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1. Introduction

In this paper, we investigate the following free boundary problem

ur —dAu =a(x)u —b(xyu® forxe 2(t),t >0,
u=0 and ut=,u|V,<u|2 forxe I'(t),t >0,
u(0, x) = ugp(x) for x € 29,

where £2(t) c RN (N > 2) is bounded by the free boundary I'(t), with £2(0) = £2o, i and d are given
positive constants, a, b are positive functions in C(RV), and ug > 0 in £2. This is an analogue of the
classical one-phase Stefan problem but with a logistic type nonlinear source term on the right side
of the differential equation. Such a diffusive equation is often called a Fisher-KPP equation, and has
been widely used in the study of traveling wave solutions and propagation problems. In most of the
paper, we actually consider a more general nonlinear term g(x, u) which includes a(x)u — b(x)u? as a
special case.

Similar to the classical Stefan problem, smooth solutions to the above free boundary problem need
not exist even if the initial data are smooth (see [15] and explanations below). We will thus introduce
and study the weak solutions.

The above free boundary problem arises from our efforts to better understand the nature of the
spreading of invasive species. Since this is rather different from the traditional applications of free
boundary problems, to motivate this research, we give some detailed accounts of the background
below.

In invasion ecology, ample empirical evidences suggest that a great number of successful invasive
species spread to their new environments with a constant speed after a short starting period. A clas-
sical example is the 1951 observation of Skellam [27] on the spreading of muskrat in Europe in the
early 1900s: He calculated the area of the muskrat range from a map obtained from field data, took
the square root (which gives the spreading radius) and plotted it against years, and found that the
data points lay on a straight line. We refer to [26] for more empirical examples and for discussions of
relevant mathematical models.

One of the most successful theories for the mathematical description of the propagation of species
is based on the “traveling wave solutions”. In the pioneering work of Fisher in 1937 [21], he made
use of the equation

ur —duyy =au —bu?, t>0, xeR! (1.1)

to study the propagation of advantageous genes, where the function u = u(t, x) stands for the pop-
ulation density at time t and location x of a spreading species that carries the advantageous genes,
with diffusion rate d, intrinsic growth rate a, in a habitat with carrying capacity a/b. Fisher showed
that for any constant ¢ satisfying ¢ > c* := 2+/ad, there exists a solution of the form u = W (x — ct)
with the property that

W +dW” +aW —bW2=0, W(-o0)=a/b, W (+00)=0; (1.2)

no such solution exists if ¢ < c*. Such a solution is called a traveling wave solution, and the number
c* is called the minimal speed of the traveling waves. In another well-known paper by Kolmogorov
et al. [23], the same result was proved for a more general class of equations whose nonlinearity has
a similar behavior, now called Fisher—KPP type, or monostable type. Fisher [21] claims that c* is the
“spreading speed” for the advantageous gene in his research, and used a probabilistic argument to
support his claim.

In 1975, Aronson and Weinberger [1] established a rather general theory based on the traveling
wave solutions, which contains a rigorous proof of the 1937 claim of Fisher: For a spreading pop-
ulation u(t,x) governed by the above equation (1.1) with initial distribution u(0, x) confined to a
bounded set of x (i.e., u(0,x) =0 outside a bounded set), it was proved in [1] that
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u(t,x) =a/b, u(t,x) =0 (1.3)

lim lim
t—o00, [x|<(c*—e)t t— 00, |X|=>(c*+€)t
for any small € > 0. This means that if an observer travels in the direction of propagation at a speed
¢ which is below c*, then he would find that the population is close to the positive steady-state level
a/b, while if his speed is above c*, he would observe that the population is nearly 0. Therefore the
transition phase of the solution (namely the level set {u = A} with 0 < A < a/b), which is used to
represent the propagation front here, propagates linearly in t at the speed c* (for large time).

These mathematical results have been extended to higher dimensions in [2], and extensive fur-
ther development on traveling wave solutions and the spreading speed has been achieved in several
directions (e.g., [3-7,22,24,28-30]).

This approach for the propagation problem is a remarkable achievement. Nevertheless, it has some
shortcomings. For example, it does not give a precise location of the spreading front. As the solution
u(t, x) is positive for all x once t > 0, the front can only be described as the “transition phase” of
the solution, which is a collection of level sets {u = A} with A varying in a certain range. Moreover,
when the logistic reaction term is used as in (1.1), this approach predicts persistent propagation (or
spreading) regardless of the initial size of the species; namely, starting with any nontrivial (i.e., not
identically zero) initial population u(0, x), one has u(t,x) — a/b as t — oo for all fixed x, that is, as
time grows, the new population will spread to the entire available space and establish itself. This is
in sharp contrast to numerous empirical evidences which indicate that successful spreading depends
on the initial size [26,25].

The phenomenon that a species starting with small initial size may fail to establish is often ex-
plained by the “Allee effect” (populations may shrink at very low densities). Such an effect is usually
incorporated in the model by replacing the logistic reaction term au — bu? by a bistable reaction term
such as f(u) =au(1 —u)(u —0), 6 € (0,1/2). It is well known that when the logistic reaction term
is replaced by such a bistable reaction term, as time t — oo, the solution of (1.1) with a nonnegative
initial function ug whose supporting set is nonempty and compact may go to 0, or converge to a
positive steady-state, depending on the size of ug (see e.g., [1,18,14]).

Recently, Du and Lin [11] used the one space dimension version of the above free boundary prob-
lem to study the spreading of species, and demonstrated that, even with the logistic reaction term,
this free boundary model can predict both spreading and vanishing, according to the initial size of the
population. The results of [11] have been extended in [10] to the situation of higher space dimensions
in the radially symmetric case. In such a case the solution can be written as u(t,r), r = |x|, x € RN
(N > 2), and it satisfies

ur —dAu=u(a(r)—BMu), t>0,0<r<h(),
ur(t,0)=0, u(t,h(t))=0, >0,

W' (t) = —pu(t, h(D)), t>0,

h(0) =ho, u(0,r)=up(r), 0<r<ho,

(1.4)

where due to the radial symmetry, Au = u; + @ur, r=h(t) is the moving boundary to be deter-
mined, hg, i« and d are given positive constants. It was assumed that «, 8 € C*°([0, c0)) for some
Vg € (0, 1), and there are positive constants k1 < k3 such that

k1 <o) <kz, k1 <Pr) <kz forrel0,00). (15)
The initial function ug(r) satisfies
up € C*([0,hol),  up(0) =ug(hg) =0,  ug>0 in[0,ho). (1.6)

Thus problem (1.4) describes the spreading of a new or invasive species with population density
u(t, |x|) over an N-dimensional habitat, which is radially symmetric but heterogeneous. The initial
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function ug(]x|) stands for the population in the very early stage of its introduction, which occupies
an initial region Bj,. Here and in what follows we use B to stand for the ball with center at 0 and
radius R. The spreading front is represented by the free boundary |x| = h(t), which is the (N — 1)-
dimensional sphere dBp) whose radius h(t) grows at a rate that is proportional to the population
gradient at the front: h'(t) = —uu,(t, h(t)). The coefficient function «(|x|) represents the intrinsic
growth rate of the species, 8(|x|) measures its intra-specific competition, and d is the diffusion rate.

The free boundary model gives a precise prediction of the location of the spreading front for any
future time t > 0, which is an advantage over the Cauchy problem model, where the spreading front
is approximated by a continuum of level set of the solution, {u = A}, with A varying in a certain
range. As is typical with ecological models, a thorough justification of the free boundary condition
h (t) = —pu(t, h(t)) is difficult to supply, due partly to the lack of first principles for such ecological
problems. Nevertheless, this free boundary condition can be deduced from the following consideration
based on the population pressure at the front. In the process of spreading, the front of the population
range expands under the pressure of diffusion (random walk of the species). On the other hand, since
the population density is close to 0 near the front, to counter the Allee effect, the random movement
of the individuals of the species at the front is affected by a tendency to stay close to the population
range instead of moving away from it (for example, driven by the desire to find a mating partner),
which generates a viscosity-like force at the front. It is natural to assume that this viscosity-like force
at the front is a constant for a given species. Therefore the front propagates in a way that keeps the
diffusion pressure at the front at a certain constant level k, determined by the viscosity-like force
there. One can then use Fick’s law to deduce the free boundary condition with w = d/k, where d
is the diffusion rate in (1.4) (see [8] for details). It will follow from a general result of this paper
that the corresponding Cauchy problem of (1.4) is the limiting problem of this free boundary problem
as . — oo, that is, the free boundary problem reduces to the Cauchy problem when the diffusion
pressure (or equivalently the viscosity-like force) at the front is decreased to 0. On the other extreme
end u =0, clearly the free boundary problem reduces to a fixed boundary problem with Dirichlet
boundary conditions.

