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Abstract

The aim of this paper is characterizing the development of singularities by the positive solutions of the
quasilinear indefinite Neumann problem

—@W' /[ 1+ @)2) =ra(x) f(u) in(0,1), u'(0)=0, u'(1)=0,

where A € R is a parameter, a € L°°(0, 1) changes sign once in (0, 1) at the point z € (0, 1), and f €
CRYNC o, +00) is positive and increasing in (0, +-00) with a potential, fos f(t)dt, superlinear at +o0.
In this paper, by providing a precise description of the asymptotic profile of the derivatives of the solutions
of the problem as A — 0%, we can characterize the existence of singular bounded variation solutions of the
problem in terms of the integrability of this limiting profile, which is in turn equivalent to the condition
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/a(t)dt eL10,z) and /a(r)dt eLl@z .
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No previous result of this nature is known in the context of the theory of superlinear indefinite problems.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

This paper analyzes the quasilinear indefinite Neumann problem

, /
u

———) =2a(x)f@) in (0, 1),

V1t @)? (1.1)

u' (0)=u'(1)=0.
Here, A € R is regarded as a parameter and

(a1) the function a € L*°(0, 1) satisfies, for some z € (0, 1), a(x) > 0 a.e.in (0, z) and a(x) <0
a.e.in (z, 1), as well as fol a(x)dx <0;

(f1) the function f € C(R)NC'[0, +00) satisfies f(s) > 0and f'(s) > 0 for all s > 0, and there
exist four constants, 2 > 0, k > 0, g > 1 and p > 2, such that

fGs)

s—>0+ sP=1

o

s—400 sq—l

qh, pk.

Condition (f]) implies that the potential F of f, defined by F(s) = fg f(t)dt, satisfies

k

. F(s) . F(s)
lim =h, lim =
s——+oo §9 s—>0t+ §P

and, thus, F must be superlinear at +00 and either quadratic or superquadratic at 0. We also
introduce the following condition on the weight function a at the nodal point z, which is going
to play a pivotal role in the mathematical analysis carried out in this work

D=

(a2) /a(t)dt € L'(0,z) and /a(t)dt eLl'(z, ).

X X

Throughout this paper, we are going to use the following notions of solution.

e A couple (1, u) is said to be a regular solution of (1.1) if u € W>1(0, 1) and it satisfies the
differential equation a.e. in (0, 1), as well as the boundary conditions.
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e A couple (A, u) is said to be a bounded variation solution of (1.1) if u € BV (0, 1) and it
satisfies

1

/ D'u D¢ / D' = /,\af(u)qsdx
1+ [Du |2 | Dsul

0

for all ¢ € BV (0, 1) such that | D*¢| is absolutely continuous with respect to | D*u| (cf. [2]).
e Acouple (A, u) is said to be a singular solution of (1.1) whenever it is a non-regular bounded
variation solution; that is, u € BV (0, 1)\ W>1(0, 1).
e When the couple (A, u) solves (1.1) in any of the previous senses, it is said that (A, u) is a
positive solution if, in addition,

A>0, essinfu > 0.
As usual, for any function v € BV (0, 1),
Dv = D%dx + D’v

stands for the Lebesgue decomposition of the Radon measure Dv and denotes the density

IDA \
function of the measure D*v with respect to its total variation | D*v| (see [1]). By [22, Prop. 3.6],

any positive singular solution, (A, u), of (1.1) actually satisfies

ulpo,) € Wl [O z) N wh 1(0 z) and is concave,

(1.2)
ulz;,1] € W] "z, 11N Wh(z, 1) and is convex;
moreover, u'(x) < 0 for every x € (0, 1)\ {z}, #’(0) = u’(1) =0 and
W'(Z7)=u'(z") = —o0, (1.3)

where u’(z7) and u’(z") are the left and the right Dini derivatives of u at z. In full agreement
with (1.3), throughout this paper, for any singular solution (A, u#) of (1.1), it is intended that

—u'(2)
V14 W'(2)?

The same argument used in [22, Lem. 2.1] shows that A > 0 is necessary for the existence of
positive non-constant, either regular or singular, solutions.
Problem (1.1) is a one-dimensional prototype model of

=1.

. Vu .
—div | ———= ] =gkx,u) inQ,
V1+|Vu?
Vu-v

T Val
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where € is a bounded regular domain in R", with outward pointing normal v, and g : @ x R —
R and o : 92 — R are given functions. Problem (1.4) plays a central role in the mathematical
analysis of a number of geometrical and physical issues, such as prescribed mean curvature
problems for cartesian surfaces in the Euclidean space [24,3,19,25,9,14,12,15,13], capillarity
phenomena for incompressible fluids [6,11,10,16,17,7], and reaction-diffusion processes where
the flux features saturation at high regimes [23,18,5,4,8].

