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Abstract

The wavefronts of a nonlinear nonlocal bistable reaction—diffusion equation,

du 97
o L2 = o xu) —du,  (t,x) € (0,00) x R,
at 9x2

with J; (x) = (1/0)J(x /o) and / J(x)dx =1 are investigated in this article. It is proven that there exists
R

a cx (o) such that for all ¢ > ¢4 (o), a monotone wavefront (¢, w) can be connected by the two positive
equilibrium points. On the other hand, there exists a ¢*(o') such that the model admits a semi-wavefront
(c*(0), w) with w(—00) = 0. Furthermore, it is shown that for sufficiently small o, the semi-wavefronts
are in fact wavefronts connecting 0 to the largest equilibrium. In addition, the wavefronts converge to those
of the local problem as o — 0.
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1. Introduction

In this work we study the nonlinear nonlocal reaction—diffusion equation

u  9?
a_bt‘:a_;ﬂ%l—]a*u)—du in (0, 00) x R, (1.1)
1 x_. . . .
where 0 <d < 9’ Jo(x) = —J(—) is a o -parameterized nonnegative kernel with
o o

Je L' (R), f J(x)dx =1
R

and

Jo xu(x) = / Jo (x — y)u(y)dy.
R

This equation has three constant solutions,

1 1
0. a=3( —V1—4d), A= E(1JM/1 —4d).

The problem arises in population dynamics with nonlocal consumption of resources, for ex-
ample in [7,19]. It is used to model the behavior of various biological phenomena such as
emergence and evolution of biological species and the process of speciation. Actually, similar
nonlocal structure in the reaction term appears also in describing the behavior of cancer cells
with therapy as well as polychemotherapy and chemotherapy [16,17].

The reaction term u”(1 — Jo % u) — du consists of the reproduction which is proportional to
the square of the density, the available resources and the mortality. The nonlocal consumption
of the resources J, * u(x) describes the phenomenon that consumption at the space point x is
determined by the individuals located in some area around this point, where J, represents the
probability density function that describes the distribution of individuals.

For J (x) = 1, with a general nonlinearity, u® (1 — / u(x, t)dx) in the multi-dimensional case,

the problem has been studied [9,10] in terms of the existence of the classical solutions both in
bounded and unbounded domains correspondingly.

In the case of J(x) = §(x), where §(x) is the Dirac function, equation (1.1) becomes the so
called Huxley equation, which is a classical reaction—diffusion equation. It has the same constant
solutions, 0, a and A to the nonlocal problem. The existence of traveling waves has been studied
extensively in the literature (see [15,4,5,8,12,20] among others). It’s proved that there exists a
minimum speed such that the traveling waves connecting @ and A exist for all values of the
speed greater than or equal to this minimum speed. While the traveling waves connecting 0 and
A exist only for a single value of the speed.
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Compared to the rich results for the local version of the Fisher-KPP reaction diffusion equa-
tion, very limited theoretical results exist for its nonlocal version. In the last few years, there has
been several works on wavefronts for some typical nonlocal reaction diffusion equations. In the
research of wavefronts, in order to get a priori bounds for the existence and monotonicity prop-
erties of the fronts, the classical methods substantially depend on the application of comparison
principle. However, for the equation with nonlocal competition term, the most challenging point
arises from the lack of the comparison principle. One first example is the following nonlocal
Fisher-KPP equation

2
2_1:2%“"”(1_]6*”) in (0, 00) x R. 1.2)
Berestycki et al. [7] proved that (1.2) admits a semi-wavefront connecting 0 to an unknown pos-
itive state for all ¢ > ¢* =2 and there is no such kind of wavefront with wave speed ¢ < 2. In
[18], Nadin et al. numerically verified the existence of monotone wavefronts. After that, Alfaro
et al. [1] rigorously proved that (1.2) admits the rapid wavefront connecting O and 1. Further-
more, Fang et al. [11] gave a sufficient and necessary condition for the existence of monotone
wavefronts of (1.2) that connect the two equilibrium points O and 1. In a recent paper by Hasik
et al. [14], for nonsymmetric interaction kernel J,,, the different roles of the right and the left
interactions are investigated. Nonlocal equations with bistable reactions have been investigated
in [21,2,3]. In [21], Wang et al. studied

ou  0%u 1
E—ﬁ—l-g(u,J*S(u)), (1.3)
where g(u, J * S(u)) satisfies some bistable assumptions. Although it is a nonlocal problem,
due to their special assumptions, the comparison principle still holds. Therefore, by constructing
various pairs of super- and sub-solutions, employing the comparison principle and the squeezing
technique, the authors proved the existence of monotone traveling wavefronts.

There are further results on equations with other bistable reactions, where comparison princi-
ple can not be applied. In [2], Alfaro et al. considered the following equation

ou 0%u .
—=—+uu—-0)1—-Jsxu) in(0,00) xR (1.4)
ar  9x2
with 0 < 6 < 1. The Leray—Schauder degree method is used to indicate that (1.4) admits semi-
wavefronts connecting 0 to an unknown positive steady state, which is above and away from the
intermediate equilibrium. For focusing kernel, it is proved that the wave connects 0 and 1.

The wavefront solution w (x — ct) for Equation (1.1) has been investigated, for small o, in [3]
by Apreutesei et al. It satisfies

o (€) = ca () + @* €)1 — Jy x (&) — dw (&) =0. (1.5)

They proved the existence of wavefronts of (1.1) that connect O and A. In fact, for small o, the
nonlocal operator is a perturbation of the corresponding local operator, thus the implicit function
theorem can be applied. More precisely, under the assumptions
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/ |21/ (z)dz < 00, / 1z12J (z)dz < 00,
R R

they obtained that there exists op > O such that, for any |o| < o9, equation (1.6) has a solution
(c,w)eC 2t (R) x R with w(—00) =0 and w(4+00) = A. Furthermore, the solution is of the
class C! with respect to o.

In this paper, we study the existence of wavefronts of (1.1) which connect a to A and 0 to A
respectively by using a totally different method from [3]. The main results we obtained in this
paper are as follows.

The first result shows the existence of wavefronts connecting a to A for any o with big enough
wave speed c.

