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Abstract

In this paper, we consider the conditional regularity of weak solution to the 3D Navier—Stokes equa-
tions. More precisely, we prove that if one directional derivative of velocity, say dzu, satisfies d3u €
Lpo-1o, T L90 (R3)) with % + q% =2and % < g < 400, then the weak solution is regular on (0, 7']. The
proof is based on the new local energy estimates introduced by Chae-Wolf (2019) [4] and Wang-Wu-Zhang
(2020) [21].
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction
We consider the Cauchy problem for incompressible Navier—Stokes equations in R> x (0, 00).

oru—+ (u-Vu— Au+ Vo =0,
V-u=0, (1.1

uli—0 =uo ,
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where u = (u1, up, u3) and m stand for the velocity field and a scalar pressure of the viscous
incompressible fluid, respectively.

For every ug € L>(R3) with div #o = 0 in the sense of distribution, a global weak solution u
to the Navier—Stokes equations (1.1), which satisfies the energy inequality

t
e, D172 g3, +2 / Va7 ds < luolj2gs, forall #>0, (1.2)
0

was constructed by Leray [14] and Hopf [11]. However, the uniqueness and regularity of such
weak solution is still one of the most challenging open problems in the field of mathematical
fluid mechanics.

One essential work is usually referred as Prodi—Serrin (P—S) conditions (see [8,18-20] and
the references therein.), i.e. if the weak solution u satisfies

2 3
uel?O,T;LIRY), =4+Z=1,3<qg<o00, (1.3)
P oq

then the weak solution is regular in (0, T']. Along with the pioneering works of Prodi and Serrin,
Beirdo da Veiga [ 1] established regularity criteria on the gradient of the velocity field, i.e.

2 3
Vu e LP(0,T; LY(R?)), ;+5:2, <g <oo.

N W

Later on, many efforts have been made to weakening the above criteria by imposing constraints
only on partial components or directional derivatives of velocity field.

There are several notable results [5,6,10] based on one component of the velocity. For in-
stance, B. Han etc. [10] proved that if uz € L?(0, T’ H1/2+2/1’(R3)) with 2 < p < 400, the
solution u is regular in (0, T']. Very recently, D. Chae and J. Wolf [4] made an important progress
and obtained the regularity of solution to (1.1) under the condition

2 3
ugeL[’(O,T;Lq<R3>), 4241, 3<g<oco (1.4)
P q
W. Wang, D. Wu and Z. Zhang [21] improved to

u3eLP’1(0,T;L‘1 (R3)>, %+3=1, 3<g<o0. (1.5)

Throughout this paper, L”>! denotes the Lorentz space with respect to the time variable.
For the regularity criteria only involving one directional derivative of velocity, I. Kukavica
and M. Zaine [12] get the result

3

3. 2
duelPO,T; LI(R")), —+ - =2, <gq<3.
P q

&0

There are also many efforts to extend the range of ¢ for d3u, such as [3,17,12,22]. In particular,
the first author of this paper and D. Fang and T. Zhang [7] proved that u is regular in (0, T], if
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2 3 3
d3u € LP(0,T; LY(RY), =+ ==2, > <q <6.
P q 2

Along this line of research, we obtain scaling invariant Prodi-Serrin criteria for d3u with
optimal range % < g < 00. More precisely, we prove the following theorem:

Theorem 1.1. Ler ug € L>(R3) N L3(R3) and (u, ) be a Leray-Hopf weak solution to the 3D
Navier—Stokes equations (1.1). If u satisfies

2 3 3
du e LP10, T; L9OR3)), — 4+ — =2, = <qo < +090, (1.6)
Po 4o 2
or
d3u € LP01(0, T; L®(R?)), po> 1, 1.7

then u is regular in R3 x (0, T].

Remark 1.2. Theorem 1.1 is a direct consequence of Theorem 1.3 and Remark 1.4. Moreover,
the initial data uo € L>(R3) N L3(R3) implies the local-in-time regularity of weak solution, thus
the weak solution is actually suitable weak solution.

A particular class of weak solution to (1.1) called suitable weak solution is introduced by
Caffarelli, Kohn and Nirenberg [2]. We say that (u, ) is a suitable weak solution of (1.1) in
open domain Q7 = Q x (—T7,0), if

(1) we L™ (=T,0; L3(Q)) N L2 (=T, 0; H'(R)) and 7 € L7 (27);

(2) (1.1)1is satisfied in the sense of distribution;

(3) the local energy inequality holds: for any nonnegative test function ¢ € C2° (Q27) and ¢ €
(=T,0),

t

/lu(x,t)|2(pdx+2//|Vu|2g0 dxds
Q

-T Q

t

5//|u|2(as<p+A¢)+u-w (|u|2+27r> dxds. (1.8)
-T Q

The important progress in [2] is that one-dimensional Hausdorff measure of the possible
space-time singular points set for the suitable weak solution (u, ) is zero. A simple proof is
also given by F. Lin in [15].

Theorem 1.3. Let (u, 7v) be a suitable weak solution of (1.1) in R3 x (—1,0). If u satisfies

2 3 3
d3u € LP' (=1,0; LY(B(2))), p—+q—=2, 5 <40 <+o0, (1.9)
0 0
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then forQ <r <1,

B(r0)) = C- (1.10)

r 2l
Furthermore u is regular at (0,0). Here B(R) is the ball in R with center at the origin and
radius R.

