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Abstract

This paper deals with the cancer invasion model

ur=Au—xV-wVv) —&V.-uVw) +pu(l —u —w), xe€, t >0,
v=Av—v+4+u, xe,t>0,
wy=—-vw+nw(l—w-—u), xR, t>0

in a bounded smooth domain € C R? with zero-flux boundary conditions, where x, &, u and n are positive
parameters. Compared to previous mathematical studies, the novelty here lies in: first, our treatment of
the full parabolic chemotaxis—haptotaxis system; and second, allowing for positive values of 1, reflecting
processes with self-remodeling of the extracellular matrix. Under appropriate regularity assumptions on
the initial data (ug, vg, wg), by using adapted LP-estimate techniques, we prove the global existence and
uniqueness of classical solutions when u is sufficiently large, i.e., in the high cell proliferation rate regime.
© 2017 Elsevier Inc. All rights reserved.

MSC: 35B45; 35K55; 35Q92; 92C17

Keywords: Chemotaxis; Haptotaxis; Cancer invasion; Tissue remodeling; Logistic proliferation

* Corresponding author.
E-mail address: wangyifu@bit.edu.cn (Y. Wang).

http://dx.doi.org/10.1016/j.jde.2017.03.016
0022-0396/© 2017 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2017.03.016
http://www.elsevier.com/locate/jde
mailto:wangyifu@bit.edu.cn
http://dx.doi.org/10.1016/j.jde.2017.03.016
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2017.03.016&domain=pdf

1270 PY.H. Pang, Y. Wang / J. Differential Equations 263 (2017) 1269-1292

1. Introduction

Cell migration plays an important role in a wide variety of physiological and pathophys-
iological processes, including embryo development, skin wound healing, cancer invasion and
metastasis (see [ 18] for an overview). Chemotaxis is the oriented movement of cells along con-
centration gradients of chemicals produced by the cells themselves or in their environment, and
is a significant mechanism of directional migration of cells. A classical mathematical model
for chemotaxis was proposed by Keller and Segel [16] to describe aggregation processes in the
slime mould dictyostelium discoideum directed by the chemical cyclic adenosine monophos-
phate (cAMP). During the past four decades, a number of variations and extensions of the
Keller—Segel model have been proposed and extensively studied; see Hillen and Painter [12,24]
for a wide variety of examples. Haptotaxis is another important mechanism of cell migration. It
is the oriented movement of cells along a gradient of cellular adhesion, which is often facilitated
by chemoattractants or enzymes bound in the extracellular matrix (ECM).

Recently, there have been increasing biological and mathematical interests in mathematical
models of cancer invasion ([2,4,5,10,22,25,29,36]). It has been biologically demonstrated that
cancer invasion is associated with the degradation of the extracellular matrix (ECM) by matrix
degrading enzymes (MDE) such as the urokinase-type plasminogen activator (uPA) secreted by
tumor cells. The classical Keller—Segel model has been extended by Chaplain and Lolas [4,5]
to describe processes of cancer invasion, where, in addition to random diffusion, cancer cells
migrate both following the gradient of the diffusible MDE by chemotaxis, and following the
gradient of the non-diffusible ECM through detecting the ECM material vitronectin (VN) by hap-
totaxis. Following the model proposed in [4,5], we consider the chemotaxis—haptotaxis system

uy=Au—xV-uvVv) —&V-uvVw) + pu(l —u —w), x € Q,t >0,
v=Av—v+u, xe€8,t>0,

wy=—vw+nw(l—w—u), xe,t>0, (1.1
u ov ow dv

— —xu— —éu—=—=0, x€0dQ,t>0,

ov ov ov av

ulx,0) =ugx),v(x,0) =vox), wx,0) =wo(x), xe

in a bounded domain 2 C R" (n = 2) with smooth boundary 92, where u, v and w represent
the cancer cell density, MDE concentration and ECM density, respectively; x and & measure
the chemotactic and haptotactic sensitivities, respectively; w is the proliferation rate of the cells,
n denotes the remodeling rate of the ECM; and d/dv denotes the outward normal derivative on
d%2. As for the initial data (ug, vo, wo), we assume throughout this paper that for some ¥ € (0, 1)

uo(x) = 0, vo(x) =0, wo(x) =0,
uo € C*7(Q), vo € C**(Q), wo e C*7(Q), (1.2)
oug _ avg _ owg _

— =—=—-=0 on 9Q.
av ov ov
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When w =0, (1.1) is reduced to the Keller—Segel system with logistic source

Uy =Au—xV-wvVv)+puu(l —u), xe,t>0,
v=Av+u—v, xe€,t>0,

0 0 1.3
—”:—Uzo, x€ed, t>0, (13)
dv  Jv

u(x,0) =uox),v(x,0) =vo(x), xe€.

This chemotaxis-only system has been widely studied by many authors during the past four
decades, where a main issue of the investigation was whether the solutions are bounded or blow
up (see e.g. [6-8,11,15,23,24,37-40]). It is known that an arbitrarily small i > 0 can guarantee
the boundedness of solutions when n = 2 [23], while for n > 2 solutions may blow up in finite
time [11,40], and any given threshold can be surpassed by the solutions to the parabolic—elliptic
analogues of (1.3) with a small diffusion coefficient for # and i € (0, 1). On the other hand, for
n > 2, an appropriately large © (as compared to the chemotactic coefficient x) can exclude un-
bounded solutions [39,41], and the nontrivial constant equilibrium is a global attractor [41]. It is
also known that the nonlinear self-diffusion of cells may prevent blow-up of solutions [8,15,37].
When x =0, (1.1) becomes the haptotaxis-only system

uy=Au—&V-wuvVw)+u(l—u—-—w), xeQ,t>0,
vw=Av+u—v, xe€8,1t>0,

wy=—-vw+nw(l —w—u), xe,t>0, (1.4)
du OJdv oJw

—=—=—=0, x€02, t>0,

v dv av

u(x,0) =ugx),v(x,0) =vox), wx,0) =wo(x), xe.