The model (1.1) has been recently investigated by the authors in [21], [22] and [20]. In [21] the
existence of bounded variation solutions was analyzed by using variational methods and in [22]
the existence of regular solutions was dealt with by means of classical phase plane and bifurcation
techniques. The main result of [20] established the existence of a component of bounded variation
solutions bifurcating from the trivial state (1, 0) in the special, but significant, case where p = 2.
According to the results of these papers, it is already known that, under conditions (a;) and (fy),
problem (1.1) cannot admit positive solutions if A < 0 and that it possesses at least one positive
bounded variation solution for sufficiently small A > 0.

Quite strikingly, whether or not these bounded variation solutions are singular depends on
whether or not condition (a) holds true: this is the main result of this paper, which can be stated
as follows.

Theorem 1.1. Assume (a1) and (f1). Then, the following conclusions hold for sufficiently small
A>0:

(i) any positive solution of (1.1) is singular if (ap) holds;
(i) any positive solution of (1.1) is regular if (ay) fails.

In other words, condition (a;) completely characterizes, under (a;) and (f;), the development
of singularities by the positive solutions of (1.1) for sufficiently small A > 0.

By having a glance at condition (a,) it becomes apparent that it fails whenever the function
a is differentiable at the nodal point z, whereas a very simple example where (az) holds occurs
when the function a is discontinuous at z, like, for instance, in the special case when a is assumed
to be a positive constant, A > 0, in [z — 11, z) and a negative constant, —B < 0, in (z, z + n2],
for some 711,72 > 0. The huge contrast on the nature of the positive solutions of the problem
with respect to the integrability properties of the function a near the node z can also be realized
by considering any weight function a satisfying the requirements of (a;) except for the fact that
a =0 in [z — 1,z + n] for some n > 0. In such case, thanks to the convexity and concavity
properties of the positive bounded variation solutions of (1.1) guaranteed by [22, Prop. 3.6], any
positive solution # must be linear in the interval [z — 1, z + 1] and hence, due to (1.2), it cannot
develop singularities.

As a consequence of Theorem 1.1, when p = 2, the global structure of the component of
the positive solutions of (1.1), ¥, whose existence is guaranteed by the main theorem of [20],
drastically changes according to whether or not the condition (ay) holds as illustrated in Fig. I,
where )¢ stands for the principal positive eigenvalue of the linear weighted problem

{ —¢"=xa(x)p  in(0,1),
@' (0)=¢'(0) =0.

The non-existence of positive regular solutions of (1.1) in the very special cases when p =2
and the weight a is constant in [0, z) and in (z, 1] has been recently established in Section 8
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functions a, without imposing the integrability condition (a;). So, they for
Theorem 1.1 in particular shows that [22, Th. 7.1] has to be complemented

lutions of (1.1), €+, whose existence is now guaranteed by [21, Th. 1.1] an
changes for sufficiently small A > 0 according to whether or not condition (a,)
trated by Fig. 2.

Our proof of Theorem 1.1 is based upon the characterization of the exact limiting Rrofil
the positive solutions of (1.1), both regular and singular, as the parameter A approximates e
These profiles are provided by the next theorem, regardless their particular nature.
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Theorem 1.2. Assume (ay) and (f1), and let ((7,,u,)), be an arbitrary sequence of positive
solutions of (1.1) with lim A, = 0. Then, for sufficiently small n > 0O, the following assertions
n—o0

hold:

up (x)
1m =
n—+o0 un(())

1 uniformly in x € [0,z — n], (1.5)

un(x) ¢ Joawdr N .
n—lr-il—]oo ) (_le ) dt> uniformly in x € [z +n, 1], (1.6)
. 1 . .
ngl:lkloo M f (uy (x))) = W uniformly in x € [0,z — n], (1.7)
Iim (A, f(uy(x))) = — uniformly in x € [z +n, 1], (1.8)
n—+00 _fz a(t) dt
EToo u,(x) = _ foza(t) d - uniformly in x € [0,z — 1], (1.9)
JUE awyar)? = (J aydr)
and
o Jla)dt . .
Iim u,(x) = = uniformly in x € [z +n, 1]. (1.10)

e \/(le a() dt)2 — (fxl a() dt)2

Note that condition (ap) is equivalent to requiring the integrability in both intervals, (0, z) and
(z, 1), of the asymptotic profile of the derivatives of the positive solutions of (1.1) as A — 0+,
which is equivalent to impose that the “limiting derivative” (represented in Fig. 3)

— Jo a®)dt
\/(j; a(tyde)* ([ a(tydt)’
f'\_l a(t)dt

J( awar) (1 aw ar)’

belongs to both L'(0, z) and L!(z, 1).

The distribution of this paper is as follows. Section 2 contains some preliminary technical
lemmas of interest on their own, Section 3 delivers the proof of Theorem 1.2, Section 4 de-
rives another technical result from Theorem 1.2 and, finally, Section 5 consists of the proof of
Theorem 1.1. Section 6 collects some additional remarks.

for x € [0, z),

g, (xX) =

for x € (z, 1],

2. Preliminary results of a technical nature

The first result collects some identities that will be used systematically in the sequel.
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Fig. 3. Profile of the limiting derivative u/,.

