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Abstract

In this paper, we consider the well-posedness of the inhomogeneous nonlinear biharmonic Schrédinger
equation with spatial inhomogeneity coefficient K (x) behaves like x|~ for 0 < b < min { %, 4}. We show

the local well-posedness in the whole H*-subcritical case, with 0 < s < 2. The difficulties of this problem
come from the singularity of K (x) and the lack of differentiability of the nonlinear term. To resolve this, we
derive the bilinear Strichartz’s type estimates for the nonlinear biharmonic Schrédinger equations in Besov
spaces.
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1. Introduction

In this paper, we consider the Cauchy problem associated to the inhomogeneous biharmonic
nonlinear Schrodinger equation
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idu+Au+puAu+Kx)fw)=0, teR,xeRY
(1.1
u(0,x) = @(x)
where N > 1, u=—1or0,u:R x RY -~ Cisa complex-valued function, K (x), f(u) are the

inhomogeneity coefficient and the nonlinear term, respectively. Note that if ©x =0 and K (x) =
Ax|7P, f@) = |ul”u with A € C, 0 <b <min{4, §}, & > 0, the equation (1.1) is invariant

under the scaling, uy (¢, x) = k%u(k“t, kx),k > 0. This means if u is a solution of (1.1) with

the initial datum ¢, so is uy with the initial datum ¢y = = ¢ (kx). Computing the homogeneous
Sobolev norm, we get

N4
Iprll s =K~ 257 NIl gy -

The Sobolev index which leaves the scaling symmetry invariant is called the critical index and is
defined as s, = % =2.1If s, = s (equivalently o = N —2b 5 )» the Cauchy problem (1.1) is known
as H®-critical; if s, > s (equlvalently O<a,(N—25)a < 8 2b), it is called H®-subcritical. The
limiting case b = 0 (classical biharmonic nonlinear Schrédinger equation, also called the fourth-
order Schrédinger equation) has been introduced by Karpman [22], and Karpman—Shagalov [23]
to take into account the role of small fourth-order dispersion terms in the propagation of intense
laser beams in a bulk medium with Kerr nonlinearity. Since then, the study of nonlinear fourth-
order Schrodinger equation has been attracted a lot of interest in the past decade. See [7,16,20,
27,28,30,31] and references cited therein.

The equation in (1.1) has a counterpart for the Laplacian operator, namely, the inhomogeneous
nonlinear Schrédinger equation

i0;u+ Au~+ K(x)|u|“u =0. (1.2)

In Gill [14] and Liu-Tripathi [25], it was suggested that stable high power propagation can be
achieved in a plasma by sending a preliminary laser beam that creates a channel with a reduced
electron density, and thus reduces the nonlinearity inside the channel. In this case, the beam
propagation can be modeled by the inhomogeneous nonlinear Schrodinger equation (1.2). In
addition, Fibich and Wang [11] investigated (1.2) for K (g|x|) with ¢ small and K € C RN
L>®(RY), where the solution « is the electric field in laser and optics, and K (x) is proportional
to the electron density with a small parameter ¢ > O (see also [18]). For other interesting Physical
applications of (1.2), we refer to [2—4,21,26,33,34] and the references therein.

Let us first review some known well-posedness results for (1.2). We shall assume K(x) =
A |x|’b with A € R, 0 < b < 2 to make the review shorter. Genoud and Stuart [13] first showed
the local well-posedness in H! (RN) for 0 < b <min{2, N} and 0 < o, (N —2)ax <4 —2b
by using the abstract argument of Cazenave [6], which does not use Strichartz’s estimates. In
this case, Genoud [12] and Farah [10] also showed how small should be the initial data to have
global well-posedness, respectively, in the spirit of Weinstein [35] and Holmer-Roudenko [17]
for the classical case b = 0. Recently, using Strichartz’s estimate and the contraction mapping
argument, Guzmaén [15] showed the local well-posedness of (1.2) for 0 < o, (N —2)ax <4 — 2b,

but under the restrictions: b < % if N < 3. This restriction is a bit improved by Dinh [8] in

dimension N =3,for0<b < 3 but for more restricted values o < gb 4? Although these results

are a bit weak on the range of b compared with the result of Genoud-Stuart, they provide more
information on the solution due to the Strichartz’s estimates. In particular, one can know that the
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local solutions belong to L? ([0, Trmax), LY (RN)) for any Schrodinger admissible pair (p, g).

loc
In general, such property plays an important role in studying other interesting problems, for

instance, scattering and blow up. Finally, we review the well-posedness of (1.2) in H®. Defining

. min {2, 1 + 252}, n>3,
2:= { el (1.3)

n—s, n=1727
itwasprovedin[l]that,foer1,0<b<§,and0§s<%,0<a<1‘\1,122}2 0r%§s<

min {N, % +1}, 0 < & < o0, the Cauchy problem (1.2) is local well-posed in H*(R"). More-
over, it was proved in [24] that (1.2) is local well-posed in a weighted Sobolev space for N > 3,

1 26—3N  125+4Ns—8s> 105 —2a 4-2b
0<s<§,max{ 5 N1 }<b<2andmax{0, N_6s}<a§N_2S.

In this paper we are interested in studying the well-posedness for (1.1) in H*(R"), with
0 < s < 2. This problem was firstly studied by C.M. Guzman and A. Pastor [16] for K (x) =
Alx| 7P, f () =|ul*u, » € R. They proved the local-well posedness in HZforN>3,0<b<

min { %, 4}, max {O, #] <o, (N —4)a <8 —2b. Also, they proved global well-posedness

in the mass-subcritical and mass-critical cases in HZ2, that is, min{ #, 0} <a< %. Af-

terwards, Cardoso—Guzman—Pastor [5] established the local well-posedness in H’ N H? with
N>50<s<2,0<b< min{%,4} and max{%, 1} <a< %. Note that [16,5] does
not treat the low dimensions cases and there is a lower bound for the parameter «. The restric-
tions of dimensions and index « are due to the singularity of inhomogeneity coefficient and the
lack of differentiability of the nonlinear term. To resolve this, we derive the following bilinear
Strichartz’s type estimates for nonlinear biharmonic Schrédinger equations in Besov spaces, by
which we can replace the spatial derivative of order s with the fractional order time derivative of

order s /4. For the definition of the biharmonic admissible set A, we refer to Section 2.

Proposition 1.1. Let N > 1, u=00r —1, 0 <s <2, (g,r), (o, po), (v, p), (¥1,p1) € Ap be
four biharmonic admissible pairs, and 1 <gq,7 <2 with % — N(% — %) =4 — 5. Then for any
pe H*RN)and f B;{‘;Lptl) NLILT, we have ei’(Az'“‘A)go, Gf e C(R, H®), where

05

t

GF)(1) = / RTINS
0

Moreover, the following inequalities hold:

it (A4 A
[l (A1) g nminr S 19las (1.4)

and

[e'e] 1/2
G < —s/4 2dt
IGO0y gerinr S (IE 18 = O =) = FO5,) o
—00
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0 12

2d

| [ (e = —sonson )
HNF8l o nrarr (1.5)

Remark 1.2. Proposition 1.1 is a refinement of the following inequality previously obtained by
Nakamura and Wada for classical Schrédinger equation in [29]:

1GF N ge ez SWNgsrz o + 1 F panr
, q. v'.2

where 0 < s <2, (¢q,r), (v, p) are two classical Schrodinger admissible pairs and 1 <¢q,7 <2
with %1 —N ( % — %) = 2 — 5. The most important advantage of our new estimates (1.5) is that
we can choose the admissible pairs (yp, 0o), (1, 01) independently when the difference falls on
different functions. Thus we can choose the index more flexible when establishing the nonlinear
estimates needed for the contraction argument. This can be an advantage when we consider not
only pure power but also more complicated nonlinear terms.

Using the bilinear Strichartz’s type estimate, the detailed technique of choosing indices (see
Lemmas 4.1-4.10) and applying various embeddings in nonlinear estimates, we can establish
the H® local well-posedness for (1.1) in the whole H* subcritical case, with 0 < s < 2. Before
stating our results, we give the following notation.

