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Abstract

Consider a classical elliptic pseudodifferential operator P on R” of order 2a (0 < a < 1) with even
symbol. For example, P = A(x, D)® where A(x, D) is a second-order strongly elliptic differential oper-
ator; the fractional Laplacian (—A)“ is a particular case. For solutions u of the Dirichlet problem on a
bounded smooth subset €2 C R”, we show an integration-by-parts formula with a boundary integral involv-
ing (d~%u)|yq, where d(x) = dist (x, 32). This extends recent results of Ros-Oton, Serra and Valdinoci, to
operators that are x-dependent, nonsymmetric, and have lower-order parts. We also generalize their formula
of Pohozaev-type, that can be used to prove unique continuation properties, and nonexistence of nontrivial
solutions of semilinear problems. An illustration is given with P = (—A + m?2)@. The basic step in our anal-
ysis is a factorization of P, P ~ P~ P71, where we set up a calculus for the generalized pseudodifferential
operators P that come out of the construction.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

A prominent example of a fractional-order pseudodifferential operator (rdo) is the fractional
Laplacian (—A)? on R", 0 <a < 1;
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(—=A)u =Op (IE[*u = FL (€170 (%)), mazfusz”%uwx (1.1)
]Rn

It is currently of great interest in probability, finance, mathematical physics and differential ge-
ometry. It can also be described as a singular integral operator

w@) —uy)

(—A)au(x)zcn,aPV mdy—cn’ap‘//

ux) —u(x+y)

|y|n+2u dy, (1.2)

Rn

with convolution kernel ¢, 4| y| 72 = Flig)2e,

Both descriptions allow generalizations. In (1.1), one can replace the symbol |£|>* by a more
general nonvanishing function po(x, &) € C®(R" x (R" \ {0})) that is homogeneous in & of
degree 2a, and add terms of lower order, to get a classical {rdo symbol p(x, §); the operator is
then no longer translation-invariant nor symmetric. Such operators are standard examples in the
pseudodifferential calculus, and their boundary value problems on suitably smooth subsets €2 of
R” have been treated in works of Vishik and Eskin, cf. e.g. [10], Duduchava et al. [9,6], and
Shargorodsky [39], with results on solvability in limited ranges of Sobolev spaces. Recently, a
new boundary value theory has been presented in Grubb [16,17], obtaining regularity estimates
of solutions divided by d* (d(x) = dist (x, d€2)) in full scales of function spaces with orders
s — 00, for example in Holder spaces of arbitrarily high order.

The pseudodifferential theory is useful in allowing a direct treatment of x-dependent op-
erators, providing solution operators (or parametrices) that can give more efficient regularity
estimates than the technique of perturbation of constant—coefficient cases.

In (1.2), one can replace the function ¢, 4|y| ™% by other positive functions K (y) that are
homogeneous in y of degree —n —2a and possibly less smooth. (In the smooth case this coincides
with ¥ do’s with homogeneous x-independent symbol.) Such cases and further generalizations
have recently been studied in probability and nonlinear analysis, see e.g. Caffarelli and Silvestre
[8], Ros-Oton and Serra [29,33], and their references. For problems on bounded domains €2,
the integral operator methods allow limited smoothness of the integrand and boundary. To our
knowledge, they have with few exceptions been applied to x-independent (translation-invariant)
positive selfadjoint operators.

In the generalizations of (1.1) and (1.2), the fact that |& |24 is even (takes the same value at &
and —£) is kept as a hypothesis, that pg is even in &, resp. that K is even in y.

The methods used in the pseudodifferential theory are complex, and differ radically from the
real methods currently used for the singular integral formulations.

There is a large number of preceding studies of boundary problems for (—A)“ and its gener-
alizations; let us mention e.g. [2,26,19,25,7,24,40,27,38,1,12,11,4].

A useful tool in solvability studies for linear and nonlinear partial differential equations on
subsets 2 C R” is integration-by-parts formulas, Green’s formulas. It is by no means obvious
how one can establish such formulas for the present nonlocal operators. Interesting general-
izations have recently been obtained for translation-invariant operators by Ros-Oton and Serra,
partly with Valdinoci, in [30,34], and applied to nonlinear equations Pu = f (u) there as well as
in [31,32]; they have also been applied to nonlinear time-dependent Schrodinger equations by
Boulenger, Himmelsbach and Lenzmann in [3].

In the present paper we show an extension of the formulas to x-dependent pseudodifferential
operators, by completely different methods. The key ingredient is a factorization of P, P ~
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P~ PT modulo certain smoothing operators, where P~ and P preserve support in 02 resp. Q.
The operators P* are not standard ydo’s; their symbol structure is analyzed in detail, using
symbol classes originally introduced for Poisson and trace operators in the Boutet de Monvel
calculus [5], as developed in [13,14].

Our main results are: When P is a classical x-dependent ¥do of order 2a on R” with even
symbol, elliptic avoiding a ray, and €2 is a smooth bounded subset of R", then the solutions u of
the Dirichlet problem

rPPu=fonQ, suppucC %, (1.3)
satisfy
/(Pu 3]12/ +0ju P*u'ydx =T'(a + 1)2 / UjSo)/o(d_au) v(d i )do
Q 99
+/[P,8j]uﬁ/dx, j=1,...,n. (1.4)
Q
Here v = (vq, ..., v,) is the interior normal vector field to 9€2, and so(x) is the principal symbol

of P at (x,v(x)). As a corollary, we find

/(Pu (x-Vii')+ (x - Vu) Pu'ydx =T(a + 1)? /(x V)s0Yo(d ™ u) yo(d %) do

Q 02
—n/Puszx—i—f[P,x-V]u[/dx; (1.5)
Q Q
where in detail,
[P,x-V]=P— P, P1=0p(§ Vepx,§), Pr=0p(x-Vip(x,§)). (1.6)

For P one can for example take A(x, D)%, where A(x, D) is a strongly elliptic second-order
differential operator, in particular e.g. (—A 4+ A (x, D))%, where A is of order 1.

The formulas hold when u and u” are solutions of problems (1.3) with f € ﬁl_a(Q), or f e

Cl-ate(Q) for some & > 0. They extend to f € ﬁ%_aJrs (£2), when the integrals are understood
as Sobolev space dualities.

The formulas shown in [30,34] that (1.4)—(1.5) extend, are concerned with real solutions of
(1.3) with f e C 0’1(5); here €2 is a bounded C!'-domain, and P is translation-invariant with
even nonnegative homogeneous kernel, with possibly less smoothness than in our C*-case. In
comparison, our method allows nonselfadjointness, nonpositivity, x-dependence, and nonhomo-
geneity (lower-order terms).

To our knowledge, this is the first time that the integration-by-parts question with P and 9; (or
x - V) has been solved for operators that are not translation-invariant. Note that the x-dependence
results in a new interior term with [P, 9;] in (1.4) (and with P; in (1.5)—(1.6)).

The version of (1.5) shown in [30,34] is important in the study of existence questions for
nonlinear problems where f is replaced by f(u) in (1.3), since it leads to a Pohozaev-type
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identity for the possible solutions. Here we find the following extended Pohozaev identity, for
selfadjoint x-dependent nonhomogeneous operators P:

—2an(u)dx+nff(u)udx=F(1+a)2/(x~v)s0yo(d_“u)2da
Q

Q a0 (1.7

—l—/[P,x-V]uudx,
Q

for real solutions u; here F(t) = fé f(s)ds. As a simple example, we apply the formula to
P = (—A+m?)%, m > 0, showing a unique continuation principle, and nonexistence of bounded

.. . . o r n+2a
nontrivial solutions to (1.3) with f taken as f(u) =signu |u|", r > o

Plan of the paper: The Appendix contains the notation for function spaces, and collects some
facts on pseudodifferential operators that are known from the general theory and from preceding
works such as [17,16]. Section 2 shows the factorization of symbols having the a-transmission
property, and describes the symbol spaces and mapping properties of the generalized yrdo’s that
arise from the construction. In Section 3 we establish the formula (1.4) in the case where Q
is replaced by R” , for j = n. Finally in Section 4, we treat the problem for arbitrary smooth
domains €2, showing the formulas (1.4)—(1.7) in general and drawing some consequences.

2. Factorization of homogeneous symbols
2.1. Some notation

The function (&) stands for (1 + | |2) % and we denote by [£] a positive C°°-function equal to
|| for |€] > 1 and > % for all £. Multi-index notation is used for differentiation (and polynomi-
als): 0 =(d1,...,0),and 9% =0y ... 0" for € N§j, with || =ty + -+ +ap, al =a1!... o).
D = (Dy,..., D) with D; = —id;.

Operators are considered acting on functions or distributions on R”, and on subsets R} =
{x e R" | x, = 0} (where (x1, ...,x,—1) = x’), and bounded C*°-subsets 2 with boundary 32,
and their complements.

Restriction from R” to R’ (or from R” to Q resp. 0R2) is denoted r*, extension by zero from
R to R" (or from §2 resp. C2 to R”) is denoted e. Restriction from R, or 2 to 9R”. resp. 92
is denoted yy.

The reader is encouraged to consult the Appendix for further notation, as it becomes relevant.

2.2. The factorization question

Let there be given a function p(§) € C°(R"” \ {0}), homogeneous of degree 2a with
0 <a < 1, even and elliptic, i.e.,

p(—=§)=p(§) and p(§) #0 forall § e R" \ {0}. 2.1)

Consider the points in R” as & = (&,&,), where £ € R"~!, £, € R. According to Vishik
and Eskin, see Eskin [10] Ch. 6, p can be written as a product of two factors p4 (&', &,) and
p—(&', &) that extend analytically in &, to C_ resp. C;; here Cy = {§, € C|Im§, = 0}.
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Since the sign convention for the Fourier transform in [10] is the opposite of the standard
choice in Western literature, with consequences for other F-conventions, it is hard to avoid
confusion when quoting the book directly. Therefore we shall show a detailed version of the
factorization, where we moreover relate it to the symbol estimates and points of view that play a
role in [21,5] and later works such as [14,15,17].

By division by the number p(0, 1), we can assume that p(0, 1) = 1.

We define (for & # 0)

q(E)=p@IE[, Y (&) =logq(), 2.2)

they are both homogeneous of degree 0 and even. Actually, it suffices for the following con-
siderations that g is “even in the &,-direction”, more precisely, has the O-transmission property
([5,14,15,17]) with respect to the surfaces {x, = c}:

3¢ q(0, &) = (=D'"13¢q(0, &), alla € N, (2.3)

which clearly holds for even symbols of order 0. In order to have the logarithm defined bijec-
tively, we assume that the values of ¢ avoid some ray {z = ret? | r >0} in C. ([10] includes some
more general symbols.)

When &’ #£ 0,

im g &)= lim g@/& D=1, lim YE &) =0, @4

To factorize ¢ we shall decompose i into a sum of two terms that extend holomorphically
into C4, respectively. This can be formulated in terms of Cauchy integral formulas.

Let us recall some facts about Cauchy integral decompositions. When f(¢) is O((£)™') on R
with a continuous derivative f'(r) thatis O({t)~2) on R, one can define

f+()— &dfr for Im¢ < 0,
o—t
ik 2.5)
/- (t)_ &da for Imt > 0;
o—t
]R

they are holomorphic for € C_ resp. C, and extend by continuity to C_ resp. Cy The values
on R (the limits for Im¢# — 0 from C_ resp. C) satisfy

S+ + f—() = f@). (2.6)
Moreover, for the functions on R, the inverse Fourier transforms satisfy
Flfi=etrtFly, Flf=erFf (2.7)

(they are in L»(R)); here r* denotes restriction from functions on R to functions on R, and e*
denotes extension of functions on R4 to functions on R by zero on R+. These facts are well-
known; proofs can be found e.g. in [10] Lemma 6.1, Th. 5.1. ([21] refers for the decomposition
to Beurling’s contribution to the Helsingfors congress 1938.)
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As in [5,14,15] we shall denote the mappings by 2 : f — fi; note that they are comple-
menting projections, satisfying 4+ + h~ = I. (The mappings h* correspond to the mappings
I1F in [10], except that the holomorphy regions are exchanged because of a different convention
for the Fourier transform.) The mappings are applied to special spaces of C°°-functions in the
calculus of [5]; there are detailed accounts e.g. in [14] Sect. 2.2 or [15] Ch. 10, which serve our
purposes here (and will be taken up below in Section 2.3). The projection properties are summed
up e.g. in [15] Th. 10.15.

Recall some ingredients: With d € Z, H,; denotes the space of C°°-functions f(¢) on R such
that k(t) = ¢ f (t ') coincides with a C*°-function for —1 < t < 1 (this means that the deriva-
tives of f match in a good way for t — F00). Here one can show that

Ho=F(e S-detSy), Ha=H_1®Cylt]ford >0, (2.8)

where Si = r*S(R) = S(R+) (defined from the Schwartz space S(R)), and Cy[7] stands for
the space of polynomials of degree < d in ¢. Setting (with a slight asymmetry)

HT=F(tSy)., M, =F(e S-)®Cqyltl, (2.9)

one defines the mappings h* on Hg, consistently with their definition given above for d < —1,
such that they are projections with ranges

W Hg=H", h Hq=H;, ford=>-1. (2.10)

The symbol #_; denotes the projection from H, to H_; that removes the polynomial part. The
space H_, equals the space of conjugates of functions in HT ([15] (10.55)). % can also be

denoted H* | when convenient. Note that when f € H_1, h=f =ht(f).

