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Abstract

We analyze a quasi-static Biot system of poroelasticity for both compressible and incompressible con-
stituents. The main feature of this model is a nonlinear coupling of pressure and dilation through the
system’s permeability tensor. Such a model has been analyzed previously from the point of view of con-
structing weak solutions through a fully discretized approach. In this treatment, we consider simplified
Dirichlet type boundary conditions in both the elastic displacement and pressure variables and give a full
treatment of weak solutions. Our construction of weak solutions for the nonlinear problem is based on a
priori estimates, a requisite feature in addressing the nonlinearity. We utilize a spatial semi-discretization
and employ a multi-valued fixed point argument for a clear construction of weak solutions. We also provide
regularity criteria for uniqueness of solutions.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

Poroelasticity refers to (Darcy) fluid flow within a deformable, porous medium. The devel-
opment of this field has been inspired by geophysics and petroleum engineering problems, in
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particular, reservoir, environmental, and earthquake engineering. Mathematically, the subject was
initiated in the 1D work of Terzaghi in the 1920s, and the groundbreaking consolidation theory
developed by Biot in the 1940-50s [4]. It was Biot’s work which instigated the rapid develop-
ment and progress of this field. The relevant literature is now abundant, and we only list here
representative fundamental treatments: [2,3,7,11,12,18,22,27]. In all of the works motivated by
geophysical applications, the poroelastic structures considered are soil and/or rock (for instance,
in most of the aforementioned references). However, cartilages, bones, as well as brain, heart,
and liver tissue etc., are also poroelastic structures. Therefore, the theory of poroelasticity can be
used and applied to fluid flows inside cartilages, bones, and engineered tissue scaffolds, as well
as in perfusion in the optic nerve head—see [5,6,26] and references and discussion therein.

From a mathematical point of view, poroelastic systems constitute a coupled system of a
(possibly degenerate) parabolic fluid pressure and a hyperbolic (inertial) or elliptic (quasi-static)
system of elasticity for the displacements of the porous matrix containing the fluid. The saturated
elastic matrix is modeled through homogenization [2,4], in the sense that the pressure and dis-
placement are distributed quantities throughout the physical domain. In this treatment, we focus
on poroelastic models with specific applications in biomechanics (in contrast to those tailored
to geomechanical systems). Thus we work under the assumptions of full saturation, negligible
inertia, small deformations, and (possibly) compressible mixture components. The applications
of interest give rise to a permeability taken as a nonlinear function of the so called fluid content
(a particular linear combination of pressure and dilation). This type of nonlinear coupling intro-
duces a variety of complications detailed below, and, in particular, destroys the monotone nature
of the problem.

Such a nonlinear poroelastic model was first considered—from a mathematical point of
view—in [7], and shortly after in [5].' The former reference [7] and sequel [8] focus on the
compressible Biot model and construct weak solutions through a full spatio-temporal discretiza-
tion, in the mathematically simplified framework of homogeneous Dirichlet boundary conditions
for both fluid pressure and solid displacement. Those references take the earlier linear theory
[2,21,22] as their primary motivation, and use Brouwer’s fixed point theorem at the level of the
fully discretized problem. The latter reference [5] focuses on Biot models with incompressible
constituents and constructs weak solutions (also using discretizations in both time and space
[27]) for both poroelastic and poro-viscoelastic systems with non-homogeneous, mixed bound-
ary conditions that are physically relevant to opthalmological applications. A key theme in this
latter work [5] is the careful analysis of the requisite boundary and source regularity for the con-
struction of weak solutions, as this aspect is crucial in understanding the mechanisms leading
to tissue damage in the optic nerve head, and consequent vision loss possibly associated with
glaucoma. Both [5,7] obtain a priori estimates in the fully discretized setting, and much of the
challenge lies in adequately addressing the nonlinear and non-monotone coupling to obtain a
weak solution in the limit. The reference [7] provides a straightforward regularity criterion for
uniqueness of solutions, but does not actually consider smooth solutions, nor address the permis-
sibility of multipliers used to obtain estimates.

In this treatment, we provide a careful mathematical construction of weak solutions using
semi-discretization in space, in the setting of fully homogeneous boundary conditions. One pri-
mary goal is to clearly elucidate the challenges introduced into the Biot problem by the inclusion

1 We note that in [23] a nonlinear version of the Biot problem is considered, but the structure of the nonlinearity there
is monotone in nature and different from the physical nonlinearity presented here for biological applications.
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of non-monotone nonlinear coupling. We also include a novel, sharper uniqueness criterion for
solutions of sufficient smoothness. Our approach is based on a priori estimates for the time-
dependent linearization, from which we construct a fixed point correspondence. An interesting
feature of this approach is that we cannot appeal to uniqueness of solutions for the aforemen-
tioned linear problem, as we do not satisfy requisite hypotheses for established theories (e.g.,
that in [21]). Indeed, weak solutions themselves are not permissible test functions, presenting a
great hurdle in the analysis. To address this issue, we utilize a multi-valued fixed point approach,
along with a careful construction of the correspondence between the permeability function and
the resulting fluid content.

In summary: This paper addresses the existence of weak solutions to a quasilinear Biot sys-
tem, based on a fixed point approach that circumvents the lack of monotonicity in the system’s
nonlinear coupling. We believe that the construction given here is quite natural, and illustrates
the complexities in the analysis introduced by the presence of nonlinearity and its interaction
with the boundary conditions.

1.1. PDE model

Let © be an open, bounded subset of R3 representing the spatial domain occupied by the
(fully saturated) fluid-solid mixture, with smooth boundary I' = d2. Let x be the position vector
of each point in the body with respect to a fixed Cartesian reference frame. The symbol n will
be used to denote the unit outward normal vector to 2. Let V¢(x, t) be the volume occupied by
the fluid component in a representative volume V (X, ¢) element centered at x € €2 at time ¢. Then
the porosity ¢ and the fluid content ¢ are given by ¢(x,1) = Vy(x,1)/V(X,t) and ((x,t)=
¢ (X, 1) — ¢o(x), where ¢ is a baseline (local) value for the porosity.

Balance Equations: Under the assumptions of small deformations, full saturation of the mixture,
and negligible inertia, we can write the balance of mass for the fluid component and the balance
of linear momentum for the mixture as

#C+V-v=Sx,1) and —V-T+Fx1)=0 inQ x (0,7), (1.1)

where T is the total stress, v is the discharge velocity (also commonly called the Darcy velocity
[22]), F is a body force per unit of volume, and S is a net volumetric fluid production rate.

Constitutive Equations: We complement the balance equations with the constitutive equations:
The total stress of the mixture is given by

T=T, —apl=2u.c) + 1. (V-u)I —apl, (1.2)

where u is the solid displacement, the symmetrized gradient (u) = (Vu 4+ Vu’)/2 gives the
strain tensor, « is the Biot-Willis constant, p is the Darcy fluid pressure, I is the identity tensor,
and X, and . are the elasticity parameters.

The discharge (Darcy) velocity has the following formula via Darcy’s law [22]:

v=—k(@®)Vp, (1.3)

where the viscosity of the fluid was assumed to be equal to 1. The particular form of the rela-
tionship between the permeability k and the porosity ¢ depends on the geometrical architecture
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of the pores in the elastic matrix and the properties of the fluid. We allow for k to be a general
continuous function, assuming only that it is bounded above and below (as discussed below, in
Assumption 1.1, and consistent with [5,7]).

The fluid content is given by

{=cop+aV-u, (1.4)

where c¢q is the constrained specific storage coefficient [2,12,22]. Using the relation between
porosity and fluid content, as well as the definition of permeability, we can see that permeabil-
ity in the system depends nonlinearly on the fluid content. In the special case of incompressible
constituents, due to the fact that the constrained storage coefficient co = 0 and o = 1, the per-
meability becomes a nonlinear function of dilation alone. This is the scenario that is specifically
addressed in [5].

Boundary Conditions: We consider homogeneous Dirichlet boundary conditions for both the
structural displacement u (and hence u;, when defined) and the fluid pressure p

u=0, p=0 onl. (1.5)

This choice is in line with the model considered in [7,16]. In our previous work [5], we considered
complex physical configurations, incorporating both nonhomogeneous Dirichlet and Neumann
boundary conditions for the elastic displacement and fluid pressure. These physically motivated
mixed boundary conditions could be incorporated here, and this is the subject of future work.

Initial Conditions: Initial conditions are to be specified for the fluid content, ¢, as it is the only
term which appears under temporal differentiation in the mass-balance equation (1.1):
{(x,0)=dp 1in Q.

Remark 1.1. In discussing various notions of solutions (as in Section 6), one can find the re-
quirement that dg = ¢(0) = [cop + @V - u](0) for some u(r = 0) = ug specified independently,
taken in an appropriate space (see [27], as well as [5]). In these works, a different construction
for solutions is utilized. We do note that for the linear case, in the most general “weak” setting
[22], only dy should be needed. In this weak situation, the construction is done independent of a
priori estimates obtained in standard Hilbert spaces such as L?(2) and HO1 (2). In [16], solutions
are also constructed in the linear case, but initial data is taken to be smoother than “finite energy”
considerations require.

PDE System: To summarize, below is the nonlinear system under consideration:

—V - 2pee@) + 1 (V-w) I —apl] =F  in Qx(0,T) (1.6)
& —V-[k@Vp]=S in Qx(0,7) (1.7)
{=cop+aV-u in Qx(0,7T) (1.8)

u=0and p=0 on I'x (0,T) (1.9)

£(0)=dyp in Q, for r=0 (1.10)
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Note that (1.6) can be written equivalently as
—peAu— (ke + u)V(V-uw) +aVp =F,
where the Laplacian above is interpreted component-wise.

Assumption 1.1 (Bounds on the permeability function). We assume that the permeability func-
tion k : R — R is continuous and that there exist constants k1 > 0 and kp > O s.t.

0<k) <k(x)<ky, VxeR.

Remark 1.2. With a slight abuse of notation, we denote by k(\W(-, )) the Nemytskii operator
associated with k. Using our assumptions on the function k, and the theory of superposition
operators [19,25], we have that the operator k is bounded and continuous from L*(Q2 x (0, T))
into L2(Q2 x (0, T)).

In order to obtain uniqueness of solution in Section 6, we will further assume that k is a
globally Lipschitz function, i.e., k € Lip(R).

Assumption 1.2 (Other assumptions). In what follows, for simplicity, we set to unity non-
essential (from the mathematical point of view) parameters. This is to say, we take A, = ., =
o = 1. The parameter cg is retained as is, with no dependence on other parameters, as we will
take cp “\, 0 in the construction of weak solutions for the case of incompressible constituents.

