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Abstract

In this paper we study a general 2 × 2 non-Abelian Chern–Simons–Higgs system of the form

�ui + 1

ε2

⎛
⎝ 2∑

j=1

Kjie
uj −

2∑
j=1

2∑
k=1

KkjKjie
uj euk

⎞
⎠= 4π

Ni∑
j=1

δpij (x), i = 1,2

over a flat 2-torus T2, where ε > 0, δp is the Dirac measure at p, Ni ∈ N (i = 1, 2), K is a non-degenerate 

2 × 2 matrix of the form K =
(

1 + a −a

−b 1 + b

)
, which may cover the physically interesting case when K is 

a Cartan matrix (of a rank 2 semisimple Lie algebra). Concerning the existence results of this type system 
over T2, usually in the literature there is a requirement that a, b > 0. However, it is an open problem so far 
for the solvability about such system with a, b < 0, which naturally appears in several Chern–Simons–Higgs 
models with some specific gauge groups. We partially solve this problem by showing that there exists a 
constant ε0 > 0 such that this system admits a solution over the torus if 0 < ε < ε0 provided |a|, |b| are 
suitably small. Furthermore, if ab ≥ 0 in addition, with suitable condition on a, b, N1, N2, this system 
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admits a mountain-pass solution. Our argument is based on a perturbation approach and the mountain-pass 
lemma.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

Since 1980’s the Chern–Simons terms [12,13] have been used in 2 + 1 dimensional gauge 
field models for the characterization of dually charged vortices [16–19,46], which have applica-
tions in many branches of modern physics such as high-temperature superconductivity [39,44], 
integer and fractional quantum Hall effects [23,48,49], and anyon physics [25,56,57]. For the 
full Chern–Simons–Higgs models usually it is hard to study the equations of motion due to their 
complicated structures, even for the radially symmetric case, which was just solved not long 
ago in [9]. Thanks to the seminal works [32,36], self-dual equations [5,47] have been found in 
various Abelian and non-Abelian Chern–Simons–Higgs models, relativistic or non-relativistic 
[20–22,35–37,40–42], which lead to considerable progress for understanding of these equations 
both physically and mathematically. See [33] for a recent review about Chern–Simons models.

For the Abelian Chern–Simons–Higgs model, the self-dual equations found in [32,36] can be 
formulated into

�u + 1

ε2
eu(1 − eu) = 4π

N∑
s=1

δps , (1.1)

where ε > 0 is a coupling parameter, δp denotes the Dirac measure concentrated at point p, 
and N ∈N. Finite-energy condition implies two kinds of admissible boundary conditions on R2: 
u → 0 and u → −∞ at infinity, which are separately called topological and non-topological [59]. 
The existence of topological solutions for (1.1) was established in [55] by a variational argu-
ment, and in [50] via a monotone iteration approach, respectively. For non-topological solutions 
of (1.1), the first result is due to [51], dealing with the radially symmetric solutions by a shooting 
argument, which was refined in [11] to tackle more general problems. Concerning the existence 
of non-radially non-topological solutions, [7] established the first existence result by a perturba-
tion argument, which was extended by [8] and [15] to get more general existence results. Another 
type physically interesting solutions for (1.1) is called vortex condensates [1] modelling the lat-
tice structure, that is, to construct solutions for (1.1) over a doubly periodic domain (a flat torus), 
which were first constructed by [6] and later generalized by [52] to get a multiple existence result. 
More complete existence results concerning (1.1) can be found in the monographs [54,59].

As for the non-Abelian Chern–Simons–Higgs model, the self-dual equations in [20–22] can 
be reduced into the following nonlinear elliptic system [58,59]

�ui + 1

ε2

⎛
⎝ r∑

Kjie
uj −

r∑ r∑
KkjKjie

uj euk

⎞
⎠= 4π

Ni∑
δpij

, i = 1, · · · , r, (1.2)

j=1 j=1 k=1 j=1
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where K = (Kij ) is the Cartan matrix of a finite-dimensional semisimple Lie algebra L, r the 
rank of L, ε > 0 the coupling parameter, and Ni ∈ N (i = 1, . . . , r). Formally the equation (1.1)
can be viewed as a limiting case of (1.2) with the matrix K reducing to the number 1. In view 
of finite-energy condition, it is interesting to study the system (1.2) in R2 [20–22,58,59] with the 
topological boundary conditions

ui → ln
r∑

j=1

(K−1)ji , |x| → ∞, i = 1, · · · , r

or the non-topological conditions

ui → −∞, |x| → ∞, i = 1, · · · , r.

Based on a Cholesky decomposition technique for the positive definite matrices, Yang [58] used 
a variational approach to establish the first existence result concerning topological solutions for 
system (1.2) with K being a general matrix such that the Cartan matrices [38] are included.

Due to the well-known constraints’ difficulty, as witnessed by [6,52], it is difficult to solve 
(1.2) when r ≥ 2 over a doubly periodic domain. In this context the first existence result was 
established by Nolasco and Tarantello [45] when K is the Cartan matrix of SU(3), i.e.

K =
(

2 −1
−1 2

)
,

by refining the constrained minimization approach in [6,52]. Subsequently, Han and Tanratello 
[30] extended the results [45] to a general case when K is a non-degenerate matrix of the form 

K =
(

α −β

−γ δ

)
with α, β, δ, γ > 0 and αδ − βγ > 0 such that Cartan matrix of a rank 2 

semisimple Lie algebra is contained. The case with K being the Cartan matrix of SU(n + 1)

of (1.2) was solved by [31], where the constraints’ difficulty was overcome by an iteration trick 
with the help of implicit function theorem. The most recent progress on this issue is due to [29], 
where a new approach based on a degree-theory argument has been developed to resolve the 
constraints, and the existence results for (1.2) are established when K assumes a very general 
form such that the Cartan matrices of all semisimple Lie algebras are included.

On the other hand, in the works [29–31,45], for dealing with the solutions over a torus, the 
common feature shared by the corresponding matrix K is that its off-diagonal entries are non-
positive. In fact, this feature is crucial for resolution of the constraints’ difficulty involved in these 
studies. A natural question is whether there are any solutions of system (1.2) with K having non-
negative off-diagonal entries, or more general, no sign assumption of signs being imposed on 
them. This motivates us to study the solvability of (1.2) over a flat 2-torus when K is a general 
2 × 2 non-degenerate matrix with no restrictions on signs of the off-diagonal entries.

For this purpose, we first make a transformation of system (1.2) with a general matrix K =(
α β

γ δ

)
, α, δ > 0, αδ −βγ > 0. In order to guarantee the existence of topological solution, one 

needs

2∑
(K−1)ji > 0, for i = 1,2, i.e.

δ − β

αδ − βγ
,

α − γ

αδ − βγ
> 0.
j=1



X. Han, G. Huang / J. Differential Equations 263 (2017) 1522–1551 1525
Define a transformation as follows:

(u1, u2) →
(

u1 + ln
δ − β

αδ − βγ
, u2 + ln

α − γ

αδ − βγ

)
.

Then system (1.2) can be changed to

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�u1 = 1

ε2

{
aeu2(1 − (1 + b)eu2 + beu1)

− (1 + a)eu1(1 − (1 + a)eu1 + aeu2)
}+ 4π

N1∑
i=1

δpi1

�u2 = 1

ε2

{
beu1(1 − (1 + a)eu1 + aeu2)

− (1 + b)eu2(1 − (1 + b)eu2 + beu1)
}+ 4π

N2∑
i=1

δpi2

in T
2 (1.3)

with K =
(

1 + a −a

−b 1 + b

)
, where a = β(γ−α)

αδ−βγ
, b = γ (β−δ)

αδ−βγ
. In all the cases considered in 

[29–31,45], one always has a, b > 0, which is crucial for the constrained minimization prob-
lems involved in these studies. However, some corresponding systems with a, b < 0 in (1.3)
arise naturally from specific field-theoretical models.

A first example is the following system, which originates in the Gudnason model [26,27]
whose gauge groups are SO(2M) and USp(2M):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�U = α

M2

[
M∑
i=1

(eU+Vi + eU−Vi − 2)

]⎡⎣ M∑
j=1

(eU+Vj + eU−Vj )

⎤
⎦

+ αβ

M

M∑
i=1

(eU+Vi − eU−Vi ) + 4π

M∑
i=1

ni∑
s=1

δpis

�Vj = αβ

M

[
M∑
i=1

(eU+Vi + eU−Vi − 2)

]
(eU+Vj − eU−Vj )

+ β2(e2U+2Vj − e2U−2Vj ) + 4π

nj∑
s=1

δpjs
, j = 1, · · · ,M

in T
2, (1.4)

where α, β > 0 are coupling constants. The derivation and more physical motivation of this 
system can be found in [26,27]. For M = 1, by setting u1 = U + V1, u2 = U − V1, we see that 
system (1.4) can be reduced to a specific case system (1.3) with a = b = β−α

2α
, ε = 1

2α
. We refer 

readers to [28] for the details of the transformation. Therefore when β < α it is necessary to 
study system (1.3) with a, b < 0.