In the case we shall work on, we are looking for a factorization, not a sum decomposition.

This was not treated in [5,15]. It involves taking the logarithm of g, decomposing logg into
a sum by Cauchy integrals, and then deriving a factorization of g itself by exponentiating. The
method is described in [10] with a few estimates, but it has not been worked out what happens
in terms of H* spaces, so a new analysis is needed for our purposes. Here we moreover find
a special structure of the factors, that in our application later will allow an integration by parts
formula.

We first introduce some generalized symbol spaces and rdo’s.

2.3. Symbol spaces for generalized Wdo’s

Homogeneous functions of & are usually singular at £ = 0. We use in general the convention
that a symbol p(x, &) is assumed to be C* for all &, then in the homogeneous case, homogene-
ity is assumed only for |§] > 1, or |§| > § for a suitable § > O (if needed, the associated fully
homogeneous function is then called the strictly homogeneous symbol).

Classical (also called polyhomogeneous) yrdo symbols of order m are C*°-functions having
asymptotic series expansions p(x,&) ~ > jeN, Pj(x,§), where the p; are homogeneous of de-

greem— j in& for |§] > 1and 90 (p(x, €)= ¥, _, p;(x, &) is O((&)"~/~1!) forall, B, J.
The replacement of a strictly homogeneous function by a function that is smooth near £ =0 is
often achieved by multiplication by an excision function n (&) satisfying:
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n(§) =n(l&) € CX®R", [0, 1]) with n(§) =0 for [€] < 5, nE) =1for || = 1. (2.11)

It is a basic fact in the Boutet de Monvel calculus (cf. e.g. [15] Th. 10.21) that when g (x, £) is
a yrdo symbol of order d € Z having the 0-transmission property with respect to the hyperplane
{x, = c}, then the symbol g(x', ¢, &', &,) is in H, as a function of &,, and

htq(' c.& . &) e ST @~ R 1D, (2.12)

where ht: f > f. is the projection defined in (2.5)ff. (the space Sij’o(R”_l,R”_l, HT) will
be recalled in a moment). The function 4 "¢ is not quite a Y¥do symbol in £ (although it is so in
& for each &,), but we can still use the Op-definition (as in (A.1)), and we call such symbols
generalized ¥ do symbols.

The symbol spaces are explained e.g. in [15], Section 10.3. With m denoting a positive integer,
Sij’o(Rm, R~ #H*) consists of the following C*°-functions:

FX,E &) e Sl @™ R HT), when f(X,& &) isin H" wrt &, and

] ) (2.13)
1D DEDE h_y (X f(X. & E))ILo®) < Capip (E)H2FH el
for all indices o € Ngfl ,BeN" k, k' € Ny, with constants Cq .k k- m is usually taken equal to
n or n — 1. (The definition in [15] has h™ instead of 4 _;; the projections 4™ and h_; have the
same effect of removing the polynomial terms arising from the multiplication of an H " -function
by £5)
The L;-norms are useful when Fourier transforms are involved. In fact, the system of semi-
norms (2.13) is equivalent with the following system, applied to the inverse Fourier transforms
f= Fe, I_)X f restricted to {x, > 0}:

1_ r_
1D% DExk DY r* F(X, 0. €)1 Ly@y) < Capoti (€)Y T27HHK o (2.14)

the space of such functions f is denoted SfyO(R’", R"~! S,). Here f isin etS, as a function
of x,. The effect of 1_ is here replaced by that of ™, which removes possible linear combina-
tions of Df(n 8y, (supported at {x,, = 0}) that arise from differentiating f cetS,.

It will be useful to observe that one can replace Ly(Ry)-norms by Lo, (R;)-norms or
L1(Ry)-norms (as remarked for Ls,-norms around (10.17) in [15], and used sporadically in
the literature):

Lemma 2.1. The family of estimates (2.14) is equivalent with the family of estimates:
I DY Dk DY+ F(X, X, €D Loy < Capopte (8 I, (2.15)

as well as with the family of estimates

1D% DExk DX r* F(X. . €)1,y < Ca ot () THFE I, (2.16)
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Proof. We have the elementary inequalities for functions u(¢) € S+, 0 > 0:

sup |u(1)|” < SHP/ |05 (u(s)u(s))ds < 2/lull w0l L@y

t>0

sup [u(t)| < Sup/ |0su () ds < [|0ullL, ®,)

120 2.17)
1+ot _1
lullzy = | oy, < co 2101 +onulL,
o0
l+o 1
lullz, = o IM(I)Idt<CG 2||(1+0t)u||L2,
0

where ||(1 + ot)_1||L2 = co_%.
Thus when u satisfies

! 1 /
1D (@) L@, ) < Crpo 27 all k, K € Ny,

then we have from the first line:

1 3.1
lu®l L@y < (2Co,0 o201 007" 2)2 =g,

with a similar treatment of derived functions tkDf/u. The variables X, &' are easily included, to
see with o = (&) that the system of estimates (2.14) implies (2.15). For the opposite direction,
the basic step is that when inequalities

k K d1+k—k'
1D u ()l Lo,y < Crpo®tH

hold, then we have from the third line in (2.17) that

1 1
— d+1 d d+~
lu@)l L@,y <co™2(Cooo’T +0Coi10%)=c"0"2,

with a similar treatment of derived functions.
For L-norms, we moreover use the other lines in (2.17). O

Instead of the above estimates that are global in X, we can work with the constants Cy,
replaced by continuous, hence locally bounded, coefficients C,  (X); they can be applied in
localized situations, and are more general than the above. Global estimates were considered in
[14,15], and are useful when one considers operators defined over unbounded domains such as
R", R (more generally: “admissible manifolds”, as defined in [14]).

We also need a notation for the spaces where the functions are in H_ or in H{_ as functions
of &,:
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f(X.& &) eS] ®R" R 1)), when f € H | wrt. & and

’ 1_ '~ |
| DY DEDE hy(EF £ (X, &' 6 L) < Capopne () F27HH 1o, (2.18)
X & &) € SR, R"™™, H_y), when f € H_j w.rt. & and |

/ - '~
105 D% DE 71 (X £ (X. 86 | La(@) = Copip (€K 1,

for all indices. Again, the estimates are equivalent with families of estimates of the inverse
Fourier transforms in &, as described above for . Note here that the inverse Fourier trans-
formof H_1 =H_, & Ht is e=S_ @ eTS,, so that in fact, the second system of estimates is
equivalent with the system

1_ /_
1D% DExk DY F(X. xn. &) R_Ur, | La®y@LaRy) < Capion (B2 219)

There are also versions of these spaces with local estimates in X (i.e., with the constants Cy__ .
replaced by continuous functions of X).

The symbols in S O(Rm R*~1, #*) were used in [14,15] to define Poisson and trace opera-
tors (maps between the boundary and the interior of IR"} ). We shall here use them to define vdo’s
on R”. Since they do not satisfy all the estimates usually required of {¥rdo symbols, we view
them as generalized do symbols, and the operators resulting from applying the Op-definition
in (A.1) as generalized ¥ do’s. To find their mapping properties, it is important to derive relevant
sup-norm estimates from (2.13) (and here it is a point to avoid having to involve the projec-
tion h_1).

Lemma 2.2. Let f € S{ ((R™, R"™!, 7).
1° Then also E,’f Dé‘n f is in the space for all k € Ny, and

DY DLENDE F(X.E' &) < Capual) 7o, (2.20)

forall o, B, k.
2° Moreover, ((¢') £ i&,) Dy, f belongs to S{ ((R™, R"™!, H_).

Proof. When ¢(§,) € H_1, then so are Dg, ¢ and &, Dg, ¢; without going deeply into the defini-
tion of 7{_1 and h_| we can see this by observing that the inverse Fourier transforms —x, ¢ (x;)
and — Dy, x,@(x,) are in e~ S_ @ e™ S without distribution terms supported at x,, =0.

For 1° we iterate these considerations, seeing that also &, D kD (p and D¢ &, D kD <p are in H™.

The estimates in (2.18) then show that when f € S o(R™, R~ 1, H_1), then

1_

1D% DEEXDE F(X. & &))@ < Capua )27,
_1_

| DY DE D, &5 DE, £ (X, &', &)o@y < Cl g 6727140,

This implies (2.20) by the first line in (2.17), extended to functions on R.
The other estimates needed for the space S¢ LoR™, R"™ ' H_1) follow easily by carrying
the inspection a little further. This shows 1°, and 2° follows by adding a similar inspection of

E Dsnf. O
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We now investigate the mapping properties of the generalized ¥ do’s defined from these sym-
bols. Here it will be convenient to refer to not only the H -spaces recalled in the Appendix, but
also spaces with a different differentiability degree in the x,-direction (used e.g. in [20,14,15]
for p =2):

H;,I(Rn) — {M GS/(RH |f*1(<§)3<§/>tﬁ) € LP(R”} = Ei‘y E/_[Lp(Rn)y

where E' = Op ((£)"), E" = Op ((§")").
To simplify the notation, we in the following abbreviate Sf’O(R”, R, HF) to S¥(HT), and
similarly with H~, and H_;.

Proposition 2.3. Ler f(x, &, &,) € S4(H_1) for some d € R. Then F = Op (f) is continuous
F: HY'(R") — Hy'~*(R") forall 5,1 € R. (2.21)
Proof. Consider first the case d = 0. By Lemma 2.2, we have that
(" Dg £x DE DY f is bounded for all « € Nj !, B € Nj, k € N.
Then Lizorkin’s criterion assures that F: L,(R") — L,(R") is bounded; this shows (2.21) for

s =t = 0. The use of Lizorkin’s criterion is explained e.g. in [ 18] around Th. 1.6, with references.
Next, observe that

n

|Fullyy <c(Y_IDjFullz, +1Ful,),
j=1

where D Fu =Op (§; f + ijf)u =FDju +Op(ijf)u. Here
IFDjullL, <clDjulL, SC’IIMIIHI;
by the preceding result, and since Dy f is also in SU(H_1),

/
10p (D, Pl < cliulle, < llullyy,
implying altogether that

.ol 1
F:H,—H,

is bounded. The argument extends easily to higher derivatives, implying boundedness of
F: H[S) — H;, (2.22)

for all s € Ny. By interpolation, the result extends to s € R...

Since the Lizorkin criterion also holds when the operator is in y-form (cf. [18]), we likewise
find that the adjoint operator F* satisfies (2.22) for s > 0. Her we can replace p by p’, and hence
conclude by duality that (2.22) holds for F, all s € R.
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To extend the result to H;’t-spaces, a first step is to observe that

n—1 n—1
/ ”
IIFMIIH;A SC(E IID,/FMIIH;,+||FMI|H;,)SC(E IDjullgs + llullms) < c IIMIIH;J-
j=1 j=1

Generalizing this to higher derivatives, we find (2.21) for s € R, t € Ny, d = 0, and interpolation
and a similar treatment of the adjoint leads to (2.21) for all s, € R when d = 0.

For general d € R, we observe that F &'~ 4= =O0p (f (&)%), where f(&')~¢ € SO(H_1), hence
satisfies (2.21) with d = 0. Then since obviously = Hy'(R") = H;”_d(R”); (2.21) follows
for F=F2 98" 1o

Theorem 2.4. Let f(x,&) € S4(H_) for some d € Z. Then F = Op (f) is continuous for all
S, t:

F: HY'(R") — Hy @' R") ifd = 1. (2.23)

The mapping property extends to d = —k — 1, k e N, if f(x,&)([§'] + ién)k e S YH_D (or
fEEE—ig)" € ST H-1)).

Proof. For d > 0, the result follows immediately from Proposition 2.3 since H;’t_d(R”) C
s—d,t ;pn

H, (R™).
Now let d = —1. Observe that

F=FZ& ‘-‘+ ._‘:L , where F 2 u+ =0p(f(x,6)([E"1+i&)).

This symbol is in Hg as a function of &, and can be decomposed as

TGO T+ i8) = [, OIET+ho1fEn) + (1= h_1)(if&).

The first two terms are in S°(H_), hence the corresponding operators act as in (2.23) for d = 0.
The third term is of the form s(x, &’), constant in &, and with estimates Dﬂ D"‘s = O((&")~ 1ol

(it is the zero’th term in the expansion of i f&, in powers g7, Jj € Ny, cf. e.g. [15], Def. 10.12).
It likewise defines a bounded operator in H," (R"). Since Ell Hy'(R") — 5 H]’I(R"), we
conclude (2.23) for d = —1. Note that we could just as well have used compositions to the right
with E£' = Op (([§'] — i&)*").

