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Abstract

We show that the Stokes operator defined on Lg (2) for an exterior Lipschitz domain 2 C R” (n > 3)
admits maximal regularity provided that p satisfies |1/p — 1/2| < 1/(2n) + ¢ for some ¢ > 0. In particu-
lar, we prove that the negative of the Stokes operator generates a bounded analytic semigroup on LE (2)
for such p. In addition, LP-L9-mapping properties of the Stokes semigroup and its gradient with optimal
decay estimates are obtained. This enables us to prove the existence of mild solutions to the Navier—Stokes
equations in the critical space L*°(0, T’; Lg (£2)) (locally in time and globally in time for small initial data).
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1. Introduction
Let 2 be an exterior Lipschitz domain in R” (n > 3), i.e., the complement of a bounded Lip-
schitz domain. In this paper, we investigate the Stokes resolvent problem subject to homogeneous

Dirichlet boundary conditions

Au—Au+Vr=f inQ,

div(u) =0 inQ, (1.1)
u=0 onaL,
where u = T(ul, coyUpy) 2 — C" and 7w : Q — C are the unknown velocity field and the

pressure, respectively. The right-hand side f is supposed to be divergence-free and L”-integrable
for an appropriate number 1 < p < oo and the resolvent parameter A is supposed to be contained
in a sector Xy := {z € C \ {0}] |arg(z)| < 0} with 6 € (0, 7).

In the case of bounded Lipschitz domains, resolvent bounds were proven by Shen [26] for
numbers p satisfying the condition

< — +e¢, (1.2)

where ¢ > 0 is a number that only depends on the dimension n, the opening angle 6, and quan-
tities describing the Lipschitz geometry. A corollary of Shen’s result is that the negative of the
Stokes operator generates a bounded analytic semigroup. This was an affirmative answer to a
problem posed by Taylor in [29]. Recently, the study of the Stokes operator on bounded Lipschitz
domains was continued by Kunstmann and Weis [22] and the first author of this article [30,31].
In [22], the property of maximal regularity and the boundedness of the H>-calculus were estab-
lished yielding a short proof to reveal the domain of the square root of the Stokes operator as
W2 (), see [30].

The purpose of this paper is to continue the study of the Stokes operator in the case of exterior
Lipschitz domains 2. If 2 has a connected boundary, the existence of the Helmholtz decompo-
sition was proven by Lang and Méndez in [23]. More precisely, Lang and Méndez proved that
the Helmholtz projection, i.e., the orthogonal projection P of L2(£2; C") onto Lg(Q), defines
a bounded projection from L”(€2; C") onto LY () for p € (3/2,3). Here and below, L ()
denotes the closure of

Cl% () == {p € C°(2; C") | div (¢) = 0}

in L7 (L2; C™). As we will see in Subsection 2.1 — and this will be crucial for the whole proof
— a short analysis of the proof of Lang and Méndez shows the validity of this result for p
(3/2 — ¢,3 4 ¢) and some ¢ > 0. We will investigate the Stokes operator, which is defined on
L(ZT(Q) by using a sesquilinear form, see [25, Ch. 4]. On L2(Q) for 1 < p < oo, the Stokes
operator A, is defined in two steps. First, take the part of A3 in L? (RQ), ie.,

D(Azl1p) == {u € D(A2) NLE(Q) | Ayu € LL(Q)}



P. Tolksdorf, K. Watanabe / J. Differential Equations 269 (2020) 5765-5801 5767

and Azl pu is given by Asu for u in its domain. Notice that As| » is densely defined since
2 () C D(Az| Lp) and that it is closable. In the second step, we define A, to be the closure of
A2|L§ in L2(Q).
The first main result of this article is the following theorem, which includes an affirmative
answer to Taylor’s conjecture [29] in the case of exterior Lipschitz domains.

Theorem 1.1. Let Q2 be an exterior Lipschitz domain in R" (n > 3). Then there exists ¢ > 0 such
that for all numbers p that satisfy (1.2) the Stokes operator A, is closed and densely defined, its

domain continuously embeds into Wé:g(Q), and — A, generates a bounded analytic semigroup

(T'(2))i=0 on L2(Q). Furthermore, for all 1 < p < q < oo that both satisfy (1.2) the semigroup
T (t) maps for t > 0 the space LY () continuously into LL (Q). Moreover, there exists a constant
C > 0 such that

”T(t)f”Lq(Q) <Cr 2G q ||f||LP(Q) t>0,f EL{;(Q))- (1.3)
If p and q satisfy additionally p <2 and q < n there exists a constant C > 0 such that

INTO) fl ey € DU flpg (>0 fell@).  (14)
To state the second main result consider the Cauchy problem

u+Apu=f in(0,00) x £,

(1.5)
u(0)=uy in Q.

Given s € (1, 00), the Stokes operator A, is said to admit maximal L*-regularity if there exists
a constant C > 0 such that for all ug in the real interpolation space (L5 (2), D(A p)1—1/s,s and
for all f € L*(0, co; LZ(2)) the system (1.5) has a unique solution u, that is almost everywhere
differentiable in time, that satisfies u(¢) € D(A ) for almost every ¢ > 0, and

1001t s 0,00:1.22) 14Ul 0001200 = CULF Lz + Tuoll wz o). Deap i)

It is well-known, see [4,5], that maximal L*-regularity is independent of s and will thus be called
maximal regularity. We have the following theorem.

Theorem 1.2. Let 2 be an exterior Lipschitz domain in R (n > 3). Then there exists ¢ > 0 such
that for all numbers p that satisfy (1.2) the Stokes operator A, has maximal regularity.

Our last main result concerns the existence of mild solutions to the three-dimensional Navier—
Stokes equations

oo —Au+ -V u+Voe =0 in(0,T) x Q,
div(u)=0 1in (0,7T) x L,
u=0 on(0,T) x 08,
u(0)=a in Q.

(1.6)
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Given a € LY(Q), we say that a continuous function u € C([0, T); LY (R)) is a mild solution
to (1.6) if u(0) = a and if

t
u(t):T(t)a—/T(t—s)]P’div(u(s)@u(s)) ds  O<t<T).
0

Relying on Theorem 1.1, we obtain the following theorem.

Theorem 1.3. Let Q@ C R3 be an exterior Lipschitz domain, € > 0 be as in Theorem 1.1, and
3 <r <min{3 + ¢, 4}. For a € L () the following statements are valid.

(1) There exists a number Ty > 0 and a mild solution u to (1.6) on [0, To) that satisfies for all p
withr < p <min{3 + ¢, 4}

3,1_1
t> 12770 u() € BC(10, To): LE(R)  and  ||lu(t) —alliz@ —> 0 as 1 \0.

Moreover, if p > r, then

3¢1_1
PP u@ g =0 as 1\0.

) If r > 3, there exists a constant C > 0, depending only on r, p, and the constants in the
estimates in Theorem 1.1, such that

o
Tp > C”a”L(r:(};)'

(3) Forall 3 < p <min{3 + ¢, 4} there are positive constants C1, Co > 0, depending only on p
and the constants in the estimates in Theorem 1.1, such that if ||a||Lg @ < C1, the solution
obtained in (1) is global in time, i.e., To = 00. Moreover, it satisfies the estimate

_3l_1
()l p () < Cat 2577

0 <t <o0).

Concerning the uniqueness in Theorem 1.3 we refer to the weak-strong uniqueness result of
Kozono [21, Thm. 2], which is also valid in three dimensional exterior Lipschitz domains.

The proofs of Theorems 1.1 and 1.2 rely on the investigation of the Stokes resolvent prob-
lem (1.1). More precisely, standard semigroup theory implies that the bounded analyticity of the
Stokes semigroup follows, once it is shown that for some 6 € (v /2, ) the sector ¥y is contained
in the resolvent set p(—A,) of —A, and once the resolvent satisfies the bound

1A+ AR fllpey <Cllf e (e Zo, f € LEQ) (1.7)

with a constant C > 0 independent of u, f, and A. To achieve this inequality for large values of A,
we follow the approach of Geissert et al. [10] and show that the solution to the resolvent problem
in an exterior domain is essentially a perturbation of the sum of solutions to a problem on the
whole space and to a problem on a bounded Lipschitz domain with appropriately chosen data. A
crucial point in this approach is to prove decay with respect to the resolvent parameter A of the
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L?-norm of the pressure that appears in the resolvent problem on a bounded Lipschitz domain.
The main part of this paper deals, however, with the analysis of the Stokes resolvent estimate for
small values of 1. Here, a refined analysis based on Fredholm theory is performed and resembles
to some extend to Iwashita’s proof [17] of L”-L%-estimates of the Stokes semigroup on smooth
exterior domains. The main motivation to follow our strategy to prove the resolvent bounds (1.7)
is to obtain a proof that works literally for the maximal regularity property of A, as well.