2
Theorem 1.1. Suppose 0 <d < > then it holds that

(i) for any o > 0, there exists a c4(c) > 0 such that when ¢ > max {2+/2A —d, c. (o)}, (1.1)
admits a monotone wavefront w € C 2(R), i.e., (¢, w) is the solution of the following problem

/,

@ —co) +0*(1 = Jy xw) —dw=0 inR,

w(—0)=a, w(+o0)=A. (1.6)

(i) As 0 — 0, c«(0) converges to c.. Moreover, for any ¢ > max{2v2A —d, ¢y}, by fixing
w(0) = =, w has a subsequence converging to wq in C llo’f (R), where (wq, ¢) is the solution

of the following problem
wg—cw6+a)(2)(l—a)o)—da)0=0 inR,
1
wp(—00) =a, wo(0) = 3 wo(+00) = A. (1.7)

The second result demonstrates the existence of a semi-wavefronts connecting O to an inter-
mediate state dy for any o; and furthermore this semi-wavefront can be extended to A as x goes
to 400 in the case of small o.

2
Theorem 1.2. Suppose 0 < d < > then it holds that

(1) there exists an M > O such that for any o > 0 and 0 < dy < d, (1.1) admits a semi-wavefront
(w, c*(0)) with max{|c* (o), lollc2wy} < M, i.e. w is the solution of the following problem

o — () + (1 — Jy kw) —dw =0 inR,

w(=00) =0, w(0)=d, (1.8)

and0<w<AonR, & >0in (—00,0].
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(1) If furthermore m; = / lzI' J(2)dz < +00 fori = 1,2, then there exists o™ > 0 such that for
R

o <o, c*(0) is positive and the semi-wavefronts are in fact wavefronts with v (+00) = A.
(iii) As 0 — 0, c*(0) converges to c*. Moreover, the solution w has a subsequence converging
to wg in C [10’? (R), which satisfies

wj — c*wly 4+ 0 (1 — wp) — dawy =0 inR

wo(—00) =0, wo(0) =dy, wo(+00) = A. (1.9)

Next we summarize the main methods used in this paper. To study the existence of monotone
traveling waves, we use the classical method of sub- and super-solutions for an appropriate mono-
tone operator, which is motivated by [13] on the time-delay Fisher-KPP equation and [11] on the
nonlocal Fisher-KPP equation. In our case, it’s verified that the obtained monotone wavefronts
connect the two positive states a and A. The proof of the existence of wavefronts connecting 0
and A is more delicate. We start from a cut-off approximation, in a bounded domain [—L, L],
of the original problem and show that the solutions are between 0 and A. Furthermore we can
obtain the uniform C2-bound of the solutions independent of L and the scale of the cut-off. By
removing the cut-off and letting L tend to infinity we derive the existence of semi-wavefronts
which connect 0 to dy. To show the semi-wavefronts are in fact wavefronts with w(+00) = A,
the main difficulty is to exclude the case that w (+00) = 0 and w(4-00) = a. Such a difficulty also
arises in the construction of bistable wavefronts in [6,2]. Instead of using the energy methods as
in [6], we adopt a rather direct method by comparing the semi-wavefronts that has been obtained
from the nonlocal problem with those of the corresponding local problem.

The paper is organized as follows. In Section 2, by monotone iteration method, we estab-
lish the existence of monotone wavefronts connecting the two positive equilibrium a and A. In
Section 3, we prove the existence of semi-wavefronts by a limiting process. Moreover, for o
sufficiently small, we prove that the semi-wavefronts are wavefronts connecting 0 and A. Fur-
thermore, as o — 0, in both of Section 2 and Section 3, we prove that the wavefronts converge
to those of the corresponding local problems.

2. Monotone wavefronts connecting a and A

To prove the existence of monotone wavefronts, we adopt the method of the sub- and super-
solution. The main task is to define a monotone operator and to construct a pair of ordered lower
and upper fixed points. To this end, we prove the following lemmas.

Lemma 2.1. Denote

F(0)(€) =2A0(E) — 0*(E)(1 — Jy * 0 (£)),
then for any 0 < w < A, we have

1) F(w)(&)>0;
(i) F(w1)(§) = F(@2) () if 01(5) = @2(8).
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Proof. (i) It can be easily checked that

F(w) =2Aw — o*(1 — J, * ®)
=w[2A —w(l — J; xw)]
>w(2A — A) > 0.

(i) Denote g(w) =2Aw — a)z, then g'(w) = 2A — 2w > 0, which together with the monotonicity
of h(w) = 0’ Jy * » with imply the monotonicity of F(w) inw. O

Note that if w (&) satisfies (1.6), then we have

@"(€) — e (§) + 2A = d)w(§) = F (o) (§).

Define

Llw] = ") — co/(§) + A = d)w (&) — F(w)(5),

then it is clear that finding a solution of (1.6) is equivalent to searching a function w satisfying
L[w] = 0, which is equivalent to

+o00
1
w(E)= / (em(é*y) _ euz(éfy)> F(w(y))dy,
M2 — U1 !

where 0 < 1 < pup are the two different real and positive roots of /Lz —cu+2A—-d=0as
c>2vV2A—d.
Lemma 2.2. For ¢ > 2+/2A — d, let

+o00
T[wl(&) = ; / (em(éfy) _ eﬂz(é*y)) F(o(y)dy,
m2 — !

then

(1) if w(&) is a super-solution of (1.6), then T[w](§) < w(§) and T[w]l(§) is also a super-
solution. Moreover, for any sub-solution (&) of (1.6) that satisfies w(§) < w(&€), we have
w(§) < T[@](§).

(1) If w(§) is increasing, then T[w](§) is also increasing.

Proof. (i) If w(&) is a super-solution of (1.6), then

Li@] =" (§) — ca' (§) + 2A — d)a(§) — F(@)(§) = 0. 2.1)
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Let w; = T[w], then

@) (€) — e (§) + A — Dw1(§) — F@(§)) = 0. 2.2

Let p(§) =@(§) — w1(§), r(§) = ¢"(§) — c¢'(§) + A — d)¢(£), then from (2.1) and (2.2),
we obtain r(£) > 0 and

“+o00

—— / (em@—w _ euz(é—y)) r()dy > 0,
;

(&) =

which means that T[@](§) < @(§). Similarly, we can get w < T'[@](§).
Furthermore, noticing

o> T[o] =wi,
from (ii) of Lemma 2.1 we derive
o) —co| + QA —d)w) = F(@) > F(w)).
It follows that L[w;] > 0 and w; is also a super-solution.
(i) If w(£) is increasing, then from (ii) of Lemma 2.1 we obtain F(w)(§) is also increasing,
therefore
F()(§ +1)— F(0)(§) >0, Vi>0.

