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This paper is devoted to the study of the spreading speeds of
a partially degenerate reaction–diffusion system with monostable
nonlinearity in a periodic habitat. We first obtain sufficient condi-
tions for the existence of principal eigenvalues in the case where
solution maps of the associated linear systems lack compactness,
and prove a threshold type result on the global dynamics for the
periodic initial value problem. Then we establish the existence and
computational formulae of spreading speeds for the general initial
value problem. It turns out that the spreading speed is linearly de-
terminate.
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1. Introduction

The spatial dynamics of populations in homogeneous or heterogeneous habitats is a central topic
in biology and ecology, and the spreading speed of populations is a crucial quantity in the study
of biological invasions and disease spread, which has attracted a lot of attentions both theoretically
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and empirically; see [1–5,7,10–13,15–17,19,24,26,31–33], and references therein. Homogeneity and
heterogeneity are concepts referring to qualitatively uniform and varying habitats for populations, re-
spectively. Most real environments exhibit more complex patterns than strict periodicity, but the main
characteristics of many landscapes can be captured well by this assumption. For example, the growth
and spread of an invading species in a forest which consists of trees planted in periodic rows when
the population density does not vary in the direction of the rows [27]. In order to model the growth
and spread of benthic-pelagic population in a river, Lutscher, Lewis and McCauley [20] partitioned the
river into the flowing water (or pelagic) zone and the storage (or benthic) zone, and proposed the
following partially degenerate reaction–diffusion system in a periodic habitat with piecewise constant
coefficient functions, which corresponds to a river with a series of pools and riffles:

∂u1

∂t
(t, x) = 1

a(x)

∂

∂x

(
d(x)a(x)

∂u1

∂x

)
− q

a(x)

∂u1

∂x
+ k(x)(u2 − u1),

∂u2

∂t
(t, x) = p(x)(u1 − u2) + [

f (x) − u2
]
u2, (1.1)

where u1(t, x) and u2(t, x) are the densities of pelagic and benthic individuals, respectively, a(x) is
the cross-sectional areas of flowing zone, d(x) is the diffusion rate, q is the advective flux, k(x) and
p(x) are two exchange rates, f (x) is the growth rate, and

a(x),d(x), f (x),k(x), p(x) =
{

1,1,1,k1, p1, x ∈ (0, l1) + LZ,

a2,d2, f2,k2, p2, x ∈ (l1, L) + LZ.

By analyzing the effects of heterogeneity on the persistence and spread of populations in a riverine
habitat, Lutscher et al. obtained implicit formulae for the persistence boundary and the dispersion
relation of the wave speed for model (1.1). However, the question of the existence of a spreading
speed of system (1.1) remains unresolved.

The purpose of the present work is to study spreading speeds of a more general partially degener-
ate reaction–diffusion system in a periodic habitat:

∂u1

∂t
(t, x) = ∂

∂x

(
D1(x)

∂u1

∂x

)
+ D2(x)

∂u1

∂x
+ f (x, u1, u2),

∂u2

∂t
(t, x) = g(x, u1, u2), (1.2)

where u1(t, x) and u2(t, x) are the densities of two species at time t and location x in an L-periodic
habitat for some positive number L. The coefficient functions and reaction functions of system (1.2)
satisfy the following conditions:

(A1) D1 ∈ C1+ν(R), D2 ∈ Cν(R), Di(x + L) = Di(x), ∀i = 1,2, x ∈ R, where Cν(R) is the space of
Hölder continuous functions with exponent ν ∈ (0,1). The differential operator ∂

∂x (D1(x) ∂
∂x ) +

D2(x) ∂
∂x is uniformly elliptic, i.e., there exists a positive number β0 such that D1(x) � β0, ∀x ∈R.

(A2) f , g : R × R2+ → R2, f (x, u) and g(x, u) are C2 in u, Hölder continuous and L-periodic in x,
f (x,0) = g(x,0) = 0, and the partial derivatives of f , g up to order 2 with respect to u1, u2 are
all continuous and L-periodic in x, respectively.

(A3) There exists a positive vector M = (M1, M2) such that

f (x, M) � 0 and g(x, M) � 0, ∀x ∈R.

(A4) fu2(x, u1, u2) > 0, gu1(x, u1, u2) > 0, ∀x ∈ R, u ∈ [0, M1] × [0, M2], where fq denotes the partial
derivative of f with respect to q.
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(A5) F (x, u) := ( f (x, u), g(x, u)) is strictly subhomogeneous on [0, M1] × [0, M2] in the sense that
F (x, νu) > ν F (x, u), ∀x ∈R, ν ∈ (0,1), u ∈ [0, M1] × [0, M2] with ui > 0 for all i = 1,2.

By the differentiability of D1(x), we can reduce system (1.2) to the following simple form:

∂u1

∂t
= D1(x)

∂2u1

∂x2
+ D0(x)

∂u1

∂x
+ f (x, u1, u2),

∂u2

∂t
= g(x, u1, u2), t > 0, x ∈R, (1.3)

where D0(x) = D ′
1(x) + D2(x).

Since there is no diffusion term in the second equation of (1.3), the solution maps Q (t) of sys-
tem (1.3) are not compact with respect to the compact open topology. Therefore, we cannot use the
theory of spreading speeds and traveling waves developed by Weinberger [31]. More precisely, the
map Q (t) does not satisfy the compactness assumption [31, Hypothesis 2.1vi]. Besides, more restric-
tive conditions on reaction terms are needed to show that Q (t) is an α-contraction with respect to
the Kuratowski measure of non-compactness. So we may not expect to apply the abstract results in
Liang and Zhao [19] to study the spreading speed for the model system (1.3).

The spreading properties in periodic habitats originate from the propagating waves in periodic
media, see, e.g., [10,11,34,2,23,24] and references therein. In terms of ecological applications, there
are numerous publications exploring biological invasions and range expansion in heterogeneous land-
scapes, see, e.g., [27,28,16,17,4] and references therein. Weinberger [31] studied the spreading speed
and traveling waves for a recursion with a periodic order-preserving compact operator, which can
be regarded as a general model of time evolution in population genetics or population ecology in a
periodic habitat (see also [32]). Recently, Shen and Zhang [26] investigated the spreading speed for
a nonlocal dispersal equation in a periodic habitat. Differently from the construction of spreading
speeds in [30,31,19], they developed a new approach to spreading speeds (see also [15]) to overcome
the difficulty induced by the non-compactness of solution operators. We will study the global dynam-
ics and spreading speeds of system (1.3) by combining the theory of monotone dynamical systems
and the ideas in [26]. To characterize the spreading speed for system (1.3), we need to use the princi-
pal eigenvalues of a class of degenerate elliptic eigenvalue problems subject to the periodic boundary
condition. Note that the celebrated Krein–Rutman theorem and its generalization [25] do not apply to
our current case. We will show the existence of such principal eigenvalues by appealing to the theory
recently developed by Wang and Zhao [29].

The rest of this paper is organized as follows. In Section 2, we present some preliminary results
on the well-posedness of solutions, the comparison principle, the principal eigenvalue, global dy-
namics for a periodic initial value problem, and linear evolution operators. In Section 3, we prove
the existence of the spreading speed interval by sandwiching the given system (1.3) in between two
appropriate linear systems, which can provide upper and lower bounds for spreading speeds. In Sec-
tion 4, we show that the spreading speed interval is a singleton by employing the linear spectral
theory, squeezing techniques and the arguments modified from [21,30,31,18,26]. At the end of Sec-
tion 4, we also apply our analytic results to model (1.1) to give computational formulae of spreading
speeds.

2. Preliminaries

In this section, we introduce some notations and present preliminary results which will be used
in later sections.

Let C = BC(R,R2) be the set of all bounded and continuous functions from R to R2. Clearly, any
vectors in R2 can be regarded as an element in C . For u = (u1, u2), v = (v1, v2) ∈ C , we write u � v
(u � v) provided ui(x) � vi(x) (ui(x) > vi(x)), ∀i = 1,2, x ∈ R, and u > v provided u � v but u �= v .
For a constant r � 0, we define [0, r] := {u ∈ R2: 0 � u � r} and [0, r]C := {u ∈ C: 0 � u(x) � r,
∀x ∈R}. It is easy to see that C+ = {u ∈ C: u(x) � 0, ∀x ∈R} is a positive cone of C .
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We equip C with the compact open topology. Moreover, we define a norm | · |C by

|u|C =
∞∑

k=1

1

2k
max
|x|�k

∣∣u(x)
∣∣, ∀u ∈ C,

where | · | denotes the usual norm in R2. It follows that (C, | · |C) is a normed space.
Let dc(·,·) be the distance induced by the norm | · |C . Then the topology in the metric space

(C,dc) is the same as the compact open topology in C . Besides, ([0, r]C,dc) is a complete metric
space.

For any given φ = (φ1, φ2) ∈ C , we consider the following initial value problem:

∂u1

∂t
= D1(x)

∂2u1

∂x2
+ D0(x)

∂u1

∂x
+ f (x, u1, u2),

∂u2

∂t
= g(x, u1, u2), t > 0, x ∈R,

ui(0, x) = φi(x), i = 1,2, x ∈R. (2.1)

Let G(t, x, y) be the Green function associated with the linear equation

∂u1

∂t
= D1(x)

∂2u1

∂x2
+ D0(x)

∂u1

∂x
, t > 0, x ∈ R. (2.2)

Then Eq. (2.2) generates a linear semigroup �1(t) on BC(R,R), which is defined by

[
�1(t)φ1

]
(x) =

∫
R

G(t, x, y)φ1(y)dy, ∀φ1 ∈ BC(R,R), t > 0, x ∈R. (2.3)

It follows that Eq. (2.1) can be written as the following integral form:

u1(t, ·;φ) = �1(t)φ1 +
t∫

0

�1(t − s) f
(·, u1(s, ·;φ), u2(s, ·;φ)

)
ds,

u2(t, ·;φ) = φ2 +
t∫

0

g
(·, u1(s, ·;φ), u2(s, ·;φ)

)
ds,

or equivalently,

u(t, ·;φ) = �(t)φ +
t∫

0

�(t − s)F
(·, u1(s, ·;φ), u2(s, ·;φ)

)
ds,

where I is an identity operator and

[
F (φ)

]
(x) = F

(
x, φ(x)

) =
(

f (x, φ1(x),φ2(x))
g(x, φ1(x),φ2(x))

)
, �(t) =

(
�1(t) 0

0 I

)
.
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2.1. The well-posedness of solutions

We consider the existence, uniqueness, invariance of solutions of (2.1) in [0, M]C .

Theorem 2.1. For any initial data φ ∈ [0, M]C , system (2.1) admits a unique mild solution u(t, ·;φ) defined
on [0,∞) with u(0, ·;φ) = φ , and u(t, ·;φ) ∈ [0, M]C for all t � 0.