Definition 1.3. Let o > 0, f € C!(C, C) in the real sense. We say that f belongs to the class
C(w) if it satisfies f(0) =0 and

|f/z) = f @] Szl +lz2l* Dz —zl,  VYz,z2€C. (1.6)

Remark 1.4. We note that the power type nonlinearities f(u) = A|u|*u and f(u) = A u|@t!
with A € C, a > 0 are in the class C(«). Moreover, for any o > 0 and f € C(w), it is easy to
check that the following inequality holds for any u, v € C,

|f @) = fFI S (Jul®+1v|") [u— . (1.7)
Now we are ready to state our main result.

Theorem 1.5. Let N > 1, u =00r —1, B > max {2, %}, 0<s<20<a (N—-25)a< 8—%\’,
f eCla), and K (x) € L°RN) + LERN). Given ¢ € H*(RN), there exists Tpax(¢) € (0, 0]
and a unique maximum solution u € C ([0, Tar(@)), H®) m(q,r)eAb L1 ([0, Tinax(©)), Biz)> to
the Cauchy problem (1.1), with the following blowup alternative holds:

,%le lu@®)|lgs = oo, if Tinax(¢) < 00. (1.8)

max

Moreover, if ¢, — ¢ in H*(RYN) and u,, denotes the solution of (1.1) with the initial value ¢y,
then u, — u in C([0, A], H*(RN)) for any 0 < A < Tux(@).
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The argument used to derive Theorem 1.5 can also be applied to the classical inhomogeneous
nonlinear Schrodinger equation (1.2). More precisely, we can establish the bilinear Strichartz’s
type estimate for (1.2) in the spirit of Proposition 1.1. Then we choose the index as in Lem-
mas 4.1-4.10 to establish a series of estimates needed in the contraction argument. Therefore this
improves the above mentioned results in [1,24] on the validity of &« and b in the case 0 <s < 1.

If K(x) =2 x| and f(u) = |u|*u, with . € C, b >0, « > 0, we then have the following
result, which removes the lower bound o > w made in [16].

Corollary 1.6. Let N > 1,0 < b < min{%,4}, O<o, (N—4dDa<8—-2breCandpu=-—1
or 0. Given ¢ € H2(RYN), there exists Tnax(@) € (0, 00] and a unique maximum solution u €
C ([0, Tnax(9)), H?) ﬂ(q,r)eAb L4 ([0, Trnax(©)), Br2,2>) to the Cauchy problem

i+ (A2 + uA)u+ Alx| ™ ju*u =0,
u(0,x) = p(x),

with the following blowup alternative holds:

lim |[u(#) | 2 = oo, if Tinax () < 00.

1T Lmax

Moreover, the continuous dependence upon the initial data holds.

If K(x) =X with A € C and f(u) = |u|* u, we then have the following result for fourth-order
Schrodinger equation.

Corollary 1.7.Let N > 1, 0 <s <2, 0 <o, (N=2s5)a <8 L€ C and p=—1 or 0.
Given ¢ € H*(RVN), there exists Tpax(@) € (0,00] and a unique maximum solution u €

C ([0, Tnax(9)), H*) m(q,r)eAb L1 ([0, Tnax(9)), Bf’2)> to the Cauchy problem

P9+ (A2 + uA)u+Aul®u=0,
u(0,x) = p(x),

with the following blowup alternative holds:

lim |[u ()| g = o0, if Tinax(¢) < 00.

17 Linax

Moreover, the continuous dependence upon the initial data holds.

Remark 1.8. Corollary 1.7 improves the corresponding results of [7,9] in the case 0 < s <2.1In
[7], there is an additional assumption s < [«] ([«r] denotes the largest integer less than or equal to
«) for the parameter «; and in [8], the continuous dependence (u,, — u in C([0, T], H*~¢) with
& > 0) is weaker than the expected one.

In the sequel, we establish global existence results in energy space in the LZ-subcritical
regime. We assume that K (x) is a real-valued function, which will be used to establish the

conservation of the mass.
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Theorem 1.9. Let N > 1, u=0o0r —1, B >max {2, §}, 0 <a < K(x) e L°([RN) +
LARYN) be a real-valued Sfunction, and f € C(«) that satisfies

(i) f(a) eR foralla>0;

(ii) f () = g7 f (lul) for allu € C\ {0};

Then the local solution obtained in Theorem 1.5 with the initial datum ¢ can be extended
globally-in-time if one of the following alternatives holds:

(i)0<oc<%—%,or

8 _2
N~ B

(ii) ¢ = % — % and ||l¢|l ;2 sufficiently small.

If K(x)=A le’b and f(u) = |u|*u with A € R, we then have the following result, which
removes the lower bound o > w made in [16].

Corollary 1.10. Let N > 1,0 < b < min{%,4}, O<ac< %, and K(x) = A|x|_h, fu) =
|[u|*u, A € R. Then the local solution obtained in Corollary 1.6 with the initial datum ¢ can be
extended globally-in-time if one of the following alternatives holds:

()0<a< %, or

(ii) . = % and ||l¢ll ;2 sufficiently small.

When K (x) is a complex-valued function, the solutions to (1.1) may blow up in finite time. In
fact, for any given compact set M C RY, it was proved in [19] that, for K(x) = A, f(u) = |u|“u
with ImA <0, O <o < %, there exists a class of solutions to (1.1), which blows up exactly
on M.

The rest of the paper is organized as follows. In Section 2, we introduce some notations and
give a review of the biharmonic Strichartz’s estimates. In Section 3, we establish the bilinear

Strichartz’s type estimate. In Section 4, we establish the nonlinear estimates that are needed in
the contraction argument. In Section 5, we give the proof of Theorem 1.5 and Theorem 1.9.

2. Preliminary

If X, Y are nonnegative quantities, we sometimes use X < Y to denote the estimate X < CY
for some positive constant C. Pairs of conjugate indices are written as p and p’, where 1 < p <
oo and 1 + % =1. We use L”(R") to denote the usual Lebesgue space and LY (I, L”(R™)) to
denote tﬁe space-time Lebesgue spaces with the norm

1/y

1F UL a0 vy = / I/ Wy pde
1

for any time slab I C R, with the usual modification when either y or p is infinity. We also define
the Fourier transform on R, RY and RV by

fo= / f@0e"tdr, TeR;
R

Fe) = / Floe*Edx, £ RV,
RN
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f(r,86) = / Ft,x)e 51T qxdr,  (7,8) e R x RV,
RI+N
respectively.

Next, we review the definition of Besov spaces. Let ¢ be a smooth function whose Fourier
transform ¢ is a non-negative even function which satisfies supp ¢ C {r € R, 1/2 <|7r| <2} and

S P (x/2%) =1 for any T # 0. For k € Z, we put ¢ (-) = ¢(-/2¢) and ¢ = Z(}?oo b
Moreover, we define x; = Zif% ¢jfork>1and xo=% +¢1 +¢2. Fors e R and 1 < p,
q < 0o, we define the Besov space

By (RY) ={ues (RY). lullsy gy < oo}

where &’ (R") is the space of tempered distributions on R", and

q)1/4
I R D2 . P ) R

Il ) = I 1l )
e SUPg>1 2k [l x ””LP(RN) > q =09,

where *, denotes the convolution with respect to the variables in R¥. Here we use ¢y *, u to
denote @i (] - |) *x u. We also define xj *x u, ¥ % u, xo *y ¢ similarly. This is an abuse of symbol,
but no confusion is likely to arise.

For 1 < g, @ < 0o and a Banach space V, we denote the vector-valued Lebesgue space for
functions on R to V by L? (R, V). Then we define the vector-valued Sobolev space

HY R, V)={u:ueL!(R,V),duell R, V).

Finally, we define the Besov space of vector-valued functions. Let 0 e R, 1 < ¢, @ < oo and V
be a Banach space. We put

BY (R, V)= Hu e SR, V); llull gy, vy < oo} ,

where
1/

o
Il g, vy = 1 %0 o,y + { D (2% N wll o, v)) @1
k>1

with trivial modification if &« = co. Here *; denotes the convolution in R. Moreover, it is well-
known that the norm (2.1) has the following equivalence

00 1/q

_ dt
lullgo vy & lullLar,v) + / (7 lu(®) —ult — Dl aw.vy)? 7l

—00

Following standard notations, we introduce Schrodinger admissible pair as well as the corre-
sponding Strichartz’s estimate for the biharmonic Schrédinger equation.
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Definition 2.1. A pair of Lebesgue space exponents (y, p) is called biharmonic Schrodinger
admissible for the equation (1.1) if (y, p) € Ap where

N

=—, (y,p,N) # (2,00,4)}.

