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Abstract

The coupled chemotaxis fluid system

ng=An—-V-mSx,n,c)-Ve)—u-Vn, (x,t) e Q x (0,T),

¢t =Ac—nc—u-Ve, (x,1) e Q2 x(0,7), "
*

ur=Au—«ku-V)<u+VP +nVep, (x,1) e x(0,T),

V.-u=0, (x,1) e x(0,T),

is considered under the no-flux boundary conditions for 7, ¢ and the Dirichlet boundary condition for # on
a bounded smooth domain 2 ¢ RV (N =2,3), k € {0, 1}. We assume that S(x, n, ¢) is a matrix-valued
sensitivity under a mild assumption such that |S(x, n, c)| < So(cg) with some non-decreasing function
SoeC 2((0, 00)). It contrasts with the related scalar sensitivity case that (x) does not possess the natural
gradient-like functional structure. Associated estimates based on the natural functional seem no longer
available. In the present work, a global classical solution is constructed under a smallness assumption on
llcoll oo () and moreover we obtain boundedness and large time convergence for the solution, meaning that
small initial concentration of chemical forces stabilization.
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1. Introduction

In this paper, we study the chemotaxis-Navier—Stokes system

n=An—-V-mnSkx,n,c)-Vc)—u-Vn, x,t)eQ2x(0,7),
cs=Ac—nc—u-Ve, (x,1)e2x(0,7),
ur=Au—«w-V)<u+VP+nVe, (x,)eQ2x(0,T), (1.1
V-u=0, (x,1)e2x(0,7),
Ve-v=(Vrn—=8x,n,c)Ve) - v=0,u =0, (x,t) €02 x(0,7),

n(x,0) =ng(x), v(x,0) =vo(x), u(x,0) =ug(x), xe€L,

where T € (0,00], k € {0, 1}, Q C RN (N =2,3) is a bounded domain with smooth boundary
and v denotes the outward normal vector on 9€2. Here S(x,n,c) = (s;j(x,n,¢))i je{1,2) is a
matrix-valued function and ¢ € wWhoo(Q).

The PDE system of type (1.1) has been proposed by Tuval [28] to describe the motion of
oxygen consumed by bacteria in a drop of water. Here n and ¢ denote the density of Bacteria and
concentration of oxygen, respectively. We also write the fluid velocity by u and the associated
pressure by P. In addition to random diffusion, the bacteria bias their movement to the favorable
direction which is determined by the environment and distribution of oxygen consumed by the
bacteria themselves. Meanwhile, both the oxygen and bacteria are supposed to be transported by
the surrounding fluid. Let ¢ be a potential function; the fluid motion is described by incompress-
ible Navier—Stokes equation and also influenced by external force nV ¢, which can be understood
as buoyant, electric or magnetic force of bacterial mass. This mechanism is an important varia-
tion of chemotaxis model, which has been extensively studied in the past 40 years; we refer to
surveys [10,11,1] for a broad view.

In the paper [28], S = x - [ with x € R, thus the cross diffusion term reduces to V - (nx Vc),
which indicates that the bacteria always move towards the higher concentration of oxygen. There-
fore, a coupled chemotaxis fluid model reads as

n, = An—V.-(x(c)nVc) —u-Vn,

¢ = Ac—nf(c)—u- Ve,

Uy = Au—(u-VYu+VP+nVe,
V-u=0.

(1.2)

Now let us mention some work [4,6,18,17,7,26,25,23] on the above system. Actually, under suit-
able assumptions on x and f, which are mild enough such that the prototypical choice x (c) =1
and f(c) = c is allowed, and a natural gradient-like functional for (1.2) is expressed as

d 1 [ |Vc|? [Vn|? e h 4
— nlnn+ - + —— +c|DInc|” ) <C [ |u| (1.3)
dt 2 c n

Q Q Q Q
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with some constant C > 0. A crucial point to identify the above functional is that the term
fQ x(c)Vn - V¢ from a natural Lyapunov functional for the first equation can be canceled by
a suitable testing procedure on the second equation. Starting from (1.3), a large number of
articles have gained considerable results. Global classical solutions are demonstrated for two-
dimensional bounded domains [33]. Beyond this, a deeper understanding of the functional leads
to boundedness of solutions for large initial data, and furthermore the solutions approach the
spatially homogeneous equilibrium [34]:

(n,c,u) = (ng,0,0) as t — oo,

where ng = Ilﬁl fQ ng. The convergence rates are studied later in [42] for the convergent so-
lutions. Concerning the case N = 3, (1.3) is still crucial, [33] asserts the existence of global
weak solutions for the Stokes-governed system based on it. Recently, a global weak solution was
constructed for the full Navier—Stokes system for large initial data [36]. More recently, with a
concept of eventual energy solution, [37] showed that such solutions become smooth after finite
time and uniformly converge to the constant steady state in the large time limit. For more results
depending on the natural functional like (1.3), see, e.g., [18,17,6,5,27,36,33] and the references
therein.

However, in [41], the authors suggest a wider choice of S due to some complicated interaction
neighborhood environment around cells. A kind of interactions between the cell motion speed
and directional effects stemming from the action of gravity may result in abnormal mechanism —
they do not move directly to the direction of higher density of oxygen but with some rotation; so
this requires S to be a general matrix. Apart from the complexity as it stands, this tensor-valued
chemotactic sensitivity also gives rise to some difficulty in mathematical analysis. Upon the
aforementioned reasoning of (1.3), we may see that it heavily relies on the structure of the cross
diffusion term. Here the term from the Lyapunov functional reads as fQ x(c)nS - Vc-Vn and
it is no longer cancelable for arbitrary choices of S. Thus when (1.3) is absent, it is much more
difficult to study (1.1) from a mathematical point of view.

Generally, stronger assumptions seem necessary for the existence of classical solutions. For
instance, considering the two-dimensional fluid-free system, that is, u = 0, it is shown that the
system admits global classical solutions which converge to the constant steady state if ||col| 1> (q)
is sufficiently small [15]. This is in sharp contrast to the case that S is a scalar-valued sensitivity
[25], where (1.3) is still applicable, and finally it leads to boundedness of solutions and large
time convergence without any smallness condition on the initial data. On the other hand, the
same problem for large data are studied in [39,38] with or without fluid effect. In this case, it is
shown that a certain generalized solution exists, and converges to the constant steady state in the
large time limit. However, the results do not exclude singularity on intermediate time scales.

Considering porous medium type cell diffusion, that is, when the first equation in (1.1) is
replaced by n; = An™ — V - (nS - Vc) with m > 1, the existence of global weak solution is
derived for any reasonable regular initial data, moreover, the solution is actually bounded [2].
Taking the fluid into account, the coupled Stokes and Navier—Stokes counterpart to the same
problem is studied in [26] and [12], where the authors prove boundedness and global existence
of weak solutions.

Due to the difficulty arising from the three-dimensional Navier—Stokes equation, only until
very recently, the full chemotaxis-Navier—Stokes system (1.1) with scalar sensitivity is known
to admit considerably weak solutions. Accordingly, many works have focused on the simpli-
fied Stokes coupled system and shown more progress. Assume that |S| < C(1 + n)~% with
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C>0and o > %, the global existence of locally bounded classical solution is constructed
n [29]. Considering porous medium variant of (1.1), that is, when the first equation becomes
ny=An" —V.mVc) —u - Vn, it is proved that locally bounded solutions exist and are locally
bounded under the hypothesis that m > % [27]. If we assume in addition that m > %, upon a
more robust approach, the solutions become globally bounded and converge to (7, 0, 0) [40].
Without assuming superlinear diffusion, the question of boundedness of classical solution is ac-
tually more delicate and solved recently in [3] that even matrix-valued sensitivity is allowed. It
is shown that if ||n — fgllLr (@), IVeollLa) and [lugllz~ gy (With any p > % and ¢ > N) are
small, the system admits a unique global classical solution which converges to the homogeneous
equilibrium. Also there have been a few works considering the classical Keller—Segel coupled
fluid system where the second equation in (1.1) is replaced by ¢; = Ac —c+n —u - Vc. Progress
in this direction can be seen in [13,30] and the references therein.

