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Abstract

This paper addresses a new class of optimal control problems for perturbed sweeping processes with
measurable controls in additive perturbations of the dynamics and smooth controls in polyhedral moving
sets. We develop a constructive discrete approximation procedure that allows us to strongly approximate any
feasible trajectory of the controlled sweeping process by feasible discrete trajectories and also establish a
Wl’z-strong convergence of optimal trajectories for discretized control problems to a given local minimizer
of the original continuous-time sweeping control problem of the Bolza type. Employing advanced tools
of first-order and second-order variational analysis and generalized differentiation, we derive necessary
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optimality conditions for discrete optimal solutions under fairly general assumptions formulated entirely in
terms of the given data. The obtained results give us efficient suboptimality (“almost optimality”’) conditions
for the original sweeping control problem that are illustrated by a nontrivial numerical example.

© 2020 Elsevier Inc. All rights reserved.
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1. Problem formulation and initial discussions

This paper is devoted to the study of optimal control problems for sweeping processes with
controlled perturbations and controlled moving sets. The basic uncontrolled sweeping process
was introduced by Moreau in the 1970s as the dissipative differential inclusion

i(t) € =N (x(1); C(1)) ae. t €[0,T] with x(0) := xo € C(0) (1.1)

describing the motion of a particle that belongs to a continuously moving set C(¢), where the
normal cone N in (1.1) is understood in the sense of convex analysis

N(x;C)=Nc(x):={veR"| (v,y—x) <0, ye C}ifx €C and N(x; C):=0ifx ¢ C.
(1.2)
The sweeping inclusion (1.1) tells us that, depending on the motion of the set, the particle stays
where it is in the case when it does not hit the set; otherwise, it is swept towards the interior
of the set. We refer the reader to [31] and to the subsequent work in, e.g., [1,4,17,18,23-26,38]
with the bibliographies therein for further developments and applications. The original motiva-
tion for Moreau came from applications to elastoplasticity, but later on the sweeping process and
its modifications have been well recognized for many applications to other problems in mechan-
ics, hysteresis, ferromagnetism, electric circuits, phase transitions, traffic equilibria, social and
economic modelings, etc.; see, e.g., the references above among numerous publications.

Since the Cauchy problem in (1.1) has a unique solution [31] under the absolute continuity
of C(t), it does not make any sense to formulate optimization problems for the basic Moreau
sweeping process. This is a striking difference between the discontinuous differential inclusion
(1.1) and the ones x(¢) € F(x(t)) described by Lipschitzian set-valued mappings/multifunctions
F: R" = R" for which optimal control theory has been well developed; see, e.g., the books
[11,28,39] for various methods and results on necessary optimality conditions.

It seems that optimal control problems for sweeping differential inclusions were first formu-
lated and studied in the case of control actions entering additive perturbations [21] for which
existence and relaxation results, while not optimality conditions, were obtained; see [10,36,37]
for subsequent developments in this direction. To the best of our knowledge, the theory of neces-
sary optimality conditions for sweeping processes has been started with [12], where a new class
of dynamic optimization problems with controlled moving sets C(t) = C(u(t)) in (1.1) was first
formulated with deriving necessary optimality conditions in the case when C () is a half-space.
Soon after that, necessary optimality conditions were obtained for another class of sweeping
process without controlled in either moving sets or perturbations, but in a coupling linear ODE.
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Further necessary optimality conditions and their applications for all the three types of controlled
sweeping processes were developed in [2,3,6-9,13-16,19,22].

This paper concerns the following class of optimal control problems of the generalized
Bolza type for the perturbed version of the sweeping process in (1.1). Given an extended
real-valued terminal cost function ¢: R” — R := (—00, 00] and a running cost function
£: [0, T] x R2etnmimi+d _, R our basic problem (P) is defined by:

T
minimize J[x,a,b, u] ::(p(x(T))+/ﬁ(l,x(t),a(t),b(t),u(t),X(t),d(t),B(t))dt (1.3)
0

over control actions a(-) = (ai1(-),...,am(-)) € Wh2([0, T];R™) and b(-) = (bi(),...,
b (1)) € WI2([0, T1; R™) entering the moving set C(t) and measurable controls u(:) €
L%([0, T]; R?) entering additive perturbations that generate the corresponding trajectories
x(-) € Wh2([0, T1; R") of the sweeping differential inclusion

X(1) € =N(x(0); C(1)) + g(x(), u(®)) ae. 1 €[0,T], 14)

x(0):=x0€C@), u(t) elU ae. t€[0,T], ’
where the moving set is given in the polyhedral form as

C@t):={xeR"| (ai(t),x) <bi(t), i=1,...,m}, (1.5)

and where the initial point xg € R” and the final time 7" > 0 are fixed. All such quadruples
(x(-),a(-), b(-), u(-)) for which the running cost £(-) is integrable are feasible solutions to prob-
lem (P).

In addition to the above dynamical system (1.4) with the pointwise/hard constraints on the
controls u(-) in perturbations, we impose the pointwise constraints on the controls g;(-) in the
moving set:

llai(t)||=1 forall t€[0,T] and i =1,...,m. (1.6)
Furthermore, problem (P) also contains the implicit pointwise mixed state-control constraints
(a; (), x(t)) <b;j() forall t€[0,T] and i =1,...,m, (1.7)

which are due to construction (1.2) of the normal cone in (1.4).

Our approach to the dynamic optimization problem (P) is based on the method of discrete ap-
proximation, which was developed in [27,28] for optimization of nonconvex and nonautonomous
Lipschitzian differential inclusions; see also the references and commentaries therein. Refer-
ring to [27,28] for more details, we specially mention here the books [32] and [35], where
the former addressed convex and convex-valued inclusions under restrictive assumptions, while
the latter overcame these assumptions for convex-valued, autonomous, and uniformly bounded
Lipschitzian inclusions. For the case of various versions of (highly non-Lipschitzian and un-
bounded) sweeping differential inclusions, significant modifications of the method of discrete
approximations were given in [6-8,12—-14,16,22] to handle various optimal control problems for
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sweeping processes. There are four major steps in the realization of this approach to the study of
continuous-time systems:

(i) Firstly, we construct a well-posed discrete approximation of the sweeping control system from
(1.1), (1.5) in such a way that any feasible solution to the continuous-time sweeping inclusion
can be appropriately approximated by feasible solutions to the discretized sweeping control sys-
tems. This step may be also considered from the numerical viewpoint as a finite-dimensional
approximation of the discontinuous constrained differential inclusion.

(ii) The second approximation step is to construct, with the usage of (i), a sequence of discrete-
time optimal control problems (Py), k € IN := {1, 2, ...}, for discretized sweeping inclusions
such that the approximating problems admit optimal solutions whose continuous-time extensions
strongly converge as k — oo in the requited topology to a chosen local minimizer of the original
sweeping control problem (P).

(iii) The next step is to derive necessary conditions that hold for optimal solutions of each
discrete-time problem ( Py ), which can be reduced to a finite-dimensional format of mathematical
programming with increasingly many geometric constraints of the graphical type. To deal with
such problems, we employ appropriate tools of first-order and second-order variational analysis
and generalized differentiation. Due to (ii), the obtained results can be viewed as constructive
suboptimality (almost optimality) conditions for (P) that practically provide, for large k € IN,
about the same amount of information as the exact optimality conditions for local minimizers of
(P).

(iv) The last step is highly challenging mathematically while being of undoubted importance. It
furnishes the limiting procedure to pass from the necessary conditions for the optimal solutions of
the discrete-time problems (Py) obtained in (iii) to the exact necessary optimality conditions for
the designated local minimizer of the original sweeping control problem (P). This step strongly
involves advanced calculus and computation results of variational analysis and generalized dif-
ferentiation, especially of the second order.

In this paper we comprehensively resolve the issues listed in steps (i)—(iii) for the general
sweeping control problem (P) formulated in (1.3)—(1.7) (which is certainly of its independent
interest and own importance), while step (iv) is furnished in our forthcoming paper [5]. Note that
some particular cases of problem (P) were investigated by discrete approximation techniques in
the papers [6,8,14,16] mentioned above, but the general setting of our consideration is signifi-
cantly more complicated and thus requires careful elaborations, which are provided in this paper
and subsequently in [5].

The rest of the paper is organized as follows. In Section 2 we formulate the standing as-
sumptions on the given data of (P) and present preliminary results on the well-posedness of the
controlled sweeping process under consideration. Section 3 establishes the existence of optimal
solutions to (P) and discusses its relaxation stability. In Section 4 we construct a discrete ap-
proximation of the sweeping control system in (1.1), (1.5) that allows us to strongly approximate
any feasible solution to it by feasible solutions to its discrete counterparts. Section 5 develops the
discrete approximation procedure at the level of optimality while leading us to the strong con-
vergence of optimal solutions for the discrete-time problems to the prescribed local minimizer
of (P). In Section 6 we first review the tools of generalized differentiation needed for our vari-
ational analysis and then obtain second-order calculation formulas that are crucial for deriving
necessary optimality conditions. Such conditions are obtained in Section 7 for the constructed
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discrete approximation problems. Finally, we illustrate in Section 8 by a nontrivial example the
efficiency of the obtained optimality conditions to solve sweeping control problems.

2. Standing assumptions and preliminaries

Throughout the entire paper we use standard notation of variational analysis and control the-
ory (see, e.g., [29,34,39]), except a few special symbols, which are defined where they appear.

In this section we present some results on well-posedness of the sweeping differential inclu-
sions in the aforementioned classes of feasible controls and formulate the standing assumptions
on problem (P) that allow us to establish further the main achievements of the paper.

Denoting by d(x; ) the distance between a given point x € R” and a nonempty set Q2 C R”,
observe first that the conventional assumption on the moving set C(¢) ensuring the existence
of absolutely continuous solutions to the sweeping differential inclusion (1.4) is formulated as
follows:

|d(x; C(t)) - d(x; C(s))| <lv(t) —v(s)| forall #,s € [0, T], 2.1)

where v: [0, T] — R is an absolutely continuous function; see [17,25] and the references therein.
However, assumption (2.1) is rather restrictive and may fail for polyhedral moving sets C(¢) as
in (1.5), even in the case of half-spaces. An improvement of (2.1) ensuring the existence of
absolutely continuous solutions to (1.4) was obtained in [13] with the verification of the imposed
assumption in the case of half-spaces C(¢) in [13] and then for general convex polyhedral sets
(1.5) in [14] under the linear independence constraint qualification (LICQ) meaning that the
vectors {a;(t)} are linearly independent for all ¢ € [0, T'] along the active constraints. Following
the approach of Tolstonogov [36], we derive below an advanced result on the existence and
uniqueness of W12 solutions to (1.4) with the polyhedral moving sets (1.5) generated by W 1>
controls (a; (t), b; (t)) and measurable controls « () under a major assumption that is significantly
weaker than LICQ. This result justifies the well-posedness of the sweeping dynamical systems
under consideration, which is required for the subsequent study of the optimal control problem
(P).

Now we formulate the standing assumptions of this paper that include those ensuring the
existence of the aforementioned solutions to the sweeping system (1.4) and (1.5).

(H1) The control set U from (1.4) is closed and bounded in R¥.

(H2) The derivatives (&, (), b; (1)) are uniformly bounded for all i = 1,...,m and ae. r €
[0, T'] with the fixed initial points ag := (a1(0), ..., a,(0)) and by := (b1(0), ..., b, (0)).

(H3) The perturbation mapping g: R” x RY — R” is uniformly Lipschitz continuous with
respect to both variables x and u € U, i.e., there exists L > 0 for which

lg(xr,u1) — g(x2, u)ll < L (llx1 — x2ll + lug — uzll) forall (xi,ur) and (x2,u2) € R" x U.

(2.2)
Furthermore, g satisfies the sublinear growth condition

lgx, )| <M A+ |x|) forall ue U with some M > 0.

5
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(H4) There exists a continuous function ¢ : [0, T] — R for which sup 9 (¢) <0 and
1€[0,T]

CO(t) == {x e R"| {a;i(t), x) —bi(t) < (1), i=1,....m} #0 forall r €[0,T].  (2.3)

(H5) The terminal cost ¢ : R" — R is lower semicontinuous (1.s.c.), while the running cost/in-
tegrand £(z, -) : R2(m+m+d _ R i bounded from below and L.s.c. for a.e. 1 € [0, T'] around
the reference feasible solution to (P). Further, £ is a.e. continuous in ¢ and is uniformly majorized
by a summable function on [0, T'].

Before presenting the aforementioned well-posedness (existence and uniqueness) theorem
for the sweeping process in (1.4) and (1.5), we discuss the imposed condition (2.3) in (H4).
Recall that the positive linear independence constraint qualification (PLICQ) condition holds at
xeC(@)if

Y. wa®=0,0=0|=[a=0foralliel(x,a).b®)], (24
iel(x,a(t),b(t))

where the set of active constraint indices for (1.5) is defined by

I(x,a@),b@))={i e{l,....,m}| (@i(t),x)=b;j(t)}, te[0,T]. (2.5)

The essentially more restrictive linear independence constraint qualification (LICQ) condition
at x € C(t) used in [14] reads as (2.4) with the replacement of «; > 0 by «; € R therein.

It is easy to see the Slater-type condition (2.3) reduces to PLICQ if the polyhedron (1.5) does
not depend on 7, which is the case considered in [16]. In the general nonautonomous case, (2.3)
may be stronger than PLICQ (2.4) while being always weaker than its LICQ counterpart. Note
also that in our setting, (2.4) corresponds to the Mangasarian-Fromovitz constraint qualifica-
tion, which is classical in nonlinear programming. Furthermore, imposing PLICQ at x € C(¢) is
equivalent to the so-called inverse triangle inequality at this point defined by

> klaolsy| Y. ma@| forallx =0 2.6)

iel(x,a(t),b(t)) iel(x,a(t),b(t))

with some constant y > 0 depending on ¢; see [38] for more discussions.

