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Abstract

This paper deals with the cancer invasion model

⎧⎨
⎩

ut = �u − χ∇ · (u∇v) − ξ∇ · (u∇w) + μu(1 − u − w), x ∈ �, t > 0,

vt = �v − v + u, x ∈ �, t > 0,

wt = −vw + ηw(1 − w − u), x ∈ �, t > 0

in a bounded smooth domain � ⊂ R
2 with zero-flux boundary conditions, where χ, ξ , μ and η are positive 

parameters. Compared to previous mathematical studies, the novelty here lies in: first, our treatment of 
the full parabolic chemotaxis–haptotaxis system; and second, allowing for positive values of η, reflecting 
processes with self-remodeling of the extracellular matrix. Under appropriate regularity assumptions on 
the initial data (u0, v0, w0), by using adapted Lp-estimate techniques, we prove the global existence and 
uniqueness of classical solutions when μ is sufficiently large, i.e., in the high cell proliferation rate regime.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

Cell migration plays an important role in a wide variety of physiological and pathophys-
iological processes, including embryo development, skin wound healing, cancer invasion and 
metastasis (see [18] for an overview). Chemotaxis is the oriented movement of cells along con-
centration gradients of chemicals produced by the cells themselves or in their environment, and 
is a significant mechanism of directional migration of cells. A classical mathematical model 
for chemotaxis was proposed by Keller and Segel [16] to describe aggregation processes in the 
slime mould dictyostelium discoideum directed by the chemical cyclic adenosine monophos-
phate (cAMP). During the past four decades, a number of variations and extensions of the 
Keller–Segel model have been proposed and extensively studied; see Hillen and Painter [12,24]
for a wide variety of examples. Haptotaxis is another important mechanism of cell migration. It 
is the oriented movement of cells along a gradient of cellular adhesion, which is often facilitated 
by chemoattractants or enzymes bound in the extracellular matrix (ECM).

Recently, there have been increasing biological and mathematical interests in mathematical 
models of cancer invasion ([2,4,5,10,22,25,29,36]). It has been biologically demonstrated that 
cancer invasion is associated with the degradation of the extracellular matrix (ECM) by matrix 
degrading enzymes (MDE) such as the urokinase-type plasminogen activator (uPA) secreted by 
tumor cells. The classical Keller–Segel model has been extended by Chaplain and Lolas [4,5]
to describe processes of cancer invasion, where, in addition to random diffusion, cancer cells 
migrate both following the gradient of the diffusible MDE by chemotaxis, and following the 
gradient of the non-diffusible ECM through detecting the ECM material vitronectin (VN) by hap-
totaxis. Following the model proposed in [4,5], we consider the chemotaxis–haptotaxis system

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ut = �u − χ∇ · (u∇v) − ξ∇ · (u∇w) + μu(1 − u − w), x ∈ �, t > 0,

vt = �v − v + u, x ∈ �, t > 0,

wt = −vw + ηw(1 − w − u), x ∈ �, t > 0,

∂u

∂ν
− χu

∂v

∂ν
− ξu

∂w

∂ν
= ∂v

∂ν
= 0, x ∈ ∂�, t > 0,

u(x,0) = u0(x), v(x,0) = v0(x),w(x,0) = w0(x), x ∈ �

(1.1)

in a bounded domain � ⊂ R
n (n = 2) with smooth boundary ∂�, where u, v and w represent 

the cancer cell density, MDE concentration and ECM density, respectively; χ and ξ measure 
the chemotactic and haptotactic sensitivities, respectively; μ is the proliferation rate of the cells, 
η denotes the remodeling rate of the ECM; and ∂/∂ν denotes the outward normal derivative on 
∂�. As for the initial data (u0, v0, w0), we assume throughout this paper that for some ϑ ∈ (0, 1)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u0(x) ≥ 0, v0(x) ≥ 0, w0(x) ≥ 0,

u0 ∈ C2+ϑ(�̄), v0 ∈ C2+ϑ(�̄), w0 ∈ C2+ϑ(�̄),

∂u0

∂ν
= ∂v0

∂ν
= ∂w0

∂ν
= 0 on ∂�.

(1.2)
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When w ≡ 0, (1.1) is reduced to the Keller–Segel system with logistic source

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ut = �u − χ∇ · (u∇v) + μu(1 − u), x ∈ �, t > 0,

vt = �v + u − v, x ∈ �, t > 0,

∂u

∂ν
= ∂v

∂ν
= 0, x ∈ ∂�, t > 0,

u(x,0) = u0(x), v(x,0) = v0(x), x ∈ �.

(1.3)

This chemotaxis-only system has been widely studied by many authors during the past four 
decades, where a main issue of the investigation was whether the solutions are bounded or blow 
up (see e.g. [6–8,11,15,23,24,37–40]). It is known that an arbitrarily small μ > 0 can guarantee 
the boundedness of solutions when n = 2 [23], while for n > 2 solutions may blow up in finite 
time [11,40], and any given threshold can be surpassed by the solutions to the parabolic–elliptic 
analogues of (1.3) with a small diffusion coefficient for u and μ ∈ (0, 1). On the other hand, for 
n > 2, an appropriately large μ (as compared to the chemotactic coefficient χ ) can exclude un-
bounded solutions [39,41], and the nontrivial constant equilibrium is a global attractor [41]. It is 
also known that the nonlinear self-diffusion of cells may prevent blow-up of solutions [8,15,37].

When χ = 0, (1.1) becomes the haptotaxis-only system

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ut = �u − ξ∇ · (u∇w) + u(1 − u − w), x ∈ �, t > 0,

vt = �v + u − v, x ∈ �, t > 0,

wt = −vw + ηw(1 − w − u), x ∈ �, t > 0,

∂u

∂ν
= ∂v

∂ν
= ∂w

∂ν
= 0, x ∈ ∂�, t > 0,

u(x,0) = u0(x), v(x,0) = v0(x),w(x,0) = w0(x), x ∈ �.

(1.4)

Global existence and asymptotic behavior of solutions to (1.4) have been investigated in [20,21,
36] and [27] for the case η = 0 and η �= 0, respectively.

With regard to the chemotaxis–haptotaxis system, it is noted that, as the diffusion rate of 
MDE is much greater than that of cancer cells in many realistic situations, the second equation 
in (1.1) may be replaced by 0 = 	v − v + u, resulting in the so-called simplified chemotaxis–
haptotaxis system, which is a parabolic–elliptic-ode system. For this simplified system without 
the self-modeling of ECM, boundedness and stability results have been established [30,33,34]; 
uniform-in-time boundedness has also been proved for any μ > 0 in two dimensions and for 
large μ in three dimensions [30], and for μ > (n−2)+

n
χ in higher dimensions [33].

The full parabolic chemotaxis–haptotaxis system, however, is much more mathematically 
challenging. We note that, while the global existence of classical solutions to the full chemotaxis–
haptotaxis model has been proved for any μ > 0 in two dimensions [26] and for large μ in three 
dimensions [29], the global existence for the full chemotaxis–haptotaxis model remains open 
for small μ in three dimensions even when the remodeling of ECM is absent. We also note 
that it is only very recent that progress on the global boundedness of solutions have been made 
[3,19,28,31,42].

