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Abstract

In this paper, we consider the conditional regularity of weak solution to the 3D Navier–Stokes equa-
tions. More precisely, we prove that if one directional derivative of velocity, say ∂3u, satisfies ∂3u ∈
Lp0,1(0, T ; Lq0 (R3)) with 2

p0
+ 3

q0
= 2 and 32 < q0 < +∞, then the weak solution is regular on (0, T ]. The 

proof is based on the new local energy estimates introduced by Chae-Wolf (2019) [4] and Wang-Wu-Zhang 
(2020) [21].
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

We consider the Cauchy problem for incompressible Navier–Stokes equations in R3 ×(0, ∞).

⎧⎪⎨
⎪⎩

∂tu + (u · ∇)u − �u + ∇π = 0,

∇ · u = 0 ,

u|t=0 = u0 ,

(1.1)
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where u = (u1, u2, u3) and π stand for the velocity field and a scalar pressure of the viscous 
incompressible fluid, respectively.

For every u0 ∈ L2(R3) with div u0 = 0 in the sense of distribution, a global weak solution u
to the Navier–Stokes equations (1.1), which satisfies the energy inequality

‖u(·, t)‖2
L2(R3)

+ 2

tˆ

0

‖∇u(·, s)‖2
L2(R3)

ds ≤ ‖u0‖2
L2(R3)

, for all t > 0, (1.2)

was constructed by Leray [14] and Hopf [11]. However, the uniqueness and regularity of such 
weak solution is still one of the most challenging open problems in the field of mathematical 
fluid mechanics.

One essential work is usually referred as Prodi–Serrin (P–S) conditions (see [8,18–20] and 
the references therein.), i.e. if the weak solution u satisfies

u ∈ Lp(0, T ;Lq(R3)),
2

p
+ 3

q
= 1, 3 ≤ q ≤ ∞, (1.3)

then the weak solution is regular in (0, T ]. Along with the pioneering works of Prodi and Serrin, 
Beirão da Veiga [1] established regularity criteria on the gradient of the velocity field, i.e.

∇u ∈ Lp(0, T ;Lq(R3)),
2

p
+ 3

q
= 2,

3

2
≤ q ≤ ∞.

Later on, many efforts have been made to weakening the above criteria by imposing constraints 
only on partial components or directional derivatives of velocity field.

There are several notable results [5,6,10] based on one component of the velocity. For in-
stance, B. Han etc. [10] proved that if u3 ∈ Lp(0, T ; Ḣ 1/2+2/p(R3)) with 2 ≤ p < +∞, the 
solution u is regular in (0, T ]. Very recently, D. Chae and J. Wolf [4] made an important progress 
and obtained the regularity of solution to (1.1) under the condition

u3 ∈ Lp
(

0, T ;Lq
(
R3

))
,

2

p
+ 3

q
< 1, 3 < q ≤ ∞. (1.4)

W. Wang, D. Wu and Z. Zhang [21] improved to

u3 ∈ Lp,1
(

0, T ;Lq
(
R3

))
,

2

p
+ 3

q
= 1, 3 < q < ∞. (1.5)

Throughout this paper, Lp,1 denotes the Lorentz space with respect to the time variable.
For the regularity criteria only involving one directional derivative of velocity, I. Kukavica 

and M. Zaine [12] get the result

∂3u ∈ Lp(0, T ;Lq(R3)),
2

p
+ 3

q
= 2,

9

4
≤ q ≤ 3.

There are also many efforts to extend the range of q for ∂3u, such as [3,17,12,22]. In particular, 
the first author of this paper and D. Fang and T. Zhang [7] proved that u is regular in (0, T ], if
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∂3u ∈ Lp(0, T ;Lq(R3)),
2

p
+ 3

q
= 2,

3

2
< q ≤ 6.

Along this line of research, we obtain scaling invariant Prodi-Serrin criteria for ∂3u with 
optimal range 3

2 < q < ∞. More precisely, we prove the following theorem:

Theorem 1.1. Let u0 ∈ L2(R3) ∩ L3(R3) and (u, π) be a Leray-Hopf weak solution to the 3D 
Navier–Stokes equations (1.1). If u satisfies

∂3u ∈ Lp0,1(0, T ;Lq0(R3)),
2

p0
+ 3

q0
= 2,

3

2
< q0 < +∞, (1.6)

or

∂3u ∈ Lp0,1(0, T ;L∞(R3)), p0 > 1, (1.7)

then u is regular in R3 × (0, T ].

Remark 1.2. Theorem 1.1 is a direct consequence of Theorem 1.3 and Remark 1.4. Moreover, 
the initial data u0 ∈ L2(R3) ∩ L3(R3) implies the local-in-time regularity of weak solution, thus 
the weak solution is actually suitable weak solution.

A particular class of weak solution to (1.1) called suitable weak solution is introduced by 
Caffarelli, Kohn and Nirenberg [2]. We say that (u, π) is a suitable weak solution of (1.1) in 
open domain �T = � × (−T , 0), if

(1) u ∈ L∞ (−T ,0;L2(�)
) ∩ L2

(−T ,0;H 1(�)
)

and π ∈ L
3
2 (�T );

(2) (1.1) is satisfied in the sense of distribution;
(3) the local energy inequality holds: for any nonnegative test function ϕ ∈ C∞

c (�T ) and t ∈
(−T , 0),

ˆ

�

|u(x, t)|2ϕ dx + 2

tˆ

−T

ˆ

�

|∇u|2ϕ dxds

≤
tˆ

−T

ˆ

�

|u|2 (∂sϕ + �ϕ) + u · ∇ϕ
(
|u|2 + 2π

)
dxds. (1.8)

The important progress in [2] is that one-dimensional Hausdorff measure of the possible 
space-time singular points set for the suitable weak solution (u, π) is zero. A simple proof is 
also given by F. Lin in [15].

Theorem 1.3. Let (u, π) be a suitable weak solution of (1.1) in R3 × (−1, 0). If u satisfies

∂3u ∈ Lp0,1
(−1,0;Lq0(B(2))

)
,

2 + 3 = 2,
3

< q0 < +∞, (1.9)

p0 q0 2
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then for 0 < r ≤ 1,

r−2‖u‖3
L3

(
B(r)×(−r2,0

)) ≤ C. (1.10)

Furthermore u is regular at (0, 0). Here B(R) is the ball in R3 with center at the origin and 
radius R.

Remark 1.4. Our method fails in the case q0 = +∞. However, replacing (1.9) with the subcriti-
cal regularity criteria

∂3u ∈ Lp0
(−1,0;L∞(B(2))

)
,p0 > 1, (1.11)

Theorem 1.3 still holds true. Actually, we can pick 1 < p1 < p0 and 3
2 < q1 < +∞ such that 

2
p1

+ 3
q1

= 2. Therefore, we can prove it directly by the embedding inequality

‖∂3u‖Lp1,1(−1,0;Lq1 (B(2))) ≤ C ‖∂3u‖Lp0 ((−1,0;L∞(B(2))) .

The proof of Theorem 1.3 follows from the ideal of local energy estimates introduced in 
[2,4,21]. The non-trivial part is to establish the necessary a priori estimates of the quantity J =´ t

−1

´
U0(R)

π0u3 · ∂3 (�nηψ) dxds involving the “non-harmonic” part of the pressure π0. The 

difficulty will be overcome by introducing the mean value function (u3)k defined in (3.6). More 
precisely, we adopt a new decomposition of the quantity J in (3.17) and (3.19). We should point 
out that the energy inequality in Lemma 2.1 and Poincaré’s inequality in Lemma A.3 are crucial 
to deduce the estimates.