4
Ab={(y,p):2§y,p§oo,;+ 5

® =

Lemma 2.2 (Strichartz’s estimate for BNLS). Suppose that (y, p), (a,b) € Ay are two bihar-
monic admissible pairs, and . =0 or —1. Then for any u € L>(RN) and h € L* (R, L? (RV)),
we have

e ANy 10 S a2, 2.2)
t
f AT () i S Al o o (2.3)
0 LYLP
o
/ D5y ds| Sl 2.4)
t LY LP

Proof. The estimates (2.2) and (2.3) are proved in [30]; and the proof of (2.4) follows from an
obvious adaptation of Corollary 2.3.6in [6]. O

In this paper, we omit the integral domain for simplicity unless noted otherwise. For
example, we write LYL" = L9 (R, L’(]RN)), LiB}, = L4 (]R, nyz(RN)) and Bg L' =
Bg’z(]R, L"(RM)) etc.

3. Bilinear Strichartz’s type estimate

In this section we prove Proposition 1.1. First, we prepare several lemmas. We assume the
functions ¢, xo, ¥, ¢;, x; are defined in Section 2.

Lemma 3.1 (Lemma 3.1in [20]). Assume N > 1, u=—10r0,and K;(t,x)(j > 1): R xRN —
C are defined by

_ 1 iepine B QEI — ulEP U = 2,(0)
Kitt0= (h)”Nfe i(T— &%+ nlg?)

dtdé.
Then for any 0 < s < 4, 156]500,1§r§oowith3—N(l—%):s,wehave

IKjllLarr < C2775/4,
where the constant C is independent of j > 1.
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Lemma 3.2 (Lemma 3.3 in [20]). Let s € R, 1 < p, g < 00, then the norm defined by

lullz, vy o= | (F (7 (161 = i) )) o ]

gy 1/q
(5 (|5 Gkt - sisio) e, g )| 0 <

supjo 2974 | (7! (@ (8 = le/2)) ) ], o iFg =0

Lr(RN)

+

is equivalent to the norm ||u ||B;) JRY) for any function u.

In the rest of this section, we use the notation ¢;/4 = .7:{] (J’j(|‘§|4 - M|§|2)). This is an

abuse of symbol, but no confusion is likely to arise. Under this notation, we obtain the following
equivalence from Lemma 3.2

. 1/q

lullgg, ~ | (7o (7 (161 = wleR))) |+ (D0 (27 gyl ,n)" | G0

Jj=1
with trivial modification if ¢ = co.

Lemma 3.3 (Lemma 2.1 in [32]). Suppose that N > 1, 1 <y <00, 1 <p<00,0<0 <1, and
1 < g < oo, then we have

(LV (R, LP(RN)) CH'Y (R, L”(RN)))9 = B, (IR, LP(RN)).

Proof of Proposition 1.1. The continuity of Gf and ¢/'(A*+#2)¢ in time follows from density
argument. We now prove the inequality (1.4). Using the similar argument as that used in the
proof of Corollary 2.3.9 in [6], we obtain the following estimates and omit the details:

’eit(AerMA)d)

o (mosi) S 19 (3.2)

d ( i(A>+un)
H ar (¢ ?)

forany 5 > 0 and (¢, r) € Ap. Define the operator G f := /! (A>+18) £ then we have

< ~
o(R2) S ol gs+as

G:L>— LY (R,L"),
G:H*—> H" (R,L").

Moreover, from the interpolation theorem and Lemma 3.3, we have

g: (12 mY) (L@ L)NHMR L)) =BIRL). (33

5/4,2 s/42 42
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The inequality (1.4) is now an immediate consequence of (3.2), (3.3) and (L2, H 4)s 2= HS.

In what follows, we prove the estimate (1.5). Taking the Fourier transform, we get

PHT _ it (EI*—ulEl)

2mi(t — |E|* + g

~

fe(r, &)dr. 34

(G(fg) = (t.6)= /

From (3.4) and ¢; % el = e”“qgj (a), Y a € R, we obtain, for any j > 1,

¢; % (G(fg) (t,8)
_ ].-O eilr(i)j(.”.)
2mi(t — |1 + pnlE]?)

—00

fe(z,&)dt

[l —nED g et — ulg PR () ~
_/ 2mi(t — |E|* + ul€)?) fg(z, &)de

—00

T Gt EF—uED G (1614 — LIERV] — 5 _
_/ e @i (1517 — pl&17)( X’(t))-)Z;(Iél‘*—MI$I2)fg(T,§)dr,

2mi(t — [E|* + pnl§1?)

—00

where we also used the fact that x; = 1 on the support of qAbk. Moreover, since

1 L ed 2
F 1(6) = ~sign(r)ei (€1 —nl )
v P+ pEP) e
we obtain
@ * (G(fg))
1 o0
=2 / sign(t — 1)l DO (4w (F))(T)dT
—00
1 o0
(A2 . iT(A2
) f Sign(—0)e AN (G i % (f9)) (DT
—0
A2
—e AT K e x4 %x (f8)M =0, (3.5)

where K ; is the function defined in Lemma 3.1.
We first prove that

1/2

. 2
> (27K i Sz ) | S gl (3.6)
j=l
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Let qo, 10, q1, 71 be given by the equationl:ql—o—i—%, 1+%=%+%, 1—}—%: qll—l—%and
1+%=%+%.Then it is easy to check that 1 < go, ro, q1,71 < 00 and %—N(l—%):
4

i N (1 - %) =s. Thus from Young’s inequality and Lemma 3.1, we have
IKj e xja*x (f&) ”LOOLZnLqu <|k; ”L‘JOL’OQL‘“L’"I i/ %« (f9) ||L7L7
NPARAl Ixj/a %5 (f) jaypr - 3.7

Since 1 <¢g,r <2, it follows from (3.7), Minkowski’s inequality and Sobolev’s embedding
L™ (RY) < BY,(RV) that

1/2

is/4y g . 2
D (27K e x4 ke (F)lLarr

j=1
1/2

S bums U9l | SUf8liase, S1felimr- (3.8)
j=1

Next, we prove that

N 172

o0
. . . _ 2
o2 / sign(t — 7)€’ TOETEN (6 5, (f@))dT | Larr
izl “c0

1/2
2dt

7|

A

[ (e = o = 0= £,

00 1/2
2d
+ / (7@ =0 =2 Olly,0) 7| (3.9)

Since [*0 ¢ (1)dt = $(0) = 0, we have
dj* (o)1) =2 / pQI)gt —)(f(t — ) — f(1))dT

wy / 615t — ) — g0 (). (3.10)

From (3.10) and Strichartz’s estimate (2.4), we get
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00 2
> 274 / sign(t — 7)e! DA (e (Fo))dT | Larr
= - 2
< Y2 / 6@ Dllgt = D=7 = FODI 5
- 00 2
+;zf<s/2+2> f 9D =) =g F O 4, 4 d
Il G.11)

For the estimate of 7, we have, by using Cauchy-Schwartz inequality,
2

/ 627 D)lllgt —)(f & —7) = fF@D)

L LpO

< inY 2
< / <¢(2 r)) dr / IIg(t—r)(f(t—f)—f(t))llLyéLpédf

2ifrl< 2ifr|<1
ITRY I8 =D =D = FEDIE,,
4 / 7| (¢(2 r)) dt f =
2/]t|=1 2i|e|>1

$27 / lgt === FODI2,, d

27 |7|<1

L, lse=DUe=n-Fol, .
2 f I

2i|z|>1

This inequality together with Fubini’s Theorem yields

15y 200240 / lgtt =) (f(t —7) — f(t))“iyéLPédr

Jj=1 2rl<1

lgt = D(fE =) = FOI?,
L’0L"0

i(s/2—2)
Y / B

jz1 2ilt)>1

o0

Z 2624 1ot — ) (f(t — 1) — f(t))||iyéLp(')a’r

%0 2Jt|<1
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0 _ o 2
. Z 2j(s/z_z)llg(t O(f—1) f(t))”LVéL"édr