It was shown in [10] that (1.4) has a unique solution (u(t,r),h(t)) defined for all t > 0, with
u(t,r) >0 and h'(t) > 0 for t > 0 and 0 < r < h(t). Moreover, a spreading-vanishing dichotomy holds
for (1.4), namely, as time t — oo, the population u(t,r) either successfully establishes itself in the
new environment (called spreading), in the sense that h(t) — oo and u(t,r) — f](r), where U(r) is
the unique positive solution of the problem

—dAU =U(x(|xl) — B(Ix)U) inR"N,

or the population fails to establish and vanishes eventually (called vanishing), namely h(t) — hoo < R*
and u(t,r) — 0, where R* > 0 is determined by an eigenvalue problem, independent of the ini-
tial data. Furthermore, when spreading occurs, and when lim;_, o (r) and lim,_. o, B(r) exist, for
large time, the spreading speed approaches a positive constant ko, i.e., h(t) = [ko + 0(1)]t as t — oo.
The asymptotic spreading speed kg is uniquely determined by an auxiliary elliptic problem induced
from (1.4), and is independent of the initial population size uy. Moreover, if lim,_, o (r) = a and
lim;_, - B(r) = b, we have the following result (see Corollary 3.7 and Proposition 3.1 in [10]):

2, 1 k—"ﬂ:l/ﬁ.

ko
lim — = m
E—oo vad L —0+adayn

Hence when the quantity ‘% is large, the spreading speed ko is well approximated by the formula

ko ~ ZN/(E,

while when this quantity is small, kg can be approximated by the formula
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The main purpose of this paper is to extend the results of [10] to the non-radially symmetric
case, hence showing the phenomena revealed in the special cases in [11] and [10] are robust. In the
general case, the free boundary condition can be described as follows: The velocity of the movement
of a point x on the free boundary I"(t) c R is in the direction of the outward normal vy at x, with
magnitude proportional to the directional derivative of u at x in the direction vy. If I"(t) is expressed
by

re={xeR": o(,x) =0}
with
Vx® #0 onl(t), @(t,x) <0 in (), (1.7)
where £2(t) denotes the region in RN bounded by I'(t), then

v, ®
Vx = )
|Vx ®|

where we use the notation

VO X, t) = (P, Vx P) = (Pr, Py - - -, Puy)-

Hence the condition governing the free boundary can be expressed by

b _ 0 on I'(t) (1.8)
Vi ®@| _“avx ’ ’

or
&y =uVyu-Vy®@ onl'(t),

where p is a positive constant.
Thus in the non-radially symmetric case, the corresponding free boundary problem is given by

U —dAu=ax)u — b(x)u2 forxe 2(t),t >0,

u=0 forxe I'(t),t>0, (1.9)
D =uVyu -V @ forxe I'(t),t >0, '
u(0, x) = ug(x) for x € 29,

where p and d are given positive constants. We assume that a,b € C(RN), and there are positive
constants k1 < k3 such that

k1 <ax)<kz, k1 <bx)<ky forxeRN. (1.10)
The initial function ug(x) satisfies

up e C(20) NHY(20), up>0 iny, up=0 onds. (111)
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This is a variant of the classical one-phase Stefan problem. By a classical solution of the problem
(19) for 0 <t < T, we mean a pair of functions (u, ®) such that @ € C1((Jy_,_7 £2(0)) satisfies (1.7)
and u, Vyu are continuous in Uo<t<r 2(t) and V,% u, u; are continuous in (Jy_,_7 £2(t). Moreover,
(u, @) satisfies all the identities in (1.9).

Note that if (u, @) is a classical solution of (1.9), then by the maximum principle and Hopf bound-
ary lemma, we find that u > 0 in £2(t) and Vyu # 0 on I'(t). Thus we may take a suitable extension
of —u over o,y 2(t) as @, and then the condition

Dy =puVyu-Vy®@ forxerl'(t),0<t<T

is reduced to

ur=p|Vyul> forxer(t), 0<t<T.

As mentioned earlier, a smooth solution to (1.9) does not exist in general (even for smooth initial
data ug). For example, if £2¢ is an annulus, ug(x) is smooth and radially symmetric, and a, b are pos-
itive constants, so that the free boundary problem has a radially symmetric solution (u(t, |x|), I"(t)),
then it is easy to show that for small t > 0, the free boundary I"(t) consists of two spheres that
enclose an annulus. As t increases, the part of the free boundary that consists of the small sphere
shrinks while the big sphere expands. If @ > 0 is large, then one can show that as t passes across a
certain finite tg, the small sphere shrinks to a point and then disappears, so for t > tg the free bound-
ary I'(t) consists of only the big expanding sphere. Thus the solution forms a singularity at t = tg.
As in [19] and [15], we shall transform the problem (1.9) into a “generalized” one, and look for weak
solutions.

In Section 2, we introduce the notion of weak solution for a class of problems that include (1.9) as
a special case. More precisely we give a weak formulation for the problem

ur—dAu=g(x,u) forxe2(),0<t<T,

u=~0 forxeI'(t),0<t<T, (112)
Dy =uVyu-Vy® forxel(t),0<t<T, '
u(0,x) =up(x) for x € §20,
where g(x, u) has the following properties:
(i) g(x,u) is continuous for (x, u) € RN x [0, c0),

(ii) g(x, u) is locally Lipschitz in u uniformly for x € RV,

(iii) g(x,00=0,

(iv) there exists c* > 0 such that g(x, u) < c*u for all x e RN and u > 0. (113)

Our definition of weak solutions follows the approach of Friedman [15] for the classical Stefan prob-
lem.

In Section 3, we show that the weak solution defined in Section 2 exists (Theorem 3.1) and is
monotone with respect to @, which implies its uniqueness (Theorem 3.5).

In Section 4, we prove that the weak solution depends continuously with the initial function ug
(Theorem 4.1) and enjoys the usual comparison principle (Theorem 4.3).

In Section 5, we examine the case that u — oo. We show that in the limit, the solution of the free
boundary problem (1.12) converges to the solution U(t, x) of the corresponding Cauchy problem, with
initial function ug (extended to O outside §2p); see Theorem 5.4.

In Section 6, we consider the long-time dynamical behavior of the Fisher-KPP problem (1.9). We
make use of suitable comparison arguments and the results established for the radially symmetric
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case in [10] to obtain sufficient conditions for vanishing and spreading of the weak solution (Theorem
6.2), and also obtain rather sharp estimates on the spreading speed of the generalized free boundary
(Theorem 6.4). For large w, we show that the Aronson-Weinberger property (1.3) is recovered in the
free boundary model (Theorem 6.6). However, without knowing the regularity of the free boundary,
we are unable to establish a sharp spreading-vanishing dichotomy as in the simpler cases treated in
[11] and [10].

A sharp spreading-vanishing dichotomy will be established in a forthcoming paper, where the reg-
ularity of the free boundary is considered. The proof for this sharp dichotomy relies on the regularity
of the free boundary and on the results of this paper.

2. Weak formulation of the free boundary problem

Let £29 be a bounded smooth domain in RN (N >2) and I'"(t), ®(t,x) and £2(t) be as in Section 1,
with £2(0) = £2¢. Instead of considering (1.12) for all t > 0, it is convenient to start by considering
0 <t < T for some arbitrarily given T € (0, c0).

For a classical solution we require ug to be smooth and positive in £2y, and take the value O on
0£2¢. But only (1.11) is required for weak solutions to be defined below.

To formulate a weak version of (1.12), as in [15], we extend the solution u to a bigger region
[0, T] x G, for some bounded domain G ¢ RN, by defining u(t,x) =0 for x € G \ £2(t). To choose G,
we use an auxiliary radially symmetric free boundary problem which will guarantee that §2(t) stays
inside G for 0 <t < T. This will be proved after the weak solution is defined and comparison re-
sults for weak solutions established. Hence the definition of the weak solution will turn out to be
independent of the choice of G.

To find such a domain G, we choose a ball Bg,(xg) D £29, and a radial function g € CZ(FR(J (x0))
such that g > 0 in Bg,(Xo), Uo(Ro) =0 and

up(x) < io(Jx — xol) for x € 2.

By the properties of g(x, u) stated in (1.13), g(x, u) < c*u for all x € RN and u > 0. We now choose
M* > 0 such that

T M*u
4 c*

2 T
> max{ Rg, — !}, M*cos| =——r | > up(r), Vrel0,Rp).
c* 2Rg

With these choices we can show that

* /4 T M*L
v, 1) :i=M* e tcos| ———r ), h*(t):== et
®n <2h*(t) > ® 4 c*
form an upper solution to the problem
vi —dAv =c*v, t>0, 0<r<h(),
vi(t,00=0, v(t,h(®))=0, t>0, 21)
() = —pve(t, h©), t>0, '

h(0) =Ro, v(0,r)=1p(r), 0<r<Ro,

which would guarantee, by suitable comparison arguments to be established later, that £2(t) in (1.12)
is contained in G for t € [0, T] provided that G is a smooth domain such that G D B4 (xp) with
A =h*(T). We fix such a G. Clearly £29 € G. We denote Gt =(0,T) x G, S= Uo<t<T I'(t), and
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w ifw>0,

O[(W):{w—d/L*] if w <o,

ug(x) forxe 2,

Ho(x) = {0 for x € RN\ £2.

Definition 2.1. Suppose that £2¢ is smooth, ug satisfies (1.11), g satisfies (1.13), and G is chosen as
above. A nonnegative function u € H'(G1) N L%(Gr) is called a weak solution of (1.12) over Gt if

T T
//[dvxu-VX¢—oz(u)¢t]dxdt—/a(ﬁ0)¢>(0,x)dx=//g(x,u)¢dxdt (2.2)
0 0 G

G G
for every function ¢ € C(Gr) N H(Gr) such that ¢ =0 on ({T} x G) U ([0, T] x 3G).
As in [15], for each weak solution u(t, x), the function «(u(t, x)) is defined as u(t, x) if u(t, x) > 0;
at points where u(t, x) =0 the function a(u(t, x)) is only required to satisfy —du ="' < o (u(t,x)) <0
and to be such that it is altogether a measurable function. However, if v(x) is continuous and positive

in £29 and identically zero in G\ £29, with 929 smooth (say Lipschitz), then we understand that
a(v)=—du~! on G\ 2.

Remark 2.2. The choice of the test functions in (2.2) implies that if u is a weak solution over Gr,
and G is a subdomain of G with smooth boundary that contains B(xo), and o € (0, T], then the
restriction of u on G, is a weak solution of (1.12) over Gg.

Theorem 2.3. (a) Assume that (u, @) is a classical solution of (1.12). Then

u(t,x) forxe2@t),0<t<T,

W, x) :z{o forxeG\Q(t),0<t<T

is a weak solution of (112)in Gr. o
(b) Let w be a weak solution of (1.12) in Gt. Assume that there exists a C! function @ in Gt satisfying

M)={xeG: w(t,x)>0}={xeG: &(t,x) <0}

with £2(0) = §2¢, and

Vi@ #£0 onT(tH)=03R2(), ® <0 in(@0), @ >0 inG\Q().