Global existence and asymptotic behavior of solutions to (1.4) have been investigated in [20,21,
36] and [27] for the case n = 0 and 75 # 0, respectively.

With regard to the chemotaxis—haptotaxis system, it is noted that, as the diffusion rate of
MDE is much greater than that of cancer cells in many realistic situations, the second equation
in (1.1) may be replaced by 0 = Av — v + u, resulting in the so-called simplified chemotaxis—
haptotaxis system, which is a parabolic—elliptic-ode system. For this simplified system without
the self-modeling of ECM, boundedness and stability results have been established [30,33,34];
uniform-in-time boundedness has also been proved for any u > 0 in two dimensions and for
large u in three dimensions [30], and for p > @ x in higher dimensions [33].

The full parabolic chemotaxis—haptotaxis system, however, is much more mathematically
challenging. We note that, while the global existence of classical solutions to the full chemotaxis—
haptotaxis model has been proved for any © > 0 in two dimensions [26] and for large p in three
dimensions [29], the global existence for the full chemotaxis—haptotaxis model remains open
for small p in three dimensions even when the remodeling of ECM is absent. We also note
that it is only very recent that progress on the global boundedness of solutions have been made
[3,19,28,31,42].

We further note that, with some exceptions such as [27], the mathematical study of cancer
invasion models has so far largely focused on cases where the remodeling of the ECM is absent.
While simulations have suggested that the effect of ECM remodeling is probably not significant
when the remodeling rate 7 is not too large, this has not been rigorously established ([13]). In
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recent paper, Tao and Winkler [35] investigated a situation where, concurrent with degradation
by MDE upon contact, ECM is able to remodel back to a healthy level in a logistic manner in
the absence of cancer cells and compete for space with cancer cells. Under this situation, they
proved global existence for the two-dimensional simplified chemotaxis—haptotaxis system

ur=Au—xV-uvVv) —&V-uvVw)+ pu(l —u —w), x e, t >0,
O=Av—v+u, xe€,t>0,

wy=—vw+nw(l—w—u), xe,t>0, (1.5)
d d 0 d

—u—xu—v—éu—wz—vzo, xe€d, t>0,

ov av av av

ulx,0)=ugx), wx,0) =wo(x), xe.

The main technical difficulty in their proof stems from the effects of the strong coupling in (1.5)
on the spatial regularity of u, v and w when n > 0. When n = 0, one can establish a one-sided
pointwise estimate which connects Aw to v, and thus may easily estimate the chemotaxis-related
integral term fQ uP~'Vu - Vudx by directly multiplying the parabolic equation for cancer cell
density by u#” and using the elliptic equation for the MDE concentration (see [33,34] for in-
stance). However, for the model (1.5) with n > 0, one needs to estimate the chemotaxis-related
integral term fQ a?|Vu|2dx with a = uef? (see equation (3.28) in [35]), which proves to be
much more technically demanding. Indeed, the authors of [35] derived an a priori estimate
for [[Vu(-, 1)l 2(q) by using an energy-like inequality and an elliptic estimate, and then esti-
mate [ a” |Vv|?dx by applying a variant of the Gagliardo—Nirenberg inequality involving an
Llog" L-type norm.

For the full chemotaxis—haptotaxis model (1.1), we take a slightly different approach. In-
stead of the integral fQ aP|Vv|?dx, we make use of L9 — L7 estimates for the heat semigroup
to estimate the chemotaxis-related term fé fQ e~ (PHDI=9) 4P|V y|2dxds (see (3.8) below). This
approach allows us to establish a uniform bound for ||a(-, #)||c(q) With respect to time ¢ € (0, 00).
In comparison, [35] showed that ||a(-, 1)|c(g) Was locally bounded in (0, co) (see Lemma 3.12
of [35]).

The main result of the present paper, which establishes the global existence of smooth so-
lutions to the full chemotaxis—haptotaxis model (1.1) with the remodeling of the ECM, is as
follows:

Theorem 1.1. Let x >0, &£ > 0, > 0. Then there exists a positive constant u*(x2, &) such that
for > Enmax{|lwollL=(q), 1} + w*(x2, €), the problem (1.1) admits a unique global solution
(u, v, w) € (CEL(Q x [0, 00)))3, where llu (-, )| Lo () is uniformly bounded for t € (0, 00).

This structure of the paper is as follows. In Section 2, we recall some preliminary results, prove
the local well-posedness of (1.1) and also provide a convenient criterion for extensibility of local
solutions. In Section 3, we adapt some L”-estimate techniques to raise the a priori estimates of
solutions from L!() to Lk(Q), k > 2, and then use the Alikakos—Moser iteration (see e.g. [1]
and Lemma A.1 of [32]) to establish Theorem 1.1.

2. Local existence and extensibility criterion

We first recall the following Gagliardo—Nirenberg interpolation inequality [9]:
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Let 2 C R” be a bounded domain with smooth boundary, let /, k be any integers satisfying
0<l<k,andlet 1 <g,r <oo,and peR*, £ <6 <1 such that

11 1k 1
———=0(-—)+(1—-0)-. 2.1
p n qg n r

Then for any u € W4 (Q) N L" (), there exist two positive constants ¢; and ¢, depending only
on 2, g, k, r and n such that the following inequality holds:

1-6
1D ullLr @) < et DXull g llull (g + c2llullr () 22)

with the following exception: If | <g <oo and k —1 — s is a non-negative integer, then (2.2)

holds for 6 satisfying é <0 <1,r>1(seealso [30]).
We also recall some fundamental estimates for solutions to the following inhomogeneous
linear heat equation problem:

v=Av—v+u, xe€,t>0,
— =0, xe€d, t>0, (2.3)
v(x,0) =vo(x), xe.

