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1. Introduction

It is well known that many exactly solvable models describing complicated physical phenomena
are expressed in terms of operators with point interactions (see [3,5,28,45] and comprehensive lists
of references therein). In the 1-D case, the most known models are the Schrédinger operators Hy ¢
and Hy g associated with the formal differential expressions

d? d? .
lxa=—g7+ ) odx—x0),  Lxpi=—a5+ ) fudx—xm), (11)

xneX XneX

where §(-) is a Dirac delta-function. These operators describe §- and §'-interactions, respectively,
on a discrete set X = {x;}ne; € Z = (a,b) C R, and the coefficients o, Br € R are called the strengths
of the interaction at the point x = x;,.

Investigation of these models was originated by the “Kronig-Penney model” [50], a simple model
for a non-relativistic electron moving in a fixed crystal lattice (X =Z, Z =R, o = «¢). For a more
mathematically rigorous approach to this model see for instance, [33] and [29] and the mono-
graph [3].

Let o :={op};2; CRU {400} and B := {fn};2; C RU {+00}. There are several ways to associate
well-defined linear operators with £x o and £x g (see [3,15,61]). In L?(T), the minimal symmetric
operators Hx o and Hx g are naturally associated with (1.1). Namely, assuming that Z = (a, +-00) and

. . . 2 .
I =N one defines the operators H?(’a and H%,ﬂ by the differential expression —;7 on the domains,
respectively,
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dom(H% o) = {f € WE2,(Z\ X): f'(@+) =0, f(xat) = f (xa—).

f'n+) = f'(n—) = an f (xn), n €N}, (1.2)
dom(H 4) = {f € W, @\ X): f'(a+) =0, f'(xa+) = f'(xn—),
f@n+) = f(xa—) = Baf'(xn), n €N} (1.3)

Let Hx « and Hy g be the closures of H9<,a and H(,’(’ﬁ, respectively. In general, the operators Hy ¢
and Hy g are symmetric but not automatically self-adjoint. Then one is interested in finding self-
adjointness criteria and in the spectral analysis of such self-adjoint realizations.

In this paper we investigate two families of operators with point interactions which are the rela-
tivistic counterparts of £x o and £x g. Namely, we consider the cases where the differential expression

Y (1.1) is replaced by the Dirac differential expression

dx?
_d 0 1 c? 1 0 22 —icd
D=D¢:=—ic— - = dx ) 14
lcdx®<l 0>+ @0 _1 icd —ep (14)

Here ¢ > 0 denotes the velocity of light. Relativistic operators with point interactions have received
a lot of attention recently (see e.g. [3,6-9,13,17,23,26,25,24,27,30,32,36,37,39,51,69,73] and references
therein).

Assume that Z = (a, b) with —oo <a < b < oo and I = N. Following [30] (see also [3, Appendix J]),
we define the operators Dy and Dx g (realizations of D) to be the closures in L%2(Z) ® C? of the
operators

0
Dx,=D.

dom(DY ) = { f e W2, (@\X) ®C%: fi € ACioc(D), f2 € ACic(T\X);

fa(a+) =0, fo(xp+) — falxn—) = —anﬁ(Xn), ne N}, (1.5)
and

D()](’ﬁ =D,
dom(D 4) = {f € W2, (T\X) ® C%: f1 € ACioc(T\X). f2 € ACioc(D);
F2@H) =0, fi(a+) — f1(Xn—) = iBuCfa(xn), n €N}, (16)

respectively, i.e, Dx o = D‘))(’a and Dx g = Dg’(‘ﬂ. It is easily seen that both operators Dy, and
Dx g are symmetric. The domains of the adjoint operators D§(.oc and D*X,ﬂ are described explicitly:
dom(D% ,) and dom(D% ﬁ) are given by formulae (1.5) and (1.6), respectively, with W12(Z\X) in
place of ngrznp(I\X) (see Theorem 5.9(i)). The important feature of realizations Dx o and Dy g is
that they are always self-adjoint, Dx o = D , and Dx g = D?(,ﬁ' provided that the interval Z is infinite (see
Proposition 5.5 and Theorem 5.9(ii)).

The realizations Dy and Dy g have originally been introduced by Gesztesy and Seba [30] (see
also [3, Appendix ]]) in the case of Z=R and I =7, i.e. X = {X;}nez. In what follows we will call

1 There are typos in the definition of Dy g given in [3, Appendix ]]: in formulae (J.17) and (J.23) there should be a sign +
instead of —.
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these operators Gesztesy-Seba realizations (in short, GS-realizations). These realizations turn out to be
closely related to their non-relativistic counterparts Hx o and Hy g associated with the differential
expression (1.1).

Gesztesy and Seba [30] investigated the realizations Dx , and Dx g in the framework of extension
theory of symmetric operators and treating the operators Dx o and Dy g as extensions of the minimal
operator

Dx:=@PDn. Da=D.  dom(Dy)=Wg?[xn 1.%]®C. (1.7)

nez

In fact, they assumed in addition that d.(X) > 0 where
do(X) := igfdn, d*(X):=supd, and d,:=x;, — Xp_1. (1.8)
n

Clearly, D, is a symmetric operator with deficiency indices n.(D;,) = 2. These authors also computed
the resolvent differences (Dx.o —2) ™! — (Dfree —2) "' and (Dx. g —2) "' — (Dfree —2) ", where Diree
is the free Dirac operator D. In the periodic case (X =Z, oy = ag, Bx = Bo, k € Z) they proved that
the spectra 0 (Dx ) and o (Dx,g) have a band-zone structure.

Moreover, assuming d,(X) > 0 they proved the following non-relativistic limit

s— lim (DS —(z24¢%/2))  =(Hxa—2'® (é g). (1.9)

c——+00

In the present paper we study the spectral properties of the GS-realizations Dx o and Dy g
for arbitrary d.(X) > 0. Moreover, we investigate the GS-realizations Dx (Q) := Dxo + Q and
Dx g(Q):=Dx g+ Q of a general Dirac operator D 4+ Q with 2 x 2 matrix potential Q = Q*.

Spectral analysis of the GS-operators Dx (Q) and Dx g(Q) consists (at least partially) of the
following problems:

(a) Finding self-adjointness criteria for Dx (Q) and Dx g(Q).

(b) Discreteness of the spectra of the operators Dx ¢ (Q) and Dx g(Q).

(c) Characterization of continuous, absolutely continuous, and singular parts of the spectra of the
operators Dy (Q) and Dx g(Q).

(d) Resolvent comparability of the operators Dy ,m(Q) and Dy 4 (Q) with ™ £ a@ ie. finding
conditions for the inclusion (Dy ,1)(Q) —i)™' — (Dx 4 (Q) — )~ € &,(f) to be valid. Here
&, (9) denotes the Neumann-Schatten ideal.

We investigate spectral properties of these operators by applying the technique of boundary
triplets and the corresponding Weyl functions (see Section 2 for the precise definitions). This new
approach to extension theory of symmetric operators has appeared and was intensively elaborated
during the last three decades (see [31,20,22,14,67], [18, Chapter 9] and references therein).

The main ingredient of this approach is the following abstract version of the Green formula for the
adjoint A* of a symmetric operator A:

(A*f,g)ﬁ_(f,A*g)fJ=(F]f,F0g)’H_(FOf7F]g)’H, fvgedom(A*) (110)

Here H is an auxiliary Hilbert space and the mapping I" := (IC?) :dom(A*) - H @ H is required to be
surjective. The mapping I" leads to a natural parametrization of self-adjoint extensions of A by means
of self-adjoint linear relations (multi-valued operators) in H, see [31,20]. For instance, any extension
A = A* disjoint with Ag := A* [ ker(/p) admits a representation
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A=Ag:=A*ker(I'1 — BIy) with B=B* € C(H), (111)

where the graph of the “boundary” operator B in H is Fdom(ﬁ) ={of. Inf}: fe dom(Z)}. As
distinguished from the von Neumann approach, parametrization (1.11) yields a natural description of
all proper (in particular, self-adjoint) extensions in terms of (abstract) boundary conditions.

In particular, this approach was successfully applied to boundary value problems for smooth ellip-
tic operators on bounded or unbounded domains with a smooth compact boundary (see [34,12,54]
and the monograph [35]), to the maximal Sturm-Liouville operator —d?/dx? + T in $) = L%([0, 1]; H)
with an unbounded operator potential T =T* >al, T € C(H) (|31], see also [20] and [57] for the
case of $§ = L?>(Ry;H)), as well as to 3-D and 2-D Schrédinger operators with infinitely many
§-interactions (see [58] and references therein).

The most relevant to our paper is the article [44] where this approach was applied to 1-D
Schrédinger operators in the case d.(X) = 0 (for the case d.(X) > 0 see works [43,59]). Namely,
confining ourselves to the case of Z C Ry we treat the GS-operators Dy o, and Dx g as extensions of
the minimal operator Dy given by (1.7) with I =N in place of | =Z.

A boundary triplet for the operator A* always exists whenever ny(A) =n_(A), though it is not
unique. Its role in extension theory is similar to that of a coordinate system in analytic geometry. It
enables us to describe all self-adjoint extensions in terms of (abstract) boundary conditions in place
of the second von Neumann formula, although this description is simple and adequate only under a
suitable choice of a boundary triplet. Note that in the case ni(A) = oo a construction of a suitable
boundary triplet is a rather difficult problem.

For the adjoint operator D} of Dx given by (1.7) it is natural to search for boundary triplets
constructed as a direct sum of triplets [T, for operators D}, that is, ITp :={H, I'v, I} := EB,‘;; I1,,
where 7, is a boundary triplet for D}, n €I, and

H=PH. N=Pr,". n=pn". (112)

neN neN neN

If d(X) > 0, then it is easily seen that the triplet (1.12) is a boundary triplet for D% if one chooses
My ={H, 1", 1"} in the standard way with Fj("), j €{0,1)}, given by

r® =_'\/E<f2(xn1+)_f2(xn_)>,
o I =3 ) — i)

r® :\/E<f1(xn—1+)+f1(xn_))7 N, 113
1=V Gt b + o) "E (113

where f = (sz) (see [21, formula (66)]). However, this direct sum is no longer a boundary triplet for
D% whenever d,(X) =0 (see Proposition 3.8). To construct a boundary triplet we use a regularization
procedure elaborated in [57] and [44]. This procedure was already applied in [44] to 1-D Schrddinger
operators with point interactions. However, in comparison with the Schrédinger case, one meets an
additional difficulty of an algebraic character. Namely, we are searching for a boundary triplet such
that the corresponding boundary operator (cf. (1.11)) is a Jacobi (tri-diagonal) matrix and for this
purpose we need to construct an appropriate boundary triplet [T, for the Dirac operator D; on the

interval [x,_1, X;]. Let us emphasize that only a sequence of boundary triplets mm = {H, 1:()(”), F](")}
given by H = C2,

Fo p_ ((F1nat) = ¢ _ ((icf2(n-1+)
Iy f—(icfz(xn_)>, I f—( 10— ) neN, (1.14)

(see (3.8)) leads after an appropriate regularization to a new sequence of triplets /T, for D} having de-
sirable properties (see Theorem 3.10). Namely, only in the triplet ITp = @{° I1, given by (3.54), (3.55),
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the parametrization of GS-realizations is given by means of Jacobi matrices. Let us also mention that a
boundary triplet ™ for D} of the form (1.14) differs from (1.13) and the other ones known in the
literature (see, e.g., [11,21]).

Recall that one of the main results in [44] states that certain spectral properties of Hx o (self-
adjointness, discreteness, etc.) correlate with the corresponding spectral properties of the Jacobi
matrix

0 —d;? 0 0 0
e Y e 0 0
—-3/2 ,—1/2 -1 )
0 d;%d, ard; —d; 0
Bx.o(H) = % L ap i (115)
0 0 —d; —d; d,*d;
0 0 0 d;%d;"? apdy!

As usual we identify the Jacobi matrix Bx o (H) with (the closed) minimal symmetric operator asso-
ciated with it and denote it by the same letter. We emphasize that the Jacobi operator By o(H) is a
boundary operator for Hy o in the triplet [Ty = {H, Iv, I'1} in the sense of (1.11), that is

Hx.o = Hpyy, [ dom(Hpy , (1))
dom(Hgy, (H)) = {f e W*2(Z\ X): I f = Bx.«(H)If}. (1.16)
In the present paper we establish similar results for GS-realizations Dx o and Dy g. For instance,

we show (see Proposition 5.4 and Theorem 5.26) that self-adjointness and discreteness of the spec-
trum of Dy o correlate with the corresponding properties of the following Jacobi matrix

0o - 0 0 0
1

_vdy v v(dy) 0 0
d? d? d?/zd;/z
0 v(dy) (231 _v(dp) 0

Bxo= di’/zd;/z d2 d3 , (117)
0 0 _Vd) _vd) _vdy
V 5

0 0 0 d3/2d21/2 d_§

where v(x) := (1 + (c2x*)~1)~1/2, Emphasize that similar to (1.16), the Jacobi operator By in (1.17)
is just a boundary operator for the GS-realization Dy o in the triplet [Tp = {H, I'v, I'1}, that is

DX.O[ = DBX,oz = D;(( [dom(DBXﬂ),
dom(Dg, ) ={f e W'\ X)®C* I''f =Bx.olbf}. (1.18)

Representation (1.18) plays a crucial role in the paper: it allows us to solve the problems (a)-(d)
regarding the operator Dx o, by combining known results on Jacobi matrices with the technique elab-
orated in [20,22].

For instance, applying the Carleman test (see e.g. [1], and [10, Chapter VII.1.2]) to the Jacobi matrix
Bx.a we get that Bx 4 = By ,, and hence Dy, is always self-adjoint whenever 7 =R. It is not
the case for GS-realizations qua on a finite interval Z: under certain conditions on the sequences
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o and X it might happen that either Dy o has the non-trivial deficiency indices n4+(Dx ) =1 (see
Theorem 5.11) or n+(Dx,o) =0, i.e. it is self-adjoint. More precisely, applying the Dennis-Wall test
(see e.g. [1, Problem 2, p. 25]) to the matrix Bx , we show in Proposition 5.7 that the GS-operator
Dx « on a finite interval Z = (a, b) is self-adjoint provided that

> Vdntnilon| = +o0. (119)

neN

Next, applying known results on discreteness spectra of Jacobi matrices [16] to the matrix Byx g,
we obtain (see Proposition 5.30) that the GS-operator Dg(, o on the half-line R has discrete spectrum
provided that lim,_, o d; = 0 and

[o 1
im "l —oo and gim S = -1 (120)

n—oo dp n—00 oy 4

Note, that condition lim;_.~ d, =0 is necessary for the minimal Dirac operator Dx on R, to have
extensions (realizations) with discrete spectrum. It is worth to mention that conditions (1.20) pro-
vide the discreteness property of the GS-operators Dx (Q) := Dx o + Q with certain unbounded
potentials Q (see Proposition 5.30 and Example 5.32).

Using parametrization (1.18), (1.17), we express the inclusion (Dxq — 21— Dy—-2""'e
Gy (%) in terms of o = {y}{° and {d,}{°. Here Dy is the Neumann realization of D, dom(Dy) =
{f e WI2(Ry) ® C?: f(+0) = 0}. Based on this result we prove (see Theorem 5.21) that

Oess(Dx,a) = Oess(DN) =R\ (=c?/2,¢%/2), whenever lim orn/dy =0, (1.21)
and
Oac(Dx.a) = 0ac(DN) =R\ (=¢*/2,¢*/2) i {on /dn}°> € I'(N). (1.22)

We also find conditions guarantying that the spectrum o (Dy ) is purely singular.

Finally, assuming that the operators Dgw :=Dx o and Hy, are self-adjoint and using parame-
terizations (1.18) and (1.16) we prove (see Theorem 5.43) the non-relativistic limit (1.9) in the case
d«(X) > 0. In particular, (1.9) holds whenever Z =R, and Hx = Hy ,. The latter happens if, for
instance, Hx « is lower semibounded (see [4]).

Similar results are also valid for the GS-realizations Dy g. The simplest way to prove that is to
extract them from the corresponding properties of the operators Dx . This can be done by notic-
mg that Dx g is unitarily equivalent to —DXa where « = 8c? and that the resolvent difference
(DX,O, +2)71! —(Dxa+2"~ 1 is a rank-one operator (see Proposition 5.39).

The paper is organized as follows.

Section 2 is preparatory. It contains necessary definitions and statements on the theory of bound-
ary triplets of symmetric operators, Weyl functions, y-fields, etc. We also consider a family of sym-
metric operators {Sp}neny and a family of boundary triplets [T, for S;;, n € N. Following [57] and [44]
we discuss conditions guarantying that the direct sum I7 = P2, [T, of boundary triplets T, is ei-
ther a B-generalized or an ordinary boundary triplet. We also discuss and complete regularization
procedure for IT, such that a direct sum of regularized boundary triplets forms already a boundary
triplet for the operator A* =P, S¥ (see Theorem 2.12).

In Section 3 we construct boundary triplets for maximal Dirac operators on finite intervals and
half-lines and compute the corresponding Weyl functions. Using the explicit form of the Weyl func-
tions and applying the regularization procedure described in Section 2, we construct a boundary
triplet ITp for the maximal operator D%. We also describe trace properties of functions from the space
W12(R, \ X) and show that the direct sum € My is an ordinary boundary triplet if and only if
0 <d*(X) < oo and it is a generalized boundary triplet (in the sense of [22]) whenever d*(X) < oco.
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In Section 4 we apply boundary triplets technique to prove the non-relativistic limit for any
m-dissipative (m-accumulative) realization of the expression Dx. To this end we compute the cor-
responding limits of the Weyl function and y -field.

In Section 5 we investigate spectral properties of GS-realizations Dx (Q) and Dx g(Q) and solve
problems (a)-(d). Moreover, we show (see Remark 5.10) that the operators Dx 4(Q) and Dx g(Q)
on the line are self-adjointness for any continuous (not necessarily bounded) 2 x 2 potential matrix
Q()=Q(-)*. We also find certain sufficient conditions for the operator Dx  on a finite interval
either to be self-adjoint or to have deficiency indices n+(Dx o) =1 (see Proposition 5.7 and Theo-
rem 5.11). Comparison of these results shows that roughly speaking Dy  is self-adjoint on a finite
interval whenever the sequence {c;}{° grows faster than the sequence {d,}{° decays.

Moreover, using parameterizations (1.18) and (1.16) and the general result on non-relativistic limits
(see Theorem 4.8) we prove relation (1.9) as well as similar relation for Dgﬂﬂ'

Notations. Throughout the paper §, H denote separable Hilbert spaces. [$), H] denotes the set of
bounded operators from $ to H; [$]:=1[9,H]. C(H) and C($H) are the sets of closed operators and
linear relations in ), respectively. By &, p € (0, co), we denote the Neumann-Schatten ideals. Let T
be a linear operator in a Hilbert space ). In what follows, dom(T), ker(T), ran(T) are the domain,
the kernel, the range of T, respectively; o (T), 0, (T), 0c(T), 0ac(T), and os(T), denote the spectrum,
point spectrum, continuous, absolutely continuous and singular spectrum of T = T*, respectively;
o(T) and p(T) denote the resolvent set, and the set of regular type points of T, respectively; Rt (L) :=
(T — D71, » € p(T), is the resolvent of T.
Let X be a discrete subset of Z C R. We define the following Sobolev spaces

WYA(Z\ X) == {f e L*(D): f € ACioc(Z\ X), f € LX(D)},
W22(Z\ X):={f e *(D): f.f € ACioc(Z\ X). f" € L*(D)}.

{
{

W@\ X) = {f e W'2(@): f(x) =0 forall x € X},

Wg? @\ X) = {f e W2A(D): f(x) = f'(x) =0 forall x € X},
{

WEZ (@ X) == {f e WEA(Z\ X): supp f is compact in T} = WH2(Z\ X) N L2, (D).
Let I be a subset of Z, I C Z. For any non-negative sequence {c;}nc; We denote by 12(1; {cn}, H) =
I2(I; {cp}) ® H the weighted Hilbert space of 7{-valued sequences, i.e. f = {fulner € P(I; {cn}, H) if
I flI% = Y nel Cn“fn”%_[ < 00; 15(1, H) is a subset of finite sequences in >(I; {c,}, ), i.e. the sequences
with compact supports; we also abbreviate *(N; {c}) := 2(N; {cg}, ©), B(N; {cn}) := B(N; {cn}, C). As
usual IP(N), p € [1,0), denotes the space of p-summable complex-valued sequences f = {fn}nen;
[°°(N) denotes the space of bounded complex-valued sequences and co(N) is a subspace of [°°(N)
consisting of sequences f = {fy}nen satisfying limp— o fn = 0. x+(-) denotes the indicator function
of ]Ri.

2. Preliminaries
2.1. Boundary triplets and Weyl functions

In this section we briefly recall the basic facts of the theory of boundary triplets and the cor-
responding Weyl functions (we refer to [20,22,31] for a detailed exposition of boundary triplets).
Besides, we discuss a regularization procedure for direct sum of boundary triplets following [44]
and [57]. Moreover, we slightly complete [44, Theorem 3.13] (see Theorem 2.12).

2.1.1. Linear relations, boundary triplets, and self-adjoint extensions
1. The set C(H) of closed linear relations in H is the set of closed linear subspaces of H & #. Recall
that dom(®) = {f: {f, f'} € ®}, ran(®) = {f': {f, f'} € ®}, and mul(®) = {f": {0, f'} € O} are the
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domain, the range, and the multi-valued part of ®. A closed linear operator A in H is identified with
its graph gr(A), so that the set C(#) of closed linear operators in # is viewed as a subset of C(H). In
particular, a linear relation @ is an operator if and only if mul(®) is trivial. We recall that the adjoint
relation ®* € C(H) of ® € C(H) is defined by

O* = {(:/) (f’,h)H: (f,h’)H for all (]{/) e@}.