We further note that, with some exceptions such as [27], the mathematical study of cancer 
invasion models has so far largely focused on cases where the remodeling of the ECM is absent. 
While simulations have suggested that the effect of ECM remodeling is probably not significant 
when the remodeling rate η is not too large, this has not been rigorously established ([13]). In 
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recent paper, Tao and Winkler [35] investigated a situation where, concurrent with degradation 
by MDE upon contact, ECM is able to remodel back to a healthy level in a logistic manner in 
the absence of cancer cells and compete for space with cancer cells. Under this situation, they 
proved global existence for the two-dimensional simplified chemotaxis–haptotaxis system

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ut = �u − χ∇ · (u∇v) − ξ∇ · (u∇w) + μu(1 − u − w), x ∈ �, t > 0,

0 = �v − v + u, x ∈ �, t > 0,

wt = −vw + ηw(1 − w − u), x ∈ �, t > 0,

∂u

∂ν
− χu

∂v

∂ν
− ξu

∂w

∂ν
= ∂v

∂ν
= 0, x ∈ ∂�, t > 0,

u(x,0) = u0(x),w(x,0) = w0(x), x ∈ �.

(1.5)

The main technical difficulty in their proof stems from the effects of the strong coupling in (1.5)
on the spatial regularity of u, v and w when η > 0. When η = 0, one can establish a one-sided 
pointwise estimate which connects �w to v, and thus may easily estimate the chemotaxis-related 
integral term 

∫
�

up−1∇u · ∇vdx by directly multiplying the parabolic equation for cancer cell 
density by up and using the elliptic equation for the MDE concentration (see [33,34] for in-
stance). However, for the model (1.5) with η > 0, one needs to estimate the chemotaxis-related 
integral term 

∫
�

ap|∇v|2dx with a = ueξw (see equation (3.28) in [35]), which proves to be 
much more technically demanding. Indeed, the authors of [35] derived an a priori estimate 
for ‖∇v(·, t)‖L2(�) by using an energy-like inequality and an elliptic estimate, and then esti-
mate 

∫
�

ap|∇v|2dx by applying a variant of the Gagliardo–Nirenberg inequality involving an 
LlogrL-type norm.

For the full chemotaxis–haptotaxis model (1.1), we take a slightly different approach. In-
stead of the integral 

∫
�

ap|∇v|2dx, we make use of Lq − Lp estimates for the heat semigroup 
to estimate the chemotaxis-related term 

∫ t

0

∫
�

e−(p+1)(t−s)ap|∇v|2dxds (see (3.8) below). This 
approach allows us to establish a uniform bound for ‖a(·, t)‖C(�) with respect to time t ∈ (0, ∞). 
In comparison, [35] showed that ‖a(·, t)‖C(�) was locally bounded in (0, ∞) (see Lemma 3.12 
of [35]).

The main result of the present paper, which establishes the global existence of smooth so-
lutions to the full chemotaxis–haptotaxis model (1.1) with the remodeling of the ECM, is as 
follows:

Theorem 1.1. Let χ > 0, ξ > 0, η > 0. Then there exists a positive constant μ∗(χ2, ξ) such that 
for μ > ξη max{‖w0‖L∞(�), 1} + μ∗(χ2, ξ), the problem (1.1) admits a unique global solution 
(u, v, w) ∈ (C2,1(� × [0, ∞)))3, where ‖u(·, t)‖L∞(�) is uniformly bounded for t ∈ (0, ∞).

This structure of the paper is as follows. In Section 2, we recall some preliminary results, prove 
the local well-posedness of (1.1) and also provide a convenient criterion for extensibility of local 
solutions. In Section 3, we adapt some Lp-estimate techniques to raise the a priori estimates of 
solutions from L1(�) to Lk(�), k > 2, and then use the Alikakos–Moser iteration (see e.g. [1]
and Lemma A.1 of [32]) to establish Theorem 1.1.

2. Local existence and extensibility criterion

We first recall the following Gagliardo–Nirenberg interpolation inequality [9]:
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Let � ⊂ R
n be a bounded domain with smooth boundary, let l, k be any integers satisfying 

0 ≤ l < k, and let 1 ≤ q, r ≤ ∞, and p ∈R
+, l

k
≤ θ ≤ 1 such that

1

p
− l

n
= θ(

1

q
− k

n
) + (1 − θ)

1

r
. (2.1)

Then for any u ∈ Wk,q(�) ∩ Lr(�), there exist two positive constants c1 and c2 depending only 
on �, q, k, r and n such that the following inequality holds:

‖Dlu‖Lp(�) ≤ c1‖Dku‖θ
Lq(�)‖u‖1−θ

Lr (�) + c2‖u‖Lr(�); (2.2)

with the following exception: If 1 < q < ∞ and k − l − n
q

is a non-negative integer, then (2.2)

holds for θ satisfying l
k

≤ θ < 1, r > 1 (see also [30]).
We also recall some fundamental estimates for solutions to the following inhomogeneous 

linear heat equation problem:

⎧⎪⎪⎨
⎪⎪⎩

vt = �v − v + u, x ∈ �, t > 0,

∂v

∂ν
= 0, x ∈ ∂�, t > 0,

v(x,0) = v0(x), x ∈ �.

(2.3)

These estimates can be derived from standard regularity arguments involving the variation-of-
constants formula for v and Lq − Lp estimates for the heat semigroup (see [14, Lemma 4.1] for 
instance).

Lemma 2.1 ([15, Lemma 2.1], [43, Lemma 2.2]). Let T > 0, 1 ≤ p ≤ ∞, v0 ∈ Lp(�) and 
u ∈ L1(0, T ; Lp(�)). Then (2.3) has a unique solution v ∈ C([0, T ]; Lp(�)) given by

v(t) = e−t et�v0 +
t∫

0

e−(t−s)e(t−s)�u(s)ds, t ∈ [0, T ],

where et� is the semigroup generated by the Neumann Laplacian. In addition, let 1 ≤ r ≤ ∞, 
1 ≤ q ≤ p <

nq
n−q

, v0 ∈ W 1,p(�) ∩W 2,r (�) and u ∈ L∞(0, T ; Lq(�)) ∩Lr(0, T ; Lr(�)). Then 
for every t ∈ (0, T ),

‖v(t)‖Lp(�) ≤ ‖v0‖Lp(�) + c3‖u‖L∞((0,T );Lq(�)), (2.4)

‖∇v(t)‖Lp(�) ≤ ‖∇v0‖Lp(�) + c3‖u‖L∞((0,T );Lq(�)), (2.5)

t∫
0

∫
�

ers |�v(x, s)|rdxds ≤ c3

t∫
0

∫
�

ers |u(x, s)|rdxds + c3‖v0‖W 2,r (�), (2.6)

where c3 is a positive constant depending on p, q, r and n.
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For the convenience in some parts of our subsequent analysis, we introduce the variable trans-
formation [29,30,35]

a = ue−ξw,

upon which (1.1) takes the form

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

at = e−ξw∇ · (eξw∇a) − e−ξw∇ · (χeξwa∇v) + ξavw

+ a(μ − ξηw)(1 − eξwa − w), x ∈ �, t > 0,

vt = �v − v + eξwa, x ∈ �, t > 0,

wt = −vw + ηw(1 − w − eξwa), x ∈ �, t > 0,

∂a

∂ν
= ∂v

∂ν
= ∂w

∂ν
= 0, x ∈ ∂�, t > 0,

a(x,0) = a0(x) = u0(x)e−ξw0(x), v0(x,0) = v0(x),w(x,0) = w0(x), x ∈ �.