To prove the maximal regularity property of A, a randomized version of the resolvent esti-
mate (1.7) is required. As this is in fact equivalent to boundedness properties in vector-valued
Lebesgue spaces, see Remark 2.8 below, existing proofs [3,13,2,7] of resolvent estimates that
rely on a contradiction argument do not work for the maximal regularity property, due to the lack
of compact embeddings for the vector-valued Lebesgue spaces under consideration. The first
proof of the maximal regularity property on the finite time interval (0, 7') on smooth exterior do-
mains was given by Solonnikov [28] and the first proof on the infinite time interval (0, co) was
given by Giga and Sohr in the two papers [13,14]. The latter relies on the property of bounded
imaginary powers and the Dore—Venni theorem and differs completely from our approach.

The rest of this paper is organized as follows: In Section 2 we introduce some notation and
important preliminary results. In Section 3, we discuss properties of solutions to the Stokes re-
solvent problem on the whole space and on bounded Lipschitz domains. In Section 4 we are
concerned with the decay estimate of the pressure on bounded Lipschitz domains with respect to
the resolvent parameter A. In Section 5 we deal with the proofs of Theorems 1.1, 1.2, and 1.3.

2. Preliminaries

In the whole article the space dimension n € N satisfies n > 3. Let £ C R” be an open set
and 1 < p < 0o. As was already described in the introduction, we denote by LY (E) and by
W(l):g(E) the closure of Cgf’d(E) in the respective norms. For a Banach space X, we denote by
L7 (E; X) the usual Bochner-Lebesgue space and by C([0, T'); X) and BC([0, T'); X) the spaces
of continuous and bounded and continuous functions on the interval [0, T), respectively. If the
integrability conditions of functions in Sobolev spaces hold only on compact subsets of &, then
the space will be attached with the subscript loc. For s > 0 and k € N, the standard Bessel
potential spaces are denoted by H*?(E; C¥). The Holder conjugate exponent of p is denoted by
p’. By C > 0 we will often denote a generic constant that does not depend on the quantities at
stake.

In the following, we introduce the notion of exterior Lipschitz domains that is considered in
this paper.

Definition 2.1. An exterior Lipschitz domain € C R" is the complement of a bounded Lipschitz
domain D C R",i.e., 2:=R"\ D.

A bounded Lipschitz domain D C R" is a bounded, open, and connected set that satisfies
the following condition. For each x¢ € d D, there exists a Lipschitz function ¢ : R*™ 1 5 R, a
coordinate system (x’, x,,), and a radius r > 0 such that

B, (x0) N D ={(x, x,) € R" | x, > ¢ (x")} N B, (x0),
By (x0) N oD = {(x/, Xp) € R" | x, = {(X/)} N B, (xo),

where B, (xo) denotes the ball with radius r centered at xg and x” := (x1, ..., X,—1).
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Remark 2.2. Notice that the definition of exterior Lipschitz domains stated above excludes the
presence of holes inside the exterior domain. The exact reason for this technical assumption
is pinpointed to the discussion of the Helmholtz projection on exterior Lipschitz domains in
Section 2.1. More precisely, this assumption comes from the fact that Lang and Méndez resolved
in [23, Thm. 5.8] only the Neumann problem on exterior Lipschitz domains with connected
boundary. However, it should be possible to add holes by adapting the methods of [24]. Notice
that the rest of this paper works perfectly also with holes appearing in the exterior domain.

2.1. A digression on the Helmholtz projection

For a domain E C R” the Helmholtz projection P, z on L?(&; C?) is the orthogonal pro-
jection onto L(Z,(E). It is well-known that the Helmholtz projection induces the orthogonal
decomposition

L*(8: C") = L3 (E) ® Ga(E),
where for | < p < oo

Gp(E):={VgeLP(E;C") |geLl ()}

loc

Thus, for 1 < p < 0o, we say that the Helmholtz decomposition of L?(E; C") exists, if an
algebraic and topological decomposition of the form

L”(E;C") =LA (E) ® G, (E) 2.1)

exists. The Helmholtz projection P, g on L?(E;C") is then defined as the projection of
L?(E; C") onto LZ(8). In the case E = R”, it is well-known that the Helmholtz decomposi-
tion exists for all 1 < p < 0o, see, e.g., Galdi [8, Thm. III.1.2]. In this case, the projection can be
written as

£®§
1§12

Ppe i=F'[1- 222 |, (2.2)

where F denotes the Fourier transform and F~! its inverse.

If E = D, where D C R" denotes a bounded Lipschitz domain, then it is shown by Fabes,
Meéndez, and Mitrea [6], that there exists ¢ = ¢(D) > 0 such that the Helmholtz decomposition
of LP(D; C") exists if

1 1 1 23
. 2‘ <cte 2.3)
It is also shown in [6, Thm. 12.2] that (2.3) is sharp.

If E =, where 2 C R” is an exterior Lipschitz domain with connected boundary, it was
proven by Lang and Méndez [23, Thm. 6.1], that the Helmholtz decomposition of L?(€2; C")
exists for all p that satisfy
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This is a fatal fact as in three dimensions this condition exhibits only the interval 3/2 < p <3
while it is crucial for the existence theory of the Navier—Stokes equations in the critical space
L (0, oo; L3 (£2)) to have information for p in the interval [3, 3 + ¢), ¢f., [20,12,11,30,31] for
the cases of the whole space and bounded smooth/Lipschitz domains.

In the following, we review the existence proof of Lang and Méndez and point out a slight
modification in order to recover the interval (2.3) for exterior Lipschitz domains € with con-
nected boundary. (In fact, we review the proof presented in [6] since this proof was left out by
Lang and Méndez.) Notice that

L2(Q) = {u € LP(Q; C") | div (u) = 0in , v -u =0 on 4}, (2.4)

where v denotes the outward unit vector field to €2, see [8, Thm. II1.2.3]. Notice that for u €
LP(Q2; C") with div(u) € LP(R2) the expression v - u is regarded as an element in the Besov
space B;,lp/p (0€2) and is defined by integration by parts

V1, @)gp g :/div (u)E¢dx+/u~VEgodx (¢6B;{pp,(8§2)). 2.5)
N ’ p/‘p/ )
Q

In this formula, E denotes an extension operator that maps B;/, f; ,(0€2) boundedly into WP (Q).
For a construction of E, see [18, Ch. VII]. Notice that v - u is independent of the respective
extension E¢, see [23, Lem. 5.5].

To prove the existence of the Helmholtz decomposition, let u € L2(Q; C*)NLP(2; C™). Let
[To(div (1)) denote the Newton potential of div (1) extended by zero to R". Choose a function
Y that solves the Neumann problem

AY =0 in Q

v-Vir=h on 92 (Neu)
Vi e LP(Q; C"),

with i :=v - (u — VIIg(div (#))). Then one argues that the equality

Py qu =u — VIIg(div(u)) — V¢

holds and it is shown by Lang and Méndez that for 3/2 < p < 3 the right-hand side gives rise to
L?-boundedness estimates. These estimates in turn follow from

IV lle@;cn < C||h||B;’lp/p(BQ) and ||VIIg(div (@) |lLr(@.cr) < CllullLe@.cny-

While the estimate on the left-hand side is valid for all p that satisfy (2.3) by [23, Thm. 5.8],
the estimate on the right-hand side is valid for all p that satisfy n/(n — 1) < p <n by [23,
Cor. 3.3].

To get rid of the condition n/(n — 1) < p < n, we replace in the definition of & the term
VIgqdiv(u) by F~'&€ ® £|&|72FU, where U denotes the extension of u to R” by zero. Thus,
by virtue of (2.2), let & be given by h :=v - (P, gaU)|yq. Since the divergence of P, g U is
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clearly an L”-function, 4 is well-defined as an element in B;,lp/ P(3Q) and its norm is estimated
by virtue of (2.5) as

Il 1 0gy < 508 [ Bpol) - VE ] < Clllnacn,
Q

Here the supremum is taken over all functions ¢ € B ,(8 €2) with norm less or equal to one and
C > 0 is the product of the boundedness constants of the Helmholtz projection P, g» and of the
extension operator E : Bp p,(BQ) — WLP(Q).