We claim now that y can be chosen uniformly on [0, T], i.e., that there exists a constant y > 0
such that (2.6) holds for all ¢ € [0, T] simultaneously. Indeed, assuming the contrary gives us
sequences {rX} from [0, 7] and of nonnegative numbers {kf‘} such that

’ > M)

iel (a(t%),b(t%))

> Mla@)) =k

iel(a(th),b(t))

forall k € IV. 2.7

Since the above inequality is positively homogeneous of degree one with respect to the variables
Ai, we suppose without loss of generality that for each k the largest among numbers )»f.‘ is 1.
It easily follows from (2.7) and the structures of the active index sets (2.5) generated by the

6
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continuous functions a; (t) and b;(¢) that there exist subsequences (with no relabeling) #;, — 7
and )Li.‘ — A; >0, not all zero, such that

=0,

> Kaid)

i€l (a(r),b(r))

which clearly contradicts the imposed PLICQ and thus verifies the claim.
Now we are ready to present the aforementioned well-posedness result for the sweeping sys-
tem (1.4), (1.5).

Theorem 2.1 (well-posedness of the controlled sweeping process). Let all the assumptions in
(H1)—(H4) be satisfied, and let (a(-), b(-)) € W-2([0, TT; R™ x R™) and u(-) € L*([0, T]; R)
be fixed control actions in (1.4) and (1.5). Then the sweeping differential inclusion (1.4) admits
the unique solution x(-) € W-2([0, T1; R") generated by the control triple (a(-), b(-), u(-)).

Proof. Following [36], it is said that a set-valued mapping C: [0, T] — R" is r-uniformly lower
semicontinuous from the right, if there exists a function v,(-) € wL2([0, T1; R") such that for
any s, t € [0, T] with s <t, and any x € R" with ||x|| <r we have the inequality

d(x; C(1) =d(x; C(5)) + vr (1) = vr ()]

Let us show that assumption (H4) implies that the polyhedral mapping C(-) defined in (1.5) is
r-uniformly lower semicontinuous from the right. To proceed, define the function ¢: [0, T] x
R" — R by

$(1,x) := max {{ai(),x) —bj(1)}, 1€]0,T], xeR", (2.8)

which gives us the representation C (t) = {x € R"| ¢ (¢, x) < 0} of the set C(¢) from (1.5) for each
x € R". Let us show that function (2.8) satisfies the hypothesis H (¢) formulated in [36, p. 297].
Indeed, the convexity of x — ¢ (¢, x) and estimates in [36, (4.2)] imposed in H (¢) follow directly
from the construction of ¢. Furthermore, we deduce from (2.3) that the required condition [36,
(2)]in H (¢) is also satisfied. To verify H (¢), it remains checking the validity of [36, (4.1)]. Since

bi(-) € W-2([0, T1; R), we clearly have that 1m_ax I’I[lél)}] |b; ()] < 00. Moreover, it follows from
<i<mtel0,

(2.8) for all x € R” for which ||x|| <r and all ¢, s € [0, T'] that
o, x) —¢(s,x)| < max [[a;(t) —a;i(s)|l - x|l + max |b;(t) — bi(s)]|.
1<i<m 1<i<m

The assumption (H2) implies a; (-) is Lipschitz continuous on [0, 7'] with Lipschitz constant L{.
As a consequence,

|p (2, x) — @ (s,x)| < max L{|t —s|r+ max |b;(t) —b;(s)|.
1<i<m 1<i<m

Denote further
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t
£-(1) ;=/ <r max LY+ max |15,»(r)|) dr, r=>0.
<m 1<i<m

1<i

Then &,.(-) € Wl’z([O, T1; R) for all » > 0 and

(2, x) — P (s, x)| < 15(t) — & (s)| whenever |x|| <7, r,5€[0,T],

which completes the verification of all the assumptions in H (¢) of [36]. Employing now [36,
Theorem 4.1] verifies that our polyhedral mapping C(-) is r-uniformly lower semicontinuous
from the right on [0, T']. Finally, the existence and uniqueness result claimed in the theorem
follow from [36, Lemma 3.1 and Theorem 4.1]. O

3. Existence of optimal solutions and relaxation

This section addresses the existence issue for (global) optimal solutions to the sweeping con-
trol problem (P). Then we define an appropriate notion of local minimizers to (P) and discuss
its relaxed counterpart.

Before establishing the existence of optimal solutions to (P) in the aforementioned class
of feasible solutions, let us reformulate the sweeping differential inclusion (1.4) in a more
convenient way. Consider the image of the control set U under the perturbation mapping
g: R" x R? — R™ defined by

gx,U):= {veR’"\ v=g(x,u) for some u € U}, x e R™.

Then the sweeping inclusion (1.4) with the moving set (1.5) is equivalently represented as

—&(1) € N(x(1); C(1)) — g(x(1), U) ae.t €[0,T], xo € C(0). 3.1)

To elaborate more rigorously upon this statement, we need to use standard facts of the the-
ory of measurable multifunctions; see, e.g., [34, Chapter 14]. Recall that the measurability of
a closed-valued multifunction S: [0, T] = R" can be described as follows (see [34, Theo-
rem 14.10(b)]): For every ¢ > 0 there is a closed set T, C [0, T'] with mes([0, 7]\ T:) < ¢ such
that S: 7, = R" is of closed graph. Fix any x(-) € W2([0, T]; R") satisfying (3.1) with some
(a(+), b(-)) from (1.5) and define the closed-valued mapping S: [0, T] = R” by

S@) ={ue U -5 e N(x®): C0) — g(x(1),u)) ae. 1€[0,T]. (3.2)

Applying to —x (-) the classical Luzin property of measurable functions in real analysis, for any
e > 0 we find a closed set Tz C [0, T'] with mes([0, T] \ T¢) < ¢ for its Lebesgue measure such
that —x (-) is continuous on 7. Using the assumed continuity of g(x, u) together with the closed-
graph property of the normal cone mapping in (3.2) with C(¢) taken from (1.5) shows that the
graph of the mapping S: 7, = R" from (3.2) is closed. It tells us that the full mapping S(-)
defined in (3.2) for a.e. ¢ € [0, T'] is measurable on [0, T']. Employing the measurable selection
theorem from [34, Corollary 14.6] ensures the existence of a measurable control u(z) € U such
that the pair (x(-), u(-)) together with the corresponding (a(-), b(-)) generated the moving set

8
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C(t) in (1.5) is feasible to (1.4). The converse implication from (1.4) to (3.1) is obvious, and
hence we verify the claimed equivalence.

Now we are ready to obtain the existence theorem for optimal solutions to (P) under certain
additional convexity assumptions with respect to velocities. For simplicity we suppose here that
the integrand ¢ does not depend on the control variable u. If it does, we have to impose the
convexity of an extended velocity set that includes the integrand component.

Theorem 3.1 (existence of optimal solutions to controlled sweeping processes). Let (P) be the
optimal control problem formulated in Section 1 with the equivalent form (3.1) of the sweeping
differential inclusion over all the Wl’z([O, T]; R") x W]’z([O, T]; R™Yy x Wl’z([O, T1; R™) x
L2([0, T]: RY) quadruples (x(-),a(-),b(:),u(-)). In addition to the standing assumptions
(H1)—(HS), suppose that the integrand £ in (1.3) does not depend on the u-variable while be-
ing convex with respect to the velocity variables (x,a,b). Suppose furthermore that along a
minimizing sequence of (xk ), ak (), bk (), uk(~)) as k € IN we have that £(t, -) is majorized by
a summable function, that {(x*(-),a*(-), b*(-))} is bounded in W2([0, T]; R" x R™ x R™),
and that the set g(xk(t); U) is convex for all t € [0, T). Then (P) admits an optimal solution in
W“([O, T1: Rn+mn+m> X LZ([O’ TI; Rd)

Proof. Since the set of feasible solutions to problem (P) is nonempty by Theorem 2.1,
we can take the minimizing sequence of quadruples k), d*¢), bk (), uk () in (P) from
the formulation of the theorem. It follows from the boundedness of {x*(-), (a*(-), b*(-))} in
WL2([0, T]; R" x R™ x R™) and the weak compactness of the dual ball in L>([0, T]; R" x
R™ x R™) that x¥(-) — v*(-), a*(-) = v*(-), and b¥(-) — v’(-) weakly in L%([0, T]; R™),
Lz([O, T1; R™"), and LZ([O, T1; R™) along subsequences (without relabeling) for some func-
tions v*(-), v(-), and v”(-) from the corresponding spaces. Employing Mazur’s weak closure
theorem, we conclude that there are sequences of convex combinations of xk ), ézk(-), and
b*(-), which strongly converge in the corresponding spaces to v*(-), v*(-), and vP (), respec-
tively. Furthermore, standard real analysis tells us that there exists a subsequence of these
convex combinations (no relabeling again), which converges to (v*(-), v*(-), v? (1) as k — o0
a.e. pointwise on [0, T']. Define now x(-) € WH2([0, T]; R"), a(-) € Wh2([0, T]; R™"), and
b(-) € Wh2([0, T]; R™) by

t ! t
x(@) ::x0+/v“(s)ds, a(t) ::ao+/v“(s)ds, and b(r) == bo+/vb(s)ds, tel0,T],
0 0 0

and observe that they satisfy the pointwise constraints in (1.6) and (1.7). Furthermore, it follows
from the closedness and convexity of the normal cone (1.2) to the moving convex polyhedral
set C(¢) in (1.5) and the assumed convexity of the compact sets g(xk(t), U) on [0, T] that the
right-hand site velocity set in (3.6) is convex along the selected minimizing sequence, and we
have

X(H) e —=N(¥®); C(1)) +g(x(1),U) ae. t€[0,T], x(0)=uxpe C(0)
for the limiting trajectory x(-) with (1) € C(¢) := {x € R"| (a;(t),x) < b;(t),i =1,...,m} on

[0, T]. Employing now the aforementioned measurable selection allows us to find a measurable
control u(-) such that () € U and



YJDEQ:10640

T.H. Cao, G. Colombo, B.S. Mordukhovich et al. Journal of Differential Equations eee (eeee) see—see

(1) € —N(Z(1); C(1)) + g(x(1), a(1)) ae. 1 €[0,T].

It remains to show that the limiting quadruple (x(-), a(-), b(-), it(-)), which is proved to be feasi-
ble for (P), is an optimal solution to this problem. This is a consequence of the inequality

JIX,a,b, i) <liminf J[xX, a*, b¥, u*] (3.3)
k—o00

for the cost functional (1.3). To verify (3.3), we use the assumptions in (HS5) ensuring the appli-
cation of the Lebesgue dominated convergence theorem together with the imposed convexity of
integrand with respect to (x, a, b). This allows us to apply the classical lower semicontinuity re-
sult for integral functionals with respect to the weak topology in L2. Observe that there is no need
to care about the convergence with respect to u-controls in our setting due to the independence
of the integrand ¢ on the u-component. Thus the proof is complete. O

Justifying the existence of global optimal solutions to the controlled sweeping process un-
der (P), recall that our goal is the derivation of necessary optimality conditions for suitable
local minimizers of (P) by employing the method of discrete approximations. An appropriate
concept from this viewpoint goes back to intermediate local minimizers introduced in [27] for
Lipschitzian differential inclusions that occupies an intermediate position between the conven-
tional notions of weak and strong minimizers in dynamic optimization while covering the latter;
see the books [28,39] and the references therein for more details on this notion for Lipschitzian
inclusions. In the case of our problem (P), a natural implementation of this concept reads as
follows.

Definition 3.2 (intermediate local minimizers for sweeping optimal control). Let (x(-), a(-), b(-),
u(-)) be a feasible solution to problem (P) under the standing assumptions made. We say
that (X(-),a(-), b(-), @(-)) is an INTERMEDIATE LOCAL MINIMIZER (i.l.m.) for (P) if (X(-),
a),b(),a(-) e Wh(0, T, R x W2([0, T1; R™) x W2([0, T1; R™) x L*([0, T1; RY)
and there exists &€ > 0 such that

J[x,a,b, il < J[x,a,b,ul

for any feasible solutions (x(-), a(-), b(-), u(-)) to (P) satisfying

x() = 2O |12 + [ (@), bO) = (@), bO) |12 + lu) —a() 2 <6 (3.4

If the term ||x(-) — X (-)|ly1.2 in (3.4) is replaced by ||x(-) — x(-)||c, the norm in the space of
continuous functions C([0, T']; R"), we speak about strong local minimizers for (P). It is clear
that any strong local minimizer for (P) is an intermediate one, but not vice versa as can be
confirmed by examples.

To implement our approach to study local minimizers of (P), we need a certain relaxation sta-
bility of the i.l.m. under consideration. The idea of relaxation of variational problems, related to
convexification with respect to derivative variables, goes back to Bogolyubov and Young for the
classical calculus of variations and to Gamkrelidze and Warga for optimal control problems gov-
erned by ordinary differential equations; see, e.g., the books [28,39] for more discussions and
references, where relaxation of control problems for Lipschitzian differential inclusions were

10
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also investigated and discussed in detail. Relaxation results for non-Lipschitzian differential in-
clusions were more recently developed in [20,21,37].

To proceed in the case of our optimal control problem (P), consider vectors x := (xg, ...,
xpn) €R", a:=(ai,...,am) €R™ b:=(by,...,by) € R", and u := (uy, ..., uq) € R, and
then define the set-valued mapping F: R” x R"™* x R” x R? = R” by

F(x,a,b,u) :=N(x;C(a,b))—g(x,u), 3.5)

where N (x; C(a, b)) is taken from in (1.2), and where C(a, b) :={x e R" | (a;, x) <b;, i =1,
...,m}. It is not hard to see that F' admits the following explicit representation:

Feraby={ Y wai|n =0} - gteu) (3.6)
iel(x,a,b)

via the active index set (2.5) at x € C(a, b). Let £¢(t,a, b, u, %, a, b) be the restriction of the
integral £ on the set F'(x, a, b, u) with £g(t,a,b,u, X, a, l}) :=o00if x ¢ F(x,a,b,u). Denoting
by O the convexification of the integrand (i.e., the largest l.s.c. convex function majorized by
L(t,x,a,b,-,-, -, -)) with respect to the velocity variables (%, a, B) as well as to the control # on
the convex hull co U, define the relaxed optimal control problem (R) by:

o~

T
minimize J[x,a, b, u] :=<p(x(T))+f?F(t,x(t),a(t),b(:),u(;),x(t),a(t),z;(z))dt 3.7)
0

over quadruples (x(-),a(-), b(-), u(-)) € Wh2([0, T]; R™) x WL2([0, T]; R™) x WL2([0, T];
R™) x L%([0, T]; RY) satisfying (1.6) and giving a finite value of the extended running cost in
(3.7). All such quadruples are said to be feasible to (R). It follows from (3.7) and the construction
of Zp with F taken from (3.5) that u(¢) € coU for a.e. ¢t € [0, T], and that x(-) is a trajectory of
the convexified differential inclusion

—%(t) € N(x(1); C(1)) — cog(x(1),U) ae.1€[0,T], xo € C(0) (3.8)

with (a;(¢),x(t)) < b;(t) fori =1,...,m and all ¢ € [0, T']. The precise justification of this is
similar to that given above for (3.1) being based on measurable selections.