Lemma 2.1. Assume (ay) and (f1). Let (A, u) be a positive, regular or singular, solution of (1.1).
Then, the following identities hold:

Ty ~ i Ma0s w®)d

i (x) = @2.1)
_ u'(z) _ [z u'(z) z
\/ 1= 8 — [Pha) fu(@)dr 1+ Ot [Fha() fu(@) di
Sforall x €0, 1]\ {z},
A/xa(t)dt _ ! mUASI NN [d ( ! ) “O 4 0o
J C f@@) 1+ ' (x))? S i\ f®)) T+ 0)? '

for all x € [0, 2),

1 1

A/a(t)dt— ! u(x) +/i< ! ) YO 4 23
J ) 1+ o (0))? Jdt \ fw@)) 1+ @ m)? '

forall x € (z,1],

X X t
—u'(x) d
—_— =kf(u(X))/a(t)dt—>»/ /a(S)ds — f(u(t))dt (2.4)
/ d
V14 W' (x))? g 0 \y 4

forall x € [0, z), and

1 1

1
=)»f(u(x))/—a(t)dt+)»/ /—a(s)ds %f(u(t))dt (2.5)

X t

—u'(x)

V1@ (x))?
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forall x € (z, 1].

Proof. Integrating the differential equation of (1.1) in the interval (x, z) yields

u'(x) u'(2)

ST @2 V1t w@?

+ / ra(t) fu(t))de

for all x € [0, 1], x # z. Thus, (2.1) follows easily by inverting the function ¢ : R — (-1, 1),
defined by

(5) = ——.
Y 1+s2

The identities (2.2) and (2.3) can be derived by writing down the differential equation of (1.1) in
the form

paty =L (LW +i< 1) a9
At \ fu®) ST+ @ ()2)  dr \f@®)) /1§ @ 1))?
and integrating it in (0, x) and (x, 1), respectively.

The identity (2.4) follows by expressing the differential equation of (1.1) as

t

=k/f(u(t))a(t)dt=A/f(u(t))% /a(s)ds dt
0 0

0

—u'(x)

VI W' (x)?

and integrating by parts the last term. Finally, (2.5) follows by writing down the differential
equation of (1.1) as

1

—u'(x) : : d
—_— =A/f(u(t))(—a(t))dt=A[f(u(t))— /G(S)ds dt
1+ (/' (x))? J J dt

t

and integrating by parts the last term. 0O

Throughout the rest of this paper, ((A,, u,)), stands for a sequence of positive, regular or
singular, solutions of (1.1) such that

lim A, = 0. (2.6)

n— 00

The next series of technical lemmas provides us with some important features of these sequences.

Lemma 2.2. Assume (ay) and (f). Then,

lim u,(x) =400 uniformlyin x € [0, z].
n——+00
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Proof. First, we will prove that
lim u,(0) = +o0. 2.7)
n—+00

Arguing by contradiction, assume that (u,(0)), possesses some bounded subsequence. Then,
passing to a further subsequence, that we still label with n, one can suppose that there exists a
constant C > 0 such that

lim u,(0)=C (2.8)

n—-+00

and, since u,, is a decreasing function, for sufficiently large n we have that

u,(x) <u,(0)<C+1 forall x €[0,1].
Thus, by integrating the differential equation of (1.1) in [0, z) and in (z, 1], we find that, for

sufficiently large n,

X Z

—up ) A f G (£))a(t) dt < an £(C + 1)/a(t)dt forall x € [0, z)
0

1+ (uy, (x))?

and that

—it, (%)

X 1
m = )»nf(u,,(t))a(t) dt < )»nf(c + 1)/—a(t) dt forall x € (Z, l],
u,(x )

respectively, because f is non-decreasing. By (2.6), these estimates imply that

lim 18

1400 T4 (0, (0)?

=0 uniformly in x € [0, 1]

and hence

lim u/,(x)=0 uniformly in x € [0, 1].
n——+00

So, for sufficiently large n, the solutions u,, are regular and, owing to (2.8),

X
up(x) =u, (0) + / u, (1)dt — C uniformly in x € [0, 1].
0

Thus, integrating the differential equation of (1.1) in [0, 1] yields

1

1
0=/f(un(t))a(t)dt—> C/a(t)dt as n — +oo. (2.9)
0

0
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Therefore, since we are assuming that fol a(t)dt <0, it follows that C = 0 and hence

lim u, =0 in C'[0,1]. (2.10)
n——+o00o
Let us set, for each n,
oy () = 2 ot x e [0, 11,
un(o)

It is apparent, from (1.1), that each v,, satisfies

" __ S (un) .
—U, = Ana n(O)( + (up)? )3 in (0, 1), @.11)

v, (0) = v, (1) =0,
As we assumed p > 2 in (f1), we can find a constant L > 0 such that
0< f(s) < LsP~l<Ls forall0<s <1,
and thus, by (2.10), we have that, for sufficiently large n,
0< f(upn(x)) <un(x) < Lu,(0) forallxel[O0,1].