Remark 1.4. Our method fails in the case go = +-00. However, replacing (1.9) with the subcriti-
cal regularity criteria

d3u € L7 (—1,0; L°(B(2))), po > 1, (1.11)

Theorem 1.3 still holds true. Actually, we can pick 1 < p; < po and % < g1 < +00 such that
% + qil = 2. Therefore, we can prove it directly by the embedding inequality

932l o1t 1,091 (B2)y) = C 1038l Lro((—1,0.2%(B(2))) -

The proof of Theorem 1.3 follows from the ideal of local energy estimates introduced in
[2,4,21]. The non-trivial part is to establish the necessary a priori estimates of the quantity J =
fil f Uo(R) TTOU3 - 33 (®,n) dxds involving the “non-harmonic” part of the pressure mg. The

difficulty will be overcome by introducing the mean value function (u3); defined in (3.6). More
precisely, we adopt a new decomposition of the quantity J in (3.17) and (3.19). We should point
out that the energy inequality in Lemma 2.1 and Poincaré’s inequality in Lemma A.3 are crucial
to deduce the estimates.

Our paper is organized as follows: in Section 2, we recall some notations and preliminary
results; we establish the a priori estimates involving the convection term in Section 3.1 and the
pressure term in Section 3.2; finally, we will complete the proof in Section 3.3.

2. Notations and preliminary

In this preparation section, we recall some usual notations and preliminary results.

For two comparable quantities, the inequality X <Y stands for X < CY for some positive
constant C. The dependence of the constant C on other parameters or constants are usually clear
from the context, and we will often suppress this dependence.

We also shall use the same notation as that in Chae-Wolf [4]. For x = (x1, x2, x3) € R3, we
denote x” = (x1, x2) the horizontal variable.

For 0 < R < +o00, we denote B(R) the ball in R3 with center at origin and radius R, and
B’(R) C R? the ball in the horizontal plane with center at origin and radius R.

We set the spatial cylinder

Un(RYEB'(R) x (=ru. 1),

the parabolic cylinder

0.(RE U, (R) x (=12,0),
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and

def

An(R)=Qn(R)\Qn+1(R),

where r, =27", n e N.
We take @, the fundamental solution of the backward heat equation

& D, + 330, =0,

with singularity at (0, r ) More explicitly, we consider ®,, given by

2

1 T
0N L (x,1) € R3 x (—o0, 0).
VAT (—t +r2)
There exist absolute constants cq, c3 > 0 such that for j =1,...,n — 1, it holds
@, <cor;!, |03, | < cor; 2, i Aj(R),

2.1

eyl <@, <y, art<|83®u <corp, 2, in Qu(R).

We denote the energy

0
E.(RZ sup /|u(t)|2dx+/ / |Vau|? dxds,
te(—r2,0)

UL (R) —r2 Un(R)

% sup /lu(t)| dx+//|Vu| dxds.
re(— 10)

—1R3

Next, we denote Lg”LZ" (B’(R) X (—r, r)) the anisotropic Lebesgue space equipped with the
norm

1

qv

”h(x)”LngZh(B’(R)X(—r,r)) = / ”h(v x3)”‘£vqh (B'(R)) dx3 . (22)

The following lemma ensures the anisotropic Lebesgue space obeys the energy estimates in [4,
Lemma 3.1].

LemmaZlLetR> .ForV2<p<oo,2<gqp,qy, <400, = + + = 5, we have

qv

a2 CE,(R). (2.3)

Lr(=r2.0,L8 LY W, (R)))
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Proof. For 0 <r <1, set U = B'(R) x (—=r,r), Uy = B'(R) x (=2r,2r), Uy = B'(R) x
(—4R,4R) and U3 = B'(1) x (—4,4).
We claim that

2

el g0y < €77 Nl 2oy + Clal 2y 1V . (24)
In fact, given u € W1'2(U ), we define the extension
u(-x/a-x?)) if X3 € (_rsr)’
vi(x) =] u(x',2r —x3) if x3elr2r),
u(x',=2r—x3) if x3e(=2r,—rl.
Then v; € Wh2(Uy) and it holds
Vv ||L2(U1) = 3||Vu||L2(U), v ||L2(U1) = 3||u||L2(U). (2.5)

Let £ € C°(—2r,2r) denote a cut off function such that ¢ =1 on (—r,r) and |¢'| < 2r~".
Noting that by r < 2R, itholds U; C U and v» = v¢ € wl2 (Up).