Now we introduce a new notion of relaxed intermediate local minimizers for (P); cf. [27]
for Lipschitzian differential inclusions and [16] for a version of problem (P) with £ =0 and an
uncontrolled polyhedron C(¢) =C.

Definition 3.3 (relaxed intermediate local minimizers). We say that (x(-), a(-), b(-),i(-)) is a
RELAXED INTERMEDIATE LOCAL MINIMIZER (r.i.l.m.) for problem (P) if it is feasible for (P)
and there exists € > 0 such that

o~ o~

JI%,a,b,ul=J[%,a,b,u] < Jlx,a,b,u]
whenever a feasible quadruple (x(-), a(-), b(-), u(-)) for (R) satisfies (3.4).

11
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It follows from Definitions 3.2 and 3.3 in view of the constructions in (3.7) and (3.8) that any
i.L.m. of (P) is also its r.i..m. provided that the sets U and g(x(¢); U) are convex and the inte-
grand £(t, x(t),a(t), b(t), -, -, -, -) is convex along feasible solutions to (P). The well-recognized
beauty of relaxation procedures in variational and control problems is that they keep global or
local optimal values of cost functionals under relaxation in important situations without any
convexity assumptions. It is strongly related to deep measure-theoretical results of the Lyapunov-
Aumann type ensuring the automatic convexity of integrals of arbitrary set-valued mappings over
nonatomic measures. In particular, it has been realized in this way that every strong local mini-
mizer in control problems for Lipschitzian differential inclusions with no constraint of right ends
of trajectories is always a relaxed one; see, e.g., [28,39]. Similar results for controlled sweep-
ing processes of different types were obtained in [21, Theorem 2] and [37, Theorem 4.2]. We
conjecture that modifying the proofs of the aforementioned theorems lead us to the fact that any
strong local minimizer of the nonconvex sweeping control problem (P) is a relaxed strong lo-
cal minimizer of this problem under the imposed standing assumptions in (H1)—(HS) with the
replacement of the lower semicontinuity of ¢ and € in (HS) by their continuity.

4. Strong discrete approximation of feasible solutions

In this section we start our detailed development of the method of discrete approximations to
study the sweeping optimal control problem (P) formulated in Section 1. In fact, this section does
not concern the optimization part of (P) while dealing only with constructive approximations of
feasible solutions. Our main goal here is to show that the standing assumptions imposed al-
low us to strongly approximate any feasible solution to (P) by feasible solutions to discrete-time
problems extended to the continuous-time interval. The result established below significantly im-
proves similar ones obtained in [6,8,14] for particular types of sweeping control problems, and so
its proof is more involved in comparison with those given in [6,8,14]. Note that another discrete
approximation scheme was developed in [16] for problem (P) with £ =0 and an uncontrolled
polyhedral convex set C(t) =C.

To proceed, for each k € IN define the discrete partition of [0, T'] by

Ay = {O:tg < t{‘ <...< t"f(k)f1 < t‘lf(k) = T}
~ “.1)

with 76 =k — k<Y for j=0,... vik)—1
3= T = S for S =00 ’

where v = v(k) > k, and where V > 0 is some constant.

Here is a major approximation result, which is of its own interest (also from a numerical view-
point), while being important for the further developments of this paper and its continuation in
[5]. In this and subsequent theorems we add to our assumptions the bounded variation require-
ment on the reference control and velocities, which is a natural and not restrictive assumption to
get the strong convergence of discrete approximations. Recall that the mapping F used below is
defined in (3.5).

Theorem 4.1 (strong discrete approximation of feasible sweeping solutions). Under the standing
assumptions in (H1)~(H4), fix any feasible solution (x(-),a(-), b(-),u(-)) to (P) such that the
functions f(~), éz(-), 15(-) and u(-) are of bounded variation on [0, T], i.e.,

12
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max {var(fc(.); [0, 71, var(@(-); [0, T1), var(b(-); [0, T1), var(ia(-); [0, T])} <K (42

for some constant K > 0. Then there exist partitions Ay, k € IN, together with sequences of
piecewise linear functions (xk(t), ak ), b* (t)) and piecewise constant functions uk(-) on [0, T],
as well as a sequence of positive numbers 8y |, 0 such that (xk(0), ak (0), b*(0)) = (x0, ag, bo)
forall k € IN, and we have the relationships:

1 — 8 < Haf(tj?)H <148 forall ey, i=1,....m, (4.3)

Ry =Ry + @ =k, < <db ) with — ok e F(xF @) aF (@b, bR () uk (b))

for j=0,...,v(k) — 1 together with the convergence {(x* (), a* (), bF())} = (X(),a("), b())
in the WY-2-norm topology on [0, T1, and {uk(-)} — i(-) in the L*-norm topology on [0, T] as
k — oo.

Proof. We split the proof into the following six major steps. To begin with the proof, observe
that due to (4.2) the functions fc, &, b and @ are defined everywhere.

Step 1: Constructing (u*(-), a*(\)) to approximate (ii(), a(-)). Since step functions are dense
in L2[0, T, there are sequences of step functions {uk(-)} = {(u’f(-), s “fl('))} and {ak(-)} _
{(@X(), ..., ak ()} with

T

Wk ‘= max f

0

Wk (1) —L't(t)szt,/THak(t) —3(t)H2dt 0 as k — oo. (4.4)
0

Furthermore, for each k € IV we find a partition Ay of the interval [0, T'] from (4.1) for which
the step functions {u*(-)} and {a*(-)} are constant on [¢;,j4) for j =0,...,v(k) — 1. This
gives us the strong convergence of {(u*(),a¥(-))} to (@ (), a(-)) in L2([0, T1), where a(t) :=
ﬁ(t) for a.e. t € [0, T']. Since the intervals (¢;,7;41) are not prescribed a priori and since x(-)
is a Carathéodory solution to (3.1), up to possibly increasing the number of intervals of the
partition, we suppose without loss of generality that the differential inclusion (3.1) is satisfied at
all endpoints of A that are contained in the open interval (0, 7). Next we define the functions

ak () by
t
ak ) :=a0+fak(s)ds, 1[0, T). (4.5)
0

It tells us that each a (-) is piecewise linear on [0, T'], since its derivative ak()y=ak () is piece-
wise constant on [0, T']. By (4.4) we have the strong convergence in L2([0, T]) of {c'zk(~)} to
a(-). Moreover, it follows from (4.5) and the classical Holder inequality that

t

2 T
2
alkp(t)—éip(t)‘ = /[afp(s)—&ip(s)]ds < /
0

0

2
ds | T <uxT (4.6)

o, (s) = @ip(s)

13
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forallt €[0,T],i =1,...,m, and each component index p =1, ..., n. Hence the sequence of
functions af (-) converges strongly to a(-) in W12([0, T]) and satisfies the estimates in (4.3) with

Sk :=/nuT. “.7

Step 2: Constructing (x*(-), b*()) to approximate (%(-), b(-)). While proceeding recurrently, fix
any j €{0,...,v(k) — 1}, suppose that the pairs (xf, b"]‘.) are known for all indexes O, ..., j, and

then construct the pair (xj? 41 b’; 41)- Define the numbers
k. [ k K\, 7 - = P
bl = <ai (zj),xj>+b,~(r‘,) — (@), ¥(t))) forall i=1,....m, (4.8)

t—1t;

bH0) = bio. and bf(0):=bly + — (b1 — ) forall t ety i) and i=1,....m.
j

4.9)

It gives us b, — (af(tj), xf> = bi(1j) — (@i (t)). £(t,)), and hence

1(x§<.,ak(tj),bk.) = I1(X(t;),a(t;), b(t;)) forall j=0,...,v(k). (4.10)

It follows from the fulfillment of —)Lc(t) e F(X(@),a),b@),ua@)) for ae. t €[0,T] including
the mesh points of Ay with F given in (3.5), the measurability of the set-valued mapping ¢
F(X(r),a), b(),i(t)) on [0, T] due to [34, Theorem 14.26] with the representation of F in
(3.6), and the measurable selection result from [34, Corollary 14.6] that there exist nonnegative
measurable functions n; (-) on [0, T] asi =1, ..., m ensuring the equality

—fc(t) = Z n; ()a; (t) — g(x(t),u(t)) forae. t €[0,T].
il (X(1),a(t),b())
Define now the vectors v’/‘. for all indices j =0, ..., v(k) by
—vk = > ni(tj)ag (1) — g(x%, u* 1))

iel (X (t;).a(t;),b(t;))

= Yo mpaia) =g, ut 1)),

iel (v ,ak@),bh)

4.11)

where the second equality comes from (4.10). Note that, since the BV functions —)Lc(t) and u(t)
are defined everywhere on [0, T'], the usage of the pointwise PLICQ condition coming from
(H4) justifies that n;(¢;) > 0 in (4.11) are well-defined. It is obvious furthermore that —v’j‘. €

F(xf, ak(tj), bk ), uk(tj)) for such indices j. Using again the BV property of x(r), we have
by (4.2) that

[x@) = 2@ < [x@) = 2O + |(T) = x@®)] < var(x(); [0, T]) < K,

14
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which in turn yields the estimate

[¥0] = |xO] + & := My

for a.e. t € [0, T'] including the mesh points of Aj. Using the inverse triangle inequality (2.6)
implies that

ni(t) =n;i (@) lai@®)| < > ni () lai (DI <y > ni (t)ai (1)

iel (X(1),a(),b(t)) iel (X(1),a(r),b(r))
<y x| +r |sEF®.a®)| <yMf +yM A +15O1D

<yM? M1+ max |x( =: M}
<yMy+vy (‘FIE[O)T]HX()H) 5

fora.e. t € [0, T] and forall i € I(%(t),a(t), b(t)), where y > 0 can be chosen independently of
t € [0, T] as proved in Section 2. By (2.2) it yields the estimates

lh-taep= X map

i€l (¥(t)).at;).b(t;))

i) — k| + | e(® . a @) - ek ub )|

et 2 (J7r 5 ) ).

4.12)
Letting now xfﬂ = x;? + h]; v]]?, we define the arcs xk(t) on [0, T']
— 1t
(1) o= ok 41 o ] (x§+1 —xf) = x5 (=0, for 1 €[t 1j11] (4.13)
j

and thus complete the construction of the pairs (xk (), bk (-)) in this step.

Step 3: Estimates for trajectories. Having in mind the subsequent proof of the strong W!2-
convergence of discrete trajectories, we first derive the uniform estimates of the distance of the
approximating discrete trajectories from the given one for (1.4). Similarly to a(¢) above, denote
B(t) := b(t) on [0, T'] and then for each index j = .,v(k)—1landi=1,..., m consider the
functions on [#;, ;1) defined by

VHOES HG

WHOES HG LSy =@y —a
fh) = Bi(tj) = Bi(s) |

and then select s , R S, i s - from the subintervals [¢;, ;1) such that

15



YJDEQ:10640

T.H. Cao, G. Colombo, B.S. Mordukhovich et al. Journal of Differential Equations eee (eeee) see—see
sup  fF(s) < X)) — x| +27F,
SE[Ij,tj+|]
sup  fi(s) < |la(e) — (st | +27F,
SE[[,‘,I_,'_H] ’ (4 14)
sp f5) = @) — atsi| +27,
SE[[/J_,’.H]
b 2o Arb —k
sup  fh(s) < Bty — BGsD|+27%.
SE[tj,tj_H]
With A :=  max {hk-},we get from the above the following relationships:
0<j=vi-1 7
j+1 Lj+1
ij?ﬂ—mj“)”: s /fc(s)ds Sij?—JE(tj)HJr/ Hu’;—fc(s)Hds
L i
fj+1 tjiy1
< xf—)z(zj)”Jr/va—i(q)”dﬁ/||)é(r,~)—fc(s)||ds
1 1
<[k —zap | + L (|5 -2 0p| + |acp —utap])

m Lj+1
by ey —atap] + [ £iods
i=1 5
Lj+1
< (1+15) fo—i(t,-)H—FL/ i) —iics) | ds
]
tjt1 Lj+1

~|—L/ las) -] ds+M§mh’;3k+/f;‘(s)ds
i ]

1j+1 j+1

< (1+Lhy ij?—;z(rj)HJrL/ Hﬁ(s)—uk(s)Hds—l—L/f]'.‘(s)ds+
7 7

1j+1
+/f;‘(s)ds+Mgmh’;3k.

Zj

(4.15)
Let A:=1+ Lhy, and for each j =0, ..., v(k) — 1 denote y; := fo —)E(tj)H and

lj+1 Lj+1 Tj+1
A :=L/ i(s) — uk(s) ds+Lff;’(s)ds+/f;‘(s)ds+M§mh’;5k.
lj lj

Zj

16
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Then the final estimate in (4.15) reads as
Vitl S Ayj+ A for j =0,...,vk)—1,
which in turn implies the conditions
. J Jj—1 =2 0y . — AJ-1 =2 0, .
yJSA vw+A M+ A )Ll—i-...A)L]—A M+ A )Ll—i-...A)L].