—o0 2/t=1 i
< [ —s/4 2dt
S / (78 = D@ =0 = FO ) T (3.12)
Similarly, we have
[ —s/4 2dt
115 [ (117 e =0 = 2O £y, ) (3.13)

The inequality (3.9) is now an immediate consequence of (3.11), (3.12) and (3.13).
Using the same method as that used to derive (3.9), we obtain

c° 1/2
Z(zjs/4||git(A2+MA) / sign(—r)eir(A2+MA)(¢j/4 *x Xj %t (fg))(r)drIILqu)2
jz1 e
e 1/2
5 2d
S f (1717 g = D (F ¢ =) = FO5,) |TT|
% 1/2
—s/4 2dt
+ / (Ifl (gt —7) —g(t))f(t)||Ly1/Lpi) I (3.14)

—0Q

Since |V *; G(f@)llpapr S fgll, . by Young’s inequality and Strichartz’s estimate (2.3),
it follows from (3.5), (3.6), (3.9), (3.14) and Strichartz’s estimate (2.2) that

o
2drt
< 7‘9/4 — — — / / —_
I pes,, < / I O O S B O
o0
1
r 2dt
—s/4 _ _ ., -
[ [ (e e =0 = gns@n,yy,0) =
o0
+||fg”Ly/L,o/mL7LT' (3.15)
Finally, we estimate |G (fg)ll1q B, Similar to (3.5), we can write
1 o
. P — 2
By GUFeN =5 [ sintt = DI (FeN T
—00

+Kj *rx Xj/4 *x (fo)
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e ¢]

1. .
e / Sign(—0)e AN (4w xi % (F) (D)

—00
(A2
— M AR e XG4 %x (F€)Yi=0-

Since f x (v)dt = % (0) = 0, we can apply the equivalent norm in (3.1) and the same argument
as that used to derive (3.15) to obtain

00 2y 5
1G ()l S / (7™ s =0 =0 = FO ) 7
00 ) 3
+ f(|r|—”4||(g(r—r)—g(r))f(r)nLy;Lp;) =
+||fg||LV,Lﬂ/ﬂL‘7L7' (316)

This inequality together with (3.15) finishes the proof of Proposition 1.1. O
4. Nonlinear estimates

In this section, we prove the following lemmas, which provides an estimate for the nonlinear-
ity in the Strichartz spaces. Before stating the Lemmas, we define

L b fo<a<E; o 2NN =5,
*= 0, ifa>1, 0o, ifl<N<4.
We also define the norm,
lull s ;== sup lull,, s S
(@.r)EAp L‘JB ﬂB L
1/q
lull g o i= sup f lull}, gy de |

where s > 0, 1 < p,q <oo and T > 0. In the rest of this paper, we fix the cut off function
X € C(‘)’O((—Z, 2)) with x|e—1,11=1, x7(t) = X(%)- We first consider the case s < %

Lemma 4.1. Let N > 1, ﬁ>max{2,%}, O<s<2,s<5,0<a (N—29)« <8—— fe
C(a), and K (x) € L'RN) N LERN). There exist (y, p) € Ab and o > 0 such that
oo 1/2
—s/4 2dr
(T4 10 =0 = @) KO (£ = F D)
—00
ST (llll%s + 1ol%s) llw — vl s - 4.1)
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Proof. Let b = &, then we have 0 < b < min{%, 4} and (N — 2s)a < 8 — 2b. We first claim
that if (y, p), (g, r) € Ap are two admissible pairs that satisfy

1_l_a_+1_f>0’ (a)
v g 4
N
r<?, (b) 4.2
! 1 | 1 s b
-———(a+ )<;_ﬁ>>ﬁ’ (©)

then the inequality (4.1) holds with o = 1 — 5 — “T“ — 3. Infact, let p,  be givenby 1 — % = % +
(x+1) (% - %) and 1 — % = O‘T'H + % respectively. Then it is easy to check that 1 </ < oo and
1 < p <% =p8;sothat K(x) € L'®RY)NLARY)  LP(RY). From (1.7), Holder’s inequality

and Sobolev’s embedding B, (]RN) <> LN (RN), we have

l(xr(@—1)—xr(@®) K (f(lfi) - f(v))”Ly/L,o/

Slhxr@ =) = xrOlp IKpe | Null®  y +10I1% x Jlu—vl  w
L L L4 N—sr

q[ N—sr q[ N—sr

St =) = xr Ol (1, + 101505y ) I = vl (43)

Moreover, from (4.3), we have

co 1/2
2d
f (IrI”/4 IGer @ =) = X (0) K () (f () —f(v))||u,”,) ﬁ
Sl gys (1o + 100Gy ) e = vl o, (44)

1_s
I 4 =

The inequality (4.1) is now an immediate consequence of (4.4) and | x7|| Bl S Cy T

To prove Lemma 4.1, it suffices to provide two biharmonic admissible pairs (y, p), (g,7) €
Ay that satisfy (4.2)(a)—(c). We consider four cases.

Cases 1: (N —2s)a < 2s —2b. Let y = q =00, p =r = 2. Then it is easy to check that
(v, p), (q,r) € Ap and (4.2)(a), (4.2)(b) hold. For (4.2)(c), we have

1 1 b 25—2b—(N-2
- —@+(--2)-2=-= W =2y,
0 r N N 2N

Cases 2: 2s —2b < (N —2s)a <4+ 2s —2b. Let g =00, r =2 and

B 8 _ 2N
T N—29)a—2s+2b+¢ P TNFm—2b—(N—-259)a—=¢

14
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where ¢ > 0 sufficiently small such that
e<min{4+2s—-2b— (N —-28)a, 8—2b— (N —25)a, 2}.

Then it is easy to check that (y, p), (g,r) € Ap and (4.2)(b) hold. Moreover, by direct computa-
tion, we have

1 1 a+1 s 872b*(1\é*2s)a76 >0,

1 ! 2b+ b
1 1
1———(0[4—1)(;—%) 2N8 2

Hence we see that (4.2)(a) and (4.2)(c) hold.
Cases3: (N —2s)a >4+2s —2band N > 5. Lety =2, p = 22, and

8(a+1) 2N (a+1)
= N r = ,
(N —2s)a — (4+ 25 — 2b) + 2¢ N+2s(a+1)+4—2b—2¢

q

where ¢ > 0 sufficiently small such that

,{8—2b—(N—2s)ot }
& < min , St

2

Then it is easy to check that and Then by direct calculation, we have (y, p), (¢,7) € Ap and

Y P 7= 8 )
N . N(N+4-2b—2¢)
s~ = stNiaserna—2=2 > 0>

1 1 s\_ bte _ b
1_;_(°‘+1)(7_N)— N TN

Hence we see that (4.2)(a)—(c) hold.
Cases4: (N —2s)a>4+2s—2band N <4.Lety = ﬁ,p: 2 and

e

_ 8(@+1) _ N(a+1)
T (N=29)a— (1 —=28)N =25 +2b’ r_(l—e)N—b+s(a+l)’

q

where ¢ > 0 sufficiently small such that

. {N—b 8—2b—(N—2s)a}
£ < min .

N N

Then by direct calculation, we have (y, p), (¢,r) € Ap and

1 a+1 s _ 8—2b—eN—(N—-2s5)x
1_?_7_3_#>0’
N _ N((—g)N—b)

S T = S N—bts@tl) ~ 0,

1 1 _ 2b+N b

I—s—@+D(G-%) =% > 7%

Hence we see that (4.2)(a)-(c) hold. O
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Lemmad4.2.Let N> 1, f>max {2, 5}, 0<s<25< 5, 0<a, N=29)a <82 fe
C(@), and K (x) € L®(RN). There exist (v, p) € Ap and o > 0 such that

e 1/2
) 2d
/ (Irlf‘/4 IGer @ = ©) = X (0)) K () (f () —f(v))||”,u,,) ﬁ
ST (ull%s + 10l1%s) e — vl s - (4.5)

Proof. We first claim that if (y, p), (g, r) € Ap are two admissible pairs that satisfy

l-———-->0, (a)
Y q 4
N
r< (b) (4.6)
1 1
o« 1——><a+1)(——i), ©
r r N
then the mequahty (4. 5) holds witho =1— 2 — "‘qil — 2. Infact, let p, [ be given by 1—-= "‘Tfl
and 1 — y = "‘:;1 + l’ respectively. Then by (4.6)(0) we have 1 = % < % < ;; o) that the

embedding B, (R") < LP(R") holds. Similar to (4.4), we deduce from Holder’s inequality
and Sobolev’s embedding B}Y,z (]RN) — LP(RN) that

o0 1/2
2d
/ (Irlf”4 IGer @ =) = X (0)) K (%) (f (w) —f(v))||”,”,) ﬁ
5 ”XT ”3;/24 (”u”iqBiz + ”vl'iqBiz) ||u — v”LqB;z , (47)

where we also used the boundedness of K (x). The mequallty (4.5) is now an immediate conse-

quence of (4.7) and || xr || s/4<CXTl_£ c,T =% 4,

To prove Lemma 4.2, 1t sufﬁces to provide two biharmonic admissible pairs (y, p), (g,r) €
A that satisfy (4.6)(a)—(c). We consider four cases.