Set v3(x) = v2(Rx), x € Us. There is an Sobolev extension #3(x) € W12(R3) with #3(x) =
v3(x), x € U3 and

103l 23y < Cllvall 2@y I1VO3li2®sy < Cllvsllwizw,)- (2.6)

By means of Sobolev’s inequality and a simple scaling argument along with (2.5) and (2.6), we
get

Il < 102030900
241

< Ru " a
<R v ”v3”LZULZh(U3)

2,1
<CRwm @ ”v3”LZ”LZh (R3)

2,1 R E,l,i
St s nan @
<CRm ”v3”L12(R3) ”Vv3”L2(]R3)

) 2 Z+l 1 1 3_l_ 1
<CRw% (||v3||L2(U3) + ”v3”L2(U) IIVv3||L2(U) U)

2,1 1 3,L,L

<C||”2||L2(U2)+C||v2||L2(U) ”VUZHLZ(U) "
_3+2 2z L_l E_L_L

<cr it el 20y + Cllull 5 ) “IVu IILz(f,”) ",

which gives rise to (2.4). By using of Holder’s inequality and (2.4) with r = r,,, we achieve

2 2 2
< + V
”u”m(—r,%,o;LZ”LZh WUa(RY)) ~ Cllatloe 2 02,0 F CIVEIL2 (2 0002w,)
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This completes the proof of this lemma. O
3. Proof of the main results
In this section, we apply a similar argument in Cafferalli-Kohn-Nirenberg [2], Chae-Wolf [4],

or Wang-Wu-Zhang [21] to prove Theorem 1.3.
We assume that solution u satisfies

2 3 3
d3u € LP! (=1,0; LY(B(2))), — + — =2, 3 <0 <+oo. (3.1
po 4o

For fixed po, go, we can pick 43(?35 < p§ < po. Set

_2_3
g 40
B = r; 0 ||83u||Lp(*; (_,_2,0;L110(B(2))). (3.2)
By Lemma A.5, we have
+00
Zf@i <C ”83u||LP0~1(71’();L‘10(B(2))) . (3.3)
i=0

Let n(x3,1) € C°((—1,1) x (—1,0]) denote a cut-off function, 0 <5 <1, and n =1 on
11 1
(=3-3) x(=7.0).
In addition, let % < p < R <1 be arbitrarily chosen, but |R — p| < % Let v = (x’) €
C* (R?) with 0 < < 1 in B(R) satisfying

) , 1in B'(p)
YD) =y(x]) = OinRAB’(%) 349
and
Dyl< = Dy <—C
“R-p’ ~(R—p)?
For j =0, 1,---,n,denote x; = xp/r)(x") - n(2/ - x3,2%/ - 1), where xp/ (g is the indicator
function of the set B’(R). Let
) xi = X if j=0,....n—1,
¢j = { Yns if j=n, (3.5)
and the mean value function
Tk
N 1
u3)p(x') = — / u3(x’, w) do. (3.6)
2rk

—rk
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Taking the test function ¢ = ®,ny in (1.8), it yields that

t

/|u(x,t)|2c1>nmpdx+2/ / |Vu|>®,ny dxds
Uo(R) =1 Up(R)

t t

5/ / |u|2<as+A)<<I>nm/f>dxds+/ / P - V (D) dds

—1Up(R) —1Uo(R)
t
+2/ / wu -V (P,ny) dxds. 3.7
—1Up(R)
Next, we shall handle the right side of (3.7) term by term.

3.1. Estimates for nonlinear terms

Lemma 3.1. Let (u, ) be a suitable weak solution of (1.1) in R? x (=1, 0). If (u, ) satisfies
the assumption of Theorem 1.3. Then we have

t
/ / 1 (3 + A) (@) dxds <

—1Uo(R)

Cm. (3.8)

Proof. The proof of this lemma is similar to Lemma 3.1 in [21], referring to the properties of
®,, n and ¥. We omit it here. O

Lemma 3.2. Under the assumption of Lemma 3.1, we have

t

/ / lulu -V (®,ny) dxds

—1Up(R)
n LA
<Y % (ri_lEi(R)) +CR-p) ' E2Y 1 (ri_lE,'(R)) , (3.9)
i=0 i=0

where %; is defined in (3.2).

Proof. We first note that

t

/ / wPu -V (D,my) dxds

—1Uo(R)

t t
=/ / |u>u3 - 83 (®nn) ¥ dxds + Z/ / |u|?u,, - ®,nd, ¥ dxds
—1Uy(R) #=1221 Uy (R)
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déf]] + 1.

(3.10)

By integration by parts, the estimates (2.1) for &,, Holder inequality, Lemma 2.1 and

Lemma A.3, we have

n
11 :Z / u-u-us- 83 (q)nd)k)deds
k=00,(R)

-y / w-u (us = )e) - 5 (@) ¥ dads

k=00,(R)

23" [ o G @0 v avas
k=00y(R)

n 0
-2
SO / el 2, (7 " s — 3l 200,
v
=0, "

LOTWRY 120507 W(ry)
k

n

0
_1 b
+) /||33u||Lq0(Uk(R))||u|| 249 lu3)ill 240
k=0

2

0
n _I_ZL
g
Sy / latll 20 Il 2a 1932 | Lo 7 (y) s
k=0 )

LOTWkR) 120797 (Wi (R))
7

noo_2_3
40
S Ty |

X || a3u ||LP6 (7r]g,0;L‘70(Uk(R)))

S 2”: Bi (Fi_l Ei(R)> .

i=0

For the second term, by (2.1) and Lemma 2.1 again, we have

1 n
L < Zr._l lu|® dxds
“(R—p) ="'
=0 9im)

1 - |
< U2
Swop 2 Mz onwm)

508

L%~T (U(R) L9~T U(R)

lull 4, S [zl
k=0 L3 (-’?»O:L‘m“ (Uk(R>)> L%0 | —r2,0:L2L

@3.11)
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c3 LN .
§(R_p)l§rﬁ (r,- Ei(R)>- (.12)