Since A/ = (1+Lhk)j < (1+Lhk)"(k) < ew, we get yj < eLT)'()\.0+)\,1+...+)\.j) <
v(k)—1

eLv Z Aj.
=0

Let us next estimate the quantity

v(k)—1 v(k)—1 Tjy1 Tyl Lj+1
Yo=Y L/ Hﬁ(s)—u"(s)HderL/f;'(s)ds+/f;(s)ds+M§mh’;5k
j=0 j=0 U fj 1
(4.16)
To proceed, we deduce from (4.4) and (4.14) that
v(k)—1 Tj+1 v(k)—1 lj+1 )
3 /Hﬁ(s)—uk(s)Hds VT | Y /||ﬁ(s)—uk(s)}| ds
=0 N 4.17)
T
=T /||uk(t)—ﬁ(z)||2dt5,/mk,
N\ o
v(ky—1 i+t v(k)—1
3 /fl'.‘(s)dsfhk 3 (ﬁ(tj)—zz(s;f) + ﬁ(s;f)—ﬁ(tj+1)H+2—k)
=0 i =0 (4.18)

< hgvar(it; [0, T1) + hev (k)27 < hyepe + 9275,

Using the same arguments leads us to the inequalities

Wt Uit V-1
> [ rrwas=he Y ([t —op] + fep - Fa | +27)
j=0 ¢ =0

< hyvar(%; [0, T1) + hev(K)27% < hyepe + 9275,
On the other hand, we clearly have that

v(k)—1
> Mymhhs, < Mymv(ohis, < Mymvsy.
j=0

17
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Combining all the above brings us to the desired estimate of the quantity (4.16) and hence of
Iy = 2@ p)l:

v(k)—1
S 0y = LO/Trax + i + 527 + g+ 527 1 M3mivsg
j=0

< <hku +52—") (L+ 1)+ LT g + MEmvé.,
fo — x(tj)” < = el” [(hku +32—") (L+1)+ LT + Mg‘m%k] (4.19)
forall j =0,...,v(k). Employing this together with (4.13), (4.15), and (4.19) gives us
t t
k 5 — |k k_ = = k=g, ko=

[+ - 20| = xj—l—hkvj—x(t])—/x(s)ds < | —x(z‘])H—l-/ij — 3] ds

I I
Lj+1

sl + [ 14 -rofas=ar izl v

1j

IA

< (I + Lhy) %+ Xj whenever t € (tj,tj11] and j=0,...,k—1,

which justifies by A ; — 0 the uniform convergence of the sequence {xk(-)} to x(-) as k — oo.

Step 4: Verifying the strong Wl*z—coqvergence of x*() to X(-) on [0, T1]. To establish further the
Lz-strong convergence of {)'ck(-)} to x(-) on [0, T'] as k — o0, deduce first from (4.12) that

m 2
% Hv’; _ fc(t,»)Hz < i [Mg 3| - af(r,-)H L (H)E(tj) — H + Hﬁ(tj) - uk(tj)H)i|
i=1

- k 2 k| = k 2
ai(t;) — d (t,-)H +3Lik Hx(tj)—xj H

m
< 3(Mg)2h’;mz
i=1
+3Lhk i) - u"(rj)H2

2
< 3(M3)?m>8Thi +3Lhgsy + 3L () — u* 1)) H

for j =0,...,v(k) — 1 and then subsequently derive the estimates
T 5 v(k)—1 Lt 5
/ ”)'ck(t) —fc(t)H di=Y" / Huf —fc(t)H di
0 Jj=0 tj
v(k)—1 1Al

=y /(Hv(j-i(t,-)”+y|fc(rj)—;é(t)||)2dt
j=0

18
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v(k)—1 Al 5 k—1 it
- k3 > 2
<2y / va —x(tj)H dt +2 / |%() — %) dr
=04 =014
v(k)—1 5 v(k)—1 bt 5
<2y [3(M§)2m25,§hk+3Lhk5,§+3Lh’; Hﬁ(tj)—uk(tj)H ]+2 3 / [fj’-‘(t)] dt
j:0 j:() tj
(k)1 )
< 6(M3)’m*87hiv(k) + 6L (k)57 + 6L Y b Hﬁ(l‘j) —uk(t)) H
j=0
vl)—1 Lt 5
+2 ) / [fj.‘(t)] dt
Jj=0 tj
v(k)—1 v(ky—1 i+

2
< 6(M3Pm8F5 + 6155 +6L Y by —ukap| +2 3
=0 =0

/ [fj‘(t)]zdt.

t:

Since the control set U is compact, there exists a number ‘M > 0 such that max{llﬁ(t)ll,
[uk ()|} <M for all t € [0, T]. On the other hand, it follows from (4.17) and (4.18) that

v(k)—1 v(k)—1 1iH1

3ok sz(r,-)—uk(tj)ﬂzgzﬁ 3 /Hz}(tj)—uk(tj)Hdt
J=0 =0 i

(k)1 il (k-1 Tl
<M f liGy) —a)|dr +20 Y / ) —ut 0] ar
=01 =0
v(k)—1 "iA
<2M /f;‘(t)dt—FZM\/T,uk
j=0

j
<2M (hk/L +27% 4y T,uk) .

In addition we get from the constructions and notation above that

v(k)—1 1t , w1l , vl )
3 / LOEED> f [rrep+2 T ar= 3 i rrep+2]
Jj=0 tj Jj=0 tj Jj=0
bk)-1 , V()1 2
<om Y {[f;‘(sj)] +4_k}§2hk SO FeH |+ 2hevd
j=0 j=0
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v(k)—1 2
<ome| 30 (H)z(t,-) — x| + Hf(s;) — ¥ (t41) H) o4k

j=

< 2hgvar® (X(-): [0, T1) 4+ 2047% < 2hyp® + 25475
This finally brings us to the estimate

T
. 2 _
/ H;‘c"(t) i) ” dt < 6(M¥)2m28%0 + 6LV82 + 12M (hk,u F k4 \/Tuk>
0
+ dh® + 494K,

which justifies the L>-strong convergence of {)'ck(~)} to X(-) in the norm topology as claimed at
Step 3.

Step S: Uniform estimates for b-controls. As a part of the verification of the W1-2_convergence
of b () to b(-), we establish first the needed estimates for approximating b-controls. Picking any
t € (¢,tj+1] and then using (4.8) and (4.9), we immediately observe that

ko Pl k 7
zal.j.jth—k’(b,.J+l —bk) = b
j

o) — i) =

= [Bite)) = bio)] + |{ak @, 64) @, £ap)| +

k k
by i1 — bij |-

Since b(-) is uniformly continuous on [0, T], for any & > 0 there exists 8 > 0 ensuring that
max {|t — s|, h} <8 = |b(t) = b(s)| <e,
which implies that |b; (1;) — b; (1)| < &. Furthermore, it follows from (4.6) and (4.19) that
(ak ). x) = (e, 2p)| =|(ak @) = @), x) + (@, o = 7))
= Jaten —ap] - ] + laen [ - 7o)
= M5 + Uk,

where M > 0 is chosen so that ij‘ H <M forall j =0,...,k—1, 8 was defined in (4.7), and
¥ was defined in (4.19). Consequently we have

k k
b i1 —Dbj;

bty = Bi(t)) + (k1) x4 ) = (@ ), £000)
— (afap. <) + (@, 2y)
<|bitj+1) — bi(t))| + ‘(af‘(fjﬂ),x;?H) —(a; (fj+1),i(lj+1))’
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k k ~ =
+ ek @, ) = @i, 70)
<e+4+2(Mibx + V),

which justifies the fulfillment of the claimed estimate
b0 = Bi0)| =26 +3 (M1d +95)

and thus justifies the uniform convergence of {bk(~)} to b(-) on [0, T, thanks to (4.7), (4.4), and
(4.19).

Step 6: Verifying the convergence pf bk () to b(-) in W2([0, T1; R™). It remains to prove the
L?-strong convergence of b*(-) to b(-) on [0, T]. For any t € [tj,t;41) we get

. . bk bk .
L0 = bio| = |2 b
J
S b(r,+1) b(t)—l;(t)
. <a (r,m—a (t}) ai(rj+11>1; ai<r,~>7x§+l>
e ,+1 xf R = ()
J hk
J
+ <a (t;) —a;(t)), —(t]H)k f(lj)>‘
hj
- bi(thrl)k—bi(tj) bl m dlg([)_ﬁi(fnl)k—ﬁi(fj)
h* h*
J J
Lo Eli(fj+1)k—51i(fj) TR xk(t)_’_f(fjﬂ)k—i(fj)‘
I ik
P ELGEDEEIG)
hi

due to (4.9), (4.3), (4.6), and (4.19). Since «(-) is a BV function, it follows that

[l@ioll + lla; (T) || + var(@; (-); [0, T1)] forall s [0, T],

| =

lei ()1 = M2 :=
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_ _ 1 Jj+l1
and therefore M ‘ = / @ (s)ds|| < M. Arguing in the same way for the
k k ;
. x(tjy1) — x(t;
BV function x(-) shows that w < M3 with some constant M3 > 0.
k
l;t _l;t . _t‘ __t'
Next we estimate the quantities w —b; ()] and | X% () — w . Ob-
J J
serve that
- — tjit1
bi(tj+1) — bi(t))
’”h—k” — b < o / |Bi(s) — Bit))| ds + | Bi (1) — Bi (@)
J I i
ghe (4.20)
/ fheds + fhw <25 k) + 27

Bi(sh) — Bi(fj)‘ + )Bi(ljﬂ) - IB_i(slbj)H 270

=2|

which allows us while arguing as above to get the estimates

af(z)_W‘g aFw —awm| + é’m_W‘
! J
af 0 —ao | +2[ a6 - aep| + | - @] ]
427k
i) — w < ch"(t)—fc(t)H + f(t)—W‘
! J

< |0 - 30| +2 [f6) - Fap| + |00 - 56D ]

427k
4.21)
It then follows by combining all the estimates in (4.20)—(4.21) that
T v(k)— 1l1+1 2
/ (t)—b(t)‘ di=Y" / ”“ i — bt
0 J=0
v(k)—1 "if 2
<> f[1+M12+<1+ak>2+1][ M—&(r)‘
J=0 Y
_ _ 2 _ 2
. df(t)_ai(r,-ﬂ)—ai(tj)‘ PR AU a,-(r,-)‘

k k
hj h;

22



YJDEQ:10640

T.H. Cao, G. Colombo, B.S. Mordukhovich et al. Journal of Differential Equations eee (eeee) see—see
_ _ 2 _ _ 2
it - Fe =F x(r,-+1)—x<r,->’ ]dt
hk "
J J
v(k)—1 Lt - - 2
bi(tj+1) — bi(t;) =
§[2+M12+(1+5k)2]|: > / "’*}l—k"’—bi(t) dt
Jj=0 tj J
vky—1 L+t _ _ v(k)—1 Ll
. a;i(tjy1) — ai(tj)
D I it S [ opm3a
j=0 7 J j=0 7
t
v(k)—1 "] _ _ vk)—1 " 2
k X(tj41) — x(t)) X(t +1) —x(t )
+ Z / X(t)—]T dt+5k Z S T ar
Jj=0 tj J tj
-1 i i i 5
5[2+M%+<1+5k>2][4hk > (|86t = Biap| + [ - i +27]
j=0
v(k)—1 i 5
+ ) af(r)—ai(r)H dr
Jj=0 tj
vk)—1 5
+ame Y [[@eh — | + @ —ash | + 27+ 0fmdv
j=0
v(k)—1 Lt 5
+ ) x"(t)—fc(t)H di
Jj=0 1
v(k)— v(ky—1 i
+ah Y [Hx(s )—x(tJ)H+Hx(tj+1)—X(sx) ] +52 Y /Mgzdt}.
Jj=0 Jj=0 tj

Finally, we arrive at the relationships

+4 vk +/

. - 2
k() — bi(t)‘ dr

v(k)—1
<R+M+q +ak)2]{8hk >

J=0

Bi(Sf,) - ,gi(fj)‘ +

Biltj1) — Bi(s}’,-)\]z

T
a6 — (t)”zdt

0
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v(k)—1

DY [l

j=

&i(s%) — (1) + @0 — @ 6| T

T
. 2
+4’khkv(k)+ﬂ,fM22§+/H)'ck(t)—i(t)H di
0

v(k)—1
+8c Y [[f6h —Fap| + [Fa0 —FeD| 4 oo + a,EMgv}
=0

<[2+Mi+0+ ak>2][8hk (varzw'c); [0, T1) + var?(@(-); [0, T]) + var? (X (-); [0, T]))

T T
3. ~ ~ ) - 2 ) N
+4—ku+0,3M§v+5,§M§v+/ af‘(t)—a,'(t)H dt—}-/ka(t)—x(t)H dti|
0 0
T
2 2 2 3~ 2 ~ 2a42~ <k = 2
< [24 MF+ (14602 | 28h00a + 25+ O2ME + M+ + Hx (t)—x(t)H i
0

which ensures the convergence of the sequence {15/‘ ()} to l;(~) strongly in L?([0, T1; R™) as
claimed in Step 4. This therefore completes the proof of the theorem. O

As we see, the entire proof of the theorem is technically involved. It occurs nevertheless
that the most important and challenging task is the construction of a sequence of piecewise
linear functions x¥(-), which are feasible to the discrete differential inclusion (4.3). The main
point is in approximating the continuous velocity );c(tj) € —F(x(t)),a(t)), l;(tj), u(tj)) by its
discrete counterpart vlj‘. € —F(xk(tj), ak(tj), bk(tj), uk(tj)), where the velocity mapping F is
discontinuous. Using the construction of v']? in (4.11) ensures that the distance between );c(t ;) and

v§ converges to 0 as k — oo, which is the key.

5. Discrete approximation for relaxed local minimizers

The discrete approximation procedure and results developed in the previous section do not
require any relaxation stability and do not concern optimal versus feasible solutions. The discrete
approximation construction and the main result of this section address relaxed local minimizers
of the sweeping optimal control problem (P).