Therefore, using (2.10) and lim A, =0, we get
n—+0o

lim A,a )

IN2V3 . .
n—+00 un (0) ( +(Mn) )2=0 in L™(0,1).

Accordingly, we infer from (2.11) that the sequence (v))), is bounded in L*°(0, 1) and hence
(v,)n is bounded in L*°(0, 1). Since, for all n > 1, |lv,|leo = 1, the sequence (v,), is bounded
in W2*°°(0, 1). Therefore, there exist a subsequence of (v,),, still labeled by n, and a function
v € C'[0, 1] such that

lim v,=v in C'0,1].

n——+00

Asby (2.11)

lim v/ =0 in L*(0,1),

n—-+00

we derive that v = 0 and v = 1. This entails, in particular, that

lim un_(x) =1 uniformlyin x € [0, 1].
1150 1, (0)

Consequently, by (f}), it follows from (2.9) that
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1

1
p—1
0= lim a(r)f(””(t))(””(’)) dt:pk/a(t)dt<0,
0

n—+00 Mrll’—l(t) u,(0)
0

which is impossible. This contradiction yields (2.7).
Since u,, is decreasing for all n > 1, to conclude the proof of the lemma it suffices to show
that

lim u,(z) =+o0.
n——+00

Assume by contradiction that there exists a constant C such that, along some subsequence rela-
beled by n, we have that

up(x) <uu(z) <C

forall n > 1 and x € [z, 1]. Then, arguing as above, we see that

lim u),(x)=0 uniformlyin x €[z, 1].
n—-+00

Hence u,, is a regular solution of (1.1) and, as ||u), ||cc = —u,,(2),

lim ||u|lec= lim —u/ (z) =0.
n_)+oo|| lloo pim 2 (2)

Therefore, for sufficiently large n, we find that

Z

un(0) = un(2) —/u;(t)dt =C+1,
0

which contradicts (2.7) and completes the proof. O

Lemma 2.3. Assume (a1) and (f1). Then,

lim u)(z) = —o0.
n——+00

Proof. It suffices to prove the conclusion for regular solutions, for as we already know that
any singular solution satisfies (1.3). Arguing by contradiction, assume that there exist a constant
C > 0 and a subsequence of (u},(z))n, still labeled by n, such that, for all n > 1,

/ /
|y, ()] = [l lloo < C.

Hence, by Lemma 2.2, we infer that

X
un(x) fo u, (t)dt
uy (0) uy (0)
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In particular, this entails that
lim u, =400 uniformlyin x € [0, 1].
n—+00

Thus, according to condition (f}), we find that

S CZ162) N VA CH1ED)) <un(x)>”1 3
im ———— = lim - =qh,
= gl ) el ) \un(0)

uniformly in x € [0, 1]. Hence, we get

lim f( ”( ) a()dt = /a(t)dt

n—+oo 4 u (0)

0
and
1

lim f( "( ) a()dr = [a(t)dt.
0

n——+00
z

On the other hand, integrating the differential equation of (1.1) in (0, 1) yields

Z 1

/a(t)f(un(t))dl=—/a(t)f(un(t))dl- (2.12)

0 z
Consequently, dividing (2.12) by qu (0) and letting n — 400 yields

4 1

qh/a(t)dt:—tha(t)dt,

0 z
which implies fol a(t)dt = 0. As this identity contradicts (aj), the proof is complete. O
Lemma 2.4. Assume (ay) and (f1). Then, the following estimates hold:

X -1

()
o f (1)) = ) / awydi | forall x € (0.1,
V14 u),(x)) 4

z -1

An f(up(x)) < /a(t) dt forall x €[z, 1],

0

(2.13)
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1 -1

Don f 1t () > % /—a(t)dt forall x €0, 2],
l/ln Z ]

1 B (2.14)
hn f (U () = J% / —a(ydt forall x [z, 1],
and, moreover,
, z -1
A f (U (0)) > #(’Z()z))? O/a(t)dt ,
(2.15)

1 -1
1, 2) [
A fun(1) £ ——m——me —a(t)d
fun = =G | [ o

Proof. It should be remembered that f(u,) is non-increasing in [0, 1] for all n > 1, because f
is non-decreasing and u,, is decreasing. Thus, the second term on the right hand side of (2.2) is
non-positive. Hence it follows from (2.2) that

X

An / a(t)dt < —n )
0

T [ (X)) /14 (u),(x))?

for all x € [0, z]. Thus, the first estimate of (2.13) holds. Similarly, from (2.3) we infer that, for
every x € [z, 1],

1

/\,,/a(t)dt <

iy (x)

1
fn(x)) T+ ! (x))?

which implies the second estimate of (2.14).
From the first estimate of (2.13), it becomes apparent that, for every x € [z, 1],

-1 Z -1

—u@ (]
Do f (W () < o f (U (2) < s /a(t)dt = /a(t)dt ,
v+ @, @)" \ .