By virtue of [23, Thm. 5.8] there exists a unique function i that satisfies (Neu) whenever p
satisfies (2.3). Now, we show the equality

Prou= (P, g U)o — V. (2.6)

Since by assumption u lies in L2(Q; C") NL”(L2; C") it holds P, r:U = P, gnU. Furthermore,
if Vg € Go(R") with U =P, gaU + Vg, then

u=PprU)la+Vgla < u=Pp,rel)la - V¥ +Vila+¥).

Notice that V(glq + %) € G2(€2), that (P, g« U)|q — Vi is divergence free, and that its normal
trace vanishes by the construction of 1. By (2.4) it follows that (P, g:U)|g — VY € L?, (2) and
by the uniqueness of the Helmholtz decomposition, it follows the equality in (2.6).

This proves already the existence of the Helmholtz decomposition on L?(€2; C") for all p
subject to (2.3), but only if 02 is connected.

To use this result to obtain the Helmholtz decomposition for exterior domains subject to Def-
inition 2.1 proceed as follows. Decompose €2 into its connected components

N
Q=QyU U Qu,
k=1
where 2 is the unbounded connected component and 2 (k =1, ..., N) are bounded Lipschitz

domains. Thus, by [6, Thm. 11.1], there exists € > 0 such that the Helmholtz projection P, o,
is bounded on L?(2;; C") for all p subject to (2.3) and k =1, ..., N. To define the Helmholtz
projection on €2, define

(Pp.af1(x) :=[Ppo R f1(x)  (x€Qrk=0,....N, feLP(Q;C")),

where Rj denotes the restriction operator of functions on €2 to €2.
The discussion of this section leads to the following proposition on the existence of the
Helmholtz decomposition on exterior Lipschitz domains.

Proposition 2.3. Let Q@ C R” be an exterior Lipschitz domain and p be subject to (2.3). Then the
Helmholtz decomposition (2.1) exists.
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2.2. Maximal regularity

Recall the definition of maximal regularity below (1.5) and recall that given 6 € (0, ) the
sector Xy is given by Xg := {z € C \ {0} | |arg(z)| < 8}. Clearly, the definition of maximal
regularity can be generalized to a closed operator A : D(A) C X — X on a Banach space X such
that —.A generates a bounded analytic semigroup on X. In this case, there exists an angle 6 €
(7t /2, ) such that 3y C p(—.A). The following characterization is due to Weis [33, Thm. 4.2].

Proposition 2.4. Let X be a space of type UMD and let —A be the generator of a bounded
analytic semigroup on X. Then A has maximal regularity if and only if there exists 0 € (7w /2, )
such that {A(A + A)~'ies, is R-bounded in L(X).

It is well-known that LP-spaces for 1 < p < co are of type UMD. Moreover, all closed sub-
spaces of UMD-spaces are of type UMD. As a consequence, LY (Z) is a UMD-space for all
measurable sets & C R". The definition of R-bounded families of operators reads as follows.

Definition 2.5. Let X and Y be Banach spaces. A family of operators 7 C L(X, Y) is said to be
‘R-bounded if there exists a positive constant C > 0 such that forany Ne N, T; € T, x; € X
(j=1,..., N) the inequality

N
| > romx @.7)
=1

N

< CH ri()x;

L2(0,1;Y) — Zl QR L2(0,1:X)
j:

holds. Here, r;(t) := sgn(sin(Zj mt)) are the Rademacher-functions. The infimum over all con-
stants C > 0 such that (2.7) holds is said to be the R-bound of 7 and will be denoted by
Rx_y{T} If X =Y we simply write Rx{T}.

Remark 2.6. The following facts follow directly from Definition 2.5: If S C £L(Z,Y) and T C
L(X, Z) are R-bounded families of operators, then

ST:={§T:SeSandT eT}C L(X,Y)

is R-bounded and one has
Rx—v(ST) < Rz-y(S)Rx—z(T).
Similarly, if S, T C L(X, Y) are R-bounded, then
S+T:={S+T:5cSandT eT}CL(X,Y)

is R-bounded with

Rx—y(S+T) <Rx-v(S) +Rx—y(T).
Remark 2.7. Notice that R-boundedness of a family of operators implies its uniform bound-

edness. If X and Y are Hilbert spaces, then R-boundedness is equivalent to uniform bounded-
ness [5, Rem. 3.2].
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Remark 2.8. Let 1 < p,qg <00, k,m € N, and E C R"” be measurable. It is well-known, see [5,
Rem. 3.2], that there exists a constant C > O such that forall N € N and f; € L”(E; (Ck) it holds

N
cl”jX_;rj(-)fj

N
12
< I[S]
L2(0,1;LP(8;Chy) — H [X;lfﬂ
J:

N
< 05 s
LP(E) ~ ,X_; i0Jj L2(0, ;L7 (E;C))

(2.8)
Thus, R-boundedness of an operator family 7 C L(L? (&; C*), L4(E; C™)) is equivalent to the

validity of square function estimates of the following form. Namely, there exists a constant C > 0
such that forall N e N, T; € T, and f; € L (E; C*) it holds

H[g”jfﬂz]l/z

CH N L1172
< .
Li(B) — [;'fﬂ ]

LP(8)
Notice further that this is equivalent to boundedness of the family

S ={(T1,....Ty,0,..)INeN, T; €T for1 < j <N}
C LILP(E; £2(C), LU(E; £2(C™)).
Here, ¢>(C") denotes the space of square summable sequences that take values in C' for
I € N. Moreover, (Ti,...,Ty,0,...) acts componentwise on an element f = (f})jeNn €
LP(E; £2(CHy).

For further reference, we record the contraction principle of Kahane, see, e.g., [5, Lem. 3.5].

Proposition 2.9. Let X be a Banach space, N € N, x; € X, and aj, B; € C such that || < |B;]
(j=1,...,N). Then

N
H > riOwjx;
j=1

N
<2H ri()Bix; .
L2(0,1:X) — Zl OB L2(0.1:X)
j:

3. Properties of the Stokes operators on the whole space and on bounded Lipschitz
domains

In this section we are going to present important properties of the Stokes resolvent problems
on the whole space and on bounded Lipschitz domains.

3.1. The Stokes operator on the whole space

The Stokes operator on LY (R") is defined as

Apritt :=—P, gu A, guu foru € D(A, ge) := WP (R"; C") NL2(R").
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By the very definition it is clear that P, g» and A, g» commute so that A, gnit = —A , gru is
valid for u € D(A, gn). Let 8 € (0, 7). Then the resolvent problem for the Stokes operator with
general right-hand side f € L?(R"; C")

Au—Au+Vr=f inR"

(3.1)
div(w)=0 inR"
can be solved as follows: First, decompose f by means of (2.1) as f =P, g« f + Vg. Then
the solutions to the resolvent problem are given by u := (A — A p’Rn)_l]P)p,Rn f and w :=g. By
virtue of [27, Sec. 3] we have the following proposition.

Proposition 3.1. Let 1 < p <00 and 6 € (0, ). Then for all f € LP(R"; C") and all » € Xy
the resolvent problem (3.1) has a unique solution (u, ) in D(A, rn) X Gp(R") (with 7t being
unique up to an additional constant). The function u is given by u = (A — AP’RH)_l]Pp’Rn f and
7 is given by w = g, where g satisfies f =P, grn f + Vg. Moreover, there exists a constant
C > 0 such that

RLP(R";(C")—>L§(R"){)‘()‘ + Ap,Rn)il]P)p,R” | AE 29} <

c
R ){|A|1/2V(k+AP’Rn)’IIP’p)Rn | eXg}<C
c

Ly (R”;(C”)—)LP (Rn;(an

R VE+Apre) P, Ri | L€ Bg) <

LP(R";C")eLP(Rn;C"**){
3.2. The Stokes operator on bounded domains

Let D C R” be a bounded Lipschitz domain. As in [26], we define for 1 < p < oo the Stokes
operator A, p to be

Ap pu:=—Au+Vm,

for u € D(Ap,p) := {u € Wy’ (D) | In € LP(D) with — Au + Vr € LL(D)).

Here, the relation —Au + Vrr € LY (D) is understood in the sense of distributions. Notice that
due to the Lipschitz boundary one can in general not expect that u € W27 (D; C") and 7 €
WP (D) holds for u € D(A, p). However, u € lec;f(D; C" and 7 € Wll(;f(D) holds by inner
regularity [8, Thm. IV.4.1]. We summarize useful properties, extending the seminal paper of
Shen [26]. These statements can be found in [22, Prop. 13], [31, Thm. 5.2.24], and [30, Thm. 1.1].

