for k=0, 1, (3.5)
1=0 =0
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by (3.1) and Sobolev’s inequality. Note that the above properties hold for any V.. > 0. The con-
stant C [VC_I] on the right hand side of (3.5) diverges if V. tends to zero. This fact does not cause
any issues in our proofs. Indeed we first fix V. > 0 in all Theorems 2.1 and 2.2 and Proposi-
tion 2.3. Furthermore, the proofs in Subsections 3.1-3.3 work even if all constants C depend on
fixed V, > 0. Hereafter we do not write the dependence of C for Vc_l.

We also use Poincaré’s inequality

L
Il < . f1l - for f € Hy(D), (3.6)
where L/ is the best constant in Poincaré’s inequality.
3.1. Nonlinear stability

In this subsection we discuss the nonlinear stability of the trivial stationary solution (R;, R,) =
(0, 0). The time local solvability of problem (2.1) is summarized as follows. Here the smallness
assumption for the initial data is required to determine the sign of characteristic of hyperbolic
equation (2.1a) as (3.2).

Lemma 3.1. For any V. > 0, there exists € > 0 such that if the initial data (R;o, Re0) € H(}I(I) X
HO1 (I) satisfy |Rioll1 + | Reoll1 < €, then problem (2.1) has a unique solution (R;, R,) as

R >0, R;eC([0,T]; Hy ()N C'([0, T1; L*(I)), (3.72)
R, >0, R,eC([0,T]; Hi(I))NL*©,T; H*(I)) " H' (0, T; L*(I)), (3.7b)

and N(T) <2(||Rioll1 + l|Reoll1) for some T > 0 depending only on ¢, L, a, b, ki, k., and X.
Proof. The proof is similar in spirit to those of Lemma 3.1 in [18] and Lemma 6.3 in [19]. O

The stability analysis of the trivial solution is completed by deriving the a priori estimate
below.

Lemma 3.2. Let g(V,.) < % /L. Suppose that (R;, R.) satisfying (3.7) is a solution to problem
(2.1). There exists 6 > 0 such that if N(T) <, then it holds for t € [0, T] that

t
IR O3 + R 1?) + / "T(IRi(D) 2 + IR0 dT < C([Riol? + IRe0l1?), (3.8)
0

where y and C are positive constants independent of t.

Notice that the time-global solution (R;, R,) with the properties in (2.3) can be constructed
by the standard continuation argument using the time local solvability established in Lemma 3.1
and the a priori estimate in Lemma 3.2. Because this argument is well-known (for example,
see [13,14]), we give briefly the proof. Let us take ||R;oll1 + || Reoll1 so small that it is less
than min{e/2, §/2} and that the right hand side of (3.8) is less than min{e2/4, 82/4} for ¢ and
8 being in Lemmas 3.1 and 3.2. First we see from Lemma 3.1 that a time-local solution exists
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at t = T and satisfies N(7) < §. Then applying Lemma 3.2 to the time-local solution leads
to the fact N(T) < min{e/2, §/2}. Regarding T and (R;, R.)(T) as an initial time and datum
and then using Lemma 3.1, one can have a time-local solution with N(27) < § until ¢t = 2T.
Again Lemma 3.2 ensures N (2T) < min{e/2, §/2}. Repeating this argument, we conclude that
a time-global solution exists and satisfies N(S) < 4§/2 for any S > 0.

Once the global solution is constructed, it is obvious that the resulting global solution satisfies
the estimate (3.8) for ¢ € [0, 00). This means that the global solution decays exponentially fast
in H' x H' as t goes to infinity. Thanks to this standard machinery for the time-asymptotic
stability, it suffices to show Lemma 3.2 in order to prove Theorem 2.1. The rest of this subsection
is devoted to proving Lemma 3.2.

Proof of Lemma 3.2. Multiply (2.1b) by 2¢"!' R,, integrate it by parts over [0, 7] x I, and use
boundary condition (2.1e). The result is

L t L
ey"/Rfdx—i-Zke//eV” {(axRe)z—g(VC)Rg} dxdr
0 00
L t L t L
=/Rgodx+yl//eylngdxdz+2ke//eylffeRedxdz
0 0 0 00
t
< IR l> + C( + N(T)) / N R (0|12 d, (3.9)
0

where we have used (3.4). Applying Poincaré’s inequality (3.6) to the second term of the left
hand side of (3.9), using the assumption g(V,) < 72/L?, and taking y; > 0 and N (T) sufficiently
small, we have

t
e”’nRe(r)nz+c/eW||Re<r>||%dr < IR0l (3.10)
0

where ¢ and C are positive constants independent of ¢.
Multiply (2.1b) by 2¢"1' 9.« R,, integrate the result by parts over [0, ¢] x I, and use boundary
condition (2.1e) to obtain