2. Main results
2.1. Notation, function spaces, and conventions

We make the following conventions for the rest of the paper. Norms | - ||p are taken to be
L?(D) for a domain D. Inner products in L2(D) are written as (-, -) p, where the subscript will
be omitted when the context is clear. The standard Sobolev space of order s defined on a do-
main D [15] will be denoted by H*(D), with Hj(D) denoting the closure of C{°(D) in the
H?*(D) norm (which we denote by || - || gs(p) or || - ||5). Vector valued spaces will be denoted as
L2(Q) = [L%()]" and H*(2) = [H*(2)]". We make use of the standard notation for the trace
of functions y : H'(D) — H'/2(3 D) which generalizes restriction to a lower dimensional man-
ifold. We will make use of the spaces L2(O, T;U)and H*(0,T; U), where U is a Banach space.
These norms (and associated inner products) will be denoted with the appropriate subscript, e.g.,
[l [l2¢0,7:1)- We utilize the Frobenius scalar product for tensors with the Einstein summation
convention:

(A,B)= f(AijBij)dQ,
Q
sometimes also denoted by fQ A : B dQ. Notice that, when A = B, we write

(A, A) =/A:Ad§2 =Z(Aij, Aip) =A%,
Q i
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the latter norm taken in the Frobenius sense.
The primary spaces in our analysis below are

V= Hl(Q), V= (Hj(Q)’, 2.1)
for the pressure p and elastic displacement u, respectively. The norms in these spaces are taken
in the natural sense, respectively, accounting for Poincaré’s and Korn’s inequalities [15]. For V,
we take the standard gradient norm: ||v||y = ||v| |H01(sz) = [IVvllp2(q). We will frequently need

to denote the duality pairing between V and V’ or V and V', for which we will use the generic
notation (-, -). (For more general spaces B and B’, we may write (-, -) g/ g for clarity.)

We utilize the notation Vu as the Jacobian matrix of u and the associated symmetric gradient
e(u), yielding the following definitions and formal identities:

Vau=@u'), vl =@u'); e(u)= %[Vu—i—VuT] (2.2)

(Vu, Vw)gq =/[Vu:Vw]dx:/tr(VquT)dx=/tr(VwTVu)dx= (VWT,VuT) 2.3)
Q Q

1 1
(e@), Vw) = = (Vu, Vw) + E(VUT, Vw) = (e(u), e(W)). 2.4
In the simplified setting, the bilinear form associated with the elasticity operator is given by

eu,w)=(V-u,V-w)+ (Vu, Vw) + (Vu, VWT). 2.5)

We topologize the space V via e(-, ), which is to say that we take the norm induced by e(-, -) as
the norm on V, and, via Korn’s inequality and Poincaré, this is equivalent to the full H! (©2) norm
on V [15], asin [5,7].

In our estimates below, we utilize the notation of Q| < Q5 to indicate that there is a constant
C depending only on non-critical quantities such that Q1 < CQ;. In general, throughout the
paper the quantity C represents a generic constant that may change from line to line. If a constant
exhibits a critical dependence, this will be denoted with subscripts or in parentheses, for instance:
IF11 < Cpllgll or A = AR).

Finally, in this analysis we assume that the principal domain S is of class C* [9,15], so that
elliptic regularity results apply [15].

2.2. Weak solutions

As one can see in [2,7,16,22], for instance, there are many different notions of strong and
weak solution to poroelastic systems. Our notion of solution is consistent with that provided in
[27], in the sense that the solution satisfies a weak space-time form of (1.6)—(1.10). Moreover,
our weak solutions are in line with the general notion of weak solution for the time-dependent
linear problem holding in the dual sense (in L%0,T; V"), as presented in [21].

Definition 1 (Weak solutions). A solution to (1.6)—(1.10) with c¢g > 0 is represented by the pair
of functions
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uelL?0,7;V) and pe L*(0,T; V),

with ¢ =cop+V-ue L0, T; L*(R2)) N H'(0, T; V'), such that: (a) the following variational
forms are satisfied for any w € L%(0,T;V), q e L%(0,T;V):

T

T T
/e(u,w)dt - /(p, V- -w)qdt = /(F, w)q dt (2.6)

0

T T
/ k(¢)Vp,Vq) dH—/ e @)vixv dt = | (S, q)yxy dt 2.7
0 0

O"\H

(b) for every g € V, the term (¢(7), ) 12(g) uniquely defines an absolutely continuous function
on [0, T'] and the initial condition (§ 0), q)Lz(Q) = (do, q)Lz(Q) is satisfied.

Remark 2.1. Alternatively to (b) above, one could assume that dy € L?() but specify that
¢ €C(0,T]; V) and ¢ (1)|,_, = [cop+V-ul(t)|,_, = do in the H~'(R) sense. This is precisely
what we will obtain through our constructions.

Remark 2.2. In [5,27], test functions are taken as space-time products, and all terms are de-
fined in terms of spatial L>(£2) inner products. Our formulation is equivalent by density, as the
test functions of the form w(x) f(¢), with we V and f € Cgo (0, T), are dense in L2(0, T;V):
similarly, test functions of the form ¢(x) f(¢), with ¢ € V and f € Cf)’o (0, T), are dense in
L%(0,T; V).

Remark 2.3. We note finally that the above definition of weak solution could certainly be weak-
ened. For instance, in the weak form of elasticity, the RHS could be replaced by fOT (F, w)yryvdt
and the initial condition dy could be taken in V'’ (being mindful of the previous approaches
in [2,5,7,20,22]). However, we use Definition 1 based on the regularity required for our con-
struction, predominantly influenced by the presence of nonlinearity in the problem and a careful
treatment of the spatial regularity of ¢ =cop + V - u.

It will be convenient in the estimates below to utilize a notation for “source data” associated
to a priori estimates obtained in the analysis of the pressure equation (2.7).

Definition 2 (Notion of source data).

T

T
DATA|, = [ [IISOIR, + IF0)IR, + [EO)IF; Jar 28)
0

2.3. Main results and comparison to previous literature

We begin this section with the statements of the principal results, and follow them with an
in-depth, technical discussion of our results in relation to the literature. It is important to note
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the ways in which our contributions here represent alternative proofs for similar results in the
literature, and in what ways our approaches here are novel. Indeed, there is a striking amount of
subtlety already present in the analysis of the associated linear Biot system.

The first auxiliary result we discuss is that of existence of weak solutions—adapted to the
setting at hand and restricted to co > O—for the associated linear problem. Namely, given z €
L2(0, T; L*(2)) and associated permeability k(z), we want to solve:

—Au—2V(V-u)y=—Vp+F €L*0,T;V)

& —V-[k(z)Vpl=S e L?(0,T; V")

(2.9)
{=cop+V-u e L%(0,T; L*(Q))
¢(0)=do e L2(Q).

Theorem 2.1 (Linear weak solution). Let co > 0, and assume that the permeability k satisfies
Assumption 1.1. Let dy € L*>(Q), z € L*(0, T; L*()), F € L>(0, T; L>(Q)) N H'(0, T; V"),
and S € L*(0,T;V'). Then (2.9) has a weak solution (u(z), p(z),¢(z)), where u(z) €
L2(0, T; H>(Q) NV), p(z) € L>(0,T; V), and ¢(z) € L>(0,T; H'(Q)) N HY(0, T; V'), with
associated estimates:

coll Pl 0.1 12 + 122,737y S 1dol|72 ) + DAT AlG (2.10)
2 2 2

||u||L2(0,T;H2(Q)ﬂV) 5 ||P||L2<O,T,V) + ||F||L2(O,T;L2(§2)) (21 1)

Ilcop +V -ulelliz20,7:vy S Pl 2,7:v) + IS0 20,72 v (2.12)

A few remarks are in order about the linear result above:

Remark 2.4. We note that nothing in the above result (or its corresponding proof in Appendix
B) changes if, instead of k = k(z) we take k = k(x, t) to be a given L*°(0, T'; L*>°(2)) - function.

Remark 2.5. The linear result above for k = k(x, ) was obtained earlier in [20] (later exposited
in [21, p. 116]). Those results provide the existence of weak solutions for time-dependent implicit
problems. The conditions for existence are quite general and permit co > 0. Moreover uniqueness
results are available with the additional hypothesis that k; € LY(0, T; L®(2)). For the analysis
of the nonlinear problem, we cannot impose additional assumptions on the permeability, as we
must apply results for k(z(¢)) in our fixed point construction, precluding additional hypotheses
on k.

Next we present our result for the existence of weak solution to the nonlinear system:

Theorem 2.2 (Nonlinear weak solution). Consider the nonlinear coupled system (1.6)—(1.10)
with co > 0, permeability function k(-) satisfying Assumption 1.1, and distributed sources
SeL*0,T;V')and F € L*(0, T; L>(2)) N H'(0, T; V'). For initial data ¢(0) = dy € L*(),
there exists a weak solution u € L2(O, T;V) and p € L2(0, T; V) in the sense of Definition 1.
Moreover, cop € L=, T, LZ(Q)) and u € L2(0, T; H3(Q) N'V), with the same inequalities
(2.10)—(2.12) holding for nonlinear weak solutions.
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Remark 2.6. We note from the estimates above that, in the sense of the pressure equation, the
solution is truly “weak.” However, since we have elliptic-parabolic coupling, with the regularity
assumptions placed on F, the solution is “strong” in the sense of the elastic displacement, since
that equation holds a.e. X, a.e. t.

We now address uniqueness of solution through the imposition of additional regularity hy-
potheses. As the problem is fundamentally quasi-linear in nature, such additional regularity for
uniqueness is expected. Our approach to uniqueness is rooted in multiplier estimates, which are
themselves problematic for weak solutions. Hence, we need to restrict our attention to the class
of weak solutions (for fixed data F, S, dy, permeability function, and intrinsic parameters) such
that the solution can properly be used as a test function. Beyond this, additional spatial regularity
will be needed to manipulate the nonlinear permeability term.

Definition 3. Define the class of solutions Wy = Wr (F, S, do, k(-)) as consisting of weak solu-
tions (given by Theorem 2.2) that have additional time regularity, i.e.:

Wr = {(u, p) is a weak solution in the sense of Definition 4 below on [0, T']

| pr € L*(0,T; L*(Q)}. (2.13)

Theorem 2.3 (Uniqueness). Let co > 0. Suppose that, in addition to Assumption 1.1, we have
k € Lip(R) and assume (u, p) € Wr.

e Suppose dop =V -ug + copo € L2(Q) for some ug € V. If additionally p € L%, T;
WL2°(Q)), then the solution (u, p) is unique in the class Wr-.
e Ifco>0and p € L*(0, T; WHo°(Q)), then (u, p) is unique in the class Wr.