Furthermore, we have

T[w](¢ +1) — T[w]()
+0oo

=M2 i o / (em(é—y) _ em(é—y)) (F(w)(& +1) — F(w)(§))dy >0,
&

which implies that T[w](§) is also increasing in §. O

Define

®i(c,o,h) =22 —ch—d— AZ/ Jo(s)e ™ ds =0
R
and

Do(c,0,0) =22 —ch+d— A? / Jo(s)e ™ ds =0,
R
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which, by a change of variable, are equivalent to

1
e A2f J(s)e ™™ ds =0
o o

R

and
1
32— Shtd - A2/ J(s)e ™ ds =0
o o
R

respectively. Similar to Proposition 2.1 in [11], we have the following result

Proposition 2.1. For any o > 0, there exists c«(0) € (0, +00], which is increasing in o, such
that if ¢ > c4(0), then ®;(c,o,A) =0, i = 1,2, admit the largest negative roots A;, and there
exists &; = g;(c, o) > 0 such that ®;(c, o, A; — &;) > 0. While if ¢ < c«(0), there exists i € {1, 2}
such that ®;(c, o, ») = 0 admits no negative root.

1 c
Proof. Due to the fact that for any fixed A < 0, —2A2 — —A is increasing in ¢ > 0 and decreasing
o o

in 0 > 0, one has that for any o > 0, there exists ci (o) > 0 such that cfk (o) is increasing in o
and ®;(c,0,1) =0, i = 1,2, have at least one negative root if and only if ¢ > ¢ (o). Choosing
cy(0) = max{ci (0), ci (o)}, the proposition follows. O

Next, we will construct a pair of sub- and super-solutions in order to obtain a wavefront w.
For fixed ¢ > max{2+/2A — d, c4(0)}, let

aets +d, E§<&,
&)= { A —ehE), =g
where > 0 is a solution of ,u2 —cuu+1=0, A1 <0isasolution of ®{(c,0,1) =0, a and &£_
are uniquely determined by

aet - +d = A(1 — M15),
ape— = —rjAeM-,

so that
aets +d> A1 —eME), VE>E_.
Proposition 2.2. For ¢ > c4(0), w is a sub-solution of (1.6), i.e., L[w] <O0.
Proof. For £ <&_, due to the fact that
d<w=<AZ<l,

we have
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Llw] = a(u® — cp)e’ + (1 — J, % 0) — dw
= —cpn+D@—d) — (@—d) +o*(1 - Jy x0) —dw

=-(l-o)(@—d) —o*Js *w <0,

where we have used the fact that /ﬂ —cpn+1=0.
For & > &_, noticing that

aett +d> Al — M5,
we have

LIl =A(=2] + cA)eMs + (1 — Jp x @) —dA(l — M1%)
=A(=2 4 cr +d)ett

& +00
+o?|1-— / (e +d)Jy(E —s)ds — / Al = M) I (& —s)ds | —dA
—00 E_

<— A3 / Jo (9)e 6™ ds 4+ w?(1 — / Al — M%) I, (€ — s)ds) — A%(1 — A)
R R

—_A3 / Jo (9)e M ds + 0> (1 — A) + »° A f S I (€ — s)ds — A*(1 — A)
R R

=A(w® — AZ)/ Jo ()e™M 6™ ds 4 (w? — A2)(1— A) <0,
R

where we have used that d = A(1 — A) and

®1(c, 0, A1) = AT — chy —d—AZ/JU(s)e—deo. m
R

Denote

A(l — 25 pe*2=e28) £ >

w(b,g):{ Wb & <&,

where Ay < 0 is the largest negative root of ®5(c, 0, A2) =0, &2 > 0 is the constant such that
Oy (c,0,r2 —&p) >0, b > 0is a constant to be determined later, and A(1 — M 4 be(krms)
achieves its minimum u, at the point

$=$b=l ]nb(kz—Sz)

£2 Y

with
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wp=A(l — e o be(kz—sz)%‘b) =A4+
Ay — &) A2

A (b(kg - 82)>)‘2/82
Since A < 0, it is easy to verify that for sufficiently large b, &, > 0 and a < up < A. Moreover,
@ is a C! function and is increasing with respect to b > 0.
Proposition 2.3. For ¢ > ¢, (o), w is a super-solution of (1.6) for b > 1, i.e., L{w] > 0.
Proof. For & < &,
Lol=a*(1 — Jy @) — d@
=up(l— A) + uj(A — Jo % @) — dpup

+00
=il —A) + 1A / (€25 — be*2782%) J_(& — 5)ds
&p

Eb
iad [ A=) € = s — s

—00

£
> pp(l— A) + f(A—Mb)Jo(E—S)ds—dub

—00

1
= (L= A) + S (A = ) —

1
= up(A — l/vb)(EMb —(1—A)).
2
For fixed 0 <d < 5’ we have

1+J/1—-4d 2
= > .
2 3

A
For any
. 9d
0 <é& <min{l — 7,3A—2},
noticing that lim up = A, we have
b—o00
20—A)<A—e<up<A

for sufficiently large b, which implies

L{w] > 0.
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For & > &, noticing that

®y(c,0,h0) =5 —chy +d — A2/ Jo(s)e™*25ds =0
R

and

®a(c, 0,00 — 2) = (ha — £2)> — c(ha — £2) +d — A2 / Jo(s)e= 027054 5 0,
R

we have
Lo =A( — "% + beP278Y" _ cA(1 — €25 + beP278Y 4+ G2 (1 — J, x @) — d@
>A(=13 + ch2)e™ + Ab([(A2 — £2) — c(hz — £2)]eM2 7% + B> (1 — A)
+ @ (A — Jy ¥ @) — dA(1 — &2 4 pe*272)%)
=A(=A3 + chy + d)e’ + Ab[(Ma — £2)? — c(hy — £2) — d]e??> 7% L G2(1 — A)