L t L
e’“’/(axRe)2dx+2ke//e7’”(8”Re)2dxdr
0 0 0

L t L t L
_ / (3 Reo) dx + 1 / / M7 (3 R.)* dxdr — 2k, / / T (g(Ve)Re + £.)3rx Re drdr
0 00 00
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t t

< ||axReo||2+u/e”f||axxRe<r>||2dr +C[m/e”f||Re(r)||2dr. (3.11)
0 0

Here w is a positive constant to be determined later and we have used (3.4) with Holder’s
and Gagliardo—Nirenberg—Sobolev’s inequalities in deriving the above inequality. Then taking
w small enough and using (3.10) leads to

t
e (|0 R (1)1 +C/€V”||8xxRe(T)||2dr < ClReoll}. (3.12)
0

Multiply (2.1a) by 2¢?' R;, integrate it by parts over [0, ] x I, and use boundary condition
(2.1e). Moreover, differentiate (2.1a) with respect to x, multiply the result by 22’9, R;, and use
boundary condition (3.3). Then summing up these two equalities gives

L t L
e??! /{R?+(axR,-)2}dx+2k,-//eW{R3+(aXR,-)2}dxdr
0 0 0

t

1%
+ ki /enf (axv + f) {R? + (3, Ri)*)(z, L) dt
0

L t L
_ / (R2 + (s Rio)} dx + 1 / / (R + (9 R)?) drdr
0 00

t L
A
—/ em{k,»(axxV)Ri—zkeh (Z)e 7% ZLXRe—Zk,-f,-}R,-dxdt
0 0
t

i

26 {kl (axx V)(ax Ri) + 2ki ax ((8)()( V)Ri)

St~

V. _ L., Ve
—a, (Zkeh (I)e 7 ZLXRe+2k,-ﬁ>}8xR,-dxdt
t t
<IRioll} +C(y2 + u+ N(T)) / e ||R; (D)1} dr + Clu] / e”T|R (D)7 dz, (3.13)
0 0

where we have used (3.1), (3.5), and Schwarz’s and Sobolev’s inequalities in deriving the above
inequality. Owing to (3.2), the third term of the left hand side of (3.13) is non-negative and thus
negligible. Then letting y» > 0, i, and N(T') be sufficiently small, setting y := min{yy, y»}, and
using (3.10), we conclude
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t
R ()T 4 / e"TIIRi (D)3 dr < C(IRioll} + I Reoll]), (3.14)
0

where ¢ and C are positive constants independent of 7. Then summing up (3.10), (3.12), and
(3.14) completes the proof. O

In the proof of Lemma 3.2, we need to justify the formal computations in the derivation of
(3.14). Because a standard mollifier technique is not applicable, we need to make an approximate
sequence {Rij }jen for R; by solving an initial-boundary value problem, whose initial datum
R;o has higher regularity, and then prove Rl.j satisfies (3.14) for any j € N. We omit the detailed
argument, since it is straightforward.

3.2. Nonlinear instability

This subsection provides the proof of Theorem 2.2 which ensures the instability of the trivial
stationary solution (R;, R.) = (0, 0). To this end, we use Duhamel’s principle for R, as

t
o0 o
Re(t,x) =3 ¢! (Reo, 0n)n () + ke D / Fettn =0 (£ [R; Re. VoI(T. ). gu)pn(x) dr,
n=1 n=1 0

(3.15)

n’n?

) 2 | nm )
on(x) =y psin—=x, gy = g(Ve) = —7-

where ¢, and w, are the eigenfunctions and eigenvalues of the operator 9,y + g(V,) with the
zero Dirichlet boundary condition.

We begin by showing the following lemma for v; and v, defined in Theorem 2.2. Note that
w1 > 0 is equivalent to the condition g(V,) > w2/L>.

Lemma 3.3. Let g(V,.) > 7% /L?. There exists o > 0 such that if the solution (R;, R,) to problem
(2.1) with (Rio, Re0) = (8Yi, 8v,) for any § € (0, &g) satisfies N(T) < &g and

0
Re(t) =4 Zekeuntﬁhe, @n)wn =< Sekemt for tel0,T], (3.16)
n=1
then it holds that
IRi(0)]l1 + [IRe(D)]l1 < CSe*er1?, (3.17)
o0
Ro(t) =8 Y X" (Yo, on)n | < mo*e* M1 for t €0, T], (3.18)
n=l1

where C and m are positive constants independent of t.
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Proof. We first show (3.17). The triangle inequality together with (3.16) gives
IRe(D)]] < Coekerr, (3.19)

Even for the case g(V,) > nz/Lz, the inequalities (3.11) and (3.13) hold. Set y; =0 in (3.11),
take u small enough, and use (3.19), R.o = 61, and assumption (2.4) to obtain

18y Re (1) || < CSeker!, (3.20)

Furthermore, set y» = 0 in (3.13), take u + N(T) small enough, and use (3.2), (3.19), (3.20),
Rio = §¥;, and assumption (2.4). Then we have