A linear relation © is said to be symmetric if ® C ®* and self-adjoint if ® = ®*.

For a symmetric linear relation ® C ®* in H the multi-valued part mul(®) is the orthogonal
complement of dom(®) in H. Therefore setting Hop := dom(®) and Ho, = mul(®), one arrives at
the orthogonal decomposition ® = @, ® O, Where Ogp is a symmetric operator in Hop, the operator
part of @, and Oy = {(}),): f" e mul(®)}, a “pure” linear relation in Heo.

2. Let A be a densely defined closed symmetric operator in a separable Hilbert space $) with equal
deficiency indices ni(A) = dim 914 < oo, where O, := ker(A* — z) is the defect subspace.

Definition 2.1. (See [31].) A triplet IT = {#, I, 1} is called an (ordinary) boundary triplet for the
adjoint operator A* if H is an auxiliary Hilbert space and I, I'7 : dom(A*) — H are linear mappings
such that the second abstract Green identity

(Af.8) — (f  A"8) = (N f. T08)n — (I f. &)n, [, gedom(A%), 21
holds and the mapping I" := (?‘]’) :dom(A*) — H @ H is surjective.

First, note that a boundary triplet for A* exists whenever the deficiency indices of A are equal,
ny(A) =n_(A). Moreover, ny(A) =dim# and ker(I") = ker(Ip) N ker(I1) = dom(A). Note also that
I" is a bounded mapping from $); = dom(A*) equipped with the graph norm to H & H.

A boundary triplet for A* is not unique. Moreover, for any self-adjoint extension A := A* of A
there exists a boundary triplet IT = {#, I'p, I'1} such that ker(/p) = dom(A).

Definition 2.2.

(i) A closed extension A’ of A is called a proper extension, if A C A’ C A*. The set of all proper
extensions of A completed by the (non-proper) extensions A and A* is denoted by Exta.

(ii) Two proper extensions A’, A”, of A are called disjoint if dom(A") N dom(A”) = dom(A) and
transversal if in addition dom(A’) + dom(A”) = dom(A*).

Recall that an operator T € C(H) is called dissipative if Im(Tf, f) > 0 for f € dom(T). It is called
m-dissipative if it has no proper dissipative extensions. It is known (and easily seen) that dissipative
T is m-dissipative if and only if C_ C p(T).

The operator T is called accumulative (m-accumulative) if —T is dissipative (m-dissipative).

Any dissipative (accumulative) extension A of A is necessarily a proper extension, A € Exts. More-
over, if A’ and A” are disjoint and self-adjoint, then dom(A’) + dom(A”) is dense in dom(A*).

Fixing a boundary triplet IT one can parameterize the set Exts in the following way.

Proposition 2.3. (See [22].) Let A be as above and let IT = {H, I'0, I'1} be a boundary triplet for A*. Then the
mapping

Exta > A — I'dom(A) = [{Iof. I f}): f e dom(A)} =:© e C(H) (2.2)

establishes a bijective correspondence between the sets Exta and C (H). We put Ap = A where © is defined
by (2.2),ie. Ag :=A*| '@ = A*| {f e dom(A*): {Iof, Il f} € O). Then:
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(i) Ap is m-dissipative (m-accumulative) if and only if so is ©.
(ii) Ag is symmetric (self-adjoint) if and only if so is @. Moreover, n+(Ag) = nL(O).
(iii) The extensions Ae and Aq are disjoint (transversal) if and only if ® is an operator. In this case Ao admits
a representation

Ap = A" | ker(I't — @ TIy). (2.3)
Moreover, the extensions Ag and Ag are transversal if and only if © € [H].

The linear relation @ (the operator B) in the correspondence (2.2) (resp. (2.3)) is called the bound-
ary relation (the boundary operator).

We emphasize that in the case of differential operators opposed to the von Neumann parametrization the
parametrization (2.2)-(2.3) describes the set of proper extensions directly in terms of boundary conditions.

It follows immediately from Proposition 2.3 that the extensions

Ag:= A" ker(Ip) and Aq:=A*|ker(l7)

are self-adjoint. Clearly, Aj = Ag;, j € {0, 1}, where the subspaces @ := {0} x H and &7 :=H x {0}
are self-adjoint relations in 7. Note that ®q is a “pure” linear relation.

2.1.2. Weyl functions, y -fields, and Krein type formula for resolvents

1. In [20,22] the concept of the classical Weyl-Titchmarsh m-function from the theory of Sturm-
Liouville operators was generalized to the case of symmetric operators with equal deficiency indices.
The role of abstract Weyl functions in the extension theory is similar to that of the classical Weyl-
Titchmarsh m-function in the spectral theory of singular Sturm-Liouville operators.

Definition 2.4. (See [20].) Let A be a densely defined closed symmetric operator in $) with equal
deficiency indices and let IT = {#, Iy, I'1} be a boundary triplet for A*. The operator-valued functions
¥ () : p(Ap) = [H,$H] and M(-) : p(Ap) — [H] defined by

y(@:=oI N~ and M(@2):=Ty(@), zep(Ao), (24)
are called the y-field and the Weyl function, respectively, corresponding to the boundary triplet I7.

The y-field y(-) and the Weyl function M(-) in (2.4) are well defined. Moreover, both y(-) and
M(-) are holomorphic on p(Ap) and the following relations hold (see [20])

y@=(I+@z-0A0—2")y©). z¢e€pAo), (2.5)
M) — M) =@z- 0y Q) * v (@, z.¢€p(Ao). (2.6)

Identities (2.5) and (2.6) mean that y(-) and M(-) are the y-field and the Q -function of the op-
erator Ag, respectively, in the sense of M.G. Krein (see [49]). It follows from (2.6) that M(-) is an
R[H]-function (or Nevanlinna function), i.e., M(-) is an ([*]-valued) holomorphic function on C\ R
satisfying

Imz-ImM(z) >0, M(z)=M(z), zeC\R. (2.7)

Moreover, due to (2.6) M(-) € RU[H], i.e. it satisfies 0 € p(Im M(i)).
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It is well known that M(-) admits an integral representation (see, for instance, [1,2])

1 t
M(2) =Co+/(: - 1+_t2) dXy ), zep(Ao), (2.8)
R

where X (-) is an operator-valued Borel measure on R satisfying fR 1+1_t2d2M(t) € [H] and Cg =
C; € [H]. The integral in (2.8) is understood in the strong sense. Note that the spectral measure E 4, (-)
of the extension Ag = Aj and the measure X (-) from the integral representation (2.8) are equivalent
(see [11]). Moreover, these operator measures are spectrally equivalent in the sense of [55]. Note also
that a linear term Cyz is missing in (2.8) since A is densely defined (see [20]).

2. Recall that a symmetric operator A in $) is said to be simple if there is no non-trivial subspace
which reduces it to a self-adjoint operator. In other words, A is simple if it does not admit an (or-
thogonal) decomposition A =A’@® S where A’ is a symmetric operator and S is a self-adjoint operator
acting on a non-trivial Hilbert space.

It is easily seen (and well known) that A is simple if and only if span{91,(A): ze C\ R} =$.

If A is simple, then the Weyl function M(-) determines the boundary triplet I7 uniquely up to
the unitary equivalence (see [20]). In particular, M(-) contains the full information about the spectral
properties of Ap. Moreover, the spectrum of a proper (not necessarily self-adjoint) extension Ag €
Exts can be described by means of M(-) and the boundary relation ®.

Proposition 2.5. (See [20].) Let [T = {H, I'v, I} be a boundary triplet for A* and let M(-) and y (-) be the
corresponding Weyl function and the y-field. Then for any A = Ap € Exta with p(Ae) # @ the following
Krein type formula holds

_ _ -1 _
(Ao -2 = (A—2 ' =y@(O@ -M@)" y*(@. zep(Ao)Np(Aes). (29)
Moreover, if Alis simple, then for any z € p(Ao) the following equivalence holds
zeoi(Ae) & 0€0i(® —M(2), ie{p,cr}

Formula (2.9) is a generalization of the classical Krein formula for canonical resolvents (cf. [2,49]).
It establishes a one-to-one correspondence between the set of proper extensions A = Ag with non-
empty resolvent set and the set of the corresponding linear relations ® in 4. Note also that all
objects in (2.9) are expressed in terms of the boundary triplet I7 (see formulae (2.3) and (2.4)) (cf.
[20,22]).

We emphasize that precisely two parameterizations (2.2)-(2.3) and (2.9) of the set Ext4 make it possible
application of Krein'’s type formula for resolvents to boundary value problems.

The following result is deduced from (2.9).

Proposition 2.6. (See [20].) Let IT = {H, Iy, I'1} be a boundary triplet for A*, ®1, ©@, € 5(7—[) and let G, ($),
p € (0, 0o], be the Neumann-Schatten ideal in [$]. Then:

(i) Forany z € p(Aw,) N p(Aw,) and ¢ € p(O1) N p(Oy) the following equivalence holds
(Ao, =)' = (Ao, =21 eGp(H) & (O1—0 "= (@2-0)"eSy(H). (210)

In particular, (Ap, —2)™! — (Ao —2) 1 € G,(H) & (O1 — )71 € G, (H).
(ii) If, in addition, ®1, @, € C(H) and dom(@1) = dom(©y), then the following implication holds

O1—02eGp(H) = (Ao, —2) ' —(Ae, —2) ' € Gp(H). (211)

(iii) Moreover, if ®1, ®@, € [H], then implication (2.11) becomes the equivalence.
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2.1.3. Generalized boundary triplets of bounded type

In many applications the notion of a boundary triplet is too restrictive because of the assumption
dom(I'}) =94, j € {0, 1}. Inspiring by possible applications as well as certain theoretical reasons this
concept was relaxed in [22, Section 6].

Definition 2.7. (See [22].) Let A be a closed densely defined symmetric operator in §) with equal de-
ficiency indices. Let A, D A be a not necessarily closed extension of A such that (A;)* = A. A triplet
IT ={H, Iy, I} is called a generalized boundary triplet of bounded type (in short, B-generalized bound-
ary triplet) for A* if H is a Hilbert space and I'j : dom(I") := dom(/p) N dom(/7) = dom(A,) — H,
j €{0, 1}, are linear mappings such that

(B1) Iy is surjective,
(B2) A4 := A, ker(lp) is a self-adjoint operator,
(B3) the Green'’s identity holds

Asf. s — ([LAQ s =1 S, To@wn — Tof, &,
f,gedom(A,) =dom(I). (212)

Note that one always has A C A, C A* = A,.

For any B-generalized boundary triplet /T = {#, I'p, I'1} we set A, := A*[ker(I'}), j € {0, 1}. Note
that the extensions A,o and A, are always disjoint but not necessarily transversal.

Starting with Definition 2.7 of a B-generalized boundary triplet I7, one can introduce concepts
of the (generalized) y-field y(-) and the Weyl function M(-) corresponding to I7 in much the same
way as in Definition 2.4 for (ordinary) boundary triplet (for detail see [22]). Let us mention only the
following result (cf. [22, Proposition 6.2] and [19, Proposition 5.9]).

Proposition 2.8. Let [T = {H, I'v, I'1} be a B-generalized boundary triplet for A*, A, = A*[ dom(I"), and let
M(-) be the corresponding Wey! function. Then:

(i) M(-) is an [H]-valued Nevanlinna function satisfying ker(Im M(z)) = {0}, z€ C,.
(ii) [T is an ordinary boundary triplet if and only if 0 € p(Im M (i)).
(iii) Moreover, if IT = {H, Iy, I'1} is a generalized boundary triplet for A* (a boundary relation in the
sense of [19]) and M(:) is an R[H]-function satisfying ker(Im M(i)) = {0}, then IT = {H, I, I} is
a B-generalized boundary triplet for A*, i.e. (B1) and (B2) are satisfied.

2.2. Direct sums of boundary triplets

Let S, be a densely defined symmetric operator in a Hilbert space £, with n;(S;) =n_(Sp) < oo,
n € N. Consider the operator A:=@;2, S, acting in § := ;2 Hn, the Hilbert direct sum of Hilbert
spaces ;. By definition, = {f =@P7c; fa: fn € Hny Dopeq Il fall?> < 00}. Clearly,

o
A*=Ps;.
n=1

dom(A*) = {f =@ facH: facdom(s;). S |Sifal” < oo}. (213)
n=1 neN

We equip the domains dom(S}) =: $n4+ and dom(A*) =: $, with the graph norms ”f"HZﬁH =

I fall® +11S5 fall* and | FI5, == I F1 + 1A* F1I* = 32, [l full5,,, . respectively.
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Further, let 1T, = {H,, FO("), F1(")} be a boundary triplet for S}, n € N. By HF].(") | we denote the

norm of the linear mapping I“j(m € [9nt, Hnl, j €1{0,1}, n e N. Let also H := @, ; Hn be a Hilbert
direct sum of H,. Define mappings I'p and I} by setting

ry=@r". domy= {f =P facdom(A*): |1 ful5, <00}, (214)

n=1 n=1 neN

Clearly, dom(JI") := dom(J) N dom(Jp) is dense in $. Define the operators Sp; := S;; | ker I"j(")

and Aj := EB;";] Snj, j €1{0,1}. Then Ap and A; are self-adjoint extensions of A. Note that Ag and Aq
are disjoint but not necessarily transversal. Finally, we set

A, =A*dom(I") and Ayj = Ayl ker(I'y), je{0,1}. (2.15)
Clearly, A,j is symmetric (not necessarily self-adjoint or even closed!) extension of A, A, C Aj,

j€{0,1}, and

dom(A,j) =1 f=@P fa€ H: faekerr|", SIS fal” + | |?) < oot

n=1 neN

(0:=1, 1:=0).

Definition 2.9. Let I'; be defined by (2.14) and H = €D, ; Hn. A collection [T = {H, Iy, I1} will be
called a direct sum of boundary triplets and will be assigned as I7 := @y ; [n.

It easily follows from (2.13)-(2.15) and Definition 2.9, that for f =@ fn, & = Preq8n €
dom(A,) =dom(I") Green’s identity (2.12) holds

(A*f7 g)YJ - (f! A*g)f) = Z[(s;“;fl’h gn)ﬁn - (fn’ S:gn)ﬁn]

neN
=Y 1" fa Ty gn) g, — (T i T &), ]
neN
=1 f, Togu—Tof. MNYn. (2.16)

The series in the above equality converge due to (2.13) and (2.14). However the direct sum
I = @2, My is not a boundary triplet and even a B-generalized boundary triplet for A* without addi-
tional restrictions. This fact was discovered in [42] (in this connection see also simple examples in
[44,57] and Proposition 3.8 below). At the same time, according to [44, Theorem 3.2] IT = @52 Iy
is always a boundary relation in the sense of [19].

The following criterion has been obtained in [57,44].

Theorem 2.10. Let 1T, = {Hj, FO("), 1"1(”)} be a boundary triplet for S} and Mu(-) the corresponding Weyl
function, n € N. A direct sum IT = @y, [T, forms an ordinary boundary triplet for the operator A* =

D2, S;if and only if

C1 = sup| My (i) ”Hn <oo and C=sup|(Im Mn(i))_1 ”Hn < 00. (217)
n n
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Theorem 2.10 makes it possible to construct a boundary triplet by regularizing each summand in
a direct sum IT = @72 [T, of arbitrary boundary triplets. The corresponding result was obtained in
[57, Theorem 5.3] (see also [56] and [44, Theorems 3.10, 3.11]).

Theorem 2.11. (See [57,56].) Let S, be a symmetric operator in £, with deficiency indices n4(Sy) = n, < o0
and Spo = S}, € Ext Sy, n € N. Then for any n € N there exists a boundary triplet IT, = {Hn, FO(“), F1(")}for
Sy such that ker FO(") = dom(Sno) and IT = P2, IT, forms an ordinary boundary triplet for A* = P2 ; Sk
satisfying ker I'y = dom(Ag) := @, dom(Spo).

Next we assume that the operator A = ;2 Sp has a regular real point, ie. there exists a =
a e p(A). The latter is equivalent to the existence of & > 0 such that

(@—e.a+&) C()D(Sn). (2.18)

n=1

Emphasize that condition a € ﬂ,‘;ozl 0(Sp) is not enough for the inclusion a € p(A).

It is known [48] (see also [20]) that under condition (2.18) for every k € N there exists a self-
adjoint extension §k = §l’: of Sy preserving the gap (a — ¢, a + ¢). Moreover, the Weyl function of the
pair {Sk,gk} is regular within the gap (a — €, a + ¢). Assuming condition (2.18) to be satisfied, one
can simplify conditions (2.17) of Theorem 2.10 (cf. [44, Theorem 3.13]). In the following theorem we
slightly complete [44, Theorem 3.13].

Theorem 2.12. Let {S,}7°, be a sequence of symmetric operators satisfying (2.18). Let also IT, = {Hn,

1’0(“), F1(")} be a boundary triplet for S;; such that (a — &,a+€) C p(Sno) and let My (-) be the corresponding
Weyl function. Then:

(i) T =52 [y forms a B-generalized boundary triplet for A* = @2 ; Sk if and only if

C3:= sup||Mn(a)||Hn <oo and C4:=sup||M;(a) ”Hn < 00, (2.19)
neN neN

where Mj (a) := (dMn(2) /dz)| z=q.
(ii) T = @2 My is an ordinary boundary triplet for A* = @yo Sk if and only if in addition to (2.19) the
following condition is satisfied

Cs:= sug” (M,’1(a))_1 HHH < 0. (2.20)
ne

Proof. (i) According to (2.8) each M, (-), n € N, admits a representation

t—z 1+¢2
R\Ge

1 t 1
Mn(2) = Con + / —— | dZn (), /H—tzdfn(t) € [Hal, (2.21)
R
where Co, = Cf)k,n € [Hn] and G, :=(a —&,a + €). Hence
1+at

m dEn(t) and Mﬂ (a) = /
R\G¢ R\Ge

Mpn(a) = Con + dx,t). (2.22)

1
(t—a)?

Noting that with some k > 0
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A +ac—a)(1+62)7"| <k, teR, (2.23)

we get from (2.22) that the second condition in (2.19) implies
sup| Mz (a) — Co.n ”Hn < ksup||M;(a) ”H,. < 00.
n n

Combining this estimate with the first condition in (2.19) yields sup,, ||Co x|, < oo
Further, it follows from (2.21) that

. , 1
Mn(i) = Con +1i / H—tzdxn(t)e[’}-ln]. (2.24)
R\G,

It is easily seen that there exist constants ki, kz > 0 such that

0<ki<(1+3)(t—a)?<ky, teR\(a—¢e,a+e). (2.25)

Taking this inequality into account and combining (2.24) with (2.22) we get that the second
condition in (2.19) is equivalent to sup, |[M;(i) — Conll%, < oo. Combining this estimate with
sup,, [|[Conll#, < oo yields supy [My(i)|l7, < oo, i.e. M(i) € [H]. The latter means that M(-) € R[H].
Since kerIm M (i) = 0, it remains to apply Proposition 2.8(iii).

(ii) Using representation (2.22) for M; (a) we rewrite condition (2.20) as

/ = dEn(t) = M/ (a) > neN. (2.26)
R\Ge

Combining these inequalities with representation (2.24) and taking into account inequality (2.25) we
obtain

. 1 1 (-a?
R\G, R\Ge

/ = dZn(t) k'cs!, neN. (2.27)
R\G¢

This is amount to saying that sup, ||(Im M, (i)~ I, <k2Cs. To complete the proof it remains to
apply Theorem 2.10. O

For operators A = ;2 Sy satisfying (2.18) we complete Theorem 2.12 by presenting a regulariza-
tion procedure for IT = ;2 T, leading to a boundary triplet. In applications to symmetric operators
with a gap this regularization is substantially simpler than the one described in Theorem 2.11.

Corollary 2.13. Let {S;};2, be a sequence of symmetric operators satisfying (2.18). Let also Ty = {Hy,
1:0("), ﬁ(”)} be a boundary triplet for S¥ such that (a—¢,a+€) C p(Sno), Sno = S5 | ker(FO(”)), and M, () the
corresponding Weyl function. Assume also that for some operators R, such that R;,, Rn’l € [Hn], the following
conditions are satisfied

sup||R (M,(@)(Ry <oo and sup||R M) (@)~ <oo, neN. (2.28)

D s, Rally,,
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Then the direct sum IT = @;2; [T, of boundary triplets

My = {Ha, 17, 1"} with 17 = R T, 1™ = R7D (I = Ma@ "), (2:29)
forms a boundary triplet for A* = @re  Si.
Example 2.14.

(i) Let F(z) = Bz where B € [H], B=B* >0 and 0 € 6(B) \ 0p(B). Then O(e o¢(B)) is an ac-
cumulation point for o(B) and the operator B admits a decomposition B = @, B, with
By =B} € [Hn] and 0 € p(By), n € N. Clearly, F(-) = Py, Fa(-) € R[H], where Fy(z) = Bz and
Fn(-) € R4[Hp], i.e. 0 € p(Im Fp(i)), n € N. However, —F~1(-) € R(H) \ R[H], ie. —F~1() is a
Nevanlinna function with (unbounded) values in C(H). Clearly,

Fn(0) =0, F;(0) = Bp € [Hn] and su§||F,’l(0)\| = ||B|| < oo, (2.30)
ne

and conditions (2.19) are satisfied. At the same time, sup,¢y | (F;, 0) 71 = supyey ||B,j1 || =00
and condition (2.20) is violated. Thus, condition (2.20) is not implied by conditions (2.19).

Let F(z) = Bz where B = B* € C(H) \ [H] is unbounded positively definite operator, 0 € p(B).
Clearly, B = @y Bn where B, € [H], n€ N and F(-) = @2 Fn(-) with F, = Bnz. It is easily
seen that

(ii

=

Fa(0)=0,  (F,(0) ' =B, and
supl (£} 0)) ™" | =sup| B;" | = | B < oo, @31
neN neN
On the other hand, sup,¢y [|F}(0)|l = supey ||Bnll = co and the second condition in (2.19) is

violated. This example shows that the second condition in (2.19) does not follow from the first
one and condition (2.20).