The purpose of the present work is to study the full chemotaxis-Navier—Stokes system with
tensor-valued sensitivity in dimension 2 and the corresponding chemotaxis-Stokes system in di-
mension 3. When the natural Lyapunov functional is lacking, we impose a smallness assumption
on the initial data to get some uniform bound for the solution. Using this tool, we can prove global
existence of classical solution and its large time behavior. Compared with [3], the smallness con-
dition here is only on ||co|| L= (), meaning that small concentration of oxygen can force stability.
This result coincides with the fluid-free system in [15]. The convexity of the physical domain is
unnecessary in this paper since we use a different approach from many previous works [33].

Before stating our main result, let us briefly introduce some elementary background of func-
tional spaces, Stokes operator as well as their applications and some notations.

Let LE(Q) (1 < p < 00) denote solenoidal space equipped with || - || »(g) norm:

L2(Q) :={p € C*(2 RY)|V - 9 =0}

The so-called Helmholtz-projection is defined as &2 : L” (2, RN) — LZ (), which is a bounded
operator. Let A, = — %7 A denote the Stokes operatorin D(A,) = LE(QNwW>P(Q)N WO] P(Q).
From [8], we know that A is sectorial and generates analytical semigroup (e”A),>0 in L2(Q).
We refer to [31, Chapter 6] and [3, Lemma 2.3] for fundamental L”-L9 estimates for the semi-
group. Moreover, since Reo (A) > 0, we can define A~ with @ > 0 and easily check that it is
one-to-one. Thus A% is defined as the inverse of A7 and D(A%) = R(A™%) [19, Chapter 2.6].
The following estimate is fundamental:

A% | < Cut ™%~ for ¢ > 0 and for some 1 > 0. 1.4)

Throughout the paper, we denote the first eigenvalue of A by A}, and by A; the first nonzero
eigenvalue of —A on €2 under Neumann boundary conditions. Moreover, we assume that

sij € C3(Q x [0, 00) x [0, 00)), (1.5)

[S(x,n,c)|:= m?]xz}{s,-j(x,n, )} < So(c) forall (x,n,c) € Q x [0, 00) x [0, 00), (1.6)
i,jell,

where Sp is a non-decreasing function on [0, 0o). The initial data are chosen as
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no € L=(Q),
co € WH(Q), ¢ > N, (1.7)

ug € D(AY), a € (4, 1),
and particularly
no=>0, co>0on Q. (1.8)
Under the above assumptions and notations, our main result is as follows:

Theorem 1. Let N € {2,3}, Q C RN be a bounded domain with smooth boundary. Assume that
S fulfills (1.5)—(1.6). Either of the following conditions holds,

(i) N=2k=1;
(i) N=3, k=0.

There is 89 > 0 with the following property: If the initial data fulfill (1.7)—(1.8), and

llcoll Lo (s2) < do, (1.9)
then (1.1) admits a global classical solution (n, c,u, P) which is bounded, and satisfies
neCHH(Q x (0,00) NCP.(Q x (0, 00)),
ce CH(Q x (0,00) NCY (2 x (0,00)) N L®((0, 00); W1 (Q)),

u € C21(Q x (0, 00)) N L>®((0, 00); D(A%) N CP ([0, 00); L*(Q)),
P e L'((0, 0c0); W-2(Q)).

(1.10)

Remark 1.1. The uniqueness of classical solutions in the indicated class can be proved similarly
as in [33].

Apart from boundedness and global existence, we can also show each component converges
to the homogeneous equilibrium with optimal rates.

Corollary 1.1. Under the assumptions of Theorem 1, let 0 < a < min{fg, A1} and 0 < o’ <
min{a, A} }. The solution of (1.1) has the property that there is C > 0 fulfilling

In(, 1) —nollLe) < Ce™™, lleC, Dllyao ) = Ce ™™,

lu(-, Do) < Ce_“/’for allt > 0.

We note that compared with the result in [34], Theorem | furthermore has restrictions on the
size of initial data (1.9), which seems necessary for the existence of classical solutions. As a sub-
case of (1.1), results on the corresponding fluid-free version are not yet rich: Without assuming
small data, the global generalized solutions constructed in [39] still possibly become unbounded
in the intermediate time; Only additionally assuming ||co|| 7 () small, global classical solutions
are known to exist and blow-up is entirely ruled out [15]. When the system is coupled with fluid
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component, our results give the same condition which guarantee the global existence of smooth
solution.

The plan of the paper is as follows:

In Section 2, we approximate the problem by a well-posed system (see (2.4) later). Sec-
tions 3-5 are devoted to study the boundedness of regularized problem, we will see the bounds
are independent of the way we regularize the problem. Thus upon appropriate estimates, we can
let ¢ — 0 to obtain limit functions of the regularized solutions. This procedure is done in Sec-
tion 6, and also these limit functions are shown to be smooth enough and solve (1.1) classically
for any positive time. In Section 7, we prove stabilization of the solution by applying the result
from [3].

2. Approximation

Since it is convenient to deal with the Neumann boundary conditions for both n and ¢, we
follow the same approximation procedure as in [15]. Let ¢ € (0, 1), we find a family of functions

{pe)ec(o,1) satisfying
pe €C(R2) with 0<p, <1inQ and p, / 1in Qase\ 0, 2.1
and define
Se(x,ng, c6) = pe(x)S(x,n,0), x €Q. (2.2)
Then we have S.(x,n,c) =0 on 02 and
[Se(x, g, ce)l < So(llcoll Lo (g)) forallx € 2, ng >0, ¢, > 0. 2.3)
Now we consider the following regularized problem

gt =Ang —V - (ngSe(x,ng, ¢g) - Veg) +ug - Vg,  (x,1) €2 x(0,7),

Cot = ACg —ngCe +Ug - Vg, (x,1) e 2x(0,7),
g = Autg — k(g - Vg + VP +n,Vep, V-u, =0, (x,1) e 2 x(0,7), 2.4)
Vng-v=Vec,-v=0, u, =0, (x,1) €2 x (0,7),

ng(x,0) =ngx), ce(x,0) =co(x), us(x,0) =up(x), xe.

Without essential difficulty, the above system is locally solvable in the classical sense by an
adaption of well-established fixed point argument [33, Lemma 2.1]. We give the following lemma
without proof.

Lemma 2.1. Let N € {2,3}, Q C RY be a bounded domain with smooth boundary, and k € R.
Assume initial data (ng, co, ug) satisfy (1.7) and (1.8), and S fulfills (1.5)—(1.6). Then there exist
Tmax € (0, 00] and a unique classical solution (ng, ce,ue, Pe) to (2.4) in Q X [0, Tmax) with
ng, ce > 0. Moreover, if Tmax < 00, then

llne (-, t)”L“(Q) + llee (-, t)”WI,LI(Q) + ||Aaus(', t)”LZ(Q) — 00 ast /" Tnax.
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In order to see the global existence and qualitative behavior of the regularized problem, it is
sufficient to show boundedness for each criterion in the above lemma. The following lemma is
immediately obtained upon observation.

Lemma 2.2. Let (ng, ¢, ue, Pe) be a classical solution of (2.4). It follows that

Ine GOl = Inoll 1) (2.5)
llce -, D llLe) < llcollLe(q) forallt € (0, Thax). (2.6)

Proof. The mass conservation (2.5) is obtained by integrating the first equation of (1.1) on
and using the Neumann boundary condition. Since n, and ¢, are nonnegative, an application of
the maximum principle to the second equation yields (2.6). O

We then obtain boundedness and global existence for the regularized problem (2.4).