which provides us with the second estimate of (2.13). Analogously, from the second estimate of
(2.14) it can be inferred that, for every x € [0, z],

1 -1

—u,(2)
A fUup(x)) > Ay f(un(2)) > m /—a(t) dt s
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which provides us with the first estimate of (2.14).
Our proof of the first estimate of (2.15) is based upon (2.2). Indeed, thanks to (2.2), we have
that

Z Z

A/a(l)dt— ! @ i( : ) @ g
"O @) T w2 )\ fw)) T+ ,0)

Z

G ! _/1( ! )m
“VTF @7 | Fan@) ) ar \F®)

—u),(z) 1

Tt W, @) fwn0)’

which provides us with the desired estimate. Similarly, our proof of the second estimate of (2.13)
relies upon (2.3). Indeed, changing of sign (2.3), it is apparent that

1 1

A d (1 (0
A | —a(t)d . ‘
z/ O i wor ( (“"(”)> oy

1

@) 1 +/i< 1 )dt
TV () | fua(2) J dr \ f(un(1))

—u,(2) 1

T/t W, @) fun()’

which provides us with the second estimate of (2.13) and ends the proof. O

Lemma 2.5. Assume (a1) and (f1). Then, for sufficiently small n > O, there exist constants C1 =
C1(n) >0, C2 = Ca(n) > 0 and an integer ng = no(n) such that, for every n > ny,

Ci<hflup(x)) <Cy forall xelz—n,z+nl. (2.16)

Proof. Pick n € (0, z). Then, owing to the first estimate of (2.13), we find that, for every n > 1
andx € [z — 7, z],

X -1 X -1 z—n -1
—it,, (x)
An f (un(x)) < +2 /a(t)dt < /a(t)dt =< /a(t)dt
V14 (uy(x)) g g ;

Thus, since f(u,) is non-increasing in [0, 1], it becomes apparent that
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z—n -1
M f(uy(x)) < / a(t)dt forall x € [z —n, 1].
0

This yields the upper estimate of (2.16).
The proof of the lower estimate is technically more delicate. It relies on the fact that there
exist X € (z, 1) and C > 0 such that, for sufficiently large n,

/1160 B/ O3 R R RN 2.17)
I+ @, )2~ T+ @,(9)? o '

Our proof of (2.17) follows by contradiction. Suppose that, for every x € (z, 1), there is a subse-
quence of (u},(¥)),, labeled again by n, such that

—ut, (X)

lim ——— =0.
n—>+oo /1 4 (M;()z))Z

As ), is increasing in (z, 1], this implies that

lim ()

n—>+oo /1 + (u;l(x))Z

Since, integrating the differential equation of (1.1) on (x, 1), we have that

=0 uniformlyin x € [x, 1].

1

—,, (X)
= [, WD),
AT a(t) f(un(2))dt
it follows that
1
liIE /Ana(t)f(un(t))dtzo. (2.18)

On the other hand, using the second estimate of (2.13), it is easily seen that

1 X 1

/—a(f)/\nf(un(t))dIZ/—a(t))»nf(un(t))dt+/—a(t))»nf(un(t))dl

Z z X

<fo —a(t)dt

1
st / (Y f n (D)) d.

X

Consequently, owing to (2.18), we infer that
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1

, (X —a(@)dt
lim sup/ —a(®)hy f(un(t))dt < 227 (2.19)
n—+00 fo'(l(l‘)dl‘
Z
On the other hand, using Lemma 2.3, it follows from the first estimate of (2.14) that
Z z z
a(t)dt —u’ a(t)dt
limin / a(O)hon ftn (1)) di > {0 wdr @ /10 Wdr 5 0
el [. —a@)dt "=F 1+ () [ —a()dt

Therefore, since

1

[ Jna(t) f (un (1)) di = 0

0

for all n > 1, we can conclude from (2.19) and (2.20) that

fyawd: _ [F—a)di
f;] —a()ydt ~ Jga@)dr

which is impossible if x is sufficiently close to z.
Finally, combining (2.17) with the second estimate of (2.14) shows that, for sufficiently large

n,
1 -1 1 -1
on f () = / —a(t)dr \/%z / —atydr| €
and hence

1 —1
An f () > /—a(t)dt C forall x €0, x].

X

Therefore, for every n € (0, x — z), the lower estimate of (2.16) also holds. This completes the
proof. O

Finally, the next result provides a uniform a priori bounds for ), in [0, z — n] U [z + 7, 1] for
sufficiently large n.

Lemma 2.6. Assume (ay) and (fy). Then, for any n € (0, min{z, 1 — z}), there exists a constant
C = C(n) and an integer no = no(n) such that, for every n > ny,

lu, (x)| <C forall x€[0,z—nlU[z+n,1].
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Proof. Fix n € (0, min{z, 1 — z}). We claim that

sup |u,,(z — n)| < +o0. 2.21)
n>1

Assume, on the contrary, that there is a subsequence of (u),(z — 1)), relabeled by n, such that
. , _
niufoo “n (z=n)=—o0.