Combining (3.11) with (3.12), we obtain (3.9). O
3.2. Estimates for the pressure

This part is devoted to the estimates regarding the third term on the right side of (3.7). Com-
pared with [4,21], the decomposition of the pressure is in a slightly different way.
Given 3 x 3 matrix valued function f = ( f,w), we set

by

e F (fuv - xvom)) »

THe=— Y

n,v=1,2,3
where the Fourier transform is defined by
Fr&)=F© = [ faa.
R3

Therefore, ¢ : LY LI" (Ug(R)) — LI"LT" (R?), 1 < gn, gy < +00 defines a bounded linear
operator [16], with

L7 W v w3y = CULF N v L9 oy - (3.13)
Denote
f=u®u- x, (3.14)
and
no=_2(f), mhn =m — 7. (3.15)

It follows that
—Amy=V-V-f, in R®x(-1,0)

in the sense of distributions and 7y, is harmonic in Q(R). Then we have

t

/ / mwu -V (®,ny) dxds

—1Uo(R)

t t
=/ / wou -V (Ounyr) dxds+/ / wpu -V (P,ny) dxds

—1Uy(R) —1Up(R)
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t t
=/ / mous - 93 (Ppnyr) drds + / / ot - D1, Y dxds
Z1U(R) H=1221 Ug(R)
t
—/ / Vi, -u- (P,nY) dxds
—1Up(R)

Lk +H (3.16)

Asto J, setting o= _Z (03 (u ®@u) - xo) and 75, = _# (M @ u - 33 x0), we have d3mp =10 + 75
and

n !

J= Z/ / 7o - U3 - 03 (Cbn(Pklﬂ) dxds
k=021 yo(r)

n t
=— Z/ / (7m0 - 03u3 + 70 - u3) - (Pppr ) dxds
K=4Z1up(R)

n t

-3 [ v @) avs
K=4Z1Up(R)

3 t
+Z/ / 70 - u3 - 93 (Bpp ) dxds
=021 Up(r)

S+ bt (3.17)
We will present the estimates of J;,i = 1,2, 3, K and H in the following several lemmas.

Lemma 3.3. Under the assumption of Lemma 3.1, we have
n
n=CY 2 (7 EW). (3.18)
i=0

Proof. Letmoj = 7 (u®u-¢;) and 10,j = # (33 (u ® u) - ;). By integration by parts, we
have

n n !
Si=- ZZ/ / (”0,,/ - 03u3 + 70, ~M3) (D) dxds

K= =010

n n ?
- Z Z / / (7T0,j - d3u3 + 70,5 'ug) - (Ppdry) dxds

k=4 j=k=3"1 1y (R)
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t

n k—4
- Z/ / (”0,,/’ - 03u3 + 10, -u3) (D) dxds
k=47=0"1ug(R)
n t
== F (u@u- xi—3) - Kuz - (L) dxds
k=421 ug(r)

t

— / I (B meu) - xx—3) u3z- (P ¥) dxds

=421 Up(R)

=

~
=

n

n—4 !
- Z Z / / (770,,/ - 03u3 + 70, ) -u3) (Dpdr ) dxds

J=0k=j+4"1 yo(R)

n t
=2, / / S @eu ) (us = wae) - 03 (Pudi) drds
K=4Z1Up(R)

n t

+ Z/ / F w®u-d3xc-3)- (Ms _@k) (DY) dxds
k=41 U5(R)

n t

-3 / / J (05 @@u) - xi3) - W3)g - (Pupity) dxds
k=421 Up(R)
t

n—4 n

_Z Z / / 7o,j - 03u3 - (Ppdryy) dxds

j=0 k:j+4—l Uo(R)

n—4 n !
X2 [ [ g (- G;) - @upew) dras

J=0k=j+421 y Ry

n—4 n !
-> > / / 70,5 - 3) ;- (Puprty) dxds

J=0k=j+4"1 yo iRy

def
=J11 4 Ji2 + J13 + Jia + Jis + Jie. (3.19)
By (2.1), (3.13), Lemma 2.1 and Lemma A.3, we have
; 0
<2 : — (u3),
) on / 17 @@l oo oo s = 3l 200,00 ) 95
k=4 5 Ly L,”  (Ur(R))

—r;
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n
- 2
o / el 20l sl ds
P PR A CAC ORI H T AT
k
n
S (T E®), o
i=0

which is analogous to (3.11). Similarly, for Jy2, J13, we have

. — d
Jio S Zrk /H/(u@u 3 xk-3) |l ol s (u3)k”L5q°LZ°(Uk(R)) ’
Ly L7 W)
2
n
rk / al el u sl
k e LT (U(R) L2107 (U (R))
n
<N % (ri_lEi(R)>» G2D
i=0
and
J13<Zrk /||/(83(u®u) Xk-3) 1| 240 @3l 240 ds
L9+ (U (R)) L%~ (Ur(R))
2
n p—
290
Sy / el 200l e (33wl @ryds
—~ qu—' WkR) 12097 W(R)
2
n
<% (r Ew). (322
i=0

By (2.1), (A.6) and Lemma 2.1, we have

114_2 Z " /||7TOJ|| 193131l oo v () ds

=0 k=j+4 ~ (Uk(R)

35 > / el sy 330l s

j=0k=j+4 L0~ (U (R))