Proof. By the mean value theorem, there exist constants αi, βi > 0, i = 1,2 such that

f (x, u1, u2) − f (x, v1, v2) � −α1(u1 − v1) + β2(u2 − v2),

g(x, u1, u2) − g(x, v1, v2) � β1(u1 − v1) − α2(u2 − v2), (2.4)

for all u, v ∈ [0, M] with u � v . According to (2.4), for any φ ∈ [0, M]C and any small h > 0, we have

φ(x) + h
[

F (φ)
]
(x) =

(
φ1(x) + hf (x, φ1(x),φ2(x))

φ2(x) + hg(x, φ1(x),φ2(x))

)
�

(
(1 − hα1)φ1(x)

(1 − hα2)φ2(x)

)
� 0,

and

φ(x) + h
[

F (φ)
]
(x) =

(
φ1 − M1 + M1 + h[ f (x, φ1, φ2) − f (x, M1, φ2) + f (x, M1, φ2)]
φ2 − M2 + M2 + h[g(x, φ1, φ2) − g(x, φ1, M2) + g(x, φ1, M2)]

)

�
(

(1 − hα1)(φ1 − M1) + M1 + hf (x, M1, φ2)

(1 − hα2)(φ2 − M2) + M2 + hg(x, φ1, M2)

)
� M.

Therefore, φ + hF (φ) ∈ [0, M]C , which in turn implies that

lim
h→0+

1

h
dist

(
φ + hF (φ); [0, M]C

) = 0, ∀φ ∈ [0, M]C .

By [22, Corollary 4] with K = [0, M]C , S(t, s) = �(t − s), B(t, φ) = F (φ), it follows that system (2.1)
admits a unique mild solution u(t, ·;φ) on [0,∞) with u(0, ·;φ) = φ, and u(t, ·;φ) ∈ [0, M]C for all
t � 0. �

To establish the comparison principle for system (2.1), we recall the concept of upper and lower
solutions.

Definition 2.1. A function v(t, ·) is called an upper solution (a lower solution) of (2.1) on [0,b) with
b > 0 if

v(t, ·) � (�) �(t)φ +
t∫

0

�(t − s)F
(·, v1(s, ·), v2(s, ·)) ds, ∀t ∈ [0,b).

Lemma 2.1. Let w(t, ·), v(t, ·) ∈ [0, M]C be a pair of upper and lower solutions of (2.1) on [0,∞), respectively.
If w(0, ·) � v(0, ·), then w(t, ·) � v(t, ·) for all t � 0. Furthermore, if w(0, ·) > v(0, ·), then w(t, ·) � v(t, ·)
for all t > 0.

Proof. We first show that F (φ) is quasi-monotone on [0, M]C in the sense that

lim+
1

dist
(
φ − ψ + h

[
F (φ) − F (ψ)

];C+
) = 0, (2.5)
h→0 h
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for all φ,ψ ∈ [0, M]C with φ � ψ . In fact, by (2.4), for any small h > 0, we have

φ − ψ + h
[

F (φ) − F (ψ)
]
�

(
(1 − hα1)(φ1 − ψ1)

(1 − hα2)(φ2 − ψ2)

)
� 0,

which indicates that (2.5) is valid. Since v0 := v(0, x) � w(0, x) =: w0 for all x ∈ R, we see from [22,
Corollary 5] that

0 � v(t, ·) � u(t, ·; v0) � u(t, ·; w0) � w(t, ·) � M, ∀t � 0.

Let m(t, x) = w(t, x) − v(t, x). Substituting m in (2.1) and using (2.4), we get

∂m1

∂t
� D1(x)

∂2m1

∂x2
+ D0(x)

∂m1

∂x
− α1m1 + β2m2,

∂m2

∂t
� β1m1 − α2m2.

If m1(0, x) �≡ 0 on R, by integrating, we obtain

m1(t, x) �
∫
R

e−α1t G(t, x, y)m1(0, y)dy > 0, ∀t > 0,

which in turn yields that

m2(t, x) � e−α2tm2(0, x) +
t∫

0

e−α2(t−s)β1m1(s, x)ds > 0, ∀t > 0, (2.6)

where G(t, x, y) is a fundamental solution of (2.3). On the other side, if m2(0, x) �≡ 0, then we see
from (2.6) that m2(t, x) �≡ 0, ∀t � 0, x ∈ R. Thus, we also have

m1(t, x) �
t∫

0

∫
R

e−α1(t−s)G(t − s, x, y)β2m2(s, y)dy ds > 0.

Again, by using (2.6), we know that m2(t, x) > 0, ∀t > 0, x ∈ R. �
Lemma 2.2. Let ũ, g̃, h̃ be nonnegative and continuous functions defined on [0,∞). If

ũ(t) � g̃(t) + h̃(t)

[ t∫
0

ũ(s)ds +
t∫

0

h̃(s)

( s∫
0

ũ(σ )dσ

)
ds

]
, ∀t ∈ [0,∞),

then we have

ũ(t) � g̃(t) + h̃(t)

[ t∫
0

(
g̃(s) + h̃(s)

s∫
0

2g̃(σ )e
∫ s
σ 2h̃(η) dη dσ

)
ds

]
, ∀t ∈ [0,∞). (2.7)
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Proof. Let ṽ(t) = ∫ t
0 ũ(s)ds + ∫ t

0 h̃(s)(
∫ s

0 ũ(σ )dσ)ds. Then ũ(t) � g̃(t) + h̃(t)ṽ(t) and

ṽ ′(t) = ũ(t) + h̃(t)

t∫
0

ũ(σ )dσ

� g̃(t) + h̃(t)

[
ṽ(t) +

t∫
0

(
g̃(σ ) + h̃(σ )ṽ(σ )

)
dσ

]
. (2.8)

Set w̃(t) = ṽ(t) + ∫ t
0 [g̃(σ ) + h̃(σ )ṽ(σ )]dσ . It then follows from (2.8) that

w̃(t) � ṽ(t) and ṽ ′(t) � g̃(t) + h̃(t)w̃(t). (2.9)

On the other hand, by (2.9), we get

w̃ ′(t) = ṽ ′(t) + g̃(t) + h̃(t)ṽ(t) � 2g̃(t) + 2h̃(t)w̃(t).

Since w̃(0) = ṽ(0) = 0, it holds w̃(t) �
∫ t

0 2g̃(σ )e
∫ t
σ 2h̃(η) dη dσ . Substituting this inequality in (2.9) and

integrating it from 0 to t leads to

ṽ(t) �
t∫

0

[
g̃(s) + h̃(s)

s∫
0

2g̃(σ )e
∫ s
σ 2h̃(η) dη dσ

]
ds.

Hence, ũ(t) � g̃(t) + h̃(t)
∫ t

0 [g̃(s) + h̃(s)
∫ s

0 2g̃(σ )e
∫ s
σ 2h̃(η) dη dσ ]ds. �

Let Q (t)φ = u(t, ·;φ) = (u1(t, ·;φ), u2(t, ·;φ)), t � 0, be the solution maps generated by (2.1). Then
Q (t) : [0, M]C → [0, M]C satisfies that Q (0) = I and Q (t) ◦ Q (s) = Q (t + s) for all t, s � 0. The sub-
sequent result shows that {Q (t)}t�0 is a continuous-time semiflow on [0, M]C .

Lemma 2.3. Q (t)φ is continuous in (t, φ) ∈ [0,∞) × [0, M]C with respect to the compact open topology.

Proof. By Theorem 2.1, for any given φ ∈ [0, M]C , Q (t)φ is continuous in t ∈ [0,∞) with respect to
the compact open topology. We first prove the following two claims.

Claim 1. For any ε > 0 and t0 > 0, there exist δ(ε, t0), κ(ε, t0) > 0 such that for any z ∈ R, if uo, wo ∈
[0, M]C with |uo(x) − wo(x)| < δ, ∀x ∈ [z − κ, z + κ], then |u(t, z; uo) − u(t, z; wo)| < ε , ∀t ∈ [0, t0].

By the spatial translation invariance of system (2.1), it suffices to prove the claim for the case of
z = 0. First consider the case where uo � wo . Let v(t, x) = u(t, x; uo) − u(t, x; wo). Then Lemma 2.1
implies that v(t, x) � 0. Note that

F
(
x, u

(
t, x; uo)) − F

(
x, u

(
t, x; wo))

=
1∫

0

Du F
(
x, u

(
t, x; wo) + s

[
u
(
t, x; uo) − u

(
t, x; wo)])ds · v(t, x). (2.10)

Then v(t, x) = (v1(t, x), v2(t, x)) satisfies
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∂v1

∂t
= D1(x)

∂2 v1

∂x2
+ D0(x)

∂v1

∂x
+ a1(t, x)v1 + a2(t, x)v2,

∂v2

∂t
= b1(t, x)v1 + b2(t, x)v2,

where

ai(t, x) =
1∫

0

fui

(
x, u

(
t, x; wo) + s

[
u
(
t, x; uo) − u

(
t, x; wo)])ds,

bi(t, x) =
1∫

0

gui

(
x, u

(
t, x; wo) + s

[
u
(
t, x; uo) − u

(
t, x; wo)])ds, i = 1,2.