For the lower values of d we apply the case d = —1 to the symbol f(x, &)([&'] + i&,)F (resp.
fHUET-i6)". O

The most general symbols in S™*~1(#_;), k € N, only have the mapping property
. 5,1 s+1,1+k
F: H)'(R") — H}, RY),
(since they may only be O(SH_I) for £, — $00); this is shown by combining (2.23) for d =
—1 with Proposition 2.3. Fortunately, our applications in this paper will mainly be in the cases

d =0 and d = —1. Therefore we shall not burden the exposition with additional terminology for
symbol classes.
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2.4. The basic factorization theorem

With these preparations, we shall etablish the factorization theorem for homogeneous sym-
bols.

Definition 2.5. When P is a pseudodifferential operator on Rf with a classical symbol p(x, &)
of order m, we say that P (and p) is elliptic avoiding a ray re? when, for some 6 € [0, 2], the
principal symbol po(x, £) takes values in C \ {z = re'? | r > 0} for all £ € R” with |&| > 1.

The ray condition is usually assumed in resolvent constructions, and is sometimes called
“Agmon’s condition”, or “the condition for having a ray of minimal growth”. It is satisfied in
particular when P is strongly elliptic, i.e., Re po(x, &) > O for |§| > 1.

When the ray condition holds, po(x, &) can be extended smoothly into |§| < 1 such that
po(x, &) e C\ {z=re'’ | r >0} forall x, £. Then when we define the logarithm to be continuous
on C\ {z=re'’ | r >0}, po can be retrieved from its logarithm, po(x, £) = explog po(x, £).

The condition will allow us to use the projections 4™, ™~ and the symbol spaces introduced
above in a simple way.

Theorem 2.6. Let g(x, &', &,) be a pseudodifferential symbol of order 0, homogeneous in & of
degree 0 for |§| > 1 and having the O-transmission property at all hyperplanes {x, = c},

0F 3¢ q(x,0,=&) = (=D"10f3¢'q(x, 0.8, all o, f € NG, [] 2 1. (2.24)

and elliptic avoiding a ray re'®. Assume that q(x, ) avoids the ray also for |&| < 1. Denote
q(x,0,1) =s50(x).
Then q has a factorization

q(x, &) =s0(x)qg~ (x,5)q " (x,6), (2.25)

where g* (x, &', &,) are invertible, and extend holomorphically into respectively C+ as functions
of &,. Moreover,

q* (e, §) =14 f(x, ) with f(x,§) € S] yR", R"™1, HY), (2.26)
homogeneous of degree 0 in & for |&'| > 1, and q_* has these properties too.

Proof. By division by so(x) we can obtain that g (x, 0, 1) = 1, which will be assumed from now
on. Fix x = (x’, ¢). We shall suppress the explicit mention of x, since the estimates of derivatives
in x follow in a standard way when the claims have been shown with respect to £ at each x.

Define ¥ (&) = logqg (&) (to take real values when ¢ (&) is positive). The function i is like-
wise homogeneous of degree O for || > 1, hence is a {rdo symbol; moreover, it again has the
0-transmission property. Since ¢ (0, 1) = 1, we have (2.4) for all £". In view of the O-transmission
property, v is in H_ as a function of &, for each £, and by [15] Th. 10.21,

Y =hty e S @ LR H), (2.27)
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and is homogeneous in & of degree 0 when |£'| > 1; it extends holomorphically into C_ as a
function of &,,. Moreover, we can define

Y_=h"y; then ¢ =y +¥r_, (2.28)

and ¥_ is similar to ¥ (since it equals A1 ).
We now form

gt &) =exp((E) =1+ Y1) + 391 E° +..., (2.29)

and g~ =exp(y_), then g = ¢~ ¢ ™. We have to show the estimates claimed in (2.26). Let

1
f=qt-1=) Ui (2.30)
k=1

Instead of considering f directly, consider the inverse Fourier transform from &, to z,, (restricted
to z, € Ry),

o
~ 1 -~ ~ -~ ~
fzki}ﬁllfik, UF =% x4y, (k factors). (2.31)
Observe that
(R = 72 V2 N /il P /AN (V2 [V (2.32)

so that Z,fi] %||1/~/+||]I‘;1 ||1/~f+||LOo is a majorizing series for the series in (2.31). Hence it con-
verges in Loo-norm, and the limit satisfies the estimate

. i - - - -
1 = D0 I U Il = 19 I I exp iy = DI - (2.33)
k=1"

Since &Jr satisfies the estimates in (2.14), (2.15) and (2.16) with d = 0 (in particular, ||1/~f+||L1 is
bounded in £”), this shows that f satisfies the first estimate in (2.15), with d = 0.

The estimates of z,-derivatives follow in the same way, when we note that D,, just hits one
factor; the one on which we impose the Ly,-norm. Multiplication by a power zi, of z, corre-
sponds for the Fourier transform f to a derivative D! _, for which there is a Leibniz formula. We

carry this over to the terms in f , seeing that it produces an expression where it hits at most /
factors in the product &j‘rk When k — oo, the estimates give k — [ factors ||1/}+|| 1, besides at
most [ factors where specific estimates of functions derived from 1, are needed. This allows a
majorizing sequence, leading to the desired estimate for f. Derivatives with respect to & and x
are straightforward to include.

There is a similar analysisof ¢g—. O
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Note that the theorem shows that the considered symbols have factorization index O (the ho-
mogeneity degree of g 7). Symbols of order 0 without the ray condition can have other integer
factorization indices, see [10], Ch. 6.

It is important in Theorem 2.6 that g (after division by s¢) is not just factored into ¢ and ¢~
with the mentioned estimates, but that the first term in each of the two factors is 1, besides a term
with a decrease in &,. This will be very useful in the applications.

2.5. Factorization of full symbols

For a general polyhomogeneous symbol that is elliptic and of type O, the above can be ex-
tended to a factorization (in the sense of operator composition or Leibniz products) respecting
also lower-order terms. Recall the composition rule for ¥rdo’s:

Op (@)Op (b) ~ Op (a#b), where a#tb =Y  9fa(x.£)DIb(x.&)/al. (2.34)

n
aeNj

The last expression is often called the Leibniz product of a and b.
We now show that it is possible to refine the factorization from Theorem 2.6, taking lower-
order terms into account.

Theorem 2.7. Let Q be a classical Yydo on R" of order 0, with symbol g ~ jeNg 4 ( where
q;j(x,&) is homogeneous of degree —j in & for |&| > 1), elliptic avoiding a ray, and having the
0-transmission property with respect to all hyperplanes {x, = c}, i.e.,

ogqj(x,0,—&) = (—1))"*10l 32 q;(x,0,&,) for j eNo, o, BENG, |§] = 1. (2.35)

Denote qo(x, 0, 1) = so(x).
There exist two generalized pseudodifferential symbols q*(x,&) ~ 3 jeNo quF(x,"g‘), with
qjj.E (x, &) homogeneous of degree —j in & for |§'| > 1, such that

qe (2, &) = 1+ f(x,&) with f(x,£) € SY(H™); q;.“ e ST/ HY), for j>0, (2.36)
q__(x, &) has a similar form, and
q~soq #q", (2.37)

in the sense that for all K, the difference between s, 1q and the expression formed of the terms
in g% and g~ down to order —K, composed by the Leibniz formula applied for |o| < K, is in
STE=(H_y).

From the symbols q* we can define generalized Ydo’s QF, respectively; then Q —soQ~ Q%
has symbol in S™°(H_1) =, S*(H_1).

The operator Q —soQ~ Q7 is smoothing in the sense that it maps H*' (R") to HS+t1%°(R") =
N, HS T (R, for all s.
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Proof. By multiplication by s, ! we can assume that qo(x,0, 1) = 1. The principal parts qSE of
g™ are defined by application of Theorem 2.6 to go. Now we have to construct the lower-order
symbols. This goes inductively as follows:

Collecting the terms of order —1 in (2.37) (cf. (2.34)), we find that qllL should satisfy:

a1 =4y qf +a7 4y + Y %4y Dy -

k<n

Dividing by go and using that go = g, qJ , we can rewrite this as

+ —
q q q 1 _
_1++_17:___28ka() kaqg_’ (2.38)
49 4o 9 490,

where the right-hand side is already known. By Theorem 2.6, the function qg is 1 plus a function
in 1T at each (x, &), and since it is nonvanishing, the inverse is likewise of the form in (2.26).

The same holds for ¢, . Moreover, g; being of order —1 and having the O-transmission property
implies that it is in H_; as a function of &,. Thus the right-hand side of (2.38) is in H_1, and
the left-hand side expresses a decomposition in its H-part and H_,-part, for each (x, §’). The
decomposition is unique, and one checks that the two terms satisfy the appropriate estimates.

This shows the first step, and in the general step, one similarly determines the two terms
q,:r / qar and g, /q, as the components in H* and H_, of an expression formed of the preceding
symbol terms of the relevant homogeneity:

+ —_
A% 9 gk 1 1.g
e L — oy Eaqu Dfqt. (2.39)
9 4o 90 490 gk i<k P

There is a standard way to associate an exact symbol g (x, £) with the series > jeNo qj.t (x,8),

namely, a convergent sum ¢¥(x,£) = 3 jeng NG/ tj)qjj.E (x,&), where t; — oo sufficiently
rapidly (for (&), see (2.11)). Any other choice of a symbol with the given asymptotic expansion
differs from this by a symbol in S| °(R", R"~1, ).

Then one finds by use of the Leibniz formula and regrouping of homogeneous terms of the
same order, that Q — soQ~ Q7 is a generalized ydo with symbol in S™%°(?_1). The last state-
ment follows from Theorem 2.4 ff. O

When ¢ is even in &, that is,

qj(x, —8) = (=1)qj(x, &) for [€] > 1, all x, (2.40)

the property (2.35) holds in any coordinate system.
We furthermore observe the following property.

Theorem 2.8. For the symbol g constructed in Theorem 2.7, there is a parametrix symbol G+
with similar symbol properties, such that

gt#GT ~1~gT#qT, (2.41)
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in the space consisting of symbols in S? o R, R~ H_1) plus functions of x (constant in &).
There is a similar result for q~.

Proof. We apply the standard parametrix construction: With (ja' =1/ q(;r , we have that

g#Gg =1+ Hlad DEGg + @ —ad#ag ~ 1+, (2.42)
0

where r € Si(l)(R”, R*~! %) is defined from a regrouping of the terms according to homo-
geneity. Then, defining

oo
Py (DR
k=1

where r# ~ r#r#.. #r with k factors, we find that (ja“ #(1 + r) is a right parametrix symbol
for g . Similarly, there is a left parametrix symbol, and they are seen to be equivalent. Thus we
can take g+ = c}a' #(1 4 r), and it has the asserted properties. O

Remark 2.9. The constructions in Theorems 2.6 and 2.7 have been developed from [21], The-
orem 2.6.3 ff. in combination with our use of function spaces based on H* as in [14,15]. The
purpose in [21] was to construct an operator that solves, in the parametrix sense, certain bound-
ary problems for operators such as e.g. P = 84 QB4 with nonzero boundary data and 0 data in
the interior, generalizing (2.45) below. For Q itself, with O = Op (g ™), it can be shown that
the operator K o+: o) — é*(go(f ) ® 8(x,,)), which is a Poisson operator in the Boutet de
Monvel calculus, satisfies:

rtOKg: ER™H > C®(R}), y-10Kg: —1: E®"™H > CP®R"™) (2.43)

(i.e. r"OK 3+ and y_1 oK. — I are smoothing operators); hence K 5. defines a parametrix
0 V-1.085 g op 0 p
solution operator to the problem

rTQw=0, y_jow=¢. (2.44)

Here y_1 o is a generalization of y, ¢ to low values of 1, defined but not studied in detail in [17].
Then for P one finds, setting w = E{iu, that EjraK o+ defines a parametrix solution operator to
the problem

rTPu=0, Va—1,0U = @ (2.45)

here E1.“K g+ can be regarded as a (generalized) Poisson operator of noninteger order. The prob-
lem was also discussed in [17], Th. 6.5; the present construction gives a more direct information.
We shall possibly take up the details in another publication.

Remark 2.10. The factorization idea P = P~ P with factors having opposite support preser-
vation properties could also be used in the proof of [34] for one-dimensional operators on rays,

. . . . . 11
instead of their factorization of selfadjoint positive operators as P = P2 P2.
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3. Integration by parts for operators on the half-space

The reader is encouraged to consult the Appendix for notation.
Let P be a classical ydo on R" of order 2a (0 < a < 1), having the a-transmission property
at the boundary of R”.. Recall from [17] Th. 4.2 that » ™ P maps the space H “(‘Y)(Ri) (cf. (A.9))

. . =55 —2
continuously into H : 6{(Rf’k) when s > a — %
We wish to reduce the expression

/Pua,,ﬁ/dx—i—/anu P*u’ dx (3.1)
RY RY

for functions u, u’ € H®) (K’i) for suitable s, to an integral over the boundary of suitable bound-
ary values, supplied in the x,-dependent case with an extra integral over R’} . The fact that we
integrate over R’} implies a restriction r* on the integrands, that we therefore need not mention
explicitly in the formula.

The central argument will first be presented in a simple constant—coefficient case.