Remark 2.15.

(i) In [44, Theorem 3.13] it is incorrectly stated that the direct sum [T = ;2 IT, forms an ordinary
boundary triplet for A* whenever both the first condition in (2.19) and condition (2.20) are satis-
fied. However the proof in [44, Theorem 3.13] can easily be fixed by posing the second condition
in (2.19) and using formula (2.6) connecting M(i) and M(a). In Theorem 2.12(ii) we presented
another proof of this fact that seems to be simpler.

(ii) Note also that the first inequality in (2.28) was occasionally missed in [44, Corollary 3.15]. We
mention also a misprint in formula (59) of [44]: there should be R, in place of R;l.

3. Dirac operators with point interactions on the line

Let D be the differential expression

d c2 22 —icd
D =—ic— - = dx 31
KONt O (—ic% —C2/2> (31)

acting on C2-valued functions of a real variable. Here

() w0 ) e(b %) e

are the Pauli matrices in C2 and c > 0 denotes the velocity of light.
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We set

k(z):=c 22— (c2/2)2, zeC, (3.3)

where the branch of the multifunction ./~ is selected such that k(x) > 0 for x > c2/2. It is easily seen
that k(-) is holomorphic in C with two cuts along the half-lines (—oco, —c?/2] and [c?/2, c0) and
k(Z) = —k(2).

Thus, k() itself is not R-function (Nevanlinna function), although the extension

~ k(2), zeCy,
k@ = { —k(z), zeC_ 5

is already an R-function, i.e. a holomorphic function in C\R, that maps C, into C, and satisfies

f(2) = f(2). Next we put
k)  [z=c2)2
ki(2) .= 212 = Pyl zeC. (3.5)

We can independently define the right-hand side in C\{(—o0, —c2/2]U[c?/2, c0)} by selecting the

branch of the corresponding multifunction in such a way that _/ ZE;Z > 0 for x > c%/2.

Next we construct boundary triplets for D% using the technique elaborated in [44] and [57].
3.1. Boundary triplets for Dirac building blocks

We begin with a construction of a boundary triplet for the maximal Dirac operator on an inter-
val.

3.1.1. The case of a finite interval
Let D, be the minimal operator generated in L%[x,_1,%,] ® C? by the differential expres-
sion (3.1)

Dn=D|dom(Dy), dom(Dp)=Wg?[xn_1,%]® C2. (3.6)
We also put d, :=x; — xp—1 > 0.

Lemma 3.1. D, is a symmetric operator with deficiency indices n+ (D) = 2. Its adjoint D}, is given by

Di =D|dom(D}), dom(D})=W"%[x,_1,%]® C2.

The defect subspace 91, := ker(D}; — z) is spanned by the vector functions fni(~, 2),

" eiik(z)x
fn (X! Z) = (:l:k] (Z)e:I:ik(Z)X> . (37)

Moreover, the following is true:
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(i) The triplet fi™ = {C2, [y™, [\™), where

~m e moy (f1) _ o filka— D)
o' /=T <f2>_<i6f2(xn—)) and
=t ()=

forms a boundary triplet for D;:.
(ii) The spectrum of the operator Dy o := D;; | ker 1:0("), where

dom(Dn o) = {{f1. f2}" € W [Xp_1. xa] ® C*: f1(xn_14) = fa(xn—) =0},  (3.9)

is discrete,

c2r? 1\° 2\ ?
G(Dn,o)=0d(Dn,o)=[i d—z(j+5> +(3) ,j=0,1,...}. (3.10)

(iii) The y-field P (-) : C2 — L2[xa_1, Xn] ® C2, corresponding to the triplet IT™ is given in the standard
basis in C? by

~ (Z)<V1> B 1 ( cos(k(z) (xn — x)) —(ck1(2)) 7" sin(k(2) (Xn—1 — X)))
n vy cos(dnk(z)) \ —ikq (2) sin(k(z) (xn — X)) —ic~ T cos(k(z) (Xn—1 — X))
x (”), z€ p(Dno). (311)
V2

(iv) The Weyl function My (-) corresponding to the triplet IT™ is

~ 1 (cki(z)sin(dnk(z)) 1
M) = osdnk(2) ( 1 (e @)™ Si“(d”k(Z))> ’
z€ p(Dno). (312)

Proof. (i) and (ii) are straightforward.
(iii) Since f; and f;t form a basis in the defect subspace 91,, we get from the definition of the
y -field,

~ % _
Ya(2) <v;> =w1() f; *%.2) + w22 f,f (x. 2).
Applying to this identity the mapping I’:O(") and using (3.7), (3.8) and definition (2.4) we get
Vi e~ k@Xn-1 eik@xn-1 w12\ . w1(2)
(VZ) = <—iCk] (Z)e_ik(z)x" ick (Z)eik(z)xn W (2) =: A(2) W2 (2) . (3.13)

Hence ("‘”(Z)) =A"1 (z)(t;). Setting A(z) :=det A(z) = 2ick; (z) cos(d,k(z)) we find

w2(2)
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~ Vi) 1 . ik(2)xn,,  _ Hik(Z)Xn—1 e ik@x
J/(Z)<v2)——A(z)(lC’<1(2)€ vi—e v2) ky (2)e k@

1 . ) ik(z)x
+ ——(icki (z)e = *K@¥ny; 4 o= k@xio1y,) ( € )

A(z) ki (z)ek@x
_ 1 ( cos(k(z)(Xn — X)) —(ck1(2) 7" sin(k(z) (Xn—1 — X))> (Vl)
"~ cos(k(z)dy) \ —ik1(2) sin(k(z) (X, — X)) (i)~ cos(k(2) (Xn—1 — X)) va /)

This proves (3.11).
(iv) This statement is immediate from (3.11), (3.8) and the identity Mn(z) = ﬁ(n)% (). O

3.1.2. The case of a half-line
In this section we construct boundary triplets for the Dirac operator D on half-lines R; := (—o0, a)
and R := (b, +00).
Denote by D, the minimal Dirac operator generated by differential expression (3.1) in
PR ®C?, ie.
Dq- =D|dom(Dg_), dom(Dg_)=Wy?*(Ry)®C2. (3.14)

Lemma 3.2. D,_ is a closed symmetric operator with deficiency indices n4. (D,—) = 1. Its adjoint D}_ is given
by

Di_=Dldom(D;_), dom(D}_)=W!%(R;)®C?

The defect subspace ker(D}:_ — z) is spanned by the vector function

—ik(z)x
fr(x.2) ::( € _,-k(z)x>. (3.15)

—k1(2)e
Moreover, the following hold:

(i) The triplet [T = {C, Fo(af), Ffa*)} where

rff=r’ (g) —icfr(a—) and "7 f:=r"" (g) = fi(a—=), (3.16)

forms a boundary triplet for D} _ .
(ii) The spectrum of the operator Dq_ o := D_ | ker fo(“_) is absolutely continuous, of the multiplicity one,

0 (Dg—0) = 0ac(Da—0) = (—00, c*/2] U [c?/2, +00). (317)

(iii) The corresponding y-field yo—(-) : C — L?>(R) ® C?, is given by

l-eik(z)a

Ya- (D)W = Wmfa_(l)y z€ p(Dq_0) (3.18)

(iv) The Weyl function Mq_(-), corresponding to the triplet IT@) is

Mg (2) = z€ p(Da_ 0)- (3.19)

ck1(2)’
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Next we denote by Dj, the minimal Dirac operator generated by differential expression (3.1) in
2 (Mt 2 s
L*R)) ® C~, ie.

Dpy =D [dom(Dpy), dom(Dpy)=Wy2(R))®C2. (3.20)

Lemma 3.3. D}y, is a symmetric operator with the deficiency indices ny.(Dp.) = 1. The adjoint operator D}
is given by

Dj, =D[dom(D;,), dom(Dj,)=W"(R])®C? (321)

and the defect subspace M, = ker(Dj; 4 — 2) is spanned by the vector function ber G, 2),

n eik(z)x
fb (X7 2) = (kl (Z)eik(z)x) . (322)

Moreover, the following is true:

(i) The triplet T®) ={(C, Fo(b+), Fl<b+)} where

r?Pf.=r G;) = fib4) and "V f.=rtH (2) —icfy(b+), (3.23)

forms a boundary triplet for Dg+.
(ii) The spectrum of the operator Dy o := D;‘+ | ker FO(H) = DZ+.0 is absolutely continuous of the multi-
plicity one,

0 (Dp+.0) = Oac(Dpy.0) = (—00, 2 /2] U [c? /2, +00). (3.24)
(iii) The corresponding y-field yy (-) : C — L>(R}) ® C, is
Vor@w =we D frz) 7€ p(Dpy ). (3.25)
(iv) The Weyl function My (-), corresponding to the triplet IT®) is
Mp(2) =ick1(2), ze€ p(Dpy0). (3.26)
The proofs of Lemmas 3.2 and 3.3 are straightforward.

3.2. Trace properties of functions from the Sobolev space W1-2(R. \ X)

Let X = {xn}32, be a discrete subset of the interval Z = (a, b), xn—1 < Xn, n € N, with the accumu-
lation point b, i.e. such that b :=sup X = lim;_, o X;. We set xg :=a and

dn = Xn — Xn_1, de(X) := il]}fdn, d*(X) :=supd,. (3.27)
n
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In what follows we always assume for convenience that a := xp = 0. Then we define the minimal
operator Dy on §) = L2(Z) ® C? by setting

Dx =P Du. (3.28)

neN

where Dy, n €N, is given by (3.6). Clearly,

dom(Dx) = Wg 2 (R \ X) ® C? = @) W *[Xn—1. %] ® C2. (3.29)

neN

Investigating non-relativistic limit in the case b < oo we will also consider operators Dx & Dp...

Here we construct (ordinary) boundary triplets for Dirac operators with point interactions on the
half-line as well as on the line. It is natural to define a boundary triplet for D% = @ne D} as the
direct sum /T = @>°, [T, of boundary triplets [7™ = {C?, 1:0("), Fl(”)} defined in Lemma 3.1. However,
IT is not an ordinary boundary triplet, in general. First we find necessary and sufficient conditions for
a discrete set X = {x;};2, which guarantee this property for the direct sum P52 . This problem
is closely related to the property of trace mapping defined on the Sobolev space W12(R,) by

W RY) = M), w(H)={fen], ;- (330)
Proposition 3.4. Let X = {x;}° ; be as above. Then the mapping 7 is surjective if and only if d,(X) > 0.

Proof. Sufficiency. Let d,(X) > 0. Denote by ug(-) € Cg°(R) a function with compact support suppug C
(—d«(X)/2,d«(X)/2) and satisfying ug(0) = 1. Next we put up(X) := tug(x — X,—1 + dn/2), n € N, and
note that suppuy C [Xn—1, Xs] and [Jup ||y 1.2 = lluglly1.2, n € N. Since suppuy Nsuppu; =@ for j #k,
for any sequence {a}S° € [2(N) the following series converges in W1-2(R.),

x x
fi=Y aue WHRY) and (132, = Uolfy2q,, - 20
k=1 k=1

Clearly, f(xx) =ax, ke N, i.e. w(f) = {ar}7° and the mapping 7 is surjective.
Necessity. Assume that 7 is surjective. Choose any sequence {u,}{° € W12(R,) satisfying

Un(xp) =1, Up(xp—1) =0, neN. (3.31)

Then, with the above notation d,, = x, — x;,—1 we get

Xn 2 Xn
— — 2
dn1=dn1( /u;(t)dt) < /|u;(t)| dt < |[unllfyrzg, ) neEN. (332)
Xn—1 Xn—1

If 7 is surjective, then, by closed graph theorem, there exists a bounded “inverse”, i.e. a surjective
mapping 7~V such that

VRN - Wy cWI2RY), arCh=1p, (3.33)

where Wi is a (closed) subspace of W12(R,). Hence there exists a bounded in W12(R,) se-
quence {v,}3° C W2(R) covering the coordinate basis e, := {$mn}>>_;, n €N, in 2(N), i.e. satisfying
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7 (vy) = ey, n € N. Substituting the sequence {v,}{° in (3.32) in place of {u;}{°, we conclude that the
sequence {dn‘1 }3° is bounded, i.e. d«(X) >0. O

Next we give a complete trace characteristic of the space W12(R \ X) assuming for convenience
that a = 0. Due to the embedding theorem, the trace mappings

o0

e WHRAX) - PN, mo(H={fGa1D}y .  7-(H={fxa0)]}]. (334

are well defined for functions with compact supports, i.e. for f € @’]V W12[x,_1, xn], N € N. We as-
sume 7 to be defined on its maximal domain dom(rrs) := {f € W12(R.\ X): m+ f € 2(N)}. Clearly,
dom(mry) is dense in W-2(R, \ X) although, in general, dom(rry) # W2(R4 \ X).

Proposition 3.5. Let X = {x;}° ; be as above with xo =0 and X C R,. Then:
(i) For any pair of sequences a* = {a;f}5° satisfying
a* ={aF} e P(Ni{dn}) and {af —a;}; e P(N: {d;1}). (3.35)

there exists a (non-unique) function f € W-2(R_. \ X) such that w+(f) = a*. Moreover, the mapping
Ty — - WH2(Ry \ X) — P(N; {d;'}) is surjective and contractive, i.e.

Y f o) = Feaa D U o, f€WI2RL\X). (3.36)
neN

(ii) Assume in addition, that d*(X) < oo. Then the mapping w1 can be extended to a bounded surjective
mapping from W1.2(R \ X) onto I*(N; {d,}). More precisely, the following estimate holds

3 da(|f -1 0] + | F ) ) < 4(d* (02 f’|}f2(R+) +1f1fw.)
neN

2 1,2
g C1 ||f||W1<Z(R+\X)’ f ew (R+ \ X)a (337)
where Cy := 4max{d*(X)?2, 1}. Besides, the traces a* := w+(f) of each f €¢ W12(R . \ X) satisfy con-
ditions (3.35). Moreover, the assumption d*(X) < oo is necessary for the inequality (3.37) to hold with
some C1 > 0.
(iii) The trace mapping m+ : dom(;y) — 12(N) is closed. Moreover, it is surjective, ran(mr+) D I2(N}, if and
only if d*(X) < o.
(iv) The mapping 7. is bounded, i.e. dom(rr+) = W1-2(R,. \ X), if and only if
0 <dy(X) <d*(X) < co. (3.38)
Proof. (i) Let conditions (3.35) be satisfied. Define a function g, by setting
g =af +d; ' x—xa_1)(a; —af), x€lxn_1,%], neN. (3.39)

Let us check that the piecewise linear function g = @, y&s has the required properties. Clearly,
gn(xn—1+) = a; and gy (xn—) = a; . Moreover, g, (x) =d;!(a; —a) and

18132,y = D80l o,y = 2 |t — [ < oo (3.40)
n n

In other words, g’ € L?(R;) if and only if {a; —a; }3° € P(N; {d; ).
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Next, it is easily seen that

lgnlZap,, = dn(Re(aran) +37"ay —af[)
=3""dy(|a}|* +|a; |* +Re(qfay)), neN. (3.41)

On the other hand, by the Cauchy-Schwartz inequality

671 (12112 + 1z21?) <37 (|z11* + |22/* + Re(z122)) <27V (12112 + |221?). (342)

Combining (3.41) with (3.42) we arrive at the following two-sided estimate for g =@, .y &n

o0 o0
671 Y dn(laf "+ oy [*) < gz, = 2 I8l | o
n=1 n=1
o0
<27 Y da(laf | + |ay ). (343)
n=1

In other words, g € L%(R,) if and only if a* € I>(N; {d,}). Thus, it follows from (3.43) and (3.40) that
g=@pcn & € WH2(R4 \ X) if and only if both assumptions in (3.35) are satisfied.

To prove surjectivity of the mapping 74 : W12(Ry \ X) — I*(N; {d,}) we choose any at = {af} €
I2(N; {dn}) and put a” := {a;} = a*. Clearly, {g} — a;}3° = {0}3° € >(N; {d;'}) and both condi-
tions (3.35) are satisfied. Thus, the step function g =@, &x With gy :=an € W12[x,_1, %21, n €N,
belongs to W1.2(R, \ X) and satisfies 7+ (g) = a®.

Further, for any fn, € W12[x,_1, a1, n € N, one easily gets

Xn 2 Xn
dn—l!fnun—)—fn<xn_1+>|2=d;1< /f,f,(t)dt> < /\f,ﬁ(t)lzdt
Xn—1 Xn—1
< fallfyrop o (3.44)

Taking a sum one arrives at the inequality (3.36).
(ii) Next, let d*(X) < oo. By the Sobolev embedding theorem, for any f € W12(R, \ X)

2 dn|f o) [*}

< Z(d% ”f/”iz[xn,],xn] + ”f”iz[xn_l,x"])’ neN. (3.45)

max{dn| f (Xn-1+)

Taking a sum and noting that d*(X) < oo we arrive at (3.37). It follows that the mapping 74
(see (3.34)) originally defined on functions with compact supports can be extended to bounded sur-
jective mappings from W12(R, \ X) onto 2(N; {d,}).

Further, let f € WH2(Ry \ X) and let a;f := f(xp—14), a5 := f(xy—). Since d*(X) < oo, it follows
from (3.37) that the sequences a* = {a,jf}To satisfy the first condition in (3.35). The second condition
in (3.35) is implied by (3.36).

It remains to prove the necessity of the assumption d*(X) < oo for the validity of inequality (3.37).

Choose fo € W12[0, 1] such that ||f0||§2[0” = cl] and fo(0) = fo(1) =1 and put

fa@) = fo((x—xn—1)dy '), neN. (3.46)



3858 R. Carlone et al. / J. Differential Equations 254 (2013) 3835-3902

Clearly, fn(xn-1+) = fa(x,—) =1 and

1 1
1 2 2
gy ) = 1 / | £ de +dy / [fo®*dt, neN. (3.47)
n
0 0

Substituting f, in (3.37) with account of (3.47) we arrive at the estimate

2dn < Gy (drT] ||f(3 ||i2[0,1] + d””fO”fZ[o,u) =G (dn—1 H fé”iz[o,]] + Cl_]dﬂ)v neN.

This estimate is equivalent to

-1 2
dn < Cidy || fo ”LZ[OJ]’ neN.
In turn, the latter is equivalent to d2 < Cy ||f6||%2[0 ,; for n€ N, which implies d*(X) < co.

(iii) Let limp oo fn = f in WH2(R, \ X) and limy_, o0 7+ (fy) = h+ in 2(N). By the embedding
theorem, 7+ (f;) weakly converges to w+(f) as n — oo. Thus, f € dom(mwy), m+(f) = hy and the
mapping w4 is closed.

Further, let d*(X) < oo. Then the space I2(N) is continuously embedded in I2(N; {d,}). Therefore
the surjectivity of the mapping 74 is implied by the statement (i).

Conversely, let the trace mapping 7, : dom(y) — [2(N) be surjective, i.e. ran(7, ) = I*(N). Then,
by (i), 2(N) is a subset of I>(N; {d,}). It is easily seen that the identical embedding i, : >(N) —
I2(N; {d,}) is closed. By the closed graph theorem, i is continuous, i.e. there exists a constant C > 0
such that 3", dnlan|® < CY, lan|?. It follows that d*(X) = sup,d, < C.

(iv) Let conditions (3.38) be satisfied and f =@ fn € WI2(Ry \ X). Since d.(X) > 0, we get
from (3.37)

||7T+(f) ”lZ(N) = Z‘fn(xn—1+)|2 <d ()" Zdn|fn(xn—1+)|2

neN neN

<Gl 2, x (3.48)

where C3 = Cld*(X)_1. Similarly we get ||7T_(f)||[2(N) = ZneN |fn(Xn_)|2 < C3”f||%/v1<2(]R+\X)'

Conversely, let dom(7,) = W2(R, \ X). Then I?(N) is isomorphic algebraically and topologi-
cally to the quotient space W12(R,. \ X)/kerm . Combining this fact with the statement (i), we get
that 12(N) is a subset of the weighted I>-space I>(N;{d,}). Hence, as it is proved in the step (iii),
d*(X) < co. In turn, by the statement (ii), we get that I>(N) coincides algebraically and topologically
with I2(N; {d,}). This immediately yields conditions (3.38). O

Remark 3.6. Let d*(X) < oo. Starting with f € WL2(Ry \ X) we set af := f(xy—1+), a; = f(xa—),
neN, and define the function g = P{° g, where gy, n € N, is given by (3.39). It is proved in state-

ment (ii) that the sequences a* = {a;}$° satisfy conditions (3.37) and g € W12(R,. \ X). Therefore f
admits the unique decomposition

f=g+fo. where fo:=f—geWg?R;\X).

In the case d*(X) = oo this decomposition fails since g ¢ WS’Z(]RJr \ X), in general.
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Remark 3.7. Assume that d*(X) < oo. Then using the continuity and surjectivity of the trace mapping
T := (w_,my) furnished in Proposition 3.5, and following the approach from [63] one can obtain
a description of the set of self-adjoint extensions of the operator Dx by means of the Krein type
formula for resolvents. It is a way alternative to that discussed in the next section.

3.3. Boundary triplets for Dirac operators with point interactions

Here we construct a boundary triplet for the operator D% := ;2 ; D;:. First we show that without
additional restriction on X the direct sum @322, [1™ of boundary triplets [7™ given by (3.8) forms
only a B-generalized boundary triplet for D%.