Another typical example comes from a non-Abelian Chern–Simons–Higgs model with gauge 
group SU(N) × U(1) and flavor SU(N):
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�u1 = 1

ε2

{
−N − 1 + κ

N

(
eu1 − N − 1 + κ

N
e2u1 + κ − 1

N
eu1+u2

)

+ κ − 1

N

(
eu2 − 1 + (N − 1)κ

N
e2u2 + (N − 1)(κ − 1)

N
eu1+u2

)}
+ 4π

N1∑
i=1

δpi1

�u2 = 1

ε2

{
(N − 1)(κ − 1)

N

(
eu1 − N − 1 + κ

N
e2u1 + κ − 1

N
eu1+u2

)

− 1 + (N − 1)κ

N

(
eu2 − 1 + (N − 1)κ

N
e2u2 + (N − 1)(κ − 1)

N
eu1+u2

)}

+ 4π

N2∑
i=1

δpi2

(1.5)

in T2, where N ≥ 2, κ is a coupling constant. System (1.5) was first derived by Lozano, Mar-
qués, Moreno and Schaposnik in [43]. In fact, we can see that system (1.5) is a special case of 
system (1.3) with a = κ−1

N
, b = (N−1)(κ−1)

N
. Then as κ < 1 we need to consider system (1.3) with 

a, b < 0.
Due to the difficulty of the constraints, system (1.4) and system (1.5) are solved by [28]

and [10] respectively for the case a, b > 0 (i.e. β > α in (1.4) and κ > 1 in (1.5)) in T2. 
The existence of solutions over T2 for system (1.4) and (1.5) remains open for a, b < 0 (i.e. 
β < α in (1.4) and κ < 1 in (1.5)). This unsolved case for the above two systems concerning 
the specific models provides us more physical motivation to study the solvability of the gen-
eral system (1.3) without the requirement a, b > 0. We will establish the existence results for 
system (1.3) over T2 when |a|, |b| are small enough, which partially solves this open prob-
lem. Specifically, we have the following existence theorem on solutions of (1.3) over a flat 
2-torus T2.

Theorem 1.1. Consider system (1.3) over a flat 2-torus T2. Let p11, · · · , p1N1 , p21, · · · , p2N2 ∈
T

2 be given. Then, there exist two constants, δ0 = δ0(N1, N2), ε0 = ε0(pij , a, b) such that for 
|a|, |b| < δ0, 0 < ε < ε0, system (1.3) admits a solution (u1,ε, u2,ε) which has the following 
property:

εk|ui,ε(x)| + εk|∇ui,ε(x)| → 0, i = 1,2, as ε → 0, (1.6)

locally uniformly in T2\ ∪ij pij , for any fixed k ∈ N
+ ∪ {0}.

Moreover, system (1.3) admits at least two solutions, provided one of the following case hap-
pens in addition:

(1) a, b > 0;
(2) a, b < 0, 1

λ
≤ a

b
≤ λ, for some constant λ > 1, |a|, |b| ≤ δ0(N1, N2, λ) and 

[
(1 + b)N1 +

aN2
][

(1 + a)N2 + bN1
] 
= 0;

(3) a = 0, N2 
= 0 or b = 0, N1 
= 0.
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On the other hand, for the solutions obtained, there hold the following quantized integrals

1

ε2

∫
T2

{
(1 + a)eu1(1 − (1 + a)eu1 + aeu2) − aeu2(1 − (1 + b)eu2 + beu1)

}
dx = 4πN1,

1

ε2

∫
T2

{
(1 + b)eu2(1 − (1 + b)eu2 + beu1) − beu1(1 − (1 + a)eu1 + aeu2)

}
dx = 4πN2.

Remark 1.1. By our theorem, in particular, we obtain the existence of solutions of system (1.4)
and (1.5) over a flat 2-torus T2 for (corresponding) a, b < 0 and |a|, |b| are small enough.

Since a, b are not necessarily positive, the constrained minimization for dealing with the solu-
tion of (1.2) over T2 does not apply for (1.3). We need to seek other ideas to tackle this problem. 
Observe that for a, b = 0 system (1.3) decouples into two Abelian Chern–Simons–Higgs equa-
tions of the form (1.1), which are well understood as we mentioned previously. This sheds some 
light on the possibility to solve (1.3) when |a|, |b| is small. In fact, to get the existence a first so-
lution, we use a perturbation approach which is inspired by the work of [14] and a generalization 
of [34].

To this end, we need to investigate the existence of topological solutions of the system

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

�u1 = aeu2(1 − (1 + b)eu2 + beu1)

− (1 + a)eu1(1 − (1 + a)eu1 + aeu2) + 4πN1δ0

�u2 = beu1(1 − (1 + a)eu1 + aeu2)

− (1 + b)eu2(1 − (1 + b)eu2 + beu1) + 4πN2δ0

in R
2. (1.7)

Formally, system (1.7) can be seen as a perturbation of the following decoupled system of two 
Abelian Chern–Simons–Higgs equations

{
�u1 + eu1(1 − eu1) = 4πN1δ0

�u2 + eu2(1 − eu2) = 4πN2δ0
in R

2, (1.8)

which corresponds to (1.7) with a = b = 0. For simplicity, throughout this paper we use the 
following notation

f (u1, u2) � eu1(1 − (1 + a)eu1 + aeu2), g(u1, u2) � eu2(1 − (1 + b)eu2 + beu1). (1.9)

Then the linearized operator L(u1, u2) � (L1(u1, u2), L2(u1, u2)) of (1.7) at a solution (u1, u2)

is as follows:

{
L1(u1, u2)(h1, h2) � �h1 + ((1 + a)fu1 − agu1)h1 + ((1 + a)fu2 − agu2)h2,

L2(u1, u2)(h1, h2) � �h2 + ((1 + b)gu2 − bfu2)h2 + ((1 + b)gu1 − bfu1)h1.
(1.10)

Thanks to the uniqueness and strictly stable property of the topological solution of (1.8) which 
is proved in [14], we have the following result concerning the existence of topological solutions 
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of (1.7) and the invertibility of the corresponding linearized operator, which is important for the 
proof of Theorem 1.1.

Theorem 1.2. For any N1, N2 ≥ 0, system (1.7) admits a topological solution (u1, u2), whose 
linearized operator defined by (1.10) is a one to one map from H 2(R2) to L2(R2), and there is a 
constant c0 = c0(N1, N2) > 0 such that

‖L(u1, u2)(h1, h2)‖L2(R2)×L2(R2) ≥ c0‖(h1, h2)‖H 2(R2)×H 2(R2)

provided |a|, |b| < δ0(N1, N2) for some constant δ0(N1, N2) > 0. Moreover, this topological 
solution satisfies the following properties:

(1). There exists Rε(N1, N2) > 0 such that |ui(x)| + |∇ui(x)| ≤ C1e− 1
2 (1−ε)|x|, i = 1, 2 for any 

|x| > Rε(N1, N2);
(2). The following estimate holds:

‖u1 − φ1‖H 2(R2) + ‖u2 − φ2‖H 2(R2) ≤ C2(
√|a| +√|b|), (1.11)

where (φ1, φ2) is the unique topological solution of (1.8);
(3). If a, b is non-negative, this topological solution is the unique topological solution of (1.7)

and it is radial symmetric;
(4). For the solutions obtained, there hold the following quantized integrals:

∫
R2

{
(1 + a)eu1(1 − (1 + a)eu1 + aeu2) − aeu2(1 − (1 + b)eu2 + beu1)

}
dx = 4πN1,

∫
R2

{
(1 + b)eu2(1 − (1 + b)eu2 + beu1) − beu1(1 − (1 + a)eu1 + aeu2)

}
dx = 4πN2.

The rest of our paper is organized as follows. In Section 2, we prove the existence part of 
Theorem 1.2 via a perturbation argument and the uniqueness part by a Pohozaev’s type identity. 
Section 3 is devoted to the proof of Theorem 1.1. We establish the existence of a first solution 
of (1.3) by a contradiction argument and contraction mapping principle which borrows the idea 
from [14]. And the existence of a second solution of (1.3) is proved with the help of mountain-
pass lemma [2].

2. Topological solution in RRR2

This section is mainly devoted to proving Theorem 1.2. Our proof is based on a perturbation 
argument and Pohozaev’s identity.

2.1. Preliminaries

In this subsection we present some preliminaries for our later use. To this end, we need to 
analyze system (1.7) with |a|, |b| being small constants. Let (φ1, φ2) be the unique topological 
solution of the decoupled system (1.8).
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Before starting our proof, we first recall some facts without proof.
Consider the following equation,

�u + eu(1 − eu) = 4πNδ0, in R
2. (2.1)

If we consider the radial symmetric solutions of (2.1), then

(ru′)′ + reu(1 − eu) = 0, r > 0; u(r) = 2N ln r + s0, r → 0. (2.2)

(I). For N = 0, after a translation of coordinate, both topological solution and non-topological 
solutions are radial symmetric and unique. Set β(s0) �

∫∞
0 reu(1 − eu)dr . Then β(s0) is 

strictly increasing on (−∞, 0) and

lim
s0→−∞β(s0) = 4; lim

s0→0
β(s0) = +∞. (2.3)

We refer the readers to [8] for the details of the proof.
(II). For N ≥ 0, all the topological solutions of (2.1) are radial symmetric. Its linearized operator 

L : H 2(R2) → L2(R2):

L(h) � �h + eu(1 − 2eu)h

is a one to one map and there is a constant c(N) > 0 such that

‖Lh‖L2(R2) ≥ c(N)‖h‖H 2(R2) (2.4)

for all h ∈ H 2(R2). The details of the proof can be found in [14].

We also recall the following form of Harnack type inequality from [4].

Lemma 2.1. Let � ⊂R
2 be a smooth bounded domain and u satisfy:

−�u = f in �,

with f ∈ Lp(�), p > 1. For any subdomain �′ ⊂⊂ �, there exist two positive constants τ ∈
(0, 1) and M > 0, depending only on �′, such that

(1). if sup∂� u ≤ C, then sup�′ u ≤ τ inf�′ u + M‖f ‖Lp(�) + (1 − τ)C;
(2). if inf∂� u ≥ −C, then τ sup�′ u ≤ inf�′ u + M‖f ‖Lp(�) + (1 − τ)C.

We first derive a decay estimate of the topological solutions for system (1.7) which will be 
used later. Although the proof is standard as in [58], we present it here for completeness.

Lemma 2.2. Suppose (u1, u2) is a topological solution of system (1.7). Then there exists Rε > 0
such that

|ui(x)| + |∇ui(x)| ≤ Cεe− 1
2 (1−ε)|x|, i = 1,2, for |x| > Rε, (2.5)

provided that |a|, |b| ≤ δ0 for some δ0 > 0 small enough.