Theorem 3.1. 1° Let u,u’ € ga(ﬁi) with compact support in Eﬁ_. Let w=rt8%u, w =
rTE4u’. Then

f E‘ie+w 8,1L_t/dx = (yow, yow’)Lz(R,H) + (w, an/)LQ(M). (3.2)
1

2° The formula extends to u, u’ € H“(S)(K:’_) fors>a+ %, with dualities:

+ma + ’
(r"Ele™w, 0pu")_1_,., JR—

H2 @), HT2TERY)

= (yow, yow') , gn-1y + (w, dpw’) (3.3)

__1_ L1 —n
H2"RL),H 2T [®))

forany0<€§s—a—%with8< L.
3° Here, when s > a + 1, then (3.3) can be written in the form (3.2), all ingredients being
locally integrable functions.

Proof. 1°. Firstletu,u’ € &, (E’i) with compact support. Since u € H “(S)(K’i) for any large s,
w=rt8%uc C“(ﬁi) NH' (R'J’r)_for any s, with u = 87w (cf. [17], Propositions 1.7 and
4.1). Moreover, rtE8%e¢tw e C OO(Ri) nNH (R%) for any s. There is similar information for
u',w'.

Since u € &, (@i) with compact support, d,u € Ea_l(ﬁi) WitE ncornpact support. Here xr“l—l
is integrable over compact sets. Altogether, r*E e™w 3, is on R - the product of x;‘:_l with a
compactly supported smooth function, so the integral is well-defined.

We can also observe that by the identification of etH' (R ) and H’(@i) for |t] < %, etw e
H%’g(Ri) for any ¢ € 10, 1[, so
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_ catl o = ca— g =
' = 8, BT w' € 9, H T2 *(R)) c HO 275 (R))). (3.4)
1
. ot —i—at . . .
Then since r T B et E4u € H? ¢ S(R’}r), the integral may be written as the duality

I=(TE% w, du')_1 .. 1

HI @), ATI®,)

_1 _1_
Now note that by (A.7), rTE%t: H2+6(R’1) — H? a+€(Ri) has the adjoint

B9 : 2 (ﬁi) S H1® (@i). We can then continue the calculation of I as follows:

_ —a / _ —a ./
I ={(w, u+8nu)ﬁ% ={(w, 3,8 u >ﬁ%+€’H7178

1= (w, detw)_
2 H

1 L1
2+€’

1 .
qe -1 . —5—¢€
) H 2

H™ 2

Here w’ itself is a nice function on EZ, but the extension e™w’ to R” has the jump yow’ at
x, = 0, and there holds the formula

et w =yow @8(x,) + et w, (3.5)

where ® indicates a product of distributions with respect to different variables (x’ resp. x,,). It is
a distribution version of Green’s formula (cf. e.g. [14] (2.2.38)—(2.2.39)). Recall moreover from
distribution theory (cf. e.g. [15] p. 307) that the “two-sided” trace operator }p: v(x) — Yov =
v(x’, 0) has the mapping ¥ : ¢(x) = ¢(x) ® 8(x,) as adjoint, with continuity properties

ot HITE(RM) — HER'™Y), 9 HS(R'™) > H 275 (R"), for e > 0. (3.6)
Here ¥ ¢ is supported in {x, = 0}, hence lies in H-1—¢ (@i). We can then write
etw =5 (row') + et d,w'. 3.7

_1
Since w € H2+£(R’}r), it has an extension W € H%”(R") with w =rTW, and yow = pW.
Then

_1_ ’

w’~* w/ = (W, ~% w/
(w, Yo (Vo )>ﬁ%+‘(m),ﬂi£@1> (W, vy (row"))

1 1
H2P R, H 27 (R)

this is verified e.g. by approximating ¥ (yow’) in H~2*-norm by a sequence of functions in
Co°(R’}). Here we can use (3.6) to write

(W, 7(;‘((70“)/)) 1_ ) = (70W» yow/)H‘”’(]R"—]),H—f(]R”—l)

1
H2 (R, H™ 27 (Rn

= <)/()w, VOw/>H€(R"*1),H*E(R"*1) = (yow, Vow/)Lz(Rnfl).

In the last step we used that since both ypw and ypw’ are in H ER"™ 1) ¢ Ly(R* ), the duality
over the boundary is in fact an L, (R"~!)-scalar product.
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Then finally
— + — (w7 +
I - (lU, ane w/)ﬁ%+g,1:]7%78 - <lU, V(T()’Ow/) + e anwl>ﬁ%+s,l_~171
— + U
- (J/va YOw,)Lz(Rnfl) + (w’ e 8nw >ﬁ%+6,ﬂ 1

= (Yow, yow) ,ge-1y + (w, e *on w)Lz(]R+)»
where we used that w’ € [, " (R). This shows (3.2).
2. If u,u’ € H“(‘)(R ) with s > a + , they are in € H“(“Jr%“)(@n) for an ¢ €10, 1],

& <s —a— 5, and then w, w € H2+ (R") by definition. Moreover, by (A.11),

ueet H2+8(]R )+H‘hL +8(]1% ), hence
(3.8)

u € et x™ 1H2+€(R )+ et xVH 2“(]12{ )+ B 1R,

(Since you = 0, there is no distribution term supported at {x,, = 0}.) On the other hand, since

etw=E%u ee+H2+8(R”)CH7_8 (R+) u =B e w satisfies

ue I:I”Jr%’s/(@i), any ¢’ > 0, hence
. (3.9
duu € HO 1~ (™).

There is similar information for u’. |
. . 1 e
Here we can approximate u,u’ in the norm of H*“T2+8) (R 1) by compactly supported

elements uk, u), of & (Ki) (cf. [17] Prop. 4.1). Then wy = r* ESux and w;, = r*tE%uj con-
Verge in H e (R ), and in particular, d,u) converges in HY™ ”S(R ) and 8, w; converges in

H 3+ (RY) = 2+e (R ). This 1mp11es (3.3) by passage to the limit, proving 2°.

3°. If s >a+ 1, then w, w eH (R7%), so d,w’ € La(R7), and rT 8% +weH (R ) C
Ly(R} ). Moreover, by (A.11),

ue e+x“ﬁl(R" )+ HH (@1), hence since you =0, (3.10)
duu € et xOVH (RY) + e x9Ly(RY) + HO(RY):

SO O,u, O u’ are functions. O

Remark 3.2. The distributional formulation (3.5) of Green’s formula has been an important in-
gredient in systematic studies of boundary value problems for many years, for example in the
construction of the Calderén projector by Seeley [35], Hormander [22], see also [15], Ch. 11.
In the case a = 1, Theorem 3.1 is quite elementary and can be shown by reference to the usual
formulation of Green’s formula
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/8,,v6’dx+/v8nt_/dx:— / Yovyot dx’. (3.11)

R R Ri-1

Let a = 1. Note that E}, = 8" 4+ 9, where E' = Op ((£)), it acts in the x’-variable only, and

is selfadjoint. Let s = 2 for definiteness; here H 12 (]R ) = e+H RY) N H'(R +) (one may
consult Example 1.6 in [17]).

Consideru W eetH (RY)NH(R"), and let w = r*+ (&' + d,)u, w' = r* (8’ + d,)u'; they
liein H' (R"). Denote moreover v/ = r*d,u’ = w’ — rt&u’. Then
I'=0t(E = 9w, rT o )pn = (8w, v)py — (- 8w, v)pr
= (B'w, V) + (w, 78,0 )rr + (Yow, o )ga-1,

using (3.11). Here we note that since you’ =0, yov’ = yow’. Now

w, Bz + . 3,0 )z + (0w, yow g

(
(w, (& + 3,0 )R + (ow, Yow ge-1 = (W, r™(E' + 8,)8,u )rr. + (Yow, yow pa-1
(

w, rTa,w Rt + (vow, yow Ngn-1,
showing (3.2) in this case.

An immediate consequence of Theorem 3.1 is the following integration-by-parts result for
fractional Helmholtz operators:

Theorem 3.3. Let u and u’ be as in Theorem 3.1 1° or 3°. Then one has for m > 0:

/(—A +m?)u d,i’ dx + / it (—A +m>) i dx (3.12)
R" R

=T(a+1)>? / yo(x, “u) yo(x,; “u’)dx’.
Rnfl

If u and u’ are as in Theorem 3.1 2°, the formula holds with dualities, for small & > 0,

rt(=A+mH%, du’)_

1 + Buu, rT (A +m>y |
H?2 H*

—5—& Ty —a+eE
27" H2

—a+e I_'la—%—s (313)

=T(a+1)? / yo(x, “u) yo(x, “u’)dx’.
]Rnfl

Proof. We have that

(—A+m)* =0p((EP+mD)") =84 8% ., E% . =O0p(((&']P+m>)? +i&)");
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where Ej . have exactly the same mapping properties as B4, which is the case m = 1. In
particular, Theorem 3.1 holds with &

4 replaced by Ej, .. Itis seen asin [17], Th. 4.2 and 4.4
that

rr(=A+ mz)u =rt op _eTrt Ep U,

when u satisfies one of the mentioned hypotheses. Set w =r* E¢ ,u, w' =r" & .
We can then apply Theorem 3.1 to the integrals in the left-hand side of (3.12), resp. the duali-

ties in the left-hand side of (3.13), when u, u’ satisfy the respective hypotheses there. This gives
e.g. under the weakest hypotheses (in 2°):

+ 2\a / + 2\a ./
r"(—A+m~)"u, d,u )ﬁ%—“ﬂ Haf%fg—i-(anu,r (—A +m”) u)H“*%’E ﬁ%—ws
+moa + ’ +ga ,t
={r"2%¢" w, dyu )ﬁ%—aﬂ a-be + (Byu, rTEC et W)

Ha_%_g ﬁ%faJre (314)
— / /
=2(yow, yow') ,r-1y + (W, dw )ﬁ%“g,H Lie

Let wy and w), be sequences in C(O) (R )= +C°°(R") converging to w resp. w’ in HZJr (R%)

for k — oo; then yowy — yow in Hé(R* ') and d,wy — d,w in H ~3te (R%), with similar
statements for w’. Now

/(wka wk—i—a Wy wk)dx—/a (wkwk)dx
+ Rn

=- / yo(wrw')dx' —=— / vowyow' dx’.

Rn—1 Rn—1

Thus the last two terms in (3.14) contribute with —(yow, yow’) L,(®e-1y, and we find that

tma + / + 59 ot

<r o_e w’anu >ﬁ%—a+s’l_-1a—%—s <a"u r >I_'1a—%—s ﬁj—aJre
/

= (Yow, Yow') 1, (rr-1y-

Finally, we recall from [17] Th. 5.1 that

yow = yo(ES, 1) = yaou = (@ + Dyo(x, “u).

(3.15)
Hence
(ow. you') 1, = Ta+ 1)’ f Yo ey u) o iy ',
Rr—1
and (3.13) follows. Under the hypotheses for 1° and 3° it can be written in the form (3.12). O
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The theorem also holds for (—A)¢ itself (the case m = 0), see Corollary 3.5 below.
We now turn to a general ydo P of order 2a, elliptic avoiding a ray. The symbol is assumed
to have the a-transmission property at the hyperplanes {x, = c}, c € R (as in (A.4) with m = 2aq,

n=a):
070 pj(x,0,=&) =™ /N8l ag p;(x,0,&,) for j € No, o, B € NG, [§] = 1;
this holds in particular when the symbol is even (cf. (2.40)).

Theorem 3.4. Let P be a classical ydo on R" of order 2a for some 0 < a < 1, that is elliptic
avoiding a ray, with symbol having the a-transmission property at the hyperplanes {x, = c},
c € R. Then the factorization index is a.

Let so(x) = po(x, 0, 1), where pg is the principal symbol, and let P M) denote the commutator
[P, 0]

P — Po, — 0, P; it has symbol p(") =—0x, D, (3.16)

likewise of order 2a and having the a-transmission property at the hyperplanes {x, = c}.
Foru,u’ e H”(“)(Ri), s > a + 1, there holds

/Pua,,ﬁ’dx—i—/anu P*u’ dx (3.17)
R? RY

=T+ 1)>? f s0v0(x, “u) yo(x, i’y dx' + / PPy dx.
R~ R
For s > a+ % + & (for some small ¢), the formula holds with the integrals interpreted as
dualities:

(r* Pu, anu/>ﬁ1 (3.18)

>—a+e na—
2 )

a-t-e + Qqu, Py . o,

Ha7§+E’H2

=T(a+1)>? / soyo(x;, “u) yo(x, ') dx' + (r* PMu, u’)ﬁ%_uﬂ o de!

Rn—1

the last term is a scalar product (P(”)u, “/)Lz(R'J‘r) when a < %
In particular, when the symbol is independent of x,, the term with P™ drops out.

Proof. First let us account for the definition of the terms in (3. 17)~(3.18). We already have the
information (3.8)—(3.9) on u, u’, d,u and 9,u’. If u, u’ € H”(““'l)(Ri), we have the information
(3.10).