Proposition 2.1. Let N € {2, 3}, @ C R" be a bounded domain with smooth boundary. Assume
that S fulfills (1.5)—(1.6). Either of the following conditions holds

Then there exists 8o > 0 with the following property: If the initial data fulfill (1.7)—(1.8), and

llcoll oo (@) < do, 2.7
then (2.4) admits a global classical solution (ng, c, u.). And there is C > 0 such that
Ine G Ol < Cs lleeC Dllyragy < Cr 1A%, Dl 2 < C 2.8)
forallt € (0,00) and all € € (0, 1).

We will prove boundedness for the 2-dimensional and 3-dimensional cases in Section 4 and
Section 5, respectively. However, the L”(€2) estimate for n, derived in the next section will be
applied to both.

3. A priori estimate for n,
In this section, we obtain boundedness of n, in L7 (£2) under the assumption that |lco ||z ()
is suitably small. The approach is based on the weighted estimate of fQ nf ¢(ce) with appropriate

choice of ¢ which has been developed in [35] and adapted to the consumed type signal in [24,34].

Lemma 3.1. Let p > 1, there are 5o := do(p) > 0 and C > 0 with the property: If the initial data
satisfy (1.7)—(1.8) and

llcoll L) < do, 3.1

then for all € € (0, 1), we have
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||n8(~, l‘)||Lp(Q) <C for all t € (0, Tax), (3.2)
Tmi\X
and f fn§_2|Vn8|2 <C. (3.3)
0 Q

Remark 3.2. The argument does not depend on dimension N or the value of «.

Proof. Let p>1,0<h < ﬁ. We can find §y satisfying

3p(p — 18585 (80) <h(h + 1), (3.4)
3pdoSo(o) <h +1, (3.5)
where Sp is non-decreasing function as introduced in (1.6). Under the assumption of (3.1), we

can define ¢(c.) = (5o — ce)h according to (2.6), thus ¢(c;) > 0. Elementary calculus shows
that

@' (ce) =h(So —ce) "1 >0, (3.6)
¢ (ce) = h(h 4+ 1)(8o — o) "2 > 0. (3.7)

Using the first two equations in (2.4), upon integrating by part we obtain

d
E nf(ﬂ(cs)
Q

= / pngilﬁﬂ(ca)(Ana —V.-(ngSe - Veg) —ug - Vng) + / nfﬁl)/(ca)(ACa —NgCe — Ug - V)
Q Q

. f Ve - (p(p — D 2(ce) Vg + pn? ¢/ (co) Ver)
Q

+ [ neSirnec Ve (pp = Dpteon? e+ pu? g/t Ve,
Q

- / png_lw(cs)ue -Vng — / Vee - (Png_lfﬂ/(cs)Vns +n5[;)¢//(ce)vcs)
Q Q

_/.ng(/’/(cs)us 'Vcs_/n£+lcsfp/(cs)

Q Q

=—p(p—1) / n?2p(ce)|Vne|* — p f n?=19 (ce)Vne - Ve,
Q Q

+p(p— 1)/”5_1(;0(6’5)55()57 Ng,Cg) - Veg - Vg + anfw/(ce)Sa(x, Ng,Cg) - Vg - Vg
Q Q
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- / n? =g/ (c)Vn, - Vo — / nle"(ce)|Veel* — / e (ce)e (3.8)
Q Q Q

for all ¢t € (0, Tmax), where we have used the identity

—P/”f_lfp(cs)ua -Vng — f”g(p/(ca)ue -Ve, = _f¢(cs)”£ : an — /”5“8 -Vo(ce)

Q Q Q Q

_ / n2@(ee)(V - ug) =0,

Q
In light of (2.3), we find that

d _
. / nPo(ce) + p(p — 1) / o(con? 2|V, |? + / 1P ()| Ves
Q Q

Q

=plp— ])SO(||CO||L°°(SZ))/ng_l¢(cs)|vne||vcs|+2P/”g_1¢/(cs)|vne||vcs|
Q

Jr11’50(|I00|IL°<>(9))/ftf(p’(ca)IVCal2 3.9)
Q

for all ¢ € (0, Tmax)- Here Young’s inequality yields that

p(p = DSo(llcoll L2 / 1P~ (o) |Vna|| Ve

-1 [
< P2 / P2 p(c) Ve + p(p — DS2(leoll @) / WP o(colVel?,  (3.10)

_ 1 /2
ZP/nf_lw/(Ce)W”sHVCdSp(pT)/”f_zw(Cs)Wndz-i-mf ) <;)|v o
Q Q Q
(3.11)
We see that (3.9)—(3.10) imply
—1
dt nPo(es) + L) / 20(ce) | Vng|*
2( ‘P/z(ca) 2
+/n£|ch| ¢"(ce) — 16 oy~ @ = DSidlcollxa)e(c:)
£
— pso(||co||Lm(g)>ga/(ca)> <0 (3.12)
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for all ¢ € (0, Thhax). Now using (3.4)—(3.5), and in view of the fact that Sy(5) is non-decreasing,
we see that

12
1
167 _ 16250 — c0) 2 < Lo/,
§0(C8) 3

1
p(p— DS§E0)¢(ce) = p(p — 1S5 (S0) (8o — ce) ™" < 3¢ (o),
1
PS0(80)¢’ (ce) = hpSp(80) (8o — ) "1 < 79" (€)-

(p/z(cs)
@(ce)

Q
the right hand side of (3.12) is nonnegative, we immediately deduce that

Thus the term fﬂflVCs|2 ((p”(cs) — 16 — p(p — DS§G0)e(ce) — PSo(So)fp’(Cs)> on

—/np(p( o+ 2 )/np 20(ce)|Vng|*> <0, forall t € (0, Tynax)- (3.13)

Since ¢(c,) is bounded from above and below, (3.2) and (3.3) result from the above inequality
upon integrating on (0, Tmax). O

4. Boundedness in two-dimensional case (N =2,k =1)

We expect that the L? (£2) estimate obtained in the last section guarantees boundedness of n,
in L>°(2) as in the fluid-free system. However, the iteration procedure is much more delicate
due to the appearance of the transport terms in the current case. Since the regularity of V¢, is
crucial, which is also associated to the regularity of u,, we will first get the suitable regularity
of u,. More precisely, the L2(2) norm of Vu, implies boundedness of |[u(-, ?)|Lr(q) for any
p > 1. This is sufficient to prove boundedness of || Vcg (-, 1)l Lo ()-

4.1. Boundedness of |Vug(-, t)IILz(Q)

Lemma 4.1. Let N € {2, 3}. Suppose that

sup  [[ne (-, D)l 12(q) < o0. 4.1
1€(0, Timax)

Then there exists C > 0 such that for any ¢ > 0

lleee (-, t)”[}(Q) < C forallt € (0, Tynax), 4.2)
min{k-+1, Tmax }
/|Vu5|2 <C forallkeT :={seN,s <[Tmal} 4.3)
k Q

Proof. Testing the third equation with u,, integrating by parts and Young’s inequality yield that
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1d
3o [P+ [19uP = [ 000,
Q Q Q
)L/l 2 1 2 2
< / el + 5 1961 / n2 (4.4)
Q Q

for all ¢ € (0, Tmax). The Poincaré inequality combined with (4.1) implies the existence of ¢; > 0
such that

d
E/|Ms|2+?»'1/|lde|2501 4.5
Q Q

for all ¢ € (0, Trnax). Thus (4.2) is obtained by the comparison theorem. Now we integrate (4.4)
on (k,k+ 1) (k € T) to find that (4.3) holds due to (4.2). O

Remark 4.2. We note that the lemma does not depend on the dimensions, thus we are able to use
the same reasoning in other situations, e.g. Lemma 7.5.