Integrating the above system, one has

v1(t, ·) = �1(t)v1(0, ·) +
t∫

0

�1(t − s)
[
a1(s, ·)v1(s, ·) + a2(s, ·)v2(s, ·)] ds,

v2(t, ·) = v2(0, ·)e
∫ t

0 b2(η,·) dη +
t∫

0

b1(σ , ·)v1(σ , ·)e
∫ t
σ b2(η,·) dη dσ , (2.11)

where �1(t) is defined in (2.3). After a substitution, we arrive at

v1(t, ·) = �1(t)v1(0, ·) +
t∫

0

�1(t − s)a1(s, ·)v1(s, ·)ds +
t∫

0

�1(t − s)a2(s, ·)

×
[

v2(0, ·)e
∫ s

0 b2(η,·) dη +
s∫

0

b1(σ , ·)v1(σ , ·)e
∫ s
σ b2(η,·) dη dσ

]
ds. (2.12)

Let Ω := [0,∞) × R and define γ̄ = max{sup(t,x)∈Ω |ai(t, x)|, sup(t,x)∈Ω |bi(t, x)|, i = 1,2}. In view
of (2.12) and the fact that ‖�1(t)‖ � 1, ∀t � 0, we obtain

v1(t, ·) �
∥∥�1(t)

∥∥v1(0, ·) + γ̄

t∫
0

∥∥�1(t − s)
∥∥v1(s, ·)ds

+ γ̄

t∫
0

∥∥�1(t − s)
∥∥[

v2(0, ·)eγ̄ s + γ̄

s∫
0

v1(σ , ·)eγ̄ (s−σ ) dσ

]
ds

� v1(0, ·) + γ̄

t∫
0

v1(s, ·)ds + γ̄

t∫
0

v2(0, ·)eγ̄ s ds + γ̄ 2

t∫
0

s∫
0

v1(σ , ·)eγ̄ s dσ ds

� v1(0, ·) + v2(0, ·)(eγ̄ t − 1
) + γ̄ eγ̄ t

[ t∫
v1(s, ·)ds +

t∫
γ̄ eγ̄ s

s∫
v1(σ , ·)dσ ds

]
, ∀t � 0.
0 0 0
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Let ũ(t) = v1(t,0), g̃(t) = v1(0,0) + v2(0,0)(eγ̄ t − 1), h̃(t) = γ̄ eγ̄ t and t0 > 0 be given. Using (2.7) in
Lemma 2.2, we have

v1(t,0) � g̃(t) + h̃(t)

[ t∫
0

(
g̃(s) + h̃(s)

s∫
0

2g̃(σ )e
∫ s
σ 2h̃(η) dη dσ

)
ds

]

� g̃(t) + g̃(t)h̃(t)

t∫
0

(
1 + 2h̃(s)

s∫
0

e
∫ s
σ 2h̃(η) dη dσ

)
ds

= g̃(t)

[
1 + h̃(t)

t∫
0

(
1 + 2h̃(s)

s∫
0

e
∫ s
σ 2h̃(η) dη dσ

)
ds

]

� g̃(t0)(1 + γ0), ∀t ∈ [0, t0], (2.13)

where γ0 = h̃(t0)
∫ t0

0 [1 + 2h̃(s)
∫ s

0 e
∫ s
σ 2h̃(η) dη dσ ]ds. By (2.11) and (2.13), we also have

v2(t,0) � v2(0,0)eγ̄ t0 + γ̄

t∫
0

v1(σ ,0)eγ̄ (t−σ ) dσ

� eγ̄ t0
[
v2(0,0) + g̃(t0)(1 + γ0)

]
, ∀t ∈ [0, t0]. (2.14)

So, for any ε > 0, there exist δ(ε, t0) = ε
eγ̄ t0 [1+eγ̄ t0 (1+γ0)] and κ(ε, t0) such that if v(0, x) < δ := (δ, δ),

∀x ∈ [−κ,κ], then employing (2.13) and (2.14), we obtain

u
(
t,0; uo) − u

(
t,0; wo) = v(t,0) < δeγ̄ t0

[
1 + eγ̄ t0(1 + γ0)

] = ε, ∀t ∈ [0, t0].
Now consider the case where uo � wo . Set

ūo(x) = max
{

uo(x), wo(x)
}
, uo(x) = min

{
uo(x), wo(x)

}
, ∀x ∈R.

Then u(t, x; uo) � u(t, x; uo), u(t, x; wo) � u(t, x; ūo), ∀t � 0, x ∈ R. It turns out that

∣∣u(
t, x; uo) − u

(
t, x; wo)∣∣ � u

(
t, x; ūo) − u

(
t, x; uo), ∀t � 0, x ∈R.

Repeating the above steps, we conclude that Claim 1 holds for this case.

Claim 2. For any t0 > 0, Q (t)φ is continuous in φ uniformly for t ∈ [0, t0].

Fix ψ ∈ [0, M]C and t0 > 0. For any ε > 0, according to Claim 1, there are δ, κ such that

∣∣u(t, z;φ) − u(t, z;ψ)
∣∣ < ε/2, ∀t ∈ [0, t0], (2.15)

provided that |φ(x)−ψ(x)| < δ, ∀z ∈ R, x ∈ [z −κ, z +κ]. Choose k1 > 0 so large that
∑∞

k=k1
2−k|M| <

ε/2 and let δ1 = 2−(k1+κ)δ. For any φ ∈ [0, M]C with dc(φ,ψ) < δ1, we have max|x|�k1+κ |φ(x) −
ψ(x)| < 2(k1+κ)δ1 = δ. It follows from (2.15) that

∣∣u(t, z;φ) − u(t, z;ψ)
∣∣ < ε/2, ∀t ∈ [0, t0], z ∈ [−k1,k1].
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Consequently, if dc(φ,ψ) < δ1, then

dc
(

Q (t)φ, Q (t)ψ
) =

k1∑
k=1

1

2k
max
|x|�k

∣∣u(t, x;φ) − u(t, x;ψ)
∣∣ +

∞∑
k=k1+1

1

2k
max
|x|�k

∣∣u(t, x;φ) − u(t, x;ψ)
∣∣

� ε

2

∞∑
k=1

1

2k
+

∞∑
k=k1

1

2k
|M| < ε,

which shows that Claim 2 holds true.
For any t, t1 � 0 and φ,ϕ ∈ [0, M]C , we have

∣∣Q t(φ) − Q t1(ϕ)
∣∣
C �

∣∣Q t(φ) − Q t(ϕ)
∣∣
C + ∣∣Q t(ϕ) − Q t1(ϕ)

∣∣
C .

This, together with the continuity of Q t(ϕ) in t and Claim 2, implies that Q t(φ) is continuous at
(t1,ϕ). �
2.2. A principal eigenvalue problem

Linearizing (2.1) at the zero solution, we obtain

∂ ū1

∂t
= D1(x)

∂2ū1

∂x2
+ D0(x)

∂ ū1

∂x
+ fu1(x,0)ū1 + fu2(x,0)ū2,

∂ ū2

∂t
= gu1(x,0)ū1 + gu2(x,0)ū2, t > 0, x ∈R. (2.16)

Since two off-diagonal entries of the matrix

Du F (x,0) =
(

fu1(x,0) fu2(x,0)

gu1(x,0) gu2(x,0)

)

are positive for all x ∈ R, we can fix an α > 0 such that the matrix Du F (x,0) + α I is strictly positive.
Let b = min{minx∈R{Du F (x,0) + α I}i j: 1 � i, j � 2}. Note that

F (x, u) = F (x,0) + Du F (x,0) · u + o
(|u|).

It then follows that for any given ε ∈ (0,1), there exists δ = δ(ε) > 0 such that

F (x, u) � F (x,0) + Du F (x,0) · u − bε|u|, ∀u ∈ [0, δ],
where δ = (δ, δ) and ε = (ε, ε). Since |u| � u1 + u2 � 1

b {(Du F (x,0) + α I)u}i , i = 1,2, we obtain

F (x, u) � F (x,0) + Du F (x,0) · u − ε
(

Du F (x,0) + α I
)
u, ∀u ∈ [0, δ],

which is equivalent to

f (x, u1, u2) �
(

f ε
1 (x,0) − εα

)
u1 + f ε

2 (x,0)u2, ∀u ∈ [0, δ],
g(x, u1, u2) � gε

1(x,0)u1 + (
gε

2(x,0) − εα
)
u2, ∀u ∈ [0, δ], (2.17)

with f ε
i (x,0) := (1 − ε) fui (x,0), gε

i (x,0) := (1 − ε)gui (x,0), i = 1,2.
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Now we consider the linear system

∂u1

∂t
= D1(x)

∂2u1

∂x2
+ D0(x)

∂u1

∂x
+ (

f ε
1 (x,0) − εα

)
u1 + f ε

2 (x,0)u2,

∂u2

∂t
= gε

1(x,0)u1 + (
gε

2(x,0) − εα
)
u2. (2.18)

For any given μ ∈ R, letting u(t, x) = e−μxυ(t, x) in (2.18), we see that υ(t, x) = (υ1(t, x),υ2(t, x))
satisfies

∂υ1

∂t
= D1(x)

∂2υ1

∂x2
+ [

D0(x) − 2μD1(x)
]∂υ1

∂x
+ [

μ2 D1(x) − μD0(x) + aε
11(x)

]
υ1 + aε

12(x)υ2,

∂υ2

∂t
= aε

21(x)υ1 + aε
22(x)υ2, (2.19)

where aε
11(x) = f ε

1 (x,0) − εα, aε
12(x) = f ε

2 (x,0), aε
21(x) = gε

1(x,0), aε
22(x) = gε

2(x,0) − εα. Letting
υ(t, x) = eλtξ(x), we then have the following periodic eigenvalue problem:

D1(x)ξ ′′
1 (x) + [

D0(x) − 2μD1(x)
]
ξ ′

1(x) + [
μ2 D1(x) − μD0(x) + aε

11(x)
]
ξ1(x)

+ aε
12(x)ξ2(x) = λξ1(x), x ∈R,

aε
21(x)ξ1(x) + aε

22(x)ξ2(x) = λξ2(x), x ∈R,

ξi(x + L) = ξi(x), ∀x ∈ R, i = 1,2. (2.20)

In what follows, we will add some parameters in the bracket of a value or function in order to
emphasize its dependence on these parameters. For example, we write the eigenvalue λ of (2.20) as
λ(μ,ε).

Let ā22(ε) = maxx∈R aε
22(x). Then there is x0 ∈ R such that ā22(ε) = aε

22(x0).

Theorem 2.2. Assume that aε
22(x) = ā22(ε), ∀x ∈ Uδ0 (x0), for some δ0 > 0, where Uδ0(x0) := (x0 − δ0,

x0 + δ0). Then for any μ ∈ R, (2.20) has a geometrically simple eigenvalue λ(μ,ε) with a strongly positive
and L-periodic eigenfunction ζ(x,μ;ε).

Proof. Without loss of generality, assume that x0 ∈ (0, L). We can further restrict δ0 so small that
Ūδ0 (x0) := [x0 − δ0, x0 + δ0] ⊂ (0, L). Then A := minx∈Ūδ0 (x0) aε

12(x)aε
21(x) > 0. Let μ ∈ R be given. Ac-

cording to [29, Section 2], we define a linear operator Lλ by

(Lλξ1)(x) = D1(x)ξ ′′
1 (x) + [

D0(x) − 2μD1(x)
]
ξ ′

1(x)

+
[
μ2 D1(x) − μD0(x) + aε

11(x) + aε
12(x)aε

21(x)

λ − aε
22(x)

]
ξ1(x), ∀λ > ā22(ε).

Let λ1 be the principal eigenvalue of the elliptic eigenvalue problem with the Dirichlet boundary
condition:

D1(x)ξ ′′
1 (x) + [

D0(x) − 2μD1(x)
]
ξ ′

1(x)

+ [
μ2 D1(x) − μD0(x) + aε

11(x)
]
ξ1(x) = λξ1(x), x ∈ Uδ0(x0),

ξ1(x0 − δ0) = ξ1(x0 + δ0) = 0
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with a positive eigenfunction ζ �
1 (x,μ;ε) on Uδ0 (x0). Set

λ′ := λ1 + ā22(ε) + √[λ1 − ā22(ε)]2 + 4A

2
.