Our paper is organized as follows: in Section 2, we recall some notations and preliminary 
results; we establish the a priori estimates involving the convection term in Section 3.1 and the 
pressure term in Section 3.2; finally, we will complete the proof in Section 3.3.

2. Notations and preliminary

In this preparation section, we recall some usual notations and preliminary results.
For two comparable quantities, the inequality X � Y stands for X ≤ CY for some positive 

constant C. The dependence of the constant C on other parameters or constants are usually clear 
from the context, and we will often suppress this dependence.

We also shall use the same notation as that in Chae-Wolf [4]. For x = (x1, x2, x3) ∈ R3, we 
denote x′ = (x1, x2) the horizontal variable.

For 0 < R < +∞, we denote B(R) the ball in R3 with center at origin and radius R, and 
B ′(R) ⊂ R2 the ball in the horizontal plane with center at origin and radius R.

We set the spatial cylinder

Un(R)
def=B ′(R) × (−rn, rn),

the parabolic cylinder

Qn(R)
def=Un(R) × (−r2

n,0),
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and

An(R)
def=Qn(R)\Qn+1(R),

where rn = 2−n, n ∈ N .
We take �n the fundamental solution of the backward heat equation

∂t�n + ∂2
3 �n = 0,

with singularity at (0, r2
n). More explicitly, we consider �n given by

�n(x, t)
def= 1√

4π(−t + r2
n)

e
− x2

3
4(−t+r2

n) , (x, t) ∈ R3 × (−∞,0).

There exist absolute constants c1, c2 > 0 such that for j = 1, . . . , n − 1, it holds

�n ≤ c2r
−1
j , |∂3�n| ≤ c2r

−2
j , in Aj(R),

c1r
−1
n ≤ �n ≤ c2r

−1
n , c1r

−2
n ≤ |∂3�n| ≤ c2r

−2
n , in Qn(R).

(2.1)

We denote the energy

En(R)
def= sup

t∈(−r2
n,0)

ˆ

Un(R)

|u(t)|2dx +
0ˆ

−r2
n

ˆ

Un(R)

|∇u|2 dxds,

Edef= sup
t∈(−1,0)

ˆ

R3

|u(t)|2 dx +
0ˆ

−1

ˆ

R3

|∇u|2 dxds.

Next, we denote Lqv
v L

qh

h

(
B ′(R) × (−r, r)

)
the anisotropic Lebesgue space equipped with the 

norm

‖h(x)‖
L

qv
v L

qh
h (B ′(R)×(−r,r))

=
⎛
⎝ rˆ

−r

‖h(·, x3)‖qv

Lqh (B ′(R))
dx3

⎞
⎠

1
qv

. (2.2)

The following lemma ensures the anisotropic Lebesgue space obeys the energy estimates in [4, 
Lemma 3.1].

Lemma 2.1. Let R ≥ 1
2 . For ∀ 2 ≤ p ≤ ∞, 2 ≤ qh, qv < +∞, 2

p
+ 2

qh
+ 1

qv
= 3

2 , we have

‖u‖2
Lp

(
−r2,0;Lqv

v L
qh (Un(R))

) ≤ CEn(R). (2.3)

n h
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Proof. For 0 < r ≤ 1, set U = B ′(R) × (−r, r), U1 = B ′(R) × (−2r, 2r), U2 = B ′(R) ×
(−4R, 4R) and U3 = B ′(1) × (−4, 4).

We claim that

‖u‖
L

qv
v L

qh
h (U)

≤ Cr
− 2

p ‖u‖L2(U) + C‖u‖1− 2
p

L2(U)
‖∇u‖

2
p

L2(U)
. (2.4)

In fact, given u ∈ W 1,2(U), we define the extension

v1(x) :=
⎧⎨
⎩

u(x′, x3) if x3 ∈ (−r, r),

u
(
x′,2r − x3

)
if x3 ∈ [r,2r),

u
(
x′,−2r − x3

)
if x3 ∈ (−2r,−r].

Then v1 ∈ W 1,2(U1) and it holds

‖∇v1‖L2(U1)
≤ 3‖∇u‖L2(U), ‖v1‖L2(U1)

≤ 3‖u‖L2(U). (2.5)

Let ζ ∈ C∞
c (−2r, 2r) denote a cut off function such that ζ = 1 on (−r, r) and 

∣∣ζ ′∣∣ ≤ 2r−1. 
Noting that by r ≤ 2R, it holds U1 ⊂ U2 and v2 = v1ζ ∈ W 1,2 (U2).

Set v3(x) = v2(Rx), x ∈ U3. There is an Sobolev extension ṽ3(x) ∈ W 1,2(R3) with ṽ3(x) =
v3(x), x ∈ U3 and

‖ṽ3‖L2(R3) ≤ C‖v3‖L2(U3)
, ‖∇ṽ3‖L2(R3) ≤ C‖v3‖W 1,2(U3)

. (2.6)

By means of Sobolev’s inequality and a simple scaling argument along with (2.5) and (2.6), we 
get

‖u‖
L

qv
v L

qh
h (U)

≤ ‖v2‖L
qv
v L

qh
h (U2)

≤ R
2
qh

+ 1
qv ‖v3‖L

qv
v L

qh
h (U3)

≤ CR
2
qh

+ 1
qv ‖ṽ3‖L

qv
v L

qh
h

(
R3

)

≤ CR
2
qh

+ 1
qv ‖ṽ3‖

2
qh

+ 1
qv

− 1
2

L2
(
R3

) ‖∇ṽ3‖
3
2 − 2

qh
− 1

qv

L2
(
R3

)

≤ CR
2
qh

+ 1
qv

(
‖v3‖L2(U3)

+ ‖v3‖
2
qh

+ 1
qv

− 1
2

L2(U3)
‖∇v3‖

3
2 − 2

qh
− 1

qv

L2(U3)

)

≤ C‖v2‖L2(U2)
+ C‖v2‖

2
qh

+ 1
qv

− 1
2

L2(U2)
‖∇v2‖

3
2 − 2

qh
− 1

qv

L2(U2)

≤ Cr
− 3

2 + 2
qh

+ 1
qv ‖u‖L2(U) + C‖u‖

2
qh

+ 1
qv

− 1
2

L2(U)
‖∇u‖

3
2 − 2

qh
− 1

qv

L2(U)
,

which gives rise to (2.4). By using of Hölder’s inequality and (2.4) with r = rn, we achieve

‖u‖2
Lp

(
−r2,0;Lqv

v L
qh (Un(R))

) ≤ C‖u‖2
L∞(−r2

n,0;L2(Un)
) + C‖∇u‖2

L2
(−r2

n,0;L2(Un)
).
n h
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This completes the proof of this lemma. �
3. Proof of the main results

In this section, we apply a similar argument in Cafferalli-Kohn-Nirenberg [2], Chae-Wolf [4], 
or Wang-Wu-Zhang [21] to prove Theorem 1.3.

We assume that solution u satisfies

∂3u ∈ Lp0,1
(−1,0;Lq0(B(2))

)
,

2

p0
+ 3

q0
= 2,

3

2
< q0 < +∞. (3.1)

For fixed p0, q0, we can pick 4q0
4q0−5 < p∗

0 < p0. Set

Bi = r
2− 2

p∗
0
− 3

q0

i ‖∂3u‖
L

p∗
0
(−r2

i ,0;Lq0 (B(2))
). (3.2)

By Lemma A.5, we have

+∞∑
i=0

Bi ≤ C ‖∂3u‖Lp0,1(−1,0;Lq0 (B(2))) . (3.3)

Let η (x3, t) ∈ C∞
c ((−1, 1) × (−1, 0]) denote a cut-off function, 0 ≤ η ≤ 1, and η = 1 on (− 1

2 , 1
2

) × (− 1
4 ,0

)
.