IR (t)]1 < Csekeri?, (3.21)

Consequently, inequalities (3.19)—(3.21) give (3.17).
Let us prove (3.18). It follows from R.o = §¥,, representation (3.15), and Parseval’s equality
that

2 00

t
=k; Y | / ket =0 £ IR R, Vel(z, ) dr, 0)
0

n=1

o
Re(t) =8 ) " (Yo, 0)n

n=1

Using Schwarz’s inequality, (3.4), and (3.17), one can estimate this right hand side from above
as

2

n=1

t
o0
(RHS) <k2 )" / KO £o[Ri, Re, V(2. ) de
0

‘ 2

/ K0 (| Ry ()2 + | Re (0)]2)
Lo

<C

M

n

< m2stethent.
where m is a positive constant independent of ¢. Hence, this inequality concludes (3.18). O
From now on we prove Theorem 2.2 by using Lemma 3.3.

Proof of Theorem 2.2. For gy and m being in Lemma 3.3, we take positive constants v, €, §, T
as

2

(Ve. 01) in {1, 60, —, — s<minf{2 e
V= ,01), &€<minjil, gy, —,—71, <min{—,¢t,
e ¢l 0 3m 6m 2

< (Sekeﬂlf’

oo
Re(t) =8 ) ™ (Y, 0n)gn

n=1

T:sup{t;
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IR (Dl + IR (D)|l1 <& for T € (0,7) ¢,

where the last inequality in (2.4) ensures v > 0. Then we also take T} as

2¢ < SvekeTx 3¢,

If T = o0, it is obvious that 7, < T. For the case T < 00, let us show that either 7, < T
or N(T) = ¢ holds. Suppose, contrary to our claim, that 7, > T and N(T') < ¢ hold. From the
definition of T, the following equality holds:

Re(T) =8 e " (e, o)

n=1

Seke/i] T —

< ms2e2kemT

where the above inequality holds by the virtue of Lemma 3.3. This gives 1/m < Se**1T On the
other hand, the definitions of T, and ¢ yield 8e*¢#1 T+ < 3¢ /v < 1/m. These two inequalities lead
to T, < T which contradicts our assumption T, > T.

If N(T) = ¢ holds, the proof is complete. Thus, it remains to deal with the case T, < T for
which (3.18) holds from Lemma 3.3. By (3.18), the triangle inequality, and Parseval’s equality,
we obtain

_ m5262keﬂl T

o
DT (e, 0a)

n=1

o0 1/2
=4 <282kgMnT*|<we’¢n)|2> —m5262keﬂvlT*.

n=1

[Re(T)Il = 8

Use the definitions of v, T, and ¢ to estimate this rightmost from below by
kept T, 2 2k T, kept T, m o keuiT, m
sk T (. 1) — mo2eker1Tx = gyekerti T (1 — Zsveker ) > 2¢ (1 —3—25) > e
v v
Consequently, we can conclude || R; (Tx) |1 + |Re(T)|l1 = | Re(T) || = €. O
3.3. Stable manifold
This subsection is devoted to showing Proposition 2.3 which asserts that a set {(R;o, Re0) €
Holl(l) X Hé (I); Reo =0} is a local stable manifold of system (2.1a)—~(2.1c) for any V. > 0.
Similarly to the argument in subsection 3.1, we can establish a unique existence of time-global
solutions to problem (2.1) by combining the time-local solvability stated in Lemma 3.1 and the

following a priori estimate.

Lemma 3.4. Let V. > 0. Suppose that (R;, R,) satisfying (3.7) is a solution to problem (2.1) with
the initial data R.o = 0. There exists § > 0 such that if N(T) <, then it holds
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R.(t,x)=0 for (t,x)€[0,T]x I, (3.22)
IR OIIF < I RiollT for t €[0,T1. (3.23)

Proof. We begin by proving (3.22). Multiply (2.1b) by 2R,, integrate it by parts over [0, ] x I,
and use boundary condition (2.1e) and R.o = 0. The result is

L t 1

L t L L
/Rde+2ke//(8xRe)2dxdt=2ke//g(Vc)Rdedr+2ke//feRedxdt
0 0 0 0 0 0

0

t

t
SM/||8xRe(T)||2dT+C[MvN(T)]/”Re(T)”2dT,
0 0
(3.24)

where p is a positive constant to be determined later and we have used (3.4) and Schwarz’s
inequality in deriving the above inequality. Then letting © be small enough and applying Gron-
wall’s inequality to (3.24) yield || R, (¢) ||2 = 0 which means (3.22).