(2.7)

It is observed that (1.1) and (2.7) are equivalent within the concept of classical solutions.
Next, we present a result concerning the local existence of classical solutions to (2.7), along 

with a convenient extensibility criterion, which is proved by means of a fixed point argu-
ment inspired by [34,35]. We remark that the extensibility criterion in (2.9) below involves 
‖∇w(·, t)‖L5(�). As this term is time-dependent, we are not able to establish the global bound-
edness of solutions to (1.1). We note that a similar problem was faced in [35] (see Lemma 2.2 
and (3.48) in [35] for instance, where they used ‖∇w(·, t)‖L4(�)), which also prevented the es-
tablishment of global boundedness.

Lemma 2.2. Let χ > 0, ξ > 0 and μ > 0, and assume that u0, v0 and w0 satisfy (1.2) with some 
ϑ ∈ (0, 1). Then the problem (2.7) admits a unique classical solution

⎧⎪⎨
⎪⎩

a ∈ C0(�̄ × [0, Tmax)) ∩ C2,1(�̄ × (0, Tmax))

v ∈ C0(�̄ × [0, Tmax)) ∩ C2,1(�̄ × (0, Tmax))

w ∈ C2,1(�̄ × [0, Tmax))

(2.8)

with a ≥ 0, v ≥ 0 and 0 ≤ w ≤ max{1, ‖w0‖L∞(�)}, where Tmax denotes the maximal existence 
time. In additional, if Tmax < +∞, then

‖a(·, t)‖L∞(�) + ‖∇w(·, t)‖L5(�) → ∞ as t ↗ Tmax. (2.9)

Proof. We shall prove the local existence by a fixed point argument. We introduce the Banach 
space X of functions (a, w) with norm

‖(a,w)‖X = ‖a‖C1,0(Q×[0,T ]) + ‖w‖C(0,T ;W 1,5(�)) (0 < T < 1)

and a closed subset S given by

S =
{
(a,w) ∈ X : w ≥ 0, a(x,0) = a0(x),w(x,0) = w0(x),

∂a

∂ν
= 0,‖(a,w)‖X ≤ M

}

with M = 2‖a0‖ 1 + 4‖w0‖W 1,5(�) + 2.
C (�)
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Given any (a, w) ∈ S, we define a corresponding function (a, w) ≡ F(a, w) where (a, w), 
along with v, satisfies the three decoupled problems

⎧⎪⎪⎨
⎪⎪⎩

vt = �v − v + eξwa, (x, t) ∈ QT = � × (0, T ),

∂v

∂ν
= 0, x ∈ ∂�, 0 < t < T,

v(x,0) = v0(x), x ∈ �;
(2.10)

{
wt = −vw + ηw(1 − w − eξwa), (x, t) ∈ QT ,

w(x,0) = w0(x), x ∈ �; (2.11)

and

⎧⎪⎪⎨
⎪⎪⎩

at − �a + f (x, t) · ∇a + g(x, t)a = ξavw − χa�v, (x, t) ∈ QT ,

∂a

∂ν
= 0, x ∈ ∂�, 0 < t < T,

a(x,0) = a0(x), x ∈ �,

(2.12)

where

f (x, t) = χ∇v − ξ∇w,

g(x, t) = χξ∇v · ∇w + (ξηw − μ)(1 − eξwa − w).

As (a, w) ∈ S, by the parabolic Lp-theory (see [17, Theorem 2.1] for instance), (2.10) admits 
a unique solution v satisfying

‖v‖
W

2,1
5 (QT )

≤ C1(M), (2.13)

where C1(M), as all the numbers C2(M), C3(M), . . . , appearing below, is a constant that de-

pends on M but not on T . By the Sobolev embedding W 2,1
p (QT ) ↪→ C1+λ, 1+λ

2 (QT ) (p > 4, λ =
1 − 4

p
) [17, Lemma II.3.3], it follows from (2.13) that

‖v‖
C

6
5 , 3

5 (QT )
≤ C2(M). (2.14)

Next we turn to the linear ODE problem (2.11), which can be rewritten as

wt = h1(x, s)w, w(x,0) = w0(x) (2.15)

where h1(x, t) = −v + η(1 − w − eξwa). It is clear that (2.15) admits a unique solution

w(x, t) = w0(x)e
∫ t

0 h1(x,s)ds ≥ 0 (2.16)

and thus
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∇w(x, t) = ∇w0(x)e
∫ t

0 h1(x,s)ds + w0(x)e
∫ t

0 h1(x,s)ds

t∫
0

∇h1(x, s)ds. (2.17)

Noting that W 1,5(�) ↪→ C(�), ‖h1‖C(QT ) ≤ C3(M) and ‖∇h1(·, t)‖L5(�) = ‖ − ∇v − η∇w −
ξηeξwa∇w − ηeξw∇a‖L5(�) ≤ C4(M), we get

‖w(·, t)‖L5(�) ≤ ‖w0‖L5(�)e
C3(M)T ,

‖∇w(·, t)‖L5(�) ≤ ‖∇w0‖L5(�)e
C3(M)T + ‖w0‖L∞(�)e

C3(M)T C4(M)T

and thus

‖w(·, t)‖W 1,5(�) ≤ ‖w0‖W 1,5(�)e
C3(M)T + ‖w0‖L∞(�)e

C3(M)T C4(M)T

≤ 2‖w0‖W 1,5(�) + 1

≤ M

2

(2.18)

provided that T is sufficiently small such that C3(M)T ≤ ln 2 and 2‖w0‖L∞(�)C4(M)T ≤ 1.
We are now in the position to consider the parabolic problem (2.12). From (2.14) and 

(a, w) ∈ S, we have

‖f (·, t)‖L5(�) ≤ C5(M), ‖g(·, t)‖L5(�) ≤ C5(M), ‖ξavw − χa�v‖L5(QT ) ≤ C5(M).

By the parabolic Lp-theory, we get

‖a‖
W

2,1
5 (QT )

≤ C6(M), (2.19)

which in conjunction with a Sobolev embedding inequality in the two-dimensional setting [17, 
Lemma II.3.3] implies

‖a‖
C

6
5 , 3

5 (QT )
≤ C7(M). (2.20)

This yields

‖a‖C1,0(QT ) ≤ ‖a − a0‖C1,0(QT ) + ‖a0‖C1(�)

≤ T
3
5 ‖a‖

C
1, 3

5 (QT )
+ ‖a0‖C1(�)

≤ T
3
5 C7(M) + ‖a0‖C1(�)

≤ M

2

(2.21)

provided that T ∈ (0, 1) is sufficiently small such that T
3
5 C7(M) ≤ 1. Hence, from (2.16), (2.18)

and (2.21), it follows that (a, w) ∈ S provided that T is sufficiently small. This establishes that 
F maps S into itself.