These estimates can be derived from standard regularity arguments involving the variation-of-
constants formula for v and L? — L? estimates for the heat semigroup (see [14, Lemma 4.1] for
instance).

Lemma 2.1 (/15 Lemma 2.1], [43, Lemma 2.2]). Let T >0, 1 < p < 00,vg € LP(2) and
ue L0, T; LP()). Then (2.3) has a unique solution v € C([0, T1; LP(2)) given by

t
v(t) =e e Pug + / e 9= (\ds,  te[0,T],
0

where '® is the semigroup generated by the Neumann Laplacian. In addition, let 1 <r < oo,
l<g<p<2L vge WhP(QNW2"(Q)andu € L0, T; LI(Q))NL" (0, T; L"(2)). Then

n
n—q’

foreveryt € (0,7),

lv@llLr ) < llvollLr(e) + c3llull Lo o, 7);L4())> (2.4)
Vo llLr) < IVvollLr@) + c3llullLooo,7); La () (2.5)
t t
//e”IAv(x,s)deds §C3//er‘v|u(x,s)|rdxds—I—C3||vo||W2,r(Q), (2.6)
0 Q 0 Q

where c3 is a positive constant depending on p, q,r and n.
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For the convenience in some parts of our subsequent analysis, we introduce the variable trans-
formation [29,30,35]

a=ue v,

upon which (1.1) takes the form

ar=e 5V . (5¥Va) — e 5V - (xefYaVv) + Eavw
+a(u—Enw)(l —ef%a —w), xeQ, t>0,
w=Av—v+e¥a, xeQ, >0,

w; = —vw +nw(l —w —ef%a), xeQ, t>0, 2.7
da Jdv Jdw

—:—:—:07 XEaQ,t>O,

v  dv  Jv

a(x,0) = ag(x) = ug(x)e 520 yo(x,0) = vo(x), w(x,0) = wo(x), x €.

It is observed that (1.1) and (2.7) are equivalent within the concept of classical solutions.

Next, we present a result concerning the local existence of classical solutions to (2.7), along
with a convenient extensibility criterion, which is proved by means of a fixed point argu-
ment inspired by [34,35]. We remark that the extensibility criterion in (2.9) below involves
IVw(-, 1)l 15 (g)- As this term is time-dependent, we are not able to establish the global bound-
edness of solutions to (1.1). We note that a similar problem was faced in [35] (see Lemma 2.2
and (3.48) in [35] for instance, where they used ||[Vw(-,1)|| L4(Q)), which also prevented the es-
tablishment of global boundedness.

Lemma 2.2. Let x > 0,& > 0 and > 0, and assume that ug, vo and wq satisfy (1.2) with some
9 € (0, 1). Then the problem (2.7) admits a unique classical solution

a € CO% x [0, Tax)) N C*1(Q x (0, Tax))
v e CUQ x [0, Thar) N CEL(Q x (0, Tax)) (2.8)
we CEN(Q % [0, Thax))

witha > 0,v >0 and 0 < w < max{l, ||[woll ()}, where Ty denotes the maximal existence
time. In additional, if Ty < 400, then

laC, Ol + IV, HliLs@) — 00 as t /7 Tax. 2.9

Proof. We shall prove the local existence by a fixed point argument. We introduce the Banach
space X of functions (a, w) with norm

(@, w)llx = llallcrogxpo.ry T I1wllco,r;wis@)y O<T <1)

and a closed subset S given by
0
S= {(a, w) € X 1w =0,a(x,0) =ap(x), wlx, 0) = wo(x), 8—a =0, l(a, w)llx < M}
v
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Given any (a, w) € S, we define a corresponding function (a, w) = F(a, w) where (a,w),
along with v, satisfies the three decoupled problems

w=Av—v+eéa, (x,)eQr=x(0,T),

9

a—vzo, xedQ, 0<i<T, (2.10)
v

v(x,0) =vp(x), x€;

W, = —vw + nw(l —w —ef%a),  (x,1) € Or,

_ (2.11)
w(x,0) =wp(x), xe€;
and
a;—Aa+ f(x,t)-Va+g(x,t)a =&avw — xalAv, (x,t)eQr,
g
a—“=0, xedQ, 0<t<T, (2.12)
v
a(x,0)=ap(x), xe€Q,
where

fx,t)=xVv—-E§EVuw,
gx, 1) = xEVv-Vw + Enw — (1 — e¥a — w).

As (a, w) € S, by the parabolic L?-theory (see [17, Theorem 2.1] for instance), (2.10) admits
a unique solution v satisfying

Iolly2:1 g,y < CL(M), (2.13)

where C1(M), as all the numbers C>(M), C3(M), ..., appearing below, is a constant that de-
pends on M but not on T. By the Sobolev embedding W' (Qr) < C' () (p> 4,0 =
— %) [17, Lemma I1.3.3], it follows from (2.13) that

v <C(M). 2.14
10083, < C20) (2.14)

Next we turn to the linear ODE problem (2.11), which can be rewritten as

wlzhl(-xss)wv w(xso)zwo(x) (215)
where hy(x,1) = —v + (1 — w — ef¥a). It is clear that (2.15) admits a unique solution
W, 1) = wo(x)elo ME9)ds > o (2.16)

and thus
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t

VW(x, 1) = Vg (x)eo MEds o0y plo mxsds / Vhi(x, s)ds. (2.17)
0
Noting that W13 (Q) < C(Q), ||lh lecgry < C3(M) and Va1 (, D)l s = Il = Vv —nVw —

EnefPaVw — neswVallLs(Q) < C4(M), we get
1D, Ol sy < lwoll sy M7,
IVBC, D@ < IVwoll 150y e M7 + llwoll oo @) e T Ca(M) T

and thus

W Dllwisg) < llwollwisgeS T + lwoll oo @) e M7 Ca(M)T

IA

S_

2

provided that T is sufficiently small such that C3(M)T < In2 and 2||wol| @) Ca(M)T < 1.
We are now in the position to consider the parabolic problem (2.12). From (2.14) and
(a,w) € S, we have