Based on (4.17) in [33], we can prove ||Vu(-, t)||Lz(Q) is bounded with the aid of (4.3). The
assumption N = 2 is crucial here.

Lemma 4.3. Let N = 2. Suppose that

sup  IneC 1)l 20 < 0. (4.6)
1€(0, Trax)

There is C > 0 fulfilling for any ¢ > 0
IVue (G, )l 2 < € forallt € (0, Timax)- 4.7)

Proof. First we apply Lemma 4.1 to obtain (4.2) and (4.3). Let A = —ZA and hence
||A%u£||Lz(Q) = |Vuell2(q)- Testing the third equation by Au, implies

1d o2 2
EE [A2ug|” + | |Aue|” = | Aug(ue - Viug + | neVoAu,
Q Q Q

Q
1 1
< 1/|Au€|2+/|us|2|we|2+Z/|Aue|2+||V¢||%mm)/n§
Q Q Q Q
1
< [ e Pivus 4+ 5 [ 140 + 1961 [ 02 (45)
Q Q Q

for all 7 € (0, Tmax). By Young’s inequality, an interpolation inequality for [lugll 4y and
Vuell14(q) (see also in [33, Proof of Theorem 1.1]), and the equivalence between the norms
A2 and || - w22 ()
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/|u8|2|w8|25(f |us|4>%(f|ws|4>%
Q Q Q
s(/wmz)%(/ |u5|2>%<f |Au5|2)%(/|wg|2)%
Q Q Q Q

1 1
< 5/|Au8|2+5</|u8|2)</|w£|2>2. (4.9)
Q Q Q

We see that (4.8) and (4.9) in conjunction with our assumption and (4.2) imply that there is ¢; > 0
fulfilling

2
i 2 2 2
7 [Vue|” + [ |Aue|” < ci [Vuel” +1 (4.10)
Q Q Q
for all 7 € (0, Tmax). Let y(t) := [, [Vue (-, )]> + 1, thus y(¢) satisfies
Y1) < c1y? () (4.11)

for all ¢ € [k, min{k + 1, Trpax})-
If Thax > 1, for all k € T, Lemma 4.1 warrants the existences of ¢ > 0 and s; € [k, k + 1]
such that

k+1
y(se) < c2, / y(s)ds < ca. 4.12)
k
We deduce from (4.11)—(4.12) that
y(t) < eCl ffk )"(S)dsy(sk) < eC| fkmin{k+2,Tmax) y(S)dSy(sk) < echczcz (413)

for all r € [k + 1, min{k + 2, Trnax}] C [sr, min{k + 2, Tnax}) (k € T). Thus (4.13) holds for all
t € [1, Tax)- A similar reasoning gives

y(t) < e Jo y(6)ds y(0) < e1°2y(0) for all 7 € [0, 1]. (4.14)

If Thax < 1, it is easy to see the above estimate still holds for ¢ € [0, Tinax). Thus the proof is
complete by letting C := max{eZ€1¢2¢,, €12 Vuoll 2@yt O

The following lemma is an immediate consequence of Sobolev embedding theorem for di-
mension 2.

Lemma 4.4. Let N = 2. Suppose that

sup  lng (-, D)l 12(q) < 0. (4.15)
1€(0, Tmax)
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Then for any 1 < p < oo, there is C > 0 such that for any ¢ > 0
lueC, ) llLr@) < C forallt € (0, Tinax)- (4.16)
4.2. Boundedness of ||Vce (-, 1) L)
Now we are in a position to get higher regularity of Vc,, the approach is carried out by
fixed-point argument involving L”-L4 estimates for semigroups combined with a typical integral

estimate, which is borrowed from [32,3].

Lemma 4.5. For all n > 0 there is C = C(n) > 0 such that forall o, B € [0, 1 — 1), and y,§ € R
satisfying % >y —§>n, we have

t
/(1 + 5714 (1 —5) Pe e s < C(n)e ™inty:0 (1 4 pminl0I=a=BYy forall 1 > 0.
0

Lemma 4.6. Let N =2, pg > 2. Suppose that

sup  [|ne (-, D)l Lro () < 00.
1€(0, Tmax)

Then there is C > 0 such that for any ¢ > 0
IVee (-, Do) < C forallt € (0, Tmax)- (4.17)

Proof. The variation of constants formula associated to ¢, implies

t
IVee (-, D)l < Ve 2 coll oo () + f Ve "™ 9%n, (-, 8)ce (-, $) | Lo yds
0

t
+/ Ve 98 (ue (-, 5) - Ve (-, ) [l Loy ds (4.18)
0

for all ¢ € (0, Tmax). Recall that by the classical L”-L? estimates for Neumann semigroup, there
is ¢1 > 0 such that

Ve coll L (@) < c1llVeoll L) (4.19)

for all ¢ € (0, Trmax) and for all ¢ € WI’OO(Q). Since pg > 2, LP-L4 estimates yield that

t
/IIVe("S’Ans(uS)cs(-,S)lle(fz)dS
0
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t

11 §
s/qu+a—m2ow““%%qumnhmmm
0
t

S )
5/01(1+(t—S) 2700)e M g (-, 9) [ Lo llee (5 ) | L@y ds, (4.20)
0

for all ¢ € (0, Tmax), Which is bounded by (4.1) and (2.6). Next we fix p > 2 and moreover
p1, p2 € (p, 00) satisfying % = i + é. Letfd=1— % € (0, 1), we thereby obtain

t
/”VJF”AWJHO'VQCJDMwmﬂS
0

t

§/mﬂ+0—ﬂ%

0

Lo, g
2)e My (-, 1) - Ve (-, 0|l Lo o ds

t

§/mﬂ+0—ﬂ%

0

1o _ —_
M) M ug (1)l Lr e | Vee DL @ds

t

s/qa+a—w%

0

1 _ _ —
M)e 1 g () Lo @y (Ve (5 D o g lce ¢ D5

+llee Gy )l Loo())ds 4.21)

for all t € (0, Tmax). Let T € (0, Tmax), and M = sup [[Vce(:,1)|lLo(q). We see from
1e(0,T)
(4.18)—(4.21) that

M <cy+ M,
with some ¢; > 0. Since 8 < 1, (4.17) is obtained by Young’s inequality. O
4.3. Boundedness of ng

Lemma 4.7. Let N =2, po > 2. Suppose that

sup  |lne(-, D)l Lro() < 0.
t€(0, Tmax)

Then there is C > 0 such that for any &€ > 0

lneC, ) L) < C forallt € (0, Tmax). (4.22)
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Proof. Following the variation-of-constants formula, we see that

t
76 (-, )| Lo (@) < lle" S noll Lo (@) + / "2V - (e Se (-, ney ce) - Vo) (-, 8) [l Loy ds
0

t
+ / e 2 ug (-, 5) - Vg (-, 5) | Lo () ds (4.23)
0

for all ¢ € (0, Thyax). The first term can be estimated as
lle"*noll Loy < cillnollL) forall £ € (0, Timax) (4.24)

with some ¢; > 0. Moreover, applying L?-L? for Neumann semigroup, we obtain ¢, > 0 such
that

t
f €AY - (e Se (-, ne, o) - Ve ) (-, ) || ooy ds
0

t
_1_ 1
< / (L4 —5)" 2 20)e ™ (0, Sp (-, ney c6) - Ve ) ) [l Lro (o ds
0

t
D B
< e2So(lleoll () / I+ —s5) 2 7)™ ng (- 9) | Lro ) I Ve (-, $) | Loy ds
0

(4.25)
for all ¢ € (0, Tmax). By (4.1) and (4.17), we know the right hand side of (4.25) is bounded.