We next show that F is contractive on S. To this end, take (a1, w1), (a2, w2) ∈ S and set 
(a1, w1) ≡ F(a1, w1), (a2, w2) ≡ F(a2, w2).
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From (2.10), it follows that

⎧⎪⎪⎨
⎪⎪⎩

(v1 − v2)t = �(v1 − v2) − (v1 − v2) + eξw1a1 − eξw2a2, (x, t) ∈ QT = � × (0, T ),

∂

∂ν
(v1 − v2) = 0, x ∈ ∂�, 0 < t < T,

(v1 − v2)(x,0) = 0, x ∈ �,

where

‖eξw1a1 − eξw2a2‖L∞(QT ) ≤ ‖eξw1(a1 − a2)‖L∞(QT ) + ‖(eξw1 − eξw2)a2‖L∞(QT )

≤ eξM‖a1 − a2‖L∞(QT ) + ‖eξw1 − eξw2‖L∞(QT )‖a2‖L∞(QT )

≤ eξM‖a1 − a2‖C1,0(QT ) + MeξM‖w1 − w2‖C(0,T ;W 1,5(�))

≤ C8(M)(‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�)))

due to W 1,5(�) ↪→ C(�). For T ∈ (0, 1), the parabolic Lp-theory yields

‖v1 − v2‖W
2,1
5 (QT )

≤ C9(M)(‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�))) (2.22)

and

‖v1 − v2‖C1,0(QT ) ≤ C9(M)(‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�))).

The Sobolev embedding theorem, along with Lemma A in the Appendix, then gives

‖w1 − w2‖C(0,T ;W 1,5(�)) ≤ T C10(M)(‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�)). (2.23)

We now consider the equation for a1 − a2. From (2.12), we derive that

⎧⎪⎪⎨
⎪⎪⎩

(a1 − a2)t − �(a1 − a2) + f̃ (x, t) · ∇(a1 − a2) + h4(a1 − a2) = h5, (x, t) ∈ QT ,

∂

∂ν
(a1 − a2) = 0, x ∈ ∂�, 0 < t < T,

(a1 − a2)(x,0) = 0, x ∈ �

(2.24)

where

f̃ = χ∇v1 − ξ∇w1,

h4 = χξ∇v1 · ∇w1 + (ξηw1 − μ)(1 − eξw1a1 − w1),

h5 = (χ∇v2 − χ∇v1 + ξ∇w1 − ξ∇w2) · ∇a2 + [χξ∇v2 · ∇w2 − χξ∇v1 · ∇w1

+ (ξηw2 − μ)(1 − eξw2a2 − w2) − (ξηw1 − μ)(1 − eξw1a1 − w1)]a2

+ ξ(a1v1w1 − a2v2w2) + χ(a2�v2 − a1�v1).

As (aj , wj) ∈ S (j = 1, 2), by (2.14), (2.20), (2.22) and (2.23), we get
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‖f̃ ‖C(0,T ;L5(�)) ≤ C11(M),

‖h4‖C(0,T ;L5(�)) ≤ C11(M),

‖h5‖L5(QT ) ≤ C12(M)(‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�))).

Hence, again, as 0 < T < 1, by the parabolic Lp-theory, we get

‖a1 − a2‖W
2,1
5 (QT )

≤ C13(M)(‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�))), (2.25)

which together with the Sobolev embedding inequality, implies that

‖a1 − a2‖
C

6
5 , 3

5 (QT )
≤ C14(M)(‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�))). (2.26)

Noting that a1(x, 0) − a2(x, 0) = 0 and proceeding as in the proof of (2.21), we arrive at

‖a1 − a2‖C1,0(QT ) = ‖(a1 − a2)(x, t) − a1(x,0) − a2(x,0)‖C1,0(QT )

≤ T
3
5 ‖a1 − a2‖

C
1, 3

5 (QT )

≤ T
3
5 C14(M)(‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�))).

(2.27)

From (2.27) and (2.23), we see that F is contractive on S if T is sufficiently small such that 
T C10(M) + T

3
5 C14(M) < 1

2 . Thus, by the contraction mapping theorem, F possesses a unique 
fixed point (a, w) ∈ S, which via (2.10) induces a solution triple (a, v, w) of (2.7). Furthermore, 
by the parabolic maximum principle and the ODE comparison argument, one can see that a, v >

0 and w > 0, respectively.
According to the above reasoning, one can see that the maximal existence time Tmax of solu-

tion (a, v, w) satisfies

either Tmax = ∞ or ‖a(·, t)‖C1(�) + ‖∇w(·, t)‖L5(�) → ∞ as t ↗ Tmax. (2.28)

However, this extensibility criterion can be weakened by (2.9) of Lemma 2.2. Indeed, sup-
pose that Tmax < ∞, but ‖a(·, t)‖L∞(�) + ‖∇w(·, t)‖L5(�)) ≤ C1 for some C1 > 0 and all 
t ∈ (0, Tmax). Then by the reasoning in the proof of Lemma 2.2 in [35], using the parabolic 
Lp-theory and the Sobolev embedding theorem in the two-dimensional setting, one can show that 
‖a‖

W
2,1
5 (QTmax )

≤ C2 and hence ‖a(·, t)‖C1(�) + ‖∇w(·, t)‖L5(�) ≤ C3 for t ∈ (0, Tmax), which 

contradicts the extensibility criterion (2.28) and thereby establishes that Tmax = ∞.
By the standard bootstrapping arguments involving parabolic Schauder estimates [17] and the 

condition (1.2), one can conclude that (a, v, w) enjoys the regularity properties in (2.8) (see [27]
for details).

3. Proof of the main result

According to Lemma 2.2, we need to establish a priori estimates for ‖a(·, t)‖C(�) and 
‖w(·, t)‖W 1,5(�) in order to establish the global existence of solutions to (1.1). Here, one es-
sential analytic difficulty stems from the fact that the chemotaxis and haptotaxis terms in the first 
equation in (1.1) require different Lp-estimate techniques, since ECM density satisfies an ODE 
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whereas MDE concentration satisfies a parabolic PDE. This paper adapts Lp-estimate techniques 
to raise the a priori estimates from L1(�) to Lk(�), k > 2.

Before proving the main result, we shall introduce some notations. For simplicity, the variable 
of integration in an integral will be omitted without ambiguity, e.g., the integral 

∫
�

f (x)dx is 
written as 

∫
�

f (x). In what follows, ci (i = 4, 5, . . . ) denotes constants that are independent of t . 
In addition, we may assume that w0(x) ≤ 1 without loss of generality.