Then, integrating the differential equation of (1.1) on (z — 7, z), it follows from the first estimate
of (2.14) that

up(z — 1) ity (2)

ST u,Gc=—m?2 1+ W,c)?

= / a()rn f(un (1)) dt
—n

—,(2) fzz_na(t)dt
T+ () [ —a(tydr

Thus, letting n — 400 in this inequality and using Lemma 2.3 yields

* a@r)dt
> Z]*”— -0
[, —a(n)dr

which is impossible. Therefore, (2.21) holds.
Analogously, to prove that

sup |u,,(z + n)| < +00, (2.22)

n>1

we will argue by contradiction assuming that, along some subsequence (u),(z + 1)), labeled
again by n,

li ! = —00.
Jm ) = oo

As above, integrating the differential equation of (1.1) on (z,z + n), we find from the second
estimate of (2.14) that

z+n

—u,(2) u,(z+mn) /
=- )‘i’l n d
VI+W,@)? 1+ W,z +n)? J a(®n f (un (1)) dt

Z+n 1 -1

—u, (1)
_ _ d _n g
21/ a(t) t/ a(t)dt 1+(u;l(t))2 t
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T —adt —ua )

T [leawdr VT @+

Thus, letting n — 400, again from Lemma 2.3, it follows that

/‘”’7 —a(t) dt
fz —a(t)dt

which is impossible. Therefore, (2.22) holds true and the proof is complete. O

3. Proof of Theorem 1.2

From Lemmas 2.2 and 2.6 we infer that, for any given n € (0, min{z, 1 — z}),

LGOS P
n=to0 1y () n=roo | un(0)

/M/n(f) dt | =1 uniformly inx € [0, z — 7],

which provides us with (1.5). In particular, we have that

Uy (x)
1m
n—+00 u, (0)

=1 forall x €[0,z).

Thus, condition (f}) implies that

 fun) | ) (a0 . .
gy =i {m <u,,<0)) } =¢h uniformlyin x € (0.2 =]
3.1
and, in particular,
lim @) _ gh forall x €0, 2). (3.2)

n=io o)

Moreover, by the monotonicity properties of u, and f, there exists an integer ng such that, for
every n > ng and x € [0, 1],

_ ) _ fa0) _
ul” l(0) T oul l(0)

gh+1. (3.3)

Consequently, integrating the differential equation of (1.1) on (0, z) and using (3.2) and (3.3), it
follows from the dominated convergence theorem that

lim ! /G f (x) LX) (””(x)) —tha(x)dx (3.4)
n—>+00 \ p yd~ (O) V1, (2))? ”—’+°° ul” g
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and hence

1

gh [§a(x)dx’ (3-5)

lim (Anuz_l (0)) =

n——+00

Therefore, it follows from (3.1) that

pam (o f (un(x))) = lim

(f(un SN (0)>

ud' )
1

= W uniformly in x € [0, z — 7],
0

which provides us with (1.7).
According to Lemma 2.5, for sufficiently small n > 0, we have that

lim f(u,(z+n)> lim — =+o0.
n——+oo n—+00
Thus, according to (1), we get
lim u,(z+n) =400
n—+00

and hence, thanks to Lemma 2.6,

1
1 1
im D 1+4/u;,(t)dt —1.
n—>+oo u,(z+mn) n-o+oo u,(z+mn)
z+n

Consequently, we also have that

lim u,(1) = +oo.
n——+0o0o

Thus, by Lemma 2.6, we infer

X
1
TGN T (1)/u;(t)dz —1 uniformlyin x €[z + 7, 1],
1

1m
n—+o00 u, (1) n—+00 Uy

or, equivalently,

Uy (x)

im ————— =1 uniformly in x € [z + 7, 1]. (3.6)
n—00up(z+n)

Integrating the differential equation of (1.1) in (0, 1) yields
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/ fu,(x))ax)dx =0

and hence

fgunl(X)) () dx = — fEIMnI(X)) / f(un(X)) a(x) dox. 3.7
0 © z © z+n
From (3.4), we already know that
lim f( ”(x)) (x)dx:qh/a(x)dx. (3.8)
n——+00 (O)
0 0
On the other hand, from (3.3), we infer that
-+
limsup/ f( ”( ))d < llalloo(gh + 1y
n—+00 / un (O)
and thus
z+n
limsup/ alx )f( n (X )) x=0() asn—0". (3.9)
n—+o00 ( )

z

In order to estimate the second term on the right hand side of (3.8) we proceed as follows. Since

the sequence (%) is bounded, from each of its subsequences we can extract a further
n n

subsequence, labeled by ny, such that

up (2 +1)

A (0) =c(n) €0, 1]. (3.10)

Hence, thanks to (f), it follows from (3.6) that

flun @) (f(unku)) i ')
k——+00

- : =gh uniformly in x € [z + 1, 1].
k=00 471 (7 4 ) ) wl @+

So, due to (3.10), we find that
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! 1
lim /a )f(u”k(x)) dx = lim /a( ) f(“nk(x)) unk (Z+77)
u

k—+ k—+
- OOZ—H7 (0) - OOZ_H] ng (Z +1n) unk (0) Gy
1 .