1LF G Dl < CsM), 1lg G, Dllpsy < Cs(M),  lEavw — xaAvlls(o,, < Cs(M).
By the parabolic L?-theory, we get

|I5IIW52.1(QT) < Cs(M), (2.19)

which in conjunction with a Sobolev embedding inequality in the two-dimensional setting [17,
Lemma I1.3.3] implies

a <C7(M). 2.20
IIaIICg,g(E)_ 7(M) (2.20)

This yields

”E“CLO(E) < lla-— aO”(;LO(E) + ||ao||cl(§)

3
< T3l|la 3 =
= ”a”CI’%(QT) + ”aOHCl(Q)

3 (2.21)
< T5C; (M) + ||a0||cl(§)

M

<
-2

provided that T € (0, 1) is sufficiently small such that T% C7(M) < 1. Hence, from (2.16), (2.18)
and (2.21), it follows that (a, w) € S provided that T is sufficiently small. This establishes that
F maps S into itself.

We next show that F' is contractive on S. To this end, take (a;, wi), (a2, wy) € S and set
(a1, wy) = F(ay, wy), (a2, wp) = F(az, wa).
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From (2.10), it follows that

(V1 —v2); = A(v] —v2) — (V] — v2) +€e5¥ay —e5¥2ay,  (x,1) € Qr =R x (0, T),

0
a—(vl—v2)=0, x€ed, 0<r<T,
v

(v —12)(x,0)=0, xeQ,

where

€5Vl ay — e¥¥2az || oo o) < 1€51 (a1 — @)oo (o) + 1151 — e¥¥2)arll Lo (o)

S0 _ 592 oo a2l Lo (o)

$M|

<eéMay — axllroop) + lle

<eMlar — arllcroggry + MM llwi —wall o, w152

= Cs(M)(llar — azllcroigyy + lwr —w2lle,r;wis@))
due to W!2(Q) < C(Q). For T € (0, 1), the parabolic L?-theory yields
lvr — UZHWSZ‘](QT) = Co(M)(llar — azllcrocgyy + lwr —wallc,r;wis@)) (2.22)
and

lvi —v2llcrogyy < CoM)(llar — azll crogyy + lwi — w2llco,r;wis@))-

The Sobolev embedding theorem, along with Lemma A in the Appendix, then gives

w1 —w2llco,7;wis@) < TCro(M) (a1 — a2l crogy) + llwr —w2lico,r,wis@)- (2.23)

We now consider the equation for a; — a,. From (2.12), we derive that

@ — @) — A@ —az) + f(x,1)- V(@ —aa) + ha(@ —a) =hs, (x,1) € Qr,

3

8—(51—52)=0, x€dQ, 0<t<T, (2.24)
v

(@ —ay))(x,00=0, xeQ

where

S =xVvi—§&Vuwy,
hg = xEVv1 -V + Enwi — ) (1 — e a; —wy),
hs = (xVvy — x Vv +&Vw; —EVwy) - Vaz + [xEVvz - Vwy — x &V -V
+ (Enwy — (1 — e¥"2ay — wa) — Enwy — ) (1 — 5V1a; —wy)]as

+ &E(a1viwy — azvown) + x (a2 Avy — ayAvy).

As (aj,w;) €S (j=1,2),by (2.14), (2.20), (2.22) and (2.23), we get
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||f~||c(o,T;L5(gz)) <CnM),
hallco,7:150) < C11(M),

1hsllzscor) < CrzM)(llar — a2llcroggyy + llwt — walle, 7 wisey)-

Hence, again, as 0 < T' < 1, by the parabolic L?”-theory, we get
lar —azlly215,) = CiasM)(llar — allcrogy) + 1w —w2lle,r:wi @) (2.25)
which together with the Sobolev embedding inequality, implies that

a1 —a2l g3 = Cuadnla —alciogy + wr = w2llcorwise).  (2:26)

(O1)

Noting that a;(x, 0) — a»>(x, 0) = 0 and proceeding as in the proof of (2.21), we arrive at

lar —azllcrog,) = ||(§1 —a2)(x, 1) —ai(x,0) —ax(x,0)llcroc,)

T5|a; —a
lla a2”c1%<QT> (2.27)

3
< T5CuM)(lar — azllcrogyy + lwr —wallc,r,wis@y)-

IA

A

From (2.27) and (2.23), we see that F is contractive on S if T is sufficiently small such that

TCio(M) + T%C14(M) < % Thus, by the contraction mapping theorem, F possesses a unique
fixed point (a, w) € S, which via (2.10) induces a solution triple (a, v, w) of (2.7). Furthermore,
by the parabolic maximum principle and the ODE comparison argument, one can see that a, v >
0 and w > 0, respectively.

According to the above reasoning, one can see that the maximal existence time 7}, of solu-
tion (a, v, w) satisfies

either Thuax =00 or |la(, Dllcig) + IV, Dllpsq) — 00 as t 7 Tax. (2.28)

However, this extensibility criterion can be weakened by (2.9) of Lemma 2.2. Indeed, sup-
pose that Tax < 00, but [a(-, D)llLe@) + IVw(-, D)5y < C1 for some Cy > 0 and all
t € (0, Tax). Then by the reasoning in the proof of Lemma 2.2 in [35], using the parabolic
L?-theory and the Sobolev embedding theorem in the two-dimensional setting, one can show that
||a||WSz,1(QTmM) < Cy and hence |la(-, t)||C1(§) + IVw(, D)l 15q) < Cs for t € (0, Tnax), which
contradicts the extensibility criterion (2.28) and thereby establishes that 7},,, = co.

By the standard bootstrapping arguments involving parabolic Schauder estimates [17] and the
condition (1.2), one can conclude that (a, v, w) enjoys the regularity properties in (2.8) (see [27]
for details).