+@%A f ("6 — pe2=e)E=9) j(5)ds — dA
R

1 b
:Z(A2 — @) (=43 +chg — d)e’ + X(A2 —@H)[(h2 — £2)* — c(Aa — £2) + d]e*2 72

b
+ Zazcbz(c, 0, hp — £2)e?2 75 (A2 —G)(1 — A) +2d A(e"?F — be*2E2%)
b 1
>0 Pa(e, 0,00 = £2)e T — (AT =B (1] — cha + )™ + (1 - A)(A - @)

b A?
>l |:d>2(c, o,y — £2) — F(ze(mfz)s +2be”*25) (A3 — cha + d)]
@

b A?
zga%@z—mf [cbz(c, o Ay — &) — F(ze“z“z)fh +2be?250) (33 — chg + d)]
W

b 242 (1 A Tl
>— w22 | Dy(c, o0k — ) — — [ - e
. a? \ b \b(r; — &)

2 =2 /&2
2 (A2~ chp+d)
b(hy — &2) 2 ’

b(hy — &2)
ni

1
where we have used the fact that &, = — 1
£2 %)

,a<w< A and

(A% —@%) < A%(2eM 4 2beP2e2)%),

For b sufficiently large, since > < 0, it is easy to see that L[w] > 0. O
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Lemma 2.3. Any solution o € C2(R) NL*®(R) to (1.5) with sEr_noo w(§) =agand sETOO w(E) =
Bo has the property that ag, Bo € {0, a, A}.
Proof. Let x, — o0, then the sequence of functions v, (x) = w(x + x,) solve
v — v, +v2(1 = Jy % v,) —dv, =0, inR.

Since w is bounded, v, is uniformly bounded with respect to n. From the classical w2p theory
for second order linear elliptic equations, we obtain that for all 1 < p < oo,

v <C.

From Sobolev embedding theorem, there is a subsequence of vy, still denoted by v, itself, such
that v,, — v strongly in CIIO"C)‘ (R) and weakly in leo’cp (R). Then v(x) = Bp and

v — v +v2(1 = Jy % v) —dv =0,

which implies ﬂé(l — Bo) —dBo =0 and By € {0,a, A}. Similarly, we can prove that «g €
{0,a,A}. O

Proof of Theorem 1.1. The proof consists of the following two parts.

(i) First we consider the case

¢ >max{2+/2A — d, c,(0)}.

Let wp = w and define the bounded continuous function sequence @,, by the following iter-
ation scheme

w, (§) — @), (§) + A — )@ (§) = F @m—-1) ().
Then from Lemma 2.1 and Lemma 2.2, we can obtain that for any m,
am(";:) = T[am—l](g)

is increasing and satisfies

QS"'Sme”'SEIEwO:w' (2.3)

Hence, there exists a increasing function w (&) such that @,,(§) - w (&) a.e. for & € R.
Therefore, we have

w(§) =T[w]),

which implies that w is a solution of (1.5). Since 0 < w (&) < A is increasing, there exist two
non-negative constants ¢, So such that

Please cite this article in press as: J. Li et al., Wavefronts for a nonlinear nonlocal bistable reaction—diffusion equation
in population dynamics, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.019




YJDEQ:8912
J. Li et al. / J. Differential Equations eee (eeee) eee—see 13
lim w()=a0, lim w(§)=pfo.
E——00 E—+o00
By Lemma 2.3, we have «g, Bo € {0, a, A}. Noticing that
Iim w)= lim w¢)=A,
E—+00 E—>4o00
we have By = A. Furthermore,
lim w@é)=d, lim @&)=u, <A,
E£——o0 E—+o0
imply d < a9 < A, then op = a, which means that (¢, w) is a solution of (1.6).

Since a < w < A and o’ > 0, we claim that o' (§) < u A for £ € R. In order to prove this, a
direct computation from

+00
1
wE)= — / (em(é—y) _ euz(é‘—Y)) F(w(y))dy
M2 — M1
&
gives that
+00
/ 1 wiE—y) w2 (E—y)
€)= ——— [ (11" — e E0) Fo(y))dy.
M2 — U1
&
Therefore,
+00
&) — A <o) — wE) = — f 2 €= F(w(y))dy <0,
&

by noticing that
F(w) =2A0w — o*(1 — Jy ) > 0,
and 0 < w1 < w» are the two positive roots of ,u2 —cu+2A —d =0. Thus we have o' (£§) <

u1A for & € R. Furthermore, ||@||c2gy < M can be obtained directly from (1.6).
We are left to consider the case

c =max{2+2A — d, c+(0)}.
Choosing {c,} such that ¢, > max{2+/2A — d, cx(0)} and ¢, — max{2+/2A —d, c,(0)},
then for each n, the above discussion gives a monotone traveling wavefront w, with speed

¢, such that

lonllczmy < M.
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By appropriate translations, we fix

1
w,(0) = > for all n.

By Arzela-Ascoli theorem, w, and o), have a locally uniformly convergent subsequence
with limit w, @ and

together with

1
w(0) = X w(—00) =a, w(+00)=A4,
such that (c, w) is the solution of (1.6).
By Proposition 2.1, we have that c,(0) > 0 and ¢, (o) is decreasing as o — 0. Thus there
exists ¢, > 0 such that ¢4 (o) — c4. Next we take the limit 0 — 0. Let (w, ¢) be the solution

of (1.6) that has been obtained in the previous step, where ¢ > max{2v/2A — d, c«(0)}, and
by appropriate translations, fix

1
ws (0) = 3 for all &

and
oo llc2my < M.

Therefore, w, has a subsequence which converges to wq locally uniformly in C"(R) as
o — 0, where wg € CZ(R) is the solution of (1.7), that is,

wg—cw6+w(2)(1—wo)—da)o=O in R,

wo(—o0)=a, wp(0)=1/2, wo(+o0)=A. O
Semi-wavefronts with @ (—oo) = 0 and wavefronts connecting 0 and A

In this section, we study the existence of wavefronts connecting 0 and A. We construct the

wavefronts connecting 0 and A by considering a sequence of approximating problems on inter-

val

s [—L, L], and then pass to the limit L — oo. In particular, two difficulties arise in the proof.

One comes in proving that the speed ¢ and the C ! norm of w are controlled by a constant in-
dependent of L, while the other one lies in establishing that the two equilibriums 0 and A are
indeed reached at infinity.