Let (X(-),a(-), b(-), i(-)) be a given ri.l.m., and let Ay be the discrete mesh defined in (4.1).
For all k € IN we construct a sequence of approximating problems (P%) as follows:

minimize Jj [xk, ak, bk, uk]
v(k)—1 WKk gk gk pk o pk
j+1 i j+1 j j+1 j
=oakg)+ Y h’}@(zf,xf,af,b';,ul;, 20 S 28 el 1) (5.1)
par hi hi h
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v(k)—1 ,+1 2

+Zf

9

k kopk k
<1+1 X oaj —aj by =0

’ k k
h; h’;

uf) S GORIONZONT0O)

over discrete quadruples (x*, a¥, b*, u¥) represented by

k k pk ky._ .k k k k _k k k 1k k k k k
(x,a,b,u)._(xo,xl,...,xv(k),ao,al,...,av(k),bo,bl,...,bv(k),uo,ul,...,uv(k)_l)

subject to the geometric and functional constraints given by

xhoexh —nS P, db b8 by, =0, v -1, (5.2)
< Giviky ¥ v(k)><bw(k)’ i=1,....m, 5.3)
= x0 € C(0), al = ao, bl =bo, uf =i(0), (5.4)
v(k)—1 /“ s
Z fH RN B CORIORZONI0) H = (5.5)
v(k)—1 e ok ok gk a& bk Bk 2
JHL T G T T T TN (e ey B 3
2 f ( P ) (fw.a0.b)| a3 56
J=0 J J J
J
u eU, j=0,...,vk) —1, 6.7
I—SkSIIaijllflJrSk,z:l om, j=0,...,v(k), (5.8)

where ¢ > 0 is taken from Definition 3.3 of the relaxed intermediate local minimizer ()?(-), a(),
b(-), ﬁ(~)), where F is defined in (3.5), and where the perturbation sequence 8y | 0 as k — oo is
constructed in the proof of Theorem 4.1 for the given quadruple (X(-), a(-), b(), i (-)).

To proceed further, first we need to make sure that for each k € IV sufficiently large the
discrete control problem (Py) defined in (5.1)—(5.8) admits an optimal solution. It is verified in
the next proposition.

Proposition 5.1 (existence of optimal solutions to discrete sweeping control problems). Under
the assumptions in Theorem 4.1 holding along the given r.i.l.m. ()E(~), a(-),b(-), ﬁ(-)), each prob-
lem (Py) for all sufficiently large k € IN admits an optimal solution.

Proof. It follows from Theorem 4.1 that the set of feasible solutions of problem (Py) is nonempty
for all large k. We see in addition that this set is bounded due to the constraint structures in (Py).
Furthermore, the cost function in (Py) is obviously lower semicontinuous for each t;‘ € Ay due
to (HS). To apply the classical Weierstrass existence theorem in ( Py ), it remains to ensure that the
feasible set in this problem is closed. But it is a direct consequence of the constraint structures in
(Px) due to the robustness (closed-graph) property of the normal cone mapping (1.2). Thus we
arrive at the claimed existence result. O
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Now we are ready to establish the desired theorem on the strong convergence of optimal
solutions for (Py) to the given r.i.L.m. of the original sweeping control problem (P).

Theorem 5.2 (strong convergence of discrete optimal solutions). Let (x(-),a(-), b(-), (")) be
an ri.l.m. for problem (P), and let all the assumptions of Proposition 5.1 be satisfied for this
quadruple. Suppose in addition that the terminal cost ¢ is continuous around x(T'), that the run-
ning cost £ is continuous at (t, x@),a@),b(),a@), );C(l), 5(t), 5(t))f0r a.e. t €0, T], and that
V4 (~, x,a,b,u,x,a, b) is uniformly majorized around ()E(-), a(), l;(~), IZ(~)) by a summable func-
tion on [0, T). Take any sequence of optimal solutions (ik('), ak (), bk, ﬁk(')) to the discrete
problems (Py) and extend it to the entire interval [0, T'] piecewise linearly for ()Ek ), Elk(~), bk (-))
and piecewise constantly for ﬁk(~). Then the extended sequence of ()Ek(~), Ezk(~), bk (), IZk(-))
converges to ()E(~), ac),b(), ﬁ(~)) as k — 0o in the norm topology of WH2([0, T1; R") x
WE2([0, TT; R™) x WE2([0, T]; R™) x L*([0, T1; RY).

Proof. Picking any sequence ()Ek ), ak ), b* (), sz(~)) of extended optimal solutions to (Py),
we claim that

T
kl_i)n;o/ H ()?k(t),fzk(t), 0} ﬁk(t)> — (fc(t), &), b, ﬁ(t)) szt —0, (5.9)
0

which clearly ensures the convergence of the quadruples ()Ek(-), ak (), b* ), i (-)) to ()E(-), a(s),
b(-),ii(+)) in the norm topology of W12([0, T1; R**+m) » L2([0, T]; R¥). To proceed, as-
sume on the contrary that the limit in (5.9), along a subsequence (without relabeling), equals
to some y > 0. Then it follows from the weak compactness of the unit ball in Lz([O, T1;
Rrtmntmtd) that there exist functions (v*(-), v4(-), v? (), @(-)) € L*([0, T]; R"mntmtdy for
which the quadruples k), ak ), bR, u* () converge weakly to (vx(-), ve(), vb(~),i[(~))
in the corresponding spaces. Recall that Mazur’s weak closure theorem and basic real anal-
ysis yield the existence of sequences of convex combinations of these quadruples that con-
verge to (v*(-), v?(-), v?(-), #(-)) in the L?-norm topology with their subsequences (no re-
labeling) converging to (v* (1), v*(¢), vb(t), u(r)) for ae. t € [0, T]. Define further the triple
(), d@(), b(-)) € Wh2([0, T]; R 7n4m) by

t

&), 3(). b(1)) := (xo,ao,bo)+f (vx(s),v“(s),vb(s)> ds forall ¢ €[0,T].
0

Then (X(¢), a(1), E(t)) = (v (1), v (1), vb(t)) for a.e. ¢ € [0, T'], which ensures the weak conver-
gence of (x¥(-),ak(-), b*(-)) to (X(-), (), b(-)) in L2([0, T]; R"+mn+my Observe that #(¢) €
coU fora.e. r € [0, T] and that the limiting triple (X(-), a(-), Z(-)) satisfies the differential inclu-
sion (3.8) with

Ct)=C(t):={x eR"| @;(1),x) <bi(t), i=1,...,m} forall t€[0,T].

Taking into account the convexity of the norm function and hence its lower semicontinuity in the
L2-weak topology, we get by passing to the limit in (5.5) and (5.6), respectively, that
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T
~n o~ L~ S s 2
/II (X(0), (), b(), w(1)) — (X(@), a(), b@t), u@))|" dt
0
v(k)—1 ,+1 8
< limint Z /H kb bh k) — (R, @), B, (1) H =3
T
~ ~ ~ - 0 = 2
/H (x(t),a(t),b(t)) . (x(t),a(t),b(t))” di
0
v(k)—1 a1 ok ok gk a b bk 2
.. jH1 X Qi — a4y Oy — 0 N e

J=0 %
1

This implies that the limiting quadruple (X(-),a(-), b(-), 7)) belongs to the given e-neighbor-
hood of the r.i.l.m. (X(-), a(-), b(-), ii(-)) in the space W2([0, T]; Ry x L2([0, T]; RY).
It is clear furthermore that d@(-) satisfies the pointwise constraint (1.6). Applying now Theo-
rem 4.1 to the ri.l.m. (¥(-), a(-), b(-), ii(-)) gives us a sequence (x*(-), a(-), b*(-), u*(-)) of the
extended feasible solutions to (Px) such that x*(-), a* (), b*(-) and u* (") strongly approximate
%(),a(),b(-) and a(-) in W2([0, T]; R+ ™) and L2([0, T]; RY) respectively. It then fol-
lows from the imposed convexity of 7 r and the optimality of &), ak ), b5 ), 7% () to (Py)
that

T
T[%. @b+ % o (¥(T)) +/ - tx(z),a(r),Z(t),ﬁ(r),i‘(r),ﬁ(z),?(t))dt+%
0

V)1 gk, —xkoak —ak bk - bt
. k ko ok ozk gk ko Tirt T Tt 0 Tl v
< liminf <P(xu(k>)+hk > e(‘w %), a5, by, uf, kT opk T Rk >+5
j=0 / g !

— liminf J; [x",a", B, a"] <liminf J; [xk, a*, bk, uk] ,
k—o00 k— o0

~ (5.10)
which ensures, in particular, that the quadruple (X, a, b, u) is feasible for the relaxed prob_lem
(R). On the other hand, the strong convergence of (x(-), ak(-), b*(-), u* (\)) to (¥(-),a(-), b(-),
ﬁ(~)) in WE2([0, T]; R"HmHmy 5 12([0, T1; RY) from Theorem 4.1 and the imposed continuity
assumptions on ¢ and ¢ imply that Ji [x*, a*, b¥, u*] — J[x,a, b, ] as k — co. Combining it
with (5.10) tells us that

+%5J[;z,a,13,ﬁ]=7[x,a,b,ﬁ],

which clearly contradicts the fact that (X(-), a(-), b(-), i(-)) is an r.i.l.m. for problem (P) and
hence verifies the limiting condition (5.9). This completes the proof of the theorem. O
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6. Generalized differentiation and second-order calculations

Having in hands the strong approximation results of Theorem 5.2, our subsequent goal is to
derive necessary optimality conditions for the discrete-time approximating problems (FPx) that
provide constructive suboptimality conditions for the original sweeping control problem (P).
Looking at problem (P) for each fixed number k € IN, we see that it is a finite-dimensional
optimization problem with various types of constraints. The most important and challenging of
these constraints, that are characteristic for sweeping differential and finite-difference inclusions,
are described by graphs of normal cone mappings. Such sets are nonconvex regardless of the
convexity and/or smoothness of the given data of (P). To deal with the problems under consid-
eration, we need to employ appropriate constructions of generalized differentiation in variational
analysis with paying the major attention to second-order ones. This section briefly reviews the
concepts and results of generalized differentiation used in what follows. We are mainly based on
[29], while related first-order constructions can be also found in [34].

Recall that for a set-valued (in particular, single-valued) mapping S: R” = R" the symbol

Limsup S(x) := {z € ]Rm| 3 sequences x; — X, zx — z such that z; € S(xz), k € W} 6.1

xX—X

signifies the (Kuratowski-Painlevé) outer limit of S at x. Given a nonempty set 2 C R” locally
closed around x € €2, the (Mordukhovich basic/limiting) normal cone to 2 at x is defined via the
outer limit (6.1) by

N(X; Q) = Nq(¥) := Limsup {cone[x — TT(x; Q)]}, (6.2)

xX—X

where T1(x; €2) stands for the Euclidean projection of x onto €2 and is defined by

& Q) :={yeQ|Ix—yll=d&; )},
and where ‘cone’ denotes the conic hull of a set. If 2 is convex, the limiting normal cone (6.2)
reduces to the normal cone of convex analysis (1.2), but in general this cone is nonconvex. Nev-
ertheless, in vast generality the normal cone (6.2) as well as the associated subdifferential and
coderivative constructions enjoy comprehensive calculus rules based on variational and extremal

principles of variational analysis; see [28,29,34] for more details.
Given further a set-valued mapping S: R” = R™ whose graph

gph S := {(x, y) e R" x ]Rm| y € S(x)}
is locally closed around (x, ¥), the coderivative of S at (x, y) is defined by
D*S(x,y)(u) := {v € IR”| (v, —u) € N(()E, y); gph S)}, ueR™. (6.3)
If §: R" — R™ is single-valued and continuously differentiable (C !_smooth) around X, we have
D*S(x)(u) = {VS@)*u} forall ueR"
via the adjoint/transposed Jacobian matrix V§(x)*, where y = S(x) is omitted.
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For an extended-real-valued 1.s.c. function ¢: R” — R with the domain and epigraph defined
by

dom¢ := {x € ]R”| o(x) < oo} and epi¢ := {(x,ot) € R"+1| o> ¢(x)},

the first-order subdifferential of ¢ at x € dom ¢ is generated geometrically via (6.2) as

3¢ () :={veR"| (v,—1) e N((x,p(X)); epig) };

see [28,29,34] for equivalent analytic representations. The second-order subdifferential, or gen-
eralized Hessian, of ¢ at ¥ relative to v € d¢ () is the mapping 3%¢ (¥, v): R” = R” with the
values

¢ (%, 0)(u) == (D*3¢) (X, D)(u), ueR". (6.4)

If ¢ is a C?-smooth around ¥, then (6.4) with & = V¢ (¥) reduces to the classical (symmetric)
Hessian matrix:

I (x, 0)(u) = {V2p(x)u} forall ueR".

Our main interest in this paper corresponds to the case where ¢ (x) = dq(x) is the indicator
function of a set that equals to 0 for x € @ and co otherwise. In this case we have d4g(x) =
Ngq(x) whenever x € Q2. The following result presents evaluations of the coderivative (6.3) of the
normal cone mapping

G: R" xR™ x R" =R" with G(x,a,b):= N(x; C(a,b)) (6.5)

associated with the moving polyhedral set (1.5). In fact, we get an efficient upper estimate of the
coderivative under PLICQ (2.4) and its precise calculation under the corresponding LICQ. The
proof of this result, given in [14, Lemmas 4.1 and 4.2], is based on the second-order calculus
obtained in [30] and the seminal theorem by Robinson [33] on the upper Lipschitzian stability
of polyhedral multifunctions. To proceed, consider the matrix A :=[g;;j] asi =1,...,m and
j =1,...,n with the vector columns a;, i =1, ..., n. Recall that the symbol L indicates the
orthogonal complement of a vector in the space in question.

Lemma 6.1 (coderivative evaluations of the normal cone mapping). Let G be defined in (6.5)
with x € C(a, b) for (x,a,b) € R* x R™ x R™, and let v € G(x, a, b). Suppose that the ac-
tive constraint vectors {a;| i € I (x, a, b)} are positively linearly independent. Then we have the
coderivative upper estimate

D*G(x,a,b,v)(w)
A*q
P1w +q1x
< : p € Ngn(Ax —b), A*p=v, q € D*Ngn(Ax — b, p)(Aw)
PmW + Gmx
—q
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forw e m al-J‘ CR" and D*G(x,a, b, v)(w) = @ otherwise.