According to the local existence results of Section 2, (u(·, s), v(·, s), w(·, s)) ∈ (C2(�̄))3 for 
any s ∈ (0, Tmax). Hence without loss of generality, we can assume that there exists a constant 
C > 0 such that

‖u0‖C2(�̄) + ‖v0‖C2(�̄) + ‖w0‖C2(�̄) ≤ C. (3.1)

The following properties of solutions of (1.1) are well known:

Lemma 3.1. Let (u, v, w) be a solution of (1.1). Then:
(i) ‖u(·, t)‖L1(�) ≤ max{|�|, ‖u0‖L1(�)} for all t ∈ (0, Tmax),
(ii) ‖v(·, t)‖L1(�) ≤ max{|�|, ‖u0‖L1(�), ‖v0‖L1(�)} for all t ∈ (0, Tmax),

(iii) ‖∇v(·, t)‖2
L2(�)

≤ (1 + 2
μ
) max{|�|, ‖u0‖L1(�)} + ‖∇v0‖2

L2(�)
for all t ∈ (0, Tmax).

Proof. (i) Integrating the first equation in (1.1) with respect to x ∈ �, we have

d

dt

∫
�

u(x, t) ≤ μ

∫
�

u(x, t) − μ

∫
�

u2(x, t), (3.2)

since w ≥ 0 by Lemma 2.2. Moreover, by the Cauchy–Schwarz inequality, we get

d

dt

∫
�

u(x, t) + μ

∫
�

u(x, t) ≤ μ|�|,

which implies that ‖u(·, t)‖L1(�) ≤ max{|�|, ‖u0‖L1(�)}.
(ii) Integrating the second equation in (1.1) with respect to x ∈ � yields

d

dt

∫
�

v(x, t) +
∫
�

v(x, t) ≤
∫
�

u(x, t) ≤ sup
t≥0

∫
�

u(x, t).

So (ii) follows from the non-negativity of v and (i).
(iii) Multiplying the second equation in (1.1) by −�v and integrating over �, we find

1

2

d

dt

∫
�

|∇v(x, t)|2 +
∫
�

|�v(x, t)|2 +
∫
�

|∇v(x, t)|2

= −
∫
�

u	v ≤
∫
�

|�v(x, t)|2 + 1

4

∫
�

u2(x, t)

and thus
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d

dt

∫
�

|∇v(x, t)|2 +
∫
�

|∇v(x, t)|2 ≤ 1

2

∫
�

u2(x, t).

Combining this with (3.2), we obtain

d

dt

∫
�

(u(x, t) + μ|∇v(x, t)|2) +
∫
�

(u(x, t) + μ|∇v(x, t)|2) ≤ (μ + 1)

∫
�

u(x, t).

This, together with the Gronwall lemma and the estimate (i), yields

∫
�

u(x, t) +
∫
�

μ|∇v(x, t)|2 ≤ (μ + 2)max{|�|,‖u0‖L1(�)} + μ‖∇v0‖2
L2(�)

and hence (iii) holds.

Lemma 3.2. Let (a, v, w) be a solution of (2.7). Then there exists a positive constant μ∗(χ2, ξ)

such that if μ > ξη + μ∗(χ2, ξ), then

‖a(·, t)‖Lk(�) ≤ C (3.3)

is valid for all t ∈ (0, Tmax) for some k > 2 and C > 0.

Proof. By (2.7) and integration by parts, we obtain

d

dt

∫
�

eξwap = ξ

∫
�

eξwap(−vw + ηw(1 − w − eξwa)) + p

∫
�

ap−1∇ · (eξw∇a)

− pχ

∫
�

ap−1∇ · (eξwa∇v) + pξ

∫
�

eξwapvw

+ p

∫
�

eξwap(μ − ξηw)(1 − eξwa − w)

≤ −p(p − 1)

∫
�

eξwap−2|∇a|2 + p(p − 1)χ

∫
�

eξwap−1∇a · ∇v

+ (p − 1)ξ

∫
�

eξwapvw − p

∫
�

e2ξwap+1(μ − ξηw)

+
∫
�

eξwap(pμ(1 − w) − ξηw(p − 1)(1 − w))

≤ −p(p − 1)

2

∫
�

eξwap−2|∇a|2 + p(p − 1)

2
χ2

∫
�

eξwap|∇v|2

+ pμ

∫
�

eξwap − p(μ − ξη)

∫
�

e2ξwap+1 + (p − 1)ξ

∫
�

eξwapv.

(3.4)

Furthermore, by the Young inequality, we obtain
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d

dt

∫
�

eξwap + p(p − 1)

2

∫
�

eξwap−2|∇a|2 + (p + 1)

∫
�

eξwap + p(μ − ξη)

∫
�

e2ξwap+1

≤ p(p − 1)

2
χ2

∫
�

eξwap|∇v|2 + (pμ + p + 1)

∫
�

eξwap + (p − 1)ξ

∫
�

eξwapv

≤ p(p − 1)

2
χ2

∫
�

eξwap|∇v|2 + 2ε1

∫
�

e2ξwap+1 + ε
−p

1 (p − 1)p+1ξp+1
∫
�

vp+1

+ ε
−p

1 (pμ + p + 1)p+1|�|, (3.5)

and thus

d

dt

∫
�

eξwap + (p + 1)

∫
�

eξwap + (p(μ − ξη) − 2ε1)

∫
�

e2ξwap+1

≤ p(p − 1)

2
χ2

∫
�

eξwap|∇v|2 + ε
−p

1 (p − 1)p+1ξp+1
∫
�

vp+1 + ε
−p

1 (pμ + p + 1)p+1|�|.

(3.6)

Now we shall obtain an estimate for ‖a(·, t)‖Lk(�) for some k > 2. Applying the variation-of-
constants formula to (3.6), we have

∫
�

eξwap(·, t) + (p(μ − ξη) − 2ε1)

t∫
0

∫
�

e−(p+1)(t−s)e2ξwap+1(·, s)ds

≤
∫
�

u
p

0 + p(p − 1)

2
χ2

t∫
0

∫
�

e−(p+1)(t−s)eξwap(·, s)|∇v(·, s)|2ds

+ ε
−p

1 (p − 1)p+1ξp+1

t∫
0

∫
�

e−(p+1)(t−s)vp+1(·, s)ds + ε
−p

1 (pμ + p + 1)p+1|�|.

(3.7)

In order to estimate the second term on the right hand side of (3.7), we use the Young inequality 
to get

p(p − 1)

2
χ2

t∫
0

∫
�

e−(p+1)(t−s)eξwap(·, s)|∇v(·, s)|2ds

≤ ε2

t∫
0

∫
�

e−(p+1)(t−s)e2ξwap+1(·, s)ds + ε
−p

2 C(p,χ)

t∫
0

∫
�

e−(p+1)(t−s)|∇v(·, s)|2(p+1)ds

(3.8)

where C(p, χ) = (
p(p−1)χ2

)p+1.
2
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From Lemma 3.1(ii) and (iii), it follows that if μ ≥ 1, ‖∇v(·, s)‖L2(�) ≤ c4 with c4 =
(3 max{|�|, ‖u0‖L1(�)} + ‖∇v0‖2

L2(�)
)

1
2 , and thereby ‖v‖Lp(�) ≤ C(p) for all p ≥ 1. On the 

other hand, by the elliptic Lp-estimate, ‖v‖W 2,p(�) ≤ Cp(‖�v‖Lp(�) + ‖v‖Lp(�)) for any 
v ∈ W 2,p(�) with ∂v

∂ν
= 0. Hence by the Gagliardo–Nirenberg inequality, we have

‖∇v(·, s)‖2(p+1)

L2(p+1)(�)

≤ ‖v(·, s)‖p+1
W 2,p+1(�)

‖∇v(·, s)‖p+1
L2(�)

≤ 2p+1C
p+1
p+1(‖�v(·, s)‖p+1

Lp+1(�)
+ ‖v(·, s)‖p+1

Lp+1(�)
)‖∇v(·, s)‖p+1

L2(�)

≤ 2p+1C
p+1
p+1‖�v(·, s)‖p+1

Lp+1(�)
+ c5.