Noting that u, - Ving = V - (ngu,), we pick p > 2 and p’ > p such that % = % + %, a similar
reasoning as the above inequality shows that

t
/ ||e(’_S)AMs(" §) - Vng(-,8) | Le@ds
0

t
= / "2V - (e, $)ue (-, ) || Loy ds
0

t

_1_1
< / (4 (1 — )3 5)e M g (e 8) o ds
0

1

t
1 _ _
5c2/<1+<t—s) 20 M g o) ol )y g ds
0
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for all t € (0, Tmax) due to (4.1) and (4.16), is bounded by Lemma 4.5. Thus we complete the
proof by collecting the above estimates. O

4.4. Proof of (i) in Proposition 2.1

In order to prove global existence of the solution, it is left to show boundedness of
|A%us (-, 1)l 12(q) due to the extensive criterion.

Lemma 4.8. Suppose that

sup  lneC D2 <00, sup  ue (D)2 <00,  sup  [[Vue (D)l 12y < 0.
1€(0, Tmax) 1€(0, Tmax) 1€(0, Tmax)

Then there is C > 0 such that for every € > 0
[A%ue (-, )|l 12 < C forallt € (0, Tax). (4.26)
Proof. Let T > 0, we first define M(t) := || A%u. (-, t)||Lz(Q) fort € (0,T).Leta = %, from the

Gagliardo—Nirenberg inequality and [3, Lemma 2.3(iv)] we know that there is constant ¢y > 0
such that
e oo < erllA%ue 1§ g el 2t - (427)

We apply A® to both sides of the third equation in (2.4), a triangle-inequality implies that

'
|A%ue (., N2 < ||Aae_tAuO||L2(Q) +/ ||Aae_(t_s)A«@(Us “Vue ()2 ds
0

t
+ f A%~ 94 P (-, 5)Vll 120y ds. (4.28)
0

First we have
1A% ™ Aol 120y < calle™ D Augll 12(qy < 2671 Vgl 2y forallt > 0. (4.29)
Thanks to Lemma 4.3, we know that [|Vu (-, 1)l 2(q) < ¢2 with some ¢, > 0, which together

with (1.4), (4.27) and Lemma 4.5 yields the existence of ¢, > 0 and c3 > 0 such that

1
/ A%~ =94 D, Vyu.(-, z2@)ds
0

t
< / Calt = )€ g - Vtae (-, 5)| 120
0
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t

< / Cat = )M g () | oy | Vats . )| 2y s
0

t

< / Cacrea(t =)~ e AU (-, )15 g lus ()1 20 ds
0

t

< sup e Dl gy, / Cacre2(t —5) e MM (s)ds
IE(Ovai\X) O

<Cacieaes sup flue (. Dll o0, sup M?(1) (4.30)
te(0, Tmax) te(0,T)

for all ¢ € (0, Tax). Furthermore, by (1.4) and Lemma 4.5 we can find and ¢4 > 0 such that

t
/||A“e‘("S)A9ng(~,s)Vcblle(mdS
0

t

< f Call Vol Loyt —5) % 1 ng (-, $)| 2 ds
0

t
< CyllVPllL=) sup ||n8(-,t)||L2(Q)/(; —§) e M) g
0

1€(0, Timax)

< CucsllVPllLx) sup ”n8(’7t)”L2(Q) (4.31)
ZE(O’TmaX)

for all ¢ € (0, Tnax)- Taking supremum on both sides of (4.28) on (0, T) with T € (0, Thax), we
use (4.30) and (4.31) to find ¢5 > 0 such that

M <cs+csM?, (4.32)
where we have used the notation M := sup M(t). An application of Young’s inequality to the
te(0,T)

above inequality leads to the assertion. O

Proof of Proposition 2.1 (i). Let pg > 2 and let §p := §(po) as defined in Lemma 3.1. We
immediately see from Lemmata 4.1, 4.3—4.7 that |[ng(-, )| L (q) is bounded. The boundedness
of [lce (-, D)lly1.4(q) 18 obvious from Lemma 2.2 and Lemma 4.6. Also Lemma 4.26 implies that
|A%ue (-, )| 12(q) is bounded. According to Lemma 2.1, we deduce Tmax = 00, thus the solution
is global. O
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5. Boundedness in three-dimensional case (N =3, k =0)

In this section, we deal with the chemotaxis-Stokes system in the three-dimensional setting.
Since for the Navier—Stokes system, it is impossible to have global classical solutions without
any restrictions on o, we only consider the case ¥ = 0 and only assume ||cgl| < (g) to be small.

We first give a sufficient condition for boundedness which in conjunction with Lemma 2.1
proves Theorem 1. In fact, since Lemma 3.1 provides L? estimate for any p > 1, we can of
course choose p sufficiently large to get boundedness in L°°(£2). However, we would like to
give an optimal condition in the following for our own interest.

Proposition 5.1. Let N =3, p > %, suppose that

sup  |ng(-, DllLr) <oo forallt € (0, Tmax)- 5.1
1€(0, Tmax)

Then we have for any € > 0

sup  ||ng(-, )llLe) < oo forallt € (0, Tiax). (5.2)
t€(0, Tmax)

We will prove the proposition by several lemmata, which improve regularity for u, and V¢,
in suitable way.

Lemma 5.1. Let p > %, suppose that

sup  |Ine (-, Bl Lr(e) < 00. (5.3)
1€(0, Tiax)

There are o € (%, 1) and C > 0 such that
| A% ue (-, l)“LZ(Q) <C,
lue (-, Dl L) < C forall t € (0, Timax)-

Proof. The proof is very similar to Lemma 4.3, we only need to deal with the term with less
regularity of n., say, the case p < 2. For p € (%, 2) given in Lemma 5.1, we can find o €

(%, min{l — % + %, 1}). We apply Lemma 4.5 to obtain some ¢, > 0 such that

t
/ ||Aae(t_S)An€V¢||L2(Q)dS
0

t
5/||A°‘e 2 AT Ang (L) V)l L2y ds
0

t

t—s —a _i(t__y) @A
< | Cal) e TN T e )Vl 2 ds
0
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t

t—s M. ft—s _N_1
s/ca( S e () 257 ng () e @ IVl Loy ds

0

t
g NN Mo
<C, / =) e T ng (L)o@ IVl Lo (@ ds
0

t

Ca NN M

< CallVollLe@) sup ||na(',f)||LP(sz)/(f—S) T a2 g
1€(0, Tmax) 0

<Cu2lIVPllLe@ sup  |neC,D)llLr (),

1€(0, Tinax)

forall ¢ € (0, Tinax). Combine this fact with the proof of Lemma 4.8 we see that || A%u. (-, 1) || L2(Q)
is bounded for all ¢t € (0, Tyhax). Since a > %, embedding theorem implies the boundedness of
lug (-, t) | L (). Thus the proof is complete. O

Lemma 5.2. Let p > % suppose that

sup g (-, D)l Lr(e) < 0. (5.4)
t€(0, Trax)

For N < qo < NN—_‘%, there is C > 0 such that for any ¢ > 0,

IVee (-, D)llLao @) < € forallt € (0, Tmax). (5.5)
Proof. Let ¢ € (0, Tmax) and M := sup ||Vce (-, 1)l 40 (). The variation of constants formula
1€(0,T)

implies

t
IVee G, Dl oy < Ve ol Lao (g +/ Ve 9% (nece) (-, 8) | 190 () ds
0

t
- / Ve 9% (uy - Ve ) (-, 8) | Lao (o ds
0

for all t € (0, Thax)- By the L?-L7 estimates we see that

A _1
Ve 2coll Lao () < c1™ 2 llcoll Loo (@)
for some ¢; > 0 and for all # > 0. Since 1 < gg < NN—fP, we know that —% — %(% — qio) > —1,
thus we estimate the second term by L”-L4 estimate for Neumann semigroup with ¢; > 0 such
that
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t
f IVe ™92, (, )ce (-, ) Lao () ds