1530 X. Han, G. Huang / J. Differential Equations 263 (2017) 1522–1551
Proof. Denote

K =
(

1 + a −a

−b 1 + b

)
, u =

(
u1
u2

)
, U =

(
eu1 0
0 eu2

)
, U =

(
eu1

eu2

)
, 1 =

(
1
1

)
.

Then system (1.7) in R2\BR(0) is equivalent to

�u = KUK(U − 1) = KUKUξ u (2.6)

where Uξ =
(

eξ1 0
0 eξ2

)
for some ξi between 0 and ui , i = 1, 2. Since K can be regarded as 

a perturbation of the identity matrix I , we can choose |a|, |b| small enough such that 1
2

(
K2 +

(KT )2
) ≥ 1

2I . From the theory of linear algebra, we can find an orthogonal matrix O such that 
1
2O

(
K2 + (KT )2

)
OT = diag

(
λ1, λ2

)= �, λ1, λ2 ≥ 1
2 . Set w = Ou. Then we have

�w2 = wT O(K2 + (KT )2)OT w + wT O(K2 − (KT )2)OT w + wT O(KUKUξ − K2)O−1w

≥ 2 min(λ1, λ2)w2 − o(1)w2 ≥ (1 − ε2)w2. (2.7)

Since u1, u2 → 0 as x → ∞, we can choose Rε > 0 large enough to guarantee the last inequality 
in (2.7). Now by a standard barrier function argument, we can deduce from (2.7) that

|w|2 ≤ Cεe
−(1−ε)|x|,

which proves the present lemma. �
With the help of the decay estimate as above, we can derive a Pohozaev’s identity for sys-

tem (1.7).

Lemma 2.3. Suppose (u1, u2) is a topological solution of system (1.7) with 1 + a + b 
= 0. Then 
there hold the following identities:

∫
R2

eu1(1 − (1 + a)eu1 + aeu2) = 4π((1 + b)N1 + aN2)

1 + a + b
,

∫
R2

eu2(1 − (1 + b)eu2 + beu1) = 4π((1 + a)N2 + bN1)

1 + a + b
,

b

∫
R2

(1 − eu1) + a

∫
R2

(1 − eu2) = 4π(1 + b)b

1 + a + b
N2

1 + 4π(1 + a)a

1 + a + b
N2

2

− 8πab

1 + a + b
N1N2 + 4πb((1 + b)N1 + aN2)

1 + a + b
+ 4πa((1 + a)N2 + bN1)

1 + a + b
.

(2.8)
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Proof. In fact, by a straightforward computation, we can change system (1.7) to

{
�((1 + b)u1 + au2) + (1 + a + b)eu1(1 − (1 + a)eu1 + aeu2) = 0

�((1 + a)u2 + bu1) + (1 + a + b)eu2(1 − (1 + b)eu2 + beu1) = 0
in R

2\{0}. (2.9)

A direct integration of (2.9) on R2 will yield that

∫
R2

eu1(1 − (1 + a)eu1 + aeu2) = 4π((1 + b)N1 + aN2)

1 + a + b
,

∫
R2

eu2(1 − (1 + b)eu2 + beu1) = 4π((1 + a)N2 + bN1)

1 + a + b
.

(2.10)

Multiplying the first equation of (2.9) with x · ∇u1 and integrating on R2\Bδ(0), one gets

−
∫

R2\Bδ(0)

x · ∇u1
[
(1 + b)�u1 + a�u2

]

= (1 + a + b)

∫
R2\Bδ(0)

[
x · ∇(eu1 − 1) − 1 + a

2
x · ∇(e2u1 − 1) + aeu2x · ∇eu1

]
.

(2.11)

Now we estimate the left-hand side term of (2.11). Integrating by parts, we have

∫
R2\Bδ(0)

x · ∇u1�u1

=
∫

R2\Bδ(0)

∂i(xj ∂ju1∂iu1) −
∫

R2\Bδ(0)

|∇u1|2 − 1

2

∫
R2\Bδ(0)

x · ∇|∇u1|2

= −
∫

∂Bδ(0)

(∇u1 · ν)(x · ∇u1) + 1

2

∫
∂Bδ(0)

(x · ν)|∇u1|2

= − 4πN2
1 + O(δ).

(2.12)

By (2.11) and (2.12), we get

2
∫
R2

(1 − eu1) − (1 + a)

∫
R2

(1 − e2u1) + a

∫
R2\Bδ(0)

eu2x · ∇eu1

= 4π(1 + b)

1 + a + b
N2

1 − a

1 + a + b

∫
2

(x · ∇u1) · �u2 + O(δ).

(2.13)
R \Bδ(0)
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A similar argument also yields that

2
∫
R2

(1 − eu2) − (1 + b)

∫
R2

(1 − e2u2) + b

∫
R2\Bδ(0)

eu1x · ∇eu2

= 4π(1 + a)

1 + a + b
N2

2 − b

1 + a + b

∫
R2\Bδ(0)

(x · ∇u2) · �u1 + O(δ).

(2.14)

Combining (2.13) and (2.14), we have

2b

∫
R2

(1 − eu1) + 2a

∫
R2

(1 − eu2) − b(1 + a)

∫
R2

(1 − e2u1) − (1 + b)a

∫
R2

(1 − e2u2)

+ 2ab

∫
R2

(1 − eu1+u2) = 4π(1 + b)b

1 + a + b
N2

1 − 8πab

1 + a + b
N1N2 + 4π(1 + a)a

1 + a + b
N2

2 . (2.15)

By (2.15) and (2.10), we get the last equality of (2.8). �
Lemma 2.4. Suppose (u1, u2) is a topological solution of (1.7) with a, b ≥ 0. Then we have 
u1, u2 ≤ 0 in R2.

Proof. Suppose not, without loss of generality, we may assume 0 < maxR2 u1 = u1(x0) ≥
maxR2 u2. At x0, one has

0 ≤ − �u1(x0) = (1 + a)eu1(1 − (1 + a)eu1 + aeu2)(x0) − aeu2(1 − (1 + b)eu2 + beu1)(x0)

≤ (1 + a)eu1(1 − eu1)(x0) − aeu2(1 − eu2)(x0) < a(eu1 − eu2)(1 − eu2 − eu1)(x0) ≤ 0.

This yields a contradiction and proves the present lemma. �
Lemma 2.5. Suppose (u1,n, u2,n) is a sequence of topological solutions of system (1.7) with 
(a, b) = (an, bn) and an, bn ≥ 0. Then by taking a subsequence, one can get (u1,n, u2,n) con-
verges to (ū1, ū2) in C2

loc(R
2\{0}) such that (ū1, ū2) is a topological solution of system (1.7)

with (a, b) = (
lim

n→∞an, lim
n→∞bn

)= (ā, b̄).

Proof. We distinguish into two cases:

1. ā, b̄ > 0. In this case, by Lemma 2.4, we see that∫
R2

(1 − eu1,n ) +
∫
R2

(1 − eu2,n ) ≤ C < +∞ (2.16)

uniformly in n. By Lemma 2.4, u1,n, u2,n ≤ 0. This allows us to apply the Harnack inequality 
of Lemma 2.1 to show that u1,n either goes −∞ locally uniformly in R2\{0} or remains 
locally uniformly bounded in R2\{0}. Due to (2.16), we can conclude that u1,n remains 
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locally uniformly bounded in R2\{0}. Hence, by a subsequence, we may assume u1,n, u2,n

converge to ū1, ū2 ≤ 0 in C2
loc(R

2\{0}), respectively. By Fatou’s Lemma and (2.16), we also 
have ∫

R2

(1 − eū1) +
∫
R2

(1 − eū2) ≤ C < +∞, (2.17)

which implies (ū1, ū2) is a topological solution. Since if not, we may find xn → ∞ such 
that ū1(xn) + ū2(xn) ≤ −γ0 < 0 for some constant γ0 > 0. Then by intermediate value the-
orem, we can find yn → ∞ such that ū1(yn) + ū2(yn) = −γ0. By the equation for ū1 + ū2
and Harnack inequality, there exists M0 > 0 such that ū1 + ū2 ≤ − γ0

2 in BM0(yn) which 
contradicts (2.17).

2. āb̄ = 0. Without loss of generality, we may assume 0 < an, bn → 0 as n → ∞, otherwise it 
is the trivial case. By (2.8) in Lemma 2.3, we have∫

R2

(1 − eu2,n ) ≤ C < ∞. (2.18)

As in Case 1, we can apply Harnack inequality in Lemma 2.1 to u1,n to get u1,n either goes 
to −∞ or remains bounded locally uniformly in R2\{0}. In fact, we have the following three 
different situations:
(2.a) (u1,n, u2,n) converges to (ū1, ū2) with 

∫
R2(1 − eū1) + ∫

R2(1 − eū2) ≤ C < +∞. This 
is just the Case 1 and proves the present lemma.

(2.b) (u1,n, u2,n) converges to (ū1, ū2) with 
∫
R2(1 − eū1) = +∞, 

∫
R2(1 − eū2) ≤ C < +∞. 

In fact, this implies (ū1, ū2) is not a topological solution of (1.7). In other words, there 
exists γ0 < 0 and xn → ∞ such that ū1(xn) ≤ γ0.

(2.c) u1,n goes to −∞ locally uniformly in R2\{0}.
We need to show that Case (2.b) and (2.c) will never happen. In fact, if Case (2.b) or (2.c) 
happens, by u1,n(x) → 0 as |x| → +∞ and intermediate value theorem, we can find 
yn → ∞ such that u1,n(yn) = s0 < 0 and β(s0) >> 1 with β(s) as in (2.3). Set

ũ1,n(x) � u1,n(x + yn), ũ2,n(x) � u2,n(x + yn). (2.19)

Then by the Harnack inequality of Lemma 2.1, we know that ũ1,n is locally uniformly 
bounded and ũ2,n either goes to −∞ or remains uniformly bounded locally in R2. 
From (2.18), we know ũ2,n is locally uniformly bounded. By standard elliptic estimates, 
we may assume ũ1,n, ũ2,n converge to ũ1, ũ2 in C2

loc(R
2) which solve the following system

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

�ũ1 + (1 + ā)eũ1(1 − (1 + ā)eũ1 + āeũ2) − āeũ2(1 − eũ2) = 0,

�ũ2 + eũ2(1 − eũ2) = 0, in R
2,∫

R2

(1 − eũ2) ≤ C < ∞, ũ1(0) = s0.