In addition, let 1
2 ≤ ρ < R ≤ 1 be arbitrarily chosen, but |R − ρ| ≤ 1

2 . Let ψ = ψ
(
x′) ∈

C∞ (
R2

)
with 0 ≤ ψ ≤ 1 in B ′(R) satisfying

ψ(x′) = ψ(|x′|) =
{

1 in B ′(ρ)

0 in R2\B ′
(

R+ρ
2

) (3.4)

and

|Dψ | ≤ C

R − ρ
,

∣∣∣D2ψ

∣∣∣ ≤ C

(R − ρ)2 .

For j = 0, 1, · · · , n, denote χj = χB ′(R)(x
′) · η(2j · x3, 22j · t), where χB ′(R) is the indicator 

function of the set B ′(R). Let

φj =
{

χj − χj+1, if j = 0, . . . , n − 1,

χn, if j = n,
(3.5)

and the mean value function

(u3)k(x
′) = 1

2rk

rkˆ
u3(x

′,ω) dω. (3.6)
−rk
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Taking the test function ϕ = �nηψ in (1.8), it yields that

ˆ

U0(R)

|u(x, t)|2�nηψ dx + 2

tˆ

−1

ˆ

U0(R)

|∇u|2�nηψ dxds

≤
tˆ

−1

ˆ

U0(R)

|u|2 (∂s + �)(�nηψ) dxds +
tˆ

−1

ˆ

U0(R)

|u|2u · ∇ (�nηψ) dxds

+ 2

tˆ

−1

ˆ

U0(R)

πu · ∇ (�nηψ) dxds. (3.7)

Next, we shall handle the right side of (3.7) term by term.

3.1. Estimates for nonlinear terms

Lemma 3.1. Let (u, π) be a suitable weak solution of (1.1) in R3 × (−1, 0). If (u, π) satisfies 
the assumption of Theorem 1.3. Then we have

tˆ

−1

ˆ

U0(R)

|u|2 (∂s + �)(�nηψ) dxds ≤ C
E

(R − ρ)2 . (3.8)

Proof. The proof of this lemma is similar to Lemma 3.1 in [21], referring to the properties of 
�n, η and ψ . We omit it here. �
Lemma 3.2. Under the assumption of Lemma 3.1, we have

tˆ

−1

ˆ

U0(R)

|u|2u · ∇ (�nηψ) dxds

≤C

n∑
i=0

Bi

(
r−1
i Ei(R)

)
+ C(R − ρ)−1 E 1

2

n∑
i=0

r
1
2
i

(
r−1
i Ei(R)

)
, (3.9)

where Bi is defined in (3.2).

Proof. We first note that

tˆ

−1

ˆ

U0(R)

|u|2u · ∇ (�nηψ) dxds

=
tˆ ˆ

|u|2u3 · ∂3 (�nη)ψ dxds +
∑

μ=1,2

tˆ ˆ
|u|2uμ · �nη∂μψ dxds
−1 U0(R) −1 U0(R)
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def=I1 + I2. (3.10)

By integration by parts, the estimates (2.1) for �n, Hölder inequality, Lemma 2.1 and 
Lemma A.3, we have

I1 =
n∑

k=0

ˆ

Q0(R)

u · u · u3 · ∂3 (�nφk)ψ dxds

=
n∑

k=0

ˆ

Q0(R)

u · u
(
u3 − (u3)k

)
· ∂3 (�nφk)ψ dxds

− 2
n∑

k=0

ˆ

Q0(R)

∂3u · u · (u3)k · (�nφk)ψ dxds

�
n∑

k=0

r−2
k

0ˆ

−r2
k

‖u‖
L

2q0
q0−1 (Uk(R))

‖u‖
L2

vL

2q0
q0−1
h (Uk(R))

‖u3 − (u3)k‖L
2q0
v L

q0
h (Uk(R))

ds

+
n∑

k=0

r−1
k

0ˆ

−r2
k

‖∂3u‖Lq0 (Uk(R))‖u‖
L

2q0
q0−1 (Uk(R))

‖(u3)k‖
L

2q0
q0−1 (Uk(R))

ds

�
n∑

k=0

r
−1− 1

2q0
k

0ˆ

−r2
k

‖u‖
L

2q0
q0−1 (Uk(R))

‖u‖
L2

vL

2q0
q0−1
h (Uk(R))

‖∂3u‖Lq0 (Uk(R))ds

�
n∑

k=0

r
1− 2

p∗
0
− 3

q0

k ‖u‖
L

4q0
3

(
−r2

k ,0;L
2q0

q0−1 (Uk(R))

)‖u‖
L2q0

⎛
⎝−r2

k ,0;L2
vL

2q0
q0−1
h (Uk(R))

⎞
⎠

× ‖∂3u‖
L

p∗
0
(−r2

k ,0;Lq0 (Uk(R))
)

�
n∑

i=0

Bi

(
r−1
i Ei(R)

)
. (3.11)

For the second term, by (2.1) and Lemma 2.1 again, we have

I2 � 1

(R − ρ)

n∑
i=0

r−1
i

ˆ

Qi(R)

|u|3 dxds

� 1

(R − ρ)

n∑
r−1
i r

1/2
i ‖u‖3

L4
(−r2

i ,0;L3(Ui(R))
)

i=0
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� E 1
2

(R − ρ)

n∑
i=0

r
1
2
i

(
r−1
i Ei(R)

)
. (3.12)

Combining (3.11) with (3.12), we obtain (3.9). �
3.2. Estimates for the pressure

This part is devoted to the estimates regarding the third term on the right side of (3.7). Com-
pared with [4,21], the decomposition of the pressure is in a slightly different way.

Given 3 × 3 matrix valued function f = (
fμν

)
, we set

̂J (f )(ξ) = −
∑

μ,ν=1,2,3

ξμξν

|ξ |2 F
(
fμν · χU0(R)

)
,

where the Fourier transform is defined by

Ff (ξ) = f̂ (ξ) =
ˆ

R3

e−i(x·ξ)f (x)dx.

Therefore, J : L
qv
v L

qh

h (U0(R)) → L
qv
v L

qh

h

(
R3

)
, 1 < qh, qv < +∞ defines a bounded linear 

operator [16], with

‖J (f )‖
L

qv
v L

qh
h

(
R3

) ≤ C‖f ‖
L

qv
v L

qh
h (U0(R))

. (3.13)

Denote

f = u ⊗ u · χ0, (3.14)

and

π0 = J (f ), πh = π − π0. (3.15)

It follows that

−�π0 = ∇ · ∇ · f, in R3 × (−1,0)

in the sense of distributions and πh is harmonic in Q1(R). Then we have

tˆ

−1

ˆ

U0(R)

πu · ∇ (�nηψ) dxds

=
tˆ ˆ

π0u · ∇ (�nηψ) dxds +
tˆ ˆ

πhu · ∇ (�nηψ) dxds
−1 U0(R) −1 U0(R)
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=
tˆ

−1

ˆ

U0(R)

π0u3 · ∂3 (�nηψ) dxds +
∑

μ=1,2

tˆ

−1

ˆ

U0(R)

π0uμ · �nη∂μψ dxds

−
tˆ

−1

ˆ

U0(R)

∇πh · u · (�nηψ) dxds

def=J + K + H. (3.16)

As to J , setting τ0 = J (∂3 (u ⊗ u) · χ0) and τh = J (u ⊗ u · ∂3χ0), we have ∂3π0 = τ0 + τh

and

J =
n∑

k=0

tˆ

−1

ˆ

U0(R)

π0 · u3 · ∂3 (�nφkψ) dxds

= −
n∑

k=4

tˆ

−1

ˆ

U0(R)

(π0 · ∂3u3 + τ0 · u3) · (�nφkψ) dxds

−
n∑

k=4

tˆ

−1

ˆ

U0(R)

τh · u3 · (�nφkψ) dxds

+
3∑

k=0

tˆ

−1

ˆ

U0(R)

π0 · u3 · ∂3 (�nφkψ) dxds

def=J1 + J2 + J3. (3.17)

We will present the estimates of Ji, i = 1, 2, 3, K and H in the following several lemmas.