In each of the above cases, if one solution in Wr has the appropriate additional spatial
regularity for p, then all solutions in Wr are equal.

Remark 2.7. By the standard Sobolev embeddings [15], it is sufficient for the theorem above to
have p € L2(0, T; H>>*5(Q)) for any § > 0.

Remark 2.8. We note the two above cases sacrifice one hypothesis at the cost of another. In
the second bullet point, some compressibility needs to be assumed, but no additional structure
of the data dy need be assumed. In the first bullet, we can take ¢y = O but require information
about u(t = 0) to be independently specified. We point out here that these conditions are an
improvement of those in [7]; in that reference they require co > 0 and also impose a smallness
condition on Vp in L*((0, T) x ) in terms of the intrinsic parameters. We also mention that,
to the best of our knowledge, no previous work actually constructs strong solutions.

Challenges and Relation to Previous Literature: The main mathematical challenges in this
problem are represented by (i) the implicit, degenerate evolution present in the system, as well as
(i1) the nonlinear coupling (with no evident monotone structure) in the permeability—it being a
function of fluid content. There is substantial mathematical literature focused on well-posedness
analysis for linear poroelastic systems, where the permeability tensor is assumed to be constant.
The key references in the linear setting are [2,16,20,22,27].
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A foundational reference for all of the cited mathematical Biot studies is [27]. This paper
provides a construction of solutions in the 2-D linear case using Rothe’s method (full temporal
and spatial discretization), with the analysis based on a priori estimates. The analysis is done on
the entire (u, p) system, and, as such, requires the specification of initial displacement u(0) €
V2 and initial pressure p(0) € L%(). In contrast, the seminal work in [2,21,22] reduces the
full linear Biot system to an implicit, degenerate evolution. This allows—again in the linear
case—a modified semigroup theory to obtain both weak and strong solutions, and uniqueness
is addressed. For the weak solutions (what [22, Section 6] calls the “holomorphic case”) only
specification of the initial fluid content £ (0) € H~! is needed. The implicit semigroup approach
works in quotient and seminormed spaces to reduce the implicit problem to that of a regular
explicit Banach-valued ODE [21, Chapter IV.6]. Estimates in this setting are obtained in the
dual domain for associated resolvents. As such, the approach is not immediately generalizable to
time-dependent and/or quasilinear cases.

We note that in [21, Chapter II1.3], a nice formulation for weak solutions to the linear, time-
dependent problem is presented based on a generalized version of Lax-Milgram due to Lions (an
approach that originally appeared in [20]). As pointed out above, that theory is applicable to the
linear problem at hand with comparable results to our Theorem 2.1. Lastly, with respect to the
linear analysis, the more recent [16] provides a Galerkin-based construction of solutions for the
full Biot problem, making use of an explicit solver for the embedded Stokes-type problem in the
dynamics. There, solutions are clearly constructed without temporal discretization, but strong
assumptions are made on the data in order to obtain good a priori estimates.

In the authors’ previous work [5], the nonlinear problem presented here is addressed with
co = 0 and allows for the possibility of visco-elastic effects in the Biot structure. Addition-
ally, motivated by physical considerations, a configuration with mixed boundary conditions on
a Lipschitz domain, and non-zero boundary sources, is considered. That work is based on full
spatio-temporal discretization (adapting the linear argument in [27]). As such we make use of the
stronger assumption on initial data in order to obtain good estimates at the temporally discretized
level and carefully pass with the limit, invoking compactness in the fluid content derived from a
small amount of elliptic regularity. The multipliers approach works there, albeit in the discrete
setting, with two subsequent limit passages required. The accompanying estimates are less natu-
ral however, and the fully discretized nature is neither optimal nor natural for modern numerical
analysis of the nonlinear problem.

In comparison, our goal here is to provide a theory of solutions for the nonlinear poroelastic
coupling in (1.6)—(1.10). As mentioned before, we consider a similar model and set of assump-
tions as the ones used in [7]. However, we permit the case of fluid-solid mixtures which may have
incompressible constituents (co = 0), with applications to biological tissues. This degeneracy is
rather benign at the linear level, but presents subtle challenges for the analysis here, owing to
the fact that the key operator B (as seen in Section 3.3) is not invertible on L*(), but coI + B
is. Indeed, we use critically the presence of ¢y > 0 to construct solutions, and then produce the
solution for ¢ = 0 via a singular limit approach as cg N\ 0. It is also worthwhile to note that, in
line with biological applications, we allow the permeability to depend on the full fluid content,
i.e., k(¢) for ¢ = cop + 'V - u (also as in [5]). In [7], the construction critically requires co > 0
[7, p. 1259(line 6), p. 1260(line -9)] but there, the permeability depends only on dilation, i.e.,
k(V -u) [7, p. 1254]; this distinction is mathematically non-trivial.

We present here what we believe to be the most direct and illustrative approach for existence of
weak solutions. Our approach does not involve the discretization of the balance equations in both
time and space [5,7]. We believe this is beneficial for future considerations, as full discretization
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is cumbersome for a sought-after construction of smooth solutions, and our semi-discretized ap-
proach is perhaps more amenable to numerical treatment. The work in [22] focuses on constant
permeability k& (which renders a linear coupling in the system) and develops a semigroup theory
for implicit evolution equations for both strong and weak solutions. The approach is generalized
for the case of nonlinear permeability function dependent on pressure which preserves a mono-
tone structure in [23]. We note that the strategy developed in [22] can not be directly applied
here, as the model at hand does not exhibit such monotonicity properties. Rather, we build linear
time dependent solutions and carefully construct a functional correspondence that leads to a fixed
point. In constructing weak solutions via estimates in a fixed point argument, we hope to have
provided a framework for the future construction of smooth solutions, which should be unique,
according to the criterion given here.

3. Fundamental operators and translation of momentum source

In this section we introduce the principal operators that are used in the proofs of the main
theorems, along with their properties. We follow the abstract framework provided in [22]. In the
last part of the section we provide formal “translations” of the linear and nonlinear problems that
allow us to consider the problem with null distributed force in the balance of linear momentum,
upon translating the initial data and the pressure source S.

In what follows, it will be necessary to invoke the gradient and divergence operators [22,
24], and their dual relationship with respect to V = H(l)(Q) and V' = H™!(Q). Namely, from
[24], the standard gradient V : L? — V’ has dual operator —[V-]: V — LZ(Q), with both acting
boundedly in those settings. More can be said; utilizing the standard (abuse of) notation for
the quotient space L3(Q) =L*(Q)/R={f € L*(Q) : [ f =0}, we note that the divergence
[V-]: V— L3(Q) is surjective and V : L3(22) — V' is injective.

3.1. Elasticity operator €

In general, the elasticity operator associated to isotropic homogenous media is given by

—(e + u)V(V-u) — peAu= =V [2u.e() + 1.(V - wl].

Since we have taken . = A, = 1 here, we consider an operator £ (u), whose action in distribution
is given by:

) =—V-[2e(m) + (V-wI] = —2V(V -u) — Au.

This differential action is naturally associated to the symmetric bilinear forme(-, 1) : VxV — R
given in (2.5). In the standard way, for u € V, we can define £(u) € V' by (£(u), -)y'xy. By
restricting the action of the bilinear form, we can identify an unbounded operator & : L2(2) —
L2(R) that encodes the homogeneous Dirichlet boundary conditions. This is to say, & is the
operator with domain

DE)={ueV : &) e LX(Q)}).
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Indeed, £ as above is a V — V' isomorphism [22], and & : L2(Q) —» LX) is positive, self-
adjoint, and an isomorphism from D(E) — L2(R) (the latter invokes elliptic regularity and is
stated precisely below).

In the analysis of the momentum equation, we consider a given a p € L?(2) (and thus Vp €
V’ [22,24]) and produce a corresponding u € V which satisfies the stationary elasticity equation,
which we will frequently write as

Ew=—-Vp+FeV. (3.1)
This leads directly to the following lemma:

Lemma 3.1. Given G € V', we can consider the elasticity problem

Ew=G €V

3.2
u=0 onT. (32

This problem is well-posed in the standard weak sense [9,15], with a solution u € V and stability
estimate

llullv = CuwllGlly, YueV.

Moreover, as 2 is of class C?, classical elliptic regularity applies [9,24]. Hence, if G € L*(2),
then we have thatu € H3(Q) NV, and

Nl @) < CrlIGll2 )
Unlike [5], we are working with a smooth boundary, composed of a single Dirichlet compo-

nent upon which both pressure p and displacement u are zero. Thus classic elliptic theory can be
used for displacement u when p € V and F € L2($2). When F =0 in (3.1), we have

peV = Vpel’(Q) = £ '(-Vp)=ueH*(Q)NV = V.-ueH(Q). 33)

Such regularity was not available in [5], where a more complex, physically-motivated boundary
configuration was considered.

3.2. Diffusion operator A
For a smooth z € C'([0, T] x ), we define the linear operator Az V— V' by
Axnp=—V - [k@z(®)Vpl, VpeV, (3.4)

where k(z(t)) is interpreted as a Nemitskii operator for the given function z(x, t) as described in
Remark 1.2.

Remark 3.1. In practice we will consider this operator through its bilinear form (defined below)
when z € L2(0, T; L%(2)), considered a.e. ¢.
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If we assume that z € L2(0, T; H'(2)), then we have an unbounded operator A ) : L (Q) >
L?(€2) with domain D(A;n)=H 2(Q) NV and action given by (3.4) with associated bilinear
form

Alp,q;z()] = (k(z(t)Vp,Vq), Y p,qeV, ae. t [0, T]. 3.5)

As noted above, the bilinear form associated to the weak form of A;(;) requires only that z €
LZ(O, T; L2(Q)), and can be obtained via density. When k = const, A is just a multiple of
the standard Dirichlet Laplacian. In the setting at hand, for a.e. r € [0, T], () A;(;) is a maximal
monotone operator, (ii) the bilinear form A[-, -; z(#)] is continuous and coercive on V, and (iii)
A is positive and self-adjoint as an unbounded operator on L*(Q).

3.3. Pressure to dilation map

The pressure to dilation map was introduced in the setting of Biot problems in [2], and devel-
oped and used extensively in [21,22]. It allows one to reduce the (u, p) system in (1.6)—(1.10)
to an implicit evolution problem, such as those studied extensively in [21,22]. This operator is a
useful, descriptive tool in the construction of approximate solutions, and the subsequent analyses.