2.3

SIPIPRRI

"0 Jlu? . 440
j=0k=j+4 LT<_r'3’O;L v (Uj(R)))

o*l"’
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X || a3u "LPS (—rf,O;L"O (Uk(R)))

< Z B (rf1 E; (R)) : (3.23)

i=0

By (2.1), (A.7), Lemma 2.1 and Lemma A.3, we have

J15<Z Z e / 170,51 lus — 3) 1| L0 v )y ds

J=0k=j+4 LT )

n—4 n
I / [ 183l L0 (1 (ry)ds

j=0k=j+4 L20~1(U;(R))
_zi_i
2 90 py
S I R, L,
j=0k=j+4 LT(—r,ﬁ,o;LZqo—‘ (U,-(R)))
X ”8314 ”LP§ (_rlg’OquO(Uj(R)))
n
<N % (r;lE,»(R)). (3.24)
i=0

By (2.1), (A.8), Lemma 2.1 and Lemma A.3, we have

n

J16<Z Do /||TOJ||L2(Uk<R))||(”3>J||L2(Uk<R>>ds

j=0k=j+4

J=0k=j+4 LT (U (R))

n—4 n
SSIDI /||83u®u|| 249 el 2wy ds
2

n—4 n
SN / Il 24 19321 L0 v oy et 2 ey A

J=0k=j+4 L9O~T(U;(R)
12
n—4 n 1 3 2_%_1
T 2q0 90 pg
S22 tn Ml sy ) 2 etll oo (—r2.0:2(w; ()
j=0k=j+4 L3 | =r,0;L 9077 (U, (R))
X N33l o5 2 0. oo ()
n
SO (r,-‘lEi(R)). (3.25)
i=0
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Summing up all the estimates of (3.19), (3.20), (3.21), (3.22), (3.23), (3.24) and (3.25), we have
(3.18). O

Lemma 3.4. Under the assumption of Lemma 3.1, we have

(1[5

C
Hh+s+H< ——=E2.

- (3.26)
(R—p)2

Proof. The proof of this lemma is similar with Lemma 3.3 in [21]. By using of integration by
parts and V - u = 0, we have

Z / Vay - u - (Dudrtr) dxds—z / Vn - (®pprr) dxds
=004(R) =404(R)

—Z / hou- V(D) dxds—z / V- u - (Ppdpr) dxds
=000(R) =40,(R)

©h + . (3.27)

Applying (2.1) and Holder’s inequality, we have

1
B+ H < / ol dds + —— / |77 | 1] dxds
—p
00(R) 00(R)

3
SR — o ”u”L3(]R3x(71,0))

< 3. (3.28)

R—p

Moreover, we may choose a finite family of points { } in B/ ( ) such that { x); ?)}
cover the ball B’ <R+p ) and

> Xy rey <C. (3.29)
v

n
h+H Sy Yo / (IVap| + Izal) - lul dxds

k= Qk(R)n{}x'—x;|<¥]

S22 NVl + il ’(Q ®nfr-xi| <552 1) lu ”L3(Qk(R)ﬁ{|x x| <% ))

k=4 v

- —1
SR=p)5 303 IV + 00,3 (2 2 (o on - <552))

k=4 v
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Vs oo <5]

<w;nZZhHWmHmW

= ( 2oL (UeRnfr -1 <52 1))
T Xn:’;% 11230,k (3.30)
k=2
For any
x* € Up(R) N {x:(x’,x3); v —x)| < R;p},
we have

2

R—
x*eB(x*;Tp> CU](R)ﬁ{xz

duetok >4and |R—p| < % Since mj,, T are harmonic in Uj (R), using the mean value property,
we have

: x’—xl’,}<R_p},

1

[Vrpl (%) + Izl (x*) SIR= P

/ ] + |7 dx
B(x*;%)

1
S—
SR ) |||7Th|+|h|||L

2(U (R)ﬁ[‘x —x! |<R2p )

which implies

2
|||V7'[h|+|77h||| ( .01 (e —xg | < E2 1)

/|||Vm,|+| h|||2 (U (R)m“x xv|< })ds

,rk

$S— / / (|JTh|+|Th|)2XB/(x, &g, dxds. (3.31)
“(R-p)? et
1(R)

Hence, combining (3.30) and (3.31) and taking sum over v, we have

n 1

1 _1
J+Hy S ——— Q3MWHWM2 Flulls oy
(R - p)3 g L3 (o i) i 0L U RY)
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. p%EQQW” 0.1 (R?)

1
< g% (3.32)

(R~ p)3

Summing up (3.27), (3.28) and (3.32), we have (3.26). O

Lemma 3.5. Under the assumption of Lemma 3.1, we have

1 n

K< CR% gr} <rl._1E,-(R)) : (3.33)

Proof. The proof is rather similar as Lemma 3.3 in [21]. We omit the detail here. O

Lemma 3.6. Under the assumption of Lemma 3.1, we have

!
/ / wu -V (d,ny) dxds

—1Up(R)

n 1 n
E2 1 C 3
<cY % (r;IEi(R)) +C—Yr} (rlflE,»(R)) +—— &1 (334
= R=ri5 (R—p)?
Proof. Combining the estimates (3.16), (3.17), (3.18), (3.26) and (3.33), we have (3.34). O
3.3. The proof of Theorem 1.1 and Theorem 1.3

On the basis of the estimates of the nonlinear term and the pressure in subsection 3.1-3.2, we
are in position to give the detail proof of Theorem 1.3.