Lemma 3.3. Under the assumption of Lemma 3.1, we have

J1 ≤ C

n∑
i=0

Bi

(
r−1
i Ei(R)

)
. (3.18)

Proof. Let π0,j = J
(
u ⊗ u · φj

)
and τ0,j = J

(
∂3 (u ⊗ u) · φj

)
. By integration by parts, we 

have

J1 = −
n∑

k=4

n∑
j=0

tˆ

−1

ˆ

U0(R)

(
π0,j · ∂3u3 + τ0,j · u3

) · (�nφkψ) dxds

= −
n∑

k=4

n∑
j=k−3

tˆ ˆ (
π0,j · ∂3u3 + τ0,j · u3

) · (�nφkψ) dxds
−1 U0(R)
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−
n∑

k=4

k−4∑
j=0

tˆ

−1

ˆ

U0(R)

(
π0,j · ∂3u3 + τ0,j · u3

) · (�nφkψ) dxds

= −
n∑

k=4

tˆ

−1

ˆ

U0(R)

J (u ⊗ u · χk−3) · ∂3u3 · (�nφkψ) dxds

−
n∑

k=4

tˆ

−1

ˆ

U0(R)

J (∂3 (u ⊗ u) · χk−3) · u3 · (�nφkψ) dxds

−
n−4∑
j=0

n∑
k=j+4

tˆ

−1

ˆ

U0(R)

(
π0,j · ∂3u3 + τ0,j · u3

) · (�nφkψ) dxds

=
n∑

k=4

tˆ

−1

ˆ

U0(R)

J (u ⊗ u · χk−3) ·
(
u3 − (u3)k

)
· ∂3 (�nφkψ) dxds

+
n∑

k=4

tˆ

−1

ˆ

U0(R)

J (u ⊗ u · ∂3χk−3) ·
(
u3 − (u3)k

)
· (�nφkψ) dxds

−
n∑

k=4

tˆ

−1

ˆ

U0(R)

J (∂3 (u ⊗ u) · χk−3) · (u3)k · (�nφkψ) dxds

−
n−4∑
j=0

n∑
k=j+4

tˆ

−1

ˆ

U0(R)

π0,j · ∂3u3 · (�nφkψ) dxds

−
n−4∑
j=0

n∑
k=j+4

tˆ

−1

ˆ

U0(R)

τ0,j ·
(
u3 − (u3)j

)
· (�nφkψ) dxds

−
n−4∑
j=0

n∑
k=j+4

tˆ

−1

ˆ

U0(R)

τ0,j · (u3)j · (�nφkψ) dxds

def=J11 + J12 + J13 + J14 + J15 + J16. (3.19)

By (2.1), (3.13), Lemma 2.1 and Lemma A.3, we have

J11 �
n∑

k=4

r−2
k

0ˆ

−r2

‖J (u ⊗ u · χk−3)‖
L

2q0
2q0−1
v L

q0
q0−1
h (Uk(R))

‖u3 − (u3)k‖L
2q0
v L

q0
h (Uk(R))

ds
k
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�
n∑

k=0

r
−1− 1

2q0
k

0ˆ

−r2
k

‖u‖
L

2q0
q0−1 (Uk(R))

‖u‖
L2

vL

2q0
q0−1
h (Uk(R))

‖∂3u‖Lq0 (Uk(R))ds

�
n∑

i=0

Bi

(
r−1
i Ei(R)

)
, (3.20)

which is analogous to (3.11). Similarly, for J12, J13, we have

J12 �
n∑

k=4

r−1
k

0ˆ

−r2
k

‖J (u ⊗ u · ∂3χk−3)‖
L

2q0
2q0−1
v L

q0
q0−1
h (Uk(R))

‖u3 − (u3)k‖L
2q0
v L

q0
h (Uk(R))

ds

�
n∑

k=0

r
−1− 1

2q0
k

0ˆ

−r2
k

‖u‖
L

2q0
q0−1 (Uk(R))

‖u‖
L2

vL

2q0
q0−1
h (Uk(R))

‖∂3u‖Lq0 (Uk(R))ds

�
n∑

i=0

Bi

(
r−1
i Ei(R)

)
, (3.21)

and

J13 �
n∑

k=4

r−1
k

0ˆ

−r2
k

‖J (∂3 (u ⊗ u) · χk−3)‖
L

2q0
q0+1 (Uk(R))

‖(u3)k‖
L

2q0
q0−1 (Uk(R))

ds

�
n∑

k=0

r
−1− 1

2q0
k

0ˆ

−r2
k

‖u‖
L

2q0
q0−1 (Uk(R))

‖u‖
L2

vL

2q0
q0−1
h (Uk(R))

‖∂3u‖Lq0 (Uk(R))ds

�
n∑

i=0

Bi

(
r−1
i Ei(R)

)
. (3.22)

By (2.1), (A.6) and Lemma 2.1, we have

J14 =
n−4∑
j=0

n∑
k=j+4

r−1
k

0ˆ

−r2
k

‖π0,j‖
L

q0
q0−1 (Uk(R))

‖∂3u3‖Lq0 (Uk(R))ds

�
n−4∑
j=0

n∑
k=j+4

r
−1− 1

2q0
j r

− 1
q0

k

0ˆ

−r2
k

‖u‖2

L

4q0
2q0−1 (Uj (R))

‖∂3u‖Lq0 (Uk(R))ds

�
n−4∑
j=0

n∑
k=j+4

r
−1− 1

2q0
j r

2− 5
2q0

− 2
p∗

0
k ‖u‖2

L
8q0

3

(
−r2

k ,0;L
4q0

2q0−1 (Uj (R))

)
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× ‖∂3u‖
L

p∗
0
(−r2

k ,0;Lq0 (Uk(R))
)

�
n∑

i=0

Bi

(
r−1
i Ei(R)

)
. (3.23)

By (2.1), (A.7), Lemma 2.1 and Lemma A.3, we have

J15 �
n−4∑
j=0

n∑
k=j+4

r−1
k

0ˆ

−r2
k

‖τ0,j‖
L

q0
q0−1 (Uk(R))

‖u3 − (u3)j‖Lq0 (Uk(R))ds

�
n−4∑
j=0

n∑
k=j+4

r
−1− 3

2q0
j

0ˆ

−r2
k

‖u‖2

L

4q0
2q0−1 (Uj (R))

‖∂3u‖Lq0 (Uj (R))ds

�
n−4∑
j=0

n∑
k=j+4

r
−1− 3

2q0
j r

2− 3
2q0

− 2
p∗

0
k ‖u‖2

L
8q0

3

(
−r2

k ,0;L
4q0

2q0−1 (Uj (R))

)

× ‖∂3u‖
L

p∗
0
(−r2

k ,0;Lq0 (Uj (R))
)

�
n∑

i=0

Bi

(
r−1
i Ei(R)

)
. (3.24)

By (2.1), (A.8), Lemma 2.1 and Lemma A.3, we have

J16 �
n−4∑
j=0

n∑
k=j+4

r−1
k

0ˆ

−r2
k

‖τ0,j‖L2(Uk(R))‖(u3)j‖L2(Uk(R))ds

�
n−4∑
j=0

n∑
k=j+4

r
−1− 3

2q0
j

0ˆ

−r2
k

‖∂3u ⊗ u‖
L

2q0
q0+1 (Uj (R))