Proposition 3.2. Let D be a bounded Lipschitz domain in R" and 6 € (0, w). Then there exists
a positive constant € > 0 depending only on n, 0, and the Lipschitz geometry of D such that for
all p € (1, 0o) satisfying

< — -|-g’ (32)
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it holds Lo C p(—Ap,p) and there exists a constant C > 0 such that

Rivp:cmy—12oyAA +App)'Ppp|he T} <C.
Moreover, for all these p it holds D(A;/ZD) = W(l)’g(D) and there exists a constant C > 0 such
that

1/2 1/2
IVall oty < CIA Dullippy €D, L)), (3.3)

A direct consequence of this proposition is the following lemma.
Lemma 3.3. Let D be a bounded Lipschitz domain in R" and let p € (1, 00) satisfy (3.2). Then

the following estimates hold: For all 0 € (0, 7), o € (0, 1), and B € [0, 1/2] there exists C > 0
such that

Riv-cnsrzm MY AL SO+ A, ) 'y p | A€ Ty} <C
R

3.4)

Loiem Loy PV G+ Ap D) By p [ A€ Bp) < C. (3.5)

Proof. First of all, notice that (3.4) follows by combining Proposition 3.2 with [16, Ex. 10.3.5].
To prove (3.5)let N e N, Aj € ¥g,and f; e LP(D; C") (1 < j < N). Applying estimate (3.3) to
the function u := Y-, r; ()3 1P (A + Ap.p) "' P p fj for 0 < ¢ < 1 followed by the bound-
edness of AIﬂJTDl/Z and (3.4) with a = B € [0, 1/2] delivers

N
AL . -1 .
H X;rf( IWiIPV G+ Ap.p) By L2(0,1:LP(D;C"%))

j=

N
172 _1
<C| O A0+ A0 B i Lo
j=1 o

N
< C‘);rj(-)fj

L2(0, ;L7 (D;C"))

3.3. R-bounded LP-11-estimates of the Stokes resolvent

In this section, we are going to derive the validity of R-bounded L”-L?-estimates for the
Stokes resolvent on the whole space and on bounded Lipschitz domains. To this end, we employ
the following abstract version of Stein’s interpolation theorem, which is due to Voigt [32].

Proposition 3.4. Let (X, X1) and (Yo, Y1) be interpolation couples, let X be dense in Xo N X
with respect to the intersection space norm, and let S := {w € C |0 <Re(w) < 1}. If (T (2))zes
is a family of linear mappings T (z) : X — Yo + Y| with the following properties:

(1) Forall x € X the function T (-)x : S — Yo + Y1 is continuous, bounded, and analytic on the
interior of S;
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(2) for j =0,1and x € X the function R 3 s +— T (j +1is)x € Y is continuous and
M; :=sup{||T(j +is)x||yj |seR,x e X, ||x||Xj <1} < o0.
Then for all 0 € [0, 1] it holds T (0)X C [Yo, Y1]o and
IT@xlvo vt < My MY Ixllixo.xi1 (€ X).

Here, [ X, X1]o and [Yo, Y1]p denote interpolation spaces with respect to the complex interpo-
lation functor.

Lemma 3.5. Let 6 € (0, ). Forall 1l < p <q <ocowitho :=n(1/p —1/q)/2 <1 there exists
a constant C > 0 such that

RLP(R";C”)—)Lq(R”;C”){|)"|1_0()\' + Ap’Rn)_IPp’Rn | A€ 20} <C.
Proof. Let N e N, fixAj € g (1 <j<N),andletl < p <n/2and1/p—1/r =2/n. Define
Xo=X =Y, =LP(R" ¢*(C") and  Yy=L"(R"; £2(C")).
Define forz€ S={w € C |0 <Re(w) < 1}
T(z):Xo—> Yo+ 7Y,
(f))jeN = (T f)jen == (MO + Apr) T Py re fis o
NN+ Apre) PR fN, 0, . ).

Clearly, for each f € L?(R"; £2(C™)) the function z > T () f is continuous and bounded on S
and analytic on its interior.

To calculate Mo and M in Proposition 3.4 (2) let f = (f;)jen With || fllLrRe:2(cnyy <1
and s € R. Notice that |[A;[*| = |A; [Re() Thus, by virtue of (2.8) and Proposition 3.1 there exists
a constant C > 0 such that

A

LP(R™)

o N
H[;IT;'(I +is)fj|2]l/2 = H [;|Tj(l)fj|2]l/2

Taking the supremum over s and f delivers M < C. Notice that C is uniform in N and A ;.
To bound My, use (2.8) and Sobolev’s embedding theorem to deduce

L (R") ~ L2(0,1;LP(R";Cm))

H[iwj(is)fjlz]l/z
j=1

N
= CH D VAR T Py Rir ) f
j=1

By virtue of Proposition 3.1, the term on the right-hand side can again be bounded by a constant
C > 0 that is uniform in N and A ;. It follows again My < C.
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Let p < g < r. Then, due to the choice of r, it holds for some 6 € (0, 1)

1 6 1-6 nglo1
=24 & 9:1——(———):1—0.

Proposition 3.4 implies the existence of a constant C > 0 that is uniform in N and A ; such that
forall f = (fj)jen € LP(R"; £2(C™)) it holds

N
,11/2
H[me)f-" ] < Clf @ e2cny»
j=1

L4 (R")

which is the statement of the lemma.

The general case 1 < p <q < oo with 1/p —1/g <2/n follows from the Stein interpolation
theorem as well. Notice that the case 1/p — 1/g = 2/n was already covered in the first part of
the proof. Thus, let 1/p — 1/q <2/n and choose 1 <r <n/2 with 1/r — 1/q <2/n. Define

Xo:=L"(R":; 2(C"), Xi=Yo=Y;:=LI@R"€>(C"), and X:=XoNX;.
Moreover, define forz € S
U(z): X = Yy,

(fj)jeN > (I A== 0g + Ap,]R")_le,Rﬂfl,
ANy + Ay re) TP, R L0, ),

where v :=1—n(1/r —1/q)/2. Stein’s interpolation theorem can now be applied in this situation
as well while the uniform estimates on My and M follow by the result of the first part of the
proof and Proposition 3.1. The proof is completed by the density of X’ in L?(R”; ¢2(C")). O

An analogous result holds for the Stokes operator on bounded Lipschitz domains.
Lemma 3.6. Let D C R" be a bounded Lipschitz domain and 6 € (0, 7). There exists € > 0 such

that forall 1 <p <g <ocowitho :=n(1/p —1/q)/2 < 1/2 that both satisfy (3.2) there exists
a constant C > 0 such that

Rir(p:cny—Lap:cm | A T+ Ap p)'Ppp A€ Ty} < C.
Proof. Let first p additionally satisfy p < n and let p be such that there exists r satisfying

I 1 1 I 1 1
‘———<—+8 and ———=—.
ro 2 2n p r n

Notice that such a choice is always possible. Let N € N and fix 1 ; € ¥g (1 < j < N). Define

Xo=X =Y, =L”(D; ¢>(C") and  Yy=L"(D;*(C")).
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Defineforze S={w e C|0<Re(w) <1}

T(z): Xo— Yo+ 1711,

Liz
2

(f)jen = (Tj@ f)jen = (112 1+ Ap.p) "Ppp fis ...

14z _
AN G+ Ap.0) " 'Ppp fN,0,...).

To bound My in Proposition 3.4 (2), let f = (f}) jen € L?(D; £2(C™)) with I fllLep:e2cny =1
and let s € R. Use (2.8) and Sobolev’s embedding theorem to deduce

L (D) ~ L2(0,1;LP(D;C?))’

[ s]”
j=1

N
< C| VIR0 + App) By O f;
j=1

By virtue of (3.5), the right-hand side is bounded by a constant C > 0 that is uniform in N and
A j. Taking the supremum over s and f delivers My < C. All other estimates follow now literally
as in the proof of Lemma 3.5 but rely on Proposition 3.2 instead of Proposition 3.1. O

3.4. Transference of LP-L1-estimates

For further reference, we record the following proposition, which allows for a one-to-one
correspondence between L”-L9-estimates for the semigroup and for the resolvent.

Proposition 3.7. Ler — A be the generator of a bounded analytic semigroup (S(2))zex, . 2U{0}
for some 0 € (1t/2, w) on a Banach space X. Let X C X and let Y be another Banach space with
X NY #@. Moreover, let B be a closed operator on Y with domain D(B) and let 0 <« < 1.
Then, the following are equivalent:

(1) Forall x € X and 7 € Xg_y 2 it holds S(z)x € D(B) and for all w/2 < ¢ < 0 there exists
C > 0 such that

IBS(@)xlly =Clzl™llxllx  (x €X,z2€ Zg_np2). (3.6)

(2) Forall x € X and . € £y it holds (. + A)~'x € D(B) and for all w/2 < ¢ < 6 there exists
C > 0 such that

1B+ A7 xlly <CIA*xllx  (xe X, 1€ Zy). 3.7)
Proof. ‘(1) = (2)’: Notice that —A generates a bounded analytic semigroup on Xg_ > if and

only if for each 7/2 < ¥ < 6 the operator —e™'(?~7/2 A generates a bounded Cy-semigroup
(S+9 (1))r>0 on X. Further, notice that

Sig(t) = SEeH—7/2yp) (t > 0).