3. Proof of the main result

According to Lemma 2.2, we need to establish a priori estimates for |a(-,?)|lc(q) and
lw(-, )llw15(q) in order to establish the global existence of solutions to (1.1). Here, one es-
sential analytic difficulty stems from the fact that the chemotaxis and haptotaxis terms in the first
equation in (1.1) require different L?-estimate techniques, since ECM density satisfies an ODE
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whereas MDE concentration satisfies a parabolic PDE. This paper adapts L”-estimate techniques
to raise the a priori estimates from LY(Q) to Lk(Q), k> 2.

Before proving the main result, we shall introduce some notations. For simplicity, the variable
of integration in an integral will be omitted without ambiguity, e.g., the integral fQ f(x)dx is
written as fQ f(x). In what follows, ¢; (i =4, 5, ...) denotes constants that are independent of 7.
In addition, we may assume that wo(x) < 1 without loss of generality.

According to the local existence results of Section 2, (u(-, s), v(-,s), w(:, §)) € (C2(2))3 for
any s € (0, Truqr). Hence without loss of generality, we can assume that there exists a constant
C > 0 such that

||“0||C2(Q) + ||v0||c2(§2) + ||w0||C2(Q) <C. (3.1)
The following properties of solutions of (1.1) are well known:

Lemma 3.1. Let (u, v, w) be a solution of (1.1). Then:
@ lu, D1 < max{|S2, [luoll gy} Sforall t € (0, Tiax),
(i) 10C, Dl g1y < max{ILL, luolly1iqy, ol 1y} forall t € (0, Ty,

(ii) [VOC. 01175 g, < (1+ 7)) max{|Q, luoll 1@y} + IV Vol ]2 g forall 1€ (0, Ta)-

Proof. (i) Integrating the first equation in (1.1) with respect to x € 2, we have
d 2
7 u(x,t) <p | ulx,t) —p | u(x,1), (3.2)
Q Q Q
since w > 0 by Lemma 2.2. Moreover, by the Cauchy—Schwarz inequality, we get
d
o7 | e+ 1) = i€,
Q Q

which implies that [|u(-, 1) || 1(q) < max{|2], lluoll 1)}
(ii) Integrating the second equation in (1.1) with respect to x € 2 yields

i/v(x,t)—i—/v(x,t)f/u(x,t)fsup/u(x,t).
dt =0
Q Q Q Q

So (ii) follows from the non-negativity of v and (i).
(iii) Multiplying the second equation in (1.1) by —Av and integrating over €2, we find

ld 2 2 2
S [ v +/|Av<x,t>| +/|Vv(x,t>|
Q Q Q

) 1 2
:—/uAv§/|Av(x,t)| +Z/u (x,1)
Q

Q Q

and thus
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d 2 2 1 2
— [ Vv, )"+ [ [Vu(x, )" < 5 | u(x,1).
dt 2
Q Q Q

Combining this with (3.2), we obtain

%/(u(x,l)+M|VU(XJ)|2)+/(M(x,l)+ﬂlvv(xat)|2)S (n+ l)/u(x,l)-
Q Q Q

This, together with the Gronwall lemma and the estimate (i), yields

/u(x,r>+/u|w<x,z>|2s(u+2>max{|sz|, ol 1) + 1l Vv0l 2 g
Q Q

and hence (iii) holds.

Lemma 3.2. Let (a, v, w) be a solution of (2.7). Then there exists a positive constant M*(XZ, &)
such that if i > En+ w*(x2, ), then

”a('vt)”Lk(Q) <C (3.3)
is valid for all t € (0, Typax) for some k > 2 and C > 0.

Proof. By (2.7) and integration by parts, we obtain

d
= EVal = E/eswap(—vw—i—nw(l —w—é"a)) —l—p/ap*]V (5" Va)
Q Q Q
—px/apflv-(eganv)—i—pé/eéwapvw
Q Q

+ p/ef“’apw —&nw)(1 —ea —w)

< —p(p— 1)/e'§wap72|Va|2+p(p— I)X/eéwal’”VwVv
Q Q 3.4)
+(p - 1>s/e%l’vw—p/ezf"’a"“(u—snw)

Q Q
+ / Pal (ppu(l —w) — Enw(p — (1 — w))

Q
—1 —1
_p(p2 )/egwap—2lva|2+Mﬁ/eéwaﬂvmz

IA

2

Q Q
+pufe§“’a” —p(u—%'n)fezé“’a”“ +(p— I)Sfegwa”v-
Q Q Q

Furthermore, by the Young inequality, we obtain
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d —1
Efeéwap+ 4p(p2 )/(35“’111’_2|Va|2+(p+1)/es’”a”+p(/¢—$n)/ezswaf’”rl
Q Q

Z Q
-1
< P(P2 )Xz/egwap|Vv|2+(pM+p+ 1)fe§wap+(p_ l)gfgfwapv
Q 2 @
< Lpz_ I)XZ/eswa'”Wvlz—i-Zel /ezéwaf'“rl +e " (p - 1)p+1§p+1/vp+1
Q Q @
+e, " (pu+p+DPHQI (3.5)

and thus
d
Efeéwap‘i‘(l"i‘1)/€Ewap+(P(M_§’7)_281)/32§wdp+1
Q Q Q

—1 _ _
< P(PZ )XZ/eéwap|Vv|2_’_81P(p_ l)p—l—lé:p—i-l/vp—i-l +81 p(pu+p+l)p+l|9|
Q Q

(3.6)