Setting u = w in | o, 1 £2(t), and assume that u, Vxu are continuous in o, 1 £2(t) and that V2 u, ur
are continuous in | Jy_, 1 $2(t). Then (u, ®) is a classical solution of (1.12).

Proof. To prove (a), we first use the divergence theorem over G, :=Jy_,.1(G\$2(t)) for
/ divw dV
G

with ¥ (t,x) = (¢ (¢, %), 0, ...,0) e RN*1 to obtain



1004 Y. Du, Z. Guo /J. Differential Equations 253 (2012) 996-1035
do — f ¢ (0, x)dx

T
D¢
dxdt = —
/ / frdx /¢|vq>|
0 G\2(t) S G\ 2o

T
_—//dwa(p'dsxdt— / ¢ (0, x) dx. (2.3)

0r® G\ 2o

Then we multiply both sides of the first equation in (1.12) by ¢ and integrate over (Jy_,_ £2(t).
Since u =0 on I'(t), we obtain, by the divergence theorem and integration by parts,

T T T
//<u2—(f—dvxu'vx¢>dxdt+d//qbaaTudedt—i—//g(x,u)¢dxdt
X
0 ()

0 2() 0 £2(t)

=—/u0¢(o, x) dx. (2.4)

$20
Eq. (2.2) now follows from (1.8), (2.3) and (2.4).

Suppose, conversely, that w is a weak solution of (1.12) satisfying the assumption in statement (b).
Since now w =0 in Uogtgr[c \ 2(1)], (2.2) reduces to

T T
//(—dVXw-qu)—l—W([)t)dxdt—i-/uoqb(o,x)dx—i-f / g(x, w)pdxdt

0 2t 20 0 2@
T
+/ / a(w)egrdxdt + / (—g>¢>(0, x)dx =0. (2.5)
0 G\2(t) G\ #

Taking ¢ with support in | J_,.r $2(t), we find that (2.5) is reduced to

T T
//(—dvxw-vx¢+w¢[)dxdt+/ / gx, w)pdxdt =0,

0 2() 0 £2()

which gives, after integration by parts,

T
//[wt—dAw—g(x,w)]¢dxdt=0.

0 ()

Hence w satisfies the differential equation in (1.12) in the classical sense.
Applying (2.3) in (2.5) we deduce

T

T
//(—dVXw-Vx¢+w¢t)dxdt+[uo¢(0,x)dx+/ / g(x, w)pdxdt

0 () 20 0 £2(t)
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T T
+/ / [a(w)+i]¢tdxdr+i//¢ e dSydt =0. (2.6)
12 192 VxP|

0 G\2(t) 0 ()

Taking ¢ with support in (Jy_;.7[G\ 22(t)] we deduce from (2.6) that

T
/ / [(x(w) + i](i)tdxdt =0,
"

0 G\2(®)

which implies that a(w) =—d/u a.e. in (Jy_; 1[G\ £2(t)]. Hence (2.6) can be simplified to

T
//(—deW-qub—l—W(i)t)dxdt—f-/uoqs(o,x)dx—}—/ / g(x, w)p dxdt
0 () 29 0 2@®
d [ @
t
+ — ———dSydt=0. 2.7
u//¢|vx¢>| i @7)

0 I'(t)

By the smoothness assumption on w, for any § € (0, T), we can use the divergence theorem and
the proved differential identity to deduce

T
/ / (—dVxw - Vx ¢ + wey) dxdt

s 20D

T T
—/ f[wt—dAw]¢dxdt—d//q)gTWdedt— / w(s,x)¢p (8, x)dx

5 2(t) 8 I(t) £2(8)
/ f g(x, w)¢dxdt—d/ / d)—dSth— / w(s, x)¢ (8, x) dx.
5§ Q@) 8 I'(t) 220

Letting § — 0 in the first term and the last three terms, we obtain

T

/ / (—=dVxw - Vx¢ + wey) dxdt

0 Q)
// g(x, w)pdxdt — //q&—dsxdt /W(O,x)¢(0,x)dx.

0 2() 0@

Substituting this into (2.7) we obtain

/[uo—w(O x)]¢(0,x)dx — —/ / <|Vx¢| +u—>¢dsxdt_ (2.8)

20 0 ()
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Taking ¢ with support in U0<t<T £2(t), we see from (2.8) that w(0, x) = ug(x) in §2¢. Thus the initial
condition in (1.12) is satisfied. Moreover, (2.8) is reduced to

T
@t ow
- U— dS,dt =0,
//(Wm “avx)‘/’ x

0 @

which implies that

O =puVyw-Vy® forxerl(t),0<t<T.

Thus all the identities in (1.12) are satisfied in the classical sense. This completes the proof of Theo-
rem23. O

3. Existence and uniqueness of weak solutions

In this section we will prove the existence of a weak solution of (1.12), and then prove a compar-
ison result which implies the uniqueness of the weak solution. The existence proof is adapted from
that of [15], but we correct the mistake there differently to [16] and with considerable simplifications
(see our argument below for proving ],}1 — 0). Our uniqueness proof is different from that of [15],
though the idea of constructing test functions is from [15], which followed [19].

Theorem 3.1. There exists a weak solution w of (1.12) over Gr.
For the proof of this theorem, we will adapt the approximation arguments of [15]. Some prepara-
tions are needed before the proof. Let {&m(w)} be a sequence of smooth functions such that o, (w) —

a(w) uniformly in any compact subset of R! \ {0}, and o, (0) - —du ™", w —dp~! < oy(w) < w for
all w e R1. We may choose the o (w) in such a way that

ol (u) > 1. (3.1)

We now consider the following sequence of approximating problems:

M —dAwp =g(x, wy) inGr,

ot (32)
wnp=0 on (0,T) x G, .
W (0, x) = llg(x) inG.

It is well known that (see, for example [20,17]) (3.2) admits a unique solution wp,, and wy, > 0.
We will need the following comparison result.

Lemma 3.2. Suppose that & (u) is a smooth function of u € R! such that &'(u) > 1 for all u, and f(t, x, u) is

a continuous function which is locally Lipschitz continuous in u. If u(t, x) and v(t, x) satisfy (in the classical
sense)

9
&&(u) —dAu> f(t,x,u) inGr,

d . .
Ea(v) —dAv < f(t,x,v) inGr,
u>v on(0,T) x aG,

u(0,x) >v(0,x) inG,
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then
u(t,x) >v(t,x) inGr.
Proof. This follows from the standard maximum principle. Write w =u — v. Then w satisfies
& Wywe —dAw > f(t,x,u) — f(t,x,v) — [@' @) —a& (v)]ve
=[c1(t, %) + c2(t, x)v¢]w inGr.

Since w >0 on (0,T) x 3G and w(0,x) >0 in G, and & (u) > 1, we can apply the standard compari-
son principle to deduce that w >0 in Gr. O

Using (1.13) and Lemma 3.2, we find that 0 < wp,(t, x) < w(t) for t € (0, T) and x € G, where

W(t) := ||io]loce” *

Therefore,
max |Wp| < C1 := [|io]loce | (33)
Gr
for m > 1. It follows that
/ |Win|? dxdt < C := C?|Gr]. (34)
Gt

Lemma 3.3. There is a positive constant C3, independent of m, such that

115

dxdt < C3

and

/|vx wan(t, 0> dx < C3, Vee[o, T].

Proof. For any o € (0, T], we multiply the first equation in (3.2) by dw;,/dt and integrate the result-
ing equation over G, to obtain

2
/f%(w)(af%) dxdt+d//wam.v
Go G

o

W 0 9
/ ﬂ#dsxdur//g(x, W) M G dt
Go

0 JG
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Using (3.1), (3.2), (3.3) and (3.4), we see that

2
1 OWn d 2
E//(T) dxdt—l—z/]wam(a,x)] dx
Go G
f|vxuo| dx+A/f|wm|
<d/|v i |2dx+A2//(w )zdxdt+1// OWm zdxdt
g ) xR0 m 4 at
G Go Go
9
/|qu0| dx+ A%Cy + — //( Wm) dxdt (3.5)

where A = A(g, Cy) is independent of m. It follows from (3.5) that

Tl dxdt

9 2
//(%) dxdt+2d/|wam(o,x)|2dx<C3(d,T,g, Cy). (3.6)
G G

This completes the proof. O
The next lemma is a trivial consequence of (3.4) and Lemma 3.3.
Lemma 3.4. The sequence {wn,} of approximating functions is bounded in H' (G1):
Wmllg1 G,y < Ca  with C4 independent of m.
Proof of Theorem 3.1. In what follows we shall select various subsequences from {w;} and, to avoid

inundation by subscripts, always denote the subsequence again by {w,}. Lemma 3.4 implies, by Rel-
lich’s Lemma, that there is a subsequence {wy,} and a function w € H'(Gt) such that, as m — oo,

wm — w  weakly in H'(Gt) and strongly in L2(G7). (3.7)

In particular, w; — w and w > 0 almost everywhere in Gy. Moreover, in view of (3.3),

o0<w<(C inGr.