Since A > 0, we have λ′ > λ1+ā22(ε)+|λ1−ā22(ε)|
2 . If λ1 > ā22(ε), then

λ′ > λ1 + ā22(ε) + λ1 − ā22(ε)

2
= λ1 > ā22(ε);

while if λ1 � ā22(ε), then

λ′ > λ1 + ā22(ε) + ā22(ε) − λ1

2
= ā22(ε).

Hence, we have λ′ > ā22(ε). It follows that

(
Lλ′ζ �

1

)
(x) � λ1ζ

�
1 (x) + A

λ′ − ā22(ε)
ζ �

1 (x) =
(

λ1 + A

λ′ − ā22(ε)

)
ζ �

1 (x) = λ′ζ �
1 (x),

for all x ∈ Uδ0 (x0). Define a continuous function ξo
1 (x) on [0, L] by

ξo
1 (x) =

{
ζ �

1 (x), if x ∈ Ūδ0(x0),

0, if x ∈ [0, L]\Ūδ0(x0).

Clearly, ξo
1 (0) = ξo

1 (L), and ξo
1 (x) can be extended to a continuous and L-periodic function on R.

It is easy to see that (Lλ′ξo
1 )(x) � λ′ξo

1 (x), ∀x ∈ [0, L]\{x0 ± δ0}. It then follows that eλ′tξo
1 (x) is a

lower solution of the integral form of ut = Lλ′ u subject to the L-periodic boundary condition. By [29,
Theorem 2.3 and Remark 2.3], (2.20) has a geometrically simply eigenvalue λ(μ,ε) with a nonnegative
eigenfunction ζ(x,μ;ε). Using the parabolic system associated with (2.20) and the condition that
aε

12(x) > 0 and aε
21(x) > 0, it easily follows that ζ(x,μ;ε) is strongly positive on R. �

Theorem 2.3. Let λ∗ be the principal eigenvalue of the eigenvalue problem with the Dirichlet boundary condi-
tion:

D1(x)ξ ′′
1 (x) + D0(x)ξ ′

1(x) + aε
11(x)ξ1(x) = λξ1(x), x ∈ (0, L),

ξ1(0) = ξ1(L) = 0. (2.21)

Assume that λ∗ > ā22(ε). Then for any μ ∈ R, (2.20) has a geometrically simple eigenvalue λ(μ,ε) with a
strongly positive and L-periodic eigenfunction ζ(x,μ;ε).

Proof. Let ā22(ε) = aε
22(x0) for some x0 ∈ (0, L). For any given μ ∈ R, we consider

D1(x)ξ ′′
1 (x) + [

D0(x) − 2μD1(x)
]
ξ ′

1(x)

+ [
μ2 D1(x) − μD0(x) + aε

11(x)
]
ξ1(x) = λξ1(x), x ∈ (0, L),

ξ1(0) = ξ1(L) = 0. (2.22)

Let ξ∗
1 (x) be the eigenfunction of (2.21) corresponding to λ∗ . It is easy to check that eμxξ∗

1 (x) satis-
fies (2.22) with λ = λ∗ . The uniqueness of the principal eigenvalue of (2.22) indicates that λ∗ is also
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a principal eigenvalue of (2.22). Let λ
μ
n be the principal eigenvalue of (2.22) with (0, L) replaced by

( 1
n , L − 1

n ), ∀n > 1
L . Since limn→∞ λ

μ
n = λ∗ > ā22(ε), we can fix an n0 > 1

L such that λ
μ
n0 > ā22(ε). Let

ξ
n0
1 (x) be the eigenfunction corresponding to λ

μ
n0 , and define

ζ o
1 (x) =

{
ξ

n0
1 (x), if x ∈ [ 1

n0
, L − 1

n0
],

0, if x ∈ [0, L]\[ 1
n0

, L − 1
n0

].

Then ζ o
1 (x) satisfies (2.22) with λ = λ

μ
n0 for all x ∈ [0, L]\{ 1

n0
, L − 1

n0
}. It follows that λ

μ
p � λ

μ
n0 > ā22(ε),

where λ
μ
p is the principal eigenvalue of the following eigenvalue problem with periodic boundary

condition:

D1(x)ξ ′′
1 (x) + [

D0(x) − 2μD1(x)
]
ξ ′

1(x) + [
μ2 D1(x) − μD0(x) + aε

11(x)
]
ξ1(x) = λξ1(x), x ∈R,

ξ1(x + L) = ξ1(x), ∀x ∈R.

Let s(aε
22(x)) be the spectral bound of the multiplication operator aε

22, which is defined by
(aε

22 · u)(x) = aε
22(x)u(x), ∀x ∈ R. Since λ

μ
p > ā22(ε) = s(aε

22(x)), it follows from [29, Corollary 2.4
and Remark 2.3] that (2.20) has a geometrically simple eigenvalue λ(μ,ε) with a strongly positive
and L-periodic eigenfunction ζ(x,μ;ε). �
2.3. The periodic initial value problem

Let P = P C(R,R2) be the Banach space of all L-periodic and continuous functions from R to R2

with the maximum norm | · |P . Then P+ = {φ ∈ P: φ(x) � 0, ∀x ∈ R} is a positive cone of P , and
(P,P+) is a strongly ordered Banach space. Define [0, M]P = {u ∈P: 0 � u � M}.

Theorem 2.4. Assume that the condition in Theorem 2.2 or 2.3 holds for all small ε � 0. Let u(t, x;φ) be the
unique solution of (2.1) through φ and λ0 := λ(0,0). Then the following statements are valid:

(1) If λ0 < 0, then for any φ ∈ [0, M]P , we have limt→∞ u(t, x;φ) = 0 uniformly for x ∈R.
(2) If λ0 > 0 and gu2(x, u) < 0, ∀(x, u) ∈ [0, L] × [0, M], then there is a unique positive L-periodic steady

state u∗(x) such that for any φ ∈ [0, M]P\{0}, we have limt→∞ u(t, x;φ) = u∗(x) uniformly for x ∈ R.

Proof. (1) Since F (·, u) is strictly subhomogeneous in u and F (·,0) = 0, it then follows that (see,
e.g., [35, Lemma 2.3.2])

F (x, u) � Du F (x,0) · u, ∀x ∈R, u ∈ [0, M]. (2.23)

Let ζ(x) = ζ(x,0;0) be the positive and L-periodic eigenfunction corresponding to λ0 and choose
ρ0 > 0 so that 0 � φ(x) � ρ0ζ(x). Notice that ρ0eλ0tζ(x) is a solution of (2.16). Therefore, if λ0 < 0,
we deduce from (2.23) and the comparison principle that

0 � u(t, x;φ) � ρ0eλ0tζ(x), ∀t � 0, x ∈R.

This implies that limt→∞ u(t, x;φ) = 0 uniformly for x ∈R.
(2) By Lemma 2.1, we see that the solution map Q (t) is strongly monotone on [0, M]P . In view

of assumptions (A4) and (A5), it easily follows from the arguments in [9, Theorem 2.2] that for each
t > 0, Q (t) is strictly subhomogeneous on [0, M]P in the sense that Q (t)(νφ) > ν Q (t)φ for all ν ∈
(0,1) and φ ∈ [0, M]P with φ � 0. Under the additional assumption on gu2 , we can find r0 < 0 such
that gu2(x, u) � r0, ∀(x, u) ∈ [0, L] × [0, M]. By similar arguments to those in [13, Lemma 4.1], we see
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that for any φ ∈ [0, M]P , the forward orbit γ +(φ) := {Q (t)φ: t � 0} is asymptotically compact in the
sense that for any sequence tn → ∞, there exists a subsequence tnk such that Q (tnk )φ converges in P
as k → ∞. Let ω(φ) be the omega limit set of γ +(φ). It then follows that ω(φ) is nonempty, compact
and invariant for the semiflow Q (t). Since limε→0 λ(0, ε) = λ0 > 0, we can fix a small number ε > 0
such that λ(0, ε) > 0. Let δ = δ(ε) > 0 be defined as in Section 2.2 so that (2.17) holds. Now we prove
the following two claims.

Claim 1. lim supt→∞ |Q (t)φ|P � δ for all φ ∈ [0, M]P\{0}.

Suppose for contradiction that lim supt→∞ |Q (t)φ0|P < δ for some φ0 ∈ [0, M]P\{0}. Then there
exists t0 > 0 such that u(t, x;φ0) < δ := (δ, δ), ∀x ∈ R, t � t0. Since u(t0, ·;φ0) � 0 in P , there exists
small ρ > 0 such that u(t0, x;φ0) � ρeλ(0,ε)t0ζ(x;ε), ∀x ∈ R. Note that ρeλ(0,ε)tζ(x;ε) is a solu-
tion of linear system (2.18). In view of (2.17) and the comparison principle, we have u(t, x;φ0) �
ρeλ(0,ε)tζ(x;ε), ∀x ∈ R, t � t0. Letting t → ∞, we see that u(t, x;φ0) is unbounded, a contradic-
tion.

Claim 2. ω(φ) ⊂ Int(P+) for all φ ∈ [0, M]P\{0}.

Let φ ∈ [0, M]P\{0} be given. By Claim 1, we see that the set A := {0} is an isolated invariant set
for the semiflow Q (t) and ω(φ) �⊂A. Thus, the Butler–McGehee lemma (see, e.g., [6, Lemma 2.1] and
its generalization [35, Lemma 1.2.7]) implies that ω(φ) ∩ A = ∅, and hence, ω(φ) ⊂ [0, M]P\{0}. By
the strong monotonicity of Q (t) and the invariance of ω(φ) for Q (t), it easily follows that ω(φ) ⊂
Int(P+).

Let t0 > 0 be fixed. Then Q (t0) is strongly monotone and strictly subhomogeneous on [0, M]P .
Note that ω(φ) is a compact and invariant set for Q (t0). It then follows from Claim 2 and [35,
Theorem 2.3.2] with K = ω(φ) that Q (t0) has a fixed point u∗ � 0 such that ω(φ) = {u∗}, ∀φ ∈
[0, M]P\{0}. Since Q (t)ω(φ) = ω(φ) for all t � 0, we see that u∗ is a positive equilibrium of the
semiflow Q (t). Consequently, the conclusion in statement (2) holds true. �

Due to the spatial heterogeneity, for any z ∈R, we consider the space shifted equation of (2.1):

∂u1

∂t
= D1(x + z)

∂2u1

∂x2
+ D0(x + z)

∂u1

∂x
+ f (x + z, u1, u2),

∂u2

∂t
= g(x + z, u1, u2), t > 0, x ∈R. (2.24)

It is once again a consequence of the semigroup theory that (2.24) has a unique mild solution
u(t, x;φ, z) with u(0, x;φ, z) = φ(x) for every φ ∈ [0, M]C .