For L > 0, we introduce the homotopy parameter 0 < 7 < 1 and a smooth cut-off function

g:(s) e C(‘)’O(O, A) with ¢ € (0, A/6) such that 0 < g.(s) <1for0<s < A and

g:(s)=1 forse (3e, A —3e).
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We consider the following problem with a cut-off both in space variable and in the nonlinear
reaction,

0" — co + 1gs()[w*(1 — Jy @) —dw] =0 in(—=L, L) (3.1)
with
w(—L)=0. o(L)=A, 32)

where @ is the extension of w with w =0 on (—o0, —L) and w = A on (L, +00).
If

max ow(t)=w(y) >Aor min w()=w(t) <0,
te[—L,L] te[—L,L]

then #yp € (—L, L) and g.(w) = 0 in a neighborhood of 7y, which together with (3.1) implies

" — co’ =0 in the same neighborhood. The maximum principle implies that w = w(t), which

is a contraction. Thus,
O<w(@)<Aforallte[—L,L].
For fixed dy € (0, d), we normalize the wavefront w such that

max o(t) =dp. (3.3)

—L<t<0
This constraint indirectly fixes the speed c.
We claim that w is increasing in [—L, 0]. In fact, if there exists a local maximal point 7y €
[—L, 0) such that " (tp) <0, o' (t9) = 0, then from (3.1), we obtain
o(10)(1 — Js xw(t0)) > d,
which contradicts to (3.3). Therefore, w is increasing in [—L, 0] and w(0) = dp.
The following lemma provides a priori bounds for [[@| 21 1)-
1
Lemma 3.1. There exist C and Lq such that, for all T € [0, 1], L > Ly, ¢ € (0, EA) and o > 0,
any solution (c, ) of (3.1)—(3.3) satisfies
lollc2—p.0)y < C.

Proof. Noticing 0 <w(t) < A forall t € [—L, L], which together with the fact that w(—L) =0
and w(L) = A imply that

@' (—L)>0 and o'(L)>0.
Let

H(t) = tg:(0)[0*(1 — Jy % ) — do],

Please cite this article in press as: J. Li et al., Wavefronts for a nonlinear nonlocal bistable reaction—diffusion equation
in population dynamics, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.019




YJDEQ:8912

16 J. Li et al. / J. Differential Equations eee (eeee) eee—esee
then |H(¢)| < A2 forall t € [-L, L]. From
(e—Clw/)/ — —€_CZH(I),
we obtain that for —L <t <t <L,
A2 A?
' (1)e ™) 4 — (- ey < o (1) < o (17)e ) — —a- ey (3.4
and
A? A2
@' (1p)e 71 4 7<e°‘<“ ) 1) < (1) < & (8)ef ) — 7(&(’1*’2) -D. (35

We claim that

A2
0<w'(-L)<—, forc>0, (3.6)
c
AZ
0<w'(L)<——, forc<D0. (3.7
c
We first prove (3.6). Assuming the contrary, from (3.4), by choosing t; = —L, we have

A? A? A?
() = — + (@' (L) = —)e" ™) = = forall e [-L, L].
c c c
. . 2¢ . .
This cannot hold for a bounded function 0 < w(t) < A and w(L) = A for L > Loy = o Simi-
larly from (3.5) and choosing #, = L, we can verify (3.7).

Next we prove the boundedness of ’'(t) on [—L, L] uniformly in 7, L, € and o.
For ¢ > 0, with the change of variables

o) =e"® -1,
(3.1) is transformed into
" / N2 w
X' —cex'+(x) +rge(w)—— [w(l — Jy xw) —d] =0.
w+1

Denote y(t) = x’(t), we obtain
Y —ey+y 4 f(0) =0, (3.3)

where

1) = rgs(w)w%l [(1 — Jy *w) —d].
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We have that | f ()| < A, which is a direct consequence of 0 < w () < A.w € C2[—L, L] shows
that y(r) € C'[—L, L]. Let

= min 1), = max ).
B te[_L’L]y() 4 teH’L]y()

Next we will give a lower bound for 8 and an upper bound for y uniformly in 7, ¢, L and o.
Denote

Ve —4f@)

c—
AL(t) =

c++/2—4f@)
) ) kz(t):f,

which are the roots of y2 —cy + f(t) =0. Suppose that y(¢) achieves its minimum at 71, i.e.,

= 1 t = t .
B te[nglLI}L]y() y(t)

If t{ = —L, then
B=y(—L)=x'(-L)=w'(-L) > 0.
If 11 = L, then

o'(L)

B=yL)=x"(L)= Al

> 0.

While if t; € (—L, L), then y'(¢;) = 0. From (3.8), we obtain

yA(t1) —ey(n) + (1) =0,
thus

— VT 4A
B=y(tr) € hi(0). dalt)} = %

On the other hand, suppose that y(¢) achieves its maximum at 5, i.e.,
= max ) =y().
Y te[_L’L]y( ) =y(12)
If t = — L, then from (3.6),

2
y=y(-L)=x'(-L)=o/(~L) < A7

If t» = L, then y'(L) > 0, from (3.8), we obtain

y2(L) —cy(L) + f(L) <0,

thus
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c+Vc2+4A

y =y(L) € (M (L), A2(L)) =< >

If t) € (—L, L), then y'(t;) = 0. From (3.8), we obtain

y2(12) — cy(ta) + f(12) =0,
then

+ 2+ 4A

c
y =y() € {(A1(2), A2(12)} < 5
From the above discussion, we obtain that

c—cr+4A

B> 3

and

A? c+Vc2+4A}

< max{—,
V= {c 2

Furthermore, noticing w () = e* ® _ 1 and ' (t) = (w(t) + 1)y(¢), the uniform boundedness of
o' can be obtained.
For ¢ < 0, with the change of variables w(t) =e 0 _ 1, since

A? , ' (L)
—— <x(L)=—
c(A+1) A+1

<0

and

x'(=L)=-0o'(=L) 0,

by similar analysis, the uniform boundedness of @’ achieves.

Now we have proved that the bounds of w and ' are independent of t, L, € and o. Then from
(3.1), for ¢ # 0, the uniform boundedness of @” can be obtained. While for the case ¢ = 0, the
uniform boundedness of @” follows directly from (3.1). Now we obtain that for any ¢ € R, there
exists a constant C independent of 7, L, ¢ and o such that ||o|lc2_f 1) <C. O

The next lemma provides an a priori bound for the speed c. The proof follows the ideas from
[7.2].