Consider the map B : L?(2) — L*(2), defined through the gradient and divergence operators
(as above) by:

Bp=-V-E ' (Vp), (3.6)

motivated by the problem above in (3.2). Indeed, we have that p € H*(Q2) = Vp e H* -1(Q)
with p > Vp continuous in that setting [15,24]. In the specific case when p € L*(Q),
Vp € H () = V. Invoking the properties of the elliptic operator £, we see that indeed
B € Z(L*(R)). Similarly, the action of B extends readily to V. Considering B as above,
if p € V, then as above in (3.3), Bp € H L) Similarly, we obtain immediately that B €
ZL(H () NV, H*(R)) for s > 1 via the elliptic regularity associated to £. Note that when
F = 0 in the elasticity equation, as in (3.3), we have Bp =V - u.

Remark 3.2. Consider p € V, and, as above Bp =V -u € H'(Q). Although it is not clear that
V.-ueV, we do know that Bp =V - u € div[V], which does carry additional information, in
particular that Bp € H'(2) N L*(2)/R. Moreover, B € .Z(L3(Q)).

Consolidating the discussions above we have:

Lemma 3.2. Given p € V and F € L?(R), the corresponding solver E~'(=Vp +F) e H*(Q) N
V with associated continuity bound. When F =0 and p € V, we have Bp =V -u € H'(Q) for
E() = —V p. From this we obtain that

B: HO1 () —> HI(Q), continuously.

We note some kernel and range properties of the B operator (closely following [22] and uti-
lizing the properties of V and divergence [24]).

254



L. Bociu and J.T. Webster Journal of Differential Equations 296 (2021) 242-278

Lemma 3.3. Considered as a mapping on HOI(Q), B is injective. Considered as a mapping on
L%(Q), ker (B) = {constants}, and hence B is injective on L*(2)/R.
With respect to ranges, we have the following:

B(L*(Q)) € L*(Q)/R. B(Hy(Q)) < H'(Q)/R.
Finally, we have that B is a self-adjoint, monotone operator when considered on L2(Q) [5,22].
Lemma 3.4. Considering B € £ (L*(R)), it is a non-negative, self-adjoint operator.

By the standard construction [10,17], the self-adjoint operator BY2 e £(L%(Q)) is obtained
with characterizing property

(Bp. @) 120y = (B'?p. B'?q) 120y = (p. BQ) 12(q2). ¥ P.q € L*(Q).

A central issue in the analysis here is that B € . (L*(£2)) need not be coercive in that setting.
However, in the case where we consider compressible effects, the operator col + B : L?(Q) —
L?(Q) is coercive. We will use this critically and repeatedly below.

Corollary 3.5. Let cg > 0. Then the operator col+ B : L2(Q) — L3(Q) is an isomorphism.

Proof. By positivity, we note that for p € L2(Q)

(lcol + Blp. p) 120 = collplI* + (Bp. p) = collplI*.

Hence, the operator col + B is coercive on LZ(Q). Since B € . (LZ(Q)), surjectivity follows
immediately from classical Lax-Milgram applied to the form

B(p.q) = ([col + B1p.q) > q)-

Which is to say that

Bp.q) = (f.@ea. VqeL*(Q)
is uniquely solvable with associated stability bound. O

We conclude this section with some additional remarks about the B operator that arise criti-
cally in the context of previous approaches to the problem at hand.

e Since B implicitly invokes an elliptic solver, its behaviors on V' or any H ~¥(2)—regularity
and continuity properties, kernel and range—are not in the realm of standard elliptic theory.

e Itis not clear that B € £ (H~1(Q)), or that B(Hj (Q)) C Hj (Q).
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3.4. Translation to eliminate momentum source F

In this subsection we provide formal “translations” to the linear and nonlinear problems that
allow us to consider the problem with F = 0. In latter sections, to simplify the analysis, we will
operate on the translated problem. After obtaining the principal result in those sections, we will
refer to this section and translate back to obtain (linear and nonlinear) results for the original
system.

We first note that it is sufficient to solve the linear problem—where k = k(z) for z €
L%(0, T; L*(S2)) a given function—with F = 0 by a standard translation. Consider

Em)=—-Vp+F €eL*>0,T;V)
L+ App=S  €L*0,T;V)
{=cop+V-u € L%(0, T; L*(R))
£(0) =do € L*(Q)

3.7

Indeed, as the elasticity equation is elliptic and F € L2(0, T; L2(§2)), for a.e. t € [0, T] we can
simply write

up(t) =EV(F() e H2(Q)NV. (3.8)

Additionally, with the regularity hypotheses of our main theorem F € L%(0, T; L?(2)) N
HY(0, T; V'), we have that ugp € L2(0, T; H2(Q2) N V) N HY(0, T; V). Then, considering the
variable w = u — up, we note that u solves (3.7) if and only if w solves

Ew)=—-Vp e L*(0,T;V)
copr +V-w, +A,p=S+V-up, €L?>0,T;V) (3.9)
cop(0) + V -w(0) =dy — V - up(0) e LX(Q).

Hence, by re-scaling S € LZ(O, T;V')and dy = ¢(0) € LZ(Q), we obtain an equivalent linear
problem for a given z with F = 0.

In the case of the nonlinear problem, where A;) = A¢() for { =cop + V - u, an additional
step is needed. We note that if w =u — uy as above, the fluid content has expression

=cop+V-u=cp+V-w+V.-uf.
Since V -up € L2(0, T; H'(Q)) N H'(0, T; L?(R)), we have that V - up € C([0, T]; L*(R))

[14,21]. Hence, for any k(-) as in (1.1), we introduce the function kr(-) € C(R) representing the
up-translate of k(-), namely

kp(-) =k(-+ V - up). (3.10)

Since k(-) satisfies 1.1, we obtain immediately that kr(-) satisfies the assumption as well. Then,
from the (abstract) strong form of the original problem,
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Ew)=—-Vp+F e L*(0,T;V)
&=V [k@)Vpl=S €L*0.T;V) 311D
{=cop+V-u e L%(0,T; L*(Q)) '
cop(0) + V -u(0) = dy e L*(Q),
we can write the system for w = u — uy as follows

Ew)=—-Vp e L*(0,T:V)

[cop+V Wl =V [kg(cop+V -W)Vpl=S+V-up, €L*0,T:V) (3.12)

cop(0) + V- w(0) =dy — V - up(0) e L3(Q).

As in the linear case, for a fixed F and k, by re-scaling S and dy accordingly, and re-labeling
k +— kg, we again obtain an equivalent problem with F = 0.

4. Existence of solutions for the linear problem

In this section we recapitulate the relevant /inear Theorem 2.1 to be invoked in our fixed
point construction. As we noted in the Introduction and Remark 2.5, the abstract theory of time-
dependent linear evolutions from [20,21] produces an equivalent result. For self-containedness,
and to tailor the analysis to the specific estimates utilized in later sections, we provide a brief
discussion of the setup here, and also a traditional Galerkin construction of solutions in Appendix
B.

Recall that we explicitly assume that ¢y > 0. In line with the translation introduced in Sec-
tion 3.4, we consider the problem with F = 0. Moreover, we retain the names for the datum
do € L*(Q) and source S € L2(0,T; V') (after updating them, as discussed in the previous sec-
tion). Thus we consider the linear problem (3.7) for a given z € L?(0,T; L*()). Interpreting it
weakly through the associated bilinear forms e(-, -) and A[-, -; z(¢#)], and taking the time deriva-
tive distributionally in 2’(0, T) yields an equivalent formulation to our Definition 1 (see [21]).
Namely, we seek u(z) € L>(0, T; V), p(z) € L?(0, T; V) that solve (3.7) weakly.

Using the pressure to dilation operator introduced in Section 3, we equivalently reformulate
(3.7) as was done in [7,22] as the (implicit) initial boundary value problem

[(col+ B)pli =V - [k(z)Vp]=S, Qx(0,T)
p=0, I'x(0,7) (4.1)
(col + B) p(0) = do, Q

Recall that for z € L2(O, T; LZ(Q)), we defined the bilinear form
Al z®)]:V xV >R by Alp,q;z2(1)] = (k(z#))Vp, Vg)q. (4.2)
Let us clearly state a weak formulation for (4.1) above. In the remaining part of this section,
the notation f’ will denote differentiation in time, and recall the angle brackets represent the

duality pairing between V' and V, i.e., (¢, g) = ¢ (g) = (¢, &) v/ xv-

Definition 4. Given z € L?(0, T; L>(2)), we say that p € L>(0,T; V) with (col + B)p €
L%(0, T; HY(R)) and [(co + B) p]' € L?(0, T; V') is a weak solution for (4.1) provided that
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1. For every g € LZ(O, T;V),

T T

T
/ ([(col + BYp1 (). q (1)) dt + f ALp(0), q(0); 2(0)] dit = / (S@.q)d (43)
0

0 0

2. [(coI+ B)p](0) = dj in the sense of V'

Note that since (col + B)p € L>(0, T; H'()) and [(col + B)p] € L*(0, T; V'), we have
that (coI + B)p € C([0, T]; V') and thus the initial condition makes sense in V’.

Remark 4.1. With regard to the initial condition, although we only identify the initial condition
in the sense of V' (as is consistent with the general weak formulation for implicit equations) we
also need do € L*(2) for the construction at hand. Secondly, since we do not know that [col +
B]p € V, we cannot use the standard result [14] to obtain that [col + B]p € C([0, T; Lz(Q)).

Remark 4.2. Sometimes it is convenient to work with the following equivalent variational for-
mulation for (4.3):

([(col+ B)pl',q)+ Alp.q; 2()] = (S, q), foreachq € V andace. time 1 €[0,T].  (4.4)

We note that the real-valued function t — {[(col + B) p’, q) belongs to L}OC(O, T)CD(,T),
and Bochner’s theorem yields

d

([(col+ B)pl'.q)= - (ol + B1p(1), @) in D0, 7).

Therefore (4.4) can be simply written in the form
d . /
E([COI + Blp(1).q)g + Alp.q: 2(1)] = (S(1).q), in D'(0,T), forall geV.

We now assert the existence of a weak solution as in Definition 4 to the reduced linear problem
described above in (4.1). This is a consequence of the abstract problem in [20,21] and we state
it here as a lemma, since it will be used in the proof of Theorem 2.2. A direct proof is given in
Appendix B.

Lemma 4.1. Let 7 € L%(0, T; L*(Q)), S € L*(0, T; V') and dy € L*(2). Then (4.1) has weak
solution, according to Definition 4.

Proposition 4.2. The weak solution constructed in Lemma 4.1 satisfies for a.e. t € [0, T] the
estimates

ol + 1B pON72q) + 1PI20.7:v) S o2y + 11720 70vy (45
(ol + B) pY I 20.7: vy S MPN20.7:v) + 1SN 207217 (4.6)
[l (col + B)P”LZ(o,T;Hl(Q)) S ||P||L2(o,T;V)- 4.7)
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The proof of Theorem 2.1 follows immediately, given the solution to (4.1).