Now we shall obtain an estimate for ||a(-, ) || .+ (g for some k > 2. Applying the variation-of-
constants formula to (3.6), we have

t
/ al (1) + (p(u — £n) — 2e1) f f e (PTDU=S)2w g PH( 5)ds
0 Q

Q 1 ,
< /u{)’+ #)ﬁ//e—”’“)(’—”efwap(-,s)|Vv(-,s)|2ds 3.7)
Q 0 Q

t
+e"(p - 1)”“5"“/fe‘“’“)('—s)vl’“(.,s)ds+s;”(pu+p+1)P+1|sz|.
0 Q

In order to estimate the second term on the right hand side of (3.7), we use the Young inequality
to get

t
1
%;ﬁ//e*(PJr])(f*S)eéwaP(.,s)|Vv(-,S)|2dS
0 Q

t t
<e //ef(p+l)(tf.s)62.§wap+l(', s)ds + 82_pC(p, X)//ei(p+])(t73)|Vv(-, S)|2(P+1)ds
0 Q 0 Q

(3.8)

2
where C(p, x) = (Z2510)p+1,
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From Lemma 3.1(ii) and (iii), it follows that if u > 1, [Vv(, s)ll2(q) < ca with ca =
(B max{|€2[, [luoll 11 (@)} + ||Vv0||L2 Q )2 and thereby [v||zr@) < C(p) for all p > 1. On the
other hand, by the elliptic L”-estimate, Ivllw2ro) < CpllAviir@) + llvllLr(e)) for any
v e WP(Q) with % = 0. Hence by the Gagliardo—Nirenberg inequality, we have

2 1
V()| 28D

L2+ (Q)
+1 +1
< G i g VUG s)||{2(m (3.9)
+1 +1 +1 :
< 2rHiehti (A, S)||Lp+|<sz) F IG5 @) 1TV 91 2 g
+1 P+1
< 2r C ||AU( S)”Lerl(Q) +C5'
Therefore applying (2.6) of Lemma 2.1 with r = p 4 1, we obtain
t
/ / e PTDE=) gy (., 5) 20T Dgs
1
< zf’“Cé’if/ / eI Av( )P ds + 5|9
(3.10)
< 2p+1C5111(63f/e_(’”’l)(’_s)u”“(',S)dS+C3||v0||W2,p+1(52))+CS|Q|
0 Q
1
< 2P+1C5L‘e¥<f’—%3//e—(P+1)(’—S>e2Ewa"+1(-,s)ds+c6.

0 Q

Now we turn to estimating the third integral on the right hand side of (3.7). In fact, according
to the Gagliardo—Nirenberg inequality,

1

I pHI
< (crllVoll 7 VIl g +e2llvll )P,

”U” LZ(Q) LI(Q)

LP+1(Q)

and thus by Lemma 3.1, we have

t
//g—(p+1)(z—s)vp+1(.,s)ds
0 Q

t

< / TP |V ) Q)nv( s>||;1*(‘m+cz||v<~,s>||u(m>1’“ds (3.11)
0
<c7.

Collecting (3.7), (3.8), (3.10) and (3.11), we obtain
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t
/ EVal (1) + (p(u — En) — 261) f / em(PHEDE=) 28w g p 1 (L 5y
Q 0 Q
t
5/ o “2/ / P80 P () ds 4 e (pu+ p+ DY
Q 0 Q

t
+82—I’C(p7X)C32P+1Cgi‘;e§(17—l)//‘e—(p+l)(t—s)e2§wap+l(.’s)ds+
0 Q

+e,"C(p, x)ce +e; P (p— P TEPTy

and

/eéwdp(-, D+ (p(n—E&n) —ex—e, "C(p, X)C32p+1C1’:ille§(p*]) —2¢1)
Q
t
0 Q
= f”g +e P (pu+p+1D)PTQI+ 6,7 Clp, x)cs +e, 7 (p— P EPTes.
Q

What remains now is to show that
laC, Ollpk =C
for all ¢ € (0, Ty,4x) for some k > 2. To this end, we write

fx) :=x+x7PC(p, x)e32P™! cgilleS(p—D

1283

(3.12)

(3.13)

for x > 0 and let x,(p) > 0 be the minimum point of f(x). Further, write g(p) = p(u — &n) —

x«(p) — xe ? (p)C(p, X)C32‘”+1C£_T_ll ¢5(P=D Then one can easily verify that g(2) > 1 provided

> En+ p*(x2,£), where p*(x2,6) = 1 + (x,(2) + 8x,2(2)x%c3C3¢%). At this point, we
note that g(p) is continuous with respect to p € (0, +00). Thus, by the continuity of g, we
conclude that for some p > 2 close enough to 2 (and by taking &1 = %), the coefficient of

fé [ emPTV=9) 28w g+l 5)ds in (3.12) is positive, and thereby

/eg“’a”(ut)§/u§+8f”(pu+p+1)”+1|§2|+8{PC(p,x)06+efp(p— Hrtigrtie,

Q Q

which together with 0 < w(x, ¢) < max{l, ||wol L~} immediately implies that the inequality

(3.13) is valid. This completes the proof of Lemma 3.2.

By 0 < w(x, ) <max{l, [[woll L=}, Lemma 3.2 and Lemma 2.1, we immediately have
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Lemma 3.3. Under the same assumptions as in Theorem 1.1, there exists C > 0 independent of
Tinax such that the solution (u, v, w) of (1.1) satisfies

lv(, Dllwreo@) <C  forall 1€ (0, Tnax)- (3.14)

Now we turn to estimating [u(-,t)||ro@) for t € (0, Tuax). First, we note that while
IVv(-, t)llL=(@) is bounded by (3.14), [[Vw(:,t)|[1 >~ may be unbounded. Therefore,
Lemma A.l in [32] cannot be directly applied to the first equation in (1.1) to get the bound-

edness of [u(-, )| Lx() via Moser—Alikakos iteration.