Let us show (3.23). Even for the case V. > 0, the inequality (3.13) holds. Hence, setting
y2 = R, =0 in (3.13), letting u + N(T) be sufficiently small, and using (3.2), we conclude
(3.23). O

The proof of Proposition 2.3 is completed by showing (2.5).
Proof of Proposition 2.3. We have shown R, = 0 in Lemma 3.4. Hence, it suffices to prove that
there exists Ty > O such that R;(Tp, x) = 0 for any x € I, because problem (2.1) with the initial
time t = Ty and the initial data R; (Tp, x) = R.(Tp, x) = 0 has a unique solution (R;, R.) = (0, 0).

Substitute R, = 0 into (2.1a), multiply the result by 2R;, and integrate over the domain

2

Q (t,x)|0<t<Tp 0< Ve here T 2L
=1(r,x <t<Ty O0<x< !, where Ty:= .
To 0 2L 0T v,

Then we have

//a,(R,?) + 0, {k,- (axv + %) R?} dxdr = //ki(Zf,- — 3y V)R; — 2R R; dxdt

QTO QTO
<C // R? dxdr, (3.25)

where we have used (3.1), (3.5) with R, =0, (3.23) and Schwarz’s inequality in deriving the
above inequality. To apply Green’s theorem to the left hand side of (3.25), let us set curves cy,
¢, and c¢3 as
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cr:t=s,x=0,s5€[0,Tp], c2:1=Tp, x=s, s€[0,L],

2L
ki Ve

c3:T= (L—s), x=L-—s,sel[0,L].

Note that 027, = c¢1 + ¢2 + c3. Then Green’s theorem with boundary condition (2.1e) yields

1%
(LHS) = — 55 {k,- (axv+ fc) R?dr — R,?dx}

c1+cr+c3
i i 2L v, 2L
2 2 2
Z/R,. (To,x)dx+/{76<3xv+f> : —Ri}<kiVC(L—s),L—s) ds.
0 0

(3.26)

We notice that the rightmost of (3.26) is non-negative thanks to (3.2). Hence, substituting (3.26)
into (3.25) leads to

Ty

IR (To) 17 20,1, SC//Rl-zdxdr=C/||Ri(f)||iz(0’(kivf/2L)r) dr.
Qr, 0

Note that the function || R; () ||L2(0,(k,« V. /2L)1) of 7 is continuous on [0, Tp], and (k; V. /2L)To = L
holds. Then applying Gronwall’s lemma to the above inequality, we conclude || R; (7o) || L20.L) =
0 which means that R;(Tp,x) =0 foranyx e l. O

4. Non-trivial stationary solutions

In this section, we investigate a non-trivial stationary solution bifurcating from the trivial
stationary solution (R;, R.) = (0, 0) at V. = V. For this purpose, we set up notation

X 1= H,(I) x (H} (DN H>(D)), Y :=L>(I)x L*(I),
p=(Ri,R)eX, U:={peX:|plx<1}, J:=(V])/2,2V))

and define the mapping F := (F;, F,) : X x J — Y as

Fi(o, Vo) = kidy {(aXW[Ri, Re V) + %) R,-}

V, _L,_ Ve
+klRl _keh (f) ‘Zx 2LxRe_ki.ﬁ[Ri7R€7VC]5
Fe(p, Vo) i= —keOxx Re — keg (Vo) Re — ke fe[Riy Re, Vel
Here V[R;, R, Vcl, filRi, Re, Vel, felRi, Re. V], and V are defined in (2.1c), (2.2a), (2.2b),

and (2.6), respectively. Note that p = (R;, R,) is a stationary solution to problem (2.1) for V. > 0
if and only if F(p, V) =0.
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4.1. Bifurcation of non-trivial solutions
This subsection is devoted to showing Theorem 2.5 which ensures the bifurcation of non-
trivial solution. The proof is based on the application of Crandall and Rabinowitz’s Theorem to

the mapping F. For this theorem, we refer the reader to [2, Theorem 1.7] and [8, Theorem 1.5.1].

Proof of Theorem 2.5. Let us check that the mapping F satisfies the assumptions of Crandall
and Rabinowitz’s Theorem. It is evident that

FeC3UxJ), F@©OV.)=0 forV.el, .1

Dy Fi (0, Vo)lpl =

ki 'V, v A
chaxRi-i-k,’Ri—keh (f)e VeXTANR,

Dp Fe(0, Vo)pl = —keOxx Re — keg(Ve) Re,
where D, means the Fréchet derivative with respect to p.