Remark 2.1. Assume that the conditions in Theorem 2.4(2) hold. Then for any constant vector γ ∈
[0, M]\{0}, we have limt→∞ u(t, x;γ , z) = u∗(x + z) uniformly in x, z ∈R.

2.4. Evolution operators and principal eigenvalues

Note that for each υo ∈ C , linear system (2.19) admits a unique mild solution υ(t, ·;υo) with
υ(0, ·) = υo , and υ(t, ·;υo) ∈ C , ∀t � 0. In addition, the comparison principle holds for (2.19).

Let Φ(t;μ,ε) be the solution operator of (2.19), i.e., Φ(t;μ,ε)υo = υ(t, ·;υo,μ,ε), and Φp(t;
μ,ε) :P →P be defined by Φp(t;μ,ε) = Φ(t;μ,ε)|P . We will now derive an alternative expression
for Φ(t;μ,ε) when t = 1. For given υo ∈ C and μ ∈ R, let uo(x) = e−μxυo(x). It then follows that

[
Φ(t;0, ε)uo](x) = e−μx[Φ(t;μ,ε)υo](x), ∀t � 0, x ∈R, υo ∈ C.
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Observe that for each x ∈ R, there are bounded nonnegative measures mij(x; y,dy) such that

[
Φ(1;0, ε)uo]

i(x) =
2∑

j=1

∫
R

uo
j(y)mij(x; y,dy), 1 � i, j � 2.

Consequently,

[
Φ(1;μ,ε)υo]

i(x) =
2∑

j=1

∫
R

eμ(x−y)υo
j (y)mij(x; y,dy), 1 � i, j � 2. (2.25)

To establish the spreading speed of (2.1), certain suitable truncated operators of Φ(1;μ,ε) are used.
To see this, let χ(s) : R→ [0,1] be a smooth function given by

χ(s) =
{

1, |s| � 1,

0, |s| � 2.

So right now, by (2.25) and the compactly supported property of χ(s), we can fix a positive number �,
and define Φ�(1;μ,ε) : C → C as

[
Φ�(1;μ,ε)υo]

i(x) =
2∑

j=1

∫
R

eμ(x−y)υo
j (y)χ

( |y − x|
�

)
mij(x; y,dy), 1 � i, j � 2,

and Φ
�
p (1;μ,ε) :P →P by Φ

�
p (1;μ,ε) = Φ�(1;μ,ε)|P .

The space shifted equation of (2.19) is

∂υ1

∂t
= D1(x + z)

∂2υ1

∂x2
+ [

D0(x + z) − 2μD1(x + z)
]∂υ1

∂x

+ [
μ2 D1(x + z) − μD0(x + z) + aε

11(x + z)
]
υ1 + aε

12(x + z)υ2,

∂υ2

∂t
= aε

21(x + z)υ1 + aε
22(x + z)υ2. (2.26)

Let Φ(t;μ,ε, z) be the solution operator of (2.26) and Φp(t;μ,ε, z) = Φ(t;μ,ε, z)|P . Similarly, define
Φ�(1;μ,ε, z) : C → C as

[
Φ�(1;μ,ε, z)υo]

i(x) =
2∑

j=1

∫
R

eμ(x+z−y)υo
j (y − z)χ

( |y − x − z|
�

)
mij(x + z; y,dy), (2.27)

for 1 � i, j � 2, and Φ
�
p (1;μ,ε, z) = Φ�(1;μ,ε, z)|P . Then it is easy to check that

∥∥Φ
�
p (1;μ,ε, z) − Φp(1;μ,ε, z)

∥∥
P → 0 as � → ∞

uniformly for μ in bounded sets and z ∈ [0, L].
Let r(μ,ε) := r(Φp(1;μ,ε)) and σ(Φp(1;μ,ε)) be the spectral radius and the spectrum of

Φp(1;μ,ε), respectively. Then the following two results can be derived directly from [14, Theo-
rems 1.5.2 and 1.5.3], [8, Theorems 3.6 and 4.3] and [26, Proposition 3.3].
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Lemma 2.4. The principal eigenvalue λ(μ,ε) of (2.20) exists if and only if r(μ,ε) is a simple eigenvalue of
Φp(1;μ,ε) with a strongly positive eigenfunction in P+ , and for each r̃(μ,ε) ∈ σ(Φp(1;μ,ε))\{r(μ,ε)},
we have |r̃| < r(μ,ε). Furthermore, if λ(μ,ε) exists, then λ(μ,ε) = ln r(μ,ε).

Lemma 2.5. For each υo ∈ Int(P+),

inf
x∈R

∑2
j=1

∫
R

eμ(x−y)υo
j (y)mij(x; y,dy)

υo
i (x)

� r(μ,ε) � sup
x∈R

∑2
j=1

∫
R

eμ(x−y)υo
j (y)mij(x; y,dy)

υo
i (x)

, i = 1,2.

Theorem 2.5. Let λ(μ,ε) be the principal eigenvalue of (2.20). Then the following two statements are valid:

(1) λ(μ,ε) is convex in μ.
(2) If λ(0, ε) > 0, then there exists μ∗ > 0 such that infμ>0

λ(μ,ε)
μ = λ(μ∗,ε)

μ∗ .

Proof. (1) By Lemma 2.4, r(μ,ε) is an eigenvalue of Φp(1;μ,ε) with a strongly positive eigenfunction
ζ(x,μ), which combine with (2.25) to imply

r(μ,ε) = [Φp(1;μ,ε)ζ ]i(x)

ζi(x,μ)
=

∑2
j=1

∫
R

eμ(x−y)ζ j(y,μ)mij(x; y,dy)

ζi(x,μ)
, i = 1,2.

Similarly, r(μ̄, ε) = ∑2
j=1

∫
R

eμ̄(x−y)ζ̄ j(y,μ)mij(x; y,dy)/ζ̄i(x,μ). For given ν ∈ [0,1] and each i, let-

ting ζ̃i = ζ ν
i ζ̄ 1−ν

i and using Hölder inequality, we obtain

[
r(μ,ε)

]ν[
r(μ̄, ε)

]1−ν

=
[∑2

j=1

∫
R

eμ(x−y)ζ j(y,μ)mij(x; y,dy)

ζi(x,μ)

]ν[∑2
j=1

∫
R

eμ̄(x−y)ζ̄ j(y,μ)mij(x; y,dy)

ζ̄i(x,μ)

]1−ν

�
2∑

j=1

∫
R

[
eμ(x−y)ζ j(y,μ)

ζi(x,μ)

]ν[
eμ̄(x−y)ζ̄ j(y,μ)

ζ̄i(x,μ)

]1−ν

mij(x; y,dy)

=
2∑

j=1

∫
R

e[νμ+(1−ν)μ̄](x−y)ζ̃ j(y,μ)

ζ̃i(x,μ)
mij(x; y,dy), ∀x ∈ R.

By Lemma 2.5, we have

[
r(μ,ε)

]ν[
r(μ̄, ε)

]1−ν � sup
x∈R

∑2
j=1

∫
R

e[νμ+(1−ν)μ̄](x−y)ζ̃ j(y,μ)mij(x; y,dy)

ζ̃i(x,μ)

� r
(
νμ + (1 − ν)μ̄, ε

)
.

This shows that ln[r(μ,ε)]ν [r(μ̄, ε)]1−ν � ln r(νμ+ (1−ν)μ̄, ε). By Lemma 2.4 again, νλ(μ,ε)+ (1−
ν)λ(μ̄, ε) � λ(νμ + (1 − ν)μ̄, ε), ∀ν ∈ [0,1]. Hence, λ(μ,ε) is convex in μ.

(2) Since aε
12(x) > 0 and ζ(x,μ) � 0, we see from (2.20) that

λ(μ,ε)

μ
�

D1(x)ζ ′′
1 (x)

ζ (x)μ
+ ζ ′

1(x)
D0(x) − 2μD1(x)

ζ (x)μ
+ μD1(x) − D0(x) + 1

μ
aε

11(x).

1 1
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Letting μ → ∞, we get λ(μ,ε)
μ → ∞ due to D1(x) having the positive lower bound, which, together

with the convexity of λ(μ,ε) in μ and limμ→0
λ(μ,ε)

μ = ∞, leads to the conclusion. �
Let r�(μ,ε) := r(Φ

�
p (1;μ,ε)) and λ�(μ,ε) := ln r�(μ,ε). As a straightforward consequence of [26,

Theorem 3.1], we have the following result.

Lemma 2.6. Assume that (2.20) admits a principal eigenvalue λ(μ,ε) for μ ∈ R, that λ(0, ε) > 0, and that
λ(μ∗,ε)

μ∗ <
λ(μ∗+l0,ε)

μ∗+l0
for some l0 > 0. Then the following statements are valid:

(1) There exists �o > 0 such that for each � � �o and |μ| � μ∗ + l0 , r�(μ,ε) is a simple eigenvalue

of Φ
�
p (1;μ,ε) with a strongly positive eigenfunction ζ�(x,μ;ε). Also, λ�(0, ε) > 0 and λ�(μ∗,ε)

μ∗ <

λ�(μ∗+l0,ε)
μ∗+l0

.

(2) For each � � �o , λ�(μ,ε) is convex in μ for |μ| � μ∗ + l0 .
(3) For a given � � �o , define

μ∗
� = inf

{
μ̃:

λ�(μ̃, ε)

μ̃
= inf

μ∈(0,μ∗+l0]
λ�(μ,ε)

μ

}
.

Then we have
(i) μ∗

� > 0 and ∂λ�(μ,ε)
∂μ <

λ�(μ,ε)
μ for μ ∈ (0,μ∗

�).
(ii) For each εo > 0, there exists μεo > 0 such that for μ ∈ (μεo ,μ

∗
�),

−∂λ�(μ,ε)

∂μ
< −λ�(μ∗

�, ε)

μ∗
�

+ εo.

(iii) lim�→∞
λ�(μ∗

�,ε)

μ∗
�

= λ(μ∗,ε)
μ∗ .

3. Spreading speed intervals

From now on, we always assume that the principal eigenvalue λ(μ,ε) exists for all μ ∈ R and
small ε � 0, λ(0,0) > 0, and the conclusion in Theorem 2.4(2) holds. In this section, we first obtain a
spread speed interval [c∗

inf, c∗
sup] of system (2.1), and then establish its basic properties.

For convenience, for given uo, u(t, ·) ∈ C and c ∈R, set

lim inf
x→−∞ uo(x) = lim

r→−∞ inf
x�r

uo(x), lim sup
x→∞

uo(x) = lim
r→∞ sup

x�r
uo(x),

and

lim inf
t→∞, x�ct

u(t, x) = lim inf
t→∞ inf

x�ct
u(t, x), lim sup

t→∞, x�ct
u(t, x) = lim sup

t→∞
sup
x�ct

u(t, x).