Cases1: (N —2s)a <2s.Lety =g=00,p=r =2.

Cases 2: 2s < (N —2s)a <4+ 2s.Letg =00, r =2 and

B 8 B N
= N-29a—2s+¢ T Ntm-—(N—29)a—=¢

where ¢ > 0 sufficiently small such that

. 2s(a + 1)
g<min{4d+2s —(N—-2s)a, 8— (N —28)ae, ———— ¢ .

N
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Cases3: (N —2s)a >4 +2sand N > 5. Let y =2, p = 7, and

8(a+1) 2N (a+1)
= . r = N
(N —=2s)a — (44 25) +2¢ N4+2s(a+1)+4—-2¢

q
where ¢ > 0 sufficiently small such that

_{8—(N—2s)ot }
g<min{ ——— s¢.

2
Cases 4: (N—2s)(xz4+2sandN§4.Lety=ﬁ,p:%,and

_ 8(e + 1) . N@+D
TIN-29)a—(1—-20N—25" T A=e)N+s@+1l)

q

where ¢ > 0 sufficiently small such that

1 8— (N —2s)x
&<miny -, ———— 1.
2 N

In each case, we can verify that (y, p), (g,r) € Ap, (4.6)(a)—(c) hold and omit the details. O

Lemma4.3.Leth1,ﬁ>max{2,%},0<S§2,s<%,0<a, (N—2s)ot<8—27N,f€

C(e), and K (x) € L"RN) N LERN). There exist o > 0 and § > 1, (v, p), (q.r) € Ap with
g<q,r< min{%,4*} such that

i} 1/2
2d
/ (17177 | @ = DK ) (@) = F @ = (£ @) = F@D) [ 1) ﬁ
ST (lulles + 100%:) e = vllas + ot e =0l Jvllas (4.8)

—sr
uloc, T

Proof. Let b = % then we have 0 < b < min{%, 4} and (N — 2s)a < 8 — 2b. We first claim

that if (v, p), (¢, r), (m,n) € Ap are three admissible pairs that satisfy

1 « 1
l————— — >0, (a)
Yy q m
N
r<;, (b) “4.9)
1 1 s 1 b
1———a<———>——>— (c)
0 r N n N

Then we can find 1 < § < ¢ such that the inequality (4.8) holds with o =1 — vy 2 — .. In
fact, from
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(f (uz) = f (o)) = (f(w) — f(v)

1
=((Mr—vr)—(u—v))/f'(u+9(ur—u))d9
0

1
+<vf—v)/[f’(u+9<ur—u))—f’(v+9(vr—v>>]de
0

= A1 + Ay, (4.10)
we have, by applying (1.7)
|AL] S e — o) — (= )] (Jul® + |uc|*), (4.11)
and

As| < lve — vl (ul + e | + o]+ oD (u = o] + lur —ve]), ifa>1, @.12)
T e = vl (lu = | + |ug —v]%), if0<a<l. '

Put 1 — 1 =5 +a(f—§) + ;. Then by (4.9)(c), we have 1 < p < % = g and thus

K(x)e L'RNYyNn LA@®RN) c LP(RY). From (4.10), (4.11) and (4.12), the boundedness of x7
and Holder’s inequality, we get

lxr(t =K @) ((f (@) = F); = (f@) = fFO)) |0

ST —v)r — @ —v)llpmp ”K(x)”LP<”u”a P o (1] A )
L4 N—sr L4 N—sr

-1 -1
TONK ) lLe lve —vlimen <||M||a v HIITT )llu—vllL ne, o=,

L4 N—sr L4 N—sr 9L N—sr
lve = vllLmpn IKC e e =l y, . O<a <],
LZ]OC,TLNiw
—1-1l_a_ 1 a is oi —1l_24 1 Thisi i
where o =1 v g " m and 1l <g <gq 1sNglven by 1 y =7 m This inequality together
with Sobolev’s embedding B, (]RN ) > LN-sr (RN ) implies
00 1/2
—s/4 2dr
(17177 | @ = DK ) (@) = F @2 = (£ @) = F@)) [ 10 ) =

—00
o o o
ST = olps o (s, + 101 )

—1 -1
T 0l s o (Il pe, + 1005 age )l =vllzap, = 1,
' « i (4.13)
||v||Bx/z;L,,||u—v|| . v s O<a<l1.
n,

uloc,T LN=sr
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The inequality (4.8) is now an immediate consequence of (4.13) and Young’s inequality.

To prove Lemma 4.3, it suffices to provide three biharmonic admissible pairs (y, p), (¢, r),
(m,n) € Ap with r < 4* that satisfy (4.9)(a)—(c). We consider two cases.

Case 1: N >2s +4. Let

{)/:27 p=ﬁ9

4(a+1)

g=m =4t - 2N (@+1)

Na+1D)—d+2¢°

n—=

where ¢ > 0 sufficiently small such that

8—2b— (N —-2s)a 2}

& < min
{5

Then by direct calculation, we have (y, p), (¢,r) € Ap with r < 4*, and

1 o 1 _ ¢
1—?—E—Z—4>O,
_ N((N—=2s)a+N—25—4+2¢)
r= S et > O
_ 1 sy _ 1 __ b _ 8-2b—(N-2s)a—2¢
o ( )—n— = 2N > 0.

Hence we see that (4.9)(a)—(c) hold.
Cases 2: N < 2s +4. Let

_ . _ 8 o 2N
{y_m_bJrZots’ P=N=N_"p2as"
_ 8 _ N
9= N2 r= s+e’

where ¢ > 0 sufficiently small such that

. [N—b 8—2b— (N —2s)a N —2s
& < min , ) .
20 2a 2

Then it is easy to check that (¢, r), (y, p) € Ap withr < % < 4*. Moreover, by direct computa-
tion, we have

1 1 8—2b—(N—2s)a—2.

1 1 3 1 b
I-s-a(z—%)—7-5=F>0
Hence we see that (49)(3)—(0) hold. O

Lemmad4d.Let N> 1, f>max {2, 5}, 0<s<25< 5, 0<a, W=29)a <82 fe

C(a), and K (x) € L®°(RN). There exist o >0 and § > 1, (v, p), (q.7) € Ap with§ < q, r <
min {%, 4*} such that
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) 1/2
2d
/ (17177 | @ = DK ) (@) = F @) = (£ @) = f@D) [ 1) ﬁ
STU (||u||0/—l\gs+||U||O/l\’é')||u_v||Xx+1a<1”u_U”(z5 Nr_ loll s . 4.14)
uloc, T Sr
Proof. Let
8(a+2) _ Ne+2

q= 9 r_ 9
(N —2s)a + 2¢ N+oas—e¢

where ¢ > 0 sufficiently small such that

(4.15)

- -2
8<min{N—25, w, as}.