0
t
< / a1+t —5) 2 T WM s)ea ()| Lo yds
0
t
< / a1+ — )2 G700, () Loy lles G 9) oy ds
0

for all ¢ € (0, Timax). It is bounded due to the choice of go and our assumption on ||ng (-, )|l ().
1-N
Now we fix g < go satisfying % — ql—o < %, and leta = 1_—& € (0, 1). Holder’s inequality as well
q0
as interpolation inequality yield the existence of ¢3 > 0,

t
f Ve '™98u, (-, 5) - Ve (-, 8) | Lao () ds
0

t

5/cz(1+(t—s) 2%

0

Loy =9
7 07)e llue (-, $)Vee (-, $)llLads

t

_1_N1_ 1
< f 1+t —5) 2 2@ W) MO Ve, (-, ) Lo e (- 8) [ Lo ds
0

t

1 N1 B
5/02(1+(t—s) 27204 qo))eikl(tis)nus('aS)||L°°(Q)(C3||VCS('as)”([l/ﬂ)(g)”C&‘('vs)”ioca(g)
0
+ c3llce (-, $) L)) ds
<caM® 4y

for all ¢ € (0, Tmax) With some ¢4 > 0. The assertion can be seen by combining the above esti-
mates and the factthata < 1. 0O

Having enough regularity for both u#, and V¢, we are ready to prove boundedness for ;.

Proof of Proposition 5.1. Let T € (0, Tinax) and M := sup |ng(:, )|l (g). The representa-
1€(0,T)
tion formula for n, yields that

t
726 C, ) | oo (@) < lle"nollLooq) + / e™IAV - (e Se (-, ne, c)Vee) G, 9) L @yds  (5.6)
0
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t
+ / eV - (ne (-, )ue (-, )l ds
0

for all ¢ € (0, Trax)- Since go > N, we can find N < pg < go and g1 > 1 such that % = q]_o + ql_l'

Leta =1 — L. The LP-L4 estimates for the Neumann heat semigroup and Hélder inequality
imply ¢; >0 and ¢ >0

t
/ [eCAY - (1 Se (-, ne, ce) - Vee) (-, 8) || Loy ds
0

t

5/01(1+(t—S)

0

N

200 )e ™M) (e Se (-, me, ce) - V) ) | Lro oy ds

1
2

I3

s/clso<1+(r—s)

0

L
2

N
20 )e MV ey (-, 8) | Lo () 11 ¢ )l Lo @) ds

t

5/0150(1 +(t—s)

0

1N
27200 )e M Ve (4 9) | oo e e o )1 oe gy 116, ) 1 s

<cr+caM?, forall t € (0, Trax)-

Now we pick p; > N,andletb =1— ﬁ The L? — L4 estimates and the interpolation inequality
imply

t
/ "2V - (ne (-, $)ue (-, ) || Loy ds (5.7)
0

t

5[01(1+(t—s)7%

0

N
20 e M) |Ing (-, $)ue (-, 8) | Loy () ds

t

§/c1(1+(l—s)

0

L
2

N
21 )e M) ng (-, 8) || Lo @ e, 8) Lo ()ds

t

s/qa+a—w%

0

N
— _ — 1-b
PD)e MO g (- 5) [ oo @ lIme )1 oo g 116 ¢ 9117 (g s

Finally, collecting the above estimates, we conclude the assertion by a similar reasoning as in
Lemma 5.2. O
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5.1. Proof of Proposition 2.1 (ii)
Combining Proposition 5.1 and Lemma 3.1 proves Proposition 2.1.

Proof of Proposition 2.1 (ii). Let p > 2 and let 8y := §p(p) as defined in Lemma 3.1. We
see that (2.7) implies ||n(-, t)|Lr(q) is bounded, which combined with Proposition 5.1 yields
the boundedness of ||n.(-, )| ). The boundedness of ||Vc, (-, )|l (q) has been shown in
Lemma 5.2. Together with Lemma 5.1, we see that the solution is global by Lemma 2.1. O

6. Passing to the limit

We now wish to obtain the solution of (1.1) by sending ¢ — 0 for the approximated solution.
In order to achieve this, we shall first prepare some estimates for (n, c¢, u.) which are indepen-
dent of ¢. Since we cannot expect the regularity in C 2ta 145 (€2 x (0, 00)) to be uniform in &
due to the presence of S,, we will first show the triple of limit functions solves (1.1) in the sense
of distributions, then apply standard parabolic regularity to show that it is actually a classical
solution. The procedure is quite similar to that in [3].

Let us first define a weak solution.

Definition 6.1. We say that (n, c, u, P) is a global weak solution of (1.1) associated to initial data
(no, co, ug) if

n e L®((0,00) x Q)N L?
ceL®((0,00) x Q) NL
ueL®((0,00) x QNL
P e L*((0,T); Wh3(Q)),

((0, 00); WH2(Q)),

w2
loc((O 00); WH2(£2)), ©.1)
((0, 00); WOU(Q))

loc

and for all ¥ € C{° (2 x [0,00);R) and all ¢ € Cg’oa (2 x [0, 00); RY) the following identities
hold:

—f/nw, /now( 0) = T/Vn-w
0 0 Q

—l—/fnS(x,n,c)-Vc-Vl/f—i—//nu-le, (6.2)
0 Q 0 Q

—//0% /C()I/f( 0)= //Vavt/f—//nm//—i—//.cu-vw, (6.3)
0 0 Q 0 Q 0 Q
—//u-{,—/uo-g’(-,O):—//Vu-V§+//(M~V)u~§+//nv¢-§. (6.4)
0 Q 0 Q 0 Q 0

Q
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The required estimates are very close to those in [3]. We will state the results here and only
give a sketch of the proofs.

Lemma 6.1. There exists C > 0 such that for all € € (0, 1)

o0
//|V68|2<C, (6.5)
0 Q

e ¢]

/ f |Vne|* < C. (6.6)
0 Q

Proof. Multiply the second equation by c,, using the fact V - u, = 0, we obtain that

1d

35 [ ¢+ [1var <o ©.7)
Q

Q

this implies (6.5) by direct integration. Since Tip,x = 00, letting p =2 in (3.3), we see that (6.6)
holds. O

Lemma 6.2. All bounded solutions (ng, cg, ug, Pg) of (2.4) satisfy

Yy Yy —
ne € Cl2 (R x (0,00)), ¢ € CL 2 (R x (0,00)), uz € Cot”7 (@ % (0,00)).  (6.8)

[

More precisely, there is C > 0 such that for all € € (0, 1), and all s € [1, 00) we have

<
el e iy = ©9)
— < .1
el gpurs iy <€ (6.10)
||Ms||cl+v,y(§><[svs+1]) <C. (6.11)

Proof. Let s > 1. We define n:(-, 1) =ng(-,t +s — 1), ¢ (-, 1) =cs (.t +s — 1) and t1.(-, 1) =
ug(,t+s—1). Let £ € C*((0, 00)) satisfy & =0 on (0, %) U (%, oo)and £ =1 on [1,2]. We
see that £71, is a weak solution of

(iie)e — V- (V(Eftg) — EMeSe(x, g, E:)VE) = &R, 1 €0, 00),

associated with Neumann boundary condition and &7 (-, %) =0. Since (V(Eng) — EngSe (x, nig,
Ee)Vis —figil) - V(Eite) > LV (Efip) > — 2] Se ||V, |? — ii2iio |%, we see together with the fact
guaranteed in Lemma 4.6 and Lemma 5.2, that the norms of ﬁg 1S: |2 VE |2+ ﬁf |iig|? and &'7i, are
bounded in LP((%, %); L4(K2)) for suitably large p or ¢ and independent of s, thus Theorem 1.3
in [20] implies there are y; € (0, 1) and c¢; > 0 such that

n n o =|n 7L <|én n o <cy,
1608 sy = Wl o sy 16l gy 5 S
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and ¢ depends on ||§ﬁ5||Loo(Qx(%’%)) and the norms of ﬁ§|ss|2|VEs|2 + ﬁg|ﬁ€|2 in appropriate
spaces only. A similar reasoning yields some y» € (0, 1) and ¢, > 0 such that

llcell <c.