‖u‖L2(Uj (R))ds

�
n−4∑
j=0

n∑
k=j+4

r
−1− 3

2q0
j

0ˆ

−r2
k

‖u‖
L

2q0
q0−1 (Uj (R))

‖∂3u‖Lq0 (Uj (R))‖u‖L2(Uj (R))ds

�
n−4∑
j=0

n∑
k=j+4

r
−1− 3

2q0
j r

2− 3
2q0

− 2
p∗

0
k ‖u‖

L
4q0

3

(
−r2

k ,0;L
2q0

q0−1 (Uj (R))

)‖u‖L∞(−r2
k ,0;L2(Uj (R))

)

× ‖∂3u‖
L

p∗
0
(−r2

k ,0;Lq0 (Uj (R))
)

�
n∑

i=0

Bi

(
r−1
i Ei(R)

)
. (3.25)
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Summing up all the estimates of (3.19), (3.20), (3.21), (3.22), (3.23), (3.24) and (3.25), we have 
(3.18). �
Lemma 3.4. Under the assumption of Lemma 3.1, we have

J2 + J3 + H ≤ C

(R − ρ)
5
2

E 3
2 . (3.26)

Proof. The proof of this lemma is similar with Lemma 3.3 in [21]. By using of integration by 
parts and ∇ · u = 0, we have

H = −
3∑

k=0

ˆ

Q0(R)

∇πh · u · (�nφkψ) dxds −
n∑

k=4

ˆ

Q0(R)

∇πh · u · (�nφkψ) dxds

=
3∑

k=0

ˆ

Q0(R)

πh · u · ∇ (�nφkψ) dxds −
n∑

k=4

ˆ

Q0(R)

∇πh · u · (�nφkψ) dxds

def=H1 + H2. (3.27)

Applying (2.1) and Hölder’s inequality, we have

J3 + H1 �
ˆ

Q0(R)

|π0||u|dxds + 1

R − ρ

ˆ

Q0(R)

|πh||u|dxds

� 1

R − ρ
‖u‖3

L3
(
R3×(−1,0)

)

� 1

R − ρ
E 3

2 . (3.28)

Moreover, we may choose a finite family of points 
{
x′
ν

}
in B ′

(
R+ρ

2

)
such that 

{
B ′(x′

ν; R−ρ
4 )

}
cover the ball B ′

(
R+ρ

2

)
and

∑
ν

χ
B ′(x′

ν ; R−ρ
2 )

≤ C. (3.29)

J2 + H2 �
n∑

k=4

∑
ν

r−1
k

ˆ

Qk(R)∩
{∣∣x′−x′

ν

∣∣< R−ρ
4

} (|∇πh| + |τh|) · |u|dxds

�
n∑

k=4

∑
ν

r−1
k ‖|∇πh| + |τh|‖

L
3
2
(
Qk(R)∩

{∣∣x′−x′
ν

∣∣< R−ρ
4

}) ‖u‖
L3

(
Qk(R)∩

{∣∣x′−x′
ν

∣∣< R−ρ
4

})

� (R − ρ)
4
3

n∑∑
r
− 1

3
k ‖|∇πh| + |τh|‖

L
3
2
(
−r2

k ,0;L∞
(
Uk(R)∩

{∣∣x′−x′
ν

∣∣< R−ρ
4

}))

k=4 ν
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× ‖u‖
L3

(
Qk(R)∩

{∣∣x′−x′
ν

∣∣< R−ρ
4

})

� (R − ρ)2
n∑

k=4

∑
ν

r
− 1

3
k ‖|∇πh| + |τh|‖

3
2

L
3
2
(
−r2

k ,0;L∞
(
Uk(R)∩

{
x′−x′

ν |< R−ρ
4

}))

+
n∑

k=2

r
− 1

3
k ‖u‖3

L3(Qk(R))
. (3.30)

For any

x∗ ∈ Uk(R) ∩
{
x = (

x′, x3
) ; ∣∣x′ − x′

ν

∣∣ <
R − ρ

4

}
,

we have

x∗ ∈ B

(
x∗; R − ρ

4

)
⊂ U1(R) ∩

{
x = (x′, x3);

∣∣x′ − x′
ν

∣∣ <
R − ρ

2

}
,

due to k ≥ 4 and |R−ρ| ≤ 1
2 . Since πh, τh are harmonic in U1(R), using the mean value property, 

we have

|∇πh|
(
x∗) + |τh|

(
x∗) � 1

|R − ρ|4
ˆ

B
(
x∗; R−ρ

4

) |πh| + |τh|dx

� 1

(R − ρ)3
‖|πh| + |τh|‖

L
3
2
(
U1(R)∩

{∣∣x′−x′
ν

∣∣< R−ρ
2

}) ,

which implies

‖|∇πh| + |τh|‖
3
2

L
3
2
(
−r2

k ,0;L∞
(
Uk(R)∩

{∣∣x′−x′
ν

∣∣< R−ρ
4

})

=
0ˆ

−r2
k

‖|∇πh| + |τh|‖
3
2

L∞
(
Uk(R)∩

{∣∣x′−x′
ν

∣∣< R−ρ
4

}) ds

� 1

(R − ρ)
9
2

0ˆ

−r2
k

ˆ

U1(R)

(|πh| + |τh|) 3
2 χ

B ′(x′
ν ; R−ρ

2 )
dxds. (3.31)

Hence, combining (3.30) and (3.31) and taking sum over ν, we have

J2 + H2 � 1

(R − ρ)
5
2

n∑
k=2

r
− 1

3
k

⎛
⎝‖|πh| + |τh|‖

3
2

L
3
2

(
−r2

k ,0;L 3
2 (U1(R))

) + ‖u‖3
L3

(−r2
k ,0;L3(Uk(R))

)
⎞
⎠
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� 1

(R − ρ)
5
2

n∑
k=2

r
1
6
k ‖u‖3

L4
(−r2

k ,0;L3
(
R3

))

� 1

(R − ρ)
5
2

E 3
2 . (3.32)

Summing up (3.27), (3.28) and (3.32), we have (3.26). �
Lemma 3.5. Under the assumption of Lemma 3.1, we have

K ≤ C
E 1

2

R − ρ

n∑
i=0

r
1
2
i

(
r−1
i Ei(R)

)
. (3.33)

Proof. The proof is rather similar as Lemma 3.3 in [21]. We omit the detail here. �
Lemma 3.6. Under the assumption of Lemma 3.1, we have

tˆ

−1

ˆ

U0(R)

πu · ∇ (�nηψ) dxds

≤ C

n∑
i=0

Bi

(
r−1
i Ei(R)

)
+ C

E 1
2

R − ρ

n∑
i=0

r
1
2
i

(
r−1
i Ei(R)

)
+ C

(R − ρ)
5
2

E 3
2 . (3.34)

Proof. Combining the estimates (3.16), (3.17), (3.18), (3.26) and (3.33), we have (3.34). �
3.3. The proof of Theorem 1.1 and Theorem 1.3

On the basis of the estimates of the nonlinear term and the pressure in subsection 3.1–3.2, we 
are in position to give the detail proof of Theorem 1.3.