We denote by N (D, F (0, V})) and R(D, F (0, V})) the kernel and range of the linear operator
D, F(0, V}), respectively, and show

dimN (D, F(0, V")) = codimR(D, F (0, V¥)) = 1. 4.2)

From a standard theory of ordinary differential equations, we see that solutions to the scalar
equation D, F,(0, V})[p] = 0 are only R, = cg, for any ¢ € R. Then the scalar equation
D, F; (0, V¥)[p] =0 with R, = cg, has a unique solution R; = c¢;. Here ¢, and ¢; are defined
in Theorem 2.5. Hence, it holds that

N(DoF (0, V})) ={(cgi,cp.) € X; c eR}. 4.3)

On the other hand, Fredholm’s alternative theorem immediately ensures R(D, F,(0, V)[p]) =
{Ye € L>(I); (e, ) = 0}. Letting R, be a solution to the scalar equation D, F,(0,VH)[p]l =
Yo € R(DpF, (0, Vel and

X

L —A*X L*y v:< v 2
R = e V¢ eV i (y) +keh | == ) e 2LYR,(y)dy forany y; € L°(I),
ki Vi L
0
we see D, F; (0, VI)[(R;, R.)] = ¥; and thus
R(DyF (0, V) ={(Wi,¥e) €Y (Ve, @e) =0} 4.4
This together with (4.3) concludes (4.2).
One can also see
Doy F(0,VH)[@l ¢ R(D,F(0,V))), @ :=(¢i,¢e) 4.5)

since it holds that
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(Dpv, Fe(0, VOLQL, @) = —keg' (V) (e, ge) < 0. (4.6)

Now Crandall and Rabinowitz’s Theorem is applicable to the mapping F with aid of (4.1), (4.2),
and (4.5). Then we conclude that there exist n > 0, V. € Cz([—n, n];R),and z € Cz([—n, n]; X)
such that V,(0) = V¥, z(0) = 0, and the equation F(p(s), V.(s)) = 0 has a non-trivial solution

p(s) = (Ri(s), Re(s)) = s(¢i, @) +sz(s) for s € [—n, n].
It is left to prove that V,.(0) ; 0 holds if and only if (2.7) holds. Differentiating F,(p(s),
V.(s)) = 0 twice with respect to s and evaluating the result at s = 0, we obtain

DppFe(0, VH(6(0), 6(0)] + Dy Fo(0, VIA0)] + 2Dy, Fo (0, V)[5(0)]1Ve(0)
+ Dy,v, Fo(0, V)(Ve(0))? + Dy, F. (0, V) V(0) = 0. .7
Here D,,, Dyy, Dy,y,, and Dy, mean the Fréchet derivatives with respect to p and V.. Fur-

thermore, “*” and “”” denote the derivatives with respect to s. It is easy to check p(0) = ¢ and
Dy F,(0, V}) = Dy,y.F.(0, V¥) = 0. Substituting these two equalities into (4.7) leads to

DppFe(0, VO, 91+ Dy Fe(0, VIB(O0)] + 2Dpv, Fe(0, V)@l Ve(0) = 0.

Then taking the L2-inner product of this equation with ¢, and using (4.4), we have

k; YD ppFe(0, V)0, 9, ¢e)

Ve(0) = —— ;
—2ke " (Dpy, Fe(0, V¥)o], ge)

4.8)

where the denominator of the right hand side is positive owing to (4.6). We also see from inte-
gration by parts and (V,*/2L) —h'(V}/L) ='—Lg’(VC*) that the numerator of the right hand side
equals to the left hand side of (2.7). Hence, V. (0) § 0 holds if and only if (2.7) holds. O

4.2. Linear stability and instability of positive non-trivial solutions

This subsection is devoted to the proof of Corollary 2.6. Let us denote p(s) = (R; (s), R.(s)) =
s¢ + sz(s) by the non-trivial solution in Theorem 2.5.

Proof of Corollary 2.6. We discuss only in the case V.(0) > 0 and s > 0, since the other cases
are shown similarly. We can assume by taking 67 > 0 small enough that z(s) = (z;(s), z.(s)),

(R;i(s), R.(s)), and V,(s) satisfy

sup  (|ze($)]oo + 10x2e($)[oo + [0x (V[Ri(5), Re(s), Ve(s)Dloo)

s€[—01,01]
2 2 *
S min £7 ﬁ’ V_L s (4'9)
4 4L 4L
V*
inf  V.(s) > =<, 4.10
selB1.01] cs) =z 2 .10

and the bounded linear operator D, F (p(s), V.(s)) + I has a bounded inverse for s € [—01, 6],
where I denotes the identity operator on X.
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The proof of (2.8) is completed by showing R;(s), R.(s) > 0. Let us first prove R.(s) > 0. It
is straightforward to see from (4.9) that

Re(5, %) = 5¢e(x) +52¢(5, %) > s(v/2/2 = v/2/4) > 0
for x e [L/4,3L /4],

Bx Re (5, %) = $9:0e (x) + 50x2¢ (s, %) > s(V21 /2L — N2 JAL) > 0
for x € (0, L/4),

0x Re(S,X) = 50x@0e (X) + 50520 (5, X) < s(—«/fn/2L + x/irr/4L) <0
forx € 3L/4,L).