Then by direct calculation, we have r < 4* and

q 8
N _ . NWN=2-0) _

:1 _at2 _ 8—(N—-25)a—2¢ >0,
s s(N+as—e)

Let p,o be givenby 1 = % + % and 1 = é + “Tﬂ,respectively. Since
2 —
{1—;—%=—MNE 0
2 1_ s
I-2—a(;—%)=%>0

we have % - % < % < %; so that the embedding Brs2(RN) < LP(RN) holds. Similar to (4.13),

we deduce from Holder’s inequality and Sobolev’s embedding B, , (RN ) s LP(RV) that

i 1/2
/ (e b = DK @ ((F @) = FODe = @0 = FO) ) 1

<T%|lu—v ( ul| v||¢ )
ST ||B;(;Lr l ||L"Bf,z+” ”L‘iB'r‘l

-1 -1
T 0l s, (Il + 10150 p ) = vllzops, . @=1,
r, r, >
- (4.16)

IIvIIB;_/;UIIu—UII”‘E N O<a<l,

where | < ¢ < g isgivenby 1 = % + %‘;. The inequality (4.14) is now an immediate consequence
of (4.16) and Young’s inequality. O

Lemma4.5.Lethl,ﬁ>max{2,%},0<s§2,s<%,0<a, (N—2s)oe<8—27N,fe

C(a), and K (x) € L"\RNYNLARN). There exists o0 > 0and 1 <q, 7 < 2 with g—N (3-1)=
4 — s such that
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1K ) xr @) (f@) = FOarr ST (lull%es + 101%s) e — vl s - (4.17)

Proof. Let b = %, then we have 0 < b < min{%, 4} and (N — 2s)a < 8 — 2b. We first claim
thatif 1 <g,7 <2 with % —N (% — %) =4 — s and (g, r) € Ap is an admissible pair that satisfy

1 1

L ) (@)

q q

N

r< ?5 (b) (4‘.]8)

L ern(i-2)s2

- — -——)>=, (

F r N)TN

then the inequality (4.17) holds with ¢ = % - “qil. In fact, let 1 < p < oo be given by % =

5+ @+ 1 (; = %), then by (4.18)(c), we have 1 < p < § = g; so that K(x) € L'R) N
LP@®RN) c LP(RYN). Using (1.7), Holder’s inequality and Sobolev’s embedding B, (RY) —

L%(RN), we have
1K () xr @) (f (w) = f)lLzrr

S H“K”LP <|Iu||"‘ v I )Ilu—vll Nr
LN L LN

—sr N—sr —sr

1 _ o+l
=—= o o
ST (Wl e, + 1000 g ) e = vl

which yields (4.17).

To prove Lemma 4.5, it suffices to provide 1 <g,7 <2 with % — N (% — %) =4 — s and an
admissible pair (g, r) € A that satisfy (4.18)(a)—(c). We consider two cases.

Casel: N+2s>4.Letg=2,7= %,thenwehave 1<g,7<2and 2 —N(% — %) =
4 — 5. Next, we choose the admissible pair (¢, r) € Aj that satisfy (4.18)(a)—(c). We consider
two subcases.
Subcase 1: (N —2s)a <4 —2b. Let

Then it is easy to verify that (¢, r) € Ap and (4.18)(a)—(c) hold.
Subcase 2: (N — 2s)a >4 — 2b. Let

8(a+ 1) IN (@ +1)
= ,or= :
1= N _25)a—4+2b+2¢ N+4—2b—26+25a

where ¢ > 0 sufficiently small such that

8—2b— (N —-2s)a N+4—2b—2s}
, 20, ——M .

& < min )
{ 2 2

Then we have (q,r) € Ap and
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a;—l — 8—2b—28§(N—2S)01 >0,
__ N(N+4—2b—25—2¢)
"= S NTa—2—2e125a) > O

—etDG-y) =5 >

Sl= o | = R—

Hence we see that (4.18)(a)—(c) hold.

Case2: N +2s <4.Letg = ﬁ,F:Z, then we have 1 <g,7 <2 and % —N(% — %):
4 — 5. Next, we choose the admissible pair (g, r) € Aj that satisfy (4.18)(a)—(c). We consider
two subcases.

Subcase 1: (N — 2s5)a < 25 — 2b. Let
q =00, r=2.

Then it is easy to verify that (¢, r) € Ap and (4.18)(a)—(c) hold.
Subcase 2: (N —2s)a > 2s — 2b. Let

8(a+1) 2N (@ +1)
= . r = ,
1= (N "25)a—2s+2b+2¢ N—2b—2¢+2s@+ 1)

where ¢ > 0 sufficiently small such that
2¢e <min{8 —2b — (N —2s)«a, N —2b}.

Then we have (g, 7) € Ap and

a;—l — 8—2b—28§(N—25)a >0,
_ N(N—2b-2e)
r= S22t 2swiD) > O

—et DGR =%y

g P e

Hence we have that (4.18)(a)-(c) hold. O

Lemma4.6.Leth1,,8>max{2,%},0<s§2,s<%,0<a, (N—2s)a<8—%,f€

C(a), and K (x) € L®(RN). There exist 0 >0, 1 <q,7 <2 with % ~ NG —1)=4—ssuch

that

1K xr (f ) = fDlgarr ST (lulls + 10l1%s) llu = vll s - (4.19)
Proof. We first claim that if 1 <g,7 <2 with 2 = N(3—3) =4 —s and (¢,r) € A is an
admissible pair that satisfy
1 1
=— ot 0, (a)
q q
N
r<4 (b) (4.20)
a+1 1 1 s
S->@+D(-—=), ©
r r r N
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then the inequality (4.19) holds with o = 1 — “;}H In fact, let 1 < p < oo be given by - 1= "‘T'f],

then by (4.20)(c), we have 1 e i —; so that the embedding B*Z(RN) SN L/’(]RN)
holds. Using (1 7) the boundedness 0117 K (x) Holder’s inequality and Sobolev’s embedding

B}, (RN) s [ W (RY ), we have

Q

1K) xr (6) (f ) — f)lgarr
S H”K”LP (IIMII“ PO o L >|IM—UIILN/yW

L N=sr L N=sr

La

1 _a+tl
=== o o
ST (g, + 10050 ) e = vz,

which yields (4.19).
To prove Lemma 4.6, it suffices to provide 1 <g,r <2 with % — N (% —
(g,r) € Ap that satisfy (4.20)(a)—(c). We consider three cases.
Case 1: (N —2s)a < 2s. Let
7=1%5 F=2,
q 2.

Then it is easy to verify that 1 <g,7 < 2 with % — N (3 -1)=4—5 and an admissible pair
(g,r) € Ap that satisfies (4.20)(a)—(c).
Case 2: 25 < (N —2s5)a <4a + 4+ 2s. Let

{ql F=2,

):4—sandan

il

I
8
i

8(a+1)

__ ol+l) 2N (a+1)
9= (N—2s)a—2s+2¢°

= N-2e+2s(a+D)’

where ¢ > 0 sufficiently small such that

C[8—(N =29« N 4da+4—-25s— (N —29)«
eg<miny ——— s(a+1), —, .
2 2 2
By direct calculation, we have 1 <g,7 <2 with 2 7 N( %) =4—ys,(q,r) € Ap and
1 _ atl _ 8—(N-2s)a—2¢
. ‘- N(N 82 ) 0
N e
YT = sv=er sty > 0
+1 1 _ s(e+D)
Olr —z= M >0,
R
which imply (4.20)(a)—(c).
Case 3: (N —25)a > 4o + 4+ 2s. Let
— 8(a+2) - N(+2)
9= B=(N-25)a+16-2¢° = (N—25)a+N—-25+¢°
_ 8(a+2) _ N@+2)
q= (N=2s)a+2¢e> "= Ntsa—e>
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where ¢ > 0 sufficiently small such that

— 2
e<min{b, s, N —2s, M}

By direct calculation, we have 1 < <2 w1th -N (% - %) =4—35,(q,r) € Ap and

at+l _ 8=2e—(N-2s)a)(ax+2) -0

1
7 g 8(@+2)
N _ N(N-=2s—¢)
s = s(N+sa+e) >O
atl _ 1 _ (@4dsats+e
r T N(a+2) ’
L—@+D(l-%)= > 0.
r N(a+2)

Hence we see that (4.20)(a)—(c) hold. O

Lemma4.7.LetN21,ﬂ>max{2,%},0<s§2,s<— O<a, (N— 2s)oe<8—— fe
C(a), and K (x) € L'RN) N LERN). There exist o > 0, (v, p) € Ap such that

1K x7 (f @) = fFODI 0 ST (lull%s + 101%s) sup lu—vllzazr. (4.21)
(g.r)eNp
Proof. Let b = &, then we have 0 <» <min{%,4} and (N — 25)a <8 — 2b. From the proof

of Lemma 4.3, we know there exist three admissible pairs (y, p), (¢, r), (m, n) € Ap such that