By [17] Th. 4.12, r* P maps H“(S)(Ri) continuously into ﬁs_za (R’i). When s > a + 1, this
is containedin H (R%) C Lo(R"), so r™ Pu is an Ly-function. When s > a + % +e,rtPue

_1_
H? ate (Ri); in Lz(Ri) when a < % The operator P, being of the same type as P, also has
these mapping properties.
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We see that for s > a + 1, the first and last integrands in (3.17) are functions. For s > a + %,
the duality

(r+Pu, Ouu')_1

1
75 —a+e
H?2 s

Ha* 2 —&

makes sense for small ¢; here r+ Pu is a function when a < %, and 9, u’ is a function when a > %

In the duality
rtPMu iy
H

7—a+s [_'[(z—%—s ?
s

it is only Py that may not be a function; it will be one when a < % (Observe also that since

1 1

a— % € ]—%, %[, H2 Y~ grate and B 16 ~ H* 27 for small & > 0.

The integral with P* is understood in a similar way (after conjugation).

In the right-hand sides of (3.17)—(3.18), the boundary values yo(x, “u), yo(x, “u’) are defined
as functions in HO2+6=a=3 (R"=1) = H¢(R""1) € Ly(R"1), by [17], Th. 5.1.

Now we turn to the proof of the formulas. The detailed arguments will be given under the
weakest regularity hypothesis, namely u, u’ € H ala+y+e) (Ri).

In the reduction of the operators we shall use A4 (cf. (A.5)ff.) rather than E4, in order to
have true ¥ do’s. Then we write

P=A%QA%, P*=A%Q*A, (3.19)

where Q = AZ“PAL“ is of order 0. It has the O-transmission property at {x, = 0}, since P is
of type a, AZ? is of type 0 and AL“ is of type —a. Q is again elliptic avoiding a ray, since
the symbols 14 of A4 are complex conjugates. An application of Theorem 2.6 gives the factor-
ization go(x, &) = so(x)q, (x,& )q(‘)" (x, &) with factors of order 0; then po = A% s0q,, q(;r A4 with

the plus-factor qo+ A4, and hence P has factorization index a. (We can normalize A% such that

50, 1) =1; then so(x) = go(x, 0, 1) = po(x,0,1).)
Now construct rdo’s Q(J)r and Q, from the symbols qgr and g, , and denote

0 —500,0f =Ri, R=A“RiAY. (3.20)

Here R; has order —1, as a generalized ydo, with symbol in Sl_é(R", R"=L % _}). Indeed, R;

has the symbol g — go + go — (soq,, )#qg , where g — qo is a Y¥rdo symbol of order —1 of type 0,
and

q0 — (s0qg #qg ~s0 Y 9 qy Diqqy /e,

lee|>1
where differentiation with respect to & removes the term 1 in g, and lowers the order, so that the
resulting symbol is in S]_(l) ®R", R H ).

For the main part of the operator P = P — R we use the factorization

Pi=A%0Q, Qf AL =P PT, P =A%%Q,. PT=0FfA%; (3.21)
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here P~ is a minus-operator, preserving support in R",and PT isa plus-operator, preserving
support in E’l. Then we have the decompositions

P=P PY+R, P*=pPt"P~*4+R"

Let us first treat Py = P~ PT. We define

w=rtPtu, w =rtP"u, then

rtPlu=rP et rTPru=rtP etw, rtPru=rtPTetrt P =rt P e,
. —1—ate
as in [17] Th. 4.2. Here r* Piu,r ™ Pfu’ € H?
H* 275 (R}) with d,u, d,u’ € HO17(R'}).
l J—
Define v =rTE%u, vi =r A% u, and recall that by the definition of Halat;+e) (R:_) in[17],

(R%), and, as noted further above, u, u' e

1
v,V € H2+£(R'J'r), with u = E;“e“'v = Ajr“e+v1. (3.22)

1 .1 —
For w we have that w =r" QO A%u =r*Qfetv|. Here et v € e+H2+€(Ri) C Hi_s/(RZ_)
—1l_
(any &’ > 0), which allows the conclusion that w € H > ¢ (R%), but we need to show that w €

1 ~
H? e (Rﬁ) (and similarly for w’). To do this, we shall use a (rough) parametrix 0, =0p(/qy)
of Q> cf. Theorem 2.8. It is a minus-operator that satisfies

0y Q5 =1+ R, (3.23)

where R, is a minus-operator with symbol in Sy (l)(R”, R”’l,’}{:l). Denote r ™ Pju = f, and
recall that f =rTA%s0Q, et w. Let

wy = r+(§as0_1A:“)e+f;
: +A— =l A—ay +. T mn Tt mn T3HE on
then since r"(Qy s, AZYe": H (RY) — H  (RY) foralls, w; € H*> ~(R]}). Now
W —w= r+(§as0_1A:“)e+r+(A“_soQ5)e+w —w= r+(§a Qa)e+w —w=rTRyetw;

where we used that e*7* in the middle can be left out since the operators are minus-operators,
_3_y
that A A% = I, and that (3.23) holds. Here r* Ryet maps w into H> * (R%), by Theorem 2.4.

1
It follows that w € H2 (R’}). A similar proof shows this for w’.
Now we can write

\ =TPetw, d,u’) 4

1
qa—»—€ 7 —ate
H" 2 H?2 s

I = (r+P1u, Ou')_1 e
H HY™2

5 —a+e
2 ’

1 1 . — . _
Since rtP=e*: H2 T (RY) > H2 P (RY) and P~ B2 (®)) > H 14 (R}) are ad-
joints,
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1 ..
+& oy —5—¢
JH 2

L= (w, P~ 9u')_,
H?2
We use here that u’ is zero at x, = 0, so that d,u’ = eTr+9,u’ (one may identify 3,u’ with
rTo,u’).
.. . LN S-S . .
The distribution P~*8,u’ € H=27¢ (R:_) is rewritten as follows:

P 0’ = 8, P~ + [P, 8p1u’ = dpetw’ + P~
with the notation [P~", 3,] = P_*(n) asin (3.16). Here, as in Theorem 3.1,
ane+w/ = VO(w,) ® 8(xp) + e+3nw/,

1
7+8

. — = . P B .
where we moreover note that since w’ € H (R’j_), etd,w’ is not just in H™2 S(Ri), but is

. — 1
in H_%“Lg (RZ_) ~H 2" (R%), and yow' € HE(R"1). Insertion of the expressions in /1 and
integration by parts as in Theorem 3.1 gives:

I= (. 0) ®8e) +e o, + P )y
' (3.24)

—x(n)
= (yow, yow') , gn-1y + (w, yw’) + (w, P70 |

1, . .
H2* H 2%

+e

D=

1
H2 ° H

It is shown in the same way (in fact it can be concluded from the above by interchanging P;
and P}, u and u’, and conjugating), that

L= (Quu,rTPfuy Lamer

Ha bl +e ﬁ
satisfies

_ / / +(n) ’
L= (Yow, yow') ,gn-1y + (0w, w >H‘%+‘° - +(PT u,w'y 1 (3.25)

c—5+e T3 —€’
H 27" H2

where P+ stands for [P, 8,] as in (3.16).
Taking the two contributions together, we find that

It + I = 2(yow, yow') 1, -1 + (w, 3nw'>ﬁ%,s gt T (dpw, w')

(P u Wy

+ (w’ Pi*(n)u” +e Lie *% i
H 2.H (3.26)

H2 . H™

JH

D=
D=

= (Yow, Vow/)Lz(RH) + I3, where

_ + —x(n) +(n)
I3=(P"u, P u') %78,H_%+8+(P u, P i i

|

here we used the calculation after (3.14) to reduce the first line to a single boundary integral, and
collected the last two terms in /3. This will now be further reduced.
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Observe that P+ has symbol equal to —d,, of the symbol of P = A4 Q(‘)", so it is a
plus-operator, continuous from H* (@i) to HS~4 (K’i) for all s, with an adjoint r+(P+("))*e+
going from "™ (R%) to "' (R%) for all s. P=*™ has similar properties. In particular,
prmy, — P+(n)EI“e+v is in H%_g/(ﬁi), cf. (3.22), and so is P_*(n)u/, so the dualities in
I3 identify with L (R} )-scalar products:

_x(n) -
L=(Ptu, P u/)Lz(R1)+(P+(")u,P UYLy

_x(n)

The adjoint of P is rt P~ et since [P, 8,]* = [P, 8,]. Then in view of the mapping

properties,

e PPttty L 0P et Py 1
=4 a+S’Ha Ie H?2 a+£,Ha 7€ (3 27)
_ <r+(P,(n)e+r+P+ 4 r+ P*e+r+P+(n))u, u/)

ﬁ%—a+£ ;

e3¢
We now use moreover, that
rrPetrt Pty = r+P_P+(n)u, rr P~ Wetytpty =t p="pty
(because of the support-preserving properties, as in [17] Th. 4.2), so that

L=t P Pt™ £ P~ Pty )

— 1
H

%—a-%—s g2 :

Here we can perform a little calculation on the ¥rdo’s on R":

p=p+*" 4 p="pt—p-pty, — P 3,PT + P 9,Pt —3,P P*

(3.28)
=P P*9, —9,PTP =P,
showing that in fact
L=0TPMuuy L
1 ’ ﬁ7_0+6,1:1”777£
Inserting this in (3.26), we reach the conclusion that
I+ b= (0P o (P ) oty + 0Py (3.29)

The boundary term can be further clarified as follows: Let v = rt Ej‘_u asin (3.22). We know
from [17] (cf. e.g. Cor. 5.3) that ypv = I'(a + 1)yo((x,,“)u). In view of Theorem 2.6, we have
that

qf (€ &) =1+ f(x, &, &),
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where f isin " as a function of &,; f € S ,(R", R"~!, 7{*). Hence

Qi =I+F, F=0p(f).

Moreover, Aq = (14 W)EY, where ¥ has symbol v (£) in H with respect to &,, cf. [17] (1.16)
and Lemma 6.6; ¥ € S?,O(R”, R"=1 #{). It follows that

Qf AL =+ F)I +W)E} = + F)EY,

where F| has symbol f| € S?,O(]R", R"=L %*). (One could also deal with the factors I + F and
I + W in two successive steps, to avoid using Leibniz products.) By the rules of the Boutet de
Monvel calculus,

wkiv = @n " [ [ i e FE o) déds = (3.30)
Rr—1 R
(Briefly recalled, the reason is that both f; and F(etv(x’,x,)) are in HT as functions
. « —-n . .
of &, — the latter because e v is supported in R - ; then their product is O ((&,)~?) and holomor-

phic in C_, so the integral over R can be transformed to a closed contour in C_ and therefore
vanishes.) It follows that

Yo(PTu) = yo(Qy AGu) = yo(v + Fiv) = yov = yo(BGu) = T(a + Dyo(x, “u).  (3.31)

As a slight variant, we also have, with v' = B u":

Yo(P~"u') = yo(Qg "FoAG ') = yo(Qq "So(I + W)v') = yoGov’ + Fav')

(3.32)
=0 (Sov") =50 (a + Dyo(x, “u’),

where Qa*io(l + W) =350/ + F,, and also F> has symbol in H* w.rt. &,, hence does not
contribute. (Recall that sg is a function of x, namely so(x) = go(x,0, 1) = po(x,0, 1); in the
final formula it is just its value on {x,, = 0} that enters.)

We conclude that

o(PHu), yo(P~*u')) 1, n1y = T(a + 1)? f Yol “u) soyo(x, iy dx',  (3.33)
Rn—1

whereby

e gt (339)

h+L=T@+1? [ soyote; u)yotx @ )ydx' + (r* P™Mu,u’)_ .
1

Rr=
Finally, we must also treat the contribution from R = A? Rj A% . As already noted, the sym-

bol r1(x, &) of Ry is in H_; as a function of &,, so we can apply the projections At and h~,
decomposing
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r,E) =r (L 8) +r] (x.6), 1 e SRR HE). (3.35)

Denote the hereby defined operators Rli; R, = Ri" + R} .Then whenweset S™ = A’ R, § T=
R} A%, R is decomposed as

R=A“RTAYL +A“RIAL =S AL +A%ST; (3.36)

a sum of two operators that are products of a minus-operator and a plus-operator. To each of these
products, we can apply the same method as we did to P~ P™. This reduces the corresponding
integrals to scalar products over the boundary plus commutator contributions:

ot / + R*y
I4 = (r"Ru, d,u )ﬁ%7u+g’ﬁa7%7£+(anu,r R u>H"*%+5,ﬁ5

= (Yo (A%u), vo(S™“u)) gty + (A%, ST u) (3.37)

+ (ST ), Yo (ML) oty + (ST u, AL

(The dualities in the second and third line reduce to L,-scalar products since S~ and S are of
negative order.) Since R * and RT have symbols in H* as functions of &,, the boundary values
of S~*u’ and S*u are zero, so only the commutator terms survive. These are reduced in a similar
way as in the treatment of Py, to give

14 = (r+R(”)u, M/)LZ(RV_D.

Collecting all the terms, we find (3.18). As accounted for in the beginning of the proof, it can
be written in the form (3.17) when u,u’ € H*@+tD(®}). O

One can in particular conclude:
Corollary 3.5. For u,u’ € H“(s)(ﬁi) with s > a + %

<r+(_A)au’ 3,114/) 1

T2 —ate g

+ (O, r T (=AY

O (3.38)

-

H H¢

=T+ D? | yolu)yolx, i)y dx’
-1

Rn
for small ¢ > 0. When s > a + 1, this can be written as
/(—A)“u i’ dx + / Ot (=AY’ dx =T (a + 1)? vo(x, “u) yo(x,; “u’)dx'.  (3.39)
RC’F Ri Rn—1
Proof. Write

(—A)" =P +8, where P =O0p (n(€)[€]*), S =O0p (1 — nE)IE); (3.40)
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n(¢) denoting an excision function as in (2.11). Then P satisfies the hypotheses of Theorem 3.4,
so (3.38) holds for this operator.