(2.20)

By the first and third equality in (2.8), one can get (1 + ā)2
∫
R2 eu1,n (1 − eu1,n ) ≤ C0 < ∞

uniformly. Since ũ2 is a topological solution, we know ũ2 ≡ 0. In fact, (2.20) is reduced 
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to (2.1) with N = 0. By our choice of s0, we get a contradiction. This completes the proof of 
the present lemma. �

Remark 2.1. In fact, Lemma 2.5 is also true for system (1.7) with more general distribution of 
vortices.

2.2. The proof of Theorem 1.2

In this subsection we carry out the proof of Theorem 1.2. For any z1, z2 ∈ H 2(R2), we first 
introduce the following operator:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

F1(z1, z2) � �z1 + 1

κ
(eκz1+φ1 − eφ1)(1 − eκz1+φ1 − eφ1) + a

κ
eκz1+φ1(1 − (2 + a)eκz1+φ1)

− a

κ
eκz2+φ2(1 − (1 + b)eκz2+φ2 − (1 + a − b)eκz1+φ1),

F2(z1, z2) � �z2 + 1

κ
(eκz2+φ2 − eφ2)(1 − eκz2+φ2 − eφ2) + b

κ
eκz2+φ2(1 − (2 + b)eκz2+φ2)

− b

κ
eκz1+φ1(1 − (1 + a)eκz1+φ1 − (1 + b − a)eκz2+φ2).

By a direct computation, we can see that u1 = κz1 + φ1, u2 = κz2 + φ2 is a solution of (1.7)
if and only if F(z1, z2) � (F1(z1, z2), F2(z1, z2)) = 0. Here (φ1, φ2) is the unique topological 
solution of system (1.8).

Lemma 2.6. Let F(z1, z2) : H 2(R2) × H 2(R2) → L2(R2) × L2(R2) be defined as above and 
κ2 � max(|a|, |b|). Then there exists δ0 � δ0(N1, N2) > 0 such that

(1). ‖F(0, 0)‖L2(R2)×L2(R2) ≤ c1(N1, N2)κ;
(2). For any ψ1, ψ2 ∈ H 2(R2), we have

‖DF(0,0)(ψ1,ψ2)‖L2(R2)×L2(R2) ≥ c2(N1,N2)
(‖ψ1‖H 2(R2) + ‖ψ2‖H 2(R2)

);
(3). For any z1, z2 ∈ H 2(R2) with ‖zi‖H 2(R2) ≤ 1, we have

‖(DF(z1, z2) − DF(0,0))(ψ1,ψ2)‖L2(R2)×L2(R2)

≤ c3(N1,N2)κ
(‖ψ1‖H 2(R2) + ‖ψ2‖H 2(R2)

)
provided |a|, |b| ≤ δ0.

Proof. First we prove (1). By the definition of F(z1, z2), we get

‖F1(0,0)‖L2(R2) =
∥∥∥a

κ
eφ1(1 − (2 + a)eφ1) − a

κ
eφ2(1 − (1 + b)eφ2 − (1 + a − b)eφ1)

∥∥∥
L2(R2)

≤ Cκ
(
‖1 − eφ1‖L2(R2) + ‖1 − eφ2‖L2(R2)

)
≤ c1κ.

Here we have used (φ1, φ2) is the unique topological solution of (1.8). The proof for F2(0, 0) is 
the same.
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Now we turn to prove (2). By a direct computation, one gets

DF1(0,0)(h1, h2)

= �h1 + eφ1(1 − 2eφ1)h1 + aeφ1(1 − 2(2 + a)eφ1)h1

−aeφ2(1 − 2(1 + b)eφ2 − (1 + a − b)eφ1)h2 + a(1 + a − b)eφ1+φ2h1.

By a rearrangement, we get that h1 satisfies

�h1 + eφ1(1 − 2eφ1)h1 = aI1h1 + aI2h2 + DF1(0,0)(h1, h2),

where |I1|, |I2| are some functions with universal L∞-bounds. Now by the property (2.4) of φ1, 
we have

‖h1‖H 2(R2) ≤ C
{|a|(‖h1‖L2(R2) + ‖h2‖L2(R2)) + ‖DF1(0,0)(h1, h2)‖L2(R2)

}
. (2.21)

A similar argument yields that

‖h2‖H 2(R2) ≤ C
{|b|(‖h1‖L2(R2) + ‖h2‖L2(R2)) + ‖DF2(0,0)(h1, h2)‖L2(R2)

}
. (2.22)

If we take |a|, |b| small enough such that C(|a| + |b|) < 1
2 , (2) follows from inequalities (2.21)

and (2.22) immediately.
It remains to prove (3). In fact, by a direct computation, one gets

(
DF1(z1, z2) − DF1(0,0)

)
(h1, h2) = I3h1 + I4h2, (2.23)

where I3, I4 are functions which are controlled by |1 − eκz1 | +|1 − eκz2 |. By Sobolev embedding 
H 2(R2) ↪→ L∞(R2) and mean value theorem, one can show (3) is true. �
Proof of Theorem 1.2. Set

G(z1, z2) � (z1, z2) − (DF)−1(0,0)F (z1, z2) : H 2(R2) × H 2(R2) → H 2(R2) × H 2(R2).

(2.24)

It is easy to see that F(z1, z2) = 0 is equivalent to (z1, z2) is a fixed point of G. In the following, 
we will show G(z1, z2) is a contraction mapping from B1 × B1 to B1 × B1, where B1 � {z ∈
H 2(R2)|‖z‖H 2(R2) ≤ 1}. Also set κ2 � max(|a|, |b|).

By the definition of G(z1, z2) and (1), (2) of Lemma 2.6, we see that

‖G(0,0)‖H 2(R2)×H 2(R2) =
∥∥∥(DF)−1(0,0)F (0,0)

∥∥∥
H 2(R2)×H 2(R2)

≤ C(N1,N2)κ. (2.25)

Also by (2), (3) of Lemma 2.6, we have

‖DG(z1, z2)‖ ≤
∥∥∥(DF)−1(0,0)

∥∥∥‖DF(z1, z2) − DF(0,0)‖ ≤ C(N1,N2)κ. (2.26)

From inequalities (2.25) and (2.26), one gets
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‖G(z1, z2)‖H 2(R2)×H 2(R2)

= ‖G(0,0)‖H 2(R2)×H 2(R2) + sup
z̃1,z̃2∈B1

‖DG(z̃1, z̃2)‖
(‖z1‖H 2(R2) + ‖z2‖H 2(R2)

)
≤ C(N1,N2)κ

(2.27)

for any z1, z2 ∈ B1. Moreover,

‖G(z1, z2) − G(z̃1, z̃2)‖H 2(R2)×H 2(R2)

≤ sup
z̄1,z̄2∈B1

‖DG
(
z̄1, z̄2)‖(‖z1 − z̃1‖H 2(R2) + ‖z2 − z̃2‖H 2(R2)

)

≤ Cκ
(‖z1 − z̃1‖H 2(R2) + ‖z2 − z̃2‖H 2(R2)

)≤ 1

2

(‖z1 − z̃1‖H 2(R2) + ‖z2 − z̃2‖H 2(R2)

) (2.28)

for any z1, z2 ∈ B1 and κ small enough. In view of (2.27) and (2.28), we see that G(z1, z2) is 
a well-defined contraction mapping from B1 × B1 to B1 × B1 provided |a|, |b| is small enough. 
Therefore, G(z1, z2) has a unique fixed point (z1,a,b, z2,a,b) in B1 × B1. By the definition of 
G(z1, z2) and F(z1, z2), we have found a solution (ϕ1,a,b, ϕ2,a,b) of (1.7) as follows:

ϕ1,a,b(x) = κz1,a,b(x) + φ1(x), ϕ2,a,b(x) = κz2,a,b(x) + φ2(x).

From the construction, by Lemma 2.6, we can see the non-degeneracy of the linearized operator 
of (1.7) at (ϕ1,a,b, ϕ2,a,b). Since z1,a,b, z2,a,b ∈ B1, by Sobolev embedding H 2(D) ↪→ L∞(D), 
D ⊂ R

2, it is easy to see that zi,a,b(x) → 0 as |x| → ∞, i = 1, 2. This implies (ϕ1,a,b, ϕ2,a,b) is 
a topological solution of (1.7).

By Lemma 2.2, we know that there exists Rε(N1, N2, a, b) > 0 such that property (1) 
in Theorem 1.1 holds. Then the only thing left is to show Rε(N1, N2, a, b) is indepen-
dent of a, b provided a, b are small. Suppose that there exist two sequences an, bn → 0
such that Rε(N1, N2, an, bn) → +∞. Without loss of generality, we may assume ϕ1,n(xn) =
ϕ1,an,bn(xn) ≤ γ0 < 0 and xn → ∞. By our construction of (ϕ1,n, ϕ2,n), we have

∫
R2

|1 − eϕi,n | ≤
∫
R2

|1 − eκnzi,n | + eκnzi,n |1 − eφi | ≤ C < ∞, (2.29)

since we have ‖zi,n‖H 2(R2) ≤ 1. Set ϕ̃i,n(x) � ϕi,n(x + xn). By a similar argument as in 
Lemma 2.4, we have (ϕ̃1,n, ϕ̃2,n) converges to (0, 0) in C2

loc(R
2). This yields a contradiction 

as ϕ̃1,n(0) ≤ γ0 < 0. This proves that property (1) that Rε(N1, N2) depends only on N1, N2. 
Property (2) is a direct conclusion of our procession of construction.