Let u∗
inf := infx∈R u∗(x) and define

C∗+ =
{

u ∈ [
0, u∗]

C: u � u∗
inf, lim inf

x→−∞ u(x) > 0, u(x) = 0, ∀x � x1 for some x1 ∈R
}
.

Definition 3.1 (Spreading speed interval). Let

C∗
inf =

{
c: ∀uo ∈ C∗+, lim inf

t→∞, x�ct

[
u
(
t, x; uo) − u∗(x)

] = 0
}
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and

C∗
sup =

{
c: ∀uo ∈ C∗+, lim sup

t→∞, x�ct
u
(
t, x; uo) = 0

}
.

Define

c∗
inf = sup

{
c: c ∈ C∗

inf

}
, c∗

sup = inf
{

c: c ∈ C∗
sup

}
.

We call [c∗
inf, c∗

sup] as the spread speed interval of (2.1).

Let η(s) be the function defined by

η(s) = 1

2

(
1 + tanh

s

2

)
, s ∈R.

Note that

η′(s) = η(s)
(
1 − η(s)

)
> 0, s ∈R.

Without loss of generality, we can assume that there exists a vector u− � 0 in R2 such that f (x, u)

and g(x, u) are defined for all u ∈ [u−,∞), f (x, u−) � 0 and g(x, u−) � 0 for all x ∈ R, and the
condition (A4) holds for all u ∈ [u−, M]. It then follows that [u−,0]C is positively invariant for the
semiflow {Q (t)}t�0.

Lemma 3.1. Let α± be given constant vectors with u− � α− � 0 � α+ � u∗
inf . Then there is C0 > 0 such that

for every C � C0 and z ∈ R, the following statements are valid:

(1) Let v±(t, x; z) = u(t, x;α±, z)η(x + Ct) + u(t, x;α∓, z)[1 −η(x + Ct)]. Then v+ and v− are upper and
lower solutions of (2.24) on [0,∞).

(2) Let w±(t, x; z) = u(t, x;α∓, z)η(x − Ct) + u(t, x;α±, z)[1 − η(x − Ct)]. Then w+ and w− are upper
and lower solutions of (2.24) on [0,∞).

Proof. We only prove v+(t, x; z) with z = 0 is an upper solution of (2.24), the proof of other state-
ments is virtually identical. We write v+(t, x) for v+(t, x;0).

Set s = x+ Ct and w(t, x) = u(t, x;α+)− u(t, x;α−). Since v+(t, x) = u(t, x;α+)η(s)+ u(t, x;α−)×
[1 − η(s)], we obtain

∂v+
1

∂t
− D1(x)

∂2 v+
1

∂x2
− D0(x)

∂v+
1

∂x
− f

(
x, v+

1 , v+
2

)
= η′(s)

{[
C − D1(x)

(
1 − 2η(s)

) − D0(x)
]

w1(t, x) − 2D1(x)w1x
} + Λ, (3.1)

with Λ := η(s)[ f (x, u(t, x;α+)) − f (x, u(t, x;α−))] + f (x, u(t, x;α−)) − f (x, v+).
By using (2.10), we get

f
(
x, u

(
t, x;α+)) − f

(
x, u

(
t, x;α−)) =

2∑
i=1

1∫
0

fui

(
x, u

(
t, x;α−) + rw(t, x)

)
wi(t, x)dr, (3.2)

and
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f
(
x, u

(
t, x;α−)) − f

(
x, v+) = −[

f
(
x, u

(
t, x;α−) + η(s)w(t, x)

) − f
(
x, u

(
t, x;α−))]

= −
2∑

i=1

1∫
0

fui

(
x, u

(
t, x;α−) + rη(s)w(t, x)

)
η(s)wi(t, x)dr. (3.3)

We obtain from (3.2) and (3.3) that

Λ =
2∑

i=1

ηwi

1∫
0

[
fui

(
x, u

(
t, x;α−) + rw(t, x)

) − fui

(
x, u

(
t, x;α−) + rη(s)w(t, x)

)]
dr

= η′(s)w1

1∫
0

r
[

fu1u1

(
x, ur(t, x)

)
w1 + fu1u2

(
x, ur(t, x)

)
w2

]
dr

+ η′(s)w2

1∫
0

r
[

fu2u1

(
x, ũr(t, x)

)
w1 + fu2u2

(
x, ũr(t, x)

)
w2

]
dr, (3.4)

where ur(t, x), ũr(t, x) are between u(t, x;α−) and u(t, x;α+).
Combining (3.1) with (3.4), we derive that

∂v+
1

∂t
− D1(x)

∂2 v+
1

∂x2
− D0(x)

∂v+
1

∂x
− f

(
x, v+

1 , v+
2

)

= η′(s)

{[
C − D1(1 − 2η) − D0

]
w1 − 2D1 w1x + w2

2

1∫
0

fu2u2(x, ũr)r dr

+ w1

1∫
0

r
[

fu1u1(x, ur)w1 + fu1u2(x, ur)w2 + fu2u1(x, ũr)w2
]

dr

}
.

By Remark 2.1 and a prior estimates for parabolic equations, there exist γ1, γ2 > 0 such that
w1(t, x) � γ1 and |w1x(t, x)| � γ2 for all t � 0, x ∈ R. Therefore there is C1 > 0 such that for C � C1,
∂v+

1
∂t − D1(x)

∂2 v+
1

∂x2 − D0(x)
∂v+

1
∂x − f (x, v+

1 , v+
2 ) � 0. By the same procedure, there exists C2 > 0 such that

for C � C2,
∂v+

2
∂t − g(x, v+

1 , v+
2 ) � 0. �

Lemma 3.2. The following statements are valid:

(1) If there exists u+ ∈ C∗+ such that

lim inf
t→∞, x�ct

[
u
(
t, x; u+, z

) − u∗(x + z)
] = 0 uniformly in z ∈R,

then c � c∗
inf .

(2) If c < c∗
inf , then for every uo ∈ C∗+ , we have

lim inf
t→∞, x�ct

[
u
(
t, x; uo, z

) − u∗(x + z)
] = 0 uniformly in z ∈ R.
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Proof. The proof is analogous to [15, Lemma 3.4]. �
Lemma 3.3. The following statements are valid:

(1) If there exists u+ ∈ C∗+ such that

lim sup
t→∞, x�ct

u
(
t, x; u+, z

) = 0 uniformly in z ∈R,

then c � c∗
sup .

(2) If c > c∗
sup , then for every uo ∈ C∗+ , we have

lim sup
t→∞, x�ct

u
(
t, x; uo, z

) = 0 uniformly in z ∈R.

Proof. This can be proved in a similar way to [15, Lemma 3.5]. �
Theorem 3.1. [c∗

inf, c∗
sup] is a finite interval.

Proof. Let α− and α+ be the given constant vectors with u− � α− < 0 � α+ < u∗
inf. Then there is

u+ ∈ C∗+ such that

w+(0, x; z) = α−η(x) + α+[
1 − η(x)

]
� u+(x), ∀x, z ∈R.

It follows from the comparison principle and Lemma 3.1 that

w+(t, x; z) = u
(
t, x;α−, z

)
η(x − C0t) + u

(
t, x;α+, z

)[
1 − η(x − C0t)

]
� u

(
t, x; u+, z

)
, ∀t � 0, x, z ∈R.

For each C1 > C0, the fact that η(∞) = 1 implies

0 � lim sup
t→∞, x�C1t

u
(
t, x; u+, z

)
� lim sup

t→∞, x�C1t
w+(t, x; z)

= lim sup
t→∞, x�C1t

u(t, x;0, z) = 0.

Thus, we have

lim sup
t→∞, x�C1t

u
(
t, x; u+, z

) = 0 uniformly in z ∈ R.

By Lemma 3.3(1), it follows that c∗
sup � C1.

Since u− � α− < 0 � α+ < u∗
inf, there exists ũ+ ∈ C∗+ such that

v−(0, x; z) = α−η(x) + α+[
1 − η(x)

]
� ũ+(x), ∀x, z ∈R.

By the comparison principle and Lemma 3.1 again, we have

v−(t, x; z) = u
(
t, x;α−, z

)
η(x + C0t) + u

(
t, x;α+, z

)[
1 − η(x + C0t)

]
� u

(
t, x; ũ+, z

)
, ∀t � 0, x, z ∈R.
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Then for each C2 < −C0, the fact that η(−∞) = 0, together with Remark 2.1, implies that

lim inf
t→∞, x�C2t

[
u
(
t, x; ũ+, z

) − u∗(x + z)
]
� lim inf

t→∞, x�C2t

[
v−(t, x; z) − u∗(x + z)

]
= lim inf

t→∞, x�C2t

[
u
(
t, x;α+, z

) − u∗(x + z)
] = 0,

for all t � 0, x, z ∈ R. On the other side, since ũ+ � u∗
inf, the comparison principle and Remark 2.1

give rise to

lim inf
t→∞, x�C2t

[
u
(
t, x; ũ+, z

) − u∗(x + z)
]
� lim inf

t→∞, x�C2t

[
u
(
t, x; u∗

inf, z
) − u∗(x + z)

] = 0

for all t � 0, x, z ∈ R. Therefore, we obtain

lim inf
t→∞, x�C2t

[
u
(
t, x; ũ+, z

) − u∗(x + z)
] = 0 uniformly in z ∈R.

In view of Lemma 3.2(1), c∗
inf � C2. So, to summarize, [c∗

inf, c∗
sup] is a finite interval. �

Lemma 3.4. Let c ∈R and uo ∈ [0, u∗]C be given. If there exist T0 > 0 and 0 � δo � u∗
inf such that

lim inf
n→∞, x�cnT0

u
(
nT0, x; uo, z

)
� δo uniformly in z ∈R, (3.5)

then for each c′ < c,

lim inf
t→∞, x�c′t

[
u
(
t, x; uo, z

) − u∗(x + z)
] = 0 uniformly in z ∈R.