Furthermore, using Lemma 3.3, we deduce

flvxwlzdngg fora.e.t €[0,T], (3.8)

since the set

{v e H'(Gr): /]vxv(r,x)yzdx < C3forae.telo, T]}

is closed and convex in H'(Grt), and such sets are closed under the weak limit.
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In order to complete the proof of Theorem 3.1 it remains to show that w is a weak solution. Let
¢ be a test function as in Definition 2.1 and consider a wy; from the sequence {wp,}. Since wp, is a
classical solution of (3.2), it is also a weak solution; that is,

f/ [am(wm)% —dVywn - Vy q&} dxdt +/ozm(ﬁ0)¢(0, x)dx + // g(x, wp)¢pdxdt =0.
Gr G Gr

Therefore

//[a(w)%—f —dew~Vx¢} dxdt—i—/a(ﬁo)d)(o,x)dx—i—//g(x, w)o
Gr G Gr

=//[a(w) —am(wm)]aa—dt’dxdw//dvx(wm —w) - Vypdxdt
Gr Gr

+f[a(ﬂo) —am(ﬂo)]¢>(0,><)d><+f/[g(x, w) — g(x, wn) | dxdt
G Gr

S L FAE S EAN )

Thus it will suffice to prove that
lim JK =0 (k=1,2,3,4).
m—o0

The fact that ],’; — 0 for k=2, 3,4 is apparent. It remains to show that ],11 — 0. Since {am(wp)}
is a bounded sequence in Gr, by passing to a subsequence we can find W € L%(Gr) such that
am(Wm) — W weakly in L2(Gr). On the set G}r = {(t,x) € Gr: w(t,x) > 0}, since w,, > w ae,
we have apn(wp) — a(w) =w a.e. It follows that W (t, x) = w(t, x) a.e. in G?.

On the set G% := G\ G, we have wy, — 0 a.e. Hence it follows from wpm —di ™! < tm(Win) < Wi
that

—dp ' <W(t,x) <0 ae.inGY.

Thus upon defining

{ w(t,x) for(t,x) e G,
a(w) =
W(t,x) for (t,x) e G2,

we have (W) — a(w) weakly in L?(Gr), and hence J} — 0 as m — oo. This completes the
proof. O

Next we prove a comparison result which implies that the weak solution obtained in Theorem 3.1
is unique.

Theorem 3.5. Suppose that (11 > w2 > 0 and uq and uy are weak solutions of (1.12) with u = w1 and Wy,
respectively. Then uq > u; a.e. in Gr. In particular, the weak solution to (1.12) is unique.
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The proof of Theorem 3.5 is also based on an approximation argument. We now introduce the
approximation functions and some estimates to be used in the proof.
With uq and uy as given in the statement of Theorem 3.5, we have

//[az(uz)—oq(ul)]((pt+deA¢+ee¢)dxdt=d(M;1—Mﬂ) f #(0, x) dx (3.9)
Gt

G\ 2
for every ¢ € C2(Gt) that vanishes on ({T} x G) U ([0, T] x 9G), where

20Uy () —gX U1 (E.X)
0t x) = (0t .20 ifup(t, x) # uq(t, x),
0 if ua (t, x) = uq(t, x),

and for i =1, 2, «;(u) denotes «(u) with u = i, and

uy (t,x)—uq (t,x) :
e(t.x) = | Baztm-a@cwy i u2bX)#ndx),
0 ifux(t,x) =uq(t, x).

It is easily checked that if we write

oz (u2(t, X)) — orq (ug (£, X)) =@ (t, X)[uz(t, x) — ug(t, x)]
when u1(t, x) # uy(t, x), then
a(t,x)>1 a.e.inGr.
Therefore, there is 0 < C; < 1 such that

0<e(t,x) < C; for almost all (t,x) € GT.

We approximate e in L2(Gr) by a sequence of smooth functions e, € C®°(Gr) with

<em(t,x) <Ca, (t,X)€Gr

|-

for some C, independent of m. We also approximate ¢, uj, up by smooth £, u}n, uﬁT such that

1€m = €ll2Gp) — O | =1 HLZ(GT) -0, ufy —u2 HLZ(GT) —0.
By (1.13) and the fact that uq, uy € L°*°(Gt), we may require that
lmlloo < C3. Jup| o <G Jum| <Gs.

for some C3 > 0 independent of m.
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For any f in C*°(Gt) with compact support, we solve

d .
ﬁ +demAdm +emlmdm = f inGr,
ot (3.10)
bm=0 on{T} x G, '
¢ém=0 on [0, T] x 0G.
The existence of smooth solutions ¢, to (3.10) follows from [17] and [20].
Lemma 3.6. There is a positive constant Cs = C5(T, f), independent of m, such that
max [pm| < Cs.
Gr
Proof. Choose large positive constants A and B so that
A > CoC342C2C5 + [ fllo = lemtml + 11,
and
B> e,
Then set
yt)=Be ™ —1 and z* =y =+ ¢n.
In Gt we have
azt N N
W—FdemAz +emlmz-=—Ax f+(—A+emnlm)y <O. (3.11)

On ({T} x G) U ([0,T] x 8G), zF =y > 0. It follows from the maximum principle (applied to
z5(T —t,x)) that

zi>0 inGr.

This implies that y > +¢,, in Gr and therefore

max |¢pm| < max y(t)=Cs:=B—1.
Cr te[0,T]

This completes the proof. O
Lemma 3.7. There is a positive constant C¢ = Cg(T, f), independent of m, such that

”31111/2 Adm ”LZ(GT) < Ge.
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Proof. Multiplying (3.10) by A¢y,; and integrating over Gt, we obtain

//<3¢m Apm + dem|A¢m| + emgm¢mA¢m> dxdt = / f A¢mdxdt.

Moreover,

T
[/%mmd dt_//%%dsxdt f/vx(a¢m> Vi b dxdt
0

0 9G

T
1 0 2
=—— —|V.
2//81" x Om|” dxdt
0

/ Vi ¢m (0, X)
G

1
2

Since [lem |1 Gr) < C, and 1€mmll o 7y < C4, where C4 > 0 is independent of m, we also have, for
any 0 <€ <d/2,

‘// emkmquAqudxdt‘ // em|A¢m| 2dxdt + ¢! /f emK qudxdt

e// em|Agm|>dxdt + C(e, T),

where

C(e, T) =€ 1C2C4IGTI.

Furthermore, since f € C§°(Gr),

//fA%dxdt:/ OmA f dxdt.
Gr GT

Hence

%/{Vx¢m(0,x)\2dx+(d—e)//em|A¢m|2dxdt<C7(6,T,f). (3.12)
G

G

It follows from (3.12) that

1/2
[f/ em|A¢m|2dxdt] <Cs(T. f),
Gt

which completes the proof. O
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Let e = e(t, x) be as the above. We now use a special choice of ey, as in [9]. By convolving e with
appropriate mollification kernels, one can find a sequence of functions e; € C°*°(Gr) such that

0<en(x,t) <supe

Gr
in Gr and
le — &nl ! (313)
- < — .
mlizr) < —
for all m > 1. Set
_ 1
em=¢én+ —. (3.14)
m

Then by Lemma 5 of [9] there is a positive constant Cg, independent of m, such that

e

< Co. (3.15)
12(Gr)

€m

Proof of Theorem 3.5. Take f € C5°(Gr) nonnegative and let ey, be chosen as above. For ¢, deter-
mined by (3.10), by the maximum principle (applied to ¢, (T —t, x)) we deduce that ¢, < 0. We shall
establish that for any such f,

//[az(u2) — a1 (up)] fdxdt <0, (3.16)

from which it follows that o (uz) < a1(u1), and hence in the a.e. sense, u{(t,x) > 0 whenever
u(t, x) > 0, which implies 1y > u, a.e. in Gr, as both u; and u; are nonnegative by definition.

Taking the smooth function ¢ as a test function in (3.9), we obtain, due to @ > 2 > 0 and
ém <0,

// oo (up) — o (m)]{ﬂ +de Adm +eZ¢m} dxdt <

Hence

f/ [@2(u2) — o (u1)] fdxdt
// az(uz)—a1(u1)]{ 0¢m +demA¢m+emEm¢m’dxdt

< //[az(uz) —ay(up)]{den — e) Adm + (emlm — e0)pm } dxdt
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S ’//[“2(“2) —ai(uy)]d(en —e)Adp dxdt’
Gr

+

/]IazUQ)——alau)kemﬁm——ea¢mdxd4
Gt

<M // |em—e||A¢m|dxdt+M2/ lemlm — ef|dxdt
GT GT

=M1l + Mal2,

for some M; and M, independent of m. To obtain (3.16), it suffices to show that

P C2
mll~>moo I, =0, rr}me I;,=0. (3.17)

The first limit follows from the arguments in the proof of (3.11) in [9], by making use of (3.15) and
Lemma 3.7 above. The second limit follows directly from

le —eml2,y— 0, 1€ —€mll2cy — 0.
Thus (3.16) holds, and the proof of Theorem 3.5 is complete. O
4. Basic properties of the weak solution
In this section we obtain some basic properties for the weak solution u(t,x) of (1.12). Our first
result implies that the weak solution u(t,x) of (1.12) is stable with respect to the initial function.

Let uq, up be two weak solutions of (1.12) in Gt corresponding, respectively, to the initial functions
1.2

u,, ugs. Set
o' Yo

L=max{[ug| ., |45 }-

Theorem 4.1. There is a constant C = C(T, L) such that

ur = uzll26p) < C\/ ||u(1) - u(Z)HLZ(_QO)- (41)

Proof. Let f e C§°(Gr) and consider the solution ¢, of (3.10). Using the definition of weak solutions
and the notation for ¢, £, used in the proof of (3.16), we obtain

/ [oe(u1) — ()] { £ +d(e — em) Adhm + (€€ — embm)m ) dxdt
Gr

= /[u(z) — ud|¢m(0, x) dx.