ot (Qx[s,s+1])
The derivation of the regularity of u, is similar to [3, Lemma 5.3]. Let s > 1, and & be a smooth

function: (0, 00) — [0, 1] satisfying & () = 0 on (0,s — 1) U (s + 3,00) and &) = 1 on
[s,s 4+ 1]. We consider & - u,, it satisfies

1
CGue) =&ue +Euer = AEue) —Eue - V)u, +énav¢+§/ue, on (s — E’s + %)a

with £ug(-,0) =0 and &u, = 0 on 9L2. Thus by an application of [9, Thm. 2.8], for any r €
(1, 00), we deduce the existence of constant C, > 0 fulfilling

o0 o0
[ 1cunti g+ [ 102G
0 0

<G (0 [ 122 (e Vo) + 2 €n59) + 2 () I apds |
0

which, due to the definition of & and boundedness of u,, n., £’ reads as

s+ s+3 s+3
f €l + / 1D2Eu) s o) < C1 / IV Eu) s o + Ca
! ! !

N
-+
N

r

for all s € (1, 00) and for some C; >0, C, > 0. Leta =

€ (0, 1), the Gargliardo—Nirenberg

inequality shows

17
IV Eue)l}r gy < Cal DX Eue) |97 g | Eue) | e

for some C3 > 0. Integrating the above inequality on (s — %, s+ %) and using Young’s inequality
yields that

x+% s+% x+%
\v4 r <C D2 ar < 1 D2 r C
I (éus)”Lr(Q) =(C4 I (EME)HLV(Q) = 5” (E“s)”Lr(Q) + Cs
S_% 5—% s—%

with some C4 > 0, C5 > 0 and for all s € [1, 00). Combining the above estimates we see that
there is Cg > 0 such that for all s > 1 and all ¢ € (0, 1),
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s+1 s+1
/ e (g + / 1D%u; I} gy < C.
s s

Let r € (1, 00) be sufficiently large, the embedding theorem implies the existence of y3 € (0, 1),
C > 0 such that

lluee ||C1+V31V3 (@x[s,s+1]) <C.

Choosing y = min{y, y2, y3} we have proved (6.9)—(6.11). For all 7 > 0, we can choose
& € C(‘)’O((O, o0)) in such way that & =0 on (0,7) and (max{3t,1},00), and & =1 on
[t, max{2t, 1}]. We consider the equations for &;n., &;c. and &;u., respectively. Then (6.8)
is obtained by the same reasoning as above. Actually, the way of y; (i = 1,2) depend-
ing on 7 is through the non-decreasing dependence of the norms ||&n|| 1% @Qx[z,max{37,1}])>
1€ cell Lo (@x[z,max(3z,13]) [20, Theorem 1.3], which are independent of 7, thus we can choose
the same y; (i = 1, 2) as before. Moreover, y3 can be chosen in the same manner upon choosing
the same r. 0O

Lemma 6.3. Let y € (0, 1) be chosen as in Lemma 6.2. There exists (¢;) jen C (0, 1) such that
€j \0as j— 0o, and that as € = & \ 0, it holds that

ne — nin Cj, (Q x (0, 00)), (6.12)

Ve — Vn in L*(22 x (0, 00)), (6.13)

ce = cin C}, (2 x (0,00)), (6.14)

Ve — Ve in L2(Q x (0, 00)), (6.15)

ug — u in Cj, (Q x (0, 00)), (6.16)

Vue — Vu in C, (Q x (0, 00)), (6.17)

e =~ uin L=((0, 00); D(A%)), (6.18)

Se(x,ne(x,1),ce(x,1)) = Sx,n(x,t),c(x,t)) a.e. in 2 x (0,00). (6.19)

Proof. First (6.12), (6.14) and (6.16), (6.17) are obtained from Lemma 6.2. Lemma 6.1 implies
(6.13) and (6.15). Due to the obtained convergence (6.12) and (6.14) and the continuity of S, we
conclude that (6.19) holds. O

Lemma 6.4. The functions n, ¢, u from Lemma 6.3 form a weak solution to (1.1) in the sense of
Definition 6.1.

Proof. Take v and ¢ as specified in Definition 6.1 and test them to (2.4). Lemma 6.3 allows us
to take limit in each integral, thus we obtain the weak formulation. O

Lemma 6.5. The functions n, c, u from the previous lemma satisfy
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24y,
loc

r — v
neC” @ x (0,00)), ceCrl (@ x (0, 00)),

Yy __
we 2@ x (0, 00)) (6.20)

for some y € (0, 1). Moreover, let s > 1. There is a constant C > 0 such that

n C, |lc ,
Inll, lell,.

Y — < v — <
T @xls,s+1D) T VT @xls,s 1) T

<
IIMIICM,Hg@X[&H”) < (6.21)

forallt > 1.

Proof. First taking & as chosen in Lemma 6.2, we see that £ - ¢ is a weak solution of (¢c); —
AEc)+nEe)+u-VEe)—Ec=0onre(s— 1, s+ %) associated with Neumann boundary
condition and £c(-, s — ) = 0. First [14, Thm. 5.3] guarantees that £c € CHYIHE (@ x [s —

%, s+ %]), therefore, [ 16, Thm. 4.9] shows that the norm ||&c|| c is controlled

#0108 @xis-5+3D)
by the corresponding Holder norms of n and u, which is bounded by Lemma 6.2 and Lemma 6.3.

For the regularity of n, we improve it similarly as ¢ but more carefully since its boundary
condition also involves c. We first estimate its C1*7: 2" norm, then its C2+71+% norm, by
[16, Thm. 4.8] and [16, Thm. 4.9], respectively.

For the regularity of u, we again consider & - u, which satisfies (§u); = A(Su) — &(u -
V)u + EnV¢ + &'u, with Dirichlet boundary condition. Lemma 6.1 already ensures the crs
bound on the right hand side. Thus [22, Thm. 1.1] together with the uniqueness guaranteed in
[21, Thm. V.1.5.1] implies the (6.21).

For any fixed 7 > 0, by choosing &; € C§°((0, 00)) such that & =0 on (0, 7) and (37, 00),
and &; = 1 on [7, 27], we can see (6.20) holds by the same reasoning as introduced above. 0O

Having in hand the regularity for the weak solution (n, ¢, u) of (1.1), we have shown that it is
actually classical solution.

7. Stabilization

In this section, we prove large time convergence for each component of the solution but not
the approximated one. Since we have already derived that the solution is globally bounded, then
it has uniform in time regularity in Holder space. In order to make the convergence property from
the previous section applicable, we have to gain some uniform smooth regularity.

The first obtained convergence of n is crucial, it will imply convergence for ¢ and u later.

Lemma 7.1. Let (n, ¢, u, P) be the classical bounded solution of (1.1). We have

[e.e]

//|Vn|2 < 00.
Q

0

Proof. The statement holds due to (6.6) and (6.13). O
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Lemma 7.2. Let (n, ¢, u, P) be the classical solution of (1.1), we have
l(n(-, 1) —no)llLe) = 0, ast — oo. (7.1)
Proof. Suppose on contrary that there are ¢; > 0 and a sequence #; — oo such that
InC, ) — npllLe(@) > ¢1 fork e N, (7.2)
Now we define
gar(x,s)=n(x,s +1), (x,5) € Qx[0,1].
By the regularity guaranteed in Lemma 6.5, we see that for all k£ € N, there is ¢; > 0 such that
”gk”C2+a']+%(§X[0,]]) =e.