Proof. Gathering (3.7) and the estimates in Lemma 3.1, 3.2 and 3.6, we have

r−1
n En(ρ) ≤ C

n∑
i=0

Bi

(
r−1
i Ei(R)

)
+ C

E 1
2

R − ρ

n∑
i=0

r
1
2
i

(
r−1
i Ei(R)

)
+ C

1 + E 3
2

(R − ρ)
5
2

≤ C

n∑
i=0

Bi

(
r−1
i Ei(R)

)
+ C

E 3
4

R − ρ

n∑
i=0

r
− 5

8
i Ei(R)

3
4 r

1
8
i + C

1 + E 3
2

(R − ρ)
5
2

≤ C

n∑
i=0

Bi

(
r−1
i Ei(R)

)
+ C

E 3
4

R − ρ

(
n∑

i=0

r
− 5

6
i Ei(R)

) 3
4
(

n∑
i=0

r
1
2
i

) 1
4

+ C
1 + E 3

2

5

(R − ρ) 2
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≤ C0

n∑
i=0

(
Bi + r

1
6
i

)(
r−1
i Ei(R)

)
+ C0

1 + E3

(R − ρ)4 .

In view of (3.3), there exists a sufficient large number n0 ≥ 1 such that

C0

∞∑
i=n0

(
Bi + r

1
6
i

)
≤ 1

2
. (3.35)

Then for n ≥ n0 we have

r−1
n En(ρ) ≤ C0

n∑
i=n0

(
Bi + r

1
6
i

)(
r−1
i Ei(R)

)

+ C0

n0−1∑
i=0

(
Bi + r

1
6
i

)(
r−1
i Ei(R)

)
+ C0

1 + E3

(R − ρ)4

≤ C0

n∑
i=n0

(
Bi + r

1
6
i

)(
r−1
i Ei(R)

)
+ A0

(R − ρ)4 , (3.36)

where the constant A0 = C1 · 2n0

(
1 + E2 · ‖∂3u‖Lp0,1(−1,0;Lq0 (B(2))) + E3

)
.

As the iteration argument in [9, V. Lemma 3.1], we introduce the sequence {ρk}+∞
k=0 which 

satisfies

ρ0 = 1

2
, ρk+1 − ρk = 1 − θ

2
θk,

with 1
2 < θ4 < 1 and limk→∞ ρk = 1. For n0 ≤ j ≤ n and k ≥ 1, we have

r−1
j Ej (ρk) ≤ C0

j∑
i=n0

(
Bi + r

1
6
i

)(
r−1
i Ei(ρk+1)

)
+ A0 · 16

(1 − θ)4 θ−4k

≤ C0

n∑
i=n0

(
Bi + r

1
6
i

)(
r−1
i Ei(ρk+1)

)
+ A0 · 16

(1 − θ)4 θ−4k. (3.37)

By using iteration argument from (3.36), and then applying (3.35) and (3.37), we obtain that for 
n ≥ n0,

r−1
n En(ρ0) ≤ C0

n∑
j=n0

(
Bj + r

1
6
j

)(
r−1
j Ej (ρ1)

)
+ A0 · 16

(1 − θ)4

≤ 1

2
C0

n∑ (
Bj + r

1
6
j

)(
r−1
j Ej (ρ2)

)
+ A0 · 16

(1 − θ)4

(
1 + 1

2θ4

)

j=n0
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≤ 1

2k−1 C0

n∑
j=n0

(
Bj + r

1
6
j

)(
r−1
j Ej (ρk)

)
+ A0 · 16

(1 − θ)4

k−1∑
j=0

(
1

2θ4

)j

≤ 1

2k−1 C0

n∑
j=n0

(
Bj + r

1
6
j

)(
r−1
j Ej (1)

)
+ A0 · 16

(1 − θ)4 · 2θ4

2θ4 − 1
.

Let k → ∞, we obtain that for n ≥ n0,

r−1
n En(ρ0) ≤ A0 · 16

(1 − θ)4 · 2θ4

2θ4 − 1
. (3.38)

For 0 < r ≤ rn0 , there exists n1 ≥ n0, such that

rn1+1 < r ≤ rn1 ,

which together with (3.38) ensures that

r−2‖u‖3
L3

(
B(r)×(−r2,0

)) ≤ Cr− 3
2 ‖u‖3

L4
(−r2,0;L3(B(r))

) ≤ C

(
r−1
n1

En1(
1

2
)

) 3
2 ≤ C.

For rn0 < r ≤ 1,

r−2‖u‖3
L3

(
B(r)×(−r2,0

)) ≤ C22n0‖u‖3
L3

(−1,0;L3(B(1))
) ≤ C.

Thus, (1.10) is proved. Similarly, by (3.38), we have for 0 < r ≤ 1,

sup
t∈(−r2,0)

r−1‖u(·, t)‖2
L2(B(r))

+ r−1‖∇u‖2
L2(B(r)×(−r2,0))

≤ C. (3.39)

Next, we recall the Theorem 1.1 in [23].

Lemma 3.7. Let (u, π) be a suitable weak solution of (1.1) in Q(1). Given M > 0, there exist 
positive constants ε0 = ε0(M) such that if the two conditions

R−2
ˆ

Q(R)

|u|3 dx dt < ε0 (3.40)

and

R−2
ˆ

Q(R)

|π − (π)B(R) |
3
2 dx dt < M, (3.41)

hold for some 0 < R ≤ 1, then u is Hölder continuous in Q(R
2 ). Here Q(r) = B(r) × (−r2, 0)

and (π)B(r) = −́ π(y, t) dy.

B(r)
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We will finish the proof of Theorem 1.3 by contradiction argument as done in [4]. For the 
constant M given in Lemma A.6, we claim that there exists some 0 < R1 ≤ 1,

R−2
1

ˆ

Q(R1)

|u|3 dx dt < ε0. (3.42)

Otherwise, we may have that for all 0 < r ≤ 1,

r−2
ˆ

Q(r)

|u|3 dx dt ≥ ε0. (3.43)

For k ≥ 1, denote

uk(x, t) = rku
(
rkx, r2

k t
)

, πk(x, t) = r2
k

(
π

(
rkx, r2

k t
)

−
(
π(r2

k t)
)

B(rk)

)
.

Thus, by (3.43), we have that for k ≥ 1 and 0 < r ≤ 1,

r−2
ˆ

Q(r)

|uk|3 dx dt ≥ ε0. (3.44)

Moreover, (3.39) and Lemma A.6 imply that

sup
t∈(−1,0)

‖uk(·, t)‖2
L2(B(1))

+ ‖∇uk‖2
L2(Q(1))

+ ‖πk‖
3
2

L
3
2 (Q(1))

≤ C, (3.45)

and (uk,πk) is a suitable weak solution to the Navier-Stokes equations (1.1) in Q(1). By (3.45), 
(uk,πk) converges weakly (by taking subsequences if needed) to some (v,�) with

sup
t∈(−1,0)

‖v(·, t)‖2
L2(B(1))

+ ‖∇v‖2
L2(Q(1))

+ ‖�‖
3
2

L
3
2 (Q(1))

≤ C. (3.46)

By a similar argument as [15, Theorem 2.2], we can prove that (v,�) is a suitable weak solu-
tion to the Navier-Stokes equations in Q(1) and uk −→

k→∞ v strongly in L3(Q(1)). Therefore, by 

(3.44), we have that for 0 < r ≤ 1,

r−2
ˆ

Q(r)

|v|3 dx dt ≥ ε0. (3.47)

On the other hand, by (1.9), we have ∂3v = 0. Thus, we can apply the localized regularity condi-
tion on ∂3v (see [13, Theorem 2.1]) to deduce that v is bounded function in Q(1/4). Therefore,

ε0 ≤ r−2
ˆ

Q(r)

|v|3 dx dt ≤ Cr3.
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The above inequality leads to a contradiction when we send r → 0. The claim (3.42) is true. By 
Lemma 3.7, we get that (0, 0) is a regular point. �

At last, it remains for us to prove Theorem 1.1.

Proof. By Theorem 1.3, we obtain that the suitable weak solution (u, π) is regular at all the 
points (x0, t0) ∈ R3 × (0, T ). We will prove the following Lemma 3.8. Thus, Theorem 1.1 can 
be proved directly.