{il pi>0}
If the active constraint vectors {a;|i € I (x,a, b)} are linearly independent, then we have the

precise formula

A*qg
1w +q1x
D*G(x,a,b,v)(w) = U : forall we ﬂ ail,
g€D*Ngn Ax=b.p)Aw) | oy 4 g {i] pi>0)
—q

where the vector p € Nrmax_p) is uniquely determined by A* p = v. Furthermore, the coderiva-
tive of the normal cone mapping (6.5) generated by the nonpositive orthant R™ is computed by

if i with viw; #0
{y| yi=0Vieli(w), y; >0Vie Iz(w)} otherwise

D*Ngm (x, v)(w) =

)

(6.6)
whenever (x, v) € gph Nrm with the index subsets in (6.60) defined by

I (w) := {i|x,' <0}U{i| v =0, w; <0}, bh(w):= {i|x,~ =0, v, =0, w; >O}. 6.7)

The following theorem, which is strongly used in deriving necessary optimality conditions in
the next section, provides constructive evaluations of the coderivative of the sweeping control
mapping F taken from (3.5) entirely in terms of the given problem data.

Theorem 6.2 (coderivative evaluations of the sweeping control mapping). Consider the multi-
function F from (3.5) with the polyhedral set C defined in (1.5), where the perturbation mapping
g(x,u) is C'-smooth around the reference points, and where G is defined in (6.5). Suppose
that the vectors {a;|i € I (x, a, b)} are positively linearly independent for any triple (x,a,b) €
R™" x R™ x R™. Then for all such triples and all (w, u) € R™ x U withw+ g(x,u) € G(x, a, b)
we have the coderivative upper estimate

A*q — Vig(x,u)*y

p1y +q1x
D*F(x,a,b,u, w)(y) C U : (6.8)

pENRm (Ax—Db), A* p=w+g(x,u) PmY +qmx

qeD* Ngm (Ax—b, p)(Ay) —-q
—Vug(x,u)*y
foranyy e ﬂ al-J‘, where the vector g € R™ satisfies the conditions
{il pi>0}

qi =0 forall i such that either {a;,x) <b; or p; =0, or (a;,y) <0, 6.9)

qi >0 forall i suchthat {(a;j,x)=0>b;, p;i =0, and {a;,y) > 0.
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Furthermore, the equality holds in (6.8) if the vectors {a;| i € I (x, a, b)} are linearly independent
in which case the vector p € Nrm (4. _p) is uniquely determined by A*p = w + g(x, u).

Proof. Pick any y € ﬂ aiL and any z* € D*F(x,a,b,u,w)(y). It follows from the

{il pi>0}
coderivative sum rules of the equality type given in [29, Theorem 3.9] that

—Vig(x,u)*y
0
N . 110 *
fe : yH oo )P G(x,a,b,w+glx,u))(y).
0
—Vug(x, u)*y
Employing further Lemma 6.1 tells us that
« , A*q — Vyg(x,u)*y
—Vig(x,u)*y A%q "
VxS Y Sl S .
0 1y +qix prya
N ) 110 . :
+gmx
0 Py + Gmx PmY T qm
. HmF T GmA 4
—Vug(x,u)* —
u( "y 1 —Vug(x,u)*y

for some p € Nrm (Ax — b) with A*p =w + g(x,u) and g € D*Ngn (Ax — b, p)(Ay). Finally,
conditions (6.9) for the vector g follow from (6.6) and (6.7). This completes the proof of the
theorem. 0O

7. Optimality conditions via discrete approximations

This section is devoted to deriving necessary optimality conditions for each discrete-time
problem (Py) as k € IN. As followed from Theorem 5.2, the results obtained below give us
suboptimality conditions for the selected r.i.L.m. of the original sweeping optimal control problem
(P) provided that the discretization index k is sufficiently large.

We establish here two results in this direction. The first theorem provides necessary optimality
conditions to each problem (Py) defined in Section 5 that are expressed in terms of the normal
cone to the graph of the velocity mapping F from (3.5), i.e., via the coderivative of this mapping.
The second theorem is the main result of this section. It derives verifiable necessary conditions
for the given r.i.L.m. of problem (P) expressed entirely in terms of the initial data of the original
sweeping control problem along the strongly converging sequence of optimal solutions to the
discrete approximation problems (Px).

Let us start with the first result, which proof is based on the reduction of (Py) to nonsmooth
finite-dimensional mathematical programming with increasingly many geometric constraints and
employing calculus rules of first-order generalized differentiation. As seen below, the proof of the
main result is largely based on second-order calculations. For convenience we use the notation
rep, (x) == (x,...,x) e R™,
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Theorem 7.1 (necessary conditions for discrete optimal solutions). Fix any k € IN and let

-k =k 1k -ky\_ /zk =k ~k ~k rk rk ~k -k
(x*,a", b, u )—(xo,...,xv(k),ao,...,au(k),bo,...,bv(k),uo,...,uu(k)_l)

be an optimal solution to (Py) along which the general assumptions of Theorem 6.2 are ful-
filled. Suppose in addition that the cost functions ¢ and € are locally Lipschitzian around
the corresponding components of the optimal solution. Then there exist a number \* > 0

and vectors o't = (oe(l)k,... ozl](‘k)> € ]R{(v(k)ﬂ)m 1/fk (wo,...,wf(k)_l) e Rv®d o2k —

k)+1
(a(z)k’ e U(k)) € R(V( )+ )m ék (él LI ) Srl:l) S Rm) and p] = <p;k’ p;lk’ p?k) € Rn+’nn+n1
as j =0,...,v(k) satisfying the relationships:

a4 Hs H + ol o)+

K1+ gk + Hw" H £0, (7.1)

& (< ,ksx/'i> bf) i=1,....m, (1.2)
alf (11— (1 +80) =0, i=1,....m, j=0,...,v(k), 73)
o2 (a0 = (1 =80) =0, i=1,....m, j=0,...,v(0), (7.4)

m m

k k., k k=k k —k k =k

_pi)c(k) =A vv(k) + Zgl Aivk) €A 8(p(xv(k)) + ZE, iy (k)» (7.5)

i=1 i=1

k 1k 2k —k k =k
Pogy =2 [%(k) + o0 aiv(k)] - [S ,repm(xv(k))], (7.6)
Phi =&, 1.7)

1 1

k k k Ak k Bk .

p7+1——k (1)7 +_hk.9j ) pH_ =A ( +_h’?9j ) j=0,...,vk)—1, (7.8)
J J

xk o xk ak bk
Pit1 = Pi sk, xk Pt = P kg ak i = P _kgtk 1 kguk
nk s n* “i ‘
J J

1 2 i 1
_kkw?k,_pfil+xk(0§k+h—ke}(’<)) c (o i [a +a, k.] 0, h—kwf,o) (7.9)
j i

J
=k =k
_ _ X1 —X; .
+N((x al, bh, ]]‘,—%);gphF), J=0,..., vk —1,
J
wfeN(u’;;U), =0 vk —1, (7.10)

where the quadruple (6’/’.‘1‘, Q,Xk, 0;.4]‘, Q/Bk) is defined by
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k k

tk 1k

Jj+1 Jj+1 -k -k Jj+1 —k —k
x5 =xk as, . —as .

/(ﬁ’;—ﬁ(t))dt,/(%—i(t))dt,/(%—&(r))dt

ik ik ! ik !

k

U Pk
b, —=b% .
Jj+1 J A
/ 7—b(t)>dt
k
( hj

k
1

with the running cost subgradient collections

&k =k
Jj+1 J

J

_ X
wik, wak bk qpuk ytk yak Wbk) e o[ x5, ak, bk, ik, , ,
J A R R hk hk hk
i i J

joWi Wi Wi U,

Pk
bj)'

(7.11)

Proof. Take ¢ > 0 from the definition of the r.i.l.m. (X(-),a(.), b(-), a(-)) in problem (Py) for
any fixed k € IN and define the “long” vector reflecting the set of feasible solutions to each

discrete-time problem (Px) by

Lk k k k k k k k k
zZ:= (xo,...,xv(k),ao, ...,av(k),bo, . ..,bv(k),uo, o Uy -1 Xy, -

k k k
ALy—1-Bos -+ Bu(k)fl)

k k
LXK AL

’

with the fixed starting point as in (5.4). It is clear that each problem (P,) can be equivalently
written as the nondynamic problem of mathematical programming (M P) with respect to vec-

tor z:
v(k)—1
minimize ¢o(z) := ¢ x(T) Z hkﬁ(x],a],blj‘,u Xk Ak Bk)

k
v(k) i

+ Z /H k), AS —aa), BS — by, ub —u(t))H

J

subject to finitely many equality, inequality, and geometric constraints

v(k)—1 tf“
K@=y /H(xf,ak R B ORIONORID H %
Jj=0 *

J

tk
v(k)—1 !

$@= Y / H (X’;,A’;,Bf,u’;) —(fc(t),a(t),Z(r),ﬁ(z))”zdt— g <0,

j=0 %
1
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gj(@) :=xl,, f ht x"_o j=0,...,vk) —1, (7.15)
i) =aj —ak —nSAL =0, j=0,... vk -1, (7.16)
gh@) =0k, — bl - h’; By =0, j=0,...,v(k) -1, (7.17)

X |k k k .
ql (Z) — <aiU(k)’ xv(k)) - blU(k) S 0, 1= 1, oo, m, (718)
1 . k 2 o 2 . P
1) :=|a}; 1+68)><0,i=1,....m, j=0,...,v(k), (7.19)
2 R k 2 o o 2 . P
I52) = |a}; 1-80)>>0,i=1,....m, j=0,...,v(k), (7.20)
ZEEj:={1|—X']‘-eF(x aj,blj, j)}7j:07“,7\}(k)—1’ (7.21)
2 € Bugy = 2] xt is fixed, (ao, bo, o) = (a(0), b(0), a®) ] (7.22)
zeQ={z|ueU}), j=0.....,v()— 1. (7.23)

Next we apply the necessary conditions from [28, Proposition 6.4(ii) and Theorem 6.5(ii)] to the
optimal solution

_(zk ~k ~k 1k 1k -k -k vk vk Ak
Z:= (xo,...,xv(k),ao, ...,av(k),bo, . ..,bv(k), Uy - Wy y—1> XO’“-’Xu(k)fl’ Ag, ..,
Ak nk nk
Au(k)—l’ BO’ treo Bu(k)—l)

of problem (M P) in (7.12)—(7.23) corresponding to the one for (Pj) given in the theorem. It fol-
lows from Theorem 5.2 that the inequality constraints in (7.13) and (7.14) are inactive for large k,
and so the corresponding multipliers do not appear in the necessary optimality conditions. Thus
we find dual elements A* > 0, 6 = (&f, ... £5) e R, a'F = (aff. ... ol ) e RUOH o2 =
(@ - v(k)) e RV, 1’; - (Pj . I’j ’ pj ) € Rt for j=1,...,v(k), and 3=
* * * k k * k * *
(X675 X0 @+ @apy o Do+ Dl o Uoj -+ Wlvar—nyjo Xbjo -+ Xoao-yj» Al
A?‘U(k)il) R B(’;/, cs B(*u.(k)—l)j) fqrj =0, ..., v(k), which are not zero simultaneously, such
that the followmg relationships are satisfied:

NG E)+NGE Q) if je{0,...,vk)—1
s ] NEEDHNG Q) it { v -1y 20
J Nz, Ej) if j=vk)
v(k) m
—Z) =T Ty €A 8¢o(z)+Zsqu,(z>+ZZa”‘w 19)
i=1 j=0i=1
(7.25)
v(k) m v(k)—1
+Y D eV + Y (Ve @) P
j=0i=1 j=0
Eqi@) =0, i=1.....m, (7.26)
al_ljk( afj —(1+5k)>=0, i=1,....m, j=0,...,v(k), (7.27)
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2k k
Oll-j <‘a

ij

—(1 —(Sk)) =0,i=1,....m, j= (k). (7.28)

Note that the first line in (7.24) comes from applying the normal cone intersection rule from [29,
Theorem 2.16]toz € Q; N E; for j =0, ..., v(k) — 1, where the qualification condition

NZEHN(=N@EQ))={0}, j=0,...,v(k)—1, (7.29)

imposed therein is fulfilled. Indeed, for any vector zj- € N(z; Ej;)N(—N(z; 2;)) we clearly have
the inclusions

skl _ gkt

* * * = rk —k X] J * ~k
(xynafyo by sy = X5 € V(¥ Bt~ =)o ). iy e N ),
(7.30)

while the other components of z}f are zero. It immediately follows from (7.30) that

--_0 aj -—0 b*-—O and X* =0.

Substituting this into the first inclusion in (7.30) and using the coderivative definition (6.3) give
us

Sl _

X"
(0,0,0,u%)) € D*F (x ak, bk, -
hi

)(0), =0, vk) —1.
Then we deduce directly from the coderivative estimate (6.8) for the velocity mapping F in (3.5)
under the imposed PLICQ that ujj =0forall j=0,...,v(k) — 1. It shows that z’]‘f = 0 for such
indices j, and therefore the qualification condition (7.29) is verified.