20

Therefore

‘//[a(m) —a(uz)]fdxdt‘ < l//[oz(m) —a(up)]d(em — ) A dxdt
Gt Gr
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+ ‘//[a(m) —a(uz)](el — emlm)pm dxdt
Gr
+/|u3—u3|y¢m(o,x)|dx.
20

As m — oo the first and second terms on the right side of the above inequality tend to zero by
precisely the same argument used in Section 3 to demonstrate (3.16). From the proof of Lemma 3.6
we see that

max |¢m| < Cs5(T, || flloo)

Gt
for all m > 1. Hence
‘//[a(ul) — a(uz)]fdxdt’ < Cs(T, ||f||oo)f|ug — up| dx. (4.2)
Gt 20

Now [a(u1) — e (u3)] is a bounded measurable function in Gy. It can be approximated in L2(Gr)
by a sequence f; € C5°(Gr) such that {f;} is bounded in L°°(Gr) by a bound determined by the
L*°(Gt) norm of [c(uq) — a(uz)] which, in turn, can be estimated in terms of L by (3.3). Thus we
may replace f by f; in (4.2) and let i — oo to obtain

f/[a(ul) —a(uz)]zdxdtg C10/|u3 — uj|dx,
Gr 29

with Cqo depending only on T and L. Since
|l (u1) — oe(u)| > Jus —up| inGr,

Schwarz’s inequality then yields

/ luq — uzlzdxdt <C
Gr

for some constant C = C(T, L). This completes the proof. O

Remark 4.2. It is possible to replace the stability inequality (4.1) with a linear one:

”u] - u2||L1 (GT) < C“u(l) - u%HL](Qo)' (43)

To obtain (4.3), we choose f; € C5°(Gr) such that {f;} is bounded in L°°(Gr) and converges to
sgn(o(ug) — ae(up)) in L2(Gr), where sgn(u) = 1,0 or —1 according to whether u > 0,u =0 or u <0.
Then replace f by f; in (4.2) and let i — oo.
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We next prove a comparison result for weak solutions. Suppose that g and g both satisfy (1.13),
20 and S}O are bounded smooth domains in RN, uq satisfies (1.11) and iig satisfies (1.11) with £2g re-
placed by £29. Let u and i be the weak solution of (1.12) corresponding to (2o, g, g) and (£2o, {lo, &),
over Gr and Gr, respectively.

Theorem 4.3. Suppose that 2o C 2, ug < {ig and g < 8. Then u < {i in Gt N Gr.

Proof. By Remark 2.2, we may choose G large enough so that both u and # are defined over the
same Gr. So we assume from now on that Gt = Gr.

Let wp, and Wy, be determined by (3.2) with reaction term g and g respectively, and the initial
functions are obtained by extending ug and iig, respectively. By the comparison principle we clearly
have wy, < Wy, in Gr. By the proof of Theorem 3.1, we have wy, — u and W, — @1 in L2(Gp). It
follows that

u<u inGr.
This completes the proof. O

Define
2(t) = {xeR": u(t,x) > 0}
and
2%(t) == {x e RN: [x —xo| <h*(©)}.
We show next that
QM) c*t) cG, Vtelo,Tl. (4.4)

Clearly this would justify our claim on the choice of G before Definition 2.1. To this end, we first
establish a global existence result by using minor modifications of the arguments in [10].
Consider the radially symmetric free boundary problem

v —dAv =g*(r, v), t>0, 0<r<h(t),
vi(t,00=0, v(t,h(®))=0, t>0, (45)
W' (t) = —pvi(t, h(t)), t>0,

h(0)=R, v(0,r)=vo(r), O<r<R,

where g*(r, v) is Holder continuous, locally Lipschitz in v uniformly for r € [0, 00), and there exists
C > 0 such that

g*(r,v) <Cv forallr>0, v>0;
vo € C2([0, R]) and vo(r) > 0 in [0, R), vo(R) =0.

Proposition 4.4. Problem (4.5) has a unique classical solution defined for all t > 0.



Y. Du, Z. Guo /]. Differential Equations 253 (2012) 996-1035 1017

Proof. The local existence and uniqueness can be proved by exactly the same argument used in the
proof of Theorem 4.1 in [10], as the special nonlinearity in [10] was not needed in the proof there.
We may then proceed as in the proof of Theorem 4.3 in [10], but with the following modifications
of Lemma 4.2 there:
Let (v, h) be a solution of (4.5) defined for t € (0, Ty) for some Ty € (0, c0). Then for any given
T =Ty + o, o >0, there exist constants C; and C, depending on T but independent of Ty such that

0<v(,r<Cy, 0<h'(t)<Cy forO<t<Tgy 01 <h(t). (4.6)

To find Cq, we use g*(r, v) < Cv and the comparison principle to obtain

v(t, 1) < V() = [[vollsce®,

and hence we may take Cq := ||vollooe”.
To find C, we may use the same construction as in the proof of Lemma 4.2 in [10], with some
obvious modifications. O

By Proposition 4.4, we know that (2.1) has a unique classical solution (v, h) defined for all t > 0.
It is easily checked that (v*, h*) is an upper solution of (2.1), and hence by the comparison principal
(see [10]), we have

h(t) <h*(@®), v(t,r) <v*t,r) fort>0, 0<r<h().

Denote

G() = {x: [x—xo| <h(®)},
d(t,x) = |x — xo| — h(b), V(t,x)=v(t, |x—xol).

We also extend V(t,-) to be zero outside G(t). Clearly (V, @) is a classical solution of the following
problem:

ur —dAu=c*u forxegt), 0<t<T,
u=0 forxeI(t), 0<t<T,
&y = uVyu - Vy @ forxeI'(t), 0<t<T,
u(0,x) =1o(|x — xol) forx e G(0),

(4.7)

where I'(t) = 0G(t) = {x: |x — xg| = h(t)}. By Theorems 2.3 and 3.5, V is the unique weak solution of
(4.7) over Gr.
Let wp, be determined by (3.2), and let v, be given by

ad v

%’n) —dAvy =c*vy, InGr,

vn=0 on (0,T) x 9G,
vm(0, X) = tlo(Jx — Xol) inG,

where 1 is extended by O for |x — xo| > R. By the comparison principle we clearly have wp < vy
in Gr. By the proof of Theorem 3.1, we have wy, — u and v,; — V in L%(Gr). It follows that

u(t,x) < V(t,|x]) inGr.
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Therefore u(t,x) =0 for |x — xo| > h(t), which implies that §2(t) C £2*(t), since h(t) < h*(t). This
proves (4.4).

Let us now look at the global nature of the weak solution of (1.12). We claim that the weak solu-
tion over Gt can be uniquely extended to all t > T. Firstly we observe that Remark 2.2 implies that
the week solution does not depend on the particular choice of G and we may just take G = Bp+(1)(X0).
With G taken this way, for any t > T, we can fix T >t and then choose G = Bh* (xo) and use The-
orems 3.1 and 3.5 to conclude that (1.12) with Gt replaced by G has a unique weak solution . By
Remark 2.2, the restriction of i over Gt agrees with u, and so thls is the unique extension of u to
T <t < T. Thus the weak solution can be regarded as uniquely defined for all t > 0, or (1.12) has
a unique weak solution with T = oo. In particular, (1.9) has a unique weak solution defined for all
t > 0. Note however that this unique global weak solution satisfies (2.2) in the following sense: For
any T > 0 one can find G such that (2.2) is satisfied over Gr.

5. Asymptotic limit of the weak solution as t — oo

In this section, we study the asymptotic behavior of the weak solution of (1.12) as u — oo. To
emphasize its dependence on w, we denote the unique weak solution of (1.12) by u,, and denote
£2,,(t) = {x: uy(t,x) > 0}. Let us note that the domain G in the definition of weak solutions depends
on u, and so we will also write G* instead of G, and G’; instead of Gr.

Firstly we derive some bounds for u,, that is independent of w. From (3.3) we see that for any
given o > 0,

0 <up(t,x) < |liollce® ®, Vxe2,(t), 0<t<o, u>0. (5.1)
Further bounds for u,, are given in the following two lemmas.

Lemma 5.1. Given any o > 0 and any ball Bg(zp) of radius R such that Bg(zo) C G* for all large ., say
W = o, there exists C = C(o, R) > 0 so that

o
|Vxup|?dxdt <C, V> po. (52)
0 Bgy2(20)
Proof. Fix T > o and let wy; be the approximate solutions given by (3.2). Clearly it suffices to show
that (5.2) holds for wy; with every m > 1 and all i > . Note that Gt now becomes G’T‘. To simplify
notations, in the following, we will abuse the notation a little by writing Bg for Bg(zp), etc. We will

also write V instead of V.
Let n(x) be a smooth function satisfying

0<n<1, n=1 inBgp, n=0 inB%:=RN\Bg.

We now multiply (3.2) by om(wm)n? and integrate the resulting equation over [0,0] x Bg. After
suitable integration by parts, we obtain

g

//am(wm)nzgam(wm)dxdt—kd//Vwm-V[am(wm)nz]dxdt

OBR OBR

= / [ g(X, W)t (Wm)* dxdt. (5.3)

0 Bg
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We have

o
9 1 1 3
/-/am(wm)nzgam(wm)dxdt: E/a%(wm(a,x))nz(x) dx — E/(;;,31(u(](><));72(;<) dx
0 Bg Bgr Bg
> —C1(R), Vm=>1, Yu = o,

and by (3.3),

/Vwm - V[am(wn)n?] dxdt
Br

O ~—q

=//{|Vwm|2a;1(wm)n2+[Vwm~Vn]am(wm)2n}dxdt

0 Bg

o o o
>f/|Vwm|2n2dxdt—%//|Vwm|2n2dxdt—C(a)//szdxdt

0 Bg 0 Bg 0 Bg

o

1
> 5/ / |VWm|2dth_C2(O’,R)» vm2>1, Vi > uo.
0 BR/Z

Clearly we also have

o
//g(x, Wm)om(Wm)n? dxdt < C3(0,R), Vm>1, Yu > po.
0 Bg

Substituting these estimates into (5.3), we find that wy, satisfies

g

//IwamlzdxdtéC(o,R), vm>1, Vu > o, (54)
0 Bgy2

as we wanted. O

Lemma 5.2. Given any o > 0 and any ball Bg of radius R such that Bg C G* for all large ., say u > io,
there exists C = C(o, R) > 0 so that

lupllptqo.o1xBra) <€ Y2 pho. (5.5)

Proof. As in the proof of Lemma 5.1, we fix T > o and let w,, be the approximate solutions given
by (3.2). In view of (5.1) and Lemma 5.1, it suffices to show that

[ ]|

0 Bgrya

2
dxdt <C(o,R), Vm=>=1, VYu > uo. (5.6)
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Let £(x) be a smooth function such that
0<EL, §=1 inBgs, £E=0 inB%/z.