Proposition 3.8. Let X be as above, d*(X) < oo, and let [T™ = {C2, FO("), 1:1(")} be the boundary triplet for
the operator D} defined in Lemma 3.1. Let also A := Dy := @° Dp, H = >(N) ® C?, and I'; = P72, Fj(”),

jef0,1}, ie.
~ ( f1 _ f1(xn—1+)
FO(-fZ)_{(inZ(X”_))}nEN and
~(f1\_ | [icfa(xtn14) _(h «
r1(f2>—{< F1G—) )}HEN, f_<f2>edom(DX). (3.49)
Then:

(i) The mappings Ib and T are densely defined and closed. Moreover, the operator A, := A* | dom(A,)
satisfies

dom(A,) := dom(Ip) Ndom([}) = dom(p) = dom([Y)

— {f = (2) e WI(R,\ X) ®C2:

{ﬁum4+n?4fﬂﬁ—nT%u%Nxje{Lzﬂ. (3.50)

(ii) The direct sum 7= D am = {H, fo, ﬁ} forms a B-generalized boundary triplet for D, in the
sense of Definition 2.7. In particular, ran(Ip) = H.

(iii) The transposed triplet T = {H, o, FlT} ={H, I —Fo} also forms a B-generalized boundary triplet
for DY. In pgrticular, ran(fl) =H.

(iv) The triplet I1 is an (ordinary) boundary triplet for the operator D% = D5- ; D} ifand only if 0 < d..(X) <
d*(X) < oo.

Proof. (i) By Definition 2.9 and formula (3.8), the domain of Iy is given by
dom(Ip) = {f = (}{‘) e WIR,\ X) @ C%:
2

{ﬁ@wﬁﬂ?ﬂhmrHTEWM} (3.51)

Since d*(X) < oo, it follows from (3.36) that
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31 1) = FiGa—1 D <A X0 D dy 1) — f1 (10|

neN neN

SA N 12, x) < (3.52)

Combining this inequality with (3.51), yields {f1(x;—)}{° € I2(N). The inclusion {f> (Xn—1H)}° € 2(N)
is proved similarly. Hence dom(I:O) = dom(Fo) N dom(ﬁ). The equality dom(ﬁ) = dom(Fo) N
dom(Y) is proved in much the same way.

(ii) Due to (i) ker Iy € dom(I7) = dom(A,). Hence

o0
Ao = A.[ker [y = A* [ ker [o = @D Dno = Ao = A}, (3.53)

n=1

ie. Ayo = Ap is self-adjoint. The Green’s identity (2.16) is obviously satisfied for f,g € dom(A,)
(see (2.16)). It remains to show that ran(Ip) = H = [2(N) ® C2. This fact is immediate from (3.51)
and Proposition 3.5(iii).

(iii) The proof is similar to the proof of (ii).

(iv) Let conditions (3.38) be satisfied. Then, by Proposition 3.5(iii), dom(w+) = W2(R4 \ X).
Combining this fact with (3.50) we get dom(Ij) = WH2(R, \ X) ® C2, j € {0, 1). Hence Green’s for-
mula (2.12) holds for all f, g € dom(A*). ~ o

Next let us prove the surjectivity of the mapping I" = {Ip, I1}. Let ax = {ax};2; € B(N), k e
{1,...,4)}. By Proposition 3.5(iii), there exist fi, f» € W12(Ry \ X) such that

e (f) = {fiGnaaD e, =lamlisy. 7)) ={fia—) ), = {aan}3;.

mi(f) = {ichan 1) o =laslly.  7-(f2) = {icfH(a—)},, = a2,

Combining these relations with (3.49), yields the surjectivity of the mapping r.
Conversely let dom(I'j) = W'2(Ry4 \ X)®C?, j € {0, 1}. Then, by (3.49), dom(rrs) = WI2([R\ X).
Now Proposition 3.5(iii) yields the condition d.(X) > 0. O

Remark 3.9.

(i) We emphasize the difference between the trace mappings 7+ : WH2(R, \ X) — I*(N) and
T W1’2(R+) — [2(N) (see (3.30)). According to Proposition 3.5(iii) the first one is surjective
if and only if d*(X) < oco. At the same time, by Proposition 3.4, the second one is surjective if and
only if 0 < d,(X) <d*(X) < oo.

(ii) We emphasize that the mapping Fj j €{0, 1}, is bounded, FJ € [$4, H], if and only if d,(X) > 0.
Indeed, it follows from (3.1) and (3.8) that the estimate

175" fallce < Con(ID5 falltags,  spsce + 1falZap  jgce)  fo € dom(DE), neN,

yields (in fact, is equivalent to) the estimate

|f1n(xn—l+)|2 + |f2n(xn_)|2

2 2 1,2
< kn(||f1n||W1,2[Xn7],an + “fz””WLZ[x,,,],xnj)’ fin, fon € W [Xn—1, Xn].

Thus, the mapping fo =D en f(f”) is bounded, fo € [94, H], if and only if sup, k, < oo. In turn,
according to the Sobolev embedding theorem, the latter is amount to saying that d.(X) > 0.
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This fact is similar to that for Schrédinger operator (cf. [44, Corollary 4.9]). It also shows that

the condition sup, ”ﬁo(n) | < oo is only sufficient for a triplet [T = Dren [T, to form a B-generalized
boundary triplet (cf. [44, Proposition 3.6]).

To obtain an appropriate boundary triplet for the operator D% = @no, D in the case
d.«(X) = 0 we regularize the boundary triplets I, for Di, n e N, given by (3.8). To this end we
apply the regularization procedure proposed in Corollary 2.13 (cf. formula (2.29)).

Theorem 3.10. Let X = {xn}3 ; be as above and d*(X) < +o0. Define the mappings

I W1, ] @ C* > €, neN, je{0,1),

by setting
ey dy’? f1(n-1) s
0 5 \icdd? 1+ ﬁfz(xn—) ’ 54)
. —1/2
e icdy ' (fa(xn—1+) — f2(xn—)) >
F] f = < 3/2(1 2‘1':’3)71/2(f1 (xn_) _ f] (Xn—]+) _ iCdnfz(Xn—)) (355)
Then:

(i) Foranyn e N, [T™ = {C2, I‘O("), F1(")} is a boundary triplet for D},
(i) The direct sum IT := @ ™ = {H, Iy, I} with H =12(N,C?) and I'j = @2, r;”), jef{o,1},is
a boundary triplet for the operator D% = @< ; D;.
Proof. According to Lemma 3.1(ii) each operator D, ¢ = D;O has a gap (—ay, o) O (—c?/2,c%/2).

Hence the symmetric operator Dx = @rc; Dy has a gap (—«, &) := (7" (—an, o). Since d*(X) < oo,
it follows from (3.10) that o > c%/2, i.e. (—a, o) D (—c?/2, c?/2). Moreover, by (3.12),

~ (c*\ (0 1 ~ (c2\ ([ dn d2/2
M"<?>‘<1 dn) and M <2)‘(d§/2 dn/c2+d3/3)' (3:56)

Since c?/2 € (0, ), we can apply Corollary 2.13 to regularize the sequence of boundary triplets
™ ={c?, F(”) F(n)} for Di, n € N, defined by (3.8). Starting with (3.56) we define the matrices
Ry =R;; and Qn =Q, by settmg

Ry = ' 0 ot (S)= (0 1 N (3.57)
n= 0 dg/Zm n»—nf—ldn,n€~ .

Next we define a new sequence of boundary triplets IT, = {C?, I} (“) 1(”)} by formulas (2.29),
P =Ra0y", " =R - Quly"), neN. (3.58)
Clearly, the corresponding Weyl function is

Mn(z) = Ry ' (Mn(2) — Qu)R, ', neN. (3.59)
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Let us check that the family {M,(-)};2, of the Weyl functions satisfies conditions (2.28) of Corol-
lary 2.13. Indeed, by (3.57), M,(c?/2) = 0. Moreover, combining (3.59) with (3.57) and (3.56) we get

2 - 2 d d2 2
M;(C—>=R;1M;(C—)R;1=R;1( , w2 )R,ﬂ
2 2 272 dy/c?+d3/3

1 10+ 572
= Ly 112 1 342 , neN. (3.60)
21+ czdg) 3 14c2d2

Hence sup,cy ||M,/1(C2/2)|| < 0o and the first condition in (2.28) is satisfied. Further,

(M3(2/2)) ™" = Rali (c2/2) " R

1 3+c%d2 1 1 \—
— 1 3 1+c2d2 —2(+ m) v (3.61)
= ~ , X

where A(c?/2) =12(1 + c2d2)(12 + c2d?)~1. Hence sup,cy |(M/,(c?/2))~1|| < oo and the second con-
dition in (2.28) is satisfied too. Thus, by Corollary 2.13, the direct sum P, 1™ is an ordinary
boundary triplet for the operator D¥.

To complete the proof it remains to note that the mappings FO(") and Fl("), n € N, defined by (3.58)
coincide with the mappings given by (3.54), (3.55). O

Remark 3.11. It follows from (3.56) that both conditions
sup||Mn(c?/2)|| <oco and sup|Mj(c?/2)| < oo
neN neN

are satisfied for any discrete sequence X = {x;}72; whenever d*(X) < oo. Applying Theorem 2.12(i)
we obtain an alternative proof of Proposition 3.8(ii).

e s . ~ 2 —
Further, it is easily seen that M;1 (%) = ( 1"" (1)) and

o (N e (P, (P~ [P d3/3+dn/? —d2)2
) (5) =5 (5 )m(5 ) (5) = (gl 07). ven

Thus, the sequence {—1\7,1_1(')}%1\1 satisfies conditions (2.19) at the point a = c2/2 provided that
d*(X) < oo. Again, by Theorem 2.12(i), the direct sum /T := P2, IT™ forms a B-generalized bound-
ary triplet for D} in the sense of Definition 2.7. These reasonings give an alternative proof of
Proposition 3.8(iii). ~

At the same time, condition sup,cy ||(M,/1(c2/2))‘1|| < oo is satisfied if and only if d.(X) > 0.
Hence Theorem 2.12(ii) gives an alternative proof of Proposition 3.8(iv). On the other hand, this
example shows that condition (2.20) of Theorem 2.12 is not implied by conditions (2.19) (cf. Ex-
ample 2.14(i)).

Corollary 3.12. Let IT = {H, I'v, I'1} be a boundary triplet for the operator D% defined in Theorem 3.10, i.e.
I =@X, 1™ Then:
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(i) The set of closed proper extensions of D x is parameterized as follows

Dx = Dx,¢ := D% [ dom(Dx o),

dom(Dx,0) ={f e W'3(Z\ X)®C?: {Iof, I f} € O}, (3.62)

where © € C(H) \ {0} UH & H}.

(ii) Dx @ is symmetric (self-adjoint) if and only if so is ©. Moreover, n.+(Dx o) =n.(O).

(iii) Dx, e is m-dissipative (m-accumulative) if and only if so is ©.

(iv) Dy = Dy e is disjoint with Dx o := D% | ker Iy if and only if ® is a closed operator. In this case rela-
tion (3.62) takes the form

Dx =Dx.o := D* | ker(I'l — O Iy). (3.63)
Moreover, ﬁvx = Dx o and Dy g are transversal if and only if (3.63) holds with ® € [H].
Proof. According to (3.28) D% = &5;2, D}, hence

[o¢] o0
dom(D%) = @ dom(D;) = P W *[x0-1. X1 @ C* = W (Z\ X) ® C2.
n=1

n=1

One completes the proof by applying Proposition 2.3. O

Remark 3.13. Consider a Dirac operator with point interactions supported on the set X = {X}re; C
Z = (a,b), xk_1 < X, k € I, where either I =N or I = Z. Moreover, we assume as usual that
limy_s oo Xk = b < 00 and limy_, _oo X¢ =a > —oo in the second case. Now in place of (3.28) the mini-
mal operator is Dx := @, ; Dn.

To investigate the non-relativistic limit on the line we also will consider the operators

Daq— ® Dx @ Dps, (3.64)

where the first (resp. the third) summand is missing whenever a = —oo (resp. b = oo). The corre-
sponding maximal operators are given by D} = &D,,.; D; and D}_ & D} & Dy, respectively.

The appropriate boundary triplets for the maximal operators are of the form @ndn(") and
9 @@, 1™) @ m®), respectively. Here 179~ and 17+ are the boundary triplets defined in
Lemmas 3.2 and 3.3, respectively. Using these boundary triplets one parameterizes the set of proper
extensions of the operators Dx and (3.64) in just the same way as in Corollary 3.12.

4. Non-relativistic limit
Here we investigate the non-relativistic resolvent limit of maximal dissipative (accumulative) ex-
tension D ,, defined by (3.62). To this end we consider the operator —d? /dx* with point interactions

on a discrete set and following [44] describe the corresponding boundary triplets, Weyl functions, etc.

4.1. Boundary triplets for Schrodinger building blocks

) . . 2 N
First we present a boundary triplet for the maximal operator — % on a finite interval. Let H,

dx?
denote the minimal operator associated with the differential expression —% in L?[xy—1, xn] by
2
Hp =~ dom(Hy), dom(Hy)= W2 [Xn—1, %p], n € N. (4.1)
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Lemma 4.1. The operator Hy is symmetric in L?[X,_1, X,] with the deficiency indices n4 (Hy) = 2. Its adjoint
H;; is given by

2

Hi = ;2 Idom(H}), dom(H}) = W2?[xy_1, X1,

and the defect subspace 2, = ker(H,, — z) is spanned by the functions f,fH ),
FEy@@ ==V Im(vz)>0. (42)
Moreover, the following hold:

(i) The triplet 1'[(") {C?, Fo(nf)w F(") } where

~m) . fxn—1+) ~m) ¢ f'(xn—1+)
FO’Hf"( ') ) FL“"( ) ) (43)

forms a boundary triplet for H;.
(ii) The spectrum of the operator Hy o := H;; | ker 1':0(_"2, is discrete,

w? 1\?
0 (Hy,0) =0q(Hny) = {d—z(j+ 5) , je{0} UN}- (4.4)

(iii) The y-field 7,(-) : C2 — L2[x,_1, X1, corresponding to the triplet IT™ is given by

~ wi\ _ 1 _ _Sin(\/z(xnfl _X))) (W])
(@) (W2> = s @5 (COS(«/Z(xn X)), — 7 )

_ 1 o Sin(/Z(xn—1 — X))
_COS(dnﬁ)(chos(ﬁ(X" 0) = w2 Vz )

z € p(Hn.o). (4.5)

(iv) The Weyl function Mn H(+), corresponding to the triplet ITy 7™ s

~ 1 JzZsin(dn/2) 1 )
Mpy(z)= —— _ . , z€ p(Hpo). 4.6
n,H(2) cos(d,v7) ( 1 212 sin(dy/Z) P(Hn0) (4.6)
Next we present a boundary triplet for the operator _d_l on the half-line. Denote by H,_ the
minimal operator associated with the differential expression —d—zz on LZ(R ) by
d? 2 2
Hyo = ) [ dom(Hg—), dom(H,_)= (Rg)- (4.7)

Similarly, Hp; denotes the minimal operator generated by the expression —d?/dx? on L*(R;),

2

Hb+:_d2

| dom(Hp.), dom(Hpy)=Wg2(R)). (4.8)
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Lemma 4.2. The operator H,_ is symmetric with the deficiency indices n+ (Hq_) = 1. Its adjoint H_ is given

by
d2

—Z dom(H}_), dom(H}_ )= WZ’Z(RG’),

_ = (Haf)* =
and the defect subspace N, = ker(H}_ — z) is spanned by the vector function

frx2)=e V& Im/z)>0.
Moreover, the following hold:

(i) The triplet Hﬁff) ={C?, I"O(GH),F(a )}, where

R f=f@-)., r%f=fa-),

forms a boundary triplet for the operator H:_
(ii) The spectrum of the operator Hq— o := H}_ | ker e - (Hq—.0)* is absolutely continuous,
s 0,H 5

0 (Hq—,0) = 0qc(Ha—0) = [0, +00).

(iii) The corresponding y-field yq— 1 (-) : C — L2(R7), is
i ivza ¢—
yﬂ*,H(z)W:Wﬁe fa,H('vz)a W€C+7 ZG,O(Hafﬁ).
(iv) The Weyl function Mq— p () corresponding to the triplet 17;1‘17) is

Mo 1i(2) = % ze p(Ha_0).

Lemma 4.3. The operator Hp is symmetric with the deficiency indices n. (Hp) = 1. Its adjoint Hy

by
2

d
L= () == T dom(H3,). - dom(H;.) = W??(R),

and the defect subspace N, = ker(H}; L —2)is spanned by the vector function
a2 =eV?*  Im/z) > 0.

Moreover, the following hold:

(i) The triplet 17<b+) {C2, F(b+) F(b+)} where

P f=foh, Y=o+,

forms a boundary triplet for the operator HZ‘+

(4.9)

(4.10)

(411)

(4.12)

(413)

is given

(4.14)

(4.15)
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(ii) The spectrum of the operator Hy o := HZ‘;+ y | ker Fo(b,j) = H;‘;+ o is absolutely continuous,

0 (Hp+,0) = 0ac(Hp+40) = [0, +-00). (4.16)

(iii) The y-field yp4 y(-) : C — L2(R;") corresponding to the triplet mPh s given by
+ b H
Vor@w=we VPfE L weC, z€p(Hp ). (4.17)
(iv) The Weyl function Mpy y(-) corresponding to the triplet HI({bH is

Mpy 1(2) =ivz, z€ p(Hpi o) (418)
4.2. Boundary triplet for Schrédinger operators with point interactions

Let X = {xu}32,, a =X0, Xa—1 < Xn, be a discrete set as in Section 3.2. We define Hx by
Hx := P Ha. (4.19)
neN

Now we are ready to construct a boundary triplet for the operator Hy.

Proposition 4.4. (See [44].) Let [T™ = (C2, 1':0(",_), Fl(ﬁf,} be the boundary triplet for the operator H};, n € N,
defined in (4.3). Then the direct sum

o0 oo
=@y =0.Ton Ny, H=bMC, Fu=Er je(0.1). 420

n=1 n=1
forms a boundary triplet for the operator H% = @qe 1 H;: if and only if 0 < d,(X) < d*(X) < oc.

In the case d.(X) =0 a boundary triplet for the operator H} was constructed in [44, Theorems 4.1,
4.7] by applying to triplets i ,({”) the regularization procedure described in Corollary 2.13.

Theorem 4.5. (See [44, Theorem 4.7].) Assume that d*(X) < +oo and define the mappings Fj{'}), T W22[x,_q,
xn] = CZ neN, je{0,1)}, by setting

n dy? f (xn
- (400
—1/2, ¢/ ’
m ¢._ dy (f'xn=1+) — f'(xn—))
finf = (d; 2 (f =) — fOn14) —dy ”Zf’ocn—)) ' (422)

Then:

(i) Foranyn e N, 1'[,31) ={C?, FO(”,;, 1“1(2} is a boundary triplet for H.
(ii) The direct sum T = @y, My = {H, To.n, 1.} with H = 2(N,C?) and Iy = By I}y, j €
{0, 1}, is a boundary triplet for the operator H} = e { H}:.
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Corollary 4.6. Let [Ty = {H, I'o,n. I',u} = Ppey H,Ef) be the boundary triplet for Hy, defined in Theo-
rem 4.5. Then:

(i) The set of closed proper extensions of Hy is parameterized as follows:

I’-—I\;( = HX,@ = Hj( r dom(HX,@)’

dom(Hx,0) = {f e W**(Z\ X): {Io.uf. N.uf} €O}, (4.23)

where © € C(H) \ ({0} UH ® H).

(ii) Hx,e is symmetric (self-adjoint) if and only if so is ®. Moreover, n+(Hx o) =n+(O).

(iii) Hx e is m-dissipative (m-accumulative) if and only if so is ©.

(iv) Hy = Hy g is disjoint with Hx o := H [ ker I'y y (= H;‘w) if and only if © is a closed operator. In this
case relation (4.23) takes the form

I:I\;(=HX,@ = Hj}[ker(FLH—@Fg,H). (4.24)
Moreover, I-Ff)} = Hyx o and Hy o are transversal if and only if (4.24) holds with © € [H].

Remark 4.7. Consider Schrodinger operator with point interactions supported on the set X = {xx}ke; C
Z =(a,b), xk_1 < %, k € I, where either I =N or I = Z. Moreover, we assume as usual that
limg_, 00Xk =b <00 and limy_, oo xx =a > —oo if [ =Z. Now in place of (4.19) the minimal oper-
ator is Hy := @ne, Hpy. In the next section we will also use the operators

Ho_ & Hx ® Hps., (4.25)

where the first (resp. the third) summand is missing whenever a = —o¢ (resp. b = oo). The corre-
sponding maximal operators are given by Hy =&, H;; and H;_ ® Hy @ Hg+, respectively.

The appropriate boundary triplets for the maximal operators are of the form &, 17,(,”) and
17,(_;’7) ® (Bre; 171(.,")) &) H,(}’J’), respectively. Here 17,(_;’7) and I'Ig’“ are the boundary triplets defined
in Lemmas 4.2 and 4.3. Using these boundary triplets one parameterizes the set of proper extensions
of the operators Hx and (4.25) in just the same way as in Corollary 4.6.

4.3. The non-relativistic limit for general realizations

In this section we investigate the non-relativistic limit of any m-accumulative, m-dissipative (in
particular self-adjoint) extension Dx of Dx. We confine ourself to the case of the half-line R, =
(a, +o0) only, i.e. assume that b = +oc0. The cases of Dirac operators either in L%(—o0,b) ® C% or
in L2(R) ® C?, with b < 400, can be treated similarly by using the boundary triplets discussed in
Remarks 3.13 and 4.7.

Denote by X = {x,};2, the discrete subset of Rg, X0 =a (cf. (3.27)). We will use the bound-
ary triplet IT = {#H, I'p, I} = @52, 1™ defined in Theorem 3.10 where /7™ is given by (3.54)
and (3.55). In what follows we equip all objects related to the Dirac operators by index c to
exhibit dependence on the velocity of light. For instance, we write D, DS, Mpc(-) in place of
Dx, Dn, Mn(").