Now consider S. Its symbol s(§) = (1 — n(é))|§|2“ is bounded and supported in B =
{|€] < 1}. The same holds for all the symbols s, = £%(1 — nENIEP, o € NG, so they all de-
fine bounded operators in H' (R"), for all r € R. Since Op (so) = DS = SD?, we see that S
and its compositions with D% are smoothing operators, going from H*(R") =, H'(R") to
H™®@®R") =, H' ®R").

Recall from (3.9) that u € HOH (E’i), Onu € HO5 (Ei) for any &’ > 0; here we can
choose ¢’ so that o =a — % —¢de ]—%, %[. Then Su € H~*°(R"); and

(r+Su, Bnu’)ﬁ—a’hﬁ = (SM, 8,114/)1.1—(7 (R™), H° (R") > (341)

. _ . . — |0 —n N
since Su = eTrtSu + e r~Su, where the terms are in H!°! = H| ! over R, resp. R_, and

e~ r~Su vanishes on 9, u’. In the last expression in (3.41), 8, can be moved to the left-hand side
with a minus, and S can be moved to the right-hand side replaced by S* (of the same type), with
suitable adaptation of the duality indications. Then we find that

(r*Su, d,u') + (3,u, r+S*u’)HU — =0,

—° He H
and when this is added to the integration by parts formula for P, we find (3.38).

When s > a + 1, then u and 9,u are functions, and so are »* Pu and Su, with similar state-
ments for #’. Then the formula can be written as in (3.39). O

4. Integration by parts over bounded smooth domains

In this part, we consider a classical ¥do P of order 2a on R" and its restriction to a bounded
smooth subset 2. Assuming that the symbol is even (cf. (2.40)), we have that it satisfies the
a-transmission condition in any direction at all points, hence at the boundary of any choice of .
The indications 7+ and e® now pertain to the embedding 2 C R”.

We begin with a simple integration-by-parts formula, that can be shown by reduction to oper-
ators of order 0.

Theorem 4.1. Let P be a classical ydo on R" of order 2a for some a > 0, with even symbol.
Then for u,u’ € H*®)(Q), s > a,

+ / + px 7/ _
(r"Pu,u )ﬁia(ﬁ),l.{”(ﬁ) —(u,r" P*u )H“(ﬁ),ﬁia(ﬂ) =0. “.1)
When s > 2a, this can also be written
[ Pui'dx — / u P*u'dx =0. 4.2)
Q Q

Proof. We shall apply the families of order-reducing operators AS? and A(_t) 4+, t € R, intro-
duced in [17] and recalled in the Appendix, chosen such that A(_t) L ﬁ;(Q) — ﬁ;‘“(sz) and
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Al HA™ (@) — H,,* () are adjoints forall s € R. Recall that Hy® (@) = AT H, ().
We restrict the attention to the case p = 2.
Since P is even, it has the a-transmission property at any boundary; then the operator

0=A""PAT?, 4.3)

is a ¥do of order 0 having the O-transmission property at the boundary of Q. Recall that r+ P
maps H?®)($2) continuously into H (Q) forall s > a — 4, cf. [17] Th. 4.2.
Let

w=r"AYu, w=rtAPu;
they are in "™ (€2), which identifies with a subset of L (£2) since s > a. Then
u= Asr_a)eer, u' = Agr_a)eﬂu’ e HY(Q)

(using that A" lifts e* Ly (S2) to H4()), and r* Pu, rt P*u' e H' (@) c H (). (Since
u is an Lo-function supported in ©, we identify it with »*u.) Moreover (cf. [17]),

rTPu= r+A(_a)e+r+QAEf)u = r+A(_a)e+r+Qe+w,
4.4)
rr P =AY et 0 AU = P A e 0% et

Now since rA“e* and Agf) are adjoints,

a

(r*Pu,u’ e = T AYDetrt Qetw, A;_a)w’)ﬁfaym =T Qetw, w)L,@-

V-
There is a similar formula for P*, so we find

(rtPu,u’ —(u, rTP*u’)

)ﬁ_a ’HU Ha ’ﬁ7"

=0T Qe w, w)rye) — w,rT Q% w),@). (4.5)
Since Q is of order 0, the adjoint of ¥+ Qe™ in L(R) is ¥+ Q*e™, and
rtQetw, w') @) — (w,rt Q*eTw) ) =0. (4.6)

This shows (4.1).
When s > 2a, rT Pu and T P*u’ € Lo(2), so the formula can be written as in (4.2). O

The formula can be extended to suitable L, L ,/-dualities.

Our main aim is to show extensions of the integration-by-parts formula in Theorem 3.4 to the
curved situation.

First there is a result in the spirit of Theorem 3.1.
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Theorem 4.2. Let P~ be an operator of order a (i.e., continuous from H*(R") to H*~*(R")
for all s € @) such l‘htz rTP~e™ maps ﬁS(Q) continuously to ﬁs_a(Q) with adjoint
P~*: H*5(Q) — H~%(Q) for all s € R. Assume that the commutator

P~V=pP9;—a;P"

has similar mapping properties. Let w, w' € H' (Q) with s > % + ¢ for some small ¢ > 0, and
assume that w' = r* P~*u’ for some u’ € H*+9(Q) with P~"u’ = et w'. Then

+p—+ - _ . o/ -
(r'P"e w,aju)ﬁ%wﬂﬂa_%_s_/v] Yow Yow da+(w,8]w)ﬁ%7£ﬂ_%+s 4.7
aQ

*(j)

+w, P77 u) @),

where vj(x) is the j’th component of the interior normal vector v(x) at x € 0S2.

Proof. Recall the standard Gauss—Green formula

—fajwdx:/vjyowda, (4.8)

Q a2

where ¢ is the restriction of ¢ to Q2 and do is the induced measure on 9€2; it holds for
sufficiently regular functions ¢. We can write it as a distribution formula on R” (with sesquilinear
duality):

(9j1g, )rr = —(lg, 3;¢)rr = (1, v;J0p)aq for ¢ € C3°(R"), 4.9)

where the last brackets is a duality over 92 consistent with the scalar product in L, (92, do). For
accuracy, we denote by 9y the restriction operator going from functions on R” to functions on
d€2 (sometimes called the two-sided trace operator); it is this one that has nice adjoint properties.
In fact,

Yo: H*(R") — H*2(3$2) has an adjoint 7} : H2~*(9Q) — H*(R") fors > 1, (4.10)

and (4.9) shows that 9;1q = ¥j'v;.
There is also a version with two functions W and ¢: When W € C°(R"), 9;(1oW) =
@j1Q)W +10d; W, so

(0j(LgW) — 1d; W, )rr = ((0j 1) W, @)re = (010, Wo)Rn
= (L, v;%We))aa = (1,v;%(W) %(®)) s
= WP (W), Yoe)asa = F5 (i (W), p)rn,

showing that

i (1gW) =10d; W + 75 (v; 70 (W)).
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Setting 7 W = w, we find the formula
djeTw=e"d;w+ Y5 (v;yow). 4.11)

1
It extends by continuity to more general functions, namely w € H 2+8(9) with yow € H%(092).
For the left-hand side in (4.7) we then find:

+p=otw. 5.y = “ou’
(rtP”e w,i)]u)ﬁ%,aﬂ’ 1, ={(w, P a]Li)ﬁl

. 1y .1
HY 2 2+£’H—§76

_ —* —x() _ P —x(j)
={(w,d; P~ u +P u)ﬁ%ﬂﬂ_%_g—(w,aje w + P u)_%+£ 1,

T

_ ta 0 SE ’ —x(j)

=(w,e"djw +y;(vjpw)+ P u>ﬁ%“,1-'r%*‘
a N )

:/vjyowyow/d0+(w,e ij/>ﬁ%fs,y—%+s + (w, P u/)Lz(Q)-

02

Here we used the information on adjoints and inserted (4.11) applied to w’; the duality indications
could be changed since e*d;w’ and P~*Y4 lie in better spaces I-'I_%H, resp. Hi*. O

To treat the full problem, we shall use local coordigates.

Let Q be a smooth bounded subset of R". Then 2 has a finite cover by bounded open sets
Uy, ..., Uy, with diffeomorphisms «;: U; — V;, V; bounded open in R”, such that U; N Q is
mapped to V; "R’} and U; N €2 is mapped to V; N 8@1; as usual we write 8@1 =R""!. When
P isaydoon R", its application to functions supported in U; carries over to functions on V; as
a ydo PY) defined by

POv=Pok)or ", veCPWVi). (4.12)

Remark 4.3. A useful choice near d€2 is where we provide the (n — 1)-dimensional manifold 92
with coordinate charts K; : Ui/ — Vl-’ cR1i=1,..., Iy, and consider a tubular neighborhood
Y, ={x'+tv(x) | x' €9, |t] <r}, where v(x') = (v (x'), ..., v,(x")) is the interior normal to
9Q at x’ € 9L, and r is taken so small that the mapping x’ +tv(x’) = (x', ) is a diffeomorphism
from X, to 92 x ]—r, r[. Then for each coordinate patch «/, we can use the mapping «; : x" +
tn(x") = («/(x"), 1) as the diffeomorphism in dimension n; k; goes from U; to V;, where

Ui={x"+tnix)|x' e Ul-/, lt|<r}, Vi= Vl-/ X |—r,r[. 4.13)

The advantage is that the normal v(x’) at x’ € 9Q is carried over to the normal (0, 1) at
(«/(x"),0). Moreover, for points x € X, 4 = X, N, 1 is a good approximation to the distance
function d(x) = dist (x, 9€2); their difference goes to 0 for r — 0.

We can supply these charts with a chart consisting of the identity mapping on an open set Uy
containing  \ =, 4, with Uy C ©, to get a full cover of Q.

Together with the cover by local coordinate charts there exists an associated partition of unity
%0, - .., @1, such that each ¢; is in C;°(U;) taking values in [0, 1], and ZOSiSio @i (x) =1 for
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x € Q. It will be convenient in the following to have the more refined concept of a partition of
unity subordinate to a system of local coordinates, where any two functions are supported in one
of the U;’s. This fact was originally used in Seeley [37], proofs are given (in more complicated
cases) in [14], Appendix, and [15], Ch. 8. For the convenience of the reader we provide a proof
here.

Lemma 4.4. There exists a system of coordinate charts k;: U; — V;, i =0, ... ,_11, and a subor-
dinate partition of unity 0j, j =1, ..., Jo (with values in [0, 1] and sum 1 on Q), such that for
each pair k,1 < Jy there is an i =i(k,l) < Iy such that supp o U supp o; C U;.

Proof. We start out_with an arbitrary cover by coordinate chgts ki: Ui —V;,i=0,..., 1. By
the compactness of €2, tEere isa § > 0 such that any subset of 2 with diameter < § is contained in
one of the U;’s. Cover £2 with a finite system of open balls B; with radius <é§/4, j =1,..., Jo.

When Bj, and Bj, are two such balls, we have two possibilities:

D If Bj, N Bj, # ¥, it has diameter < §, hence lies in a set U;, take the first such i. We shall
adjoin the set U’ = B}, U B}, to our system, using the mapping «; to define a coordinate mapping
k' from U to V' =«;(Bj, U Bj,).

2)If Bj, N Bj, =, the balls lie in two possibly different sets U;, and U, (take the first i; and
first i5 that occur); then we shall adjoin the coordinate neighborhood U’ = B}, U B}, to the given
system using as coordinate transformation the mapping «;, on B}, and «;, on Bj,. Here we may
have to make a translation 7 of the image «;, (B},) to make it disjoint from «;; (B},). In this way
we get a coordinate chart «” from U’ to V' = k;, (Bj,) U tki, (B},).

We do this for all pairs jj, jo and enumerate the resulting coordinate charts «': U' — V'

by numbers i = Iy + 1,...,I;; then we get an extended cover of Q by coordinate charts
ki:U— Vi, i=0,..., 1.

Finally, let ¢;, j =1,..., Jo, be a partition of unity associated with the cover Bj, j =
1,..., Jo (i.e. with o; € C§°(B;) for each j), then any two functions o, o; have their support in

one of the open sets in the extended cover. O

We now consider a classical {ydo P on R” of order 2a with even symbol, elliptic avoiding a
ray. It has the a-transmission property with respect to €2, and an application of Theorem 3.4 in
local coordinates shows that the factorization index is a. Then by the general theory of [17], the
Dirichlet problem (A.10) satisfies: When u € H?(Q) (witho > a — %) solves (A.10) for some

—s—2a

feH () with s > a — %, then u € H*9)(Q); moreover, rt P is Fredholm from H%®)(Q)
o H (£2). Our principal integration-by-parts theorem is:

Theorem 4.5. Let P be a classical ydo on R" of order 2a (0 < a < 1), elliptic avoiding a ray,
and with even symbol. For u,u’ € H“(S)(Q) with s > a + 1 there holds, for j =1, ... ,n:

/Puajﬁ’dx—i—/aju P*u' dx

¢ ¢ (4.14)

=T+ 1)2/sov,-yo(d—“u)yo(d—“ﬁ’)da+/P<f'>uﬁ’dx,
R Q
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where so(x) is the value of the principal symbol of P at (x,v(x)) for x € 02, and PU) =
Pd;j—0;P.