Let 71/2 < ¢ < ¥ < 6. Standard semigroup theory implies that the resolvent is represented via
the Laplace-transform of the semigroup, i.e.,
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o
(A +eHO2 4y = / e MSEeH PP xdr (x € X, A € C with Re(1) > 0).
0

The estimate on the semigroup then implies for x € X

o0 o0
/ le™ BS PP x|y dr < C / e ReM = x|l x = C'Re(M)* ' |x]lx-
0 0

This implies that (e 71 =7/2% 4 A)~!x € D(B) and (3.7) on the sector Zy.
‘(2) = (1)’: For this direction, let 7/2 < ¢ < ¥ < 6 and notice that for z € Xy_ /> the
semigroup has a representation via the Cauchy formula

1
S(z) = — / e+ A~ da, (3.8)
2mi
Yiz|
where y|;| = —y1 — y2 + y3 is the path given by
11 o ai® . TR Uk
vi3:llzl™ ,00) = C, yi30) =te and v [0, 0]1—=C, @) :=|z|” e".

For x € & the estimate (3.6) follows now by estimating (3.8) by virtue of (3.7). O

Corollary 3.8. Let 6 € (0, ). Foralll < p <g <oowitho :=n(l/p—1/q)/2 < 1/2 there
exists a constant C > 0 such that for all . € ¥y and f € LP(R"; C") it holds

IVO-A+ Ay R) ™' Pp R fll g sy < CIMT ™21 f oo cony-

Proof. This follows by combining [20, Eq. (2.3")] with Proposition 3.7. Notice that the semi-
group estimate in [20, Eq. (2.3)] is only proved for real values of 7 but that it also holds for
complex values z € Xy foreach0 <¢p <7 /2. O

Corollary 3.9. Let D C R”" be a bounded Lipschitz domain and 6 € (0, ). Then there exists
& > 0 such that for all 1 < p <q < oo that satisfy (3.2) and o :=n(1/p — 1/q)/2 < 1/2 there
exists a constant C > 0 such that for all .. € g and f € LP(D; C") it holds

IVCA+Ap.D) B fll gty < CIHT 21 Flleoicny-

Proof. This follows by combining [30, Cor. 1.2] with Proposition 3.7. Notice that the semigroup
estimate in [30, Cor. 1.2] is only proved for real values of ¢ but that it also holds for complex
values z € Xy foreach0 < ¢ <m/2. O
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4. A pressure estimate on bounded Lipschitz domains

To get access to the L”-norm of the pressure, we introduce the Bogovskii operator, which was
constructed by Bogovskii [1], see also Galdi [8, Sec. II1.3]. For this purpose, let

L{(D):={ F eL?(D) /Fdx:O
D

Proposition 4.1. Let D be a bounded Lipschitz domain in R", 1 < p < 00, and k € N. Then
there exists a continuous operator

B:LP(D)— Wy (D;C"  with  Be LWg"(D), Wg™"P(D; C"))
such that
div(Bg) =g (g €Ly (D)). 4.1
For purposes that come up in the following section, we record the following lemma to treat
the operator BB in Sobolev spaces of negative order. This was proven by Geissert, Heck, and

Hieber [9, Thm. 2.5].

Proposition 4.2. Let D be a bounded Lipschitz domain in R" and 1 < p < 0o. Then the operator
B defined in Proposition 4.1 extends to a bounded operator from Wa]’p(D) to LP(D; C™). Here,

the space Wal’p(D) denotes the dual space ofWI'p/(D).
For f € LY (D) consider the equation

Mm—Au+Vr=f inD,
div(u) =0 in D, 4.2)
u=0 ondD.

We next turn to proving a decay estimate in A for the pressure term 7.
Proposition 4.3. Let D be a bounded Lipschitz domain in R" and 0 € (0, ). Let (u), w)) be

the unique solution to the problem (4.2) such that u; € D(A, p) and 7 € Lg(D). Define the
operator

P :L2(D) > LE(D), P.f:=m.

Then there exist positive constants €, C > 0 and § € (0, 1), such that for all numbers p satisfying
the condition (3.2) and all numbers o that satisfy

1 2 3 2
O§2a<1—; if pzm and O§2a<2—;+5 if p<m 4.3)
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the estimate
o
RLg(DHLg(D){ AP |AeZTp}<C
holds.

The proof of Proposition 4.3 relies on mapping properties of the Helmholtz projection on
bounded Lipschitz domains. These mapping properties, which are stated in Lemma 4.4 are a
reformulation of [25, Prop. 2.16]. To arrive at this reformulation recall that, by virtue of [15,
Thm. 6.6.9], the boundedness of the H*-calculus, see [22, Thm. 16], ensures the complex inter-
polation identity

D) =[P4} ). DA, (€0, 1).

Finally, the facts D(AY ) = L£(D) and D(A)/7,) = Wy” (D), see Proposition 3.2, together
with the interpolation result [25, Thm. 2.12] ensure that for 0 <s < 1/p it holds

[D(AY ). DA )], = [L2€). Wyl ()], = 3P ().

p,.D s

Altogether, this argument gives the following lemma.

Lemma 4.4. Let D C R”" be a bounded Lipschitz domain. Then there exists § € (0, 1) and ¢ > 0
such that for all numbers p that satisfy (3.2) and all s subject to

| 2 3 . 2
O<s<— if p<—— and O<s<——146 if ——<p,
p 1-6 p 1-6

the Helmholtz projection P p restricts to a bounded operator

Py.p :H'P(D; C") — D(AY3).

Now, we are in the position to present a proof of Proposition 4.3.

Proof of Proposition 4.3. Let N e N, A; € Xy, and f; € L(’,’(D) (j=1,...,N). Let (uj, mj)
be the solutions to the equation
Ajuj—Auj+Vrj=f; inD,
div(u;) =0 in D,
uj=0 onodoD
withu; € D(Ap p) and 7 € L(’)’(D) being the pressure associated to u ;. By virtue of Proposi-

tion 4.1, followed by the identity A, pu; = —Au; + Vr; in the sense of distributions it follows
forO<t <1



P. Tolksdorf, K. Watanabe / J. Differential Equations 269 (2020) 5765-5801 5783

N N
Her(t)l)Lﬂ“ﬂj LP(D): snjp ‘ er(t)|kj|anjdiv(3g)dx
j=1 gelh (o) 'p J=1
HgHLp (D)_l
riIA;|1*Ap puj - - Bg dx
Lp (D) ’/ Z (4.4)
IIgIIL,, (D)_
N
+  sup ‘ > ri®In*Vu; - VBgdx|.
geLg/(D) p J=1
el <!

Since the Helmholtz projection P, p is the identity on L2 (D), we obtain by duality by virtue of
Proposition 4.1 and Lemma 4.4 that

‘fzrj(r)u |“A, pu; - Bgdx
D

geL” (D)
181, =1
S
‘ / Zr,(rm “A) fu; A% P, pBgdx
geL"(D) D =
b o) (4.5)
1—
aAp’guj , su/p ||A7’”DPP"DBg||L{,’/(D)
LoD ger? (p)
I8l <!
N
1—
C| Yo riwiai Ay puj
j=1 L5 (D)

for some constant C > 0 and any o satisfying the condition (4.3). By the estimate (3.4), we
obtain

N
(. o pl—a

HZJ’UMA Ap.pl ]‘LZ(OIL”(D)) HZ ’()f"

j:

L2(0,1;L2 (D))

which, combined with (4.5), yields that

N
su ri(O)IAi|%A, pu; - Bg dx .
H P ‘/Z i O Ap.puj - Be L2(0,1;LE(D))
gely (D) 'p =l

181, =]

N
< CH;”j(‘)fj

L2(0,1)
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In addition, from (3.5) together with Proposition 4.1 we have that

N N
su FiO)Ai9Vu; - VBg dx SCH riO) fi
H ,/p ’ Z JRRE VI YR8 L20.1) Z 10 L2(0, ;L2 (D))
gely (D) 'p =1 ' Jj=1
I8l ) <1

for o satisfying (4.3) and A ; € Zg. In view of (4.4) this completes the proof. O
5. The Stokes operator in exterior Lipschitz domains

This section is devoted to the proofs of Theorems 1.1, 1.2, and 1.3. The proof of these facts
relies on the philosophy that the solution to the Stokes resolvent problem can “almost” be written
as the sum of a solution to a whole space problem and a solution to a problem on an appropriately
chosen bounded Lipschitz domain. In view of this, we follow the argument of Geissert et al. [10]
for large resolvent parameters A and perform a refined analysis that resembles in some parts to
the argument of Iwashita [17] for small values of A.