(3.9)

Therefore applying (2.6) of Lemma 2.1 with r = p + 1, we obtain

t∫
0

∫
�

e−(p+1)(t−s)|∇v(·, s)|2(p+1)ds

≤ 2p+1C
p+1
p+1

t∫
0

∫
�

e−(p+1)(t−s)|�v(·, s)|p+1ds + c5|�|

≤ 2p+1C
p+1
p+1(c3

t∫
0

∫
�

e−(p+1)(t−s)up+1(·, s)ds + c3‖v0‖W 2,p+1(�)) + c5|�|

≤ 2p+1C
p+1
p+1eξ(p−1)c3

t∫
0

∫
�

e−(p+1)(t−s)e2ξwap+1(·, s)ds + c6.

(3.10)

Now we turn to estimating the third integral on the right hand side of (3.7). In fact, according 
to the Gagliardo–Nirenberg inequality,

‖v‖p+1
Lp+1(�)

≤ (c1‖∇v‖
p

p+1

L2(�)
‖v‖

1
p+1

L1(�)
+ c2‖v‖L1(�))

p+1,

and thus by Lemma 3.1, we have

t∫
0

∫
�

e−(p+1)(t−s)vp+1(·, s)ds

≤
t∫

0

e−(p+1)(t−s)(c1‖∇v(·, s)‖
p

p+1

L2(�)
‖v(·, s)‖

1
p+1

L1(�)
+ c2‖v(·, s)‖L1(�))

p+1ds (3.11)

≤ c7.

Collecting (3.7), (3.8), (3.10) and (3.11), we obtain
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∫
�

eξwap(·, t) + (p(μ − ξη) − 2ε1)

t∫
0

∫
�

e−(p+1)(t−s)e2ξwap+1(·, s)ds

≤
∫
�

u
p

0 + ε2

t∫
0

∫
�

e−(p+1)(t−s)e2ξwap+1(·, s)ds + ε
−p

1 (pμ + p + 1)p+1|�|

+ ε
−p

2 C(p,χ)c32p+1C
p+1
p+1eξ(p−1)

t∫
0

∫
�

e−(p+1)(t−s)e2ξwap+1(·, s)ds +

+ ε
−p

2 C(p,χ)c6 + ε
−p

1 (p − 1)p+1ξp+1c7

and ∫
�

eξwap(·, t) + (p(μ − ξη) − ε2 − ε
−p

2 C(p,χ)c32p+1C
p+1
p+1eξ(p−1) − 2ε1)

·
t∫

0

∫
�

e−(p+1)(t−s)e2ξwap+1(·, s)ds

≤
∫
�

u
p

0 + ε
−p

1 (pμ + p + 1)p+1|�| + ε
−p

2 C(p,χ)c6 + ε
−p

1 (p − 1)p+1ξp+1c7.

(3.12)

What remains now is to show that

‖a(·, t)‖Lk(�) ≤ C (3.13)

for all t ∈ (0, Tmax) for some k > 2. To this end, we write

f (x) := x + x−pC(p,χ)c32p+1C
p+1
p+1eξ(p−1)

for x > 0 and let x∗(p) > 0 be the minimum point of f (x). Further, write g(p) = p(μ − ξη) −
x∗(p) − x

−p∗ (p)C(p, χ)c32p+1C
p+1
p+1eξ(p−1). Then one can easily verify that g(2) > 1 provided 

μ > ξη + μ∗(χ2, ξ), where μ∗(χ2, ξ) = 1 + 1
2 (x∗(2) + 8x−2∗ (2)χ6c3C

3
3eξ ). At this point, we 

note that g(p) is continuous with respect to p ∈ (0, +∞). Thus, by the continuity of g, we 
conclude that for some p > 2 close enough to 2 (and by taking ε1 = 1

4 ), the coefficient of ∫ t

0

∫
�

e−(p+1)(t−s)e2ξwap+1(·, s)ds in (3.12) is positive, and thereby

∫
�

eξwap(·, t) ≤
∫
�

u
p

0 + ε
−p

1 (pμ + p + 1)p+1|�| + ε
−p

2 C(p,χ)c6 + ε
−p

1 (p − 1)p+1ξp+1c7,

which together with 0 ≤ w(x, t) ≤ max{1, ‖w0‖L∞(�)} immediately implies that the inequality 
(3.13) is valid. This completes the proof of Lemma 3.2.

By 0 ≤ w(x, t) ≤ max{1, ‖w0‖L∞(�)}, Lemma 3.2 and Lemma 2.1, we immediately have
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Lemma 3.3. Under the same assumptions as in Theorem 1.1, there exists C > 0 independent of 
Tmax such that the solution (u, v, w) of (1.1) satisfies

‖v(·, t)‖W 1,∞(�) ≤ C for all t ∈ (0, Tmax). (3.14)

Now we turn to estimating ‖u(·, t)‖L∞(�) for t ∈ (0, Tmax). First, we note that while 
‖∇v(·, t)‖L∞(�) is bounded by (3.14), ‖∇w(·, t)‖L∞(�) may be unbounded. Therefore,
Lemma A.1 in [32] cannot be directly applied to the first equation in (1.1) to get the bound-
edness of ‖u(·, t)‖L∞(�) via Moser–Alikakos iteration.

Lemma 3.4. Under the assumptions of Theorem 1.1, there exists C > 0 independent of Tmax such 
that the solution (u, v, w) of (1.1) satisfies

‖u(·, t)‖L∞(�) ≤ C for all t ∈ (0, Tmax). (3.15)

Proof. Applying the Young inequality, one obtains from (2.7) that for any p > 2

d

dt

∫
�

eξwap + p(p − 1)

2

∫
�

eξwap−2|∇a|2 +
∫
�

eξwap

≤ p(p − 1)χ

∫
�

eξwap−1∇a · ∇v + p(ξη − μ)

∫
�

e2ξwap+1

+ (p − 1)ξ

∫
�

eξwapvw + (pμ + 1)

∫
�

eξwap

≤ p(p − 1)

4

∫
�

eξwap−2|∇a|2 + p(p − 1)χ2 sup
0≤t<Tmax

‖∇v(·, t)‖L∞(�)

∫
�

eξwap

+ pc8( sup
0≤t<Tmax

‖v(·, t)‖L∞(�) + 1)

∫
�

eξwap + p(ξη − μ)

∫
�

e2ξwap+1.

(3.16)

Combining this with Lemma 3.3, we obtain

d

dt

∫
�

eξwap + c9

∫
�

|∇a
p
2 |2 +

∫
�

eξwap

≤ c10p
2
∫
�

ap.