Proof of Theorem 2.1. Given the lemma above, for a given z € L%(0, T; L?*(2)), we have ob-
tained the functions

p(R) € L*(0,T; V), ¢(z) =cop(z) + Bp(z) € L*(0, T; H'(Q)),

where we have denoted the dependence of the solution on the given function z. Since Vp(z) €
L%(S) a.e. t, we can invoke the elasticity isomorphism as in Section 3.1 to obtain

ux) =& N (=VIp@)D) e HX Q) NV, ae.t.

By the injectivity of Bon V = HO1 (2), we can identify B[p(z)] = V -[u(z)] (as in (3.7)). Hence,
we obtain a solution to (3.7).

Finally, with the hypotheses on F and dj, we can translate back to the original case as in (3.9)
to immediately obtain a weak solution for

Ew)=—-Vp+F eL*0,T;V)
G—V-lk(zVpl=S €eL*0,T;V)

(4.8)
{=cop+V-u e L%(0,T; L*(Q))

cop(0)+V-u0)=dy €L?*(Q). O
5. Nonlinear problem - existence of solutions

This section contains the proof of Theorem 2.2. We divide the proof into two parts. First, we
focus on the case of compressible constituents, i.e., cp > 0. Our strategy in this scenario is to
show that the map z — ¢ provided by Theorem 2.1 has a fixed point. In part two of the proof, we
obtain existence of solutions for the case of incompressible mixture constituents using a limiting
process co N\ 0.

5.1. Proof of Theorem 2.2 for cy > 0

We begin by considering the general translated problem with F = 0. By Theorem 2.1, given
z€ L%(0,T; L*(R)), the problem (3.7) (with associated regularity of data) has a weak solution,
written as (u(z), ¢(z), p(z)), satisfying the estimates in (4.5)—(4.7). We note that since the solu-
tion to the linear problem provided by Theorem 2.1 is not necessarily shown to be unique, we
must allow the possibility that the solution mapping is multi-valued (in the sense of the Appendix
A). Thus we consider the reduced problem

& —V-[k(z)Vpl=S €L*0,T;V')
¢=cop+ Bp € L*(0, T; L*()) (5.1)
2(0) = do € L*(Q),
and define a correspondence between the given permeability argument z € L*>(0, T; L*>(£2)) and
the resulting fluid contents ¢ taken from weak solutions (in the sense of Definition 4) correspond-

ing satisfying the a priori estimates in (4.5)—(4.7).
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Definition 5. For fixed “data” dy and S as above, and given z € L?(0, T; L>(R2), we define the
correspondence

F:L*0,T; L*(Q)) - L*(0, T; L*(R)),
by
F(z) = {g“ =[col+ B]p : (p,¢) is a weak solution of (5.1) that satisfies (4.5)—(4.7)}.

Clearly, using Lemma 4.1 and Corollary 4.2, we have that the set .% (z) # . Moreover, the
fact that the range of the correspondence Z(.%) C L2(0, T; L*(2)) is immediate, since all the
elements in the set p(z) belong to L0, T: L*(Q)) trivially, and hence by the boundedness of
B € Z(L?*(R2)) we have that

[col+ Blp € L*(0, T; L*(R)), Vp € p(2).

Note here that by the definition of the correspondence, the satisfaction of the initial condition
is included in the definition of .%. Also, note that passing between a ¢ (z) and a p(z) simply uses
the invertibility of [col 4+ B] on L?(0, T; L>(2)), via Corollary 3.5. We will use the Bohnenblust-
Karlin Fixed Point Theorem for correspondences [1] to obtain the existence of (at least) one fixed
point for .%. The statement of the theorem, along with the relevant background definitions can
be found in the Appendix A. We have the following theorem:

Theorem 5.1. The correspondence F : L*(0, T; L*(2)) — L*(0, T; L*(2)) defined above has
a fixed point. The set of fixed points of F is compact in L*>(0, T; L*(R)).

Proof of Theorem 5.1. Let dy € L>(2) and S € L>(0, T; V') be given. We consider the cor-
respondence .7 : L?(0,T; L*(2)) — L*(0, T; L*(R2)) defined above in Definition 5. By the
construction of linear solutions as given in Lemma 4.1 and the corresponding estimates in
Corollary 4.2, we have that for each z € L2(0, T; L*(S2)), the set .Z (z) # ). Moreover, for each
element ¢ € % (z), via 4.1, we have that

¢ eL?0,T;V), and & € L*(0,T; V'),

with associated estimates in (4.5)—(4.7).

Step 1. First, we show that the correspondence is convex- and closed-valued, i.e., % (z) is convex
and closed, for each z € L*(0, T'; L?(R2)). Thus let z € L>(0, T; L*(2)) and let ¢1, &> € Z(2).
This means that the pairs (pi, ¢ = [col + B] pi) satisfy the definition provided in Definition 4
for i =1, 2, namely for every g € L2(0, T; V), we have

T T

T
/ ([eol + B1p! (1), g (1)) di + / Alpi(1), q(0): 2(6)] di = / S@O.goydi (52)
0

0 0
and [(col + B) p;](0) = do.
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Since the problem is linear in k(z) with A[p, q; z] = (k(z)Vp, Vgq)q, convexity in the weak
form of solutions and initial conditions is immediate by taking the appropriate linear combination
of the above equalities. For the associated inequalities in (4.5)—(4.7), the convexity of norms is
sufficient. Indeed, we show this for (4.5): Suppose for p;(z),i =1, 2 we have:

ol Pi D oo 721202 + 1B Pi @1 0 0.7 1200y + 1Pi @l 20,721

< Cllldol17 g, + 11511720 7)) (5.3)

Then

llapt + (1 —a)pal > < allp1l* + (1 = )| pall?

and hence by multiplying the inequality (5.3) by « when i = 1, and again multiplying by (1 — «)
when i = 2, then adding the results, yields that the function ap; + (1 — ) p satisfies (2.10) for
any o € [0, 1] with the same constant C associated to the RHS.

To show that %#(z) is closed, consider a sequence ¢, € %#(z) such that ¢, — ¢ €
L2(0,T; L%()). Using the invertibility of the linear operator [coI 4+ B] on L2(0,T; L%(2)), we
have that p, — (col+B)~'¢ € L*(0, T; L*(2)),sowe let p = (coI+B) !¢ € L%(0, T; L*(2)).
Since the pair (p,, ¢,) satisfies the estimates (4.5)—(4.7), we know that p, is uniformly-in-n
bounded in L2(0, T; V). Therefore p, has a weakly convergent subsequence, whose limit is
identified with p by uniqueness of limits. This yields that p lies in L>(0, T; V).

Passing to the limit, then, in the weak form in Definition 4 is immediate, since the problem
is linear in k(z). The estimates in (4.5)—(4.7) on p(z) and ¢(z) = [col + B]p(z) follow from
weak lower semicontinuity of norms, since each (pj,, ¢,) satisfies them by hypothesis. Lastly,
obtaining the initial condition is immediate, since each ¢, corresponds to a solution with the same
initial condition ¢, (t = 0) = dy. The estimates on solutions in (4.5)—(4.7) ensure that ¢,,¢ €
H'(0,T; V"), and hence we have that (1 = 0) = dy as the limit point of £, (0) (in the sense of
V).

Step II. Next, we show the sequential criterion for UHC of the correspondence .%, as in Theo-

rem 7.3. To that end, let {(z,, {)} € 9(.F). Suppose further that z, — z € L2(0, T; L?(R2)). We
want to conclude that ¢, has a (strong) limit point { € . (z).

First, by Assumption 1.1, the function k(-) considered as Nemytskii operator, has the prop-
erty that k(z,) — k(z) € L>(0, T; L>*(R2)). Now, since ¢, € .7 (z,), for the unique p, = [col +
B17'¢, we have by definition of .% the estimate (4.5) and that the weak form of the equation
is satisfied (as in Definition 4). The estimate (4.5) (with fixed RHS in terms of data) yields a
uniform-in-n bound on

12
pallrzo.r:vys PnllLeco,m:2()) |I1B / Prllreo,7:12()-

From the bound on p, in LZ(O, T;V) we extract a weak subsequential limit point, i.e.,
Pni = p € L*(0, T; V). From this and the continuity of [col + B] € Z(L*(0, T; L*(2))), we
obtain immediately that ¢, = [col + Blp,, — [col + Blp. We define this latter quantity as
¢ = [col + Blp, and hence ¢,, — ¢. In addition, the estimate (4.7) in the definition of .% and
the uniqueness of limits ensure that (perhaps passing to a further subsequence with the same
label) ¢, — ¢ € H'(0,T;V’'). We want to show that ¢ € .%(z), and this is accomplished
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by passing with the limit on the subsequence nj in the weak formulation (4.3). To that end,
let us again consider the weak form evaluated on ng, and restrict our spatial test functions to
g €L*0,T;:V)NL®O,T; Whe(Q)):
T T T
f Ene (), q (1) dt+/A[pnk(t),q(t);znk(t)] dt:f(S(t),q(m dt (5.4
0

0 0

Limit passage on the first term on the LHS is immediate identifying weak limits in this weak
form. For the second term, more care must be taken. Consider:

T T
/ k(zn)Vpn,, Vq(©))d =f k(znk)—k(Z)]VPnk,Vq(t))dt+/(k(Z)Vpnk,Vq(t))dt-
0 0

(5.5)
The first term on the RHS is handled through the Nemytskii property of k(-):

/([k(znk) — k(2)IV P, g (@))dt
0

= C(||‘]||L°°(0,T;W1,°°(Q)))||k(an) - k(Z)||L2(o,T;L2(Q))||Pnk||L2(0,T;V)
<C(q, ||P||L2((),T;v))||k(znk) - k(Z)||L2((),T;L2(Q)) — 0,

by the uniform bound on p,, in L%0,T; V). Convergence of the second term in (5.5) is imme-
diate, since by the boundedness of k we have k(z)Vq € L2(0, T; LZ(Q)); thence, Vp,, — Vp e
L2(0,T; L%()).