Theorem 4.8. Assume that d*(X) < +oo, IIp = {H, I'v, I} and Ty = {H, I'o.H, 1“1,H}gre the bgund—
ary triplets for (D$)* and H% defined in Corollaries 3.12 and 4.6, respectively. Let also D$, and Hx be
m-accumulative (m-dissipative), in particular, self-adjoint, extensions of DS, and Hy, respectively, and let O,
and © be the corresponding boundary relations in the boundary triplets I1p and Iy, i.e. BS( = Dg(,Oc and
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Hx = Hx e according to formulae (3.62) and (4.23), respectively. Iflé(N, C?) is a core for O, lé(N, C? c
Ne=1 dom(O:) Ndom(®) and

lim ©ch=6h, hel}(N,C?), (4.26)

c—>—+00

then

10
00

c—>—+00

s— lim (D§<’@E — (z+cz/2))71 =(Hxo—-27'® ( ) , zeCy(zeCL). (427)

Proof. (i) First we investigate the limit of the Weyl functions M, (-) given by (3.59). It follows from
(3.3) and (3.5) that

. 20\ 1 29) _
CErfook(z—i-c /2)_cBTooCk1 (z+¢*/2)=+z, z€Cy. (4.28)

Next we find the limits as ¢ — oo of the basis defect vectors defined by (3.7), (3.15) and (3.22),
respectively. Taking into account (4.28) and relation (4.2) we obtain

c—>+00

+
lim fE(,z4c2/2) = <f"’Hc§"Z)),

where the convergence is in the Hilbert spaces L%(x,_1, Xn) @ C2.
According to (3.59) and [44, Eq. (83)]

Mp.c(2) = Rn(¢0) " (Mpn.c(2) — Qn)Rn(0) 7",
M (2) = Ry (M 1 (2) — Qo) Ry, 1 (4.29)

where INVIn,C(-) and MH,H(-) are defined by (3.12) and (4.6), respectively. Besides, R, (c) := Ry and Rp u
are defined by (3.57) and [44, formula (94)], respectively, i.e.

1/2
Rn(c) :==Rp = % 3/2 0 and Rppy:= (d’l/z 0 ) neN. (4.30)
n{c). n 0 dn/ ]+ﬁ nH: 0 di/z > . .
Clearly,
(1+¢2d;2) ' 51 asc— oo. (4.31)

It follows from (4.30) and (4.31) that lim¢—, o0 Rn(c) = Rn,u, n € N, and

—12
. (d 0 .
Ryc) li= ("7 _ —R asc— oo, neN. 432
n(0) ( 0 da+ C—zdgz)—uz) nH (4.32)

Next, combining (3.12) and (4.6) with (4.29) and taking into account relations (4.28) and (4.32) we
arrive at

lim My c(z+¢%/2) =Man(2), neN. (4.33)

c— 400
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We emphasize however that the convergence in (4.31), hence the convergence in (4.32) and (4.33),
is uniform in n € N if and only if d,(X) > 0.
(ii) In this step we show that

-1

s— lim (B —Mc(z+c%/2)) ' = (0 —Mu@) ™', zeCy. (434)

C—>—+00

We consider the case of m-accumulative @, the case of m-dissipative ®@ is treateded similarly.
Straightforward calculations show that the matrices M,/Lc(c2 /2) are uniformly positive in n € N and
¢ € (0, 0). Indeed, it easily follows from (3.60) that the following inequalities hold

2 1 %(1 + #)71/2 1

/ _ n -

M} (c?/2) = Ly 12 L3 > 1612’ ce(0,00), neN. (4.35)
2(1+ c2d2 ) 31+

Note that the Weyl function M.(-) corresponding to the triplet I7(c) = @ Hn(c) is Mc(-) =
P3° Mn.c(-) € [H]. Combining this fact with inequalities (4.35) and the integral representation of the
R[H]-function M.(-) (see (2.8)) we obtain

M, (c?/2) @M (c?/2) = / (t_;dzc(t)

C2/2)2
R\ (—ac,ac)
1
> —Iy, ce(0,00), (4.36)
16
where (—oc, ) := ey (—Cn,c, Onc) and o > c2/2. Further, it follows from (3.10) that with some
g >0
o i N c2\? 2 2 2 1ot
<2 7\ 4dr(x)? 2 2 2|V dr(X)32c?

B 2_1n2d*(X)_2
Vr2d*(X)~2c2 +1+1

>¢gg forc>1. (4.37)

Hence |t —c%/2| > ac —c%2/2 > g9, t e R\ (—ac, @c) and ¢ > 1. In turn, this inequality yields

(t —c2/2)? N &2
C—c222+1° 1T 1462

teR\ (—ac, o), c> 1. (4.38)

Combining this inequality with (4.36) and using the integral representation (2.8) of the Weyl function
M (-) we arrive at the following uniform estimate

ImMc(i +c?/2) = /

R\ (—ac,ac)

€1
— dn® > Dy, 1 439
=2z iF®= gt © (4.39)

Since ®. is m-accumulative, we easily get from (4.39) that

|(©c = Mc(i+¢*/2))h] - Ih]
> |((©c = Mc(i +¢2/2))h,h)| > [Im((©c — Mc(i + c*/2))h. h)|

= —Im(Ech, h) + Im(Mc (i + c*/2)h, h) > 11—681 k%, c>1, hel§(N,C?).
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Since I3(N, C?) is dense in H = [>(N, C?), this inequality yields

[(©c = Mc(i+c%/2)) " <1667, c>1. (4.40)

Further, relations (4.33) immediately imply limc_, yo Mc(z + ¢?/2)h = My (2)h, h € 3(N, C?). Combin-
ing this relation with (4.26), yields

lim (O —Mc(z+c*/2))h= (0 —Mu(2)h, hel}(N,C?), zeC;. (4.41)

c—>—+00
In turn, combining (4.41) with the uniform estimate (4.40) and applying [41, Theorem 8.1.5] we arrive

at (4.34).
(iii) In this step we prove the following limit relation

s _limye(e+2/2)(0c ~ Me(e+2/2)) v (24 2)

:(yH(z)(@—MH(Z))_ly,T,(Z))(X)(g) g), zeCy. (442)

It follows from the first identity in (3.58) and Definition 2.4 (see formula (2.4)) that

Yne@ =Pc@R," and yun(@) =Pn@R, . neN.

Combining these identities with (3.11) and (4.5) and taking (4.28) and (4.32) into account we ob-
tain

. 29y _ [ nH@)1 (Va,H(D)2
c—llTooyn*C(z—i_C /2)_ ( 0 0 )7
. * 29\ _ [ Wag@n 0
. BTOO Yac(z+c%/2) = ( e @, 0) ) (4.43)

Here (yn,1(2)); denotes the jth component of the vector function y; 1 (z) and the convergence is
understood in L?(X,_1,X,) ® C* and H,, respectively.

Next we prove that the family yc(z + c2/2) = @32 ¥n.c(i +¢?/2) is uniformly bounded in ¢ > 1.
More precisely, assuming for simplicity that z =i we show that

sup|ye(c?/2 £1)| = sup||y*(c?/2 £ )| < 8V3. (4.44)
c>1 c>1
It follows from (2.6) that

ImMc(c?/2 i) =Im(c?/2 £i)y(c*/2 £i)ye(c?/2 +i)
=+yF (P2 i) (/2 i) (4.45)

So, it suffices to estimate Im M (c?/2 & i) from above.
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Taking into account formula (3.61) where A(c?/2) :=12(1 + c2d2)(12 + c2d?)~! < 12, we obtain
from (3.61) and (4.35) that

1 34c%d2 1 1 \-1/2
(2] Sed 0+ Ep Y
( n,C(C / )) A(CZ/Z) 1/2
__(]+ zdz) 1
1
— . N, ¢ > 1. 446
>12 16 ne > ( )
Hence
167" < M) (c?/2) <192 and M(c?/2) = @M (c2/2) <192 - Iy,. (4.47)

On the other hand, it follows from (4.39) and (4.36) with account of (4.47) that

1 1
2 .
R\ (—ac,0c) R\ (—ac,0c)

=M.(c?/2) <1921y, c>1. (4.48)
Combining this estimate with (4.45) we arrive at (4.44).

Further, note that the convergence in (4.43) implies the convergence of finite direct sums. Finally,
combining this fact with the uniform estimate (4.44) we obtain

: 2 N ((ra(xD)1 (Y (£D)2
S_c—llTooyC(C /Zil)_( 0 0 )’

— 1 * (2 N (vaED 0
s CBTOOVC (c/2+i)= <(VH*(ii))2 0), (4.49)

where (yy(-))j, j €{1,2}, denotes the jth component of the vector function yy(-). The convergence
in (4.49) holds in the spaces L?(a, b) ® C* and 7, respectively. Combining relations (4.49) with (4.34)
we arrive at (4.42).

(iv) In this step we prove formula (4.27) for the operators D§ = @y DS and Hx = @72, Hy
assuming for the moment that the following limit formula holds

. -1 _ 10
u— lim (Do —(z+¢*/2)" =(Hno—2) 1®<0 0>, nel. (4.50)

Here D, , := Dj | ker F("), Hp,o := H}; | ker FO(’"IEI and
dom(D§ ) = ker 1" = {{f1. f2}7 € W' [xn—1. %] ® C*: f1(¥n—1+) = fo(%a—) =0} and
dom(Hp,0) = Wg*[Xn_1. Xa).
The proof of (4.50) is postponed to the next step. Note that convergence in (4.50) is uniform in

L2[%n-1, %] ® C2.
According to the Krein type formula for resolvents (see (2.9))

(Do, —2) ' =(Ds0-2)" + 7@ (O — Mc(@) ¥ (@) (4.51)
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and

(Hx.o =2 =(Hx0- 2"+ yu@(0 - My@) v} 2. (452)

Here the realizations DS %.0 and Hy o are given by
* *
D o= @ D o= @ D;,o) = (D§<,0) and
n=1

Hxo= 69 Hno = @(Hn,o)* = Hxo- (4.53)

n=1

Combining relations (4.50) with (4.53) and noting that ||(D,CL0 — (z4¢%/2))7Y| < |Imz|~! for any n
and ¢ > 0, we obtain '

s— lim (D§<,0—(z+c2/2))71:(HX’O—Z)*@((]) 8) zeCy. (4.54)

c——+00

Finally, combining this relation with (4.42) and applying the Krein type formulae (4.51) and (4.52) we
arrive at (4.27).
(v) In this step we prove formula (4.50) as well as the following formulas

. 2 -1 -1 10
u—CBinOO(Di —(z+c¢?/2)) =H:-27'® <O 0), T=a—,b+,zeC,. (4.55)

All formulae can be obtained by direct calculations but we prefer to extract them from the classical

result for the “free” Dirac operator considered on the whole line. To be precise denote by Df .. and

Hfee the “free” Dirac and Schrodinger operators generated by deferential expressions (3.1) and —%
on L%(R) ® C? and L*(R), respectively. By definition, dom(D¢,) = W!?(R) ® C? and dom(Hfree) =
W22(R). Then according to the classical result (see e.g. [72, Chapter 6])

. 2 -1 -1 10
u— CBTw(Dgree —(z+¢?/2))  =(Hfree—2)' ® (0 o> ) (4.56)
To this end we introduce a two points set Y := {x,_1, xn} =: {a, b} and consider the boundary triplet
5 = 1) @ [T™ @ 114 constructed in Corollary 3.12 for the operator (D$)* = (DS- @ Dg & D)™
In other words, IT{ = {C*, I'§, I'f} where rf:= I“j(a )@ Fj(") ® I“j(b+), je€{0,1}, and Fj(a ), Fj("), and

F(b+) are given by (3.16), (3.8) and (3.23), respectively.

It is easily seen that in the triplet 7y the operator Df.. is given by
fi1(@a-) 0100 icfo(a—)
ref = icf/hoaH) ] |1 0 0 0 fi(a+)
Y ik )T l0 0001 icfa(b—)
icf2(b+) 0010 f1(b+)
= Opee 5 f,  fedom((D$)"), (4.57)

ie. Df,. = (D{)* I ker(I'f — Ogeely). We emphasize that despite of the dependence of the triplets
IT; on c, the boundary operators Ofee = 01 @ 01 do not depend on c. Here o1 = (? é) (see defini-

tion (3.2)).
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Alongside the triplet I7{ we consider the boundary triplet /Ty y for the maximal Schrédinger
operator

Hy =H} ®H:®H}.,

a

given in Remark 4.7 (see also Theorem 4.5). Clearly,
Oy n={C" Lon. Nu} =1 " o0 en;” with iy =r el erhy.

Here F].(,al_l_), f]('z and Fj(’b,_;r), j €{0,1}, are given by (4.10), (4.3) and (4.15), respectively. It is
easily seen that in the boundary triplet [Ty y the free Schrédinger operator Hfee is given by Hfree =
H§ [ ker(I'1,y — Ofree [0,n) With the same boundary operator Ofe. as in (4.57).

Consider formulae (4.51), (4.52) and the limit relation (4.42) with the set Y = {a, b} in place of X
and O = ® = Ofee. In this case (4.42) holds in the uniform sense since Y is finite. Taking this
relation into account and passing to the limit as ¢ — oo in the Krein type formulae (4.51), (4.52),
with account of (4.56) we arrive at the identity

c—>—+00

u— lim (Dﬁ,’o—(z~|—c2/2))_l:(Hy,o—z)_1®<1 O), zeCy. (4.58)

In turn, it implies (4.50) as well as relations (4.55). O

Corollary 4.9. Assume the conditions of Theorem 4.8. Assume, in addition, that d,(X) > 0 (in particular, X is
finite) and that in place of (4.26) the uniform resolvent convergence holds, i.e.

lim |(@c—2)7'=(© -2)7'|=0, zeCy (zeCo). (4.59)

c—>—+00

Then in place of (4.27) the uniform resolvent convergence holds, i.e.

. c 2 —1_ a1 1 0
u_CEToo(DX@C —(z+¢/2))  =(Hxo —2) ®<0 0), zeCy (zeCl). (4.60)

Proof. It can be proved that in the case d.(X) > 0 condition (4.59) implies uniform convergence
in (4.34). It can be done using uniform counterpart of [22, Lemma 3.1]. Moreover, in this case the
convergence in (4.49), hence the convergence in (4.42), is uniform too. Besides, in the case d.(X) >0
the convergence in (4.54) is also uniform. Finally, combining these relations and applying the Krein
type formulae (4.51) and (4.52) we arrive at (4.60). O

Remark 4.10. Theorem 4.8 with its proof remains valid in the case of Dirac operators Dx on the
line with interaction set X = {Xi}kez, Xk—1 < Xk. Indeed, it can be adapted to this case by using the
boundary triplets defined in Remarks 3.13 and 4.7.

In conclusion, note that Theorem 4.8 comprises (see also Theorem 5.43 below) and extends known
results on the non-relativistic limits of Dirac operators with point interactions (see [9,30], [3, Ap-
pendix J] and references therein).
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5. Gesztesy-Seba realizations

Following [30] (see also [3]) we define two families of symmetric extensions, which turn out to be
closely related to their non-relativistic counterparts §- and §’-interactions. First we consider the case
of a finite or infinite interval Z = (a,b) C R4, —o0 < a. Let, as in the previous sections,

X={XplneN, —00<AQ=IX0<X] <-'+<Xp<Xnp1<--", lim x; =b < oo,
n—+o00

and let

o = {ap}l; CRU {400}, B :={Bn}lq CRU {400}

Then the two families of Gesztesy-Seba operators (in short, GS-operators or GS-realizations) on the
interval (a, b) are defined to be the closures of the operators

D% o =D[dom(D% ),

dom(D§ ) = {f € Wisnp@\X) ® C*: f1 € ACioc(D), f2 € ACioc(Z\X):

fa(a+) =0, fo(xn+) — falxn—) = —l%nﬁ (xn), ne N}, (5.1)
and

D% 4 = D[ dom(D§ ,),
dom(D 4) = {f € WL2,(T\X) ® C%: f1 € ACioc(T\X). f2 € ACioc(D);

faa+) =0, fi(xn+) — f1(Xn—) = ifncf2(xn), n € N}, (5.2)

respectively, ie. Dx o = D} , and Dx g = DS 4.

It is easily seen that both operators Dx o and Dy g are symmetric, but not necessarily self-adjoint,
in general. However, both Dy, and Dx g are either symmetric or self-adjoint only simultaneously.
If Dx and Dy g are self-adjoint, then their domains are described explicitly (see Theorem 5.9(i)).
Moreover, the character feature of GS-realizations Dx o and Dy g is that they are always self-adjoint
provided that Z =R, R (see Proposition 5.5 and Theorem 5.9(ii)).

Remark 5.1.

(i) Originally the GS-realizations Dx o and Dy g have been introduced (cf. [30]) in the case of point
interactions distributed on the line R. In this case X = {X}kez, @ = {0k}kez, B = {Brlkez, and
limy—, _oo Xy = —00 and lim;_, 4« X; = +00. Moreover, in this case boundary conditions in (5.1)
and (5.2) are labelled by n € Z and the condition f(a+) =0 is dropped.

(ii) Note also that if oy = o0 (B; = 00) for some n € N, then the nth boundary condition (5.1)
(resp. (5.2)) takes the form

fi(xn) =0 (reSP- faxn) = 0)~ (5.3)

In what follows we call conditions (5.1), (5.2) by Gesztesy-Seba boundary conditions (in short
GS-conditions).
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To investigate Gesztesy-Seba realizations Dy, in the framework of boundary triplets approach
we first find boundary relations (operators) ® that parameterize operators Dy o according to Corol-
lary 3.12. It turns out that, as in the Schrodinger case (cf. [44]), the boundary operator corresponding
to Dx  in the boundary triplet constructed in Theorem 3.10, is Jacobi matrix.

5.1. GS-realizations D : parametrization by Jacobi matrices

Consider the boundary triplet IT = {H, I'p, I'1} for D} constructed in Theorem 3.10, (cf. formulae
(3.54), (3.55)). By Corollary 3.12(i), the realization Dx , admits the representation (cf. (3.62))
Dx.o = D@ :=Dx[dom(De @),
dom(Do() = {f e WI(@\X) @ C%: (Inf, I fY e O)). (5.4)
Since for any « the realizations Dx o and Dx o := D% | ker(/p) are disjoint, ® () is a (closed)

operator in H = (N) ® C2, @(«) € C(H). We show that ©(x) is a Jacobi matrix. More precisely,
consider the Jacobi matrix

S 0 0
1
_vdy _v@d) v(dy) 0 0
d? d? d?/zd;/z
0 _vdy) ap _v(dy) 0 .
Bxﬂ = d?/zd;/z dy d% , (5.5)
0 0 _v(dy _vd) vy _
N R
0 0 0 v(d) %)
ds/zd;/z d3
where
1
v(x):= (5.6)

=
Let Tx o be the second order difference expression associated with (5.5). One defines the correspond-
ing minimal symmetric operator in 12(N) ® C2 by (see [1,10])

B of =Txaf. fedom(B},):=MN)®C*> and Bx,=B%,. (5.7)

Recall that Bx 42 has equal deficiency indices and ny (Bx.¢) =n_(Bx.q) <1.
Note that Bx  admits a representation

0O 0 O 0 O
0o 0 1 0 O
-1,7 -1 5 . 0 1 o 0 0
Bxa =Ry'(Ba — Q)Ry'. whereBo:=[ o o ' o ] , (5.8)
0 0 0 1

and Rx =5 Rn, Qx =D Qn and Ry, Qp, are defined by (3.57).

2 Usually we will identify the Jacobi matrix with (closed) minimal symmetric operator associated with it. Namely, we denote
by Bx o the Jacobi matrix (5.5) as well as the minimal closed symmetric operator (5.7).
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Proposition 5.2. Let IT = {H, I'y, I} be the boundary triplet for D% constructed in Theorem 3.10 and let
Bx,« be the minimal Jacobi operator defined by (5.5). Then ® () = Bx q, i.e.,

DX.O[ = DBX,oz = D;(( [dom(DBxya)v
dom(Dpy,)={f e W'A(Z\X)®C*: I'f =Bxolof}.

Proof. Let f € Wimp(Z\ X) @ C2=(W'2(Z\ X)N L2omp(Z)) ® C2. Then f € dom(Dx ¢) if and only
if I1f=Bylof. Here Ij:= @B,y Fj(") where I"j("), je{0,1}, are deﬁnedbe (3.8) and By is given
by (5.8). Combining (3.58), (3.57) with (5.8), we rewrite the equality It f =By l0of as I f =Bx.a«l0f,
fe Wc]g,fnp(I\X) ®C?2. Taking the closures and applying Corollary 3.12(i) one completes the proof. O

Remark 5.3. Note that the matrix (5.5) has negative off-diagonal entries, although, in the classical
theory of Jacobi operators, off-diagonal entries are assumed to be positive. But it is known (see, for
instance, [71]) that the (minimal) operator By o is unitarily equivalent to the minimal Jacobi operator
associated with the matrix

0o M 0 0 0
1

v(dy vy v(dy) 0 0
d? d? &2ql/?
0 3vgd11)2 a U(dZZ) 0 ...

o= dy%dy/ @ d . (5.9)
0 0 v(dp) _v(dp) v(da)
d? d? &34l
0 0 o g om
PR s

In the sequel we will identify the operators Bx , and B X when investigating those spectral proper-
ties of the operator Hx ¢, which are invariant under umtary transformations.

5.1.1. Self-adjointness

1. Boundary triplets approach. First we study self-adjointness of GS-realizations Dy  using the
parametrization by means of the Jacobi matrices By .

Combining Corollary 3.12(ii) with Propositions 5.2 we arrive at the following statement.