These inequalities together with the boundary condition (2.1e) leads to R.(s,x) > 0 for x € I.
We next show R;(s) > 0. It is seen from F;(p(s), V.(s)) = 0 that

L -1
RiGs,x) =5 W™ (axw[R,- (5). Rels). Vel)]) + VCL(S)>
< [ (ViR R Ve + L ) E R s ) 0,
0

Furthermore, (4.9) and (4.10) yields 0x(V[R;(s), Re(s), Vo(s)]) + V.(s)/L > 0. Hence,
R;(s,x) > 0holds for x € I.

It remains to prove that this non-trivial solution is linearly stable. We begin by analyzing the
perturbation of the critical zero eigenvalue of D, F (0, V) to an eigenvalue of D, F(p, V.(s)).
It is obvious that (0(0), V.(0)) = (0, V) and F(p(s), Vc(s)) = 0. We also see from (4.3) and
(4.4) that the zero eigenvalue of D,F (0, V) is simple. Then Corollary 1.13 in [3] (see also
[8, Theorem 1.7.2]) ensures that there exist 6, > 0, u € Cl([=62,6:]; R), and w = (w;, w,) €
C'([—62.62]; X) such that 1(0) =0, w(0) =0, and D, F(p(s). Ve(5))[@ + w(s)] = u(s) (e +
w(s)). Differentiate this equation with respect to s, evaluate the result at s = 0, and use p(0) = ¢
to get

DppFe(0, VOI@, 91+ Dpy, Fo(0, V@IVe(0) + Dy Fo (0, V)W (0)] = 2(0)g.

Taking the L2-inner product of the result with ¢,, and use (4.4) and (4.8) to obtain

[ O) el = =Ve(0)(Dpv, Fe (0, VHAO)], 0c).

This together with Vc (0) > 0 and (4.6) leads to j1(s) > 0. Hence, there exists 63 > 0 such that
w(s) > 0 holds for s € (0, 03] owing to n(0) = 0 (for the case VC(O) < 0 and s < 0, the proof
above gives (s) < 0 which means that the positive non-trivial solution is linearly unstable).
We next prove that the real parts of all other eigenvalues of D, F(p(s), V.(s)) are also pos-
itive. For this purpose, we denote G(s) by the inverse operator of Dy F (p(s), V.(s)) + I and
show that the eigenvalues of D, F(p(s), Vc(s)) is continuous on s € [0y, 01]. The eigenvalue
problem of D,F(p(s), Vc(s)) can be reduced to that of G(s), since G(s)[¥] = (u + D'y

Please cite this article in press as: M. Suzuki, A. Tani, Bifurcation analysis of the Degond-Lucquin-Desreux—Morrow
model for gas discharge, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.10.039




YJDEQ:10070

20 M. Suzuki, A. Tani / J. Differential Equations eee (eeee) see—eee

holds if and only if D,F(p(s), Vo(s))[¥] = uy¥. Note here that © = —1 is not an eigen-
value of D, F(p(s), V.(s)). Therefore, it suffices to investigate G(s). It is straightforward to
check G(s) € C([—601,601]; £(Y)), where C(Y) denotes the space of the compact operators
on Y. Then Kato’s perturbation theory in [7] ensures that the eigenvalues of G(s) are con-
tinuous on [—61,01] and so are those of D,F(p(s), V.(s)). On the other hand, the nonzero
eigenvalues of D, F (0, V}) are only (n* — 1)(w/L)? for n = 2,3,4,.... Consequently, by
taking (< min{f;, 65}) sufficiently small, we deduce that the real parts of all eigenvalues of
Dy F(p(s), Vc(s)) are positive.

We complete the proof by showing that the spectrum of D, F (p(s), V.(s)) consists of only
eigenvalues above. It suffices to show that if 1 is not an eigenvalue of D, F (p(s), V.(s)), then
1 belongs to the resolvent set. We first see from a standard theory of elliptic equations that
Dy F(p(s), Ve(s)) is a closed operator. Let us next find the inverse of (D, F(p(s), Vc(s)) — ul).
We know that G(s) defined above is a compact operator on Y and thus the spectrum of G(s)
consists of only eigenvalues and zero. By this fact, the inverse operator {G(s) — (u + D' }_1
is well-defined as a bounded operator on Y since u is not an eigenvalue of D, F(p(s), V. )7L,
that is, (1 + 1)~! is not an eigenvalue of G(s). Using this operator, we can write explicitly the
inverse of (D, F(p(s), Vc(s)) — ul) as

SR Y PRSI S I
(DpF(p(s). Ve(s) =)™ = - {G(s) M-l-ll} G(s).

It is straightforward to check that this inverse is a bounded operator on Y. Therefore, we conclude
that 1 belongs the resolvent set of D, F(p(s), Vc(s)). The proof is complete. O
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Appendix A. Graph of g and well-definedness of V}*

Appendix A is devoted to studying the properties of the function g subject to the physical
parameters a, b, and L. There exist two cases such as Figs. 3 and 4. For the first case, g has only
one local minimum and only one global maximum. For the second case, g is strictly decreasing.
Furthermore, we show that the sparking voltage is well-defined for suitable choice of physical
parameters.