The term with PY) vanishes if P is independent of x j (in particular, when P is translation-
invariant).

The formula extends to the case s > a + %, with the integrals over Q replaced by dualities:

(rtPu,d;u’)_,

1 L @, P
H2 H

qua’[:]af7 §+g’ﬁ27{l7£

(4.15)

1

=T(a+1)>2 / vjsovo(x, “u) yo(x, “u’)do + rtPDu,u' e b

Q2

ﬁ%faJrs

the last term is a scalar product (PWy, u')r, @) whena < %

Proof. For a transparent notation, we formulate the proof in the case s > a + 1; the extensions
to dualities for lower s follow easily (as in Theorem 3.4).

Starting with a choice of coordinate charts as in Remark 4.3, we use Lemma 4.4 to extend it to
a covering of Q with a system of coordinate patches «;: U; — V; CR",i =0, ..., I, such that
there is a subordinate partition of unity ¢;, j =1, ..., Jo, where for any pair of indices k,/ < Jy
there is a U;, i = i(k,[), such that g and g; have support in U;. We can moreover choose real
functions g, Y € Cgo(Ul-) such that Yror = ok, Y101 = 01 (i.e., they are 1 on the respective
supports). Then

/(Pu dji' +dju P*u'ydx = Z /(ngu djoru’ + djoxu P*ouu’) dx
Q

kI<Jo &
= Z /(Pl//kauajlﬂleﬁ/+8jlﬁkau P*y0iu’) dx (4.16)
kl=<Jo g
= Z /(Pkluk 3/‘12;4-3/‘141( Pk*lu;)dx,
k,ISJOQ
where
Pu=viPyx, PG=vP Y1, up=owu, uj=ou'. (4.17)

Iior each pair (k, ) we treat the term by use of the coordinate map for U;, i = i(k,[). Denote by
Py; the operator on V; C R” that Py; carries over to; it has compact kernel support in V; x V;. In
detail, Py = %(i) p® %Ei), cf. (4.12). The parity property of the symbol, hence the a-transmission
property, is preserved under the coordinate transformation. By Theorem 2.8 applied to PO, Py
has a decomposition into a product of +=-factors and a lower-order term:

Pu =By Pt + S, indetail Py =9 PO, By = PO+, (4.18)

where ﬁkjf preserve support in Ei, respectively, and §kl is of order 2a — 1 with a structure like S
in Theorem 3.4, with compact kernel support in V; x V;. We can moreover assume that PkﬂlE have
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compact kernel supports in V; x V; since multiplication by a smooth cutoff function that is 1 on
the supports of 1%”, %(i), changes the operator by a smoothing term.

Now all this is carried back to U; by the coordinate transformation; 5,3[ are carried over to
operators P,j and Sy is carried over to Sy. The property that ﬁkjf preserve supports in Ki,
respectively, carries over to the property that ijlc preserve support in  resp. (2. Then we have
the adjoint mapping properties (where r+ and et are defined relative to Q C R"):

rtpget: ﬁ;(Q) — ﬁ;ﬁa(Q) and P, HZ,_S Q) — H;S () are adjoints, 1o
_ . o o (4.19)
rtPE et H (@) — H), “(Q) and P} HS™(Q) — H,' (Q) are adjoints.

With this preparation, we can calculate as follows: Denote r*Pleruk =w, r+Pk7*u; =w.
Then

I = / (ijPlerukaju;+8jukP,:lr*ij*u;)dx= / (ije*'wajug+8jukPk+l*e+w’)dx.

QNU; QNU;
We apply Theorem 4.2 to the first term, and a conjugated variant to the second term, obtaining

*

=2 / v; yow yoi do + / (W + 0w’ +wlPy 0 lu) + [P 0 lug ') dx
IQNU; QNU;

= f v yow yow' do + f [Pyetrt P, 0jlug it dx.
aQNU; QNU;

For the second line it was used that fQﬂU,- (wd;jw + d;ww’)dx" gives another copy of
faQnU,» vj yow yow' do with a minus sign, and the two terms with commutators were reduced
to a single term as in the proof of Theorem 3.4.

For the term with Si; we proceed as in Theorem 3.4, concluding that it gives no boundary
contribution, only a commutator term that can be added to the one with P, je*r™ P,:lr .

This leads to the formula

/(Pkluk 3/‘1/_!2 + 0juy P]:}u;)dx = / Vj yow )/oﬂ)/da + / [Prs, 0j]u IZE dx. 4.20)
Q IQNU; QNU;

The boundary contributions from ijlt are found from the values of the functions in the local-
ized situation. Here yo(P;}ux) comes from

ﬁ(i)+lzl]£i)é;1/4(i)|x,,=0 — ﬁ(i)+é;’/4(i)|xn=() = lim ['(a+ l)xn_”é;fd(i),

X, — 0+

by calculations as in (33~l), recall that Yror = ok. This carries over to 92 as I'(a +
1) limg—o(d~%oxu), since d(’)/x,, — 1 for x,, — 0. Similarly, cf. (3.32), yo(ij*ug) =I(a+
Dsoyo(d—“o;u’). We conclude that
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vivo(Plu)yo (P u))do =T (a + 1) / visoyo(d “oxu)yo(d *oiit') do.
aQNU; aQNU;

‘We have then obtained:

/ (Pryug 31'12; + 0jug Pg}u;)dx
QNU;

=T(a+1)? / visoyo(d~“oru)yo(d i’ do + / [P, 0jlug iy dx,
aQNU; QNU;

for each pair (k, ), and when we sum over k and [/, using that Zk o= Zl or=1on Q, we find
(4.14).

The extension to dualities in (4.15), when s > a + %, follows when one formulates the detailed
study of Py in terms of dualities as in Theorem 3.4. O

The validity extends to suitable Holder spaces. To get a very efficient statement, we can apply
the general result of [ 16] Th. 4.2, Ex. 4.3, for Holder—Zygmund spaces, showing that rT P defines
a Fredholm operator for s > a — 1:

PP CIO @) - Q). 4.21)

There is also a regularity result stating that when u € Ci(ﬁ) for some ¢ > a — 1 (in par-
ticular when u € et Lo (R2)), then rt Pu € fifza(ﬂ) implies u € C*“ (). We recall that
C.(Q) equals the Holder space C*(Q) when s > 0, s ¢ N; cf. also (A.3). Here C¢¥) =
AS:“)eJrfi_a (£2), where AS? is an order-reducing operator on R” preserving support in £, as
recalled in (A.7) and used in the proof of Theorem 4.1. These operators apply also to C;-spaces
by [16].

To assure that »+ Pu is bounded and 0;u is integrable on 2, we take s = 1 +a + & with £ > 0.

Then r*PueC' “"*(), and (when 1 +a + ¢ ¢ N)
u e CO0TaH(Q) c o ta'C T (Q), (4.22)

with dju € etae1c' ™t (Q) + eTdC* () C L1(R). Since the various spaces are invariant un-
der C*°-coordinate changes, the proof of Theorem 4.5 carries through for such functions.
We have hereby obtained:

Corollary 4.6. Formula (4.14) holds also when u,u’ € C$(1+a+8) (), some & > 0.

This is assured when u,u’ € eTLoo(Q2) and r T Pu, r T P*u’ € clete (Q) (¢ =& when 1+
a+ec¢N, ¢ >ecwhenl+a+eeN)

The assumption on 7+ Pu in the corollary is a little more general than the assumption in
[30,34] which take rTPu € CO’I(Q). On the other hand, these authors work under a weaker
smoothness hypothesis on € (namely that it is C1'1).
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The assumptions in Theorem 4.5 are a considerable generalization.

The advantage of referring to H a($)(Q) and C¢ (S)(ﬁ) is that these scales of spaces do not
depend on a choice of P, but are the appropriate solution spaces for the Dirichlet problem for all
classical elliptic ¥ do’s P of order 2a and type a with factorization index a.

The results apply for example to (—A)“ and to a’th powers A¢ of second-order strongly ellip-
tic differential operators A with C*°-coefficients. Seeley [36] showed that A“ is a classical ¥ do
of order 2a, with a symbol constructed via the resolvent; it is even. A¢ is again strongly elliptic,
since the principal symbol is (ag(x, £))¢, taking values in {Re z > 0} for |&| > 1. For (—A)“ one
can more directly remark that the symbol may be written |£]2¢ = |£[%n(&) + |£17*(1 — n(£))
with an excision function 7 (cf. (2.11)), and proceed in a similar way as in Corollary 3.5.

As a consequence of the above results, we can moreover show an integration-by-parts formula
where 9; is replaced by a radial derivative x - V.= _, x;9;.

Theorem 4.7. Let P be a classical elliptic yrdo on R" of order 2a (0 < a < 1) with even symbol.
Then for u,u’ as in Theorem 4.5 or Corollary 4.6 there holds:

/(Pu (x - Vi) + (x - Vu) P*u)dx =T'(a + 1)? /(x -v)soyo(d *u) yo(d i) do
Q BYe)

—n/Puﬁ’dx—l—/[P,x'V]uﬁ’dx; (4.23)
Q Q

here
[P,x-V]=P— P, P1=0p(§-Vepx,§)), Pr=0p(x-Vip(x,§)). (4.24)

When u € H*S)(Q) with a + % < s < a+ 1, some integrals are replaced by dualities:

(rFPu,x-Vu'y_y o A Vu, PRy (4.25)
H2 ,Ha—i—s Ha_7+£,H2 a—e
=T(a+ D*((x - v)soyo(d~u), yo(d~“u")) ey
+ +
_i’l<r Pl/l, u/>ﬁ%—a+51[_~1a—%—g + <r [Pv X - V]M, M/>H%—H+S,Ha—l—é‘
Proof. The calculation goes as follows:
/ Pu(x-Vi')dx + f(x -Vu) P*u’dx
Q Q
n —_— —_—
= Zf(iju 8]'12/ +0j(xju) P*u’ —u P*u')dx
j=1g
n —_
= Z/(P(xju) ajﬁ/ + [xj, Plu 3J~12’ +0;(xju) P*u’ — Pu i) dx (4.26)

j=1g
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=T(a+1)>? /(x 1) 5o yold “w)yo(d i'ydo —n / Pui')dx
BYe) Q

—i—/Z[P, aj]x,-uzz’+/2[x,-,P]ua,»zz’dx
Q J Q J

For the second equality we have applied Theorem 4.1 to u P*u’, and for the third equality we
have applied Theorem 4.5 to the terms P (x;u) d;i’ and 9 (xju) P*u’.

For the last term, we observe that [x;, P] equals Op (i ng p(€)), which is a classical yrdo
of order 2a — 1, again with even symbol (having the a-transmission property at 9€2), so
[x;. Plu € H3 =9+ (Q) resp. C2~+¢(R), and d;[x;, Plu € H2~9*(Q) resp. C'=+¢ (%), un-
der the hypotheses in Theorem 4.5 resp. Corollary 4.6 (by [17], Th. 4.2, resp. [16], Th. 3.2(1)).
Then

/[xj,P]uajﬁ’dx+/8j[xj,P]uﬁ’dx=/vjyo([xj,P]u)yoﬁ’dxzo, 4.27)
Q Q Q2

since you' =0, 50 [o[xj, Pludji’ dx = — [ 9;[x;, Plui’ dx.
Moreover,

[P,0j]xju—0;[xj, Plu= Pojxju—20d;x;Pu=1[P,x;0;]u,

so the two commutator integrals with 9; and x; together give fQ[P, x - V]ui' dx. This shows
(4.23).