Lemma 3.2. There exists Ly > 0, for any L > Ly, there exists K(L) > 0 such that for all
1
T €[0,1], € € (0, EA)’ any solution (¢, w) of (3.1)—(3.3) satisfies —K (L) < ¢ < Cppax = 2VA.

Moreover, for T = 1, there exists cpin < 0 such that for all L > Lo, € > 0 and o > 0, we have
C = Cmin-

Please cite this article in press as: J. Li et al., Wavefronts for a nonlinear nonlocal bistable reaction—diffusion equation
in population dynamics, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.019




YJDEQ:8912

J. Li et al. / J. Differential Equations eee (eeee) eee—see 19

Proof. Since 0 <w < A < 1, the solution w of (3.1) satisfies the inequality
o' —co' + Aw > 0. 3.9
We will prove ¢ < 23/ A for big enough L by a contradiction argument. If ¢ > 2V/A, let

() = e 40D,

then
ch;L(t) > h;i(t) + Ahy,(1). (3.10)

Noticing that (r) € L°°(—L, L), when p > 0 is sufficiently large, we have that w () < h, (¢) in
(=L, L). While for i < 0 we have w(t) > h,(t). Therefore, define

o =inf{u 1 b, (t) > w(t) forallt e [-L, L]}.
It follows that there exists fy € [—L, L] so that &, (fo) = () and o > 0. However, (3.9) and

(3.10) imply that 7o ¢ (—L, L). As po > 0, it is impossible that 7o = —L, hence ro = L. As a
consequence, h (L) = A, thus o = A. However,

do = (0) < hy1y (0) = Ae™ VA,
which is impossible for
L>Lo=(InA —Indg)/VA.
Hence, ¢ > 2v/A is impossible for L sufficiently large.
Next we prove a lower bound for ¢ with given L > 0. We consider a solution (¢, w) of
(3.1)—(3.3). It satisfies
o —co <dw,

as well as w(—L) =0, w(L) = A. If v is the solution of v’ — cv’ = dv with v(—L) =0 and
v(L) = A, then by comparison principle, we obtain w > v. As v can be computed explicitly and

0) — A N et +4d
v( )_E)H’L—i—e)‘*l‘, + .= 2 .

We see that v(0) — A as ¢ — —oo. It follows that, for any L > 0, there exists K (L) > 0 such
that ¢ < —K (L) implies v(0) > dy, which contradict with the fact that w > v and @ (0) = dp.
Therefore, if (¢, w) is a solution of (3.1)—(3.3), then ¢ > —K (L).

In the end, we obtain a lower bound for the speed ¢ with t = 1. Suppose that ¢ < —1. We
start by proving that the derivative ' is bounded by —A?/c on an interval [—L + Ko, L] with
the constants K independent of L. Choosing #{ = —L in (3.4) and noticing that w'(—L) >0, we
obtain
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2

A
W' (t) > — forall e [~L,L] @3.11)
C

C .
and for some constant Koy > — 1 independent of L, we have

A2
' (1) < —— forany t, € [-L + Ko, L]. (3.12)
c

AZ
Otherwise there exists t» € [—L + Ky, L] such that o'(t2) > ——, the from (3.5), we have
c

2
o' (t}) > —— for all 1 € [—L, t,]. Integrating this from —L to t, we see that
c

A2
A > w(h) > ——Ky,
C

which contradicts the definition of K. This proves (3.12).

Now we consider the case T = 1. For a fixed gy = 36 there exists R > 1 such that

A / Jo (x)dx < gg.
[-R,R]¢

We are going to prove that

2A%R

€0

C = Cmin = —

2
If this is not true, assume ¢ < ¢y,;,,. Thanks to the conditions w (L) = A and w(0) =dp < d < 9’

1
we can define 7o > 0 as the smallest positive real such that w (f9) = 3 From (3.12), we obtain for
telto— R,to0+2R]IN[—L, L], we have
1 1 2A’R 1 24°R 1

d o _gn< = <w()< - — < = A 3.13
0<3 80_2+ " _w()_2 " _2+80< (3.13)

2A%R

&0

and [t — R, 10+ 2R] C [0, L] as soon as ¢ < —

= Cmin. Furthermore, for ¢ € [fg, to + R],

we have
Joxw(t) = / Jo(X)w(t —x)dx + / Js ()t — x)dx
[-R.R] [—R,RI¢

1 1
<5 teotA / Js (x)dx < - + 2eq (3.14)
[—R.RI¢
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as soon as ¢ < c¢pyin. We claim that for ¢ < ¢;in, @ is increasing on (o, fo + R). If not, the
.. . . . .. - .. 2 _
definition of #y implies the existence of a local minimum ¢ € (%9, #o + R). Noticing d < 9’ o' (f) =

0, w”(f) > 0, from (3.1), we have J, * w(7) > 1 —d/w(f), which together with (3.13) and (3.14)
implies

2d L,
> — €0,
“2ep 2 0

1 _ _
§+280210*w(t)21—d/a)(t)21— 7

which is a contraction. Therefore, for ¢ < cin, t € (to, to + R), we have o' (¢) > 0 and thus
0" <0 — co' = go(@)dw — &> (1 — Jy % )]
1
<w(d+we — 5))

1 1
<d- (E - 280)(5 — £€0)

R 15
<d— -4+ —gp=——¢p.
g0 T TR0

15
It follows that ' (t9) — &' (to + R) > 7801?, which together with (3.11) and (3.12) implies

4A% o .
c>— > Cmin, Which is a contraction.
15¢9R
. - 2A°R . .
Finally, it is proved that ¢;,i, = — is an explicit lower bound for c. O
£0

Now we begin the homotopy argument. The a priori bounds obtained in Lemma 3.1 and 3.2
allow us to use the Leray—Schauder topological degree argument to prove existence of solutions
to the problem (3.1)—(3.3) with r = 1 on the bounded domain [-L, L].