Let us explain why we have the above graphs. It is straightforward to check that g’(V.) § 0
holds for V, > 0 if and only if g(V,) := —(bL/V.) — 2log V. + log(bL + V.) 4+ log(2aL) § 0.
By the first derivative test, we also see that g(V,) is strictly increasing on the interval (0, (—1 +
V/5)bL /2] and strictly decreasing on the interval [(—1 + +/5)bL/2, c0). This fact together with
g(0) = 0 gives the graph in Fig. 3 if the maximum of ¢ (V,) is positive, and the graph in Fig. 4
if the maximum is negative. It is also obvious from these two graphs that the sparking voltage
defined in (2.6) is unique if it exists.

We discuss the well-definedness of sparking voltage provided the condition ae™' —471b > 0
holds. From the equality L2g(bL) = L*b(ae™! — 4~1b), it follows that g(bL) > w2/L? holds
if either L or a is large enough. Then the graph of the function g must be drown as in Fig. 5.
Consequently, the sparking voltage is well-defined for some physical parameters.
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Appendix B. Sign of V,(0)

Fig. 5. Well-definedness of V*.

In Appendix B we investigate the sign of Ve (0) being in Theorem 2.5. We emphasize once
again that this sign is same as that of the quantity
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li=—2Lg(V?) / 020 (VIgi, ge. VD) dx — / 0200 (VIgi, 0o, V3] dx.

First let us show V,.(0) > 0 in the case that k. /k; is sufficiently small. The quantity / can be
written as

L

I=—2Lg (V] )/ 0 (Vigi, 0,V ])dx—/wfaxx(V[wi,O, VD dr
0
L
CoLg (V) / G20, (V[0 ge. V) dx — / 0202 (V10, g, V1) dx.
0

The first and second terms of this right hand side can be taken arbitrarily small for suitably small
ke/ki, since V' defined in (2.6) is independent of k; and k.. On the other hand, the third and
fourth terms are positive and independent of k, and k;. Hence, V,(0) > 0 holds provided that
ke/ ki is small enough.

Next, setting L = 1 and a = 2./eb/3, we prove VC(O) < 0 for suitable choice of b and k. / k;.
It holds that

l———2g (Ve )/ 2 0x (VI(ki [ke)i, O, Vc*])dx—/wfaxx(V[(ki/ke)%,O, Vi) dx

1 1
k; k;
- 2k—lg/(Vc*)/<P33x(V[0, Pe, Vc*])dx - k_l /(Pzaxx(v[o’ Pe, VC*]) dx.
e e
0

If k./k; is sufficiently large, one can make the third and forth terms of this right hand side
arbitrarily small. We also notice that the first and second terms are independent of k. and k;.
Therefore, the proof of V,.(0) < 0 is completed by showing that the sum of the first and sec-
ond terms is negative. For a moment, we assume that |V* — 2m| and g'(V*) > 0 can be taken
arbitrarily small, where

m I:\/gﬂ'.

Then the second term is uniformly negative with respect to V* and the first term is arbitrarily
small and thus negligible. Therefore, the sum of the first and second terms is negative.

What is left is to obtain the desired sparking voltage V* satisfying the above assumption for
some b. Note that V* depends only on b since L = 1 and a = 2,/eb/3. We define the functions
H (b, V) :=g(V,)— 72 and Ha(b, V,) := V, — 2b. Then it holds at the point (b, V) = (m, 2m)
that

Hi(m,2m) = Hy(m,2m) =0,
Hyp(m,2m) >0, Hy(m,2m) <0, Hyy.(m,2m)=0, Hyy,(m,2m) >0,
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since Hy(b, V) = 0 holds if and only if g’(V,) = 0 and g”(V,) < 0 hold. Therefore the equations
Hy(b,V,:)=0and H>(b, V.) =0 give two curves parameterized by b and crossing each other at
the point (m, 2m). The important point to note here is that H; = 0 and H, = 0 ensure the first
condition in (2.6) and g'(V,) = 0, respectively. Then it is possible to take a point (b, V*) on the
curve Hi(b, V.) = 0 near the point (m,2m) so that |V* — 2m| and g'(V*) > 0 are arbitrarily
small. Consequently, we have the desired sparking voltage V.