Considering the symbols, since [P, 9;] has symbol —dy; p and [x;, P] has symbol id¢, p (by
the formula for the Leibniz product, cf. (2.34)),

symbol ([P, d;]x; — d;[x;, P])
=—0y;pHxj—i§j#idgp
= —xj0y; p— (—i)3; 0y, p + &0, p+ (—i)0x; 05, p = —x; 0y, p + & O, .

so [P,x - V] has symbol £ - Ve p(x,&) —x - Vyp(x, &); this shows (4.24).
The result extends to spaces with lower s as in Theorem 4.5, in the form (4.25). 0O

Observe some special cases:

Corollary 4.8. In the situation of Theorem 4.7, if P is x-independent then P, vanishes. If, in
addition, the symbol p of P is homogeneous of degree 2a (i.e., equals it principal part), then
Py =2aP, and formula (4.23) takes the form

/(Pu (x - Vi) + (x - Vu) P*u'ydx =T(a + 1)° /(x v)soyo(d ™ u) yo(d i) do
Q Q2

+ (2a —n) / Puu'dx. (4.28)
Q
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Proof. The first statement is obvious. For the second statement, Euler’s formula gives that & -
Ve p =2ap, hence P =2a P, and the formula follows by insertion. O

Formula (4.28) for P = (—A)“ (and real u = u’) was a principal result of [30], and was
extended to selfadjoint positive homogeneous x-independent operators P in [34], under lower
smoothness assumptions that ours. It leads to a Pohozaev-type formula (generalizing a formula
of Pohozaev [28] for A) that can be used to obtain uniqueness and (non)existence results. We
similarly find from (4.23):

Corollary 4.9. Let P be as in Theorem 4.7 and selfadjoint, and let u be a bounded real solution
of the problem

rtPu= f(u)inQ, suppuC Q, (4.29)

where f is a real CO'I-function. Let F(t) = fé f(s)ds. Then

—2n/F(u)dx+n/f(u)udx
Q

Q

=T +a)? /(x ) s0y0(d ™ u)* do + /[P,x -V]uudx, (4.30)
R Q

where [P,x -V]= Py — P, as in (4.24).
If P is x-independent, the formula becomes

—Zn/F(u)dx—i—n/f(u)udx:F(l+a)2/(x-v)soyo(d_“u)zda+/P1uudx. (4.31)
Q

Q Q2 Q
Here if the symbol of P moreover is homogeneous, the formula reduces to

—Zn/F(u)dx—i—(n—2a)/f(u)udx=F(1~|—a)2/(x-v)soyo(d_“u)2da. (4.32)
Q

Q i}

Proof. Since P = P*, the left-hand side of (4.23) reduces for real u = u’ to ZfQ Pu(x-Vu)dx.
Since u i_s bgunded, sois f(u); thenu € Cce Q) by the regularity theory. Then since F(0) =0,
F(u) € C%(2). We have that

(x-V)F(u) = ijajF(u) = ijF’(u)aju = f(u)(x-Vu),

j=1 j=1

(- VIF@) =) 8;(x;F(u)) —nF ).

j=1

Then since the integral over €2 of 9; (x; F (u)) is zero,
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/(x-Vu)f(u)dx:/(x-V)F(u)dx:—n[F(u)dx.
Q Q

Q

Insertion of this and the formula f (1) =™ Pu in (4.23) leads to (4.30).
The last statements follow as in Corollary 4.8. O

Formula (4.32) is the formula shown in [34].

The new result will for example apply to fractional powers of magnetic Schrodinger operators.
To draw conclusions on solvability of nonlinear equations, one will have to investigate sign
properties of the involved integrals.

Let us just end here by illustrating the use in some very simple examples in the x-independent
case.

Example 4.10. The fractional Helmholtz (or Schrodinger) operator P = (—A + m2)?,0<a<1
and m > 0, has the symbol p(&) = (|€]?> + m?)® of order 2a. It is not homogeneous, but has the
(classical) expansion in homogeneous terms

pE) ~ 1§ +am®|E* 7 + Lata — Dm* P+
and it is even. In this case

£-VpE) =2alE]*(E]* +m»)*~" > 0for & #£0,
and P =0p(§-Vp(€)) =2a(— A)( A+m?)a-lig positive on the functions v in the Dirichlet
domain H9?9(Q) of P: Here v e H*(Q) C H*(R") and r* Pjv € L»(2), Piv € H *(R"), so
fﬁPlv Ddx = (P1v, v) g-a@n), Ho®r) = Gy / €€ +mD) 8P dE >0
Q R

unless v = 0. Let us see what this gives for an eigenvalue problem
rPPu=»xuinQ, suppuC Q, (4.33)

for some A € R and bounded real u. With f(u) = Au, F(u) = %Auz, so the first two integrals in
(4.31) cancel out, giving

O:F(l+a)2/(x-v)soyo(df“u)zda—i—/Pmudx.
aQ Q

By the positivity of P, this allows the conclusion

yo(d u)=0 = meudx:O = u=0.
Q

This shows a kind of unique continuation principle for solutions of the eigenvalue equation:
When u is in the Dirichlet domain and in addition yo(d ~%u) = 0, then u = 0.
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Example 4.11. For the operator in Example 4.10,

Pi =2a(—A)(—A +m>)* ' =2a(=A +m*)® = 2am*(—A +m?*)* ' =2aP — P3,
with Py = 2am?(— A +m?)%~ !,

here P; is a positive operator. Thus for bounded real solutions of (4.29), equation (4.31) can be
written in the form

—Zn/F(u)dx—l—(n—2a)/f(u)udx+/P3uudx

Q Q Q

=T(1 +a)2/(x~v) soyo(d u)? do. (4.34)
Q2

Consider the case f(u) = u|u|"~' = signu |u|” with an r > 1. Here since F(u) = rlﬁ|u|’+1,
(4.34) takes the form

W/w“dwr/&uudx:m+a)2/(x-v)soyo(d*“u)2da. (4.35)
Q

Q a2

Consider a starshaped domain €2 (n > 2); we can assume that O is a center. Then x - v <0 on 92
(recall that our v is the interior normal). Note that

[—2n 4 (n —2a)(r + 1) =] (n — 2a)r — (n +2a) 20 > r = 1434,

In the critical and supercritical cases r > % we thus have that if u is a bounded solution (hence
is in C%(2)), then the left-hand side of (4.35) is > 0 unless u = 0, and the right-hand side is < 0.
This shows nonexistence of nontrivial solutions, when r > Zf—%‘a’
There is a treatment of existence questions in [32], which goes beyond the case of homoge-
neous integral operator kernels, by allowing nonnegative kernels with certain growth estimates

on rays. That approach may possibly also be applicable to this example.
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Appendix A. Spaces and pseudodifferential operators

We here collect the notation and concepts from the theory of pseudodifferential operators that
will be used, including some results from [17,16]. Since the set-up is explained in a much more
elaborate form there, in particular in [17], we shall just give a brief summary here.

A pseudodifferential operator (vdo) P on R” is defined from a symbol p(x, &) on R" x R”
by

Pu = p(x, Dyu=Op (p(x.&)u = 2m)™" / ¢ px, )inds = F (p(x, £)i€)); (A1)
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here F is the Fourier transform (Fu)(§) = u(§) = fR,, e~ &y (x) dx. We refer to textbooks such
as Hormander [23], Taylor [41], Grubb [15] for the rules of calculus. [15] moreover gives an
account of the Boutet de Monvel calculus of pseudodifferential boundary problems, cf. also
e.g. [14]. A standard choice is to take p in the symbol space S ,(R" x R"), consisting of

C>-functions p(x, &) such that afagp(x, £) is O((£) 11y for all &, B, for some r € R; then p
and P have order r. Also more general symbol spaces will be used in this paper. When P is a
ydoonR", Py =rt Pet denotes its truncation to R}, or to €2, depending on the context.

Let I < p < oo (with 1/p"=1—1/p), then the L ,-Sobolev spaces (Bessel-potential spaces)
are defined for s € R by

HY(R") = {ueS'R") | F~'((£)*h) € L,(R")},
H3(Q) = {u € H)(R") | suppu C Q}, (A.2)
H,(Q)={ueD(Q)|u=rtU for some U € Hy(R")}:

here suppu denotes the support of u. The definition is also used with =R’} . In most current
texts, ﬁ; (R2) is denoted H IS, (£2) without the overline (that was introduced along with the notation
H in [21], [23] Appendix B.2), but we keep it here since it is practical in indications of dualities,
and makes the notation more clear in formulas where both types occur. When p = 2, the mention
of p is usually left out.

We recall that ﬁ;(Q) and H;S (Q) are dual spaces with respect to a sesquilinear duality
extending the L,(€2)-scalar product, written e.g.

(fs g)ﬁj (©Q).H= @) or just (f,g>ﬁxp s
4 it H,

There is a wealth of other interesting scales of spaces, the Triebel-Lizorkin and Besov spaces
; q and B‘ 5.0 where the problems can be studied; see details in [16]. In the present work,
we shall just use the Holder-Zygmund spaces By, ., also denoted C3. These are interesting
because C;(R") equals the Holder space C*(R") when s € R \ N. There are similar statements
for derived spaces over R’} and €2, and again the conventions C and C are used for spaces of
restricted resp. supported functions. For integer values one has, with C¥ ,» (R") denoting the space
of functions with bounded continuous derivatives up to order k,

Ck®R™ c MR ¢ CFR™Y) € C*O(R") when k € N, ;
(A.3)
Ch(R") C Loo(R") C CIR™),

and similar statements for derived spaces.

We use the notation |, _o H3 ™ (R") = H ]§+0(R"), N
a similar way for the other scales of spaces.

A ¥do P is called classical (or polyhomogeneous) when the symbol p has an asymptotic
expansion p(x,&) ~ > jeNy Pj (x, &) with p; homogeneous in & of degree m — j for all j, and
p(x, &) — Zj<] pj(x,§) € STJJ(R” x R™) for all J. Then P has order m. One can even allow
m to be complex (with complex homogeneities, p;(x, t§) = "I p(x,€)for|E| > 1,¢ > 1); then

Hy(R") = H;,—O(R"), applied in

e>0
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p and its remainders are in SE%’”_J(R” x R™); the operator and symbol are still said to be of
order m.

Here there is an additional definition, introduced by Hormander in [21,23]: P satisfies the
u-transmission condition at 32 (in short: is of type ) for some u € C when, in local coordi-
nates,

Ao pj(x, —v) =™ A IeD P o b (x, ), (A4)

for all x € 02, all j, «, B, where v denotes the interior normal to d€2 at x. The implications of
the p-transmission condition were a main subject of [17].

A special role in the theory is played by the order-reducing operators. There is a simple
definition of operators E/ on R”"

EL =Op((€'1+i&)") (A.5)

(or with [&'] replaced by (£')); they preserve support in R’i, respectively. Here the function
([§']1 £ i&,)* does not satisfy all the estimates required for the class SRe“ (R" x R™), but the
operators are useful for many purposes. There is a more refined choice A“ [13,17], with symbols

ALy (§) that do satisfy all the estimates for S, e“ (R" x R"); here A” = A”. The symbols have
holomorphic extensions in &, to the complex halfspaces C+ ={z € C|Imz <0}, and hence the
operators preserve support in Ri, respectively; operators with that property are called plus- resp.

minus-operators. There is also a pseudodifferential definition A(“ ) adapted to the situation of a
smooth domain 2.

It is elementary to see by the definition of the spaces H;,(IR") in terms of Fourier transforma-
tion, that the operators define homeomorphisms for all s:

‘Lo HY(R") = HYRCUR™Y), Al HY(R™) S Hy RHRY) (A.6)

(and so does of course E* = Op ({(§)*)). The spemal interest is that the plus/minus operators also
define homeomorphisms related to ]Rn and Q:

s Reu,

BN AN YR > Hy ReA@®RY), B A" H,RY) S RY);

(A7)
AV @ S BSRr@), AV H @S ;Re“(g),

for all s € R; here 2" 4 A’i,_‘_ resp. A(_”)+ is short for rtE"et, rt A e resp. rEAWet,
suitably extended to large negative s (cf. Rem 1.1 and Th. 1.3 in [17]).

One has moreover, that the operators = + and rTE" et identify with each other’s adjoints
over @i, because of the support preserving properties; more precisely,

ol HR“‘ ‘R — H ' (®})

v Reu

and rTE et H (R — (R”) are adjoints, (A.8)
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forl < p<ooandl/p+1/p’=1,all s € R. The same holds for the operators A’f_, AE+, and

there is a similar statement for Agf) and A(_H)Jr relative to the set 2.
The following special spaces introduced by Hormander [21] (for p = 2), cf. [17], are particu-
larly adapted to p-transmission operators P:

£u(Q) = e u(x) =d(x)*v(x) |v e C*(Q)),

H;)A(s)(ﬁb - Ejr“e+ﬁ§;Re“ ®RY), s>Reu—1/p/, (A.9)

—s—Re n

HYO @) = ATVt H, (@), s>Rep—1/p.

—s—Rem —s—Rem

Namely, »+ P (of order m) maps them into C*® (), H, (R}), resp. H‘p () (cf. [17],
Sections 1.3, 2, 4). In the first line of (A.9), Reu > —1 (for other wu, cf. [17]) and d(x) is a
C°-function vanishing to order 1 at 32 and positive on 2, e.g. d(x) = dist (x, 32) near 9.

If in addition P is elliptic with factorization index wo (= u mod 1), the Dirichlet problem

rTPu=f, suppucC Q, (A.10)

satisfies by [17], Th. 4.4: When u € HI‘,’ () (with o > Re g — 1/p") solves (A.10) for some
fe ﬁ;ﬁm(ﬂ) with s > Repo — 1/p/, then u € Hllf o) (Q); moreover, P is Fredholm from

H ;f O(S)(ﬁ) to ﬁ;_m (€2). This will be used in the present paper with u = ug = a, m = 2a for
some a € 10, 1.

One has that H ;f ) (Q>H [s, (2), and the distributions are locally in H IS, on €2, but at the
boundary they in general have a singular behavior (cf. [17] Th. 5.4):

= H3(Q)ifs €JRep — 1/p/.Rep + 1/pl.

HMO(Q S O
p TR Q) + H3 (@) if s > Rep+ 1/p.

Al
Cetd'H, (1D
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