Choose R > 0 sufficiently large such that Q¢ C Bg(0) = {x € R" | [x| < R} and define

D :=QN Brys(0),
Ki={xeQ|R<|x|<R+3},
Ky ={xeQ|R+2<|x|<R+5}.

Let B; and B, be the Bogovskii operators, introduced in Proposition 4.1, defined in the domain
K1 and K3, respectively. Let further ¢, n € C*°(R") be cut-off functions such that 0 < ¢, n <1
and

for [x| <R+ 1,
p(x) =
1 for|x|>R+2,

for |x| < R + 3,
nx) =
0 for|x|>R+4.

For f € LP(Q; C") denote by fR the extension by zero of f to R”. Notice that f € LY ()
implies fR € LZ(R™) because Cgf’o () is dense in L2 (). Set fD =nf —B2((Vn) - f), where
B>((Vn)- f) is regarded as a function that is extended by zero to all of R”. Notice that f € L2 ()
implies [, (V1) - f dx =0 and thus in this case that /” € L§(D).

In the following, we will agree upon the following convention for € and p.

Convention 5.1. Let ¢ > 0 be such that for all p € (1, co) satisfying

1 1‘
—— <

b2 +¢

1
2n

the statements of Propositions 2.3 and 3.2 are valid.
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Let 6 € (0,7) and ¢ > 0 and p be subject to Convention 5.1. For A € ¥y there exist by

Propositions 3.1 and 3.2 functions u )If, u f , and n/\D satisfying the equations

auf — Auf +vg=fF inR", 51)
divwfy =0 inR", '

and
el — AuP + vzl =P inD,
divwP)=0 inD, (5.2)

uf =0 ondD.

Recall, that g was given by Vg = (Id — P, gn) f R In the following, we normalize g to satisfy

/ gdx =0, (5.3)

D

The operator U, : L?(L2; C%) — L2() defined next is “almost” the solution operator to the
resolvent problem on the exterior domain 2 with right-hand side f. Define U, by

Ui f =oufl + 1 — ol - Bi((Vo) - X —uP)), (5.4)

where uf and u)\D are the functions satisfying equations (5.1) and (5.2), respectively. Again
Bi(Vo) - (uf — uf )) is regarded as the extension by zero to the whole space. Notice that even
though the regularity theory of solutions to the Stokes equations on bounded Lipschitz domains
does not allow for W>P-regularity of uf on D, standard inner regularity results, see Galdi [8,

Thm. IV.4.1], yield that (Vo) - (u){e — uf) S W(z)’p(Kl) so that by Proposition 4.1 the extension
by zero of Bi (V) - (uR —uP)) lies in W3- (R").

Moreover, Propositions 3.1 and 3.2 imply that <pu){e e W2P(Q) N W(l)’p(Q) and (1 — (p)u)? €
W(l)’[7 (£2). Thus, we observe that for all p subject to Convention 5.1 it holds

Upf € Wyl () NL2(Q).
Setting IT f := (1 — gz))nf + @g, the pair (U, f, I, f) satisfies the equation

A=ANU,f+VIL,f=f+Tf ing,
div(Upf)=0 in €2, (5.5)
U.f=0 on 92

in the sense of distributions. Here, T is given by

T f := —2[(Vg) - VIul —u?) — (Ap) w® —uP)

(5.6)
+ (Vo) (g —7P) — = DB (Vo) - @l —ul)).
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Observe the following two properties concerning the operator 7 defined on L”(€2; C") where
p satisfies (3.2). First of all, for each function f € L?(2; C"), the support of Tj f lies in the
compact set K. Second, notice that inner regularity results for the Stokes equations, see [8,
Thm. IV.4.1], imply that 75, is a bounded operator from L?(€2; C") to Wh7(Q; C™). Thus, in
combination with the support property, 7, turns out to be a compact operator. This is recorded in
the following lemma.

LemmaS5.2. Let 6 € (0, ), A € Xy, and let p be subject to Convention 5.1. Then T), satisfies T)\_G
L(LP(; CM), WhP(Q; C™)), it satisfies for each f € LP(S2; C") the property supp (T, f) C K1,
and it is compact on LP (2; C™).

The further line of action will be split into five consecutive steps. The first step is dedicated
to the investigation of the operator f + U, f. Here, estimates with respect to A are established.
To obtain estimates to the Stokes resolvent problem on the exterior domain €2 by means of the
operator U, the operator Id + T, and its solenoidal counterpart Id + P, o T have to be analyzed.
In the second step we show that P, o) regarded as an operator on L2 () is small for large
values of A so that Id + IP, o T}, can be inverted by a simple Neumann series argument. The third
step is much more delicate as here continuity properties of the operator 7 for small values of A
are studied. In particular, we will show that 7) has a well-defined limit as A — 0 that is a compact
operator. In the fourth step, the invertibility of Id 4 7; for small values of A is proven by standard
Fredholm theory and a perturbation argument. In the final fifth step, everything will be combined
to give the proofs of Theorems 1.1, 1.2, and 1.3.

Step 1: Investigation of the operator U,. We start by giving bounds on the operator norms of
the operators U, and VU, in terms of the resolvent parameter A.

Lemma 5.3. Let Q C R” be an exterior Lipschitz domain and 6 € (0, 7). Let ¢ > 0 and p <gq
satisfy Convention 5.1 and o :==n(1/p —1/q)/2 < 1/2. Then there exists a constant C > 0 such
that

Rir@cn—ri@{M' Usl reZp}=C (5.7)
and
101 f i@y < CIf Ir@ico. (5.8)
If additionally g <n, p <n/2, and o < 1/2, then there exists C > 0 such that
MY ONVUS g oy < Clfllb@icny (€ Zo, f €LP(Q:CM)).
Proof. First of all, recall the definition of Uj, in (5.4). To prove (5.7) let N e N, A; € ¥, and

fi € LP(Q2; C") where 1 < j < N. An application of Lemmas 3.5 and 3.6 together with the

boundedness of Bogovskii’s operator from L{ (K1) to W(l)’q(K 1; C™), see Proposition 4.1, imply
the estimate
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N
| v
j=1

L2(0,1;LE ()

L2<o,1;LZ<D>)>

N
<c(|omrer ot

N

+H Ml Oug

1 L2(0,1;LE (R1)) Z}' Jjl jOuy,
J= i

L2(0,1;LP (2;C))

N
< CH j;rj(')fj

Concerning (5.8), this follows by the product rule and by the boundedness estimates given in
Proposition 3.1, Proposition 3.2, Lemma 3.3, and Proposition 4.1.

Now, let A € 3y and f € LP(2; C") and let p and ¢ additionally satisfy ¢ <n and p <n/2
with o < 1/2. To derive an estimate to VU,, notice that the support of Vg is contained in the
annulus 2 := Br2(0) \ Br+1(0). Thus, applying Holder’s inequality followed by Sobolev’s
inequality together with the boundedness of Bogovskii’s operator from Lg (Ky) to W(l)’q (K; CH
imply with ¢* :=ng/(n — q)

VUL g ey < 1V g ooy F 1V g ooy
+ i o sem + lug lls @ oy
< IVugllg ooy + 1VUL g ooty

+ C (Nl ensny + 162 I i)

= c(Ivufi 2+ I Va?

L4 (R";C" ||L‘1(D;C”2))'

Finally, Corollaries 3.8 and 3.9 imply

MYV fll g o) < CM I @cn. O

Step 2: Invertibility of Id 4 P, o T;. for large values of ). To obtain decay of the family of
operators T;, with respect to A it is essential to project these operators onto L2 (€2), i.e., to consider

P, oy L2(Q) - L2(Q).

This has the effect that non-decaying terms with respect to A, that is g (see (5.6)) and a certain
term within nf that exists for non-solenoidal right-hand sides, are eliminated.