References

[1] L. Abbas, P. Bayle, A critical analysis of ionising wave propagation mechanisms in breakdown, J. Phys. D, Appl.
Phys. 13 (1980) 1055-1068.
[2] M. Crandall, P.H. Rabinowitz, Bifurcation from simple eigenvalues, J. Funct. Anal. 8 (1971) 321-340.
[3] M. Crandall, P.H. Rabinowitz, Bifurcation, perturbation of simple eigenvalues and linearized stability, Arch. Ration.
Mech. Anal. 52 (1973) 161-180.
[4] P. Degond, B. Lucquin-Desreux, Mathematical models of electrical discharges in air at atmospheric pressure: a
derivation from asymptotic analysis, Int. J. Comput. Sci. Math. 1 (2007) 58-97.
[5] S.K. Dhali, P.F. Williams, Twodimensional studies of streamers in gases, J. Appl. Phys. 62 (1987) 4694—4707.
[6] P.A. Durbin, L. Turyn, Analysis of the positive DC corona between coaxial cylinders, J. Phys. D, Appl. Phys. 20
(1987) 1490-1496.
[7] T. Kato, Perturbation Theory for Linear Operators, second edition, Grundlehren der Mathematischen Wis-
senschaften, vol. 132, Springer-Verlag, Berlin—-New York, 1976.
[8] H. Kielhofer, Bifurcation Theory, an Introduction with Applications to Partial Differential Equations, second edition,
Applied Mathematical Sciences, vol. 156, Springer, New York, 2012.
[9] A.A. Kulikovsky, Positive streamer between parallel plate electrodes in atmospheric pressure air, IEEE Trans.
Plasma Sci. 30 (1997) 441-450.
[10] A.A. Kulikovsky, The role of photoionization in positive streamer dynamics, J. Phys. D, Appl. Phys. 33 (2000)
1514-1524.
[11] A. Luque, V. Ratushnaya, U. Ebert, Positive and negative streamers in ambient air: modeling evolution and veloci-
ties, J. Phys. D, Appl. Phys. 41 (2008) 234005.
[12] J.-C. Mateéo-Vélez, P. Degond, F. Rogier, A. Séraudie, F. Thivet, Modelling wire-to-wire corona discharge action
on aerodynamics and comparison with experiment, J. Phys. D, Appl. Phys. 41 (2008) 035205.
[13] A. Matsumura, T. Nishida, The initial value problem for the equations of motion of compressible viscous and
heat-conductive fluids, Proc. Jpn. Acad., Ser. A, Math. Sci. 55 (1979) 337-342.
[14] A. Matsumura, T. Nishida, Initial-boundary value problems for the equations of motion of compressible viscous
and heat-conductive fluids, Commun. Math. Phys. 89 (1983) 445-464.
[15] R. Morrow, Theory of negative corona in oxygen, Phys. Rev. A 32 (1985) 1799-1809.
[16] R. Morrow, The theory of positive glow corona, J. Phys. D, Appl. Phys. 30 (1997) 3093-3114.
[17] R. Morrow, J.J. Lowke, Streamer propagation in air, J. Phys. D, Appl. Phys. 30 (1997) 614-627.
[18] S. Nishibata, M. Suzuki, Asymptotic stability of a stationary solution to a thermal hydrodynamic model for semi-
conductors, Arch. Ration. Mech. Anal. 192 (2009) 187-215.
[19] S. Nishibata, M. Suzuki, Hierarchy of Semiconductor Equations: Relaxation Limits with Initial Layers for Large
Initial Data, Mathematical Society of Japan Memoirs, vol. 26, Mathematical Society of Japan, Tokyo, 2011.
[20] Y.P. Raizer, Gas Discharge Physics, Springer, 2001.
[21] M. Suzuki, A. Tani, Time-local solvability of the Degond-Lucquin-Desreux—Morrow model for gas discharge,
SIAM J. Math. Anal. 50 (2018) 5096-5118.

Please cite this article in press as: M. Suzuki, A. Tani, Bifurcation analysis of the Degond—Lucquin-Desreux—Morrow
model for gas discharge, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.10.039



http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4142s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4142s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib435231s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib435232s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib435232s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib444C31s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib444C31s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4457s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4454s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4454s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4B6131s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4B6131s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4B6931s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4B6931s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4B7531s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4B7531s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4B7532s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4B7532s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4C5245s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4C5245s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4D4452s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4D4452s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4D4E31s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4D4E31s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4D4E32s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4D4E32s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4D6F31s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4D6F32s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4D4Cs1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4E5333s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4E5333s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4E5335s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib4E5335s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib5261s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib535431s1
http://refhub.elsevier.com/S0022-0396(19)30521-2/bib535431s1

	Bifurcation analysis of the Degond-Lucquin-Desreux-Morrow model for gas discharge
	1 Introduction
	2 Main results
	3 Trivial stationary solution
	3.1 Nonlinear stability
	3.2 Nonlinear instability
	3.3 Stable manifold

	4 Non-trivial stationary solutions
	4.1 Bifurcation of non-trivial solutions
	4.2 Linear stability and instability of positive non-trivial solutions

	Acknowledgment
	Appendix A Graph of g and well-deﬁnedness of Vc*
	Appendix B Sign of V̇c(0)
	References