Lemma 3.8. Let (u, π) be a suitable weak solution of (1.1) in R3 × (−1, 0). The solution is 
regular at all the points z0 = (x0, 0), x0 ∈ R3. In particular, there exist two positive constants ρ
and C such that

‖u‖L∞(R3×(−ρ2,0)) ≤ C. (3.48)

We recall the result in [15, Theorem 3.1].

Lemma 3.9. Let (u, π) be a suitable weak solution of (1.1) in Q(1). There are two positive 
constants ε2 and C2 such that

ˆ

Q(1)

(
|u|3 + |π | 3

2

)
dx dt < ε2, (3.49)

implies for some α > 0,

‖u‖
Cα(Q( 1

2 ))
≤ C2. (3.50)

We can choose a R̃ large enough such that

ˆ

Q(z0,1)

(
|u|3 + |π | 3

2

)
dx dt < ε2 for any z0 = (x0,0) with |x0| > R̃,

where Q(z0, r) = {(x, t), |x − x0| < r, −r2 < t < 0}. By Lemma 3.9, one has

‖u‖
L∞(Q(z0,

1
2 ))

≤ C2,

which implies that

|u(x, t)| ≤ C2 for |x| ≥ R̃, −1

4
< t < 0. (3.51)

On the other hand, for every |x0| ≤ R̃, the solution is regular at (x0, 0). Thus, there exist two 
positive constants ρx0 and Cx0 depending on x0 such that

‖u‖L∞(Q(x0,ρx0 )) ≤ Cx0 . (3.52)
520



H. Chen, W. Le and C. Qian Journal of Differential Equations 298 (2021) 500–527
We can choose finite open sets, say B(xk
0 , ρxk

0
), k = 1, · · · , N , to cover B(R̃) such that

‖u‖L∞(Q(xk
0 ,ρ

xk
0
)) ≤ Cxk

0
.

Accordingly,

|u(x, t)| ≤ C̃2, for |x| ≤ R̃, −ρ̃2
2 < t < 0, (3.53)

where C̃2 = max{Cx1
0
, · · · , CxN

0
} and ρ̃2 = min{ρx1

0
, · · · , ρxN

0
}. Combining (3.51) with (3.53), 

we prove the Lemma 3.8. �
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Appendix A

Lemma A.1. Let 0 < r ≤ R < +∞ and h : B ′(2R) × (−r, r) → R be harmonic. Then for all 
0 < ρ ≤ r

4 and 1 ≤ � ≤ q < +∞, we get

‖∇mh‖q

Lq(B ′(R)×(−ρ,ρ))
≤ Cρr2−mq− 3q

� ‖h‖q

L�(B ′(2R)×(−r,r))
, m ∈ N, (A.1)

where C stands for a positive constant depending only on q, m and �.

Proof. The proof is similar as Lemma A.2 in [4]. We choose a finite family of points 
{
x′
ν

}
in 

B ′(R) such that 
{
B ′ (x′

ν, r/4
)}

is a covering of B ′(R), and it holds

∑
ν

χB ′(x′
ν ,r

) ≤ C. (A.2)

Setting xν = (
x′
ν,0

)
, we see that

B ′ (x′
ν, r/4

) × (−r/4, r/4) ⊂ B (xν, r/2) .

With this notation, we have

‖∇mh‖q

Lq(B ′(R)×(−ρ,ρ))
≤

∑
ν

‖∇mh‖q

Lq
(
B ′(x′

ν ,r/4
)×(−ρ,ρ)

)

≤ Cr2ρ
∑
ν

‖∇mh‖q

L∞(
B ′(x′

ν ,r/4
)×(−r/4,r/4)

)

≤ Cr2ρ
∑
ν

‖∇mh‖q

L∞(B(xν,r/2))
. (A.3)

Since h is harmonic, using the mean value property and taking the sum over ν, we obtain
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∑
ν

‖∇mh‖q

L∞(B(xν ,r/2)) ≤ Cr−mq− 3q
� ‖h‖q

L�(B ′(2R)×(−r,r))
. (A.4)

Combining (A.3) and (A.4), we get

‖∇mh‖q

Lq(B ′(R)×(−ρ,ρ))
≤ Cρr2−mq− 3q

� ‖h‖q

L�(B ′(2R)×(−r,r))
. � (A.5)

Corollary A.2. For 1 < � ≤ q < +∞ and k ≥ j + 4, we have

‖π0,j‖Lq(Uk(R)) ≤ Cr
1
q

k r
2
q
− 3

�

j ‖u‖2
L2�(Uj (R))

, (A.6)

‖τ0,j‖Lq(Uk(R)) ≤ Cr
1
q

k r
2
q
− 3

�
−1

j ‖u‖2
L2�(Uj (R))

, (A.7)

and

‖τ0,j‖Lq(Uk(R)) ≤ Cr
1
q

k r
2
q
− 3

�

j ‖∂3u ⊗ u‖L�(Uj (R)). (A.8)

Proof. We recall that π0,j = J
(
u ⊗ u · φj

)
and τ0,j = J

(
∂3 (u ⊗ u) · φj

)
. Hence

τ0,j = ∂3π0,j − τh,j (A.9)

with τh,j = J
(
u ⊗ u · ∂3φj

)
. From the definition of φj in (3.5), it follows that the func-

tions π0,j , τ0,j , τh,j are harmonic in R2 × (−rj+2, rj+2) × (−r2
j+2, 0). Applying (3.13) and 

Lemma A.1 with r = rj+2, ρ = rk , we have (A.6), (A.7) and (A.8) directly. �
Lemma A.3 (Poincaré’s inequality). Set (h)j (x

′) = 1
2rj

´ rj
−rj

h(x′, ω) dω. For k ≥ j , it holds

‖h − (h)j‖L
qv
v L

qh
h (B ′(R)×(−rk,rk))

≤ Cr
1
qv

k r
1− 1

�

j ‖∂3h‖
L�

vL
qh
h

(
B ′(R)×(−rj ,rj

)), (A.10)

and

‖(h)j‖L
qv
v L

qh
h (B ′(R)×(−rk,rk))

≤ Cr
1
qv

k r
− 1

�

j ‖h‖
L�

vL
qh
h

(
B ′(R)×(−rj ,rj

)). (A.11)

Proof. For (A.10), we see that

|h(x′, x3) − (h)j | ≤ 1

2rj

rjˆ

−rj

∣∣h(x′, x3) − h(x′,ω)
∣∣ dω

≤ 1

2rj

rjˆ

−r

∣∣∣∣∣∣
x3ˆ

ω

∂3h(x′, ξ) dξ

∣∣∣∣∣∣ dω
j
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≤
rjˆ

−rj

∣∣∂3h(x′, ξ)
∣∣ dξ.

Applying Hölder’s and Minkowski inequality, we have

‖h − (h)j‖L
qv
v L

qh
h (B ′(R)×(−rk,rk))

� r
1
qv

k ·
rjˆ

−rj

‖∂3h(·, ξ)‖
L

qh
h (B ′(R))

dξ

� r
1
qv

k r
1− 1

�

j ‖∂3h‖
L�

vL
qh
h

(
B ′(R)×(−rj ,rj

)).
As to (A.11), we apply Hölder’s and Minkowski inequalities again to get

‖(h)j‖L
qv
v L

qh
h (B ′(R)×(−rk,rk))

� r
1
qv

k · 1

2rj

rjˆ

−rj

‖h(·,ω)‖Lq(B ′(R)) dω

� r
1
qv

k r
− 1

�

j ‖h‖
L�

vL
qh
h

(
B ′(R)×(−rj ,rj

)).
The proof of this lemma is completed. �
Lemma A.4 (Lemma A.2 in [21]). Let 0 < p, σ < +∞. Then for any h(s) ∈ Lp,σ (R), there 
exists a sequence {cn}n∈Z ∈ �σ and sequence of functions {hn}n∈Z with each hn bounded by 2

n
p

and supported on a set of measure 2−n. Moreover,

h =
∑
n∈Z

cnhn

and

c(p,σ )‖{cn}‖�σ ≤ ‖h‖Lp,σ ≤ C(p,σ )‖{cn}‖�σ ,

where the constant c(p, σ) and C(p, σ) only depend on p, σ .