We multiply (3.2) by (’Wméz and integrate the resulting equation over [0,0] x Bg/2. After suitable
integration by parts, we obtam

// m(wm)< )g dx dt+d/ / VW, - [ ;Vtmsz]dxdt

0 Bgrp2 0 Bgrp2
‘ 9
w
:/ / g(x, wm)a—tmézdxdt. (5.7)
0 BR/Z

Making use of (5.4) we obtain

/ / Vwp - v[ﬂgﬂ dxdt
at

0 Brj2
o o
:/ / é;'ZVWm-V(aB#)dxdt—i-/ / 2§malv—thWm-V§dxdt
0 Bgy2 0 Bgy2

=5 [ 19wno nfEwax—5 [ ViocolEwdcs [ [ 2675wy vednd

Br)2 Bgy2 0 Bgry2
o 2 g
2—%/|Vﬂo(x)|2$2(x)dx—;—d//<%v7tm> szdxdr—zdf / [Vwm|?|VE? dxdt
Bg2 0 By 0 Brp

d
> //( Wm)szdxdt—c4(o,R>, vm>1, Vi > po.

0 BR/Z

By (3.3), we also have, for all m > 1 and u > uo,

o o
2
0Wm 5 1// oW 2
Yy < " TaL. 7R .
//g(x,wm) T E%dxdt 3 ™ &“dxdt + C5(o, R)

0 BR/Z 0 BR/Z

Substituting the above estimates into (5.7), and recalling o}, (wp,) > 1, we deduce

g 2 a 2
3 3
//(%) dxdtg/ / (%) £2dxdt < Co(o, R), Ym>1, Vi > uo.

0 Bgrya 0 Bgr/2

Hence (5.6) holds and the proof is complete. 0O
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Next we estimate £2,,(t) for large .
Lemma 5.3. For any given € € (0, 1) and R > 1, there exists L = [i(€, R) > 0 such that
Br(0) C 2,(t), Vee[e,e '], Vu = Q.
Proof. By (3.3), we have
0 < wm < Cq(e), 0<uy, <Ci(e)

forallm>1, u>0andte[0,e .
By our assumption on g(x, u), we can find ¢ > 0 such that

gx,u)>—cu forxeRN ue [0, Ci(e)].

We now choose a ball B, (yo) C 20 and a C! radial function uo(r) (r = |x — yol|) satisfying ug(|x —
Yol) < up(x) for |x — yo| <rp and

up(r) >0 forrel0,rp), uo(ro) =0, uy(ro) < 0.

We then consider the auxiliary radially symmetric free boundary problem

v —dAv =—cv, t>0, 0<r<k(),
vi(t,00=0, v(t,k(t))=0, t>0, (55)
K' () = —pvi(t, kD), t>0, ’

k() =ro, v(0,r)=ug(r), 0<r<ro.

By Proposition 4.4, (5.8) has a unique solution (v, k) defined for all t > 0, and k;L (t) > 0 due to the
Hopf boundary lemma. We extend v (t,r) to r >k, (t) by the value 0 and still use v, to denote the
extended function. Much as before we can apply a comparison argument to show that

Wm>v, and u,>v, foro<t<e .

It follows that

2,(6) D By, (yo), Vte[0,e7']. (5.9)

Applying Theorem 3.5, we find that k,(t) is non-decreasing in w. Thus limy ook, () = keo(£) €
(0, 0] always exists. Since k; (t) > ky(€) for t € [€,e 1], to complete the proof of the lemma, it
suffices to show that ks (€) = oc. _ ~

_ For this purpose, we choose a smooth increasing function k(t) for t € [0, €) satisfying k(0) = ro,
k(€) = +oc0. Then we consider the initial-boundary value problem

ve —dAV = —cv, te(0,¢), 0<r<l~<(t),
vr(t,00=0, v(t,k(®))=0, te(0,¢), (5.10)
v(0,1) = uy(), 0<r<ro.
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By standard theory on parabolic equations (5.10) has a unique positive solution v(t,r). Moreover, for

any § € (0, €), there exists Mg > 0 such that

K ()

—— < M; forte(0,e —4].
=V (L, k()

(511)

For u > Ms, (\7,12) is easily seen to be a lower solution to (5.8) in the range 0 <t < € — 8. By the

comparison principle (see [10]), we obtain that

ky(t) > I~<(t), v,y =2 v(t,r) forte(0,e —8land0<r < I~<(t).

It follows that
koo(t) ;= lim K, (t) > k(t) forte (0,€—4].
H—>+00
Thus, in view of k;L(t) >0,

Koo (€) = koo (€ — 8) = k(e — ).

Letting § — 0 we obtain

koo (€) = +o00,
as desired. O
We are now ready to prove the main result of this section.

Theorem 5.4. Let u,, be the unique solution to problem (1.12). Then
lim 2, =RN, vt>o0,
H— 00

and

146 +

et
.
uy,—>U inCpg

0
((0, 00) X RN) as p — oo,
where 6 can be any number in (0, 1) and U (t, x) is the unique solution of the Cauchy problem

{ U —dAU =g(x,U) in (0, 00) x RN,
U(0, x) = fip(x) inRN.

(5.12)

(5.13)

(5.14)

Proof. Let ©, be an arbitrary increasing sequence of positive numbers converging to oo as n — oo.
We write uy :=uy, and ,(t) := £, (t). Clearly it suffices to prove the desired limit along (5. The

limit for £2,,(t) follows trivially from Lemma 5.3. It remains to prove the limit for uy.
From Theorem 3.5 and (5.1), we find that, for any given € € (0, 1),

0 < un(t,X) < unt1(6,x) <C(e) forxe 2n(t), 0<t<e .
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In view of Lemma 5.3, there exists a measurable function U (t, x) defined on (0, c0) x RY, such that
for any given bounded domain D c RV,

lim un(t,x) =U(t,x) <C(e) ae.in[e,e '] x D. (5.15)
n—-oo

On the other hand, from Lemmas 5.3 and 5.2, for all large n, ||unlly1(o,c-17xp) has a bound inde-

pendent of n. Therefore, by passing to a subsequence, u, converges weakly in H'([0,e~'] x D) and
strongly in L2([0, € 1] x D) to some function U € H!([0, ¢ ~'] x D). Due to (5.15), which holds for any
€ € (0, 1), we necessarily have U = U. This also implies that the entire original sequence u, converges
to U weakly in H' ([0, e~1] x D) and strongly in L%([0, e ~1] x D).

We now consider (2.2) for u, with T =¢~! and test function ¢ chosen such that ¢ =0 if t > e~!
or xe D¢ =RN \ D. We have

T T
//[qun~V¢—an(un)¢t] dxdt—/an(ﬂo)qb(o,x)dx://g(x, up)¢dxdt,  (5.16)
0 0D

D D

where

Up — d/pn < an(Uin) < Un, tig — d/pn < an(lip) < tg.

Hence

o (Up) —up — 0, ap(lig) —lig — 0
as n — oo in the L* norm. Letting n — oo in (5.16), we deduce

T

T
ff[dVU-qu—U¢t]dxdt—/ﬂo(x)cp(o,x)dx://g(x,U)¢>dxdt.
D 0D

0 D

1 are arbitrary, this implies that U satisfies (5.14) in the weak sense. By standard

. . L2 140 N L N
parabolic regularity, we find that U € C ¢ ((0,00) x R™), and up, — U in C (0, 00) x RY),

loc
Vo e(0,1). O

Since Dand T =€~

Corollary 5.5. Let u;, and U be given as in Theorem 5.4; then u,, (t,x) < U(t, x) forallt > 0 and x € £2,,(¢t).

Proof. From the proof of Theorem 5.4, we see that u,, increases to U as u — oo. Therefore u, <U
for every u >0. O

6. Dynamical behavior of the Fisher-KPP equation

We now make use of comparison arguments and the results on radially symmetric problems in
[10] to investigate the dynamical behavior of the weak solution to (1.9), which is (1.12) with T = oo
and with g(x, u) taking the Fisher-KPP form:

g(x,u) = a(x)u — bx)u?.
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Let Bg,(xo) and ug be given as in (2.1). We choose a, b e € ([0, 00)) such that

2 >a(lx—xol) >a), k1 <b(]x—x0l) <bkx), VxeRN.
Then consider the problem

v[—dAv:v(a(r)—E(r)v), t>0,0<r<h(),
vi(t,00=0, v(t,h(®))=0, t>0,

W (t) = —pv,(t, h(®)), t>0,

h(0)=Rg, v(0,r)=1up(r), 0<r<Rop.

(6.1)

It follows from [10] that (6.1) possesses a (unique) classical solution (v(t, ), h(t)) such that

K (t) >0, v(t,r) >0 for0O<r<h(),t>0.

If we define u(t, x) = v(t, |x —xg|) for |x —xg| < h(t) and extend it to be zero for |x — xg| > h(t) (t > 0),
then u is the weak solution of the free boundary problem induced from (6.1) over G, for any T > 0.
Now the argument used in the proof of Theorem 4.3 shows that

u<u inGr, VT > 0. (6.2)
Thus, if we define
GO ={x: x=xol <h®}, 2@ ={x: u(t,x) >0},
then

2@ Cgt), Vvt>O0.

To obtain a lower bound for u and £2(t), we choose ro and ug as in (5.8), and also choose a,b €
C™ ([0, c0)) such that

k1 <a(lx—yol) <a®), &2 =b(x—yol) b0, VxeRN.
Then consider the problem

we —dAw =w(a(r) —b(mw), t>0,0<r<k(),
wi(t,00=0, w(t,k(t))=0, >0,

K'(t) = —puw,(t, kb)), t>0,

k) =r9, w(0,r)=ug(r) 0<r<y.