The Arzela—Ascoli theorem implies that 8k is relatively compact in CL(Q x [0, 1]). Thus we can
find a subsequence {gx;}; and noc € C'(Q x [s, s + 1]) such that

8k, = Moo € C1(Q2 x [0, 1), as j — oo. (7.3)

It is left to show no = ng. We see from Lemma 7.1 that

1
//|ngj|2—>0asj—>oo,
0 Q

which combined with (7.3) implies

1
//|Vnoo|2=0.
0 Q

Since noo € C1(Q x [0, 1]), we deduce that no, = L with L € R. Moreover, we have

1 1 1
|Q|-L://nm:_lim//fkj://no.
Jj—o00

0 Q 0 Q 0 Q

Thus we conclude n, = ng. This contradicts (7.2) by the definition of no,. O

Lemma 7.3. Let (n, ¢, u, P) be the classical bounded solution of (1.1). For any 0 < n < ng, there
is C > 0 such that

lleC, )llLoo) < Ce™™ forallt > 0. (7.4)
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Proof. For all 0 < n < ng, we can find T > 0 such that
n>n forallt>T.
Thus the second equation of (1.1) can be written as
¢t <Ac—nc—u-Vc foralt>T.
The maximum principle yields that
e, Dllzeo@) < e, T)lle@e ™ forallz >T.
An obvious choice of C completes the proof. O

Lemma 7.4. Let (n,c,u, P) be the classical bounded solution of (1.1), and let 0 < n <
min{ng, A1}, then we can find some C > 0 such that

Ve, )l o < Ce™ forallt > 0. (7.5)

Proof. The proof is based on the constants variation formula, L? — LY estimates as well as
Lemma 4.5. Recall (4.18), the first term can be estimated easily

A -
Ve 2coll ooy < cit™2e el Loo(e)
.Y
<cillcollLo (e "

for all + > 1. With local existence theory, ||VetAC()||LOO(Q) is bounded for ¢ > 0. Similarly
to (4.20), with ||n||Lr@) < ¢ and ||c]lL=(q) < c3, if we choose p > %, Lemma 4.5 implies
the existence of ¢4 > 0 such that

t
/||Ve<‘—S)An(-,s)c(-,s)llmom)ds
0

t

R e AR I d
<[ ald+@—ys) v)e InC,)llLrllcC, ) lize@ds
0

13
D . Ny (t—s) —ns
< Jald+@—s) 2 )™ carcze Mds
0

<cicaczeae™ ™

for all t+ > 0. Moreover, let6 =1 — % €(0,1)and M(t) =" ||Vee (-, 1)l Loo(@)s
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t
/ [Ve"=D2 (-, 1) - Ve, 1) | Lo ds
0

t

§/c1(1+(t—s)_%
0

t
5/01(1 + (t —s)_%

0
+ [le(, )l Lo())ds

N
2)e MU |lu(-, ) - Vel Lrods

N o _ _
2)e M, 9) [ @) (Ve G DG s lleC DI g

N s —Ons _ —(1—0)ns
2)e e MO ()™ leoll g e T ds

t
sa/(lﬂt—sﬁ
0

t
—5= 25,k (—s) —ns
+c [+ @—5) P)e c2llcoll Lo ye™ " ds
0

for all ¢ > 0. If we multiply e on both sides of (4.18) and let M := sup M(¢) for any T €
1e(0,T)
(0, 00), we find that

M =< CsM o+ C6,
for some cs, cg > 0, thus M is bounded, which leads to the assertion. O

Lemma 7.5. Let (n, c, u, P) be the classical bounded solution of (1.1). There is C > 0, such that

lu, Oz <C, (7.6)
IA%u(, D)l 2y < C forallt >0, 1.7)
luC, )l 2@ — 0, ast — oo, (7.8)
lu-, 1) L) — 0, ast — oo. (7.9)

Proof. First, (7.6) and (7.7) are immediately obtained by (6.16) and (6.18), respectively. Since
(4.27) together with (7.7) and (7.8) immediately implies (7.9), it is left to prove (7.8). Testing the
third equation in (1.1) with u and integrating by part, we obtain

ld 2 2 _ = )
m/w +/|W| —/nws-u—/(n i)V - u
Q Q Q Q

N / 1
<L julP+ —1vel; /|n—fz 2
= LO(Q 0
2 2 @
Q Q
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for all ¢ € (0, 0o). Using the Poincaré inequality
d 24 2o Ly i forallt > 0 7.10
o |+ 27 [ ul _E” Slie@lln —noll2q) forallz > 0. (7.10)
Q Q

By the boundedness of [n(:,#)||1x~@@) and ODE comparison lemma, we conclude that
|l (-, t)||Lz(Q) < ¢ for some ¢ > 0 and for all # > 0. If we apply Lemma 7.2, for any € > 0, we
can find 79 > 0 large enough satisfying

n(-, 1) —noll ki
n(, —no L®(Q) <
\/2” ;¢||L°°(Q)|SZ|

Again, (7.10) with Gronwall’s inequality implies that

for all t > ¢p.

t
2 (f— (4 1 _
/|u<.,¢)|2ge M ’o>/|u<~,zo>|2+/e N S))L—,||V¢||L°°(Q)|Q|||”(',l)—Vl0||%oo(g2)ds
Q 5] !
1

A (t—1) .2
<e "l c]+
top?

IVl RlIn ¢, 1) = 00300 e

<é?

50
for all + > max{#, kl, Ine’ 26%}. Thus we have shown (7.8). O
1

Now we are ready to prove the main result.

Proof of Theorem 1. The function (n, ¢, u) obtained as the limit of (ng, ¢, ug) is a weak so-
lution of (1.1) by Lemma 6.4. Moreover, its smooth regularity is guaranteed by Lemma 6.5.
Hence we know that it solves (1.1) classically. The boundedness of [|n(-, )| (q) can be seen
from Proposition 5.1 and Lemma 6.12. Lemmata 2.2, 7.4 imply that ||c(-, )|y 1.4 () is bounded.
Moreover, u € L>®((0, T); D(A®)) is asserted by (7.7). The continuity up to the initial time
can be proven similarly as in [3, Lemma 5.8]; first we prove that for 7 > 0, n;, ¢; and u;
are in L2((O, T); (WI’Z(Q))*) and Lz((O, T); (WJ’S(Q))*), respectively. Then we can conclude
the assertions for ¢ and u by embedding. Using the continuity of n, and the uniform conver-
gence (6.12), the continuity of n can be done similarly as in [3, Lemma 5.8]. Hence we have
proved Theorem 1. O

Now we have already shown the convergence of the solution (see Lemma 7.2, Lemma 7.4
and Lemma 7.5). In order to show the convergence rates are exponential, we only need to apply
known result from [3], where the Navier—Stokes is considered. However, the arguments there
obviously work for the Stokes case which can be seen by dropping the convective term.

Proof of Corollary 1.1. From [3, Thm. 1], we know that for all m > 0, and «, &’ > 0 as chosen
in Corollary 1.1, there are pg, go and &g such that if initial data satisfies
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- L[ .= . .
no = @/no =m, |no—nollLro) <€0, lcollL=@) <€o0, llollzyq) = €o,
Q

(7.11)

the solution fulfilling

In(-, 1) = fgllzoe(@) < Ce™™, lle Dl @) < Ce™™,

lu(, Dl L) < Ce ™" forallt > 0.

According to Lemmata 7.2 7.4 and 7.5, for the aforementioned &¢ > 0, there is 7 > 0 such that

In(, 1) —nollLro) < €0, lleC,DllLe@) <o, lul, Dlpvg <eo forallz>T.

Let n(-,t) =n(-,t + T), ¢(-,t) = c(-,t + T), u(-,t) =u(-,t + T), it is easy to see that
(ng, co, ttg) = (1(+,0), ¢(-, 0), u(-, 0)) fulfills (7.11), we immediately obtain the convergence rate
by substituting (719, o, Ug) into (7.11) and uniqueness of solution for (1.1). O
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