Thus, we have shown that for ¢ € L2(0, T; V) N L%°(0, T; W12°(Q))

/(k(znk)Vpnk, Vg (1)dt — /(k(Z)Vp, Vq(1))dt,
0 0

and hence, passing to the limit as k — oo in (5.4) we obtain for ¢ = ¢(z) the identity

T T

T
/(Cr,q>dt+/(k(1)vp, Vq(t))dt=/(5161(t)>dt (5.6)
0

0 0

for all g € L20,T; V)N L®(0, T; WL°(Q)), the latter being dense in L%(0,T; V). Thus we
have shown that (¢£(z), p(z)) satisfies the weak form of the pressure equation and hence we
have constructed a weak solution (¢(z), p(z)) for z € L*>(0, T; L?*(R2)). The requisite estimates
in the definition of .# ((2.10)—(2.12)) hold immediately on the weak subsequential limit points
(¢(2), p(2)) (in the relevant topologies) by weak lower semicontinuity of norms. Obtaining the
initial condition is also immediate from the definition of .%. Hence ¢, has a weak subsequential
limit point { € F (7).
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To conclude the UHC property of the correspondence %, we must improve the convergence
of ¢, — ¢ to be strong in L%($2). This is done via the Lions-Aubin compactness theorem (see,
for instance, [21]). In addition to the estimate (4.5) for the sequence p,, , we obtain two additional
uniform-in-k estimates from continuity of B : V. — H'() and from satisfying the weak form
of the pressure equation, namely:

2 2 2
||§nk||L2(0,T;H1(Q)) = ||cOpnk + Bpnk”LZ(O!T;HI(Q)) S ||P||L2(0’T;V) (57)

101 N 220,759 = IOl + B) Py 1720 70y S NP2 0 700y + 1817200 yry (5-8)

By possibly passing to a further subsequence ny,, (not affecting the previous steps in establishing
the weak solution or associated estimates), we improve the convergence of ¢, i > C € L2(O, T;
L%(S2)). Applying Theorem 7.3, we obtain that . : L2(0, T'; L>(R)) — L*(0, T'; L*(£2)) is UHC
as well as compact-valued. Subsequently, from Theorem 7.2, we have that .% is a closed corre-
spondence.

Step III. Lastly, to invoke the Bohnenblust-Karlin Fixed Point Theorem, we must show that the
range of % is relatively compact in L2(0, T; L3(2)). But, as in the previous step, this will
follow from the Lions-Aubin compactness criterion. Indeed, for any ¢ € Z(%), ¢ corresponds
to a weak solution satisfying the estimate (4.5), and subsequently (4.6)—(4.7). In particular, we
obtain for any such ¢ there is an associated p = [col + B]_lg“ such that:

1E1Z 20752112y < CUPIZ 20,72y < CLIOIIZ 2 ) + 1ISI17 20, 71 (5.9)

18" 220,7:v1) < CLIPI 2075wy + IS 20,791 < CLIdoNG 2 ) + IS 20 7] (5:10)

A subset of L?(0, T; L*(2)) which is bounded as in the previous two estimates is relatively
compact by the Lions-Aubin criterion, and hence ¢ € Z (%) lies in a compact set. This is the
final hypothesis to be satisfied for applying the fixed point result, Theorem 7.4.

Applying the fixed point theorem yields the existence of a function z € L?(0, T; H!(Q)) N
H'(0, T; V') and an associated weak solution (£ (z), p(z)) for which z € #(z). O

Remark 5.1. We again note that, owing the presence of the nonlinearity, regularity of the solution
¢—in particular of V - u—needs to be better than L%(0, T; L%(2)). This is because we must
obtain compactness in ¢ to utilize the Nemytskii property of k(). Moreover, if dy € V' only, this
would preclude our ability to obtain such regularity, as this would seem to lower the evolution of
Bp =V - u to the regularity of V.

Now we proceed to obtain a weak solution as in Definition | to the original problem, which is
stated in strong form in Section 3.4 as (3.11). By applying the fixed point result from the previous
section, Theorem 5.1, with appropriately scaled/modified data S, dy, k(-) we will finally prove
the main result Theorem 2.2.

Proof of Theorem 2.2. Considering the strong form of the nonlinear dynamics in (3.11), we
apply the translation as in Section 3.4. For the new variable w = u — uf, where uy is defined by

(3.8), we obtain the system (3.12), which we restate here for clarity:
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Ew)=—-Vp e L%(0,T; V)
cop+V-Wl, = V-[kg(cop+V -W)Vpl=S+V-up, €L*0,T;V) (5.11)
cop(0) + V -w(0) =dy — V - up(0) e LX(Q).

Under the regularity assumptions on F, we have up € L%0,T;H>(Q) N V)N H'(0,T; V).
Hence, in the above strong form, we have V - up; € LZ(O, T; LZ(Q)) C LZ(O, T:V’). Addi-
tionally, V - ur € C([0, T']; LZ(Q)) [14,21], so we can extract its time trace at ¢ = 0. Finally,
since V - up € C([0, T1; L?(R2)), we observe kp(-) = k(- + V - up) satisfies the hypotheses of
Assumption 1.1 since k(-) is assumed to satisfy them. We can then reduce the above system to
a version of (5.1), where the corresponding “data” satisfies the hypotheses of Theorem 5.1, and
we can apply the result of the fixed point theorem.
Doing so, we obtain a function p € L2(O, T, V) that satisfies:

e Forevery g € L>(0,T; V),

T
/([(COI +B)p], q) dt + (k(cop 4+ Bp+ V -up)Vp, Vg)dt
0

St~

T T
/S th—i—/(V ur;, q)dt.
0

e { =cop+ Bpae.tandae.x.
° [(COI + B)p] (0) = dy in the sense of V.
e The following estimates hold:

coll P72y + 1B D112 + 121 20.7:v) S 1doll7 gy + 11V - ur (O[5
+ ”S”LZ(O T; V/)
I[(col + B)P]/“LZ(o,T;v/ Selizo vy + IS 20.7: vy + IV -wr el 200.7: v

[(col + B)pll20,7: 112y S P2 0,73 v
From this we can obtain a w € L%(0, T; H(£2) N V) and then a u = w + ug, resulting in
u=E1(=Vp+PF.
This u has the necessary property that it can be identified via the relation
V-u=Bp+V - up
in a point-wise sense. The above is sufficient to conclude the weak form of the elasticity
equation, (2.6). Using the fact that ||up||y < [|F||y’ and the embedding H'(0, T; L*(Q)) —

c(o, Ty, Lz(Q)), we re-interpret the estimates above as
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T
coll Pl 0.7 122 F 1P 120,71y S 1ol172 ) + DAT Al (5.12)
2 2 2
||u||L2(0,T;H2ﬁV) S ||P||L2(0’T;V) + ||F||L2(0,T;L2(Q)) (513)
T
Ilcop +V -ul'll 2. 7.vy S P20, 75v) + DATA\() (5.14)
lcop+V - u”LZ(O,T;H'(Q)) S ||P||L2(0,T;v)- (5.15)

(Note that in these final estimates for the original problem we have omitted references to the B
operator, in doing so, discarding the information on B'/2p € L>(0, T; L*(2)).)
This finally concludes the proof of Theorem 2.2. O

5.2. Proof of Theorem 2.2 - incompressible constituents, co =0

Consider a sequence or real numbers {06”}‘1’0 such that c6” < 1, for all m > 1, and cg' N0
as m — oo. To each ¢ we attribute a particular weak solution (p™,u™) € L%(0,T: V) x
L2(0,T;V) to (3.11) (i.e., a solution in the sense of Definition 1) with a fixed initial condi-
tion dp € L?(Q) for all m (the intended initial condition when ¢y = 0). Such a solution has, by
construction in the proof of Theorem 2.2, the energy estimate:

T
1 p™ |2 4kt | VP 1RdT < ||dol> + DAT A|”
0 NP oo (0,7, 12(02)) T X1 p < lldo 0
0

Note, the bound on the RHS is uniform in m. This provides a weak-* subsequential limit
point for ﬁ p" e L0, T; L*(R))), and a weak subsequential limit point labeled p for
the sequence p” e L%(0,T;V). From the elasticity equation, we infer that the associated
u” € L2(0, T; H2(Q2) N V) has the bound

T T T T
f 0" )y S / IE@™)|Pdt < / IVp™|Pdt + / 1FI13 2,41,
0 0 0 0

and taken in conjunction with the estimate above, leads to a uniform-in-m estimate. To the
sequence u”* we also associate a weak subsequential limit point (with the same subsequence
associated to p, perhaps upon re-indexing):

u" —~uel*0,T;V).
From the construction of the weak solution, we have that p™ satisfies for all g € L>(0, T; V):

T

T T
/(C}"(t),q(t))dt+f(k(§m(t))VPm(t),Vq(t))dt=/<5(t),q(t)>dt, (5.16)
0 0

0
with ¢ = ¢! p" +V -u" = [cf'T+ Blp™ +V -up € L*(0, T; L*(R)) and the associated bound
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HE™ N r20,7:02) = g P™ + V0" 1120, 7.2 (0)) (5.17)
<co 1PN L20.7: 2202 + IV -0l 200,72 12(02))
= C[HPHLZ(O,T;V) + ||u||L2(o,T,V)]

T
S ldol? + DAT Al + |IFII%, (5.18)

(0,T;L2())

by lower weak semicontinuity of the norm, Poincaré, and the boundedness of the sequence {co’"}.
Hence there is ¢ € L%(0, T; L%(S2)) so that

"~ e L*(0,T; L*(Q)).

As in the construction of the solution, satisfying the equation (5.16) is also sufficient to deduce
that ¢ € L%(0, T; V') (with associated uniform-in-m bound as above in (5.14)). Again, by such
a uniform-in-m bound on ¢/* € LZ(O, T; V') we can extract a weak subsequential limit in that
space, and identify in the standard way for the distributional derivative [15]

"=, e L¥0,T; V).

Additionally, the sequence p™ itself is bounded as

||Pm||L2(0,T;L2(Q)) <ClIp" ||L2(o T:V) S S ||P||L2(0 T;V)-

This implies that the sequence [cy p™'] — 0 € L%(0, T; L*(R)), as well as, for any ¢ € V and
fe€20,7),

CS"/(p’"(t),@Qf’(t)dz -0,

as ¢y’ — 0. From which we deduce by the definition of the distributional derivative in ¢ (see
Remark 4.2) that

T
ch / P(1), q()yxydt — 0, Yg e L*(0,T; V). (5.19)
0

Now, it is immediate from the previously established convergences that (™ = ci p™ + V -
u" —~V.ue LZ(O, T; LZ(Q)), and by uniqueness of limits, we must have that ¢ =V -u €
L%(0,T; L3()), possibly passing to a subsequence. Moreover, since ;" € L%0,T; V') with
cg p" — 0, we obtain that

T T T

T
/(gtm9q>dt_)/<§tvq>a /(;trn? / (CO p[ ’ <Vll;n,q>]dl
0

0 0 0

But we know, again by uniqueness of limits, since we have (5.19), that
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T T
f é‘[ ) / Ct’ / V U, gq
0 0

Lastly, we need to show the nonlinear term exhibits convergence; namely, we want to show

/(k(;'")vpm, Vq)dt — /(k(V W)V p, Vq)dt. (5.20)

This will follow immediately as in Step II in the proof of Theorem 5.1, using the Nemytskii
property of k(-). Indeed, we first improve the bounds on ¢":

N N 20.1: 1)) = g P™ + V0"l 200,711 ()
S llp™ 2.y + 10" g

N ||p||L2(0,T;V) + ||u||L2((),T;VﬁH2(Q)) (5.21)

This again results in uniform-in-m boundedness, and we note that (perhaps on a subsequence),
again by The Lions-Aubin criterion and the uniform boundedness of {¢™} c L*(0, T; H'())
and {{/"} C L?(0,T; V'), we can improve the convergence of (" — ¢ € L%(0,T; L*(Q)) to
strong convergence. At this point, k(™) — k(¢) € L(0, T; L>(2)), and we invoke the identifi-
cation ¢ =V - u. From this, (5.20) follows.