Now we prove the conclusion (3) in Theorem 1.2. Suppose not, we may assume for 0 ≤
an, bn → 0, (ϕ1,n, ϕ1,n) and (ϕ̂2,n, ϕ̂2,n) are two different topological solution of system (1.7). 
Denote

h1,n(x) � ϕ1,n − ϕ̂1,n

|ϕ1,n − ϕ̂1,n|∞ + |ϕ2,n − ϕ̂2,n|∞ , h2,n(x) � ϕ2,n − ϕ̂2,n

|ϕ1,n − ϕ̂1,n|∞ + |ϕ2,n − ϕ̂2,n|∞ .

By assumption, without loss of generality, we may assume h1,n(xn) ≥ 1
2 for some xn ∈ R

2. Set 
ĥi,n(x) � hi,n(x + xn). By Lemma 2.4, we know that ĥ1,n converges to ĥ1 which solves
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�ĥ1 + eû1(1 − 2eû1)ĥ1 = 0 in R
2, ĥ1(0) ≥ 1

2
, |ĥ1|∞ ≤ 1. (2.30)

Here û1 is the unique topological solution of

�û1 + eû1(1 − eû1) = 4πN̂δx̂,

where N̂ = 0 if limxn → ∞ and N̂ = N1 if limxn = x̂. By a result from [8], we know that 
the equation in (2.30) only admits trivial bounded solution. This contradicts to ĥ1(0) ≥ 1

2 . This 
proves the uniqueness for a, b ≥ 0 and small enough.

In view of the decay property of the topological solutions stated in (1) of Theorem 1.2, the last 
conclusion in Theorem 1.2 concerning the quantized integrals follows from a direct integration. 
Then we complete the proof of Theorem 1.2. �
3. Solutions on torus

This section is devoted to the proof of Theorem 1.1. On the basis of Theorem 1.2, we prove 
the existence of a first solution of (1.3) over T2 by using a perturbation argument. The existence 
of a second solution is obtained by using the mountain-pass lemma [2].

3.1. Existence of a first solutions

To carry out our proof, we just need to consider the following elliptic system over T2:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�u1 = 1

ε2

{
aeu2(1 − (1 + b)eu2 + beu1)

− (1 + a)eu1(1 − (1 + a)eu1 + aeu2)
}

+ 4π

N∑
j=1

α1,j δpj
,

�u2 = 1

ε2

{
beu1(1 − (1 + a)eu1 + aeu2)

− (1 + b)eu2(1 − (1 + b)eu2 + beu1)
}

+ 4π

N∑
j=1

α2,j δpj
,

(3.1)

where 
N∑

j=1

αi,j = Ni , i = 1, 2. Here we relabel the configuration {p11, · · · , p1N1 , p21, · · · , p2N2}
in Theorem 1.1 by {p1, · · · , pN }.

Let (ϕ1i , ϕ2i ) be the topological solution of the following system which is constructed in 
Section 2:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

�ϕ1i = aeϕ2i (1 − (1 + b)eϕ2i + beϕ1i )

− (1 + a)eϕ1i (1 − (1 + a)eϕ1i + aeϕ2i ) + 4πα1,iδ0

�ϕ2i = beϕ1i (1 − (1 + a)eϕ1i + aeϕ2i )

− (1 + b)eϕ2i (1 − (1 + b)eϕ2i + beϕ1i ) + 4πα δ

in R
2. (3.2)
2,i 0
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Now we assume min
i 
=j

|pi −pj | ≥ 4d > 0. Take a cut-off function ξ(x) ∈ C∞
c (B2d) with ξ(x) = 1

for x ∈ Bd and 0 ≤ ξ ≤ 1. For 3 ≤ k ∈N
+, set

u1(x) = εkz1(x) +
N∑

i=1

ξ(x − pi)ϕ1i

(
x − pi

ε

)
� εkz1(x) +

N∑
i=1

ξiϕ1i,ε(x),

u2(x) = εkz2(x) +
N∑

i=1

ξ(x − pi)ϕ2i

(
x − pi

ε

)
� εkz2(x) +

N∑
i=1

ξiϕ2i,ε(x).

(3.3)

Then (u1, u2) solves (3.1) is equivalent to (z1, z2) solves

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�z1 + 1

εk+2

{
(1 + a)

[
f (u1, u2) −

N∑
i=1

ξif
(
ϕ1i,ε(x), ϕ2i,ε(x)

)]

− a

[
g(u1, u2) −

N∑
i=1

ξig
(
ϕ1i,ε(x), ϕ2i,ε(x)

)]}

+ 1

εk

N∑
i=1

ϕ1i,ε�ξi + 2

εk

N∑
i=1

∇ϕ1i,ε · ∇ξi = 0,

�z2 + 1

εk+2

{
(1 + b)

[
g(u1, u2) −

N∑
i=1

ξig
(
ϕ1i,ε(x), ϕ2i,ε(x)

)]

− b

[
f (u1, u2) −

N∑
i=1

ξif
(
ϕ1i,ε(x), ϕ2i,ε(x)

)]}

+ 1

εk

N∑
i=1

ϕ2i,ε�ξi + 2

εk

N∑
i=1

∇ϕ2i,ε · ∇ξi = 0,

(3.4)

where

f (s, t) � es(1 − (1 + a)es + aet ), g(s, t) � et (1 − (1 + b)et + bes). (3.5)

For simplicity, we write (3.4) in the following form

Fε(z1, z2) �
(
Fε,1(z1, z2), Fε,2(z1, z2)

)= (0,0). (3.6)

It is easy to see that Fε(z1, z2) is a well-defined map from H 2(T2) ×H 2(T2) to L2(T2) ×L2(T2). 
Moreover, we can prove Fε(z1, z2) admits the following properties.

Lemma 3.1. Let Fε(z1, z2) be defined as above. Then for 0 < ε < ε0(a, b, pi, N1, N2, k), 
|a|, |b| < δ0(N1, N2), Fε satisfies:

(i) ‖Fε(0, 0)‖L2(T2)×L2(T2) ≤ c1e−c2/ε;
(ii) ‖DFε(0, 0)(h1, h2)‖L2(T2)×L2(T2) ≥ c3

(‖h1‖H 2(T2) + ‖h2‖H 2(T2)

)
;
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(iii) ‖(DFε(z1, z2) − DFε(0, 0))(h1, h2)‖L2(T2)×L2(T2) ≤ c4ε
(‖h1‖H 2(T2) + ‖h2‖H 2(T2)

)
, for 

any z1, z2 ∈ B1 �
{
z ∈ H 2(T2)

∣∣‖z‖H 2(T2) ≤ 1
}
.

Here, all the constants c1, c2, c3, c4 depend only on N1, N2, pi, k.

Proof. For the first component of Fε(z1, z2), by definition, we have

Fε,1(0,0) = 1

εk+2

{
(1 + a)

[
f

( N∑
i=1

ξiϕ1i,ε(x),

N∑
i=1

ξiϕ2i,ε(x)

)
−

N∑
i=1

ξif
(
ϕ1i,ε(x), ϕ2i,ε(x)

)]

− a

[
g

( N∑
i=1

ξiϕ1i,ε(x),

N∑
i=1

ξiϕ2i,ε(x)

)
−

N∑
i=1

ξig
(
ϕ1i,ε(x), ϕ2i,ε(x)

)]}

+ 1

εk

N∑
i=1

ϕ1i,ε�ξi + 2

εk

N∑
i=1

∇ϕ1i,ε · ∇ξi .

By the property (1) in Theorem 1.2, we have

‖ϕij,ε‖L∞(Bc
d (pj )) + ‖∇ϕij,ε‖L∞(Bc

d (pj )) ≤ c1e−c2/ε, i = 1,2, as ε → 0. (3.7)

Since ξi ≡ 1 in Bd(pi) and f (s, t), g(s, t) = O(t + s) as t, s → 0, we get that

‖Fε,1(0,0)‖L2(T2) ≤ c1e−c2/ε.

A similar estimate also holds for Fε,2(0, 0). This proves (i).
Now we assume (ii) is not true. This implies that there are two sequences of h1,n, h2,n ∈

H 2(T2) satisfying the following property:

‖h1,n‖H 2(T2) + ‖h2,n‖H 2(T2) = 1, ‖DFεn(0,0)(h1,n, h2,n)‖L2(T2)×L2(T2) = o(1)

as n → +∞. For simplicity, we will denote DFεn(0, 0)(h1,n, h2,n) by DFn(0, 0)(h1,n, h2,n). By 
definition, we have

DFn,1(0,0)(h1,n, h2,n)

= �h1,n + 1

ε2
n

⎧⎨
⎩(1 + a)e

N∑
i=1

ξiϕ1i,n

⎛
⎝1 − 2(1 + a)e

N∑
i=1

ξiϕ1i,n + ae

N∑
i=1

ξiϕ2i,n

⎞
⎠h1,n

− ae

N∑
i=1

ξiϕ2i,n

⎛
⎝1 − 2(1 + b)e

N∑
i=1

ξiϕ2i,n + be

N∑
i=1

ξiϕ1i,n

⎞
⎠h2,n

+ a(1 + a)e

N∑
i=1

ξiϕ1i,n+ξiϕ2i,n

h2,n − abe

N∑
i=1

ξiϕ1i,n+ξiϕ2i,n

h1,n

⎫⎬
⎭ ,

(3.8)
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where ϕ1i,n � ϕ1i,εn , ϕ2i,n � ϕ2i,εn . Consider a cut-off function 0 ≤ σ(x) ≤ 1 which satisfies that 
σ(x) ≡ 0 in ∪iBd/4(pi); σ(x) ≡ 1 in T2\ ∪i Bd/2(pi). Set h̄i,n � σhi,n for i = 1, 2. Then h̄1,n

satisfies

−�h̄1,n = 1

ε2
n

⎧⎨
⎩(1 + a)e

N∑
i=1

ξiϕ1i,n

⎛
⎝1 − 2(1 + a)e

N∑
i=1

ξiϕ1i,n + ae

N∑
i=1

ξiϕ2i,n

⎞
⎠ h̄1,n

− ae

N∑
i=1

ξiϕ2i,n

⎛
⎝1 − 2(1 + b)e

N∑
i=1

ξiϕ2i,n + be

N∑
i=1

ξiϕ1i,n

⎞
⎠ h̄2,n

+ a(1 + a)e

N∑
i=1

ξiϕ1i,n+ξiϕ2i,n

h̄2,n − abe

N∑
i=1

ξiϕ1i,n+ξiϕ2i,n

h̄1,n

⎫⎬
⎭

− 2∇σ · ∇h1n − h1,n�σ − σDFn,1(0,0)(h1,n, h2,n).