Lemma 3.4. Under the assumptions of Theorem 1.1, there exists C > O independent of Ty, such
that the solution (u, v, w) of (1.1) satisfies

uC-, DllLeo@ =C  forall 1€ (0, Tna). (3.15)

Proof. Applying the Young inequality, one obtains from (2.7) that for any p > 2

df Ew P+M/ Swl’2|va| +/ gwal’
dt
Q

p(p—l)xf Swapr= lVa Vv + pEn — u)/ Hwgptl

=
Q
7) Sw p-2 1 Ew
< a?*|Val* + p(p )x sup  |[Vu(.,D)liLee) [ e¥a
0<t<Tnax o
+ peg( sup (Lo + 1)/e$wal’+p(€n—u)/62§wa”+1.
0<t<Tnax o

Combining this with Lemma 3.3, we obtain

d
E/eswa”+C9/|Va%|2+/eéwap
Q Q Q
= 610172/@'7-

Q

(3.17)

By the Gagliardo—Nirenberg inequality (see (2.2)),

2
cur’ [ =cuplat i,
Q
2 5 5 201,512
scnpiliValiag) - lazlipye +enpllaly g

Therefore, an application of the Young inequality yields
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P )4 14
Clop2/ap SC9/|V612|2+C1ul72||a2 ||il(sz)+012p4||a2 ||i1(§z)' (3.18)
Q

Inserting (3.18) into (3.17), we get

_/ éwau/ &val <enplat i, o +enptla 12, g,

o (3.19)
p
< cizp*max{l, la” [I11g)*.
Letting p; = 2% and
M = max{l, sup /a”k(o,t)}
tE(O?Tmth)
Q
fork=1,2,..., we obtain from (3.19) that
d §w  pk §w i 4 LS 2
7 eal* + | esVaP* < ci3p(max{l, |la2 ||L1(Q)})
—C13PkMk 1’
which, upon a comparison argument, yields
My <max{p*M{_,, €519 aoll % q)) (3.20)

where the constant b > 1 is independent of k.
Now, if bAM?2 | < ef|Q| - llaoll 75 (g, for infinitely many k > 1, we get (3.15) with C =

& luoll L~ (). Conversely, if bkM2 1> 19 - ||a0||Loo(Q) for all sufficiently large k, then

My < b M} (3.21)

for all sufficiently large k, and thus (3.21) is still valid for all £ > 1 upon enlarging b if necessary.
Hence In My <klInb + 21n My_, for all kK > 1. By a straightforward induction, we get

In My < (k+2)Inb + 2%(In My + 21nb)
and thus

My < phr2r2t!

Mz (3.22)
From (3.22) and Lemma 3.1, it follows that (3.15) is valid with
C = efb>max{1 + ||, [luoll 1 (g)}-

According to Lemma 2.2, it remains for us to establish a priori estimates for [Vw(-, 1)l 5 q)-
The following lemma bridges |Vw(, t)||L,,(Q) and fo IVa(-, S)”Lq(sz)
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Lemma 3.5. Let (a, v, w) be a classical solution of (2.7) in Qt. Then, under the assumptions of
Theorem 1.1, forallt € (0, T) and g > 2,

t
IV D1 ) < clae™ (I Vwoll g g + 1+ f IVaC )4y qds).  (3.23)
0

where the constant c14 > 0 is independent of T .
Proof. By Lemmas 3.3 and 3.4, we have |la(-,1)||L>@) < C and [[v(, )|l y1.00(q) < C for all
0 <t < T, where C > 0 is independent of T. Hence proceeding as in the proof of Lemma 4.2 in
[27] or Lemma 2.3 in [35], we can prove (3.23). In fact, by the third equation of (2.7) and direct
calculations, we have

Vw, =heVw — (wVv + nwe* ¥ Va)
where

he=—v+n(l —w —e¥"a) <.

Applying the method of constant variation, we have

t
Vw(x,t) = Vwo(x)ef(; he(x.9)ds _ /(wVv +nwef¥Va)(x, t)efrt he(x.9)ds g
0

and thus

t
IVw(, D740 Squq”’IIVwollliq(Q)+2qeq’”/(/IwVv+nwe$wVa|(x,t)df)qu.
Q 0

Together with (3.14), this implies (3.23) for some large constant c14 > 0 independent of T'.

Lemma 3.6. Let (a, v, w) be a classical solution of (2.7) in Qt. Then, under the assumptions of
Theorem 1.1, there exists C(T) > 0 such that

t
/ 1AaC, $)I72q)ds + 1Vat, D}z, < C(T) (3.24)
0

forallt € (0, 7).
Proof. The first equation in (2.7) can be rewritten as
a; — Aa+ (xVv—EVw) - Va = h(x, 1), (x,1) € O, (3.25)

where



PY.H. Pang, Y. Wang / J. Differential Equations 263 (2017) 12691292 1287

h(x,1)=Eavw — xaAv — x€aVv - Vw +a(u — Eqw)(1 — e¥%a — w).

Multiplying (3.25) by —Aa, and using Lemmas 3.3 and 3.4, we have

1d -
EE/|Va|2+/‘|Aa|2 :/(XVv~Va—$Vw~Va)Aa—/hAa
Q Q Q

Q
1
s5/|Aa|2+zszf|Vw-Va|2+zX2/|vU.w|2
Q Q Q
—I—cls/|Vv-Vw|2+615/|Av|2+cl5 (3.26)
Q

Q
1
5E[|Aa|2+2§2/|Vw-Va|2+c16/|Va|2+
Q Q Q

+016/|vw|2+015/|AU|2+Cl6~

Q Q
By the Young inequality, we obtain that for any € > 0, there exists a constant C(¢) > 0 such that
252/|Vw.Va|2+c16f|Va|2§e/|Va|4+C(e)/|Vw|4+C(e),
Q Q Q Q

which together with (3.26) yields

d
E/|vd|2+/|Aa|2
Q Q

(3.27)
< e [1vatt+c@ [ 190l +205 [ 1802 + ceo).
Q Q Q
Using the Gagliardo—Nirenberg inequality in conjunction with (3.15), we obtain
IVa(-.Dll1s o, < crrlAaC 02, o llaC 0)l12 +crrlla.nll}
s L4Q) = 7 ’ L2(Q) s L(Q) 7 , L®(R) (3 28)
< a1l AaC, DI g, +cis.
Inserting (3.28) into (3.27) and taking € = 2611, we obtain
d 1
G [ivar 5 [1aak e [ 19wt e 1802 +en. (3.29)
Q Q Q Q