(3.17)

By the Gagliardo–Nirenberg inequality (see (2.2)),

c10p
2
∫
�

ap = c10p
2‖a p

2 ‖2
L2(�)

≤ c11p
2‖∇a

p
2 ‖L2(�) · ‖a p

2 ‖L1(�) + c11p
2‖a p

2 ‖2
L1(�)

.

Therefore, an application of the Young inequality yields
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c10p
2
∫
�

ap ≤ c9

∫
�

|∇a
p
2 |2 + c11p

2‖a p
2 ‖2

L1(�)
+ c12p

4‖a p
2 ‖2

L1(�)
. (3.18)

Inserting (3.18) into (3.17), we get

d

dt

∫
�

eξwap +
∫
�

eξwap ≤ c11p
2‖a p

2 ‖2
L1(�)

+ c12p
4‖a p

2 ‖2
L1(�)

≤ c13p
4(max{1,‖a p

2 ‖L1(�)})2.

(3.19)

Letting pk = 2k and

Mk = max{1, sup
t∈(0,Tmax)

∫
�

apk (·, t)}

for k = 1, 2, . . ., we obtain from (3.19) that

d

dt

∫
�

eξwapk +
∫
�

eξwapk ≤ c13p
4
k(max{1,‖a pk

2 ‖L1(�)})2

= c13p
4
kM

2
k−1,

which, upon a comparison argument, yields

Mk ≤ max{bkM2
k−1, eξ |�| · ‖a0‖pk

L∞(�)} (3.20)

where the constant b > 1 is independent of k.
Now, if bkM2

k−1 ≤ eξ |�| · ‖a0‖pk

L∞(�) for infinitely many k ≥ 1, we get (3.15) with C =
eξ‖u0‖L∞(�). Conversely, if bkM2

k−1 > eξ |�| · ‖a0‖pk

L∞(�) for all sufficiently large k, then

Mk ≤ bkM2
k−1 (3.21)

for all sufficiently large k, and thus (3.21) is still valid for all k ≥ 1 upon enlarging b if necessary. 
Hence lnMk ≤ k lnb + 2 lnMk−1 for all k ≥ 1. By a straightforward induction, we get

lnMk ≤ (k + 2) lnb + 2k(lnM0 + 2 lnb)

and thus

Mk ≤ bk+2+2k+1
M2k

0 . (3.22)

From (3.22) and Lemma 3.1, it follows that (3.15) is valid with

C = eξ b2 max{1 + |�|,‖u0‖L1(�)}.

According to Lemma 2.2, it remains for us to establish a priori estimates for ‖∇w(·, t)‖L5(�). 
The following lemma bridges ‖∇w(·, t)‖q

q and 
∫ t ‖∇a(·, s)‖q

q ds.
L (�) 0 L (�)
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Lemma 3.5. Let (a, v, w) be a classical solution of (2.7) in QT . Then, under the assumptions of 
Theorem 1.1, for all t ∈ (0, T ) and q ≥ 2,

‖∇w(·, t)‖q

Lq(�) ≤ c14e
c14t (‖∇w0‖q

Lq(�) + 1 +
t∫

0

‖∇a(·, s)‖q

Lq(�)ds), (3.23)

where the constant c14 > 0 is independent of T .

Proof. By Lemmas 3.3 and 3.4, we have ‖a(·, t)‖L∞(�) ≤ C and ‖v(·, t)‖W 1,∞(�) ≤ C for all 
0 < t < T , where C > 0 is independent of T . Hence proceeding as in the proof of Lemma 4.2 in 
[27] or Lemma 2.3 in [35], we can prove (3.23). In fact, by the third equation of (2.7) and direct 
calculations, we have

∇wt = h6∇w − (w∇v + ηweξw∇a)

where

h6 = −v + η(1 − w − eξwa) ≤ η.

Applying the method of constant variation, we have

∇w(x, t) = ∇w0(x)e
∫ t

0 h6(x,s)ds −
t∫

0

(w∇v + ηweξw∇a)(x, τ )e
∫ t
τ h6(x,s)dsdτ,

and thus

‖∇w(·, t)‖q

Lq(�) ≤ 2qeqηt‖∇w0‖q

Lq(�) + 2qeqηt

∫
�

(

t∫
0

|w∇v + ηweξw∇a|(x, τ )dτ)qdx.

Together with (3.14), this implies (3.23) for some large constant c14 > 0 independent of T .

Lemma 3.6. Let (a, v, w) be a classical solution of (2.7) in QT . Then, under the assumptions of 
Theorem 1.1, there exists C(T ) > 0 such that

t∫
0

‖�a(·, s)‖2
L2(�)

ds + ‖∇a(·, t)‖2
L2(�)

≤ C(T ) (3.24)

for all t ∈ (0, T ).

Proof. The first equation in (2.7) can be rewritten as

at − �a + (χ∇v − ξ∇w) · ∇a = h̃(x, t), (x, t) ∈ QT , (3.25)

where
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h̃(x, t) = ξavw − χa�v − χξa∇v · ∇w + a(μ − ξηw)(1 − eξwa − w).

Multiplying (3.25) by −�a, and using Lemmas 3.3 and 3.4, we have

1

2

d

dt

∫
�

|∇a|2 +
∫
�

|�a|2 =
∫
�

(χ∇v · ∇a − ξ∇w · ∇a)	a −
∫
�

h̃	a

≤ 1

2

∫
�

|�a|2 + 2ξ2
∫
�

|∇w · ∇a|2 + 2χ2
∫
�

|∇v · ∇a|2

+ c15

∫
�

|∇v · ∇w|2 + c15

∫
�

|�v|2 + c15

≤ 1

2

∫
�

|�a|2 + 2ξ2
∫
�

|∇w · ∇a|2 + c16

∫
�

|∇a|2+

+ c16

∫
�

|∇w|2 + c15

∫
�

|�v|2 + c16.

(3.26)

By the Young inequality, we obtain that for any ε > 0, there exists a constant C(ε) > 0 such that

2ξ2
∫
�

|∇w · ∇a|2 + c16

∫
�

|∇a|2 ≤ ε

∫
�

|∇a|4 + C(ε)

∫
�

|∇w|4 + C(ε),

which together with (3.26) yields

d

dt

∫
�

|∇a|2 +
∫
�

|�a|2

≤ ε

∫
�

|∇a|4 + C(ε)

∫
�

|∇w|4 + 2c15

∫
�

|�v|2 + C(ε).