Lemma 5.4. Let 2 be an exterior Lipschitz domain in R" and 0 € (0, ). Then, for ¢ and p
subject to Convention 5.1 and « being a constant satisfying (4.3) there exists C > 0 satisfying

forall \* > 1

Rir M Ppali | A € Zp, A = 1*} < C.
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Proof. Let f € LY () and u)lf and uf be the functions satisfying the equations (5.1) and (5.2),
respectively. Since f® € LJ(R") the function g in (5.1) is zero by Proposition 3.1. Thus, we
have

R —oul = Ry Auf — (P + AuP —vrP). (5.9)
Since supp (V) N K> =@ and = 1 on supp (V¢), the definitions of f® and fP further yield
R Dy _ —
Vo) - (f" = )=V —n) f=0.
This combined with (5.9) results in
MB1((Ve) - (uf —uP)) =Bi((Ve) - (Auf — Aup)) + Bi (Vo) - (Va)).
From this fact, we rewrite P, o T}, as
Ppolif =—2[Pyal(Ve) - VIuf —up)] - [Pp.a(Ap) wf —u})]
+[Pr.2ABI((Ve) - (uf —u))]
—[Pp2Bi((Ve) - (Auf — Aup))| = [Pp.a((Vo)r)?)]
—[Pp.aBi((Ve) - (V70))]
=T f+ T+ T+ T f+ T f+ TS
By virtue of Proposition 2.3, Proposition 3.1, and Lemma 3.3 there exists C > 0 such that
Rz {IMPT v e Do, 1 = 2%} < C.

Now, use Kahane’s contraction principle, see Proposition 2.9, and the fact that « < 1/2 to deduce
that

Rz T 1€ Sp, 1] = 47} <207 /2C,

where C > 0 is the constant from the previous estimate. Similarly, the operator families Tf and
Tf are estimated, but relying additionally on Propositions 3.2 and 4.3. To estimate, Tf use the
boundedness of B : W(l)’p (K1) —> Wé’p (K1; C™) stated in Proposition 4.1 and proceed as for T)}
and Tf.

Finally, we present the estimates for Tf and remark that Tf is estimated similarly. Let N € N,
Aj € Tp with [A;] > 1%, and f; e LE(Q) (j=1,...,N). Then

(Vo) (duk — duly =div (Y dioviad )i — @P)il) = V2o vk —ul),
i=l

where A : B = Z?,k:l Ajx B for two n x n matrices A and B. Consequently, the bound-
edness of P, o and the boundedness of B; :Wal’p(Kl) — LI(K1;C") and By : LY (K1) —
Wy? (Ky; C") yield
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N N
O PTE £ <CH PO f .
HX} SO L2(0, ;LE (@) — Zl i L2(0,1;LE ()

J= J=

Again, Kahane’s contraction principle together with & < 1/2 result in the estimate
Ripa MO TH 1 ke Bp, A = 2*} <2047 1*C. O

Corollary 5.5. Let Q be an exterior domain in R" and 0 € (0, 7). Let ¢ and p be subject to
Convention 5.1. Then there exists \* > 1 such that for all . € Xg with |\| > A* the operator

Id+P, ol : LE(Q) = LE(RQ)
is invertible. Moreover, A* can be chosen such that it holds
Rir@d+P,oT) ™ | he X, A = 1*} <2.

Proof. This follows by Lemma 5.4 and a Neumann series argument combined with Proposi-
tion2.9. 0O

Step 3: Continuity and continuation of 7, for small A. While it was (in the case of large values
of A) beneficial to consider the projected operator

Id+ Py T : LE(R2) — L2 ()
the question of invertibility for small values of A is resolved for the operator
Id+ T, :L7(Q; C") — LP(Q; C").

Here, decay properties of 7, are not the prevalent feature but essentially the fact that 7) is a
regularizing and localizing operator. The locality will also be of importance in Step 4, where the
injectivity of Id 4 7, is shown. To obtain estimates for the Stokes resolvent up to A =0, we are
going to define an operator Ty as the limit of the operators 7} as |A| \( 0 and unveil some of its
properties. As a preparation we prove the following lemma. To this end, for A, u,A; € Xy and
f» fj e LP(R"; C") we use the notation

uf =0+ Apr) Py fo uf =0+ Apr) T PR S

and u,’f’j =(n+ Ap’Rn)_l]Pp)Rn fi-

Lemma 5.6. Let 0 € (0,7), 1 < p <n/2, f e LP(R";C"), and Vg = (Id — P, gn) f. There
exists u(lf € Wz’p(]R"; C") with Vzug e LP(R"; (C”S) such that

loc

—Au§+Vg:f in R"
div(uf)=0 inR",
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and such that u)lf — u(If in le(;f(]R"; C™) and Vzu){e — Vzu(lf in LP(R™, C”}) as A — 0 with
A E Xg.

Furthermore, there exist constants 0 < o, B < 1 such that for each open and bounded set
O C R" there exists a constant C > 0 such that for all N € N, f; e LP(R"; C"), A* > 0, and
)Lj,pLE B=(0)NXg (j=1,...,N) it holds

L2(0,1;WLr(0;Cm))

N
H erj(')(ufj N ullfd‘)
=

< Cmax{3*, J¥ max min {|3;[*" A — el |wl* " u = Al |
1<i<N

. 5.10
L2(0,1;LP (R™;CM)) ( )

N
Ao
j=1

In particular, if u(lf j denotes the limit obtained above but with datum f;, then for each open and
bounded set O C R" there exists a constant C > 0 such that for all N € N, f; e LP(R"; C"),
8>0,and Aj e Bs(0)NXg (j=1,...,N) it holds

< Cmax{s8?, 1}5%
L2(0,1;W!-2(0:Cm))

N N
| oWk —uf ) >0
j=1 i=1

j=

L2(0,1;LP (R";C))
(5.11)

Proof. Let O C R" be open and bounded. Let A* > 0, N € N, f; e LP(R"; C"),and A, u € ¢
with [ul, 1| <A* (j=1,...,N). Letnp/(n — p) = p* <g <oowith 1/p —1/q <3/n. De-
note by ¢, := qn/(q + n) and notice that Wh4+(R") c L7(R"). An application of Holder’s
inequality followed by Sobolev’s inequality together with the resolvent identity implies for al-
most every ¢ € (0, 1)

N
H er (t)V(u)Ifj — uﬁ’j)
j=1

LP(0;C"?)

N
=C| > rOVRu+ Ay e (= puf,
j=1

. 5.12
Lax (Rn;Cr) (5.12)

Now, Proposition 3.1 ensures

N
| > r OV + Ay m) =l
j=1

L2(0,1;Lax (R";C7))

N
. _ 1 R
sC”Zr,()(u ILV1
j=1
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Notice that g, > p and that 1/p — 1/q, <2/n. Thus, Lemma 3.5 with 0 :=n(1/p — 1/q4)/2
implies

N
[ > row=apuf

j=1

L2(0,1;L4+ (R";Cm))

L2(0,1;LP(R";Cm))

N
=c| X rOmIT =2
j=1

Summarizing the previous estimates followed by Kahane’s contraction principle delivers

L2(0,1;L7(0;C"?))

N
H er(-)V(ufj — ufij)
j=1

(5.13)

L2(0,1;LP(R";Cm))

1<i<N

N
<C sup l” s — | Yo r 0
j=1

Next, for any np/(n —2p) = p*™* < q < oo with 1/p — 1/q < 4/n and g, := gqn/(n + 2q)
define v :=n(1/p — 1/qg«)/2. Then analogously as above one finds

L2(0,1;LP(0;Cm))

N
| .erj ) =)
p

N
=C sup Pl =l Yo (5.14)
j=1

1<i<N L2(0,1:LP (R Cm))
Notice that v, 0 > 0 and that out of symmetry reasons (5.13) and (5.14) hold with the sym-
bols 2 ; and u interchanged. Indeed, since the resolvent operators commute, instead of (5.12) is
equivalent to the estimate

N
” D_oriOV(uf —up ;) L (0:C™)
j=1 |

N
< c” S rOVR05+ Ay ) O — k|
j=1

Lax (R7;C)’

Now, proceed exactly as below (5.12). This gives (5.10). Furthermore, if N = 1, this gives the
Wll Og -convergence properties stated in the lemma. The convergence of (V2u )If )aex, follows since

the sectoriality of the Stokes operator A, g«, Proposition 3.1, implies the Cauchy property in

L?(R", (C"S) as A — 0, see [15, Prop. 2.1.1]. All convergences being known, let & — 0 in (5.13)
and (5.14). This delivers (5.11). O
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A similar lemma holds on bounded Lipschitz domains. As above, for A, u,; € Xy and
£, fj eLP(R"; C") we write
uf = O""Ap,D)_]Pp,Df, uk ()L +Ap D) prj,

and uD =(u+Ap p)! Pp.pfj

and denote the associated pressures by nk s n/\ ,and rru i

Lemma 5.7. Let 6 € (0, ), € and p be subject to Convention 5.1, and f € LP(D; C"). There
exists ué’ € D(Ap, p) with associated pressure né) € Lg (D) such that