Lemma A.5. For any

1 ≤ p∗ < p = 2q

2q − 3
,

3

2
< q < +∞,

we have

+∞∑
k=0

r
2− 2

p∗ − 3
q

k

⎛
⎜⎜⎝

0ˆ

−r2

‖∂3u(·, s)‖p∗
Lq(B(2)) ds

⎞
⎟⎟⎠

1
p∗

≤ C ‖∂3u‖Lp,1(−1,0;Lq(B(2))) .
k
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Proof. Let h(s) = ‖∂3u(·, s)‖Lq(B(2)) , −1 < s < 0. By Lemma A.4, we know that

h =
+∞∑
j=0

cjhj , ‖h‖Lp,1 ≈
+∞∑
j=0

∣∣cj

∣∣ ,
where

∣∣hj

∣∣ ≤ 2
j
p ,

∣∣Dj = supphj

∣∣ ≤ 2−j .

We can restrict j ≥ 0 here, since s ∈ (−1, 0) and the construction of the function hj in 
Lemma A.4 by standard atomic decomposition. Then we have

+∞∑
k=0

r
2− 2

p∗ − 3
q

k

⎛
⎜⎜⎝

0ˆ

−r2
k

‖∂3u(·, s)‖p∗
Lq(B(2)) ds

⎞
⎟⎟⎠

1
p∗

=
+∞∑
k=0

r
2− 2

p∗ − 3
q

k

⎛
⎜⎝ˆ

Ik

|h|p∗
ds

⎞
⎟⎠

1
p∗

≤
+∞∑
k=0

r
2− 2

p∗ − 3
q

k

+∞∑
j=0

∣∣cj

∣∣2
j
p

∣∣Dj ∩ Ik

∣∣ 1
p∗

≤
+∞∑
j=0

∣∣cj

∣∣2
j
p

+∞∑
k=0

r
2− 2

p∗ − 3
q

k

∣∣Dj ∩ Ik

∣∣ 1
p∗

≤
+∞∑
j=0

∣∣cj

∣∣2
j
p

∑
k≤ j

2

r
2− 2

p∗ − 3
q

k

∣∣Dj ∩ Ik

∣∣ 1
p∗ +

+∞∑
j=0

∣∣cj

∣∣2
j
p

∑
k>

j
2

r
2− 2

p∗ − 3
q

k

∣∣Dj ∩ Ik

∣∣ 1
p∗ ,

where Ik = (−r2
k ,0

)
. On the other hand, we notice that for any k ≤ j

2

r
2− 2

p∗ − 3
q

k

∣∣Dj ∩ Ik

∣∣ 1
p∗ ≤ C2− j

p∗ 2
−k

(
2− 2

p∗ − 3
q

)
, (A.12)

and for any j2 < k < +∞

r
2− 2

p∗ − 3
q

k

∣∣Dj ∩ Ik

∣∣ 1
p∗ ≤ C2− 2k

p∗ 2
−k

(
2− 2

p∗ − 3
q

)
= C2

−k
(

2− 3
q

)
. (A.13)

Accordingly,
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+∞∑
k=0

r
2− 2

p∗ − 3
q

k

⎛
⎜⎜⎝

0ˆ

−r2
k

‖∂3u(·, s)‖p∗
Lq(B(2)) ds

⎞
⎟⎟⎠

1
p∗

�
+∞∑
j=0

∣∣cj

∣∣2
j
p

∑
k≤ j

2

2− j

p∗ 2
−k

(
2− 2

p∗ − 3
q

)
+

+∞∑
j=0

∣∣cj

∣∣2
j
p

∑
k>

j
2

2
−k

(
2− 3

q

)

�
+∞∑
j=0

∣∣cj

∣∣ ≈ ‖∂3u‖Lp,1(−1,0;Lq(B(2))) .

This completes the proof of this lemma. �
Lemma A.6 (Lemma 3.2 in [4]). Let f = u ⊗ u ∈ L

3
2 (Q(1)) satisfy

r−2
ˆ

Q(r)

|f | 3
2 dx ds ≤ K0, ∀ 0 < r ≤ 1, (A.14)

and π ∈ L
3
2 (Q(1)) solve −�π = ∇ · ∇ · f in the sense of distributions. Then there exists a 

positive constant M such that for all 0 < r ≤ 1,

r−2
ˆ

Q(r)

∣∣π − (π)B(r)

∣∣ 3
2 dx ds ≤ M, (A.15)

with (π)B(r) = −́
B(r)

π(y, t) dy.

Proof. We write

π − (π)B(r) = π0,r + πh,r ,

where π0,r = J
(
f · χB(r)

)
and χB(r) the indicator function on the set B(r). Thus, �πh,r = 0

on B(r) and

∥∥π0,r

∥∥
L

3
2 (B(r))

≤ C‖f ‖
L

3
2 (B(r))

.

Let θ ∈ (0, 12 ]. Using Poincaré’s inequality and the mean value property of πh,r , we obtain

∥∥∥πh,r − (
πh,r

)
B(θr)

∥∥∥
L

3
2 (B(θr))

�(θr)3
∥∥∇πh,r

∥∥
L∞(B(θr))

�
(

θ
)3 ∥∥πh,r

∥∥ 3
2
1 − θ L (B(r))

525



H. Chen, W. Le and C. Qian Journal of Differential Equations 298 (2021) 500–527
�θ3
∥∥π − (π)B(r)

∥∥
L

3
2 (B(r))

+ ‖f ‖
L

3
2 (B(r))

.

Accordingly, for 0 < r ≤ 1,

∥∥π − (π)B(θr)

∥∥
L

3
2 (B(θr))

�
∥∥∥πh,r − (

πh,r

)
B(θr)

∥∥∥
L

3
2 (B(θr))

+
∥∥∥π0,r − (

π0,r

)
B(θr)

∥∥∥
L

3
2 (B(θr))

�θ3
∥∥π − (π)B(r)

∥∥
L

3
2 (B(r))

+ ‖f ‖
L

3
2 (B(r))

,

and

∥∥π − (π)B(θr)

∥∥ 3
2

L
3
2 (Q(θr))

≤C3 · θ 5
2 · θ2

∥∥π − (π)B(r)

∥∥ 3
2

L
3
2 (Q(r))

+ C3‖f ‖
3
2

L
3
2 (Q(r))

. (A.16)

We choose θ such that C3 · θ 5
2 = 1

2 . For θ < r ≤ 1,

r−2
∥∥π − (π)B(r)

∥∥ 3
2

L
3
2 (Q(r))

≤ C4θ
−2 ‖π‖

3
2

L
3
2 (Q(1))

,

and by (A.14) and (A.16),

(θr)−2
∥∥π − (π)B(θr)

∥∥ 3
2

L
3
2 (Q(θr))

≤ C4θ
−2

(
‖π‖

3
2

L
3
2 (Q(1))

+ K0

)
,

with C4 = 2C3 + 100. This together with a standard iteration yields that for 0 < r ≤ 1,

r−2
∥∥π − (π)B(r)

∥∥ 3
2

L
3
2 (Q(r))

≤ C4θ
−2

(
‖π‖

3
2

L
3
2 (Q(1))

+ K0

)
.

The proof is completed. �
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