(3.27)

Using the Gagliardo–Nirenberg inequality in conjunction with (3.15), we obtain

‖∇a(·, t)‖4
L4(�)

≤ c17‖�a(·, t)‖2
L2(�)

‖a(·, t)‖2
L∞(�) + c17‖a(·, t)‖4

L∞(�)

≤ c18‖�a(·, t)‖2
L2(�)

+ c18.
(3.28)

Inserting (3.28) into (3.27) and taking ε = 1
2c18

, we obtain

d

dt

∫
�

|∇a|2 + 1

2

∫
�

|�a|2 ≤ c19

∫
�

|∇w|4 + c19

∫
�

|�v|2 + c19. (3.29)

Applying Lemma 3.5 with q = 4 to (3.29) and using (3.28), we get
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d

dt

∫
�

|∇a|2 + 1

2

∫
�

|�a|2

≤ c14c19e
c14t (‖∇w0‖4

L4(�)
+ 1 +

t∫
0

‖∇a(·, s)‖4
L4(�)

ds) + c19

∫
�

|�v|2 + c19

≤ c14c19e
c14t (‖∇w0‖4

L4(�)
+ 1 + c18

t∫
0

‖�a(·, s)‖2
L2(�)

ds + c14c18t) + c19

∫
�

|�v|2 + c19.

Upon integration, we get

‖∇a(·, t)‖2
L2(�)

+ 1

2

t∫
0

‖�a(·, s)‖2
L2(�)

ds − ‖∇a0‖2
L2(�)

≤ c14c19e
c14t (t‖∇w0‖4

L4(�)
+ t + c18t

t∫
0

‖�a(·, s)‖2
L2(�)

ds + c18t
2)

+ c19

t∫
0

‖�v(·, s)‖2
L2(�)

ds + c19t

(3.30)

Taking 0 < t1 < min{1, T } such that c14c18c19e
c14t1 t1 ≤ 1

4 and applying parabolic L2-theory to 
the second equation in (2.7), we conclude that for any t ∈ (0, t1],

‖∇a(·, t)‖2
L2(�)

+ 1

4

t∫
0

‖�a(·, s)‖2
L2(�)

ds

≤ ‖∇a0‖2
L2(�)

+ c20‖∇w0‖4
L4(�)

+ c21‖a‖L2(�×(0,t1))
+ c22

≤ ‖∇a0‖2
L2(�)

+ c20‖∇w0‖4
L4(�)

+ c23.

(3.31)

From (3.28), (3.31) and Lemma 3.5, it follows that

‖∇w(·, t1)‖4
L4(�)

≤ C(‖∇a0‖2
L2(�)

,‖∇w0‖4
L4(�)

).

Now, we can repeat the above procedure by taking t1 as the initial time, and thereby extend the 
estimate (3.31) to the time interval [0, T ] after finitely many steps.

We are now in the position to prove Theorem 1.1.

Proof of Theorem 1.1. Suppose on the contrary that Tmax < ∞. In view of Lemma 3.4, there 
exists c1 > 0 such that ‖a(·, t)‖L∞(�) ≤ c1 for all t ∈ (0, Tmax). On the other hand, combining 
(3.28) with (3.24) yields
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t∫
0

‖∇a(·, s)‖4
L4(�)

ds ≤ c2

for some constant c2 > 0, which in conjunction with Lemma 3.5 proves that ‖∇w(·, t)‖L4(�) ≤
c3 for all t ∈ (0, Tmax). Since ‖χ∇v − ξ∇w‖L∞(0,t;L4(�)) ≤ c4 and ‖h̃‖L4(�×(0,t)) ≤ c4 for some 
c4 > 0 for all t ∈ (0, Tmax), applying the parabolic Lp-theory (see [17, Theorem 2.1]) to (3.25)
yields

‖∇a‖L5(�×(0,t)) ≤ c5‖a‖
W

2,1
4 (�×(0,t))

≤ c6

for some c5 > 0 and c6 > 0. Combining this with Lemma 3.5, we obtain some c7 > 0 such that 
‖∇w(·, t)‖L5(�) ≤ c7 for all t ∈ (0, Tmax). This contradicts the extensibility criterion (2.9) in 
Lemma 2.2 and thereby proves that Tmax = ∞.
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Appendix A

In this appendix section, we put together some estimates for solutions of the third equation in 
(2.11) that are used in the proof of Lemma 2.2.

Lemma A. Suppose that 0 < T < 1, vj ∈ C
6
5 , 3

5 (QT ), wj ∈ C(0, T ; W 1,5(�)) and aj ∈
C1,0(QT ) (j = 1, 2), and ‖aj‖C1,0(QT ) ≤ M , ‖wj‖C(0,T ;W 1,5(�)) ≤ M and ‖vj‖

C
6
5 , 3

5 (QT )
≤ M . 

Then the solutions w1 and w2 of the ordinary differential equations

wjt = −vjwj + ηwj (1 − wj − eξwj aj ), wj (x,0) = w0(x) ≥ 0, j = 1,2 (A.1)

satisfy

‖w1 − w2‖C(0,T ;W 1,5(�))

≤ T C(M)(‖v1 − v2‖C1,0(QT ) + ‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�)),
(A.2)

where C(M) is a constant depending only upon M .

Proof. From (A.1), it follows that

(w1 − w2)t = h2(w1 − w2) + h3, w1(x,0) − w2(x,0) = 0 (A.3)

where h2 = −v1 + η(1 − w1 − eξw1a1), h3 = (v2 − v1)w2 + ηw2(w2 − w1 + eξw2a2 − eξw1a1). 
It is easy to see that



1290 P.Y.H. Pang, Y. Wang / J. Differential Equations 263 (2017) 1269–1292
(w1 − w2)(x, t) =
t∫

0

e
∫ t
s h2(x,τ )dτ h3(x, s)ds

and

(∇w1 − ∇w2)(x, t) =
t∫

0

e
∫ t
s h2(x,τ )dτ∇h3(x, s)ds +

t∫
0

e
∫ t
s h2(x,τ )dτ h3(x, s)

t∫
s

∇h2(x, τ )dτds.

Since

‖h2‖C(QT ) ≤ C(M),

‖∇h2‖C(0,T ;L5(�)) = ‖ − ∇v1 + η(∇w1 − eξw1∇a1 − eξw1a1∇w1)‖C(0,T ;L5(�)) ≤ C(M),

‖h3‖C(QT ) ≤ C(M)(‖v1 − v2‖C(QT ) + ‖a1 − a2‖C(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�))

and

‖∇h3‖C(0,T ;L5(�))

= ‖(∇v2 − ∇v1)w2 + (v2 − v1)∇w2 + η∇w2(w2 − w1 + eξw2a2 − eξw1a1) +
+ ηw2((∇w2 − ∇w1) + eξw2(∇a2 − ∇a1) + eξw2a2(∇w2 − ∇w1) +
(eξw2 − eξw2)∇a1 + (eξw2a2 − eξw2a1)∇w1)‖C(0,T ;L5(�))

≤ C(M)(‖v1 − v2‖C1,0(QT ) + ‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�)),

we have

‖w1(·, t) − w2(·, t)‖L5(�)

≤ ‖w1 − w2‖C(QT )|�| 1
5

≤ T C(M)(‖v1 − v2‖C(QT ) + ‖a1 − a2‖C(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�))

and

‖∇w1(·, t) − ∇w2(·, t)‖L5(�)

≤ eC(M)T (‖h3‖C(QT )T + 1)

T∫
0

‖∇h3(·, s)‖L5(�)ds

≤ T C(M)(‖v1 − v2‖C1,0(QT ) + ‖a1 − a2‖C1,0(QT ) + ‖w1 − w2‖C(0,T ;W 1,5(�)).
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