To proceed further, observe from the structure of the sets E; and 2 in (7.21)—(7.23), respec-
tively, that the inclusions in (7.24) are equivalent to

x" — x~
* * * * k * k -k j+1 J .
(7, a7, b5, 0% — v, — X3 )eN((x],aj,b] j,—T>’gPhF)
j
for j=0,...,v(k)—1,
o * ] . )E;?_H—ij (7.31)
(07 ajj by u JJ’_ij)EN(<x j Dyt — hk );gphF)
J
for j=v(k)

with w;‘ taken from (7.10), while the other components of z;f equal to zero. Similarly we get that
the vectors xgv(k), a(’)kv(k), bév(k), and u(*;v(k) determined by the normal cone to &, ) might be the
only nonzero components of z/ &) This readily yields the representation

—Zp— ... — Z:(k) = (_x{)kv(k) — X0y —XTqs e _x:(k)—l,v(k)—l’ 0, _af)kv(k) —agy, —Ays -
_a:(k)—l vik—1- 05 _bgv(k) —bog, —biy, - _b:(k)—lv(k)—l’ 0,
— U3y~ 8005 - s U@ —1 w10 — X005 s =X —1v(ty—1> 05 -+ 0).-
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Next we represent the right-hand side of the inclusion in (7.25) by

v(k)—1 v(k)—1 v(k)—1
,\"a¢0(z)+2§ Vg + Y elfviL@+ Z afVIE@+ Y Ve @ Pk,
i=1 j=0 j=0

with the complementary slackness conditions

k((ak k k .
§i ((ai”(k)’x\)(k)> _biu(k)> =0,i=1,...,m

Unifying the above representations and denoting

J J J

ik
I 72k —k ~k ~k Wk Pk 2
- Xjp1 —X; . by —4d; . 1 —by e _
(@) = / i, I G, M —b), i) —a@) || d
) h h h*
we arrive at the following relationships:

= (Zs,-kafk, [sk, repmoz’;(k))] ,—&F, 0) :

i=1

<Zs,-"Vq,~ (2))
i=1

(Xu(k)»@v (k) Dok s v (k)

v(k) m
DDA ) :2[a.}k,d§], =0, vk) —1,
j=0i=1 (@)
v(k) m
SN V) =2[a§k,a§], =0, k) —1,
j=0i=1 @)
v(k)—1 _P]f if j=0
> Vi@ ki, ={ph-ph it =1L v -1,
i=0 (xj.aj.bj) Pﬁ(k) it j=v(k)
v(k)—1
> V@ rky, = (—hgpi*, =y p3*, o —Hy 1 PG
j=0 (X;.A;.B})
- hgl’(fk’ _hlfpgk’ R —hlé(m_lpﬁfk)v hél’lfk’ _hlfpgk’ R _hﬁ(k)—lpelfk))’
k-1 v(k)—1
do(3) Cop(Eh ) + 3 hk8£< W ak ok, ak, X, AR, Bk)+— Z Vp;(3).

j=0
Furthermore, the set Akaqbo(Z) is represented as the collection of vectors
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Mo hgwg’, wit, .. hf(k)—lkwffk)—lv vﬁ(k)’ howg*, hiwi*, ... hﬁ(k)—lwﬁé(k)—lv 0,
hwet, BYwi®, R gl 10, 05% + hgwit, 01 + hiwik,
93&)—1 + hﬁ(k)—lw%k)—l’ 05" + hgugt, 0% + it '--’93((1]2)—1 + hﬁ(k)—lvifk)—l’
0% + hougt, 01 + hivi*, . 9\%)—1 + hﬁ(k)—lvgéck)—l’ 0" + hovg",

Bk k. bk Bk k bk
07" +hvis 0G0 —1 F -1V —1)s
where the components above are such that

v‘lf(k) € 8¢()€§<k)), and

~k -k =k ~k 7k k
x5 o —=x% at, , —a% b, —b"
xk . ak bk  uk . xk _ak bk ~k =k 7k -k "Jjtl JjoTjtl J Tjtl J
(wj A U U U T 1 )eaﬂ (xj,aj,bj,uj, Pra P X ,
j J J
uk pXk pAk pBkY ._
(9]. 6%k g4k 6! )._
i Fai i
J J - — J - -
g - - . aj—ay .
(u,—u(t))dt, T—x(t) dt, T—a(t) dt,
* * J * J
J J J
k
Jj+l1 l;k —Ek
o I
h*
ik /

for j =0,...,v(k) — 1. Unifying all of this gives us the conditions

—X00 — xE)ku(k) = )Lkhléwék - Pfk, (7.32)
—x5 =R pt = i =1, k) — 1, (7.33)
m
0=21 08 + ity + Y &Fal,. where vf ) € 9 ,), (7.34)
i=1
—agy — a(’)kv(k) = Akhgu)gk +2 [ot(l)k +a§k, Zzé] — p‘fk, i=1,...,m, (7.35)
_a;fj :kkh];w;?k+2|:a}k —I—a?k’dlj‘.] _,_p;{k _p;'lﬁ-l’ i=1,....m, j=1,...,vk)—1,
(7.36)
0=2(alfy) + a2 ) ab g + plley +[E5 repn G|, i =1 m @37)
—bgo — by = A howg' — pi¥, (7.38)
—bt; =M nbwhh b= phh =1 ek -1, (7.39)
0= pyg, —&" (7.40)
—ufy = 2*OEF + 2 xnEwik, (7.41)
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— 4_)Lk9”k+)\kh’; j", j=1,...,vk) —1, (7.42)

=Xt =m0 kot —nkpih =0, vk — 1, (7.43)

0= M + M vt —nbpd |, =0, v — 1, (7.44)
0=n"0P* + 1 ol —n pPh | =0, vl — 1. (7.45)

Now we are ready to justify all the necessary optimality conditions claimed in this theorem.
First observe that (7.5), (7.6), and (7.7) follow from (7.34), (7.37), and (7.40), respectively. Next
let us extend each vector p* by adding the zero component pg = (x(’)“v(k), aé‘v(k), b;v(k), ugv(k)).
It follows from the relationships in (7.33), (7.36), (7.39), (7.43), (7.44), and (7.45) that

*k
Jj j+ J _kkw;gk’

k= k
hj hj
a*. pa.k _qu 2
Jji _ i+l J k. ak 1k 2k\ =k
_k_ k — AWt - k(aj +a1)aij’
J j
* —
@ Pis1 =P7 kb
hk n* I
J j
% 1
JJ " skpuk _ 5k, uk
J J
i 1
JI " 2 kpXk xk 4k, xk
W— hk)\.e +pj+1 )\.Uj,
j
1 Ak k k. ak
O:—h—kk 0 +p?+1—k v? ,
J
1
0=——afoPk 4 pht | — Ak,

=
h;

Substituting this into the left-hand side of (7.31) and taking into account the equalities in
(7.26)—(7.28), (7.34), (7.37), and (7.40) justify the claims made in (7.2)—(7.9).

To verify finally the nontriviality condition (7.1), suppose on the contrary that A* =0, £k =0,
a'* +a? =0, pit =0, pt* =0, pP =0, y* =0 forall j =0,...,v(k) — 1, which yields
in turn x3 = p3k =0, a, = pi* =0, and Y, = pi* = 0. Then it follows from (7.34) (7.37),

and (7.40) that (pfé‘k), p“ffk), pf’(‘k)> 0, and hence (p] , pj p?k) =0, forall j = L, v(k).
We see also that the conditions in (7.32), (7. 33) (7.35), (7.36), (7.38), (7.39), (7. 41) and (7 42)
imply that (x”, aj;, b;‘j, ut ) =0forall j = ., v(k) — 1. In addition, it follows from (7.43),

(7.44), and (7.45) that X* =0, A* =0, B*j =0 for a11 j=0,...,v(k) — 1. Furthermore,

all the components of z dlfferent from (x* iha b*; U j, Xj‘/, A}‘ i B* ) are clearly zero for
j= v(k) —1,and hence z =0for j=0,...,v(k)—1. We s1m11ar1y conclude that z{ =0,

since xg, = p0 = 0 while all the other components of this vector obviously reduce to zero. Thus
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Zj =0forall j =0,...,v(k), which violates the nontriviality condition for (M P) and completes
the proof of the theorem. O
Our next theorem provides verifiable necessary optimality conditions for solutions (x¥, a*, b*,
it*) to problems (Py) that strongly approximate the given rilm. (%,a, b, i) for the original
sweeping control problem (P). The proof is based on the results of Theorem 7.1 and the second-
order calculations from Theorem 6.2.

Theorem 7.2 (optimality conditions for discretized sweeping processes via their initial data).
Let (x5, a*, b, a*) be an optimal solution to problem (Py) under the notation and assumptions
of Theorem 7.1 for each fixed index k € IN. Then there exist dual elements (\F, a'*, % ¥, pk)
as in Theorem 7.1 together with vectors n’/‘. eRYas j=0,...,v(k) — 1 and )//1.‘ eR"as j=
0,...,v(k) — 1 satisfying the following conditions:

o The PRIMAL ARC REPRESENTATION:

=k
Xit1 .
—’+7+g(x],uk)—§jn ak. j=0.....vk -1 (7.46)

hj i=1

e The ADJOINT DYNAMIC RELATIONSHIPS:

xk xk
Pit1— Pj

1
k k -k =k\x knXk k. xk k
it e Ve i) (hkxe + 2k —p§+1)+ZV, al. (147
J

k ak

Pii1 ~ P
hk J
j J (7.48)

_ 1
= I:le‘cs repm(xﬁ)] + [771;-, repm(_ h_k)\kejxk Ay Xk + p]+1)]
J

— ARk — 2 [a +a2k &k-]
J hk

e bl =—yf =0 vk -, (7.49)
j

where the components of the vectors yj].‘ are such that
1
y” 0 if < k xk><bk or n; ._O and < ’J’_h_k)‘kej'(k 2k xk+pj+l><0,

Gijr*j i’ :
J

I 1
vk =0 if (b, &) =B, nf; =0, and < b — ko i xk+p]+l>>0’
J

_ 1
yi]; eR lfnf‘] >0 and <af‘j,—h—kkk9]xk Ak Xk+PJ+1> 0
J

for the indices j = Lvk)—landi=1,
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o The LOCAL MAXIMUM PRINCIPLE:

1 1 1
k k. . k kouk k. uk “k -k kpXk | 2k, xk k
v NS U) with — ey — ke kb eVug(xj,uj)*<ﬁ)» oXk 43kt —p§+])
J J J
(7.50)
for j =0,...,v(k) — 1, where the subgradients (u));k, w‘;k, wll?k, w?k, v)/?k, v;’k, vﬁ?k) are taken

from (7.11). If furthermore the normal cone N (IZI;-; U) is tangentially generated, i.e.,
N(ﬁ’;; U)= T*(ﬁ’;; U):={veR?| (v,u) <0 forall ue T(ﬁ’;; 0}

for some tangent cone T(ﬁlj‘. ; U), then the first inclusion in (7.50) is written as

<fu’;>= max <¢fu> =0, vk —1, (7.51)
ueT(ﬁﬁ;U)

which reduces to the GLOBAL MAXIMUM PRINCIPLE

( f,ﬁ’j):z]‘aeaﬂ K > =0, vk) -1, (1.52)

provided that the control set U is convex.

e The TRANSVERSALITY CONDITIONS at the right endpoint:

m
k ko =k ko =k
=Py €A 09X, ) + Z Nivo Giv(k) (7.53)
i=1
k 1k 2% =k k —k
Pﬁ(k) =-2 [O‘v(k) + gy aiu(k)] - I:nu(k)’ reprl(xu(k))] ) (7.54)
bk k —k —k Tk bk .
Pivky = Mivk) = 0, <aiu(k),xu(k)> < biu(k) = Divik) = Ofori=1,...,m (7.55)

with dual vectors ozy(‘k) and afl(‘k) satisfying

1k ~k 2k ~k :
Oy (k) € N[0,1+8k](”aiv(k)“) and Xy k) € N[l*(Sk,OO](”aiv(k)”)v i=1,...,m, (7.56)
where the normal cone to the convex sets is explicitly expressed in form (1.2).

o The COMPLEMENTARITY SLACKNESS CONDITIONS:

k -k rk k __
[{als. 7)< Bl | = 0l =0, (7.57)
—k -k rk k
[<aiv(k)’ xv(k)> < biu(k):l = Ny =0 (7.58)
} 1
0t > 0= [<a{<j, —h—kxkej‘k A p§i1> = 0} (7.59)
j

for all the indices j =0,...,v(k) —landi=1,...,m.
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o The NONTRIVIALITY CONDITIONS:

Ak Ha +a2"H +

o0 oo

v(
k
o +

P ”a +a2kH ¥ Hy"” £0. (7.61)

Proof. It follows from condition (7.9) of Theorem 7.1 and the coderivative definition (6.3) that

)

k ak bk bk
Piti — Pj k xk p1+1 Pj koak 2 u\ -k Pj+1 7P k. bk
<7hk — 2w —Awj" — k(a +aj )aij’ihk_ ATwin,

h?
1 k nuk k. uk 1 k

= preyt = akuit - ]

J J

-k k
_ X5 — X, 1
* -k -k 7k -k Jj+1 J ko Xk ko xk
eD F(xj,aj,bj,uj,—ihk ) ( hk)\ 67" — 2t +p]+1>

J

forall j = (k) —1,i=1,...,m. Using the inclusion
-k -k

Lt g(xh, i) e G5, b, bY)

via the normal cone mapping G from (6.5) and employing the PLICQ property of the vectors
{&ll‘| ie I()Ek, ak, bk)} give us a unique vector r/]j‘. € Rﬁ such that forall i =1, ..., m we have

m
_ Xiv1r =X - .
Sonkak = - g, @) with o e Ne_ (( ki ’?>—bf.<j), =0, vk) -1,

which verifies the implications in (7.46) and (7.57). Applying now the coderivative upper esti-

5k ~k
x5
mate (6.8) from Theorem 6.2 with x —xf a —a ,b: —bk :=ulj‘, w ——%,and
J
1
yi=— 3 kaXk Ay "k + p/Jr1 as j=0,...,v(k) — 1 shows that y/’.‘ € R™ and that the rela-
f .
tionships
k k k bk bk
p§+l_p§ _ kg Pji1 — P _ akyak 2 [a e C—lk] Pitt 7 Pj ke bk
hk Wit hk ik T hk wi
J

' 1
kuk k., uk k
— et =ikt — Sy

41



YJDEQ:10640

T.H. Cao, G. Colombo, B.S. Mordukhovich et al. Journal of Differential Equations eee (eeee) see—see

L eoxk o koxk
h_k)\ 07" = 1vj +p/+1 +ZVU dij»
J

- 1
€ [y]].‘,repm(xj?)] + |:nl;,repm <—h_k)\k9]?‘k Ak +Pj+1>]
J

1 knXk k. xk
_7/]' Vgu(xj» j) <_ﬁ)\ 9]- — Aty +p!+1
J

— Vg (&5, ith)* (—

are satisfied, where 1//;‘ € N(ﬁ]]?; U) forall j =0,...,v(k) — 1, and where the components yi];. of
the vectors y]].‘ eR™asi=1,...,m are taken from
1
k ~k ~k k Xk k. xk
vk e D*Ng_ (<ai], > B, n”) (<aij, —pre =ity +p]+1>> (7.62)
J

The obtained relationships together with the direct calculation of the coderivative D*Ng_ in
(7.62) ensure the validity of all the conditions in (7.47) as well as the inclusion in (7.50). The
latter together with (7.10) constitutes an appropriate version of the (linearized) local maximum
principle for nonconvex discrete-time systems. It immediately gives us the local maximality con-
dition (7.51) in the case of tangentially generated normals, which surely holds for the class of
normally regular sets U’; see, e.g., [28,34]. The global form of the discrete maximum principle in
(7.52) is a direct consequence of (7.50) and the normal cone representation (1.2) for convex sets.
Furthermore, conditions (7.53), (7.54), and (7.55) clearly follow from (7.5), (7.6), and (7.7) due
to (7.2).