(3.9)

Multiplying (3.9) with h̄1,n and integrating by parts, we get,

‖∇h̄1,n‖2
L2(T2)

+ (1 + a)2 + ab

ε2
n(1 + Cεn)

‖h̄1,n‖2
L2(T2)

− |a|(2 + a + b)

ε2
n(1 − Cεn)

∫
T2

|h̄1,nh̄2,n|

≤ C(‖h1,n‖H 1(T2) + ‖h2,n‖H 1(T2) + ‖DFn,1(h1,n, h2,n)‖L2(T2))‖h̄1,n‖L2(T2).

(3.10)

In getting (3.10), we use the decay property of (3.7). A similar argument yields that

‖∇h̄2,n‖2
L2(T2)

+ (1 + b)2 + ab

ε2
n(1 + Cεn)

‖h̄2,n‖2
L2(T2)

− |b|(2 + a + b)

ε2
n(1 − Cεn)

∫
T2

|h̄1,nh̄2,n|

≤ C(‖h1,n‖H 1(T2) + ‖h2,n‖H 1(T2) + ‖DFn,2(h1,n, h2,n)‖L2(T2))‖h̄2,n‖L2(T2).

(3.11)

From the assumption that |a|, |b| is small enough, (3.10) and (3.11) tell us that

‖∇h̄1,n‖2
L2(T2)

+ ‖∇h̄2,n‖2
L2(T2)

+ c

ε2
n

‖h̄1,n‖2
L2(T2)

+ c

ε2
n

‖h̄2,n‖2
L2(T2)

≤ C

(
2∑

i=1

‖hi,n‖H 1(T2) + ‖DFn(h1,n, h2,n)‖L2(T2)×L2(T2)

)(‖h̄1,n‖L2(T2) + ‖h̄2,n‖L2(T2)

)
≤ C

(‖h̄1,n‖L2(T2) + ‖h̄2,n‖L2(T2)

)
. (3.12)

By (3.12), one gets ‖h̄1,n‖L2(T2) + ‖h̄2,n‖L2(T2) = O(ε2
n). This again implies that

‖∇h̄1,n‖L2(T2) + ‖∇h̄2,n‖L2(T2) = O(εn).
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Now we take another cut-off function 0 ≤ σ̃ (x) ≤ 1 such that σ̃ (x) ≡ 0 in ∪Bd
2
(pi); σ̃ (x) ≡ 1

in T2\ ∪i Bd(pi). Set h̃i,n(x) � σ̃ hi,n(x). Repeating the arguments for h̄i,n, i = 1, 2, we can get

‖∇h̃1n‖2
L2(T2)

+ ‖∇h̃2n‖2
L2(T2)

+ c

ε2
n

‖h̃1,n‖2
L2(T2)

+ c

ε2
n

‖h̃2,n‖2
L2(T2)

≤ C

(
2∑

i=1

‖h̄i,n‖H 1(T2) + ‖DFn(h1,n, h2,n)‖L2(T2)×L2(T2)

)(
‖h̃1,n‖L2(T2) + ‖h̃2,n‖L2(T2)

)

= o(1)
(
‖h̃1,n‖L2(T2) + ‖h̃2,n‖L2(T2)

)
. (3.13)

By (3.13), we have ‖h̃1,n‖L2(T2) + ‖h̃2,n‖L2(T2) = o(ε2
n). From standard W 2,2-estimates of uni-

formly elliptic partial differential equations, we get

‖h1,n‖H 2(T2\∪iBd (pi ))
+ ‖h2,n‖H 2(T2\∪iBd (pi ))

= o(1). (3.14)

By (3.14), without loss of generality, we may assume that

‖h1,n‖H 2(Bd (p1))
+ ‖h2,n‖H 2(Bd (p1))

≥ c0 > 0. (3.15)

Consider a cut-off function 0 ≤ σ̂ (x) ≤ 1 such that σ̂ (x) ≡ 1 in Bd(p1); σ̂ (x) ≡ 0 in Bc
2d(p1). 

Set σ̂n(x) � σ̂ (εnx + p1), ĥi,n(x) � hi,n(εnx + p1)σ̂n, �1 � B2d(p1)\Bd(p1), and �̂1 �
(�1 − p1)/εn. Then (ĥ1,n, ĥ2,n) should solve

L(ϕ11, ϕ21)(ĥ1,n, ĥ2,n)

= An(x)

(
ĥ1,n

ĥ2,n

)
+ ε2

nσ̂nDFn(0,0)(h1,n, h2,n) − 2ε2
n∇σ̂n ·

(∇ĥ1,n

∇ĥ2,n

)
− ε2

n�σ̂n

(
ĥ1,n

ĥ2,n

)
,

where L(ϕ11, ϕ21) is the linearized operator of (3.2) and An(x) is a 2 × 2 matrix function with 
its entries |An,ij (x)| = O(e−c/εn). By Theorem 1.2, we have

‖ĥ1,n‖H 2(R2) + ‖ĥ2,n‖H 2(R2)

≤ C

(
εn

2∑
i=1

‖∇ĥi,n‖L2(�̂1)
+

2∑
i=1

‖ĥi,n‖L2(�̂1)
+ εn‖DFn(0,0)(h1,n, h2,n)‖L2(T2)×L2(T2

)

≤ C

(
εn

2∑
i=1

‖∇hi,n‖L2(�1)
+ ε−1

n

2∑
i=1

‖hi,n‖L2(�1)
+ o(εn)

)
= o(εn). (3.16)

From inequality (3.16), we obtain ‖hi,n‖H 2(Bd(p1))
≤ ε−1

n ‖ĥi,n‖H 2(R2) = o(1). This contradicts 
to our choice of Bd(p1). This proves (ii) of Lemma 3.1.

Now we are in a position to prove (iii). In fact, by a direct computation, we have

(
DFε,1(z1, z2) − DFε,1(0,0)

)
(h1, h2) = I1h1 + I2h2, (3.17)
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where I1, I2 are functions whose absolute values are controlled by 1
ε2 |1 −eεkz1 | and 1

ε2 |1 −eεkz2 |. 
By the Sobolev embedding H 2(T2) ↪→ L∞(T2), (iii) follows easily from (3.17). �

With the previous preparation, we now can prove the first part of Theorem 1.1.

Proof of Theorem 1.1 (the existence of a first solution). Define a map Gε(z1, z2) : H 2(T2) ×
H 2(T2) → H 2(T2) × H 2(T2) by

Gε(z1, z2) � (z1, z2) − (DFε)
−1(0,0)Fε(z1, z2). (3.18)

By Lemma 3.1, one gets that

‖Gε(0,0)‖H 2(T2)×H 2(T2) ≤
∥∥∥(DFε)

−1(0,0)Fε(0,0)

∥∥∥
H 2(T2)×H 2(T2)

≤ Ce−c/ε; (3.19)

and ∀ z1, z2 ∈ B1,

‖DGε(z1, z2)‖ ≤
∥∥∥(DFε)

−1(0,0)

∥∥∥‖DFε(z1, z2) − DFε(0,0)‖ ≤ Cε. (3.20)

From (3.19) and (3.20), for ∀ z1, z2 ∈ B1, we have

‖Gε(z1, z2)‖H 2(T2)×H 2(T2)

≤ ‖Gε(0,0)‖H 2(T2)×H 2(T2) + sup
z̃1,z̃2∈B1

‖DGε(z̃1, z̃2)‖
(‖z1‖H 2(T2) + ‖z1‖H 2(T2)

)
≤ Cε.

(3.21)

For zi, ̃zi ∈ B1, i = 1, 2, we also have,

‖Gε(z1, z2) − Gε(z̃1, z̃2)‖H 2(T2)×H 2(T2)

≤ sup
z̄1,z̄2∈B1

‖DGε(z̄1, z̄2)‖
2∑

i=1

‖zi − z̃i‖H 2(T2) ≤ Cε

2∑
i=1

‖zi − z̃i‖H 2(T2).
(3.22)

Hence, inequalities (3.21) and (3.22) imply that Gε(z1, z2) is a well-defined contraction map-
ping from B1 × B1 to itself provided ε is small enough. So Gε(z1, z2) has a unique fixed point 
(z1,ε, z2,ε) in B1 × B1, i.e. Fε(z1,ε, z2,ε) = 0. As a consequence, we obtain a solution of (3.1)
with the following form:

u1,ε(x) = εkz1,ε +
N∑

i=1

ξiϕ1i,ε(x), u2,ε(x) = εkz2,ε +
N∑

i=1

ξiϕ2i,ε(x). (3.23)

By the arbitrariness of k and standard W 2,p estimates, one gets (1.6) in Theorem 1.1. This proves 
the existence of a first solution of system (3.1). �
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3.2. Mountain-pass solution on torus

In this subsection, we will prove the existence of mountain-pass solution for system (3.1). 
For simplicity we set |T2| = 1 in our discussion. Since the case for a, b > 0 is already solved 
by Han–Tarantello [30], we just need to focus on the case a, b < 0 or ab = 0. Here and in what 
follows, we always assume (u1

0, u
2
0) is the unique solution of the following decoupled system [3]:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

�u1
0 = 4π

N∑
i=1

α1,iδpi
− 4πN1,

∫
T2

u1
0 = 0,

N∑
i=1

α1,i = N1,

�u2
0 = 4π

N∑
i=1

α2,iδpi
− 4πN2,

∫
T2

u2
0 = 0,

N∑
i=1

α2,i = N2.