Proof. Gathering (3.7) and the estimates in Lemma 3.1, 3.2 and 3.6, we have

1 . £ &1 1463
e Enp) < C Y% (7 EiR)) + Crom 2 (7 E®)+c———

5
i=0 -~ Fizo (R—p)2
n 3 n 3
_ &3 -3 3 1 1+ &2
<CY Bi(r'ER)+Co—) r, *E:(R)Irf + C———
Z: l( l ) R_pz; (R—p)>
1 g% n 5 % n 1 %
=C) % (rf]Ei(R)) +Cr— <Zri 6Ei(R)> (ng)
i=0 i=0 i—
1+&3
+Co—"
(R—p)2
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<C i By + 1 ( _lE-(R))—i-C 1+&
B Oi:o YA B O(R—P)“'
In view of (3.3), there exists a sufficient large number n¢ > 1 such that
o) é 1
Co Z (% + 7 ) <5 (3.35)
i=ng

Then for n > ng we have

mwmmgmiX?ﬁwﬁQﬂamD

i=ng
ol 1 1+&3
+ Co Z (:% +r,-6) ri Ei(R)) + Com—3
o ( )+ =
n 1 A
<Co Z (% + r;) (rlflE,-(R)) T ﬁ, (3.36)
i=ng

where the constant Ag = C; - 2" (1 +&2. ”a3u||LI’0=‘(—1,0;L‘10(B(2))) + 53>.

As the iteration argument in [9, V. Lemma 3.1], we introduce the sequence {pk};;'g which
satisfies

1-6

— ! — ok
IOO - 2’ Pk+1 lok - 2 ’

with % <60* < 1andlimg_ o pr = 1. Forng < j <n and k > 1, we have

16

] 1
}’j_lEj(Pk) <Co Z (% +ri6> (ri_lEi(pk+l)) + Ao - me

i=ng

= N o 16
<Cy Z <%~ +riﬁ> (rl. lEi(pk+1)> + Ao - me ak (3.37)

i=ng

By using iteration argument from (3.36), and then applying (3.35) and (3.37), we obtain that for
n = no,

. 1 16
-1 . 6 —1 5. L
r; En(po)fCojEn: (%‘, +rj>(rj Ejp1) + Ao o7
=ng

n

1 N 16 1
=5Co > (%Jrrf)(rj Ej(pz))+Ao-(1_—9)4<1+274>

J=no
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1

n k—1 i

1 1 1 16 1/

Szk——lco E <93j+rj6> (rj Ej(Pk))-l-AO'm E <ﬁ)
Jj=0

J=no

1 “ N 16 204

J=no

Let kK — oo, we obtain that for n > ny,

“1E (py) < A 16 26% 338
r . . . .
n EntPO) = R0 TN A
For 0 < r <ry,, there exists nj > ng, such that
rn1+1 <r Srnp
which together with (3.38) ensures that
2} <Cr 3 ul} <c(rte,d)) <c
L3(B(r)x(-r2,0)) = L4(=r2,0;L3(B(r))) — np ity =
Forry,, <r <1,
-2 3 2n 3
r ”u”L3(B(r)><(—r2,0)) <C2 O”u”L3(—1,0;L3(B(1))) <C.
Thus, (1.10) is proved. Similarly, by (3.38), we have for 0 <r < 1,
sup 07 +r [ Val] <C (3.39)
’ L2(B(r)) L2(B(r)x(—r2,0)) = ~* ’

te(—r2,0)
Next, we recall the Theorem 1.1 in [23].

Lemma 3.7. Let (u, w) be a suitable weak solution of (1.1) in Q(1). Given M > 0, there exist
positive constants gy = eo(M) such that if the two conditions

R™? / lu|? dx dr < & (3.40)
Q(R)
and
R™2 / I — (T gy |2 drde < M, (3.41)
O(R)

hold for some 0 < R < 1, then u is Holder continuous in Q(%). Here Q(r) = B(r) x (—r2,0)
and () By = JCB(r) w(y,t)dy.
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We will finish the proof of Theorem 1.3 by contradiction argument as done in [4]. For the
constant M given in Lemma A.6, we claim that there exists some 0 < Ry <1,

R / lul? dx dt < &. (3.42)
0(R)

Otherwise, we may have that forall 0 <r <1,

r? / |u|? dx dt > eo. (3.43)
o)

For k > 1, denote

uk(x,t) =riu (rkx,r,gt) s ka(.X,l‘) ="1% <7t (rkx’r/?t) B (7‘[(7’%1‘))3( )> '
Tk

Thus, by (3.43), we have thatfor k > 1 and 0 <r <1,

r? / lug |® dx dr > &o. (3.44)
o)
Moreover, (3.39) and Lemma A.6 imply that
3
sup k(- Dl 7251y, + I Vatrly +lml?, = (3.45)
re(-1,0) LAB(D) Lo L3y
and (uy, my) is a suitable weak solution to the Navier-Stokes equations (1.1) in Q(1). By (3.45),

(uy, mx) converges weakly (by taking subsequences if needed) to some (v, IT) with