Proposition 5.4. The GS-operator Dx o has equal deficiency indices and ny (Dx ) =n_(Dx o) < 1. More-
over, ny(Dx ) = n+(Bx ), Where Bx o is the minimal Jacobi operator associated with the Jacobi ma-
trix (5.5). In particular, D , is self-adjoint if and only if Bx 4 is.

Using Carleman’s criterium of self-adjointness of Jacobi matrices (see e.g. [1,10,46,47]), we obtain
sufficient conditions for the operator Dy  to be self-adjoint in L2(Z, C?).

Proposition 5.5. Let T be an infinite interval, i.e. either Z = Ry or Z = R. Then the GS-realization D o is
self-adjoint for any sequence a = {an};2; CR U oo,

Proof. Let B/X,oz be the minimal Jacobi operator of the form (5.9). By Carleman’s test (see [1], [10,
Chapter VIL1.2]), B/M is self-adjoint provided that

11
Z(az2 +dyd)2) 1+ SZ=% Z(dn +dy?d)2) 1+ c2d2 = oo (5.10)
n n=1

n=1
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Since d, < dy —i—d,11/2d,11f1 < %dn + %dnH, the series in the left-hand side of (5.10) diverges only

simultaneously with the series
idz /1+L—1id V14c2d? (5.11)
n=1 " c2dj c n=1 ' " .
The later series diverges if and only if ) 52 ds = +oo0, ie. if and only if the interval Z is infinite.

Thus, the minimal Jacobi operator Bx o is self-adjoint whenever the interval Z is infinite. It remains
to apply Proposition 5.4. O

Remark 5.6. Note that the condition ) 2, dp = 400 is equivalent to the following one

> 1
> dny/dR + - =+o0. (5.12)
n=1 ¢

The formal (non-relativistic) limit in (5.12) as ¢ — oo leads to the condition ) 2, d% = 400, coin-
ciding with that of [44, Proposition 5.7]. The latter guaranties the self-adjointness of the Schrédinger
operator with point interactions.

Next we present sufficient conditions for GS-operators Dx o on a finite interval to be self-adjoint.

Proposition 5.7. Assume that |Z| < oc. Then the GS-realization Dy in L*(Z, C?) is self-adjoint provided
that

> Vdndni1lon| = +oo. (513)

neN

Proof. By Proposition 5.4, it suffices to show that the minimal Jacobi operator B/X,a associated with
the Jacobi matrix (5.9) is self-adjoint. By the Dennis-Wall test (see [1, Problem 2, p. 25]), Bx « is
self-adjoint whenever

00 3/2 3/2
d.\ <dn lanl 12 >
—— +d = 400. (5.14
2 V(dne) \ () T2 )

n=1

3/2
The condition |Z| < oo is equivalent to Z;’i] dp < +00. The latter implies v(d,) ~ cd,,. Hence % ~

c‘ld,]/ 2, Taking these relations into account and noting that

2 Z\/dn+1\/dn+2 < Z(dn+1 +dni2) < +00,

neN neN

one concludes that the series (5.13) and (5.14) diverge only simultaneously. O

Example 5.8. Let 7 :=(0,1) and let the sequence X = {x,}32; C (0,1) be given by x;, =1 —1/2",
so that d, = 1/2". Let also o = {ay}{° be given by oy = (=3)2" + 1, n € N. By Proposition 5.7, the
GS-operator Dy ¢ on L%(0,1) ® C2 is self-adjoint since the series Zﬁil o /2" diverges.
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On the other hand, it is easily seen that

11
an+— +

1 o0
(A} €PM),  dnidnr = o5 =di and ) dnys
dn dn+1

22n

=1 1
:Zzﬁ:i

n=1

n=1

Therefore, by [44, Proposition 5.9], the corresponding Schrodinger operator Hx o on L%(0,1) is not
self-adjoint: it is symmetric with the deficiency indices n4+(Hx ) =1.

2. The classical approach. Now we show, by a direct proof, that in the case Z =R, X = {X}kez,
o = {oy)rez and B = {Bilkez, (see Remark 5.1(i)) the Gesztesy-Seba operators are always self-adjoint.
This proof can readily be extended for other realizations as well as for Dirac operators Dy o (Q) with
unbounded potential matrix Q.

Theorem 5.9. Let Dx o and Dx g be GS-realizations of the Dirac operator in L%(Z, C?). Then:
(i) The operator D";W :=(Dx «)* adjoint to the symmetric operator D  is given by
Dj‘(,a =DJ dom( §,a)’

dom(Dy o) = { £ eWI22\0 8 CP: fre WD), f2 € ACT\0);
fa(@) =0, f20a+) = f200=) = =" fi ). 1 eN}. (5.15)

Similarly, the operator D’f(!/3 adjoint to Dx g is given by the expression (5.2) with Wcldfnp(I\X) replaced
by W1-2(Z\X).
(ii) If|Z| = oo (i.e. either T =Ry or Z =) then both Dx o and Dy g are self-adjoint, i.e.

D%y =Dxo and D% z=Dxg. (5.16)

Proof. (i) Denote the right-hand side of (5.15) by W;'Z(I\X). Then for any f € W;’Z(I\X) integrating

by parts one arrives at the identity

(Dxof . 9)=(f.Dxa®)., ¢= (2;) € dom(Dx o), (5.17)

proving the inclusion W(};Z(I\X) C dom(D% ).
Let us prove the converse inclusion. Since Dx C Dy,  and Dy is symmetric, one has

dom(D¥_,) C dom(D¥) = W"A(Z\ X) @ C* = P W ?[xy_1. %] ® C. (5.18)
neN

Let f = (g) € dom(D}‘w). Then, by definition, (5.17) holds. According to the “regularity property”

(5.18) we can integrate by parts in (5.17) over any interval [x,_1, X;], n € N. Substitute in (5.17) vector
functions ¢ supported on a small neighborhood (x; — &, x; + ¢) of x; and integrating by parts we get

[f2xj4) — foxj—) +iaje™ ! fr(xjH)]@1(x)) + [ f1(xj+) — f1(xj—)]@2(xj—) = 0.
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Since ¢1(x;) and @p(x;—) are arbitrary, the latter equality holds if and only if fq(x;+) = f1(x;—)
and fo(xj+) — falxj—) = —iozjc‘1f1 (xj). Since j € N is arbitrary, f satisfies boundary conditions in
(5.15) and dom(D% ,) C W;’Z(I\X). Noting that the opposite inclusion is already proved, we arrive
at (5.15).

(ii) For definiteness we assume that Z = R. It suffices to show that D’)‘(,a is symmetric. Let f = (g),

g= (g;) € dom(D% ).
Choosing a,b € R\X, a < b, such that xp_1 <a <Xxp <Xpy1 <--- <Xq <b <xg41 and integrating
by parts we get

b b
/Di,af(x)@dX—ff(x)D;ag(x)dx

a

b b
= —iC/[fz’ ®g1(®) + f1(0g2(x) | dx — iC/[fl )&, () + f2(08)(x) |dx

a a

=i LM + HOBX ][ —ic[L0a 0 + HERLO], |

q
—ic Y [L@0g0+ g™ [ |

k=p-+1

=ic[ f2(@)g1(@) + f1(@g2(a) | — ic[f2(b)g1(b) + f1(b)g2(D) ]

q q
+ic Z[fZ(Xk+) — f2(x—) |g1(x0) + i Z fFix[g2(+) — g2(x—) |

k=p k=p
=ic[ f2(a)g1(@) + f1(@)g2(a) | — ic[ f2(b)g1(b) + f1(b)g2(b) ]. (5.19)

Since fj, gj e L%(R), j € {1, 2}, there exist (non unique) sequences {a,}, {b,} C R such that a, — —oo,
b, — oo as n — oo and

im {[f1(@n)| + | f2@0)] + |g1(@n)| + [g2(an)[} =0 (5.20)
and
dim {[f1n)] + | f2(bn)| + [g1(bw)| + |g2(bn) [} =0. (5.21)

Without loss of generality, we can assume that {a,}, {b,} C R\ X since (5.20) and (5.21) remain valid
with {a, + &,} and {b, £ &} in place of {a,} and {b,}, respectively, provided that &,, n € N, are small
enough.

According to (5.19)

bn by
/ D% o f(x)g(x) dx — [ f(®X)D¥ &%) dx

= iC[fZ(an)g1 (an) + f1 (an)gZ(an)] - iC[fZ(bn)gl (bn) + f1(bn)g2(bn) ] (5.22)

Passing here to the limit as n — oo with account of relations (5.20), (5.21) we arrive at the identity
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(Dx.of &) =(f.Dxo8). f.gedom(D,). (5:23)

showing that Djw is symmetric, D’)‘m C Dj‘(’fa = Dx . Since Dy is also symmetric, one has
Dx.a = D% 4.
The case of GS-realizations Dy g is considered in much the same way. O

Remark 5.10.

(i) In the case d.(X) > 0 this result is stated in [30] (see also [3, Appendix ]]).
(ii) The proof of Theorem 5.9 remains valid for general Dirac operators with arbitrary potential matrix
Q e LZ (R) ®(CZ><2Y

loc

2

d
Dxa(Q) = —ic—— @1+ % ®0o3+Q(x). QX =QX" (5.24)

subject to GS-boundary conditions (5.1), (5.2).

Moreover, the GS-boundary conditions (5.1) and (5.2) can be replaced by certain other bound-
ary conditions. For instance, Theorem 5.9 as well as its proof remains valid for operators Dy, (Q)
generated by differential expression (5.24) subject to the boundary conditions

fixj+) = cos(yj) f1(xj—) —isin(y)) f2(xj—),

fa(xj+) = cos(y)) fa(xj—) — isin(y;) f1(xj—), (5.25)
with y; € R, j € Z. Note that realizations Dy , have been studied in numerous papers under the
assumption d,(X) > 0 (see for instance [36,51,7,17], as well [3, Appendix ]| and the references
therein).

Our proof of Theorem 5.9 generalizes the known proof of self-adjointness in L%(R) ® C2 of the
Dirac operator D(Q) with a continuous potential matrix Q (see [52, Chapter 8]).

Next we complete Proposition 5.7 providing sufficient conditions for GS-realization Dx , on a finite
interval Z to have non-trivial deficiency indices n+(Dx o) =1.

Theorem 5.11. Let |Z| < +oo and let Dx  be the GS-realization of the Dirac expression on Z. Then Dx 4 is
symmetric withny (Dx o) = 1 provided that

0 n—1 1 2
Zdn ]‘[(1 + Elcxk|> < 400. (5.26)
n=2 k=1

Proof. We examine the operator

2
c 1 0 . d 01
TX,O[ = DX,ot_ 2 ®<0 _1)=_lc_dx®<l 0) (5.27)

since obviously n+(Dx ¢) =n+(Tx,«)- It suffices to show that under the assumption (5.26) the equa-
tion (T;“(,a +1i)f =0 has a non-trivial L2(Z, C%)-solution. The equation is equivalent to the system
cf; = f2 and cf) = fi which has the following piecewise smooth solutions
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o
=@ fin.  fra =ane 0/ 4 bre® 0/ xe (X1, xa],
n=1

[o¢]
o=@ fan.  fan() =ane” O —petaOC e [0 g 0], (5.28)
n=1

Let us find sequences {an}7® C C, {by}3° C C such that f € dom(T;‘m) = dom(Dj‘(,a). According to
the description of dom(D}‘(,a) (see Theorem 5.9(i)) (g) should satisfy boundary conditions (5.15). The
condition fo(Xo+) =0 yields aje~1/¢ — byed1/¢ = 0. Further, the condition

finGn+) = fin(xs—), neN,
is transformed into
Anpre /€ 4 by e® /¢ =a, +b,, neN. (5.29)

Moreover, the jump condition

fonGn+) — fan(xn—) = —ioé—nfl,n(xn): neN,

is equivalent to
o
Gny1e” 1/ — by g1 /C — @y —bp) = —i—"(@n +bn), neEN. (5:30)

Clearly, relations (5.29) and (5.30) are equivalent to the following recursive equations

(07
Uny1= (an - iZ—Z(an +bn)>ed"+‘/c, neN,

bny1 = <bn + i%(an + bn))"?_dnﬂ/cy neN, (5.31)

for sequences {a,}{° and {b,}{° with the following initial data

d]/C 7d1/C

a=e and by =e

It remains to check that under condition (5.26) the inclusion fi, f> € L2(Z) holds. It follows from
(5.28) that

9] o0 dn
1l = Y- fnt3 <23 [ (ane 2+ I 2e)
n=1 n=1 0
o0

=c ) (lan|*(1—e72M/) 4 |by[*(e2™/ = 1)), ke ({1,2}.

n=1
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Since Y02 | dn = |Z| < 400, dy — 0 and therefore (1 — e~2d/€) ~ (e2dn/¢ — 1) ~ 2d, /c as n — oo. This
implies inequality || fxll2 < +o0c whenever

oo

> (1anf? + [bn|?)dn < +o0. (532)

n=1

Let us prove by induction the following estimates

di+---+d < o
|an+1|,|bn+1|<exp(w>.1—[(1—1—%), neN. (5.33)

k=1

For n =1 these estimates are obvious. Assume that inequalities (5.33) are proved for n <m — 1.
Then for n =m we obtain from (5.31) and (5.33) that

[otm | |otm | d
a < lamll 1+ = by Jedmir/e
| m+1| <| m|( + 2% + 2 | m|

m—1
(079 [Om| |otm| di+ - +dm 4+ dn
< 1+ — 14+ == zml

k=1

di+.--+d m
=exp<71Jr C+ m+1>.1—[<1+@>.

k=1

This inequality proves the inductive hypothesis (5.33) for a,. The estimate for by,4+1 is proved similarly.
Thus, both inequalities (5.33) are established. Combining (5.32) with (5.33) and the assumption (5.26)
we conclude that fq, f, € L%(Z). This completes the proof. O

Next we extract from Theorem 5.11 certain simple sufficient conditions for the equality
n+(Dx,q) =1 to hold. First we present such conditions involving & and not depending on X = {x;}7°.

Corollary 5.12. The GS-realization Dx  on a finite interval Z is symmetric with nL(Dx o) = 1 whenever
o = {o}3° e I'(N).

Proof. Clearly, for any positive sequence {py}{°

o0 o
[Ja+po< eXp( Zpk)
k=1 k=1

It follows with account of the inclusion « € ['(N) that

00 n—1 1 2 2 [ee) o) 2 [ee)
> dy 1‘[(1 + E|oek|) < exp(; > |ak|> Y da <1l exp(; > |ak|>.
n=2 k=1 k=1 n=2 k=1

It remains to apply Theorem 5.11. O

Our next test involves both X and «.
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Corollary 5.13. Let | Z| < +o0. Then the GS-realization D  is symmetric withni(Dx o) = 1 whenever

d 2
1imsup2—“<1 n "i"') <1 (5.34)

n—oo n
In particular, n+ (Dx ) = 1 provided that one of the following conditions is satisfied

(i) limsupy,_, o (dny1/dn) = 0 and the sequence o = {0y }3° is bounded;
(i) limsup,_, o (dnt1/dn) =: (1/d) withd > 1 and sup, ey atn < c(v/d — 1).

Proof. By the ratio test condition (5.34) yields the convergence of the series (5.26). It remains to
apply Theorem 5.11. O

Remark 5.14. Note that the condition limsup,,_, ., (dn+1/dn) < 1 is always satisfied whenever the in-
terval Z is finite. Indeed, it is implied by the convergence of the series ) o> | dy = |Z| < +oo.
The following cases are more complicated and require more detailed analysis:

(i) limsup,_, «(dnt1/ds) =0 and the sequence {a,}{° is unbounded;
(ii) limsupy,_, o (dn4+1/dn) =1 although lim,_, oo 0y = 0.

We discuss the case (i) in the following example.

Example 5.15.

(i) Let |an| ~ cp/n®, s >0, and o > 0. Then, by Corollary 5.12, n+(Dx,¢) =1 for any X = {x;}{°
whenever s > 1.
Next let X = {x;}3° with x;, =1—1/d", d > 1, n € N. Then, by Corollary 5.13, n+(Dx,¢) =1 for
s€(0,1] and any o € Ry as well as for s =0 whenever o < c(vd—1).

(ii) Let X = {x,}7° with x, =1—1/n!, |an| ~ aon®, n € N, s € R. Then, by Corollary 5.13, n+(Dx o) =1
for any g whenever s < 1/2, and for g < ¢ whenever s =1/2.

On the other hand, if oy > (n — 1)!, then, by Proposition 5.7, the operator Dy  is self-adjoint.

Remark 5.16. Comparing Proposition 5.7 with Theorem 5.11 one might say that very roughly speaking
Dy q is self-adjoint on a finite interval whenever the sequence {o;}{° grows faster than the sequence
{dn}° decays.

5.1.2. Continuous spectrum and resolvent comparability

Proposition 5.17. Let Dy, be the Gesztesy-Seba realization of Dirac operator on the half-line R, given
by (5.1) with a® := (¢ lhen(C R), k € {1,2). Let also By 4 be the Jacobi operator defined on H =
[2(N) ® C? by the matrix (5.5) with «® in place of a. Then Dy yu = D% L+ k € {1,2}, and for any
p € (0, oo] the inclusion

(Dxa =2 "= (Dy g0 —2) 1 €6p(®), z€p(Dyon)Np(Dxqe) (5.35)

is equivalent to the inclusion

By g — o' - (Bxoqo —0) ' €Gp(H), ¢ €pByam)NpBy o). (5.36)
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Proof. Consider the boundary triplet I7T = {#H, Iy, I'1} defined in Theorem 3.10. Then, by Propo-
sition 5.2, Hy 40 = HBX,ot(k) where By ,w, k € {1,2}, is the corresponding Jacobi operator. Since
T =Ry, both operators Dy ,a and By 4w, k € {1,2}, are self-adjoint, by Proposition 5.5. Therefore
the resolvents (Dy 4w —2)~! and (Bx gt — 2)71, ke {1,2), are well defined for any z,z € C; and
relations (5.35) and (5.36) have sense. One completes the proof by applying Proposition 2.6(i). O

Corollary 5.18. Assume the conditions of Proposition 5.17. Assume, in addition, that either

e co(N). (5.37)

a(l) (2) }00
dn-H

all _g@ —a
{u} elP(N), pe(0,00) or {u

n=1 dn-H n=1

Then the inclusion (5.35) holds with p € (0, co) and p = o0, respectively.

Proof. Let By ,w, k € {1,2}, be the Jacobi operator given by (5.5). Clearly, l%(N) ®C2C dom(By o) N
dom(By 4@ ). It follows from representation (5.8) for Bx  and formula (3.57) for R, that

—n___—-n_

13 ~ -1 [ © 0 2
By o f — Bx @ f =Ry (Bya) — By@)RY f=® 0 oo f, felgN).
n=1

dn+1
Due to the assumption (5.37) the operator By o — Bx q@ admits the closure and By 1) — By q@ €

&p(H) C [H]. Hence dom(By 1)) = dom(By ,) and, by Proposition 2.6(ii), the inclusion (5.36)
holds. It remains to apply Proposition 5.17. O

Next we slightly generalize Corollary 5.18 allowing one of the sequences o®) = {oz,(lk)}neN to take
infinite values. Moreover, in the case d.(X) > 0 we can drop dependence on d, in (5.37).
To state the result we set (i +oo0)~!:=0.

Corollary 5.19. Let oV = {a{"}2° c R and «® = {a{?}° C R U {00}. Then:

(i) The inclusion

o0

[ fdngr —1) 7" — (@2 Jdnir =) }o0, €PN,
p € (0,00) (€ co(N), for p=o00), (5.38)

yields the inclusion (5.35).
(ii) Ifin addition 0 < d,(X) < d*(X) < oo, then (5.35) is equivalent to the inclusion

[@P =) = (@@ =), ePMY), pe(0,00) (eco), ifp=o00). (539

Moreover, if{oz,gj)};’; € I®(N), j € {1, 2}, then (5.39) is equivalent to the inclusion {oc,gl) - a,ﬁz) o1E€

IP(N) (resp. co(N)).

The proof is similar to that of Corollary 5.18 and is omitted.
To state the next result we recall the definition of the essential spectrum.

Definition 5.20. It is said that Ao = A¢ belongs to the essential spectrum of the operator T = T* € C($))
(in short Mg € 0ess(T)) if there exists a bounded non-compact sequence f, € $, n € N, such that

(T—x)fn—>0 asn— oo. (5.40)
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In the following theorem we investigate continuous and absolutely continuous spectra of
GS-realizations comparing them with the Neumann realization Dy of the Dirac expression given
by

fi
fa

We also investigate singular spectrum of GS-realizations.

Dy =D | dom(Dy), dom(DN)={f=< )er’Z(R+)®(CZ: fz(xo+)=0]. (5.41)

Theorem 5.21. Let X = {x,};2,(C Ry), o = {an}° C R and let Dx o be the corresponding Gesztesy-Seba
operator on the half-line R... Then the following holds:

(i) If {otn /dn41}5° € co(N), ie. limy_, oo &t /dny1 =0, then
Oess(Dx,a) = Oess(DN) =R\ (—c?/2,¢%/2). (5.42)

ii) Assume that {on /dny1}° € I1(N), ie. otp/dny1| < oo. Then the ac-part DS | of Dx o is unitarily
+1751 neN + X, .
equivalent to the Neumann realization Dy. In particular,

0ac(Dx,a) = 0ac(Dn) =R\ (=€%/2,¢%/2). (5.43)

(iii) Assume that

lim sup o] = 0. (5.44)

n—oo Up41l

Then the GS-operator Dy is purely singular, i.e.
Oac(Dx o) =9. (5.45)

(iv) Assume in addition that d.(X) > 0. Then the above assumptions on the sequence {o /dp11}3° in (i), (ii),
and (5.44) can be replaced by

()P eco),  {an}° el'(N) and limsup |ay| = oo,
n—oo

respectively.