(3.24)

Also, from [53], one can get for ε small enough, ũi,ε is the unique strictly stable solution of the 
following equation:

�ũi,ε + 1

ε2
eũi,ε (1 − eũi,ε ) = 4π

N∑
j=1

αi,j δpj
. (3.25)

Set

Ĩε,i (v) =
∫
T2

[
|∇v|2 + 1

ε2
(ev+ui

0 − 1)2
]

+ 4πNi

∫
T2

v, i = 1,2.

Then ṽi,ε = ũi,ε − ui
0 is a strictly local minimizer of Ĩε,i(v). In other words,

J̃ε,i (ψ) =
∫
T2

[
|∇ψ |2 + 1

ε2
(2evi,ε+ui

0 − 1)evi,ε+ui
0ψ2

]
≥ c0‖ψ‖2

H 1(T2)
, ∀ψ ∈ H 1(T2),

(3.26)

for some constant c0 > 0.

3.2.1. Case a, b < 0, 1
λ

≤ a
b

≤ λ, λ > 1
As a first step, we need to show the solution constructed in Section 3.1 is actually a strictly 

local minimizer. By a direct computation, we can derive the following functional for a, b < 0.

Iε(v1, v2)

= |b|(1 + b)

2

∫
T2

|∇v1|2 + |a|(1 + a)

2

∫
T2

|∇v2|2 − ab

∫
T2

∇v1 · ∇v2

+ 1 + a + b

ε2

⎡
⎢⎣|b|

∫
2

(
1 + a

2
e2v1+2u1

0 − ev1+u1
0

)
+ |a|

∫
2

(
1 + b

2
e2v2+2u2

0 − ev2+u2
0

)

T T
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+ ab

∫
T2

ev1+v2+u1
0+u2

0

⎤
⎥⎦+ 4π |b|[(1 + b)N1 + aN2]

∫
T2

v1 + 4π |a|[(1 + a)N2 + bN1]
∫
T2

v2.

It is easy to check that (v1, v2) is a critical point of the functional Iε(v1, v2) if and only if 
(u1, u2) = (v1 + u1

0, v2 + u2
0) is a solution of system (3.1).

Lemma 3.2. Suppose the assumptions in Theorem 1.1 are fulfilled and a, b < 0 and 1
λ

≤ a
b

≤
λ, λ > 1. Then (v1,ε, v2,ε) = (u1,ε − u1

0, u2,ε − u2
0) is a strictly local minimizer of Iε(v1, v2), 

where (u1,ε, u2,ε) is the topological solution of system (3.1) constructed in Section 3.1 provided 
|a|, |b| ≤ δ0(N1, N2, λ).

Proof. Since (v1,ε, v2,ε) is a critical point of Iε(v1, v2), we only need to show that

d2

dt2
Iε(v1,ε + tψ1, v2,ε + tψ2)|t=0 � Jε(ψ1,ψ2) ≥ c′

0

2∑
i=1

‖ψi‖H 1(T2), for some c′
0 > 0.

(3.27)

By a direct computation, one gets

d2

dt2
Iε(v1,ε + tψ1, v2,ε + tψ2)|t=0

= |b|(1 + b)

∫
T2

|∇ψ1|2 + |a|(1 + a)

∫
|∇ψ2|2 − 2ab

∫
T2

∇ψ1 · ∇ψ2+

1 + a + b

ε2

⎧⎪⎨
⎪⎩ab

∫
eu1,ε+u2,ε (ψ1 + ψ2)

2 − b

∫
T2

(2(1 + a)e2u1,ε − eu1,ε )ψ2
1

− a

∫
T2

(2(1 + b)e2u2,ε − eu2,ε )ψ2
2

⎫⎪⎬
⎪⎭ .

(3.28)

Suppose Lemma 3.2 is not true. Then there exist εn → 0, ‖ψ1,n‖H 1(T2) +‖ψ2,n‖H 1(T2) = 1 such 
that

Jn(ψ1,n, ψ2,n) � Jεn(ψ1,n, ψ2,n) ≤ o(1)(‖ψ1,n‖H 1(T2) + ‖ψ2,n‖H 1(T2)).

Set ui,n(x) = ui,εn(x), i = 1, 2. Recall that

ui,n(x) = ε3
nzi,n +

N∑
ξjϕij,n, ϕij,n(x) = ϕij

(
x − pj

εn

)
, i = 1,2, (3.29)
j=1
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where (ϕ1j (x), ϕ2j (x)) are the topological solutions of (1.7) constructed in Section 2 with 
N1 = α1,j , N2 = α2,j and ‖zi,n‖H 2(T2) ≤ 1. Also by Theorem 1.2, we have

ϕij (x) = κz̃ij (x) + φij (x), κ = max
{√|a|, √|b|

}
, (3.30)

where (φ1j (x), φ2j (x)) are the unique topological solutions of (1.8) with N1 = α1,j , N2 = α2,j

and ‖z̃ij‖H 2(R2) ≤ 1. Hence we have

1

ε2
n

∫
T2

∣∣1 − eui,n
∣∣2 ≤ 2

ε2
n

∫
T2

∣∣∣1 − eε3
nzi,n

∣∣∣2 + e2ε3
nzi,n

N∑
j=1

∣∣1 − eξj ϕij,n
∣∣2

≤ Cεn + C

N∑
j=1

∫
R2

∣∣1 − eϕij
∣∣2

≤ Cεn + C

N∑
j=1

∫
R2

(∣∣∣1 − eκz̃ij

∣∣∣2 + eκz̃ij
∣∣1 − eφij

∣∣2)

≤ C′.

(3.31)

In getting (3.31), we have used the embedding H 2(R2) ↪→ L∞(R2). By definition, we have

Jn(ψ1n,ψ2n) − (1 + a + b)

⎛
⎜⎝|b|

∫
T2

|∇ψ1|2 + |a|
∫
T2

|∇ψ2|2
⎞
⎟⎠

≥ 1 + a + b

ε2
n

⎧⎪⎨
⎪⎩2(1 + a)|b|

∫
T2

eu1,n (eu1,n − 1)ψ2
1,n + |b|(1 + 2a)

∫
T2

(eu1,n − 1)ψ2
1,n

+ |b|(1 + 2a)

∫
T2

ψ2
1,n + 2(1 + b)|a|

∫
T2

eu2,n (eu2,n − 1)ψ2
2,n

+ |a|(1 + 2b)

∫
T2

(eu2,n − 1)ψ2
2,n + |a|(1 + 2b)

∫
T2

ψ2
2,n

⎫⎪⎬
⎪⎭

≥ |b|
4ε2

n

∫
T2

ψ2
1,n + |a|

4ε2
n

∫
T2

ψ2
2,n − C1|b|

⎛
⎜⎝∫
T2

|1 − eu1,n |2
ε2
n

⎞
⎟⎠

1
2
⎛
⎜⎝∫
T2

ψ4
1,n

ε2
n

⎞
⎟⎠

1
2

− C1|a|
⎛
⎜⎝∫

2

|1 − eu2,n |2
ε2
n

⎞
⎟⎠

1
2
⎛
⎜⎝∫

2

ψ4
2,n

ε2
n

⎞
⎟⎠

1
2

.

(3.32)
T T
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By Sobolev inequality, one gets

‖ψi,n‖2
L4(T2)

≤ ‖ψi,n‖L6(T2)‖ψi,n‖L2(T2)

≤ C‖ψi,n‖H 1(T2)‖ψi,n‖L2(T2) ≤ C‖ψi,n‖L2(T2).
(3.33)

From assumption Jn(ψ1,n, ψ2,n) ≤ o(1) 
2∑

i=1

‖ψi‖H 1(T2) and (3.31), (3.33), we get

1

ε2
n

∫
T2

ψ2
1,n + 1

ε2
n

∫
T2

ψ2
2,n ≤ C(λ) < ∞. (3.34)

Recall the definition of ui,n and ũi,n, i = 1, 2. One has

∣∣∣eu1,n − eũ1,n

∣∣∣= ∣∣∣eε3
nz1,n+∑N

i=1 ξi (κz1i,n+φ1i,n) − eε3
nz̃1,n+∑N

i=1 ξiφ1i,n

∣∣∣
≤ e

∑N
i=1 ξiφ1i,n

(∣∣∣1 − eε3
nz1,n+∑N

i=1 ξiκz1i,n

∣∣∣+ ∣∣∣1 − eε3
nz̃1,n

∣∣∣)
≤ C(κ + ε3

n).

(3.35)

Here ‖z1,n‖H 2(T2), ‖z1i‖H 2(R2), ‖z̃1,n‖H 2(T2) ≤ 1 and z1i,n(x) � z1i ((x − pi)/εn), φ1i,n(x) �
φ1i ((x − pi)/εn), where φ1i (x) is the unique topological solution of (2.1) with N = α1,i . Now 
we rewrite Jn(ψ1,n, ψ2,n) as

Jn(ψ1,n,ψ2,n) = (1 + a + b)
(
|b|J̃1,n(ψ1,n) + |a|J̃2,n(ψ2,n)

)
+ ab

∫
T2

|∇ψ1,n − ∇ψ2,n|2

− b(1 + a + b)

ε2
n

∫
T2

[
2(1 + a)(e2u1,n − e2ũ1,n ) − (eu1,n − eũ1,n )

]
ψ2

1,n

− a(1 + a + b)

ε2
n

∫
T2

[
2(1 + b)(e2u2,n − e2ũ2,n ) − (eu2,n − eũ2,n )

]
ψ2

2,n

− 2ab(1 + a + b)

ε2
n

∫
T2

[
e2ũ1,nψ2

1,n + e2ũ2,nψ2
2,n − 1

2
eu1,n+u2,n (ψ1,n + ψ2,n)

2
]

≥ c̃0|b|‖ψ1‖H 1(T2) + c̃0|a|‖ψ2‖H 1(T2) − C(λ)(|a| + |b|)κ − Cab

≥ c′
0 min(|a|, |b|) (3.36)

provided |a|, |b| are small enough which yields a contradiction. In getting (3.36), we have used 
(3.34) and that (ũ1,n, ũ2,n) is the unique topological solution of (3.25) and the strictly stable 
property (3.26). �
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The next step is to show that the functional Iε satisfies the compactness condition of Palais–
Smale.