Applying Lemma 3.5 with ¢ =4 to (3.29) and using (3.28), we get
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d 2, 1 2

— \Y% = A

dt/|a|+2/|a|
Q Q

t
cracioe™ (| Vuollty o) + 1+ / IVaC, 9)l}4g,ds) + cro / AP + e
0 Q

IA

IA

t
c1ac10e (| Va1 14 g + 1+ 618/ 1AaC, 91172 qyds + cracist) + 019/ |Av]* +cr9.
0 Q

Upon integration, we get

t
1
IVa(, D72, + 3 / 1AaC, 9117 2qyds = 1Vaoll7 g
0

1
< cracioe™ ([ Vol s ) +1 + c1st / 18aC,$)72qds + c1st) (3.30)
0

t
et [ 18U )1 ds + cror
0

Taking 0 < #; < min{1, T} such that cj4c1gc19e14'1t) < JT and applying parabolic L2-theory to
the second equation in (2.7), we conclude that for any ¢ € (0, #1],

t
1
IVaC.DBs g + 5 / |8 )12 ds
0

3.31
< Va0l 0, +c20ll Viwols o) + ca1lall 20, + €2 (3-31)

< [Vaol}s g, + 20l Vol s g + c23.

From (3.28), (3.31) and Lemma 3.5, it follows that

IVw (-, t)F4qy < CUIVaol 72, Vol jsq)-

Now, we can repeat the above procedure by taking 71 as the initial time, and thereby extend the
estimate (3.31) to the time interval [0, T] after finitely many steps.

We are now in the position to prove Theorem I.1.

Proof of Theorem 1.1. Suppose on the contrary that 7,,,, < co. In view of Lemma 3.4, there
exists ¢ > 0 such that |la(-, )| o) < c; for all ¢ € (0, T,,,4x). On the other hand, combining
(3.28) with (3.24) yields
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t
/ IVac, $)l74g,ds <2
0

for some constant ¢, > 0, which in conjunction with Lemma 3.5 proves that [|Vw (-, 1)|[14(q) <
Cc3 forallz € (0, Tmax)~ Since ”XVU — évw”Lm(O,t;L“(Q)) <c4 and ||il||L4(QX(O,t)) <c4 for some
c4 > 0 for all r € (0, Tpnax), applying the parabolic LP-theory (see [17, Theorem 2.1]) to (3.25)
yields

”Va”LS(Qx(()J)) S CSHaHWj’l(QX(O,T)) S C6

for some ¢5 > 0 and cg > 0. Combining this with Lemma 3.5, we obtain some c¢7 > 0 such that
IVw(, )l 5@ = ¢7 for all ¢ € (0, Tynay). This contradicts the extensibility criterion (2.9) in
Lemma 2.2 and thereby proves that 7j,,,, = 00.
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Appendix A

In this appendix section, we put together some estimates for solutions of the third equation in
(2.11) that are used in the proof of Lemma 2.2.

Lemma A. Suppose that 0 < T < 1, v; € Cg’%(QT), w; € CO,T; w3 (Q)) and aj €

CI,O(G) (] =1, 2), and ”aj“Cl'O(E) <M, ||u)j||c(0)Tgwl‘5(Q)) <M and ”U/“Cg%(Q ) <M
T
Then the solutions w1 and wy of the ordinary differential equations

Wi =—v;jwj+nw;(1—-w; — eswf'aj), wi(x,0) =wo(x) >0, j=1,2 (A1)
satisfy
lwi —w2llco, 7. wis @) (A2)
= TCM)(lvi —v2llcrogyy + llar — azllcrog,) + lwit — walleo, rwis@)
where C (M) is a constant depending only upon M.
Proof. From (A.1), it follows that
(Wi —w2)r =ho(wi —w2) +h3, wi(x,0) —wa(x,0)=0 (A.3)

where hy) = —v; +n(l —wy — eswlal), h3 = (v — v))wy + nwa(wy — wy + EW2gy — eswlal).
It is easy to see that



1290 PY.H. Pang, Y. Wang / J. Differential Equations 263 (2017) 1269-1292

t

(W1 — W) (x,1) = / el DT (6

0
and
t t t
(Vw, —sz)(x,t)zfeff hz<X~f>dTVh3(x,s)ds+/ef! h2<X~f>dfh3(x,s)/Vh2(x,r)drds.
0 0 5
Since
lh2llccor) < C(M),
IVhalle@.r: 15y = Il = Vi + n(Vwy — 81 Vay — 5" a1 Vw)ll ¢ .7+ 15y < C(M),
Ih3llccory = CM)(lvi — v2llcor) + llar — azllccor) + lwr — w2l wis@)
and
IVR3llco,7:059)
= [(Vvy — Vv)ws + (v2 — v1)Vwy + nVwy(wy — wy + e§w2a2 - esw]al) +
+ nwa(Vws — Vwy) + e6¥2(Vay — Vay) + €t “2ar(Vwy — V) +
(€52 — 5V2)Vay + (e5%2an — eswzal)le)||C(07T;L5(Q))
=CM)(lvi = v2llcrogpy + llar —azllcrog,y + lwi — walle,7:wis5 )
we have
lwiC, 1) — w2, D5
_ 1
< w1 —wallcos) €215
=TCM)(lvi — v2llccor) + llar — azllccory + llwr — wallco, 7. wis )
and
IVwi(, 1) = Vwa (-, Dl 15
T
<M (IhsllcionT +1) / IVA3 (. 5)]l 15y ds
0
=TCM)(lvi —v2llcrocgyy + llar — azllcrog,) + lwr — wallc, 7. wise)-
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