Proof. (i) We choose a® :=0 = {0}3° to be a zero sequence and set a) :=« = {a}5°. It is easily
seen that Dy ,@ = Dx o coincides with the Neumann realization Dy given by (5.41). Moreover, noting
that Dy = Dp, o with b =0 (see formula (3.20)), Lemma 3.3(ii) yields oess(Dn) =R\ (=c%/2,c?/2).
On the other hand, due to the assumption on {a/dn41}S°, the above sequences o'! and o satisfy
the second condition in (5.37), hence, by Corollary 5.18, (Dx.q — )~ — (Dy — )71 € G ($). By
the Weyl theorem (see [65, Corollary XIII.4.1]), the later inclusion implies Oess(Dx,o) = Oess(DN) =
R\ (—c?/2,¢%/2).

(i) Now, by Corollary 5.18, the condition {an/dn11}5° € I'(N) implies (Dx,o —i)"' — (Dy — i)~ =
(Dx o — )7 = (Dx g — )~! € &1(£). By the Kato-Rosenblum theorem (see [41, Chapter 10.4],
(66, Theorem XI1.9]), the ac-part DY, of Dx 4 is unitarily equivalent to Dif = Dy. It remains to apply
Lemma 3.3(ii) and note that Dy = Dy4 o with b=0.

(iii) According to (5.44) there exists a subsequence {o,} such that

lim [0tny| = 00. (5.46)

n— o0 dnk
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Set
~ On, N &Ny,
G = { n ME ) (5.47)
oo, ne{ng},
and @ := {07, }°. Without loss of generality we assume that the subsequence {oy, Jroq satisfies
o0
> dnrilo |t < o0, (5.48)

i.e. {d,,k+101,;k1 Jken € I'(N). Otherwise we replace {om, Jkew by its appropriate subsequence. It follows
that

o0 o0

Z|(°‘ndn_411 - i)_l (Gnd, s — |_Z} Ony nk1+1 i)_l| < 0. (5.49)

n=1 n=1
By Corollary 5.19(i), this relation yields
(Dxo—D)' = (Dxa—)" €&1(9). (5.50)

According to Remark 5.1 (see formula (5.3)) it follows from (5.47) that the operator Dy  admits the
following orthogonal decomposition

o0 o
Dxa=EPDn. L*(Ry.C @ (X » Xn, 1, C2), (5.51)
k=1 =1
where
an =D f dOm(an),
ng—1
dom(Dy, ) = {f e @ W (ixj %1l C): frxj+) = fi(x;-),

J=ng—1

&) = fo(xj=) = —ic aj f1(x)),

Xj € XN (Xﬂk_lvxn/()5 f] (Xnk_1) = fl(xﬂk) = 0}

Clearly, Dy, is a self-adjoint extension of the minimal operator D;,k := Dp,,min given by
Dy, = D[ dom(Dy, ),

dom (D}, ) = {f € Wo* ([xn,_, . X . C?): f(x)) =0, xj € X N [Xn_,. Xn 1}

Clearly, the operator Dy, admits a self-adjoint extension @, “ni_;+1 Dnj.0 with discrete spectrum (see
Lemma 3.1(ii)) wher e Dn],o is given by (3.9). Since D;,k is a symmetric operator with finite deficiency
indices, each its self-adjoint extension has also discrete spectrum. In particular, Dy, , k € N, has discrete
spectrum.

Therefore due to the representation (5.51) the spectrum of the operator Dy g is purely point, in
particular o4:(Dx ) =#. On the other hand, it follows from (5.50) and the Kato-Rosenblum theorem
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that the ac-parts DY, and D‘}{,a of the operators Dx o and Dx g are unitarily equivalent. In particular,
Oac(Dx ) = O'ac(DX,E) =0.
(iv) This statement is immediate from the previous ones. O

Next we extend Theorem 5.21 to the case of GS-realizations of the Dirac expression D(Q) with a
bounded potential matrix Q € L (Z) ® C2*2. Namely, consider differential expression

2

d
D(Q):=D"(Q) =ity @1+ % ®0o3+ Q. QW =QW* (5.52)

and denote by Dx(Q) := D% (Q) the minimal operator associated on Z\ X with the expression D°(Q).
As in (3.29) one has

Dx(Q) =D(Q)[dom(Dx(Q)),

dom(Dx(Q)) = Wy *(Z\ X.C?) = P Wy (Ixn-1. %a1. C2). (5.53)
n=1

Further, let Dx «(Q) := Dx,« + Q be the GS-realization of D(Q). If o :=0={0}{° is a zero se-
quence we set Dy(Q) :=Dx,0(Q) and note that Dy(Q), the Neumann realization of D(Q), is given
by the expression (5.52) on the domain (5.41), i.e.

Dn(Q) =D(Q) [ dom(Dn(Q)),
dom(Dn(Q)) =dom(Dy) = {f e W"*(Ry) @ C*: fo(xo+) =0}.

Proposition 5.22. Assume that Q € L°(Ry) ® C**2, Q (x) = Q*(x) fora.e. x e Ry, and o = {an}° C R.
Then the following hold:

(1) If {otn /dn4115° € co(N), then
Oess(Dx.2(Q)) = 0ess (DN (Q)). (5.54)
Moreover, if in addition, Q (x) — 0 as x — oo, then
Oess(Dx,a(Q)) = ess (DN(Q)) =R\ (=¢?/2,¢%/2). (5.55)
(ii) If {an/dn41}5° € I'(N), then
0ac(Dx.¢(Q)) = 0ac(Dn(Q)). (5.56)
Moreover, if additionally, Q € L'(Ry) ® C2*2, then
ac(Dx,0(Q)) = dac(Dn(Q)) =R\ (=¢*/2,¢%/2). (5.57)
(iii) If condition (5.44) is satisfied, then the spectrum of Dx o (Q ) is purely singular, i.e.

Oac(Dx,a(Q)) =10. (5.58)
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(iv) Assume in addition that d,(X) > 0. Then the above assumptions can be replaced by
{an}° € co(N), {on}° € I'(N) and limsup|an| = oo,
n—-oo

respectively.

Proof. (i)-(ii) Let /T = {H, I'v, I'1} be a boundary triplet for the operator D% defined in Theorem 3.10.
Since Q = Q* € L®(R,) ® C?*2, IT is also the boundary triplet for the operator Dx(Q )*. More-
over, due to the inclusion Q € L®(Ry) ® C?>*2, one has dom(Dyx «(Q)) = dom(Dy,q). Therefore the
boundary operator for the extension Dx (Q) of Dx(Q) coincides with the boundary operator for
the extension Dy o of Dx. Thus, by Proposition 5.2,

dom(Dx ¢ (Q)) =dom(Dx o) = {f € W' (Ry \ X,C?): I f =Bxol0f}. (5.59)

where By o is the Jacobi operator given by (5.5). Therefore due to Proposition 2.6(i) inclusion (5.35)
is equivalent to the inclusion

(Dy.a(Q) =)' = (Dya2(Q) —i) ' €&,(®), pe (O, o0l (5.60)

We compare the realizations Dx (Q) and Dx 0(Q) = Dn(Q) using the inclusion (5.60) with al =«
and «® =0 = {0}%°. Namely, the inclusion (5.60) with p = oo yields (5.54) by applying the Weyl
theorem [65, Corollary XIIL.4.1]. Similarly, the inclusion (5.60) with p =1 yields equality (5.56) by
applying the Kato-Rosenblum theorem ([41], [66, Theorem XI.9]).

It is well known that oess(DN(Q)) = Gess(Dn) = R \ (—c?/2,c?/2) provided that Q (x) — 0 as
X — oo. Combining this relation with (5.54) we arrive at (5.55).

Further, according to [52, Theorem 9.1.1], 64c(Dn(Q)) = Gess(DN(Q)) = R\ (—c?/2, c2/2) whenever
Q € L'(R;) ® C?*2. Combining this fact with (5.56) we arrive at (5.57).

(iii) As in the proof of Theorem 5.21(iii) we define a sequence & := {@,};° by formula (5.47) and
find a subsequence {diy, };°, satisfying (5.48). Alongside (5.59) we have the following representation
of the domain dom(Dx (Q)),

dom(Dx 3(Q)) =dom(Dx ) = | f e W'3(Ry \ X, C?): {In f, [0 f} € Oxa}.  (561)

where the boundary relation ®x g corresponding to Dx z(Q) does not depend on Q. As it is shown
in the proof of Theorem 5.21(iii) condition (5.44) yields the inclusion (5.50). In turn, combining re-
lations (5.59) and (5.61) with Proposition 2.6(i) we get that the inclusion (5.50) yields (in fact, is
equivalent to) the inclusion

A —1 A —1
(Dx.e(Q)—i)  —(Dxa(Q)—i)  e&i(9). (5.62)
The rest of the proof coincides with the proof of Theorem 5.21(iii). O

Remark 5.23. In the case of Q # 0 an explicit description of gess(Dn(Q)) and ou(Dn(Q)) is known
also for some non-decaying potentials. For instance, if Q is periodic, Q (x + 7) = Q (x), x € R, then
the essential spectrum of the operator D(Q) in L?(R, C?) is absolutely continuous and has zone-band
structure. This fact allows one to complete the statement (ii) for periodic Q.

Remark 5.24. Note that analogs of the main results of this section are known for Schrodinger opera-
tors Hy o with §-interactions. For instance, in the case d.(X) > 0, the resolvent comparability criterion
for Schrodinger operators Hy o (i.e. analogs of Corollaries 5.19 and 5.18) was obtained in [43] (see
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also [59]). Moreover, the statements similar to Theorem 5.21(iv) and Proposition 5.22(iv) have also
been obtained for operators Hy  in [59,60,43]. These authors have also applied boundary triplets
technique to the operator Hy with d,(X) > 0. Other results on absolutely continuous and singular
spectrum of Hx o in the case d.(X) > 0 can be found in [68].

In the case d.(X) =0 Schrédinger operators Hx , were treated in detail in [44] where one can
find analogs of Proposition 5.17, Corollary 5.18 and Theorem 5.21(i)-(ii).

Note also that the proof of Theorem 5.21(iii) is similar to that presented in [68,60]. However
the idea of the proof goes back to the paper [70] where it is applied to 1-D Schrédinger operators
with LIOC(R+)—potentials. In connection with Theorem 5.21(iii) we mention also a recent interesting
paper [53]. In particular, it is shown in [53] that the Schrodinger operator with point interactions on
a sparse set has purely point continuous spectrum.

Remark 5.25. Another proof of Theorem 5.21(iii) can also be extracted from [56, Theorem 1.1]. It is
based on an explicit block-diagonal form M(-) = ;2 Mn(-) of the Weyl function M(-).

5.1.3. Discrete spectrum

Here we investigate the discreteness property of proper extensions of the minimal Dirac operator
Dx(Q) defined by (5.53) and associated in $ = L?>(R,) ® C? with the differential expression (5.52)
on Ry \ X. In particular, we show that in the case d.(X) > O there are no proper extensions with
discrete spectrum.

First we investigate the discreteness property for the minimal Dirac operator Dy := Dx(0) with
zero potential Q =0.

Theorem 5.26. Let X = {x,}{°(C Ry) and let IT = {H, I'y, I} be the boundary triplet for D% defined in
Theorem 3.10 and let ® € C(H) with p(®) # (. Then:

(i) Dx has compact inverse (Dx)~ (e [ran(Dy), $]) if and only if limy_, ;oo dy =

(ii) A proper extension Dx = Dx . o of Dx has discrete spectrum if and only lfhm,HJroo dy=0and ® € C(H)
has discrete spectrum.

Proof. (i) Sufficiency. Let lim;—, +.c dy = 0. According to the construction, the boundary triplet IT =
{H, Iy, I} for D% is the direct sum, IT = @y-; T, (see Theorem 3.10, formulae (3.54), (3.55)) and

o0
Ao =D} ker o =P Ano. Ano=Dno:=Dj|ker(Iy"). (5.63)

n=1
Combining (5.63) with Lemma 3.1(ii) we get
o (Ag) = U 0 (Dn0) = U = (5.64)
n,j=1

where for any fixed n

4 c2m? 1\ [c2\? wcf. 1 )
A, —j: =z ]+5 + 5 wj:d— ]—}-5 , asj— oo. (5.65)
n n

It follows that any non-zero (finite or infinite) accumulation point of the sequence {d,};2; gener-
ates countably many accumulation points for the sequence {)»nij}n,jeN. Thus, the spectrum o (Ag) is

discrete, i.e. Aal € 6o (H) if and only if limp— 1o dy, = 0. In particular, the later condition yields
compactness of (Dx)~! = A51 [ ran(Dy).
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Necessity. Assume that d, does not converge to zero, so that we can find a subsequence {dn,}22;
and € > 0 such that d,, > ¢ > 0, k € N. Choose a function ¢ = (ﬁ) € WS‘Z(RJr, C?) such that

1, €/4<x<3¢/4,

P00 = io, x¢ [0, e],

and put

Oe(X) ;=X —xp,), keN.

Clearly, ¢, € dom(Dy), k € N. Moreover, there exist constants C; and C, such that

lokll2e,) =Ci and [Dx@elpg, o2y <Ca. keN. (5.66)

Since the functions ¢ have disjoint supports, the sequence {¢}{° is not compact in L*Ry) ® C2
Therefore it follows from (5.66) that the operator (Dx)~! is not compact.

(ii) Let the spectrum o (Dx,¢) of Dx e be discrete, i.e. p(Dx,9)# ¥ and (Dx e — )71 e Bo(®)
for ze p(Dx.). Then z € p(Dx) and the operator

(Dx —2)"'=(Dx,e —2) ' ran(Dx — 2)

is also compact. By (i) lim;—, 0 dy = 0. Therefore it follows from (5.65) and (5.64) (and was already
mentioned) that the spectrum o (Ap) is discrete. Since both operators Dx ¢ and Ap have compact
resolvents, it follows from Proposition 2.6(i), that (® — 7)1 € G4 (H) for ¢ € p(®), i.e. the spectrum
o (®) of O is discrete too.

Conversely, let lim;— +o0dy, =0 and let the spectrum o (®) be discrete. Then, by (i), the con-
dition limp— +o0dy, = 0 yields discreteness of the spectrum of Ag. Finally, by Proposition 2.6(i),
(Dx.e —2)~! € B ($) since both resolvents (Ag —z)~! and (© —¢)~! are compact. O

Corollary 5.27. Assume the conditions of Theorem 5.26. Let also Q (1) = Q*(-) € leoc(R+) ® C?*2, and let
Dx(Q) be a minimal Dirac operator on Ry \ X given by (5.53). Assume in addition that the multiplication
operator f — Q f in L>(R.., C?) is strongly subordinated to the Dirac operator D%, i.e. dom(D%) C dom(Q)

and there exist constants a € (0, 1), b > 0, such that

1Qfll2r, . c2) < a”D*)‘(f”Lz(RJﬂ(Cz) +Dblfllizw, 2, O0<a<1, fe dom(D%). (5.67)
Then:

(i) Dx(Q) has compact inverse (Dx(Q))~!(e [ran(Dx(Q)), $]) if and only if lim,_, ; oo dy = 0.

(ii) A proper extension 5}(Q)~: Dxo(Q):=Dx e + Q of Dx(Q) has discrete spectrum if and only if
limy— 400 dy = 0 and © (€ C(H)) has discrete spectrum. In particular, both statements are satisfied when-
ever Q () = Q*(-) € L°(Ry) ® C2*2.

Proof. (i) Since Q is strongly subordinated to D% it is also strongly subordinated to its restriction
Ap := D% | ker I'y = Ajj (see (5.63)). The latter yields boundedness of the operator Q (Ag — i)~1. More-
over, by the Kato-Rellich theorem [41, Theorem 5.4.3], Ag + Q is self-adjoint.

Further, since Q is strongly subordinated to DY it is also subordinated to D%(Q) =D} + Q (see
[41, Chapter 4.1]), hence Q is also subordinated to Ag(Q) = Ap + Q, the restriction of D}(Q), with
the (Ag + Q)-bound not exceeding a(1 —a)~!, i.e.

1Qf Iz, .02 < (1= 07 (a (Ao + Q) f | o, 2 +DIf 2@, c2). f € dom(Ag + Q).
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Since Ag + Q is self-adjoint, the latter is amount to saying that the operator Q (Ag + Q — i)' is
bounded. Therefore it follows from the identity

(Ao— i)' = (Ap(Q) —i) ' = (A0(Q) —i) ' QAg— i)
= (Ao —)'Q(Ao(Q) —i)”" (5.68)

that the operators (Ag—i)~! and (Ag(Q) —i)~! are compact only simultaneously. It remains to apply
Theorem 5.26(i).

(ii) This statement is immediate from Theorem 5.26(ii) and formula (5.68) with Ag and Ap(Q)
replaced by Dx ¢ and Dy e(Q), respectively. O

Next we stand the “individual” version of Corollary 5.27.

Corollary 5.28. Assume the conditions of Theorem 5.26 and let Q (-) = Q*(-) € L2 _(Ry) ® C2*2. Assume

loc
in addition that the multiplication operator f — Q f in L*(R.., C?) is strongly subordinated to a realization

Dx o= Dj‘(’@, i.e.dom(Dx,e) C dom(Q) and the following estimate holds
1Qfll2®, . c2) <alDx.o fllizw, c2) +bIfllzw, 2
0O<a<1, fedom(Dx g). (5.69)

Then a proper extension Dx (Q) := Dx,e + Q of the minimal Dirac operator Dx(Q ) on R \ X (see (5.53))
has discrete spectrum if and only if lim,_, oo dp = 0 and © (€ C(H)) has discrete spectrum.

The proof is similar to that of Corollary 5.27 and is omitted.

Remark 5.29.

(i) Sufficiency in Theorem 5.26(i) can easily be proved directly. Indeed, since dom(Dyx) =
Wé’z(R\X) ® C?, it suffices to show that the identical embedding Wé'z(]R\X, C?) — L2(R,C?)

is compact provided that lim,_ o, d;, = 0. Let f belong to the unit ball of WS’Z(]R\X). One has

2

IFol> =]fe0 - fom] = ‘/f/(t)dt
2n

< dn/|f’(t)|2dt, X € 2n=[Xn_1, Xn]. (5.70)
0

Choosing any & > 0 we find N € N such that d, < ¢. Therefore it follows from (5.70) that

2 2 2
> [lrofds< Y @1 g, <5 e, <6

InI>N o [n|>=N

Thus the “tails” of functions f running through the unit ball of WS’Z(R\X) are uniformly small
in LZ(R). It remains to note that the embedding W1-2[a, b] ® C2 — L2[a, b] ® C? is compact for
any finite interval [a, b].



3892 R. Carlone et al. / J. Differential Equations 254 (2013) 3835-3902

(ii) As it is clear from the proof, Corollary 5.27 remains valid under weaker assumptions. Namely,

condition (5.67) can be replaced by the following one: Q is subordinated (in the sense of [41,
Chapter 4.1]) to both operators D% and D% + Q.
Note also that an alternative proof of Corollary 5.27 can be obtained as follows. Equipping
dom(Dx ¢ + Q) with the graph norm one obtains the Hilbert space $H.(®, Q). It follows
from estimate (5.67) that the Hilbert spaces $4(®, Q) and $H(0®) := $H,(®,0) coincide al-
gebraically and topologically (see [41, Chapter 4.1]). Thus, both embeddings $H.(®,Q) — $
and 94(®)— $H are compact only simultaneously. But the compactness of the embedding
H4+(0, Q) — 5 is equivalent to the discreteness of the spectrum of Dy o.

Theorem 5.26 establishes a connection between the discreteness property of extensions Dx ¢ (Q)
of Dx(Q) and the same property of the corresponding boundary relations ® with respect to the
boundary triplet for D% defined in Theorem 3.10. Now we are in position to investigate discreteness
property for GS-realizations Dg(‘a(Q) in terms of the corresponding distances d, and intensities «;,.
To this end we exploit a connection between the GS-realizations and Jacobi matrices on the one hand
and the known results on discreteness property of Jacobi matrices on the other hand.

Proposition 5.30. Let X = {x;}{°(C Ry), o = {aj}3° CRand let Q(-) = Q*() € L2 (Ry) ® C**2 pe

loc
strongly subordinated to the GS-realization Dg(’a = ng (0) on R. Assume also that limy_, o dy = 0 and

c 1
lim %! Z oo and tim & - 1, (5.71)
n—oo dy n—0o0 oy 4

Then the GS-operator D&YQ(Q) on the half-line R has discrete spectrum.

Proof. First we consider the case of the Dirac operator D$ , with zero potential Q = 0. Since
lim;_, oo dy =0, one has

1
lim ———— = lim —. (5.72)

=00 orn+/ d% +1/¢z2 "o

By the Carleman test (see Proposition 5.5), the Jacobi matrix B/X,oz given by (5.9) is self-adjoint. There-
fore, by [16, Theorem 8], the operator B/X,a has discrete spectrum provided that lim;_, o d;, = 0 and
conditions (5.71) are satisfied.

Next we consider the boundary triplet IT = {#, I'p, 11} for the operator D% constructed in Theo-
rem 3.10. By Proposition 5.2, the boundary operator corresponding to the GS-realization Dy o = Dgw
is given by the Jacobi operator By  of the form (5.5), (5.8). Since the operators By  and B/X,a are
unitarily equivalent (see Remark 5.3), the spectrum of By  is discrete too. To prove the discreteness
property of the operator Dy it remains to apply Theorem 5.26.

Let now Q # 0. Since Q (-) is strongly subordinated to D ,, general case is reduced to the previ-
ous one by applying Corollary 5.28. O

To apply Proposition 5.30 to GS-operators D, ,(Q) with certain unbounded potentials we establish
the following analog of the classical Hardy inequality.