1 « 1
l1-———- — >0,

Yy g m

N
r<—,

s

1 1 K 1 b
l———af-=2)-252

Jo r N n N

Put%:l—%—a(}—%)—— then we have 1 < p < & and thus K (x) € L?(RY). Using

(1.7), Holder’s inequality and Sobolev’s embedding Brs 2(]RN )— L e (RY), we have

1K xr (f(u) — f(v))”LV’Lﬂ’

1_l____
ST v Kl (IIMII“ Y ol (1 ) Il = vl mpn
L4 L4 N—sr

L N=sr

1_L_£__
ST T8 (1l g, + 10150, ) Nt = Vllinn,

which yields (4.21). O
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Lemmad8.Let N> 1, f>max{2, %}, 0<s<2 5<% 0<a, (N—25)a <8— ZFN fe
C(@), and K (x) € L®°(RN). There exist o > 0, (y, p) € Ay, such that

IK xr (f@) = fFOD 0 ST (lull%s + 1v1%s)  sup  lu—vlipapr- (4.22)
(g,r)eAp

Proof. From the proof of Lemma 4.4, we know there exists (g, r) € Ap such that

2

l—a+ >0,

q

N
r<—,

s
Ol+l | 1 1 s +1
—+->l—-—->al-—— —.
ror r r N r

Let p be given by 1 — % =%+ %, then we have % -5 < % < % and thus the embedding

Bf’z(RN) < LP(R™) holds. Using (1.7), the boundedness of K (x), Holder’s inequality and
Sobolev’s embedding B‘r‘.z(RN) <> LP(RN), we have

1—at2
1K X7 (F@) = FODI g ST (Il e, + 10050 e ) Nt = vl
which yields (4.22). O

In the case s > %, the embedding H*(R") < L?(R™) holds for any 2 < p < oo; thus we
can establish the following Lemmas.

Lemma4.9.LetN21,,6>max{2,%},0<s§2,sz%,O<a<oo, fel(a), and K (x) €
L®@RN) 4+ LERN). There exist 0 > 0 and 2 <r, p < 0o such that

00 1/2
24
f (|r|—s/4 1Oz (¢ —7) — xr (D) K () (f () — f(v))”Lle) ﬁ
ST (Nl + 10l1%s) e — vl s, (4.23)
and
00 1/2
—5/4 2dr
/ (77 | = DK ) (@) = f@)e = (£ @) = F@D) ] 11,2) o
ST (% + 101%) N = vl + Tact = V2w y g 0l (4.24)

Proof. Since K (x) € L°(RY) + LARYN) c L*R") + L'(RY) n LARN), we can decom-
pose K (x) = K1 (x) + Ka(x), with K1(x) € L°RN), K2(x) € L'RY) n LERN). Put (¢, r),
(v, p) € Ap,
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_ S(a+D(2+e)

= 2(2+¢)(a+1)
— NQa+2+¢a)’ - & ’
8 1
=% p=2e+2,

where 0 < & < 8 —2; so that K»(x) € L'RN)n LARYN) c L2T4(RN).
We first prove (4.24). From (4.10), (4.11) and (4.12), the boundedness of x7 and Holder’s
inequality, we get

lxr @t — D) K2(x) ((f @) = f@); = (f @) = F)) | 11,2
ST =)0 = = W lgarr 1Kl (10 + 10190 ,)

-1 —1
et {nvf = vllarr (Ilg=h + 101855 ) e = vlporr . @ 2 1,

lve = vllzarrllu = vllfeopr, 0 <a <1

This inequality together with Young’s inequality yields

N 1/2
2d
/ (1717 xr @ = DKo (£ = F@D: = (P = 700 [11p2) " 5
ST (Il + 10150 e = vll s + Lot ll = 0lme [0l s (4.25)

Similarly, we have

00 1/2
24
/ (17177 | @ = DK (@) = f Oz = (@) = FOD) ] 1,2) ﬁ
ST (Nl + 1001%:) i = vilaes + Taewt e = vl o 0] - (4.26)

The inequality (4.24) is now an immediate consequence of (4.25) and (4.26).
Next, we prove (4.23). From (1.7) and Holder’s inequality, we have

I(xr (& — 1) — x7 (@) K2 (f () — fF)I12
Slxr@ =) = xr Ol 1Kl 2ve (Il oo + 100G oorr) = vllgoopr -

This inequality together with Sobolev’s embedding H*(RY) < L"(R") yields

0o 1/2
—s/4 2dr
/ (It 4100 =0 = 5 ) Ko (£ @) = FODzz)
ST (el + 011%0) e — vl s (4.27)

s o
where we used || xr ||Bs/4 < T'-1, Similarly, we have
1.2
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00 12
2d
/ (Irl_s/4 IlOer (¢ = ©) — x7 () K1 (x) (f () — f(v))||L1L2> ﬁ
ST (lell%s + 11011%:) lu — vl s - (4.28)

The inequality (4.23) is now an immediate consequence of (4.27) and (4.28). O
Similar to Lemma 4.9, we can establish the following Lemma and omit the details.

Lemma4.10. Let N > 1, 8 > max{Z, %}, O0<s<2 s> %, O<a<oo fel(a),and K (x) €
L®@RYN) + LB(RY). There exist o > 0 such that

|K xr (f ) — fFDgarr ST (lull%s + 1vll%:) e — vl s
where§:4i r=2withl <gq,7r <2, %—N(% — %) =4 — s and

1K xr (f @) — fFODIpiz2 ST (lull%s 4+ 1vl%s) sup  lu—vlipapr
(g,r)eNp

5. Proof of Theorem 1.5 and Theorem 1.9
5.1. The local existence

Since K (x) € L2@RY) + LARN) c L*RY) + L'RY) n LARYN), we can decompose
K (x) = K1 (x) + K»(x), with K (x) € L°(RN), K5(x) e L'RY)N LP(RN). Then using Lem-
mas 4.1-4.10 and the standard contraction mapping argument, we can establish the following
local existence results easily and omit the details.

Proposition 5.1. Let N > 1, = —1 or 0, f > max {2, %} 0<s<20<a (N—-25a<
8 — % f eCa), and K (x) € L°(RN) + LARN). There exist constants C; > 0 and ¢(L) > 0
that depends only on L such that for any L > 2Cq ||¢|lys , 0 < T < c(L), the equation

t
=!I / DO (0 K f () (s)d (5.1)
0

admits a unique solution u € C(R, H*(RN)) N X with |ju||xs < L.

Since xrlref0,71 = 1, it follows from Proposition 5.1 that there exists a solution u €
c(o,T], H% ﬂ(q’r)eAb L4 ([O, T1, Bf’z) to the Cauchy problem (1.1). Moreover, using the sim-

ilar arguments as that in Chapter 4 of [6], we deduce that the Cauchy problem (1.1) admits a
unique maximum solution

u € C(10, Tmax (9)), H) (] L (10, Tnax (9)), B},)
(g,r)eAp

with the blowup alternative (1.8) holds, and omit the details.
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5.2. The continuous dependence

In this subsection, we prove continuous dependence of the solution map on the interval [0, A],
where 0 < A < Trax (). Let

L =4Cy |lullpoo,77, H5) < 0°,

and T > 0 sufficiently small such that
= 1
T <c(L), CoT° LY + C3T° L* < 7 (5.2)

where Cp, ¢(L) are the constants in Proposition 5.1, C», & and C3, o are the constants in (5.6)
and (5.7), respectively. Since ¢, — ¢ in H®, we know that there exists a positive n such that
L >2C1||¢y |l gs for every n > nj. It then follows from Proposition 5.1 that for every n > n1, the
following equation

t
uy = 'O g / ol mDB D) (0 K £ (u,)) (T)dr,
0

admits a unique solution u, € C(R, H) N X’* with
lunllxs <L, forVn>nj. (5.3)

Moreover, Proposition 5.1 also gives us a unique solution v € C(R, H*) N X to the equation
(5.1) that satisfies

lvllas < L. (5.4
The proof of the continuous dependence will proceed by the following claims.

Claim 5.1. Forany 0 < § < s, we have SUP(y yen, lun — v||Lq(R,B:Es) = 0.