Proof. First, by (3.5), there is n0 ∈N such that

u
(
nT0, x; uo, z

)
� δo/2 for n � n0, x � cnT0, z ∈R. (3.6)

Let ũo(x) ≡ δo/2. According to Remark 2.1, for each ε > 0, there exists n1 � n0 such that

u
(
t, x; ũo, z

)
� u∗(x + z) − ε for t � n1T0, x, z ∈R. (3.7)

Fixing � > 1, let ũ� ∈ [0, δo

2 ]C be such that ũ�(x) = δo/2 for x � � − 1 and ũ�(x) = 0 for x � �. Notice
the obvious point ũ� → ũo as � → ∞. We infer from Lemma 2.3 that

u
(
t,0; ũ�, z

) → u
(
t,0; ũo, z

)
as � → ∞, uniformly in z ∈R. (3.8)

Hence, one concludes from (3.8) and then (3.7) that there exists �o > 1 such that for each � � �o ,

u
(
t,0; ũ�, z

)
� u∗(z) − 2ε for n1T0 � t � (n1 + 1)T0, z ∈R. (3.9)

For given c′ < c, observe that (c − c′)nT0 → ∞ as n → ∞. Thus, there is n2 � n1 such that

(
c − c′)nT0 � �o + c′(n1 + 1)T0, for n � n2. (3.10)
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This, together with (3.6), implies that

u
(
nT0, s + x + c′nT0 + c′τ ; uo, z

)
� ũ�o (s),

∀x � 0, τ ∈ [
n1T0, (n1 + 1)T0

]
, n � n2, s ∈R. (3.11)

Indeed, if s � �o , then ũ�o (s) � ũo(s), and for all x � 0, n1T0 � τ � (n1 +1)T0, n � n2, by (3.10), we get

s + x + c′nT0 + c′τ � �o + 0 + c′nT0 + c′(n1 + 1)T0 � cnT0.

It follows from (3.6) that

u
(
nT0, s + x + c′nT0 + c′τ ; uo, z

)
� δo/2 = ũo(s) � ũ�o (s).

On the other hand, if s � �o , then ũ�o (s) ≡ 0. Thus, (3.11) holds true for all s ∈R.
Given n � n2 and (n + n1)T0 � t < (n + n1 + 1)T0. Let τ = t − nT0. By (3.11) and (3.9), we get

u
(
t, x + c′t; uo, z

) = u
(
τ , x + c′t; u

(
nT0, ·; uo, z

)
, z

)
= u

(
τ ,0; u

(
nT0, · + x + c′nT0 + c′τ ; uo, z

)
, z + x + c′t

)
� u

(
τ ,0; ũ�o (·), z + x + c′t

)
� u∗(z + x + c′t

) − 2ε, ∀x � 0.

Thus, we have

u
(
t, x; uo, z

)
� u∗(z + x) − 2ε, ∀x � c′t, t � (n1 + n2)T0, z ∈R,

which implies the desired conclusion. �
4. Spreading speeds

In this section, we first characterize spreading speeds, and then show that system (2.1) admits the
propagation features.

Theorem 4.1. There exist c∗+ = infμ>0
λ(μ,0)

μ and c∗− = infμ>0
λ(−μ,0)

μ , being the rightward and leftward
spreading speeds of (2.1). Further, c∗+ + c∗− > 0.

Proof. We split the proof into five steps.
Step 1. To prove that c∗

sup � infμ>0
λ(μ,0)

μ . Let ζ(x,μ) be a principal eigenfunction of (2.20) cor-

responding to λ(μ,0). Then ρe−μ(x−c′t)ζ(μ, x) is a solution of (2.16) with c′ = λ(μ,0)/μ and any
μ,ρ > 0. For any uo ∈ C∗+ , choose ρ̃ > 0 such that uo � ũo := ρ̃e−μxζ(μ, x) � u∗

inf. It follows from the
comparison principle and (2.23) that

u
(
t, x; uo) � u

(
t, x; ũo) � ρ̃e−μ(x−c′t)ζ(μ, x).

Hence,

lim sup
t→∞, x�ct

u
(
t, x; uo) = 0 for each c > c′.

By Lemma 3.3(1), c∗
sup � λ(μ,0)

μ for any μ > 0, and hence, c∗
sup � infμ>0

λ(μ,0)
μ .
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Step 2. To prove that c∗
inf � infμ>0

λ(μ,ε)
μ . Choose � � 1 such that Lemma 2.6 holds. Note that if

uo ∈ C+ is so small that 0 � u(t, x; uo, z) � δ, ∀t ∈ [0,1], x, z ∈R. In view of (2.17), we then get

u
(
t, x; uo, z

)
�

[
Φ(1;0, ε, z)uo](x) �

[
Φ�(1;0, ε, z)uo](x), ∀x, z ∈R. (4.1)

Here Φ(t;μ,ε, z) is the solution operator of (2.26) and Φ�(1;μ,ε, z) is the truncated operator of
Φ(1;μ,ε, z) given in (2.27). Let r�(μ,ε) be the spectral radius of Φ

�
p (1;μ,ε,0) and λ�(μ,ε) =

ln r�(μ,ε). By Lemma 2.6(1), r�(μ,ε) is an eigenvalue of Φ
�
p (1;μ,ε,0) with a strongly positive

eigenfunction ζ�(x,μ;ε) for |μ| � μ∗ + l0.
By Lemma 2.6(3)(iii), for each ε1 > 0, there exists � > 0 such that

−λ�(μ∗
�, ε)

μ∗
�

� −λ(μ∗, ε)

μ∗ + ε1. (4.2)

For the above ε1 > 0, by Lemma 2.6(3)(ii), there is με1 > 0 such that

−∂λ�(μ,ε)

∂μ
< −λ�(μ∗

�, ε)

μ∗
�

+ ε1, ∀μ ∈ (
με1 ,μ

∗
�

)
. (4.3)

In the following, we fix μ ∈ (με1 ,μ
∗
�). In terms of Lemma 2.6(3)(i), we see that

λ�(μ,ε) − μ
∂λ�(μ,ε)

∂μ
> 0. (4.4)

Let κ
�
i (z,μ;ε) = 1

ζ
�
i (z,μ;ε)

∂ζ
�
i (z,μ;ε)

∂μ , i = 1,2. Define v = (v1, v2) with

vi(s, x) =
{

ε2ζ
�
i (x,μ;ε)e−μs sinγ [s − κ

�
i (x,μ;ε)], 0 � s − κ

�
i (x,μ;ε) � π

γ ,

0, otherwise,
(4.5)

where ε2 and γ are sufficiently small positive numbers. Let τ
�
i be defined by

τ
�
i (γ , z)

= 1

γ
tan−1

∑2
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)χ(

|y−z|
� ) sinγ [−(y − z) + κ

�
j (y,μ;ε)]mij(z; y,dy)∑2

j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)χ(

|y−z|
� ) cosγ [−(y − z) + κ

�
j (y,μ;ε)]mij(z; y,dy)

.

By Lebesgue dominated convergence theorem, we have

lim
γ →0

τ
�
i (γ , z)

= lim
γ →0

∑2
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)χ(

|y−z|
� )

sin γ [−(y−z)+κ
�
j (y,μ;ε)]

γ mij(z; y,dy)∑2
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)χ(

|y−z|
� ) cosγ [−(y − z) + κ

�
j (y,μ;ε)]mij(z; y,dy)

=
∑2

j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)χ(

|y−z|
� )[−(y − z) + κ

�
j (y,μ;ε)]mij(z; y,dy)∑2

j=1

∫
ζ

�
(y,μ;ε)e−μ(y−z)χ(

|y−z|
)mij(z; y,dy)
R j �
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=
∑2

j=1

∫
R

∂
∂μ [ζ�

j (y,μ;ε)e−μ(y−z)]χ(
|y−z|

� )mij(z; y,dy)

r�(μ,ε)ζ
�
i (z,μ;ε)

=
∂

∂μ [∑2
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)χ(

|y−z|
� )mij(z; y,dy)]

r�(μ,ε)ζ
�
i (z,μ;ε)

=
∂

∂μ [r�(μ,ε)ζ
�
i (z,μ;ε)]

r�(μ,ε)ζ
�
i (z,μ;ε)

= ∂λ�(μ,ε)

∂μ
+ κ

�
i (z,μ;ε) uniformly for z ∈R.

Choose γ > 0 so small that

γ
(
� + ∣∣τ�

i (γ , z)
∣∣ + ∣∣κ�

j (y,μ;ε)
∣∣) < π and (4.6)

κ
�
i (z,μ;ε) − τ

�
i (γ , z) < −λ

�
μ(μ,ε) + ε1, ∀y, z ∈R, 1 � i, j � 2. (4.7)

Set

υ∗(x; s, z) = v
(
x + s − κ

�
i (z,μ;ε) + τ

�
i (γ , z), x + z

)
. (4.8)

If 0 � s − κ
�
i (z,μ;ε) � π

γ and |y − z| � �, then by (4.6),

−π

γ
� −� − ∣∣τ�

i (γ , z)
∣∣ − ∣∣κ�

j (y,μ;ε)
∣∣

� y − z + s − κ
�
i (z,μ;ε) + τ

�
i (γ , z) − κ

�
j (y,μ;ε)

� � + π

γ
+ ∣∣τ�

i (γ , z)
∣∣ + ∣∣κ�

j (y,μ;ε)
∣∣

� 2π

γ
.

If y − z + s − κ
�
i (z,μ;ε) + τ

�
i (γ , z) − κ

�
j (y,μ;ε) belongs to [−π

γ ,0) or ( π
γ , 2π

γ ], then

sinγ
[

y − z + s − κ
�
i (z,μ;ε) + τ

�
i (γ , z) − κ

�
j (y,μ;ε)

]
� 0.

Therefore, by (4.8) and then via (4.5), we always get

υ∗
j (y − z; s, z) = v j

(
y − z + s − κ

�
i (z,μ;ε) + τ

�
i (γ , z), y

)
� ε2ζ

�
j (y,μ;ε)e−μ[y−z+s−κ

�
i (z,μ;ε)+τ

�
i (γ ,z)]

× sinγ
[

y − z + s − κ
�
i (z,μ;ε) + τ

�
i (γ , z) − κ

�
j (y,μ;ε)

]
. (4.9)

Choose ε2 sufficiently small such that

0 � u
(
t, x;υ∗(·; s, z), z

)
� δ, ∀t ∈ [0,1], x, z ∈ R.
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Let η
�
i (z,μ,γ ;ε) := −κ

�
i (z,μ;ε) + τ

�
i (γ , z). Then according to (4.1), (2.27) and (4.9), for 0 � s −

κ
�
i (z,μ;ε) � π

γ , we obtain

ui
(
1,0;υ∗(·; s, z), z

)
�

[
Φ�(1;0, ε, z)υ∗]

i(0)

=
2∑

j=1

∫
R

υ∗
j (y − z; s, z)χ

( |y − z|
�

)
mij(z; y,dy)

� ε2e−μ[s+η
�
i (z,μ,γ ;ε)]

2∑
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)χ

( |y − z|
�

)

× sinγ
[

y − z + s + η
�
i (z,μ,γ ;ε) − κ

�
j (y,μ;ε)

]
mij(z; y,dy).