3
sup  [[vC, D125 5p0, + IVOI2, +[IT1|2 <C. (3.46)
re(—1.0) L=(B(1)) L=(Q(1)) L%(Q(l))

By a similar argument as [15, Theorem 2.2], we can prove that (v, IT) is a suitable weak solu-
tion to the Navier-Stokes equations in Q(1) and uy k—> v strongly in L3(Q(1)). Therefore, by
—00

(3.44), we have thatfor0 <r <1,

r2 / [v]? dx dr > . (3.47)
o

On the other hand, by (1.9), we have d3v = 0. Thus, we can apply the localized regularity condi-
tion on d3v (see [13, Theorem 2.1]) to deduce that v is bounded function in Q(1/4). Therefore,

e <r? / [v]3dxdr < Cr3.
o(r)
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The above inequality leads to a contradiction when we send r — 0. The claim (3.42) is true. By
Lemma 3.7, we get that (0, 0) is a regular point. O

At last, it remains for us to prove Theorem 1.1.
Proof. By Theorem 1.3, we obtain that the suitable weak solution (u, 7r) is regular at all the
points (xg, fp) € R3 x (0, T). We will prove the following Lemma 3.8. Thus, Theorem 1.1 can
be proved directly.
Lemma 3.8. Let (u, ) be a suitable weak solution of (1.1) in R3 x (—1,0). The solution is

regular at all the points zg = (x9,0), xo € R3. In particular, there exist two positive constants p
and C such that

]l oo (R3x (— 2,00 = C- (3.48)
We recall the result in [15, Theorem 3.1].

Lemma 3.9. Let (u, ) be a suitable weak solution of (1.1) in Q(1). There are two positive
constants &y and Cy such that

/ (|u|3 n |n|%) dxdr < e, (3.49)
o)

implies for some a > 0,
||u||CD!(Q(%)) <C. (3.50)

We can choose a R large enough such that

/ <|u|3 + |7T|%) dxdf <& forany zg = (xg, 0) with |xg| > R,
0(z0,1)

where Q(zo,r) = {(x,1), |x — xo| <r, —r*> <t < 0}. By Lemma 3.9, one has

”u”LC’O(Q(Zo,%)) <(Cy,

which implies that
-1
lu(x,t)| <Cp for|x| >R, —Z<t<0. (3.51)

On the other hand, for every |xo| < R’, the solution is regular at (xq, 0). Thus, there exist two
positive constants py, and Cy, depending on xg such that

]l oo (0 (x0,x0)) = Cxo- (3.52)
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We can choose finite open sets, say B(xé‘, ong)’ k=1,---,N,tocover B(I:’) such that

2l oo @k, 0= Cu-
Accordingly,
lu(x,1)| < Ca, for|x| <R, —p3 <t <0, (3.53)

where C; = max{Cxé, e ,Cx(z)v} and p; = min{pxé, ,,Ox(z)v}. Combining (3.51) with (3.53),
we prove the Lemma 3.8. O
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Appendix A

Lemma A.1.Let 0 <r < R < +oo and h : B'(2R) x (—r,r) — R be harmonic. Then for all
O<p=<jandl <l =<q<+oo, weget

V" R4y < Cor? M= |4 meN, (A1)

(R)x(—p,p)) — LYB'(2R)x(=r,r))’

where C stands for a positive constant depending only on g, m and £.

Proof. The proof is similar as Lemma A.2 in [4]. We choose a finite family of points {x")} in
B'(R) such that {B’ (x], r/4)} is a covering of B'(R), and it holds

Y Xp(r) = C- (A2)

Setting x,, = (x}, 0), we see that

B'(x,,r/4) x (=r/4,r/4) C B (x,,r/2).

With this notation, we have

myp 49 my 4
v h||Lq<B’<R>x(—p,p>)<Z”V Ml (8 (v /4 % (=)

m
<Cr pZIIV Pl o (B (g ) % o)

q
<Crp Y IV R e pirsr (A3)
v

Since & is harmonic, using the mean value property and taking the sum over v, we obtain
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o~ —mgq—
Z”V Pl oo (e = CF ”h”Lf(B/(zR)x( ) (A4)

%

Combining (A.3) and (A.4), we get

my 14 2—mq—

IVE RN Lo B/ (Ryx(—p.1) = CPT ? ”h”LZ(B’(2R)><(—r,r))' o (A.5)

Corollary A.2. For 1 <{ <g <400 and k > j + 4, we have

-

7o, ll e wery < Crirf 1220w, )y (A.6)

1 2_%_ )
I0,jll e iy < Crif 1 Iz 1,y (A7)

and
123

I, jllLa iy < Crifrj "ll03u @ull e, (ry)- (A.8)

Proof. We recall that o ; = # (u®u - ¢;) and 79, = # (33 (u ® u) - $;). Hence
70,j = 03700,/ — T, (A.9)

with 7, ; = # (u ( Qu- 83(1)]) From the definition of ¢; in (3.5), it follows that the func-
tions 7o, j, 70, . Th,j are harmonic in R2 x (— rjit2.Tjy2) X (=r +2,0). Applying (3.13) and
Lemma A.1 with r =r 42, p =ri, we have (A.6), (A.7) and (A.8) dlrectly. O

Lemma A.3 (Poincaré’s inequality). Set (h) (x) = 2r f v h(x', ) dw. For k > j, it holds

NI
Ih =l gy B Rxrn = CTE T N0 Lo priry (v iy (A10)

and

1

<cri'r; (A.11)

”(h) ”L‘“L"h(B’(R)x( ) = j ”h”L{,LZh(B’(R)x(—r,-,rj))'

Proof. For (A.10), we see that

rj
— 1
|h(x’,x3)—<h>,~|s;/!h<x’,x3>—h(x’,w>! deo
=
| Ti | x3
<L / dsh(x', £) d&| do
2Vj
—rj lo
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< / |93k (x', £ de.