= qh(c(m)?™! / a(x)dx.

z+n

Consequently, particularizing (3.7) at n = ng, k > 1, letting k — +o00, using (3.8), (3.9) and
(3.11), and dividing by gh, we are driven to the identity

4 1

/a(x)dx = (c(n)?~! / —a(x)dx + O(n). (3.12)

0 z+n

Therefore, from (3.6) and (3.10) one can also infer that

Un (x) P () un(z+mn)
T koo

=c(n) uniformlyin x € [z+7n,1]. (3.13)
k10 1ty (0) Ung (2 1) tiny (0) ) Y

Uny (z+m))

Subsequently, we pick any n; € (0, ) and fix it. As the sequence (W ; is bounded, we
Mk

can extract from it a further subsequence, relabeled by ng, such that

U, (2+11)

T e el0. 1]

and, arguing as above, we also have that

b4 1
/a(x)dx = ()™ / —a()dx + O(ny).
0 z+m
as well as
i) _ o) uniformly in x € [z 4 1. 11, (3.14)

k=5 11, (0)

Since 11 < 1, we can conclude from (3.13) and (3.14) that ¢(n) = c(n1). This shows that c(n) is
constant in a right neighborhood of z, say c(n) = ¢. Consequently, (3.12) becomes into

b4 1
/a(x)d)c:cq_1 / a(x)dx + O(n).
0 z+n

Therefore, letting  — 07, it turns out that
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1
Joa)ydx \
c=|5——— .
le —a(x)dx
As this constant is independent of the particular subsequence chosen, one can conclude that, for

the whole sequence,

1

T
) uniformly in x € [z + 1, 1], (3.15)

Un(x) ( Jo a(x)dx

im =
n—=+00 u, (0) [, —a(x)dx

which ends the proof of (1.6). Moreover, by (f1), (3.5) and (3.15), we also find that

g—1
lim (G fGen () = lim_ (xnuZ”(mf (4, () t (x))

ul™ o) ul™0)

_ 1 . foz a(x)dx
qh [y a(x)dx le —a(x)dx
1
= ————— uniformly in x € [z +7, 1],
[, —a(x)dx

which provides us with (1.8).
Finally, integrating the differential equation of (1.1) and using the identities (1.7) and (1.8),
we conclude that

I - X
— t)dt
lim #(x) = lim /Anf(u,, (x))dx = /OZQL uniformly in x € [0, z — 7]
n—>+o0o /1 4 (u;(x))z n——+00 J fO a(t)dt
and

! : fl (t)dt

_ —a
lim SO = lim /Anf(un(x))dx = "17 uniformly in x € [z+7n, 1].

n=+00 /14 (u/,(x))? ’HJFOOX [ —a(t)dr

From these relations, (1.9) and (1.10) can be easily obtained. This ends the proof of Theo-
rem 1.2. O

4. A technical lemma derived from the proof of Theorem 1.2
As a direct consequence of the proof of Theorem 1.2, the next result holds.

Lemma 4.1. Assume (ay) and (fy). Then,

ljl}rioo (un(0) — up (1)) = 400.
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Proof. From (3.15) it follows that

1

z g1
u, (1) . ( /0 a(x)dx ) €. 1)

im =\
n—+00 uy, (0) fz —a(x)dx

because fol a(x)dx < 0. Consequently, by Lemma 2.2, we get
. . un (1)
nlll—]i-]oo(un(()) —uy(l)) = nllr—il-]oo I:un(o) <] - #(0))} =400,
which ends the proof. O
The proof of this result can be substantially simplified if one further assumes that f is glob-

ally Lipschitz in [0, 400). Indeed, in such case, (3.15) is far from necessary in the proof of
Lemma 4.1. Indeed, the estimates (2.15) in Lemma 2.4 yield

z -1 1 -1

(ISt / /
2(0) = flun(1)) > ———n22 dat| -\ [ -awd
S n(0)) — fua(1)) = T ST W Q) J a(t)dt a(t)dt

<

for all n > 1. Thus, letting n — +o0 in the previous estimate, it follows from Lemma 2.3 that
lim  (f(u,(0)) — f(un(1))) = +00,
n— 400

because fol a(x)dx < 0. Moreover, as f is globally Lipschitz, there is a constant L > 0 such that

S wn(0)) = f(un (1) < L (un(0) — un(0))

and then

lim (u,(0) —u,(0)) =+o0.

n——+o00

It is clear that this situation is compatible only with assuming ¢ < 2 in (f1).
5. Proof of Theorem 1.1

Proof of Part (i). Let us prove that if

L 1
2 2

Z Z
both /a(t)dt eL'(0,z) and /a(t)dt eL'(z, 1)
X X
then, for sufficiently small A > 0, any positive solution of (1.1) is singular. Our proof of this fea-

ture proceeds by contradiction. Assume that there exists a sequence of positive regular solutions,
((Ans )y, with
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lim A, =0. 5.1)
n—+400