Lemma 3.3. Suppose the assumptions in Lemma 3.2 are fulfilled. Let v1,n, v2,n ∈ H 1(T2) be two 
sequences of functions satisfying

(i) Iε(v1,n, v2,n) → γ0 as n → ∞;
(ii) ‖I ′

ε(v1,n, v2,n)‖ → 0 as n → ∞.

Then {(v1,n, v2,n)} admits a convergent subsequence in H 1(T2) ×H 1(T2) provided [(1 +b)N1 +
aN2][(1 + a)N2 + bN1] 
= 0.

Proof. By a direct computation, one gets

I ′
ε(v1,n, v2,n)(ψ1,ψ2)

= |b|(1 + b)

∫
T2

∇v1,n · ∇ψ1 + |a|(1 + a)

∫
T2

∇v2,n · ∇ψ2 − ab

∫
T2

∇v1,n · ∇ψ2

− ab

∫
T2

∇v2,n · ∇ψ1 − (1 + a + b)

ε2

⎡
⎢⎣|b|

∫
T2

(ev1,n+u1
0 − (1 + a)e2v1,n+2u1

0)ψ1

+ |a|
∫
T2

(ev2,n+u2
0 − (1 + b)e2v2,n+2u2

0)ψ2 + ab

∫
T2

ev1,n+u1
0+v2,n+u2

0(ψ1 + ψ2)

⎤
⎥⎦

+ 4π |b|[(1 + b)N1 + aN2]
∫
T2

ψ1 + 4π |a|[(1 + a)N2 + bN1]
∫
T2

ψ2.

(3.37)

Set ψ1 = ψ2 = 1, we get from (3.37) that

∫
T2

e2v1,n+2u1
0,

∫
T2

e2v2,n+2u2
0 ,

∫
T2

ev1,n+u1
0,

∫
T2

ev2,n+u2
0,

∫
T2

ev1,n+u1
0+v2,n+u2

0 ≤ C. (3.38)

In what follow we use the decomposition vi,n = wi,n + ci,n with ci,n = ∫
T2 vi,n, i = 1, 2. By 

Jessen’s inequality and the convexity of function et , (3.38) implies that ec1,n , ec2,n ≤ C. Set ψi =
wi,n, i = 1, 2. Then

I ′
ε(v1,n, v2,n)(w1,n,w2,n)

= |b|(1 + b)‖∇w1,n‖2
2 + |a|(1 + a)‖∇w2,n‖2

2 − 2ab

∫
T2

∇w1,n · ∇w2,n

+ 1 + a + b

ε2

⎧⎪⎨
⎪⎩(1 + a)|b|

∫
2

e2v1,n+2u1
0w1,n + (1 + b)|a|

∫
2

e2v2,n+2u2
0w2,n
T T
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+ ab

∫
T2

ev1,n+u1
0+v2,n+u2

0(w1,n + w2,n) + b

∫
T2

ev1,n+u1
0w1,n + a

∫
T2

ev2,n+u2
0w2,n

⎫⎪⎬
⎪⎭

≥ (1 + a + b)(|b|‖∇w1,n‖2
2 + |a|‖∇w2,n‖2

2) − C(‖∇w1,n‖2 + ‖∇w2,n‖2)

+ 1 + a + b

ε2

⎡
⎢⎣(1 + a)|b|

∫
T2

e2(c1,n+u1
0)(e2w1,n − 1)w1,n

+ (1 + b)|a|
∫
T2

e2c2,n+2u2
0(e2w2,n − 1)w2,n

+ |a|
∫
T2

ec1,n+c2,n+u1
0+u2

0(ew1,n+w2,n − 1)(w1,n + w2,n) + (1 + a)|b|
∫
T2

e2c1,n+2u1
0w1,n

+ (1 + b)|a|
∫
T2

e2c2,n+2u2
0w2,n + |a|

∫
T2

ec1,n+c2,n+u1
0+u2

0(w1,n + w2,n)

⎤
⎥⎦

≥ |b|(1 + a + b)‖∇w1,n‖2
2 + |a|(1 + a + b)‖∇w2,n‖2

2 − C(‖∇w1,n‖2 + ‖∇w2,n‖2).

This implies that ‖∇w1,n‖2 + ‖∇w2,n‖2 ≤ C. Then from assumption (i), we have

4π |b|[(1 + b)N1 + aN2]c1,n + 4π |a|[(1 + a)N2 + bN1]c2,n = O(1). (3.39)

Since (1 + b)(1 + a) > ab, without loss of generality, we may assume (1 + b)N1 + aN2 > 0. 
There are two cases:

(1) (1 + a)N2 + bN1 > 0. Then by (3.39), we see that c1,n, c2,n are uniformly bounded.
(2) (1 + a)N2 + bN1 < 0. Then by (3.39) and c1,n, c2,n ≤ C, we have c1,n, c2,n either go to 

−∞ or remain uniformly bounded simultaneously. If c1,n, c2,n → −∞, by taking ψi = γi , 
i = 1, 2 in (3.37), we get

o(1) = I ′
ε(v1,n, v2,n)(γ1, γ2)

= 4π |b|[(1 + b)N1 + aN2]γ1 + 4π |a|[(1 + a)N2 + bN1]γ2 + o(1). (3.40)

Since γi are arbitrary constants, (3.40) yields a contradiction. This proves that c1,n, c2,n are 
uniformly bounded.

So, by taking a subsequence, we get vi,n ⇀ v̄i , i = 1, 2, weakly in H 1(T2), strongly in 
Lp(T2), p ≥ 1. By Moser–Trudinger inequality [24], we also have evi,n → ev̄i strongly in 
Lp(T2). This yields that, ∀ ψ1, ψ2 ∈ H 1(T2), there holds

I ′
ε(v1,n, v2,n)(ψ1,ψ2) → I ′

ε(v̄1, v̄2)(ψ1,ψ2) = 0.

Then we see that (v̄1, v̄2) is a critical point of Iε. In fact, by taking ψi = vi,n − v̄i , i = 1, 2, we 
have



X. Han, G. Huang / J. Differential Equations 263 (2017) 1522–1551 1549
∣∣(I ′
ε(v1,n, v2,n) − I ′

ε(v̄1, v̄2))(v1,n − v̄1, v2,n − v̄2)
∣∣= o(1).

This will imply (v1,n, v2,n) → (v̄1, v̄2) strongly in H 1(T2) × H 1(T2). �
Now we are in a position to show the existence of mountain-pass solution of (3.1) for 

a, b < 0 small. Since (1 + a)(1 + b) > ab, without loss of generality, we may assume 
(1 + b)N1 + aN2 > 0. Let (v1,ε, v2,ε) be the strictly local minimizer as in Lemma 3.2. Then 
Iε(v1,ε − c, v2,ε) → −∞ as c → +∞. By Lemma 3.2, there exists ρ0 > 0 such that Iε(v1, v2) ≥
γ1 > Iε(v1,ε, v2,ε) = γ0, for any ‖v1 − v1,ε‖H 1(T2) + ‖v2 − v2,ε‖H 1(T2) = ρ0. Also we choose c0
large enough such that Iε(v1,ε − c0, v2,ε) < γ0. Set

P �
{
l(t) : [0,1] → H 1(T2) × H 1(T2)

∣∣ l(0) = (v1,ε, v2,ε), l(1) = (v1,ε − c0, v2,ε)
}

.

Then, we obtain

γ ′
0 � inf

l∈P
sup

(v1,v2)∈l

Iε(v1, v2) > γ0.

Therefore, by Lemma 3.3 and the mountain-pass lemma [2], we conclude that there ex-
ists (v′

1,ε, v
′
2,ε) ∈ H 1(T2) × H 1(T2) such that (v′

1,ε, v
′
2,ε) is a critical point of Iε(v1, v2) and 

Iε(v
′
1,ε, v

′
2,ε) = γ ′

0.

3.2.2. Case ab = 0
Without loss of generality, we may assume in this case a = 0, b 
= 0. In this case, we need to 

consider the following functional

Iε(v) =
∫
T2

|∇v|2 + 1 + b

ε2

∫
T2

(
1 + b

2
e2v+2u2

0 − ev+u2
0

)
+ 4πN2

∫
T2

v + b

ε2

∫
T2

eu1,ε (1 − eu1,ε )v,

where (u1,ε, u2,ε) is the solution constructed in Section 3.1. The proof for this case is similar 
as in Section 3.2.1. Then, for this case, it is sufficient to complete the proof by observing the 
following two lemmas, which can be verified as previously.

Lemma 3.4. Let the assumptions in Theorem 1.1 be fulfilled and a = 0, b 
= 0. Then v2,ε =
u2,ε − u2

0 is a strictly local minimizer of Iε(v).

Lemma 3.5. Let the assumptions in Lemma 3.4 be fulfilled. Suppose vn ∈ H 1(T2) is a sequence 
of functions satisfying:

(i) Iε(vn) → γ1, as n → ∞;
(ii) ‖I ′

ε(vn)‖ → 0 as n → ∞.

Then vn admits a convergent subsequence in H 1(T2) provided N2 
= 0.

Hence we get the existence part of Theorem 1.1.
Finally, after an integration we obtain the quantized integrals stated in Theorem 1.1, which 

completes our proof.
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