(6.3)

It follows from [10] that (6.3) possesses a (unique) classical solution (w(t,r), k(t)) such that

K@) >0, w(t,r) >0 forO<r<k(), t>0.
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If we define u(t,x) = w(t, |[x — yol|) for |x — yo| < k(t) and extend it to be zero for |x — yg| > k(t)
(t > 0), then u is the weak solution of the free boundary problem induced from (6.3), and we can
similarly use the argument in the proof of Theorem 4.3 to conclude that

u>u inGr, VT >0. (6.4)

Therefore, if we define

O@) == {x e RY: |x— yol| <k(®)}.

then it follows from (6.2) and (6.4) that

o) Cc201)cg), vee(,T). (6.5)

Let us now look at the regularity of the weak solution inside  J,. 4 §2(t). By Definition 2.1, for any
open set 0 € | J;. o £2(t), u(t, x) satisfies

U — Au=ax)u — b(x)u2

in the usual weak sense for parabolic equations. Moreover, it follows from (6.2) that u is uniformly

0+1
bounded from above. Hence it follows from standard parabolic regularity that u € C;)2 'HQ(O) for
each 6 € (0, 1). In particular, this is true for

0= Jow ={t.x: |x—yol <k(t). t >0}.
t>0

Summarizing the above discussion, we have the following result.

Theorem 6.1. Problem (1.9) has a unique weak solution u(t, x), which is defined for all t > 0. Moreover,

Oo@)c @) cg), vt=0, (6.6)
u(t,x) <u(t,x) <iu(t,x) forae. (t,x)€[0,00) x RN, (6.7)

1

01 140
andueC, 2’ ' (0) foreach 6 € (0, 1), with

loc

0= Jow ={t.xn: |x—yol <k(t). t > 0}.
t>0

We are now ready to make use of Theorem 6.1 and the results in [10] to study the long-time
asymptotic behavior of the weak solution u(t,x) of (1.9). We will obtain sufficient conditions for
spreading and vanishing respectively. Moreover, when spreading occurs, we will give estimates on the
spreading speed.

Let us first recall the threshold criteria for spreading and vanishing of the radially symmetric free
boundary problem (6.1) given in [10]. For a radially symmetric positive continuous function «, if
A1(d, o, R) denotes the principal eigenvalue of the problem

—dAY =)y inBg; ¥ =0 ondBg, (6.8)

then there is a unique R, > 0 such that
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rd, o, Ry) =1 (6.9)
and
1>Xx1(d,a,R) forR > Ry; 1<x(d,a,R) forR <R,.
Moreover, Ry, < Rq, if @1 > . We now set
R, :=Rg, R*:=Rq.

Then from [10] we find that spreading for (6.1) happens if Rg > Ry, or if Ry < R, and u > u*, where
u* > 0 depends on ug; and vanishing happens for (6.1) if Ry < R, and u < u*.

Similarly spreading happens for (6.3) if rg > R*, or if ro < R* and @ > w4, where @, > 0 depends
on up; and vanishing happens for (6.3) if ro < R* and u < ..

Let

hoo = lim h(t), koo = lim k(t).
t—+400 t—+00

Then from [10] we find that the statement that vanishing happens to (6.1) is equivalent to hyo < Ry;
similarly vanishing happens to (6.3) is equivalent to ko, < R*.

Theorem 6.2. (a) If hoo < Ry, then the weak solution u(x, t) of (1.9) vanishes, i.e.,
Bi. (x0) C lim $£2(t) C Bp,, (x0)
t—4o00
and
tl“lloo””(t’ ) HLOO(Q(t)) =0.
(b) If koo > R* (and hence ko, = 00), then the weak solution u(x, t) of (1.9) spreads, i.e.,
lim Q) =R
t——+o00
and

. liT u(t,x) = ﬂ(x) locally uniformly for x € RN (6.10)
— 400

where U is the unique positive solution of the equation
—dAU =Ufa(x) —bx)U] forxeRN. (6.11)

Proof. Part (a) follows directly from (6.6) and (6.7). It remains to prove part (b). The existence and
uniqueness of a positive solution of (6.11) follows from Theorem 2.3 of [12] (by choosing both y and
T there to be 0).

Since ko, > R*, from [10] we have k,, = +00, and by (6.6),

lim Q) =RN.
t—+o00



Y. Du, Z. Guo /]. Differential Equations 253 (2012) 996-1035 1027

To show (6.10), we use a squeezing argument introduced in [13]. We first consider the Dirichlet
problem

—dAv =v[a(x) —b(x)v] inBr(xo), v=0 ondBg(xg)

and the boundary blow-up problem

—dAz=z[a(x) —b(x)z] in Bg, z=+4o00 ondBg(xg).

When R is large, it is well known that these problems have positive solutions vg and zg, respectively.
By the comparison principle given in [13], as R — 400, Vg increases to the unique positive solution
U of (6.11) and zg decreases to 0.

Choose an increasing sequence of positive number R, such that R, — +o00 as n — oo, and vg,

exists for all n > 1. Then, as n — oo, both v, and zg, converge to U. For each n, we can find T, >0
such that

BRr,(x0) CO(t) C 2(t) forallt > Ty.

Thus

u(t,x) >0 for (t,x) € [Ty, 00) x Bg,(x0)

and is smooth in this range. Hence it satisfies

ue —dAu=u(a(x) —bx)u) for (t,x) € [Ty, 00) x B, (X0) (6.12)

in the usual sense.
We now choose a positive function &, € C?(Bg, (xo)) with & =0 on 3B, (xo) and &(x) < u(x, Tp)
for x € Bg, (xo) and consider the problem

ve—dAv=v(ax) —bx)Vv), (t,x)€ [Ty, 00) x Bg,(X0),
v(x,t) =0, (t,x) € [Ty, 00) x dBR, (X0), (6.13)
v(x, Tn) =& (%), X € Bg, (x0).

By standard theory on parabolic logistic equations we see that (6.13) admits a unique positive solution
v, and

v, (-, t) = vg, uniformly for x € B, (x9) as t — 4o00. (6.14)
By the comparison principle, we have

vo(t,x) <u(t,x) for (t,x) € [Ty, 00) x Bg,(X0).

Therefore,

lim u(t,x) > vg, uniformlyin Bg,(xo).
t——+o00
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Sending n — 400, we obtain

lim u(t,x) > 1] locally uniformly in RN. (6.15)

t——+o00

Analogously, by arguments similar to those in the proof of Theorem 4.1 of [13], we see that
lim u(t,x) <zg,(x) uniformly for x € Bg, (xo),
t—+00
which implies (by sending n — o)

@ u(t,x) <Ux) locally uniformly for x € RN, (6.16)
o0

t—
From (6.15) and (6.16) we see that (6.10) holds. O

We now consider the propagation speed of the “generalized” free boundary 962 (t) by making use
of (6.6). We need the following result of [11] after corrections (the corrections will appear in [8]).

Proposition 6.3. For any given constantsa > 0, b > 0,d > 0 and k € [0, 2+/ad ), the problem

—dZ" +kZ'=aZ —bZ? in(0,00), Z(0)=0 (6.17)

admits a unique positive solution Z = Z,, and it satisfies Z;(r) — § as r — 4o0. Moreover, Z,(r) > 0 for
r>=0, Z,;1 0) > Z,/CZ (0), Z, (r) > Zk, (r) forr > 0 and k1 < ky, and for each p > 0, there exists a unique

ko = ko(u, a, b, d) € (0,2+/ad) such that /LZ,QO (0) = ko. Furthermore, ko(,a, b, d) depends continuously
on its arguments, is increasing in j and lim,—, o ko(i, a, b, d) = 2+/ad.

In our discussion below, since d is always fixed, we often write ko(u, a, b) instead of ko(u, a, b, d).
When ko, = 00, by (6.6), we necessarily have h,, = 0o. Hence we can apply Theorem 3.6 of [10] to
conclude that

Pres h(t) — R . h(t) - .
— < o0 — > ©
Jim == <ko(1, @, boo), Jim = > ko(4, Goo, b*°),
and
— k(t) k@
— <K o0 —_— > ©
Jim — <ko(m,a*, beo), tlin;o . > ko(14, Goo, b™),
where we have used the notation
a® = lim a(r), Ooo i= lim a(r)
r—o00 r—o00

for a function o (r).
If we denote

() ==ko(i, a0, b™®),  c* () :=ko(1t,a>, boo),
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then from (6.6) we find that, for any given small € > 0, there exists T¢ > 0 such that

{x: 1%l <) — €]t} c2(t) C {x: x| < [c*(w) +€]t}, VE>Te. (6.18)
Thus we may regard c. () and c*(i) as a lower and an upper bound, respectively, for the propagation

speed of the free boundary 92 (t).
In particular, if we assume that

lim a(x) =a, >0, lim b(x) =by >0, (6.19)

|x]—00 |x|]— 00
then it is possible to choose @, a and b, b such that
lim a(r) = lim a(r) = deo, lim b(r) = lim b(r) = beo. (6.20)
r—>00 r—>00 r—>00 r—00
In such a case, we obtain

h(t k(t
lim Q = lim Q =ko(U, Gco, bo),
t—oo t t—oo t

and hence c, () = c* () = ko(i, oo, boo). SO when (6.19) holds we may regarded ko(i4, oo, boo) aS
the asymptotic propagation speed of 9£2(t).

Our next result describes the large time behavior of the weak solution to (1.9) inside the ball
{x: |x| < cx(m)t}, which considerably improves the conclusion in (6.10).

Theorem 6.4. Suppose that (6.19) holds, koo > R*, and u(t, x), U (x) are as in part (b) of Theorem 6.2. Then

lim  max |u(t,x)—U®|=0 (6.21)
t—=>+00 |x|<[cx(m)—€lt

for every small € > 0, where c. (1) = ko(I4, Goo, boo)-

Remark 6.5. Eq. (6.21) gives almost the best possible estimate for u(t, x), since £2(t) C {x: |x| <
[cx(m) + €]t} for every € > 0 and all large t, due to (6.6) and lim;_ oo h(t)/t = c4(11).