J

Applying Holder’s and Minkowski inequality, we have

rj
1
h) v
I\ — (h)j”Lg”LZh(B’(R)X(—rk,rk)) S T - / l93A (-, $)||Lzh(3/(R)) dg§
s

J

1 1
qu -
Sy ORI L Ry (<))

As to (A.11), we apply Holder’s and Minkowski inequalities again to get

rj
__ L
qv
IR 71l Lo L By (=i Sy 2 / IAC, o) llLap(r)) do
=rj

1
qu .~
N

[
Wl oy )y

The proof of this lemma is completed. O

Lemma A4 (Lemma A.2 in [21]). Let 0 < p,o < 400. Then for any h(s) € LP° (R), there

n
exists a sequence {c,},c7 € £° and sequence of functions {hy},cz with each h, bounded by 27
and supported on a set of measure 27". Moreover,

h= chhn

neZ
and
c(p,o) {entlles < llhliLre < C(p, o) [{cntlles s
where the constant c(p, o) and C(p, o) only depend on p,o.

Lemma A.5. For any

l<p*<p= 29 , §<q<+oo,
2q -3 2
we have
1
p*
+OO 2_1*_3 O N
S e / 1932 (o )1 Ta gy ds | < Clsullpoai10,00B)) -
k=0 )

7
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Proof. Let h(s) = [03u(-, $)|lLa(2))» —1 <5 <0. By Lemma A.4, we know that

400
hZZC./hj, |
j=0

where
|h;| <27, |D; =supph;| <27.

We can restrict j > O here, since s € (—1,0) and the construction of the function 4; in
Lemma A.4 by standard atomic decomposition. Then we have

1
¥

=Xz
Zrk P q /||83u( S)“Lq(B(Z))
k=0
—r?
€L
+00 223 ’
55
k=0 I
+oo 2 ,+oo
S 7 Z|C/|2”|D i
k=0
+oo l*_é 1
k=0
2 _3 T l
<Z|CJ|2PZ i q}D NI | 7* Zrk " q|Djﬂ[kp7’
k</ = k>%

where [ = (—r,f, 0) On the other hand, we notice that for any k£ < %

r;f_'%_% |Dj NIk ” = ) A2

’

and for any % <k <400

w

2 HeF ) et (a13)

Accordingly,
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1
*

0
3 *
Zrk T /||83u(',s)||zq(3(2)) ds
2

=T

I k(=2 -2) XN h N ok(22)
S ejl2r Y22 )4y ejl2r D02 a
j=0 k<1 j=0 k>4

+o00
SO leil = 195wl o —1.0:L0 82y -

j=0

This completes the proof of this lemma. O

Lemma A.6 (Lemma 3.2 in [4]). Let f =uQu € L%(Q(l)) satisfy
r’z/lfI%dxdsto, VOo<r<l, (A.14)
o)

and 7w € L% (Q(1)) solve —Amr =V -V - f in the sense of distributions. Then there exists a
positive constant M such that for all0 <r <1,

3
r2 / |7 — (T) gy |? dxds < M, (A.15)
0(r)
with (T[)B(r) = JCB(V) w(y,t)dy.
Proof. We write
7 — (T ey =70, + Thr,

where 70, = _# (f - xB()) and xp(r the indicator function on the set B(r). Thus, Ay, =0
on B(r) and

=CIfI

[o. |

3 3 .
L2(B(r)) L2(B(r))

Let 6 € (0, %]. Using Poincaré’s inequality and the mean value property of mj, ., we obtain

”m,,r - (7Th,r)B(9r) L3 (Bor)

5(9”3 “V”M ||L°°(B(9r))

0 3
S (1 - 9) I3
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<0 |7 — @ s 3 son T3 oy

Accordingly, for 0 <r <1,

||71 — () B@or) ”L% (B(6r))

S Hm” B (nh’r)B(er) L3 (BOr) * ”no,, B (ﬂO,r)B(er) L3 (B©r))

<@3 |7 —
S GOV FENE LA e
and
; ;g2 ; :
|7 — ) pen | %5 <C3-02-0% |7 — (W) p | %5 +GllfI7; . (A16)
L2(Q(6r)) L2(Q(r)) L2(Q(r))
We choose 6 such that C3 -6% = % For6 <r <1,
) 3 ) 3
r e — e’ <COIml?,
L2(Q®r L2(Q(1))
and by (A.14) and (A.16),
) 3 2 3
Or) |7 = (Mpen | s < C46 <||7T||2; +Ko>,
L2(Q(r)) L2(Q()

with C4 =2C3 + 100. This together with a standard iteration yields that for 0 <r <1,

3 3
r2 |7 = ™) 5c49—2(||n||23 +K0>.
L2(0(r) L2(Q(1))

The proof is completed. O
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