Hence, upon taking the limit as ¢;’ — 0 in (5.16), we obtain that the subsequential limit point
(p,u) € L%(0, T; V x V) satisfies:

T

T T
/(V~ut(t),q)dt+f(k(C(t))VP(I),Vq)f(t)dt=/<S(t),q)f(t)dt, (5.22)
0 0

0

for any g € LZ(O, T;V).
As in the ¢ > 0 case, we recover the elasticity equation faithfully, so

Ew)=—-Vp+F, ae.x,t,

which of course yields the weak form in Definition (4).

Finally, by the equation, we again have that V - u € Hl(O, T;:V)Hn LZ(O, T; HI(Q)), SO
V-ue C([0, T]; V'), which permits the initial condition for the quantity V - u(0) = dy in the V'
sense, though dy € L?(2). This ensures that (p,u) € L2(0, T; V x V) is in fact a weak solution
with cg = 0, in the sense of Definition 1 (see Remark 2.1).

6. Uniqueness - proof of Theorem 2.3
In this section we divide our considerations into two approaches, depending on which terms
have point-wise-in-¢ control: (i) the first one considers a weak solution to the full dynamical sys-

tem in both dependent variables (u, p); (ii) the second approach considers the reduced system
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phrased in terms of p and Bp. There are subtle differences in the approaches and in the requi-
site hypotheses to obtain unique solutions. We point out that—since we do not construct strong
solutions in this paper—we phrase our results below as: If weak solutions exhibit additional reg-
ularity properties, then among such weak solutions there is uniqueness. We recall the space of
weak solutions (for given data dy, S, F, k(-)) with the additional regularity p, € L?(0, T; L>(2))
denoted by Wr—see (2.13). In particular, our result says: If one weak solution in Wr has addi-
tional spatial regularity, then all weak solutions in Wr are equal to it.

Let us introduce both types of formal energy identities utilized later in the proof of The-
orem 2.3 for ¢y > 0. Consider (u!, p') and (u?, p?) two weak solutions coming from Wr.
Then, we subtract the weak forms of the equations as in Definition 4 and test the pressure equa-
tion with p = p' — p? and the elasticity equation with u, = u — utz. The latter is justified, as
ui = 5_1( — Vp; + F;) € L2(O, T;V) since F; € LZ(O, T; V') by our regularity hypotheses on
F and Vp! € L*(0, T; V') since p! € L*(0, T; L*()).

This yields the unsimplified identities:

T
[ @ Gy v - / B,V -W)adt =0 6.1)
0
T T
/ [co (P, D)+ (¥ - Pads + / (kP! — k(DDA VE)gdt =0, (62)
0 0

where we denote ¢! =cop' +V -u'.
Now, let us consider the formal energy relation for the (partial, omitting the equation for u)
reduced formulation making use of the B operator, again, with no simplifications:

(leol + B1p,. D)o, + (k(cHVP' —k(tH VP2, VD)o =0. (6.3)

We have replaced the V' x V duality pairings in the pressure equations above through the
assumption that pf € L?(0, T; L*(R2)). Both approaches to uniqueness hinge on the analysis of
the nonlinear term. The goal is to apply a version of Gronwall to the formal estimates.

Let us begin by estimating directly this nonlinear term above.

S—

T
(' OVp' 0 = B OVP2 0], V) di = / (k') = O1Vp' 1), VP(@®)dr (6.4)
0

T
+ / (K*)VP@), Vp(1))dt
0

where we have used the shorthand k% (¢) = k(co pi + V -u). Using the lower bound on the
permeability function 0 < ky < k(-) from Assumption 1.1 the second term above will serve as
dissipation to help with further estimation
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T
Kil1P1 22 0 oy < / (KR@O)VE@), VB©)dt
0

The remaining nonlinear term on the RHS can be estimated in two ways, yielding the two
distinct hypotheses. With the supplemental hypothesis that k € Lip(R) with L; > 0 the global
Lipschitz constant, we have

k' () — k(1) = k(") — k()| < Ly [T,

again where ¢ = ¢! —¢%, and ¢ = cop' + V -l
Using Cauchy-Schwartz, then, we have

T T
/ (IK' (1) — K201V p' (). VP(©)dr < Ly / 11V 0 o2 11 20 I VBl 2yt
0

We proceed straightforwardly, retaining the supremum term under the integration:

T
/ (1K () — 01V p (). VP dt <
0

L
< 4—I|Vp(t)|ILoO(Q)[IIs“(t)IILz(Q)] (6.5)
T
+e/HVﬂﬁRmm,Ve>Q
0

Remark 6.1. One can also pull the supremum term outside the integral; this is akin to the ap-
proach taken in [7].

T

L? _
/ (k') =K@V (1), VP©)de = IV Il 0710 / 11171
0

+E/HVﬂﬁ%mm,VE>Q

Anticipating the use of Gronwall below, we note that Vp' € L>() is obtained through the
Sobolev embeddings in 3-D if for instance, if p! € H3($2) (or any Sobolev index above 2.5).
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6.1. Uniqueness for the full system; co >0

In working with the full system, we can exploit cancellation in the structure of the Biot system
to obtain more explicit energy estimates to be used for uniqueness. In this framework, as we
shall see, we need to specify the initial displacement uy € V independently of cqpg, recalling
that £(0) =dop = [cop + V - u](0).

Then, we consider (6.1)—(6.2) and add the two equations, canceling cross-terms on the RHS
and simplifying by integration by parts. This yields:

e(@(t), U()) + col [P > +2 / (k(cHVp' —k(tHVp?, VD)dt = e(Uy, Up) + col[PolI*. (6.6)

We recall the estimate on a single trajectory:

T
1l o0, 7y + Ol Pl oo 71202y F K11PIZ 20 72y < CQ0, po) + DAT Ay (6.7)

The resulting estimate on (u, p) as above in (6.5) is

=12 -2 -2
||u||L00((),T;V) + C0||p||L00(0’T;L2(Q)) + kl||P||L2(0’T;V)
T

< C@, Po) + / (1K) — 01V p' VP)dr,
0
T

T
2
4—" / VB e 0y [T D122 Jd1 + € / VP12t (6.8)
0

We then note that ¢ = cop + V -, and hence
117 S GIIPII + 113,
Absorbing on the RHS by choosing, e.g., € = 2 , wWe obtain:

L? ;
||ﬁ||%oo(0,T;V)+co||ﬁ||iw(0,T;Lz(m)N— VPO [P + Ul ]dr. (6.9)

(=}

If ¢y < 1, then we have

~

_ _ L}
||u||iocm;v)+co||p||ioo<0,T;L2(Q))Nkl IVPOII7 (g [col P11 + Ul ]dr  (6.10)
0

If ¢cg > 1, then we have
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T
_ _ Licg _ _ _
||u||iwm;v)+co||p||ioo(0,T;L2(Q))52"—,{1 / VDO oo [col PII* + W15 ]z (6.11)
0

From here, we may invoke L2-kernel version of Gronwall as in [13, Theorem 9], and uniqueness
of solutions is deduced in the standard way.

6.2. Reduced equation uniqueness; co > 0

In this section we consider working with the reduced equation directly. We assume only that
dy € LA(), forgoing any assumptions on u(t = 0). As we will see, we need to assume cp > 0 as
well.

So, given F and § as above, let us consider two weak solutions pi (t) € L2(0, T;V)N
H'(0, T; L?(2)) (this follows, for instance, if (u, p) € Wr and the problem is reduced through
the B operator) to

lcol +Blp;i —V -k(@)Vp=S+V -up, € L*0,T; V"),

using the notation from Section 3.4. We will denote { = cop + Bp + V - uF here for the fluid
content.

Remark 6.2 (Weakening hypotheses). Here, the main regularity we need is to be able to interpret
the pairing ([col 4+ B]p:, p) in some sense. The challenge is that the properties of B in both V
and V' are not clear (e.g., self-adjointness), and for p € L?(0, T; V), it is not clear that Bp €
L%(0,T; V).

Letp = p! — p? as before, and hence ¢ = cop + Bp. Then the straightforward energy relation
in (6.3) simplifies to

[col PII* + (BP. )] + (k(¢HVp' —k(¢H)Vp?, V) =0.

N =
S

Add and subtract, anticipating using the Lipschitz property of &:

t

ol PO+ 1B2p(0)|* 42 / (Vpilk(ch) = k&)1, VD) + (k(c®)VD, Vp)dt = (do, p(0))
0

Since c¢o > 0, we can recover p(0) = po = [col + B]™Ld. Estimating as in the previous section
and invoking the assumptions on k(-), we obtain

—=112 1/2—12 —=112
C0||p||Loo(0’T;L2(Q)) + ”B p“Loo(O’T;LZ(Q)) +k1||p||L2(0’T;V)

T
_ L? _
< lldol* + k—f / VP 1T ||§||2Lz(9)dr.
0
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To proceed as before with Gronwall, it is imperative here that ¢y > 0 since we do not know that
B or B'/? is coercive. We then estimate ¢ carefully:

1Z11 = lleoP + BPIl < ClIpll,

where all norms are taken in the L?(2) sense. Simplifying the above inequality, and invoking
this estimate, we obtain

T
2
collPI < ldoll? + Lk IV P 13 oy P13 2 ot (6.12)
olp L0(0,T;L2() ~ 1190111 2(q) K P oy 1P L2t .
0

Since p € HY(0, T; L3()) in this case, p € C([0, T1; L?(R2)) and at this point, Gronwall can
be applied as before to obtain uniqueness in p a.e. r and x, which can then be transferred through
the elasticity isomorphism £ to p. This results in uniqueness of the weak solution (u, p) € Wr.

7. Appendix A: Multivalued fixed point

We begin with a handful of definitions and straightforward theorems that will be relevant to
the fixed point we are using in the construction of weak solutions. All of these considerations are
taken from [1].