Before giving the proof of Theorem 6.4, let us observe that for each k € [0, 2+/ad), if we define
zi(t, X) = Z, (kt — x), then z;, satisfies

(2 — d(z)xx = azg — bzl fort e R!, x € (—oo,kt);  z(t,kt) =0 fort e R

Thus as t increases, z(t, X) behaves like a wave that travels to the right at the constant speed k, with
the wave front at x = kt. For k = ko = ko(u, a, b, d), we have the extra property that

0z
ko = ,ua—io(t, kot), VteR!.

Analogously z(t, x) := Zy(kt 4+ x) defines a wave that travels at the constant speed k to the left.

In comparison with the classical traveling waves generated by W given in (1.2), by analogy, we
may call the above waves generated by Z, “semi-waves”. The proof of Theorem 6.4 will rely crucially
on these semi-waves Zy(x — kt).
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Proof of Theorem 6.4. Let (v, h) and (w, k) be the solution of (6.1) and (6.3), respectively, and assume
that a,b and a, b are chosen so that (6.20) holds. By Theorem 6.1, we have

w(t, [x — yol) <u(t,x) < v(t, |x — Xol). (6.22)
By [13],

lim 0(x) = 22
|x]—00 boo

Hence for any given small € > 0, there exists R > 0 such that
N oo
‘U(x)——‘ <€ for x| > Re. (6.23)
beo

We next make use of the estimates for w(t,r) and v(t,r) given in the proof of Theorem 3.6 in [10].
It was shown there that for any given small § > 0, there exist positive numbers T?, R‘i and Rg such
that

v(t+ T, r+R}) < (1 —8)2Us(6(t) —r) fort >0, 0<r<E(D), (6.24)
where
E(t)=(1—8)"%kt + RS,
and Us(r) stands for Z,(r) with a =ax + 8, b =b — 8 and
ko =ko(it, Qoo + 8, boo — 8, d) = K.
And similarly, there exist positive numbers T, RS and R} such that
w(t+T°r+RS) =1 -8)>2Vs(nt)—r) fort =0, 0<r <), (6.25)
where
n() = (1 —8)*kst + R),
and V;(r) stands for Zy,(r) with a =ae — 8, b=Dby + 6 and
ko =ko(, 000 — 8, bso + 8,d) =ks.
Since
ggyl—aﬁm=ggyl—&*%5=muhammmJD=cuux
we can find 8¢ € (0, €) sufficiently small so that

[(1=86)%ks. —cu(w)] <€/2,  |(1=8)72k* —c.(u)] < /2.
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We now fix § = ¢ in Us, &, Vs and 5. Then clearly
> R 4+ &
5O =12 [e(u) —€Jt =T+ RS + 5t
and
> R 4 €
n(t) —r = [c(n) — €]t —r+ Ry + Et'
By Proposition 6.3, we have

oo + 8¢ <aoo+€
boo — 8¢ boo — €

lim Us, (1) =
r— 00

and

Uoo — 8¢ Qoo — €
> .
boo +8c boo+€

lim Vs (r) =
r—00
Thus we can find T{ > 0 such that for r > T§,

a € (oo — €
ot Vs () > ——.
boo — € boo + €

Us. () <
It follows that, if

0<r<[ci(w) —2¢/3]t and > (e/6)7' T,

then
a €
V(E+ TP r+R) < (1—-80)2Us (EO) —T) <A —€) 22 re
boo — €
and
55 5 0e 2 2000 — €
w(t+ T r+RY) > (1 —80)2Vs, (nO) —1) > (1 — ) =—.
boo + €
Combining these with (6.22), we obtain
200 — € 5l +€
(1—-¢) <ut, <1 —e) " —— (6.26)
boo + € boo — €
provided that
6 -
t> TS+ max{T‘Sf, T‘Sf}
€

and

0 <Ix—xol — R} < [e(i) —2€/3]t,  0<[x— yol — RS < [ex(p) —2¢/3]t.
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We now take
TS := gmax{Tf, Xol, 1yol} + max{T%, T%),  R¢:=max{Re, [xol + R}, [yol + R},
and find that (6.26) holds if
t>T5 and Re <|xI < [ea(p) — €]t
In view of (6.23), this implies that, for such ¢ and x,
lue,x) — U] < Ie),

where

oo +€ a a Uoo — €
i — 1—¢) 2= _ > X 1—e)2 ™= .
(€) e~|—max{[( €) P bw],[bw (1—¢€) [

By (6.10),

lim u(t, x) = ﬁ(x) uniformly for |x| < Re.

t—o00
Hence we can find T§ > TS such that

|u(t,x) —U®)| <I(e) fort> TS and [x| < Re.
So finally we find that for all t > T§ and |x| < [c.(u) — €]t, we have
lut,x) — U)| < I(e).

Since I(¢) — 0 as € — 0, this implies that (6.21) holds. The proof is now complete. O

Theorem 6.6. Suppose that (6.19) holds. Then for any given small € > 0, there exists a large e > 0 such that

lim max |up(t,x) = Ux)| =0 uniformly for ;1 > pe. (6.27)
£ 20 X< @Vacd—e)t

Proof. Recall that ko, = oo for every u > 0 if r9 > R*, and for the case 0 < ry < R*, there exists
s > 0 such that ko, = oo if and only if u > .. Hence we can always find some g > 0 such that
koo = 00 for p > po.

For any given small € > 0, since limy,_, o0 ko(i4, oo, boo, d) = 24/a00d, We can find pe > po such
that

ko(i, oo, oo, d) > 2v/a0od — €, VL 2 [he.

We may now apply Theorem 6.4 to conclude that

lim max_ |up, (6% — U®|=0. (6.28)
=00 x| < (2Vagd—e)t
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By Corollary 5.5, we have u, (t,x) < U(t, x), where U(t, x) is the solution of the Cauchy problem
(5.14) with g(x, u) = a(x)u — b(x)u?. Thus, due to Theorem 3.5,

Uy (6,%) Suy(t,x) <UEX) for > fhe.

Hence to prove (6.27), in view of (6.28), it suffices to show that

lim  max |U(tx) —U®]|=0. (6.29)
=00 |x|< (2 asod—e)t

We now set to prove (6.29). For any given small § > 0, since limy_ U = “—z by [13], and
limx|— 00 A(X) = oo, liMjx|— 00 b(X) = by by assumption, we can find R‘i > 0 such that

oo — 6 <0(x)<a°°+8

b + 8 b =5’ aX) <doo +8, bx)>bs—38 for|x|>RS.  (6.30)

On the other hand, by [13], we also have
tlim U, x)=U(x) locally uniformly in RN, (6.31)
—00
Therefore, in view of (6.30), we can find T¢ > 0 such that

a 28
U(t,x) < % fort > T? and |x| = RS.

boo —

We now consider the auxiliary problem

Ve —dAV = (Ao +28)V — (boo — 28)V%, t>T?, x| > RS,
_ Goo+ 26
" boo —268°

v =mo, t=T2, |x| > RS,

t>TS, |x| =RS, (6.32)

where mg is a large positive constant satisfying mg > U(T?, x) for all |x| > R‘i. Such an mg exists
because U(t, x) < U(t), where U(t) is the unique solution of the following ODE problem:

v =ku—ku® fort>0;  u(0) =gl
which satisfies U(t) — k2 /k1 as t — oo.

It is easily seen that U(t, x) is a lower solution to (6.32), while the unique solution of the ODE
problem

a 26
V' = (Uoo +28)V — (boo —28)V? fort > T?; V(Tf)zvo:zmax{mo, oo }

boo — 26

is an upper solution to (6.32). It follows that

U(t,x) <V(t) fort>T?Sand |x| > RS.
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Since V (t) — 2=%20 35t — 00, we can find T§ > T? such that

Poo—208
a 36
V) < Qoo 30 fort> TS.
boo — 38
It follows that
a 36
U, x) < Qoo 30 port> TS and |x| > RS.
boo — 38

Combining this with (6.30), we obtain

oo +35 Ao — 6

U(t,x)—U(x)g](é)::b % b T fort > T3 and |x| > RS.
oo o0

By (6.31), we can find T3 > T3 such that
Ut,x) —U@) < J©6) fort>TSand x| <Rj.
Thus
Ut,x)—Ux) < J(©), Vt}Tg, vx e RN, (6.33)
By (6.28), we can find T§ > T$ such that
uy, (t,x)— f](x) >—J() forallt> Tﬁ and |x| < (2\/@ —€e)t.
Combining this with (6.33) and U(t, x) > uy, (t, x), we obtain
|U(t,x) — U] < J©&) forallt>T§and [x| < (2v/aood — €)t.

Since J(8) — 0 as § — O, this is equivalent to say that (6.29) holds. The proof of the theorem is now
complete. O

Remark 6.7. If a(x) =a and b(x) =b are constants, then necessarily U (x) = % and hence (6.27) re-
duces to

lim max
=00 x| <2vad—e)t

uy,(t,x) — %’ =0 uniformly for ;t > e

Due to ko(it,a,b,d) < 2+/ad and (6.6), we have u,(t,x) =0 for |x| > (2+/ad + €)t for every € > 0,
every i > 0 and all large t. Thus u,, exhibits the Aronson-Weinberger property (1.3) for all p > pe.

Remark 6.8. Under the assumptions of Theorem 6.6, apart from (6.29) for the Cauchy problem solution
U(t, x), one can also modify the arguments in [2] to show that

lim max Uui,x)=0 (6.34)
(=00 x| > (2+/anod+€)t

for every € > 0. Clearly (6.29) and (6.34) together gives an extension of the classical Aronson-
Weinberger result (1.3) to the situation that the environment is only asymptotically homogeneous
at infinity.
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