Defining now nﬁ(k) := &K via &% from the statement of Theorem 7.1 yields n* € R for j =
0,...,v(k) and allows us to deduce the nontriviality condition (7.60) from that in (7.1) and also
the transversality conditions in (7.53)—(7.55) from those in (7.5)—(7.7). Implication (7.58) is a
direct consequence of (7.2) and the definition of nﬁ(k). Observing that (7.59) follows from the
fact that

1 knXk k. xk ~k\L
—p ot vif+pitie () @t

J {l|7’]ikj>0}

we get from (7.3) and (7.4) that both inclusions in (7.56) hold.

It remains to verify the nontriviality condition (7.61). Suppose on the contrary that A¥ = 0,
a'* + %% =0, and y*¥ = 0. We deduce from (7.8) that p"fé‘k) =0 and pbfk) =0, which clearly
yield nv(k) pu(k) = 0. Then it follows from (7.53) that pv(k) =0, and thus (pjfk, pj?k) =(0,0)

forall j =0,...,v(k) — 1 by (7.47) and (7.48). This implies that yk=0 by (7.50). Using finally
(7.49) tells us that pgk = 0. It means that (7.60) is violated, which is a contradiction that justifies
the validity of (7.61) and therefore completes the proof of the theorem. O

8. Numerical illustration

In this section we present a nontrivial example illustrating the application of the obtained
results to solve the sweeping optimal control problem (P). We consider this problem with the
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following data, where the a-components and b-components of controls are fixed, and only the
u-components are used for optimization:

n=2,m=1,T=1, x0=(§,1),a=< — )
glx,u):=u, o) :=x1+ x2, K(txabuxab) % +u2, 3.1
U:=[-1,1] x[-1,1].

The set C(¢) in the sweeping inclusion (1.1) is described now by
Clt)y=C:= {(xl,xz) eR?|x; +2x, > 2} forall £ € [0, 1].

In what follows we are going to show that applying the optimality conditions of Theorem 7.2
allows us to find optimal solutions to problems (Px), for each k € IN, that can be viewed as
(sub)optimal solutions to the original sweeping control problem (P). By construction, the veloc-
ity of the object and the u-components of controls are piecewise constant functions on [0, 1].
The structure of the problem suggests that the object only changes its velocity when it hits the
boundary at some time t* € [0, 1]. Moreover, if t* < 1, the object slides on the boundary of C
for the whole interval [¢*, 1]. In this case, by construction of ¢* it must be one of the mesh points
t;? of some partition Ay in Theorem 4.1. Assume that t* = t‘f for some s € {0, 1,...,v(k)}. Itis
easy to see that all the assumptions of Theorem 7.2 are satisfied for (8.1), and we can employ the
obtained necessary optimality conditions, where the superscript “k” is dropped, and where the

quadruple (9/’.‘, QJX , 9;‘, 9}3 ) is supposed to be 0 for large k due to the established convergence
of optimal solutions. Then we have the existence of A >0, n; >0, y; € R, al a2 eR, y; e
R2, (p}, p§, P ) e R, (w, wj,w ,wh) eR7, and (xf, v, ]) eRas j _o vk —1
satisfying the followmg relationships:

1. (wj,wj,wll’,w> 0,0,0,0,0, i1, 2i) for j =0, ..., v(k) — 1.
2. (v“;,vj’ ) (0,0,0,0,0,0) for j =0, ..., v(k) — 1.
‘ a(r)+%(1,2) if 1e(0,1) i i el
3. x(1) = s , where it (t) = { - ( ’ 0
ui)+—=(1,2) if re,1) iy if te(,
\/g \)
1
W (p§+1 - pf) =y;(1,2),
J
i 2
_ a)y _ — 2\ 2
(=) = (e ) G (o 440) )
. J J
= (vi&1). vi¥2j) + (nm’f,m, n;pﬁ,m) ,
]
(P = ph) ==y for =00 v~ 1.
J
1 _ _
5. ij"‘)\(ulj,zuy) Py for j=0,...,v(k) —1.
J
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6. y; €N (ﬁj; [-1,1] x [-1, 1]) for j =0,...,v(k) — 1, which is equivalent to
iU +yojurj = max iU+ Yojung.
Y1jitj + Yol (ul‘uz)e[fl,l]x[fl,l]{wl/ul Yojuz)
7. x1j+2x;>2=y;=0and n; =0for j=0,...,v(k) — 1.
8. nj >O:><(—1, —2),pf+1>=0forj:0, vk — 1.
9. Xtvk) + 2X20(k) > 2= Nuk) =15 =0.
10. {pt, ==2(—(a!, +a2, )L —(a!  +a%, )= —(77 X N (k)X )
: v(k) v (k) vk) ) /50 v(k) v(k) ) /35 v(k)A1v(k)s v (k) A2 (k) ) »
p,}j(k) =Mk = 0.
1.l € Nio, 10 (D, @2 € Njt—sy,00(1), which implies that (!, 02, ) = (0,0).

12. A4 o' +a?| + Iyl > 0.

It clearly follows from (3) that
(% + tuyg, 1 + tﬁzo)
if ¢ €[0,t5)

<% + tsugo + (t — 1) (L_tls + 775/\/5) U+ tung + (t — 1) (122& + 277s/\/§)))
if t €[¢, 1],

x() =

where we get no9 = 0 due to the conditions in (7). Since ¢t = #; is the time when the moving
particle hits the boundary, i.e., X1 (#;) + 2x2(#;) = 2, then

n=0if j<s
nj= e .
ns >0 if j>s.

Of course, the normal vectors are inactive before the hitting time. Consequently, we have that
7 - - .
3 +ts(t10 + 2un0) =21if t <ty and

7 _ - - _ .
5+ 0+ 20i0) + (¢ = 1) (i1, + 202 + V50, ) =2 if 12 1.

This allows us to calculate the hitting time as

3
k=———", 8.2
* 2(u10 + 2it20) e

which implies in turn the condition
_ _ 3
u10+2u20§—§ dueto 0 <1, <1. 8.3)

When X (-) hits the boundary of C, it would stay there while pointing in the direction shown in
Fig. 1. Thus
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Fig. 1. Dynamics of the controlled sweeping process.

T
iiys + 2iins + /51, = 0 and hence n, = — 18 T 2125 (8.4)
V5
The cost functional is calculated therefore by
_ =2
_ - u _ _ _ Uy, _ _ 3n, 5
JIx,u]l =t (%"‘”%O"'MIO"‘MZO + 1 —1) %+”%s+”1‘v+”2s+7;) +§,

where #; and 7, are given in (8.2) and (8.4), respectively.

When the object has not hit the boundary of the set C yet, we have ¢t < ;. In this case, the
implication in (8) cannot be used and the control u should be chosen by taking into account the
only requirement that the corresponding trajectory hits the boundary exactly at the time #;,. We
examine the following two possibilities:

e Case 1a: If the object is pushed to reach the boundary as soon as possible and it slides there
after that to reduce the cost functional, we expect to use more energy. Then the control i
should be on the boundary of the control set U = [—1, 1] x [—1, 1]. It follows from the

structure of the problem that either i119 = —1, or 39 = —1. In this way we get:
Ifiijo = —1, then —1 <iipo < —1.
If iiro = —1, then —1 <itjo < 3.

e Case 1b: If we wish to save energy, then the control selection is ug = (u19, i20) € (—1, 1) x
(—1, 1) such that u1¢ and uy¢ satisfy inequality (8.3).

When the object hits the boundary, it then slights there until the end of the process, i.e., t > f;.
To proceed further, consider the following two situations:
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e Case 2a: n; = 0, i.e.,, the normal vector l(—1, —2) taken from the normal cone

N (x(t); C(t)) is not active for t > t,. It then follows from (8.4) that u;; = —2uy,. The
cost functional in this case is

=2
- (%10, -2 - _ _ o - 5
JIx,ul =t > +usy+ugo +ino | + (1 — 1)\ Buz, — g +2,

which achieves the minimum value at iy, = % implying in turn that u; = —% and
JIx, il =t ﬁ%°+‘2+‘ fig )+ 51402
X, i) = — +u i i —.
s ) 20 10 20 12 )

e Case 2b: 5, > 0. Using (8) gives us p’l‘j + 2p§j =0 for all j > s. When the object hits
the boundary, we do not need to use the maximum energy. That is, i should be selected in
(=1, 1) x (=1, 1), and so ¥; = 0 due to (6). It then follows from (4) and (5) that

1 2 _ _
h—klﬂ1j+h—klﬂzj + A (i1 +4itng) =0, (8.5)
J J

which therefore gives us 115 + 4z = 0, or equivalently
Uy = _41/_‘2s
while assuming that A > 0; otherwise we do not have enough information to proceed. Then

TR
_ 25>

= 0.
Ns \/g P

In this case the cost functional is

>
o (%10, 2 | - - _ o 9. 5
JIx,ul =t > + 5 +io +uo | + (1 —15) | usg iy | + X

5
which achieves the minimum value at i1y, = %. Thus we get ii1; = —% and
o iy ) 9, —1) 5
J[X,M]Itx 7+M20+M1()+M20 +1—00+5

It is clear that in Case 2b the cost functional has a smaller value than in Case 2a, and thus latter
case can be ruled out. We then chose u1¢ and uy( in either Case la or Case 1b to minimize
J[x, u]. To simplify the computations, we select it19 and up¢ as the mesh points of a uniform

2
partition of [—1, 1] with the step size h = — as N is sufficiently large and then compute the

corresponding hitting time #; from (8.2). Let us present the results of computations that are
provided by writing a code in Python for the case of N = 20 and hence the step size 7 = 0.1.
After running the code in Python, we get the following table:
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ujo U0 Is Jlx,ul  ug 20 Is Jlx,ul
-1 -1 0.5 2.205 -1 -0.9 0.5357 2.1421
—1 —0.8 0.5769 2.0812 -1 —-0.7 0.625 2.0225
-1 —0.6 0.6818 1.9668 -1 -0.5 0.75 1.915
—1 —0.4  0.8333 1.8683 -1 —-0.3  0.9375 1.8288
-09 -1 0.5172  2.2005 -09 —-09 0.5556 2.135
—-09 -0.8 0.6 2.071 -09 —-0.7 0.6522 2.0089
—-09 —-0.6 0.7143 1.9493 —-0.9 -0.5 0.7895 1.8929
—-09 —-04 0.8824 1.8409 -09 -03 1 1.795
—-0.8 -1 0.5357 2.2011 —0.8 -09 0.5769 2.1331
—-0.8 —0.8 0.625 2.0662 —0.8 —-0.7 0.6818 2.0009
-0.8 —-0.6 0.75 1.9375 —-0.8 —-0.5 0.8333 1.8767
—-0.8 —04 09375 1.8194 -0.7 -1 0.5556  2.2072
-0.7 —-09 0.6 2.137 —-0.7 —-0.8 0.6522 2.0676
—-0.7 —=0.7 0.7143 1.9993 —0.7 —-0.6 0.7895 1.9324
—-0.7 —-0.5 0.8824 1.8674 —-0.7 —0.4 1 1.805
—-06 —1 0.5769  2.2196 —-0.6 —-09 0.625 2.1475
—-0.6 —0.8 0.6818 2.0759 —-0.6 —-0.7 0.75 2.005
—-0.6 —0.6 0.8333 1.935 —-0.6 —-0.5 009375 1.8662
—0.5 —1 0.6 2.239 —-0.5 —0.9 0.6522 2.1654
—0.5 —0.8 0.7143  2.0921 —-0.5 -—-0.7 07895 2.0192
—0.5 —0.6  0.8824 1.9468 —-0.5 —-0.5 1 1.875
-04 -1 0.625 2.2662 -04 —09 0.6818 2.1918
—-04 —-0.8 0.75 2.1175 —-04 —0.7 0.8333 2.0433
—-04 —0.6 09375 1.9694 -03 -1 0.6522  2.3024
—0.3 —0.9 0.7143 2.2279 —-0.3 —0.8 0.7895 2.1534
—-0.3 —0.7 0.8824 2.0791 -03 —-0.6 1 2.005
-0.2 -1 0.6818  2.3486 -0.2 =09 0.75 2.275
—-0.2 —0.8 0.8333 2.2017 -0.2 —0.7 09375 2.1288
—0.1 —1 0.7143 2.4064 —0.1 —0.9 0.7895 2.335
—0.1 —0.8 0.8824 2.2644 —0.1 —0.7 1 2.195
0 —1 0.75 2.4775 0 —0.9 0.8333 241

0 —0.8 09375 23444 0.1 —1 0.7895  2.5639
0.1 —-0.9 0.8824 2.5026 0.1 —-0.8 1 2.445
0.2 —1 0.8333 2.6683 0.2 —0.9 09375 2.6162
0.3 —1 0.8824  2.7938 0.3 —-0.9 1 2.755
0.4 —1 0.9375 2.9444 0.5 —1 1 3.125

The next table collects the values of the optimal control and the corresponding costs with different

choices of N.

N ujo U0 Is J[x, il
40 —0.85 —0.35 0.9677 1.804
80 —0.825 —0.35 0.9836 1.798
160  —0.825 —0.3375 1 1.7917
320 —0.825 —0.3375 1 1.7917
640 —0.8344  —0.3344  0.99679 1.7924

Keep running the code in Python with N = 2000, it then follows that the optimal control before

L _ 1 . .
the hitting time is 19 = —— and 429 = —=. In this case, the object reaches the boundary at the

ending time 7; = 1 and the minimum cost is 1.79167. Our computation of the optimal control is
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also supported by an educated guess that it can be done by computing the exact minimum for
small k, supposing that the hitting time #, = 1.
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