Then, integrating the differential equation of (1.1), it is easily seen that, for every n > 1,

Z

0< / Jn@ (1) f (1)) it =

X

U, (x) Uy, (z)

JT+ @2 1+ @)

<1 forall x€[0,1]. (5.2)

According to Lemma 2.3, we also have that, for sufficiently large n,

1 —u),(z)

. A
2 S TR

Moreover, if we pick a sufficiently small n > 0 so that Lemma 2.5 holds, then there exist con-
stants C1, Ca, with 0 < C1 < (3, such that, for sufficiently large n,

(5.3)

Ci <M fup(x))<Cy forall x elz—n,z+nl 5.4)

Incorporating (5.2), (5.3) and (5.4) into the estimate (2.1) of Lemma 2.1, it follows that there
exists a constant D > 0 such that, for sufficiently large n,

: 3
lu,(x)| <D /a(t)dt forall x €[z —n,z+n]\ {z}.

X

Therefore, according to Lemma 2.6, we have that

z—n z z+n 1
U, (0) —u, (1) = / |u;l(t)|dt + / |u;(t)|dt + f |M£,(t)|dt + / |u;l(t)|dt
0 z—n z z+n
Z z *% z+n / oz *%
<C(d-2n+D / /a(t)dt dx + / /a(t)dt dx
z—n \x z x

< 400.
As this contradicts the thesis of Lemma 4.1, the proof of Part (i) is complete. O

Proof of Part (ii). Let us prove that if

=
|
=

either /a(t)dt ¢L'0,2) or /a(t)dt ¢L'(z, 1),

X X

then, for sufficiently small A > 0, any positive solution of (1.1) is regular. Indeed, suppose, by
contradiction, that there is a sequence ((A,, u,,)), of positive singular solutions of (1.1) satisfying
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(5.1). As in the proof of Part (i), integrating the differential equation also provides us with the
identity (5.2). Similarly, by Lemma 2.5, n > 0 can be chosen so that (5.4) holds for sufficiently
large n. Shortening the size of 1, we can also assume that

z+n
C» / la(t)|dt < 1. (5.5)

=n

Thus, substituting (5.2), (5.4) and (5.5) into the estimate (2.1) of Lemma 2.1 and taking into
account that now

—u),(2)
V14 W (2))2

we find that, for sufficiently large n and every x € [z — 1, z + n] \ {z},

:l’

1= [Zanae) f (uy(6)) dt =G [T lawdr
V2= [ ha ) fan @) de [ [ dna@) f @)t V3,/Co [Faydr

—up(x) =

Consequently, there exists a constant, C3 > 0, such that, for sufficiently large n,

: 3
|u), (x)| > C3 /a(t)dt if0<|x—z| <n.
X
Therefore, either u, ¢ L'(z — 1, z), or u, ¢ L'(z, z + n), which contradicts the fact that both

u, € WH1(0, z) and u,, € Wh1(z, 1), as it was already established by (1.2). This ends the proof
of the theorem. O

6. Final remarks
The restriction p > 2 that we have imposed in assumption (f1) has been used only in the proof

of Lemma 2.2 to guarantee that any sequence ((A,, 1)), of positive bounded variation solutions
of problem (1.1), with

lim A, =0, (6.1)
n—oo
satisfies
lim u,(0) =+oc. (6.2)
n—4o0o

Regardless the assumptions that one might impose to f at 0, condition (6.2) implies that

lim u,(x)=+o00 uniformlyinx € [0, z]. (6.3)
n——+o0o

Therefore, whenever (6.1) and (6.2) are satisfied, we can replace (f7) with
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(f) the function f € C(R)NC'(0, +00) satisfies f(s) > 0and f'(s) > 0 forall s > 0, and there
exist four constants, 2 > 0, k >0, g > 1 and p > 1, such that

lim &:

s——+00 Sq—l

£ _

s—0+ sP—1

qh, pk,

in order to conclude that, under (a;) and (f;), the condition (ay) characterizes the development of
singularities by the positive solutions of (1.1) having large L°-norms.

Theorem 6.1. Assume (a1) and (f2). Let ((Ay, uy)), be an arbitrary sequence of positive solu-
tions of (1.1) satisfying (6.1) and (6.2). Then, for all large n, the following assertions hold:

1) (An,up) is singular if (ap) holds;
(1) (Ap,up) is regular if (ao) fails.

It should be further observed that, under (a;) and (f,), condition (6.1) is a consequence, via
(6.3), of (6.2). Indeed, as we are assuming in particular that a(x) > 0 for a.e. x € [0, z] and

lim f(s)=+o0,

§—>—+00
integrating the equation of (1.1) on [0, z] and using (6.3) yield

V4
1 1 -
iminf o > liminf [ - ——29 Y = i [ a0 £, @) dx = +oo.

n—+00 A, n—+oo \ A, /1 + (M;,(Z))z n——4o00
0
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