By means of sin(A − B) = sin A cos B − cos A sin B , we get

2∑
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)χ

( |y − z|
�

)

× sinγ
[

y − z + s + η
�
i (z,μ,γ ;ε) − κ

�
j (y,μ;ε)

]
mij(z; y,dy)

=
2∑

j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z) cosγ

[−(y − z) + κ
�
j (y,μ;ε)

]
χ

( |y − z|
�

)
mij(z; y,dy)

× {
sinγ

[
s + η

�
i (z,μ,γ ;ε)

] − cosγ
[
s + η

�
i (z,μ,γ ;ε)

]
tan

(
γ τ

�
i

)}
=

2∑
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z) cosγ

[−(y − z) + κ
�
j (y,μ;ε)

]
χ

( |y − z|
�

)
mij(z; y,dy)

× sinγ
[
s − κ

�
i (z,μ;ε)

]
sec

(
γ τ

�
i

)
.

Thus, we obtain

ui
(
1,0;υ∗(·; s, z), z

)
� ε2e−μ[s+η

�
i (z,μ,γ ;ε)] sinγ

[
s − κ

�
i (z,μ;ε)

]
sec

(
γ τ

�
i

)
×

2∑
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)

× cosγ
[−(y − z) + κ

�
j (y,μ;ε)

]
χ

( |y − z|
�

)
mij(z; y,dy)

= e−μη
�
i (z,μ,γ ;ε) vi(s, z)

ζ
�
i (z,μ;ε)

sec
(
γ τ

�
i

) 2∑
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)

× cosγ
[−(y − z) + κ

�
j (y,μ;ε)

]
χ

( |y − z|
�

)
mij(z; y,dy).

By (4.4), we see that
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lim
γ →0

e−μη
�
i (z,μ,γ ;ε)

sec(γ τ
�
i )

ζ
�
i (z,μ;ε)

2∑
j=1

∫
R

ζ
�
j (y,μ;ε)e−μ(y−z)

× cosγ
[−(y − z) + κ

�
j (y,μ;ε)

]
χ

( |y − z|
�

)
mij(z; y,dy)

= e−μλ
�
μ(μ,ε)r�(μ,ε) = e−μλ

�
μ(μ,ε)+λ�(μ,ε) > 1.

It then follows that for 0 � s − κ
�
i (z,μ;ε) � π

γ ,

ui
(
1,0;υ∗(·; s, z), z

)
� vi(s, z).

By the definition of vi(s, z), it follows that the above inequality is true for all s ∈ R. Now let κ̄ =
max1�i�2, z∈R κ

�
i (z,μ;ε) and define v̄ = (v̄1, v̄2) with

v̄ i(s, x) =
{

vi(s̄i(x), x), s � s̄i(x) − π
γ − κ̄,

vi(s + π
γ + κ̄, x), s � s̄i(x) − π

γ − κ̄,

where s̄i(x) is the maximum point of vi(·, x) on R. Let

ῡ∗(x; s, z) = v̄
(
x + s − κ

�
i (z,μ;ε) + τ

�
i (γ , z), x + z

)
.

Then it is easy to verify ui(1,0; ῡ∗(·; s, z), z) � v̄ i(s, z). Put υ̃o(x; z) = v̄(x, x + z). Since v̄(s, x) is non-
increasing in s, we obtain

ui
(
1, x; υ̃o(·; z), z

) = ui
(
1,0; υ̃o(· + x; z), x + z

)
= ui

(
1,0; ῡ∗(·; x + κ

�
i (x + z,μ;ε) − τ

�
i (γ , x + z), x + z

)
, x + z

)
� v̄ i

(
x + κ

�
i (x + z,μ;ε) − τ

�
i (γ , x + z), x + z

)
� v̄ i

(
x − λ

�
μ(μ,ε) + ε1, x + z

) (
by (4.7)

)
� v̄ i

(
x − λ�

(
μ∗

�, ε
)
/μ∗

� + 2ε1, x + z
) (

by (4.3)
)

� v̄ i
(
x − λ

(
μ∗, ε

)
/μ∗ + 3ε1, x + z

) (
by (4.2)

)
= υ̃o

i

(
x − c̃∗; z + c̃∗) with c̃∗ = λ

(
μ∗, ε

)
/μ∗ − 3ε1.

Thus, we have

ui
(
2, x; υ̃o(·; z), z

)
� ui

(
1, x; υ̃o(· − c̃∗; z + c̃∗), z

)
= ui

(
1, x − c̃∗; υ̃o(·; z + c̃∗), z + c̃∗)

� υ̃o
i

(
x − 2c̃∗; z + 2c̃∗), ∀z ∈R.

By induction, we finally get

ui
(
n, x; υ̃o(·; z), z

)
� υ̃o

i

(
x − nc̃∗; z + nc̃∗), ∀z ∈ R.

By Lemma 3.4 and then Lemma 3.2(1), c̃∗ � c∗
inf, namely, λ(μ∗, ε)/μ∗ −3ε1 � c∗

inf. Since ε1 is arbitrary,

we must have infμ>0
λ(μ,ε)

μ � c∗
inf.
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Step 3. To prove that c∗+ = infμ>0
λ(μ,0)

μ . Combining steps 1 and 2, we have

inf
μ>0

λ(μ,ε)

μ
� c∗

inf � c∗
sup � inf

μ>0

λ(μ,0)

μ
.

Letting ε → 0, we see that c∗
inf = c∗

sup =: c∗+ = infμ>0
λ(μ,0)

μ .

Step 4. To prove that c∗− = infμ>0
λ(−μ,0)

μ . By the change of variable w(t, x) = u(t,−x) and continue
the above procedure, we see that c∗− is the spreading speed of the resulting equation for w . Hence,

c∗− = infμ>0
λ(−μ,0)

μ .

Step 5. To prove that c∗+ + c∗− > 0. There exist μ1,μ2 > 0 such that c∗+ = λ(μ1,0)
μ1

and c∗− = λ(−μ2,0)
μ2

.

Let ν = μ1
μ1+μ2

. Then ν ∈ (0,1) and (1 − ν)μ1 = νμ2. Since λ(μ,0) is convex in μ, we get

c∗+ + c∗− = λ(μ1,0)

μ1
+ λ(−μ2,0)

μ2

= 1

νμ2

[
(1 − ν)λ(μ1,0) + νλ(−μ2,0)

]
� 1

νμ2
λ
(
(1 − ν)μ1 − νμ2,0

) = 1

νμ2
λ(0,0) > 0. �

Theorem 4.2. Let c∗+ and c∗− be defined as in Theorem 4.1. Then the following statements are valid:

(1) For any c < c∗+ and c′ < c∗− , if uo ∈ [0, u∗]C with uo �≡ 0, then

lim inf
t→∞, −c′t�x�ct

[
u
(
t, x; uo, z

) − u∗(x + z)
] = 0 uniformly in z ∈ R.

(2) If uo ∈ [0, u∗]C has compact support and satisfies uo(x) � u∗
inf for all x ∈ R, then for each c > c∗+ and

c′ > c∗− , lim supt→∞, x�ct u(t, x; uo, z) = 0 and lim supt→∞, x�−c′t u(t, x; uo, z) = 0 uniformly in z ∈ R.

Proof. If uo ∈ [0, u∗]C with uo �≡ 0, then u(t, x; uo) � 0 for any t > 0. Fix a t0 > 0. Then for any
given r > 0, we have u(t0, x; uo) � min|x|�r u(t0, x; uo) � 0 for all |x| � r. Now take u(t0, x; uo) as
a new initial data and the conclusions can be obtained by using the similar arguments to those
in [26, Theorem D] except that rσ may not be chosen to be independent of σ . In fact, since Q (t) is
subhomogeneous, we are able to use an analogous manner to that in [21, Proposition 3.3] or in [18,
Corollary 2.16] to show that rσ can be chosen to be independent of σ . �

To finish this section, we apply our analytic results to the benthic-pelagic population model (1.1).
Although the piecewise constant coefficient functions in (1.1) are not Hölder continuous, one may
choose a sequence of smooth and L-periodic functions to approximate such a coefficient function. By
a limiting process, we may carry the analytic results over to the case of model (1.1). Thus, we compute
two spreading speeds by directly using the piecewise constant functions in model (1.1).

Linearizing (1.1) at the trivial solution u = 0 and recalling d, a, f , k, p are piecewise constant
functions, we obtain

∂u1

∂t
(t, x) = d

∂2u1

∂x2
− q

a

∂u1

∂x
+ ku2 − ku1,

∂u2

∂t
(t, x) = pu1 + ( f − p)u2, x ∈ (0, L).

According to (2.20), we have the following eigenvalue problem associated with (1.1):
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dξ ′′
1 (x) −

[
q

a
+ 2μd

]
ξ ′

1(x) +
[

dμ2 + q

a
μ − k

]
ξ1(x) + kξ2(x) = λξ1(x), x ∈ (0, L),

pξ1(x) + [ f − p]ξ2(x) = λξ2(x), x ∈ (0, L), ξi(0) = ξi(L), i = 1,2.

For convenience, we use the subscripts 1 and 2 to denote the value of the coefficient functions on
the good and bad patches, respectively, i.e., a1 and a2 and so on. On the bad patches, the growth rate
becomes a death rate, hence f2 < 0. Assume that the remaining parameters are positive and f1 < p1
on the good patches. Then it is easy to check that (1.1) satisfies our assumptions (A3)–(A5). Straight-
forward calculations show that λ = λ(μ) can be determined implicitly by the following expression:

Ψ +(μ,λ) = 0,

where

Ψ +(μ,λ) = cosh

(
μL + q

2

(
l1 + L − l1

a2d2

))
− cosh

(
Λ1(λ)l1

)
cosh

(
Λ2(λ)(L − l1)

)

− sinh
(
Λ1(λ)l1

)
sinh

(
Λ2(λ)(L − l1)

)Λ2
1(λ) + (d2a2)

2Λ2
2(λ)

2a2d2Λ1(λ)Λ2(λ)
,

Λ1(λ) =
√

λ − g1 + q2/4, Λ2(λ) =
√

(λ − g2)/d2 + q2/
(
4a2

2d2
2

)
,

and g1, g2 are defined as the values on the good and bad patches of g = k( f −λ)
p− f +λ

. Let

Ψ −(μ,λ) = Ψ +(−μ,λ).

By Theorems 2.2, 2.5 and 4.1, it follows that the rightward and leftward spreading speeds of sys-
tem (1.1) can be computed as

c∗+ = λ(μ1)

μ1
, c∗− = λ(−μ2)

μ2
,

where μ1 satisfies Ψ +(μ1, λ(μ1)) = 0 and λ(μ1)
μ1

= infμ>0
λ(μ)
μ , and μ2 satisfies Ψ −(μ2, λ(−μ2)) = 0

and λ(−μ2)
μ2

= infμ>0
λ(−μ)

μ .
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