The basic setting considers ¢ : X — Y as a correspondence, where, for each x € X, ¢(x)
represents a subset of Y. (We do not use the equivalent point of view that ¢ : X — 2¥.) The —»
notation indicates that ¢ need not be a function, but is thought of as a “multi-valued function.”

Definition 6 (Notions of closedness and compactness). A correspondence ¢ : X — Y between
topological spaces is closed-valued if ¢ (x) is a closed set for each x € X. The analogous defini-

tion is used for a compact-valued correspondence.
A correspondence ¢ : X — Y between topological spaces is closed (or has a closed graph) if

@) ={(x,y) €X XY : yep(x)}
is closed as a subset of X x Y.
Definition 7. A correspondence ¢ : X — Y between topological spaces is called upper hemicon-

tinous (or UHC) at the point x € X if for every neighborhood U > x there is a neighborhood
V > x such that

zeV = ¢(z) CU.
We say that ¢ is UHC on X if itis UHC ateach x € X.

The next theorem provides the relationship between graph closedness and UHC. (We do not
explicitly use this version in the body of the paper.)
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Theorem 7.1. Suppose ¢ : X — Y is closed-valued. If ¢ is UHC at x, then forall x, € X, y € Y,
and y, € ¢(xn)

Xp—>Xx and y, >y = YyEpx).
If ¢ is closed-valued and the range of ¢ is compact, then the converse holds.
Alternatively, the following is the criteria we invoke in the proof of our main result:

Theorem 7.2. Suppose ¢ : X — Y is an UHC correspondence. If ¢ is closed-valued (and Y is
regular) OR ¢ is compact-valued (and Y is Hausdorff), then ¢ is closed.

The next theorem is a subtle variation on the previous sequential criteria for upper-
hemicontinuity.

Theorem 7.3. Assume that a topological space X is first countable and Y is metrizable. Then for
a correspondence ¢ : X — Y and a point x € X TFAE:

e pisUHCatx and p(x) CCY.
e [fa sequence {(x,, yp)} in G(¢) satisfies x, — x then {y,} has a limit point in ¢ (x).

Finally, we are in a position to state the multi-valued fixed point theorem employed in our
constructions above, the Bohnenblust-Karlin theorem. Historically, this theorem has been con-
sidered as the multi-valued version of the Schauder fixed point theorem. Let us note that fixed
point for a correspondence ¢ : X — X is simply a point x € X so that x € ¢ (x).

Theorem 7.4 (Bohnenblust-Karlin). Let X be a nonempty closed convex subset of a locally Haus-
dorff space, and let ¢ : X — X be a correspondence with closed graph and nonempty convex
values. If the range of ¢ is relatively compact (or equivalently, if it is included in a compact set),
then the set of fixed points of ¢ is nonempty and compact.

8. Appendix B: Galerkin construction for linear problem

Proof of Lemma 4.1:

Proof. Due to Assumption 1.1 on the permeability operator &, the following Proposition is im-
mediate.

Proposition 8.1. The bilinear form Al-, -; z(t)] satisfies the following properties:

1. Continuity: IM > 0 s.t. |A(wy, wp; z(1))| < M||lwi|lv |lwz2lly, Ywi, w2 €V, ae in[0,T].
2. Coercivity: A(w, w; z(t)) > ki ||lw||?, forallw € V.

Construction of Approximate Solution: We use Galerkin approximations. Let {wy(x)}2, be

an orthogonal basis of V, and an orthonormal basis in Lz(Q). (For example, we can take
{wi(x)}72, to be the complete set of appropriately normalized eigenfunctions for —A in V.)
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Let V,, = span{wj, ...w,}. Note that V,, satisfies the conditions V,, C V, 41 and UV,, = V. We
look for solutions of the form:

pa(t) =Y _df (. 8.1)

k=1

where the coefficients d,’f (t)yeH 1 (0, T) for k=1, ...,n. Thus we consider the following finite
dimensional problem on Vj,:
Determine p,, € Hl(O, T; V) such that for every k =1, 2, .., n,

([eol + Blpy, wi) 12(q) + Alpas wi; 2(-)]1 = (S, wi), ae.in (0, T),

k i (8.2)
d*(0) = ([col + B 'do, wi)@. k=1,2, ..., n.

If the differential equation in (8.2) holds for each element of the basis wy, with k =1,2, ..., n,
then it also holds for every w € V,,. Moreover, since (col + B)p,, € L2(0, T; L%(2)), we have
from Remark 4.2

((col + B) py (1), w)g = ((col + B) p,, (1), w)
Upon expanding p;,, (8.2) becomes
Mdy(0)) + > Alwy, wi; 2(0)]d} (1) = (1),

k=1
df(0) = ([col + Bl 'do, wi), k=1,2,...,n,

(8.3)

where
M = ([eol + Blwg, wp)q, and SK(r) = (S(1), wi), k=1,2,...,n.

Since (coI + B) is invertible on L2(£2), we have that {[col + Blwy}72 , is linearly independent
in L2(2). Therefore we can find a permutation « (i) of the basis {wy} such that for all m € N,
the matrix {([col + Blw;, we ()., };njzl is nonsingular (see Lemma 2.3 in [16]).

Remark 8.1. We note here that in order to construct solutions invoking ODE theory and obtain
the subsequent energy estimates below, we require the initial condition dy € L?(R2); if dy € V',
additional information about the continuity, adjoint, and invertibility of B on V' would be needed.

By standard existence theory for ordinary differential equations, there exists a unique, abso-
lutely continuous function d, (t) = [d,’; (1)];_, that solves (8.3). Therefore p,(¢) € H Lo, T;Vv)
defined in (8.1) is a solution for (8.2) for a.e. t € [0, T'].

Energy Estimates: We can interpret (4.3) a.e. s € [0, T] and let g = p,, € H'(0,T;V)in (4.3) to
obtain

(lcol+ B1p,,(s), pn(s)) 4+ Alpn(s), pu(s); 2(s)]1 = (S(s), pn(s))

274



L. Bociu and J.T. Webster Journal of Differential Equations 296 (2021) 242-278

Due to the fact that B is self-adjoint on L?(2) and pn(t) € H'(0,T; V), we have that

1d
(lcoX+ Blp,(s), pa(s)) = ——([601+B]pn(S) Pn(s))q

Moreover, with kj as the lower bound on £, i.e., the coercivity parameter for A in Remark (8.1),
we have

1(S(s), pn($))] < iIIS(S)IIV/ il ”pn(s)”%/

Thus, with the coercivity assumed in Remark (8.1), we obtain

Ld I1+B S
Ed_([co + B1pa(s), pu(9)) g + IIPn(S)IIV =3 || )3

We integrate over (0, ¢) and obtain

(IeoL + B1pn (@), pu(0)) g + ki / ()1 ds < (Teol + B1pa(0), pu(0)) (g
0

t
1 2
+ o ISy ds
1
0

Using the properties of the operator B and B'/? (as in Lemma 3.4 and the discussion fol-
lowing it), we obtain from this estimates point wise (in time) control of ||p, ()| L2(Q) and
||Bl/2pn(t)||L2(Q) for each ¢ € [0, T'], as well as

Pns B2y, (co+ B)/?p, € L0, T; LX(Q)), pa€L*©,T;V).

Thus
_ 1
1Pa 117 00,7120y F 1B PG oo 712052y < (o, (Iecol + B do)er + o / ISl ds
and
1 t
1Pal 320 7,y < (o, [eol + Bl 'do) + " / NOIE

Since B is continuous from V into H'(2), we obtain that Bp, € L%(0, T; H'(2)), and thus we
have

[(col+ B)pn (Dl 120, 7: 11 (2)) = Cl POl 22(0,7:v) (8.4)
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Now, directly from the (4.4), using the characterization of the norm in V' = H “1(Q), we
obtain

I(col + B) pul ()llv: < M1 pu($)llv + IS llvr,
which implies that
[(col + B)pnl € L*(0,T; V')

with

t t t t

f l(col+ B) pal ()P < 202 / RO / 1612 < (@, [col+ B d)a + f 1612
0 0 0 0

Existence: Since {p,} is bounded in L%(0, T; V), we can extract a weakly convergent subse-
quence py, . If we call the weak limit p, then we have that

Pug = p in L*(0.T:V) (8.5)

Using the continuity of the operator B : V — H'(Q), we obtain that
(col + B)pp, — (col+ B)p in L%(0,T; H'(Q)) (8.6)
According to the energy estimates above, we have that the subsequence {[(co + B)py,]'} is

bounded in L2(0, T'; V'). Consequently, we obtain on a new subsequence (retaining the subscript
ny) that

[(co+ B)pun ] — [(co+ B)p] in L*(0,T; V) (8.7)
Now invoking (4.3) we can write

T T

T
/([(COI+B)pnk]/([)sCI(Z)> dl+/A[pnk(t),CI(t);z(t)] dl=/<S,q) dt (8.8)
0

0 0

for every g € LZ(O, T; V,,). Choose N such that N < ny.In (8.8), let ¢ = we, with w € Vy and
¢ € 2(0,T), and let ny — oo. Thanks to (8.5) and (8.7) and the continuity of the bilinear form
A we infer that

T
[ it 21910, )+ atpo. wizo) - s@.0) ey d=0 ©9)
0

Letting N — oo and using the fact that ¢ is arbitrary, we obtain that
([(col + B)pl (1), w) 4+ Alp(), w; z(t)] = (S(¢), w), fora.e.t € (0,T), and forall w e V,
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from which (4.3) follows.

It remains to check that p satisfies the initial condition [col + B]p(0) = dp. We use (8.9) with
@ € C1([0, T) that satisfies ¢(0) = 1 and ¢(T) = 0, and integrate by parts in the first term. We
obtain

T
J{= (et + o)) g9/ 0 + ALp@). w2 0lp0) = (501, oo
0

= ([col + B]p(0), w)q (8.10)

Similarly, we use g () = ¢(t)w with w € V,, in (8.8), and integrate by parts in the first term. We
obtain

— ([eol + Blpu (1), w)a¢ (1) + Alpn, (1), w; 2()]p(1) — (S(1), w)g (t)}dt

O\ﬂ

= ([col + Bl pn, (0), w)gq (8.11)

If we let ny — oo in (8.11), the LHS converges to the LHS of (8.10) due to (8.6), and the RHS
((col + B) py, (0), w)g — (do, w)gq. Therefore we obtain that ((col + B) p(0), w)q = (do, w)q,
and using the density of V into 2 we have that [col + B]p(0) = dy as desired.

Finally, we also note that from (8.6) and (8.7) we obtain that

(col + B) p, — (col+ B)p in L*(0,T; L*(Q)) O

Note that, through the limit point construction, we obtain the estimates in (4.2) on the con-
structed solutions by the weak lower semicontinuity of the norm.
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