Lemma 5.31. Assume that d*(X) < oo. Then for any f € W12(R_.\ X) and satisfying f (0) = 0 the following
inequality holds

]o|f(x)|2
X2
0

X1 [o¢] o0
dx < %f|f’(x)|2dx+xiz<3d*(X)2/|f’(x)|2dx+2/|f(x)}2dx). (5.73)
0 1 X1 X1
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Proof. Indeed, by the classical Hardy inequality,

X2

X1 2 X1
/wx)' dx<%/|f/<x>|2dx, few'[0.x], f(0)=0. (5.74)
0 0

Further, since f € W12[x, ;1] for any k € N, one easily gets

e FaoR e fo 24y ) )
[ 75 axgzak(—+ | % [irol ar>< (£ e+ del £ s,)
Xk Xk Xk

X Xk Xk+1 XieXk4-1

<

2 * 2 712
< s @ 00 ) k1.

Taking a sum of these inequalities and applying Proposition 3.5(ii) (see formula (3.45)) we obtain

X

00 2 oo 00 o0
/'f(’?' dx<xiz(za*<x>2[|f’(x)|2dx+z/|f(x)|2dx+d*<x>2/If’(x)|2dx>. (5.75)
X1 1 X1 X1

X1
Combining (5.74) with (5.75) we arrive at (5.73). O

Example 5.32. Let us present an example of GS-operator ng(Q) = Dgw + Q with an unbounded

potential matrix Q (-) = Q*(-) ¢ L®(Ry) ® C2*2 satisfying conditions of Proposition 5.30. Let Q (-) =
diag(q1(-), q2(-)) with q1(-) € L°°(R4), and an unbounded measurable function q,(-) satisfying

C
2] < X—;’ xeRy, y €(0,1], Co>0. (5.76)

Let us show that for sufficiently small Co the multiplication operator with the matrix Q (-) is strongly
subordinated to the operator Dg(’a, i.e. that dom(Dgw(Q)) C dom(Q) and inequality (5.69) holds

for f = (g) € dom(Dx o). Since q1(-) € L*(Ry), it suffices to estimate ||q2f2[l;2(r,)- Noting that
f2(0)=0 for f = (g) e dom(Dy ), and combining inequality (5.76) with Lemma 5.31, we get

~ 2 —
la2 f2lli2e,) < Col| f3] 2, ) +4CoxT 1 fall 2,

where Co = Comax{4~1, 6x1’2d*(X)2}. Since q1(-) € L*°(Ry.), this estimate implies (5.67) whenever Cq
is sufficiently small.

Thus, the operator ng(Q) = Dg(!a + Q is self-adjoint and has discrete spectrum provided that Cy
is small enough and conditions (5.71) are satisfied. Note that strong subordination of the operator Q
holds although q; ¢ L?(0, &) for y > 1/2.

Remark 5.33. For any fixed ¢ > 0 conditions (5.71) are weaker than the corresponding conditions for
the discreteness of Schrédinger operator Hx o, from [44, Propositions 5.18] that read as follows

>——. (5.77)
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They can be obtained by taking the formal limit as ¢ — 4oc0 in the left-hand side of (5.72) with
account of (5.71).

Note also that if « is negative, conditions (5.71) do not guaranty discreteness for the whole family
D% 4» € > 0, of GS-realizations.
Example 5.34. Let 7 =R, and let the sequence X = {x,}72,; be given by x, =log(n + 1), so that
dp =log(1 + %) ~ % By Proposition 5.5, the GS-operator Dgw is self-adjoint for any sequence o =

{an}7° C RU co. By Proposition 5.30, the GS-operator Dg(,a has discrete spectrum whenever

lim njay,| =00 and 4c lim ozn’] > —1. (5.78)
n—oo n—oo

It is interesting to compare the GS-operator D , with the corresponding Schrédinger operator

Hx o with §-interactions (see formula (5.87) below). Since {d,}{° € I2(N), the self-adjointness of Hx o
depends on a = {,}7° (see [44, Example 5.12]). Moreover, the pair of discreteness conditions (5.77)
for Hx o turn into limy—, o njotn| = 0o and 4lim,~,_>oonotn_1 > —1.

Note that if « is positive, i.e. a = {a}7° C Ry, both pairs of conditions in (5.71) and (5.77) are
reduced to the first common condition lim;_, 5 Od‘—: = 00. At the same time, if « is negative conditions
(5.71) and (5.77) are quite different. For instance, Hx  is discrete (and self-adjoint) whenever o, =
—(4+8)@m+ 1) +0(L), e >0 (see [44, Example 5.12(ii) and Proposition 5.18] Hx ). On the other
hand, Dg(,a is discrete provided that oy = —(4c + &) + O(%).

5.2. GS-realizations Dy g: parametrization by Jacobi matrices and spectral properties

Let X = {x,}7°(C R) be as above and let Dx be the minimal Dirac operator given by (3.28), (3.29).
In this section we discuss some spectral properties of GS-realizations Dx g. We compute the corre-
sponding boundary operator Bx g parameterizing Dx g in the boundary triplet IT = {#, I'n, I'l} for
D% constructed in Theorem 3.10, and show that the spectral properties of Dy g are similar to that
of the GS-operators Dx . In what follows we confine ourselves to the case of operators Dx g only,
although the most part of the results remains valid for operators Dx 4(Q) depending on a potential
matrix Q #0.

Consider the boundary triplet [T = {H, I'y, I} for D% = @y, Di constructed in Theorem 3.10
(see (3.54) for the definitions of I'y and I7). Since B, # 0, n € N, the operator Dx g is disjoint with
the self-adjoint extension D% [ ker(/p) of the minimal Dirac operator Dy. Here Iy and Iy are deter-
mined by (3.54). Therefore, the boundary relation & parameterizing Dx g in the triplet /T is a closed
operator, ® € C(H).

Consider the following Jacobi matrix

0 _vdy) 0 0 0 0
d2
5 1
v(dy) v=(dy) v(dq)
~ven v gy +d 0 0 0
d% d? (.31 1) d?/zdz]/z
0 v(d;) 0 _v(d) 0 0
d?/Zdzl/z d2
Bx,p = v(dy) v2(dy) v(dy)
’ 0 0 _uQ) ) (g, +dy) 2 0 el
& @ 272417
0 0 0 oy 0 _v(d3)
3/2 1/2 2
&/ %ay . 4
d d
0 0 0 0 —HG By +dy)
3 3

(5.79)

where v(x) :=1/,/1+ 5217 Note that
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0 0 0 0 o0

0 -1 1 0 0

1,5 103 0 1 0 0 0
Bxp=Rx'Bs—QoRY'. Bs=| o o o _p , (5.80)

0o 0 O 1 0

where Rx =@y, Rn and Qx = @;2; Qy are determined by (3.57).

We also denote by By g the minimal (closed) Jacobi operator associated in (N, C?) with the
Jacobi matrix (5.79). Clearly, Bx g is symmetric and according to general properties of Jacobi operators
ni(Bxg)=n_(Bxpg) <1

Proposition 5.35. Let Dx = EBZ; Dy, be the minimal Dirac operator in L?(Z, C?). Let also IT = {H, Iy, I'}
be the boundary triplet for D% = ;2 D; constructed in Theorem 3.10 and let Bx g be the minimal Jacobi
operator associated in I>(N, C?) with the matrix (5.79). Then the boundary operator corresponding to the
GS-realization D g in the triplet I1, is the Jacobi operator Bx g, i.e.

Dx,ﬁ = DBX,ﬂ = D;(( Fdom(DBx,;;)»
dom(Dgy ;) := {f € dom(D%): I f =Bx glof}. (5.81)

Corollary 5.36. The GS-operator D x g has equal deficiency indices and ny (Dx g) =n_(Dx g) < 1. Moreover,
n+(Dx g) =n+(Bx, g). In particular, Dx g is self-adjoint if and only if Bx g is.

Proof. The proof is implied by combining Proposition 5.35 with Corollary 3.12(ii) and the known
properties of Jacobi matrices [1,10]. O

Proposition 5.37. Let Dx be the minimal Dirac operator in L%(Z, C?) and let Dx. g be the GS-realization
Of Dy.

(i) If |IZ| = +o0, then D g is self-adjoint.
(ii) If|Z| < oo and

[o.¢]
> 1Bulv/dndn 1 = +o0, (5.82)

n=1
then D g is self-adjoint.

Proof. (i) By Corollary 5.36, n+(Dx g) = n+(Bx g). Alongside the Jacobi matrix Bx g of the form
(5.79) we consider Jacobi matrix B/X,ﬁ obtained from By g by replacing its off-diagonal entries by
their modulus (cf. with construction of the matrix B,X,a of the form (5.9)). The matrices Bx g and
B/x, p are unitarily equivalent. Self-adjointness of the operator B/x, 8 follows from the Carleman test.
In fact, the proof coincides with that of Proposition 5.5 since the off-diagonal entries of the Jacobi
matrices B/X,ﬂ and B/X,a coincide.

(ii) The proof is similar to that of Proposition 5.7. Applying the Dennis-Wall test (see [1, Chapter 1,
Problem 2]) to the Jacobi matrix B/X,ﬁ yields self-adjointness of B;w provided that

o0
> " 1dn + Baly/dndns1 = +o0. (5.83)

n=1
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Since |Z| < +o0, one has Y 12, dp\/dndni1 < 2|Z|? < +oc. Thus, the series in (5.83) and the series
in (5.82) diverge only simultaneously. O

All previous results on spectral properties of the GS-operator Dx o have their counterparts for the
realization Dy g. They can be proved directly in a much the same way but we prefer another way
described as follows.

Alongside the GS-realization Dy , we introduce another GS-realization 5x,a being the closure of
the operator

5%“ =D] dom(ﬁgj(,a),

dom (D ) = { feWS2,@\X) ®C2: i € ACkc(D). fr € ACiocT\X):
oy
f1@H) =0. falat) = o =) =—-—fi(xn). n € N},

ie. ﬁx,a = 5()’( o+ The following statement is immediate from the previous definitions.

Proposition 5.38. Let o = c2 . Then the realizations D x.p and _BX,a are unitarily equivalent. More pre-
cisely, the following identity holds

U'DxpU=—-Dxgq, dom(Dxge)=U""dom(Dxp), a=c?8,

where U is the unitary operator,

U: P ®C*— L2 ®C% U:=1®o0,,
and o, is one of the Pauli matrices given by (3.2).

Proposition 5.39. Let o = Sc2. Then the GS-realizations D, g and Dx o are self-adjoint only simultaneously.
Moreover, the spectrum o (Dx g) of Dx g is either discrete or purely singular if and only if so is the spectrum
0(Dx,a) 0f Dx q.

Besides, the ac-parts of the operators Dx o and Dy g are unitarily equivalent.

Proof. Assume that Dy , is self-adjoint. Then its restriction
S:=Dx [ dom(S),
dom(S) := dom(Dyx ¢) N dom(Dx o) = {f edom(Dx.a): fi(a+) =0},
is a closed symmetric operator with the deficiency indices n.(S) = 1. Therefore, by the second

von Neumann formula, dim(dom(ﬁx,a)/dom(S)) =1 and 5x,a being a symmetric operator is self-
adjoint too. Moreover, since n.(S) =1, the resolvent difference

(Dxa—27 1= (Dxq—2)" (5.84)

is rank-one operator. Therefore the operators ﬁx,a and Dy o have either discrete spectrum or purely
singular spectrum only simultaneously. Moreover, by the Kato-Rosenblum theorem their ac-parts are
unitarily equivalent. To complete the proof it remains to apply Proposition 5.38. O
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Remark 5.40. Let 7 :dom(Dx ) — C be the trace mapping given by t(f) := fi(a+). Clearly, it is
continuous and surjective. Since dom(DxOé) Ndom(Dy ) =dom(Dx ) Nker(r) is dense in L2(D),
the operator DX o €an be treated as a singular perturbation of Dy , in the sense of [64]. This leads
to an alternative proof of Proposition 5.39.

Combining Propositions 5.5 and 5.7 with Proposition 5.38 yields an alternative proof of Proposi-
tion 5.37. Moreover, using Proposition 5.38 one can obtain the counterparts of the results of Sec-
tions 5.4 and 5.5 on spectral properties of Dy 4.

We demonstrate this possibility by stating the following result on discreteness of Dy g.

Proposition 5.41. Let X = {x,}3°(C R}), B = {B;}7° C R. Assume that lim;_, , dy = 0 and

1 1
lim @ =00 and lim — > ——. (5.85)
n—oo d, n—oo Cﬂn 4

Then the (self-adjoint) GS-operator Dx g on the half-line R has discrete spectrum.
Proof. The statement is immediate by combining Proposition 5.30 with Proposition 5.38. O

5.3. Non-relativistic limit of Gesztesy-Seba operators

Let, as in Section 3.2, X = {xp}72; (C R;) be a discrete set and « = {Otn}l ,B={B}° CR.

In this section we consider the non-relativistic limits of Gesztesy-Seba operators D o '=Dxa
and Dg(’ 5= Dx, g using their parameterizations with respect to the boundary triplet IT = f”H, Iy, I}
constructed in Theorem 3.10. By Propositions 5.2 and 5.35,

DY o = Dgs , = Dx [ ker(I't — Bk ,Iv) and

D p = D, = Dk I ker(I't — B 4T0). (5.86)

where B , and B p are the Jacobi matrices given by (5.5) and (5.79), respectively. Here we indicate
explicitly the dependence of all operators on the parameter ¢ by writing DX o D% B B% , and BC
in place of Dx «, Dx,g, Bx,« and Bx g, respectively.

Following [3] we recall the definitions of the operators which describe Schrédinger operators with
8- and &’-interactions, respectively (cf. also [44, Sections 5, 6]). Let

0 d2
Hy o = —Z [dom(H @)
dom(HY o) = | f € WE2,(1\X): f € ACioc(D), f' € ACioc(T\X);
f'a+)=0, f'(xp+) — f'(n—) = tn f(x), n € N}, (5.87)

d2
Hxﬂ_—d 5 [ dom(H§ 4),

dom(H$ 4) = {f € WA2 (1\X): f € ACioc(T\X), f’ € ACioc(D):
f'(@+)=0, f(xa+) — f(Xn—) = Baf (xn), n € N}. (5.88)

Then the operators Hy o and Hx g are defined to be the closures of H o and H‘))( B respectively.

If 7 =Ry, the operator Hyx g is self-adjoint in L2(R,) for any B ([15, Theorem 4.7], [44, Theo-
rem 6.3]), although Hx  is only symmetric with equal deficiency indices ny(Hx o) =n_(Hx o) < 1
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(see [15]). Moreover, Hx , may have non-trivial deficiency indices n+(Hx o) =1 (see [68], [44, Sec-
tion 5.2]). However, the operator Hx o is self-adjoint, Hx o = H% ,, provided that it is semibounded
below ([4, Theorem 1], see also the recent publication [38] for another proof).

It is shown in [44] that certain spectral properties of Hy o closely correlate with the corresponding
properties of the following Jacobi matrix

0 —d;? 0 0 0
-2 -2 -3/2 ;—1/2
—d; 3—/;11 o d dz] 0 2 0
_ 0 d;7%d; ardy —dy 0
Bx.o(H) = 1% 2, 2, 312 (5.89)
0 0 —d, —d, dy”%d;
0 0 0 I Y

As usual we identify the Jacobi matrix Bx o (H) with (closed) minimal symmetric operator associated
with it and denote it by the same letter (cf. (5.7)). Recall that Bx o (H) has equal deficiency indices
and ny(Bx o (H)) < 1.

The Jacobi matrix Bx (H) coincides with the matrix BS’, given by (5.5) with v(x) =1, i.e. with
¢ = co. Note however that in the case ), ydk = oo the matrix Bg(,oz' c < 0o, is always self-adjoint
though the matrix By, (H) might be only symmetric (see [44, Section 5.2]).

Similarly, according to [44] certain spectral properties of Hy g closely correlate with the corre-
sponding properties of the Jacobi matrix Bx g(H) given by

0 —d;? 0 0 0

—d? —(B1+dpdy® d;dy 0 0

. 0 d;3/2d;1/2 0 _dz—z 0
0 0 ~dy?  —(Ba+dpdy® dydy

0 0 0 d,>d;"? 0

(5.90)

Denote also by Bx g(H) the Jacobi matrix defined by (5.79) with v(x) =1, i.e. with ¢ = oco.

The Jacobi matrices Bx o(H) and By g(H) first appeared for the parametrization of Schrodinger
operators Hy o and Hy g with 8- and &’-interactions, respectively (cf. [44, Proposition 5.1] and [44,
Proposition 6.1]). Let us recall these statements:

Proposition 5.42. Let IT = {#, I'o, I'1} be the boundary triplet for HY. ~constructed in Theorem 4.5. Then
the boundary operators corresponding to the realizations Hx  and Hx g coincide with the minimal Jacobi
operators By o := Bx o (H) and Bx g := Bx g(H), respectively, i.e.

Hx.a = Hpy, = Hjyin | dom(Hp, ), dom(Hg,,)={f € W»*(Z\ X): I''f =Bx.alof}.
Hxp=Hpy , = Hiy, [ dom(Hg, ,), dom(Hgy ,)={f e W**(Z\ X): I f =Bxplof}.
Moreover, n+(Hx o) =n+(Bx o (H)) <1andni(Hx g) =ns(Bx g(H)) <1.

Then the following results on the non-relativistic limit hold:



R. Carlone et al. / J. Differential Equations 254 (2013) 3835-3902 3899

Theorem 5.43. Let X = {x;}7°(C Ry) be a discrete set and o = {ctn}3°, B = {Bn};° CR.

(i) Assume that Z =R, and Hx ¢ is self-adjoint. Then

. 2 -1 —1 10

s—CETw(D;a—(zH /2)) =(Hxo—2) ®<0 0). (5.91)
In particular, (5.91) holds provided that Hy « is semibounded below.

(ii) Assume that Z = R.. Then the operators D%qﬁ, ¢ < oo, and Hx g are self-adjoint and the following
relation holds

s— lim (Dggﬂ—(z+c2/2))”:(Hx,ﬁ—z)*@(g) g). (5.92)

c—>—+00

(iii) Assume that Z = (0, b) with b < oco. Assume also that

> (Bi+di)

i=1

o0 o0 2
Z |Bnly/dndny1 =—+o00 and Z(dnﬂ ) = 00. (5.93)
n=1 n=1

Then relation (5.92) holds.

Proof. (i) Firstly, by Theorem 5.9, the operator ng, ¢ < 00, is self-adjoint for any o« C R and any
¢ > 0 since Z =R Therefore, by Proposition 5.2, Bg(,a, ¢ < 00, is self-adjoint too. Further, let By o (H)
be the minimal Jacobi operator associated with the matrix (5.89). By Proposition 5.42, Hx ¢ = Hx By,
Moreover, by Proposition 5.42, Bx o(H) = Bx «(H)* since Hx o = H;a. Combining (5.5), (5.6) and
(5.89) with the obvious relation lim¢_, - V(cx) =1 we get

lim B yh=Bx«(H)h forallhe 13(N, C?). (5.94)
c——+00 ’

Note also that, by the definition of a minimal Jacobi operator, lg (N, C?) is a core for both (self-adjoint)
Jacobi operators Bx o(H) and B . ¢ € (0, o0). Applying Theorem 4.8 we arrive at the relation (5.91).
To complete the proof it remains to note that Hy o is self-adjoint, Hx o = H’)"(,a, provided that it is
semibounded below (see [4, Theorem 1]).

(ii) Let Z=1IRy. By [15] (see also [44, Theorem 6.3(i)]), Hx g = Hj‘(’ﬁ. Combining this relation with
Proposition 5.2, yields Bx g(H) = Bx,g(H)*.

On the other hand, by Proposition 5.37(i), D§<,ﬂ is self-adjoint too, D&,ﬂ = (Dgﬂﬂ)*, ¢ < oo. Further,
by Proposition 5.35, Dg(’ﬂ = D%X.ﬂ = D% [ ker(I'1 — Bg(’ﬂl"o). Therefore, by Proposition 3.12(ii), &ﬁﬂ is
self-adjoint too, Bg(qﬂ = (Bg(qﬁ)*. Note that alongside (5.94) we obtain from (5.79) and (5.90) a similar
relation lim¢_, 4o ngh =Bx g(H)h, he lg(N, C?).

Again, by the definition of the minimal Jacobi operators B‘j(,ﬂ and Bx g(H), lg(N, C?) is a core for
both of them. To arrive at (5.92) it remains to apply Theorem 4.8.

(iii) Let |Z| < oco. By Proposition 5.37(ii), self-adjointness of the GS-operators Dg(‘ﬁ, c € (0,00), is
implied by the first of conditions (5.93). Combining this fact with Propositions 5.35 and 3.12(ii), we
get B%nﬂ = (B&qﬁ)*, ¢ < oo. Further, by [44, Theorem 6.3(ii)], the second of conditions (5.93) yields
Hxpg= H;ﬁ. In turn, by Proposition 5.42, Bx g(H) = Bx g(H)*. The proof is completed in much the
same way as the proof of statement (i). O

Remark 5.44.

(i) Note that condition Hy o = H;a hence the conclusion (5.91) of Theorem 5.43 is satisfied for any
sequence o = {arp}]° C R provided that Zj d? = 00 [44, Proposition 5.7] (see recent publications
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[40,62] for other proofs and generalizations). In particular, the non-relativistic limit (5.91) is valid
whenever d,(X) > 0. Under the latter assumption both statements (5.91) and (5.92) were orig-
inally obtained by Gesztesy and Seba [30] (see also [3, Appendix ]]). In this case the uniform
convergence in (5.91), (5.92) holds.
(ii) Clearly, conditions (5.93) can be replaced by the assumptions of self-adjointness of operators
&_ﬁ, c>0,and Hyg.
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