Proof. Let K (x) = K1(x) + K»(x) with K;(x) € LA(RV) and K> (x) € L*(R"). From Lem-
mas 4.7, 4.8 and 4.10, we conclude that there exist (y;, p;) € Ap, 0; > 0,1 =1, 2, such that
1K xr (f @) = fFDI 570

ST (Ilull%s + 1vl1%s) sup N —vllgapr, i=1,2. (5.5
(g,r)eNp

From Strichartz’s estimate and (5.5), we deduce that there exists C, > 0 such that
sup |lup —vlLarr
(g,r)€Np

<Collgn — @llp2 + CoT® (lunll%s + 101%:) sup  llup — vlizapr, (5.6)
(g,r)eNp
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where & = min {01, 0»}. Since 2C,T7LY < % by (5.2), it follows from (5.3), (5.4) and (5.6) that

sup llun — vll (1) S llow — @112
(g,r)€Ap

Moreover, from the interpolation theorem, (5.3) and (5.4), we have
8 8

=2 Il
sup ”un_U”Lq R.B*S ,S”un_v”LqS]RBS ”un_U”[Sﬂ R.LF
@r)en, R,B,5% R,B;,) (R,L7)

s
1-4 5
<L 5||§0n_§0”L2 Vl—)OOO’

which finishes the proof of Claim 5.1. O

Claim 5.2. ||u,, — v||xs —> O.
n— o0

Proof. Whens < &

>, We deduce from Proposition 1.1, Lemmas 4.1-4.8 that, for some C3, 0 > 0,

lun —vllaes < Csllgn = @llms 4+ C3T7 (llunll%s + 101%s) ltn — vl 205

+10t<1C3 ”un - U”a~ Nry — Nry ||U||Xs ) (57)

q1 N—=sr 2 N=sr
Luloc,TL 1 ﬂLuloc,TL 2

where g; > 1, (g;i,r;) € Ap with §; < g;, ri <4*,i = 1,2 are given by Lemmas 4.3 and 4.4,
respectively. Since 2C3T° L* < % by (5.2), we deduce from (5.3), (5.4) and (5.7) that

lup —vllas Sllgn —@llas + llun —vl*_ wy n
1 2

q1 N=sr a2 N=sr
Luloc,TL ! mLuloc,TL 2

Thus it suffices to show that

N, —> 0. (5.8)

[ N=srp n—>0

lun — vl _ Nr
L4 LN=sr1 L2

uloc,T uloc,T

For any n > 0 sufficiently small such that ri + 1 < 4*, we choose g, > 0 such that (g,, r1 +

__aN Nr
s AL .
n) € Ap. From Sobolev embedding Br1+',; (;‘J”’) (RY) < L71 (R™) and the Claim 5.1, we have
lun — vl v Sy — vl v —> 0. (5.9
an N ST H ) n—>00
— ry(r
Lutoe,r L7711 L Br1+';21 !

Since g, increasing to g as 7 tends to 0 and g1 < g1, we have, by applying Holder’s inequality

luw —vll v —> 0. (5.10)
qu LW n—>oo
uloc, T

Similarly, we have
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Iy, — V| R B 0.
Luloc,TL i

This together with (5.10) yields (5.8).
We now consider the case s > % In this case, we use Lemmas 4.9 and 4.10 instead of Lem-
mas 4.1-4.8. Similar to (5.8), it suffices to prove that

lloen — U||L0<>(]R,erLp) s 0,

where 2 <r, p < oo are given by Lemma 4.9. Let p = r + p, then by interpolation theorem, there

exists 0 <0 < 1 such that

0 1-0
lun = vlipoorr S Mun — vligoopp ln — vl ;o - (5.11)

From (5.11), Sobolev’s embedding H*(RY) < L?(R™N), (5.3), (5.4) and Claim 5.1, we have

ly — v poorr —> O.
n—oo

Similar, we have
lun —vlipoope —> 0.
n—oo
This finishes the proof of Claim 5.2. O

Now we resume the proof of the continuous dependence. Since xrlsef0,7] = 1, we deduce
from the uniqueness that u(¢) = v(¢) on the interval [0, T]. Moreover, it follows from Claim 5.2
that |u, — ull 0,71, #s) —> 0. In particular, we have ||u,(T) — u(T)||ps —> 0. Arguing as

n—>0oo n—oo

previously, we deduce that the solution u,, exists on the interval [T, 2T ] for n > n; and that |ju, —
ull Lo (r,21), 15y — 0. Iterating finitely many times like this, we get the continuous dependence
n—0o0

on the interval [0, A].
5.3. Proof of Theorem 1.9

Before proving Proposition 1.1, we prove the following version of the Caffarelli-Kohn-
Nirenberg-type inequality.

Lemma 5.2. Let N > 1, f > max {2, §}, 0 <o, (N —4)a <8 2, f eC(a), and K(x) €
L®@RN) + LBRN). Then, we have

N(Ba+2) o NBa+2) wpa_Na
7

+ Na
/|K<x>f<u>u|dx§||Au||Lz4ﬁ lll,, ™ Aul Sl (5.12)
RN

Proof. Let K (x) = K1(x) + K>(x) with K{(x) € L°(R") and K»(x) € L'RN) n LERN).
From (1.7), Holder’s inequality and Gagliardo-Nirenberg’s inequality, we have
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) N</ia+2) 42— N(fia+2)
/ |K2(0) f@uldx S K2l e Il iy, ShAull ™ ul, ¥ (5.13)
]RN
Similarly, we have
% a+2—¥
|K (o) f uldx S ([ Aull 5 llull,, * (5.14)

RN
The inequality (5.12) is now an immediate consequence of (5.13) and (5.14). O

Using the classical energy estimate method, we can obtain the following conservation law for
the Cauchy problem (1.1) easily and omit the details.

Lemma 53.Let N> 1, u=—10r0, > max{2, 5§}, 0 <o, (N —4)a <8 — % K(x) e
L®@RN) + LERN) be a real-valued function and f € C(c) that satisfies

(i) f(a) eR forall a > 0;

(ii) f @) = & f (u]) for all u € C \ {0);

If u is a smooth solution of (1.1) on the time interval [0, T], then the mass and the energy are
conserved:

Mul(t) = / u|*dx = M[g], (5.15)
RN
E(u)(t):/%(|Au|2—u|Vu|2) dx—l—/K(x)G(u(x)) dx = E[¢), (5.16)
RN RN

where G(z) 1= (lz\ f(s)ds.

Proof of Theorem 1.9. Let u € C ([0, Tmax(¢)) . H*(RY)) be the maximum solution given by
Theorem 1.5. To obtain a global solution, it is sufficient to get an a priori bound of the local
solution, since the existence time obtained in Corollary 1.6 depends only the H? norm of the
initial datum.

Note that |G (u(x))| < | f(u)u|, we deduce from Gagliardo-Nirenberg’s inequality, Lemma
5.2, and the conservation of the energy (5.16) that, for any ¢ € [0, Tmax(¢)),

||Au(r>||iz=2E[¢1+u||wa)||%—2f K®)Gux)) dx

RN
% a+27¥
<2E[p]+ lu@l 2l Au@®ll 2 + Cll Aull 5 lull, >
N(Ba+2) oa2— N(Ba+2)
+lAul, ull,, P (5.17)

From the conservation of the mass (5.15) and Cauchy-Schwartz’s inequality, we have, for any
t € [0, Tmax(¢)),
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1
lu@llz2 1Au@l 2 < 21 AR, + @Iz (5.18)

On the other hand, from Young’s inequality and the conservation of the mass (5.15), we have

oy at2-2N 1 a+2—% ﬁ
Claum b el * < <llAully, + cwuﬁz ) (5.19)
Suppose o < % - % Since %ﬁ”) < 2, we have
Npesd) a2-NED ] at2— —N(%ﬂ) (8—_1\/5?/3—2_1\/
Clldull,™ lull,” ¥ < lAulz, +C? ||¢||§2 ) . (520

From the above two inequalities, (5.17)—(5.20) and the conservation of the mass (5.15), we con-
clude that sup; (o, 7;,,... (o)) 14 (@) |l g2 < 00, which in turn implies the global existence.

fo=3 - % we deduce from (5.17), (5.18) and (5.19) that

1 a2 ) oy
(;cwn;) ||Au(t)||izszE[¢]+||¢||iz+||¢n£z ¥t

Hence, the Laplacian of u remains bounded if ||¢||;2 < (%)l/a, which completes the proof of
Theorem 1.9. O
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