Proposition 3.1. There exist K > 0 and Lo such that, for all L > Ly, ¢ € (0, A/6) and o > 0,
(3.1)—(3.3) with T = 1 has a solution (c, w), i.e., (c, ®) satisfies

{ @' =/ + g (@I (1 = Jy # @) —dw] =0 in (=L, L), (3.15)

w(=L)=0, w0)=dy, w(L)=A
with
”w”CZ(_L,L) <K, —cmin Z¢=Cnax-

Proof. We introduce a map K, which is defined from the Banach space X =R x C -L, L,
equipped with the norm ||(c, v)|lx = max{|c|, [lvlc1—p 1}, onto itself, i.e.,

K; :(c,v) = (dy — v(0) + ¢, w),

where w is the solution of the linear system
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"o / 201 ~ _ s

P, w cw' + 18 (W)[v°(1 — Jy x0) —dv] =0 in(—L, L), (3.16)
w(—L)=0, w(L)=A.

A solution (c;, w;) of the finite interval problem (3.1)—(3.3) is a fixed point of K; and satisfies
K:(c;,w;) = (cy, wr) and vice versa. Hence, in order to show that (3.15) has a wavefront, it
suffices to show that the kernel of the operator /d — K is nontrivial. The classical regularity
theory implies that the operator K; is compact and continuous in t € [0, 1]. Let By = {(c, v) :
I(c,v)lx < M}. Then Lemma 3.1 and 3.2 show that the operator /d — K, does not vanish on
the boundary dB)ys with M sufficiently large for any t € [0, 1]. It remains only to show that
deg(Id — K1, By, 0) # 0 in Bj;. The homotopy invariance property of the degree implies that
deg(ld — K1, By, 0) =deg(ld — Ko, By, 0). Moreover, for T = 0, the operator Fop = Id — Ky
is given by

Fo(c,v) = (v(0) — do, v — wp).
Here w((1) solves
(i) — c(wf) =0,

W§(—L)=0, wi(L)=A

and is given by

ecl_e—cL
) At —gerr <70
@DO=1 4 A
i —0.
2 ¢

A d
In particular, since w(C)(O) is decreasing in c, w8 0)=—=>—=and lim a)(C)(O) = 0, there exists
2 2 c—>+00

a unique cp such that a)g‘) (0) = dp. The mapping Fy = Id — K is homotopic to
P (c, v) = (G (0) — do, v — ;).

The degree of the mapping & is the product of the degrees of each component. As wg(0) is
decreasing in ¢, deg(w§(0) — do, By, 0) = —1. While deg(v — a)go, By, 0) = 1. Thus

deg(ld — K1, By,0) =deg(ld — Ko, By, 0) = —1,
and thereafter a solution (w, ¢) € By of P exists. O

The following lemma is used as a preparation in passing to the limit L — oo and ¢ — 0. The
proof is inspired by [1].

Lemma 3.3. For any solution (c, w) of (1.8) with w € CZ(R) and

lc| > 20 A% /m3, (3.17)

where m; = / |z|iJ(z)dz, i =1,2, it holds that 1i51_1 w€{0,a, A}.
—+00
R
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Proof. Rewrite the first equation of (1.8) as
0" —co) + 0* (1 — ) + 0> (0 — Jy % ®) —dw =0,

then multiply it by @’ and integrate from —R to R for arbitrary R, we get

R

4

R
1 1 1 d
c/ |/ |>dt = [E(a)’)2 + §w3 ——ot— §w2]|5R + / o' 0w — Jy * w)dt.
“R

—R

Denote the last term by 7, Cauchy’s inequality implies
R R R R
I’ < / (@' 0)*dt / (@ — Jy ¥ w)*dr < A* / (@)2dt / (@ — Jy * w)?dt.
—R —R —R —R

Noticing

23

(3.18)

(3.19)

1
(1) = Jo xo(t) = / Jo(t = y)(@(t) —w(y))dy = / / Jo (=2)&'(t +02))(—z)dbdz,
R O

R

again by Cauchy’s inequality we obtain

1
(@(1) — Jo % 0(1)? <m0 / / Jo (=2’ 2t +02))d6dz.
R O

Integrating the above inequality, we have

R 1 R+4607
/(a)(t)—JU *a)(t))zdtfmzaz//Jo(—z) / o' (t)dtdzd6
—R 0 R —R+0z7
R 1
<myo? / o' (t)%dt + mac? / f Jo (—2)20|2|C2dzd6
—R 0 R
R
§m202/a)’(t)2dt+m2m103C2.
—R

A combination of (3.18), (3.19) and (3.20) gives us

R
1 1 1 d
lc| / o (H)*dt < [5@/)2 + §w3 - 2”4 — sz] e
—R

(3.20)

in population dynamics, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.019
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R R
+ A2 /a)’(t)zdt mQGZ/w’(t)zdt+m1mgo3C2
—R —R
R
<C+A*/myo 2/w’(t)2dz+mloc2 ) (3.21)
—R

If |c| > 20 A% /m2, then ' € Lz(R). Furthermore, w € CZ(R) implies that lirin o' =0, thus
—> 00
lim w exists. Then from Lemma 2.3, we have liﬂ_n we{0,a,A}. O
11— +00

t——+00

Proof of Theorem 1.2. From Proposition 3.1, foreach L 3> 1 and 0 < ¢ < 1, the problem (3.15)
does have at least one solution (cz ¢, @ ). Next we will show that, for ¢ — 0 and then L —
~+o0, the sequence (c ¢, L ) (or an extracted subsequence) converges to a solution of (1.8).

(i) Having constructed a solution (cz ¢, wr ¢) of (3.15) with
—Cmin = CL,e = Cmax> ”a)L,S”CZ(fL’L) <K
and noticing that K, ¢y, and c¢pqy are uniform in L > Ly and ¢ € (0, A/6). We can take
the limit ¢ — 0 and L — 400 in the approximating problem, and show that the limit (w, ¢)
is the wavefront that connects 0 and A. Namely, with fixed L, for ¢ — 0, there exists a

subsequence of ¢, ¢ and wy, ., denoted by itself, such that ¢; . — ¢ and vy . — wr in
Cl.(R). Then

—Cmin < €L < Cmaxs  NoLllcz—p ) < K.

Moreover, from the definition of g., we have g. — 1 in R as ¢ — 0. Then (cr, wr) is the
solution of

o —co +0*(1 — Jy @) —do=0  in(—L,L),
w(-L)=0, w(0)=dy, wo(L)=A.

Again, there exists a subsequence L, — oo, such that ¢z, — ¢*(0) and wr, — o in
CL.(R), and

—Cmin = C*(U) = Cmax> ”w”CZ(R) <M,
together with
O0<w=<A, inR, and 0 <w <dy in (—00, 0].

Furthermore, the limit (¢*(o), w) is a solution of (1.8), with &'(¢) > 0 for ¢ € (—o0, 0].
Hence, as t — —o0, w(t) — ag and 0 < o9 < dp. By Lemma 2.3, we have g = 0.
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(i1) In order to show that w(4+00) = A, we have to start from the approximation wy (¢) in
[-L, L] with wy (L) = A and then take the limit L — +o00. In other words, we need to
prove ., lim o (L) = A. The uniform bound of |0} |c < C provides that

—+00

o1 — Jp % or|(0) s/Jg(stL(r) — oLt — $)\ds
R

Sllwllloofsfa(S)ds
R
<Cm,o.
Thus

W] —cro) +wr (1 —wp) —dop =w? (Js ¥op —or) < A2 Cmjo.

Denote f(s) = s2(1 —s5) — ds, the equation can be rewritten as

a)z — cLa)/L + f(wr) — Coo <0,

where Co = A>Cm. Let a < y < B be the three solutions of f(s) — Coo = 0. There exists
o9 > 0 such that for 0 < 09, itholdsa <0 <a <y < B < A. Let ¥ be the solution of

Vi —cryp + f(Yr) — Coo =0 in[—L, L], (3.22)
Yr(—=L)=a, ¥ (L) =8. (3.23)

By maximum principle, we have that @ < v;, < 8. By comparison principle as in [6], we get
that ¥z (t) < wr(t) for t € [-L, L]. Then by the classical theory of elliptic equations, there
exists a subsequence L,, denoted by itself, such that as n — oo, L, — 00, ¢, — c*(0) and
Y1, — ¥ in C._(R), and the limit satisfies the following local problem

Y — (o) + f(¥) — Coo =0 in R. (3.24)

It can be easily verified that ¥ < w in R, from which we obtain for t € (—00,0], ¢ < ¢ <
dy < y and then f(y¥) — Coo < 0, from which and (3.24) we obtain ¥’(t) > 0 for ¢ €
(—o00, 0]. By the same arguments as that in Lemma 2.3, we obtain lim ¥ (¢) =«.

[——00

Now we claim that there exists a constant C such that [/ (¢)| < C, for any ¢ € R. We refor-
mulate (3.24) into its integral version

t +00
vea=——| [ o+ [ e rwes .
2 — 12
9] t

where

r@) =21 —¥) —dy +d( — ) — Coo > 0, foro < _‘é_“,
0
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and

_) =V (c*(0))* +4d -

2

e c*(0) +/(c*(0))? + 4d .
- 2

21 0, 0.

The first order derivative of ¥ is

t 400
1 ) )
v = 4 / A () (5)ds + 22 / 20 () (s)ds
72 —Z
2 1 s y
Thus we have
+o0

V- —a) = / 2 (y)(s)ds > 0

t
and

t

V-2 —a)=— / ) (Y (s)ds <0,

—00
which imply that

W —a) <y <@ —a).
Then the boundedness of v follows from the boundedness of vr. Moreover, noticing

Y (—00) = a, we have y'(—o0) = 0. For any R > 0, multipling (3.24) by ¥’ and integrating
from —R to R, we get

R
1 1 1 d
(o) / WP =[50+ 9% =t = S0P = Coovl[f =€ (329)
—-R
Next, we need to prove that ¢* (o) is strictly positive in order to show that ¥ is bounded in
L2 Noticing that
B =p>—dp—Coo, o =a’—da—Co,
we have that

a—>0,8—> Aaso — 0.

Together with the fact that

lim i} (—L) =y (~00) =0,
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and

1 1, 1 1 2
——-A"—=d)A—-d>0, ford<—,
3 4 2 3 9

it is easy to verify that there exists o7 > 0 such that for o < o7 and big enough L,

L
et / !, 1Pdt
—L

[t e s 1oa do L

= (a0 i - i - G- con],
1 1 d 1

> 5(;83 —a’) — Z(ﬂ‘* —at) - 5(/92 —a?)—Co(f—a)— 5(¢2(—L>)2 (3.26)
1 1 d 1

= 5(;32 —a? —d(B—a) — (Z(ﬂz +a%) + 5)(/82 —a?)—Co(B—a)— E(w’L<—L)>2

—( LB +ad) - sd| (B —2d—C )(ﬂ— )= 2 (~L)? >0
=372 o > o 3 o o Wi > 0.
From (3.25) and (3.26), we obtain

0< c*(a)/ lv'|2dt < C.
R

Thus

)

c
c*(0) > 0, 0</|¢’|2dt<
c*(o)
R

which implies that ¥’ € L% By the same arguments as that in Lemma 2.3, we obtain
1iI_|‘£1 ¥ (¢) exists and belong to {«, y, 8}. Now we claim that ¢ (+00) > «. If ¢ (4-00) = «,
—+00

noticing that ¢* (o) > 0, then from the theory of traveling waves for local problem, there must

holds ¥ = «, which contradict with the fact that / [y’ |2dt > 0. Thus ¥ (+00) > «, which

R
means that either ¥ (+00) = 8 or ¥ (+00) = y. Again from the theory of traveling waves
for local problem, we obtain there exists ¢y independent of o such that ¢* (o) > c¢g > 0. Then
Lemma 3.3 implies that for

oy co —dOl}
o <o ={00,01, ——, —}
00 ma A2 G
. ligrn w exists and belongs to {0, a, A}. Noticing that 8 > y > a, we have
— 100

w(400) > Y (400) > a.

Therefore, w(+00) = A.
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(iii) In the end, as a byproduct, we can also take the limit 0 — 0. Let w, be the solution of (1.8)
with w, (+00) = A. Noticing that

lws ”CZ(]R) <K, —cpin= C*(U) = Cmax

with K, ¢pin and ¢4, independent of o for o < o*, we get a subsequence of (¢*(0), ws),
denoted by itself, such that ¢* (') — ¢* and w, — wg locally uniformly in C'%(R) as o —
0, where (c*, wp) is the solution of (1.9), i.e.,

wg—c*wé—i—a)%(l—wo)—dwo:O inR

wo(=00) =0, wp(0) =dp, wo(+00)=A. O
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