~Auf +Vr =f inD
div(ud)=0 inD
uOD =0 ondD

and such that u)f’ — uOD in Wl’p(D) and in Wz’p(D' C™ as A — 0. Furthermore, it holds

”/\ — ”0 in Lp(D) and in W10C (D) as . — O with A € Xy.
Moreover, there exists C > 0 such that forall N e N, f; e LP(D; C"), and A, u € g U {0}
(j=1,...,N) it holds

| Zr,( Yl —ul )

L2(0,1;LP(D;CM))
(5.15)

N

< — ()

L2(0, ;WP (D)) — Cl?iiXNW Al ”erf()f’
J:

and

LY (D) 1<i<N L2(0,1;L7(D;C"))’

N N
Hzrj(z)(ng—nlﬁj) < C max Iu—kfl'Her(-)fj

= i=1
(5.16)

Proof. Let N e N, f; e LP(D; C"),and A, u € Xg. The invertibility of A, p together with the
continuous embedding D(A , p) C W(l): (’; (D) and the resolvent identity implies

HZr,()(uA uP )

L2(0.1;Wy 2 (D))

N
=< C” er(')(l/« —Aj)Ap p(n +Ap,D)_1Ap,Du)?j

— L2(0,1;L(D))
]:

An application of Proposition 3.2 followed by Kahane’s contraction principle then yields (5.15).
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Concerning the pressure, use that A p,Dufj = —Aufj + Vrrfj holds in the sense of distribu-

tions (the same holds for ) and estimate by using Bogovskii’s operator B on D and the resolvent
identity for almost every ¢ € (0, 1)

N
D__D
| i@ -x2)
Jj=1

L(D)
N
= s ‘ > rj)@P 2P )dv (B dx
heLg'(D) p J=1
WAl <1

N
< sup \/Zr,-(r)(u—x,>A,,,D(u+A,,,D)—1u£, de(
heLg'(D) p Jj=1

1l oy <1

N
+ sup ‘/Z"j(f)v(uﬁ_ —ullf’j)-VBhdx’.
heLg/(D) n J=l

1l o, <1

As a consequence, the boundedness of B : Lg/ (D) — W(l)’p /(D; C™) together with (5.15), Propo-
sition 3.2, the invertibility of A, p, and Kahane’s contraction principle yield (5.16).

If N =1, (5.15) and (5.16) show that (u;)xex, is a Cauchy sequence in W(l):g(D) and that
(nf )res, 1s a Cauchy sequence in Lg (D) as |A] = 0. Moreover, the sectoriality of the Stokes
operator A, p, see Proposition 3.2, implies that (A, Duf )rex, 18 a Cauchy sequence in L (D)
as well [15, Prop. 2.1.1]. The closedness of A, p implies that the limit uOD is an element of
D(Ap,p). Finally, inner regularity estimates, see [8, Thm. IV.4.1], imply the convergence of

) R

W )sex, to ul) in W2 (D; C™) and of (7)sex, to n in W I(D). O

Proposition 5.8. Let Q2 be an exterior Lipschitz domain in R" and 6 € (0, ). Let € and p be sub-
Ject to Convention 5.1 with p < n/2. Then there exists a compact operator Ty € L(LP(£2; C"))
that satisfies supp (To f) C K for all f € LP(Q2; C") and for all y > 0 and u € g U {0} there
exists 6 > 0 such that

Rirenm{Th — Ty | A€ Zg N Bs(w)} < y. (5.17)

Moreover, it holds Ty € L(LP(§2; C"), WL-P(Q; C™)) and Ty is consistent in the LP-scale, i.e.,
if felP(Q;C")NLP2(Q;C") with py, po < n/2 subject to Convention 5.1, then the limits
limy|—o0,xex, Th f taken with respect to LP' (2; C") and LP?(Q2; C") coincide.

Proof. We concentrate mainly on the case u = 0. Notice that the compactness of Ty and
supp (To f) C K forall f € LP(Q; C") will be direct consequences of the convergence in (5.17)
and Lemma 5.2. To establish (5.17), define for f € L?(Q2; C"), A € Xy, and uf, uf\), and nAD
subject to (5.1) and (5.2)
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S1f :=1(Veg) - VIuf, S2f i=1(Ve) VIuP, 83 f = (Mgl
St = (apu, S f = (Ve)r, SO f = 1B1 (Vo) - uf)
Sy f = AB1((Vo) - uf), S8 f = 2B1((Vo) - ul), Sy f = ABi((Vo) - ul).

If g is given by (Id — P, gn) f R — Vg, then (5.6) delivers the relation

Tof =28 f+2S2f =SS f+Sf—S3f+(Vp)g — SO f+S]f+S3f—5)f.

First of all, notice that g does not depend on A so that this term does not have to be investigated.
Let 1 € Xg. Then, since supp (Vo) C Bgi2 \ Br1 is compact, the convergences and estimates
proven in Lemmas 5.6 and 5.7 carry over to respective convergences and estimates of S, Sf, Sf\,
Si', and S f Analogously, taking Proposition 4.1 into account, convergences and estimates of SZ
and S?\ follow as well. Finally, to estimate Sf the triangle inequality gives for u € Xy N Bs(0)

Rir@:cm{S |1 € 2o NBs(0)} < Rupon{Sy — S5 12 € Zo N BsO)} + 1SSl cwriomy.-

Employing (5.10) and Kahane’s contraction principle, the first term on the right-hand side is
small whenever ¢ is small. Concerning the second term on the right-hand side let ¢ > p with
1/p—1/q < 2/n, use the boundedness of the Bogovskii operator followed by Holder’s inequality
and Lemma 3.5 to estimate

nel 1
”S,gf”LP(Q;(C”) < C|M|||M§||L4(Rn;<cn) <|u2® q)||f||LP(S2;(C”)~

Analogously, one estimates Sf. It follows that the R-norms of (Sf) rexsNB;(0) and (Sf) AET4NBs(0)
are small, whenever § is small. In particular, Sf f and Sf f converge to zero as A — 0. This
establishes the existence of Tp.

To show that Ty maps boundedly into Wl’p(Q; C™), notice that this is true for each T; if
A # 0 by Lemma 5.2. Now, T, f converges to Ty f in WH7(Q; C") as A — 0 due to Lemmas 5.6
and 5.7. By the Banach—Steinhaus theorem, we find Ty € £(L?(2; C"), WP (Q; C")).

The case u # 0 follows literally by the same reasoning. O

5.1. Step 4: invertibility of 1d 4+ T,

A direct consequence of Lemma 5.2 and Proposition 5.8 is that for A € ¥y U {0} the operator
Id + Tj, is Fredholm and thus the Fredholm alternative reduces the question of the invertibility of
Id 4 T, to the injectivity of Id 4 Tj.
Proposition 5.9. Let Q@ C R" be an exterior Lipschitz domain and 6 € (0, ). Let ¢ and p be
subject to Convention 5.1. Then for every A € Xy the operator Id+T), : LP(2; C") — LP(2; C")
is injective. If additionally p < n/2, the operator Id + Ty : LP (2; C™") — LP(2; C") is injective.

Proof. Let A € 3y U {0} and assume that there exists f € LP(2; C") with (Id 4+ 7)) f = 0 (with
p <n/2 in the case A = 0). In other words, it holds

f=-T.f inQ.



P. Tolksdorf, K. Watanabe / J. Differential Equations 269 (2020) 5765-5801 5795

As a consequence of Lemma 5.2 and Proposition 5.8 the function f satisfies

supp (f) C K.

On the one hand, this support property of f ensures that f € LY(Q2; C") forall 1 <g < p. On
the other hand, Lemma 5.2 and Proposition 5.8 ensure that f € wl.p (R2; C™). Thus, Sobolev’s
embedding theorem entails f € L?"(Q; C") with p* :=np/(n— p).If » = 0 and p* < n/2, then
Proposition 5.8 ensures that f € W!-?"(2; C") which is embedded by Sobolev’s embedding the-
orem into L?" (Q; C) with p** := np*/(n — p*).If > # 0 and p* < n, then Lemma 5.2 together
with Sobolev’s embedding theorem implies f € L? 7 (€; C") as well. Iterate this procedure until
feLli(Q;C") foreach 1 <g <n (if A=0)or f € L1(2; C") for each 1 < ¢ < oo (if A #0)
is established.

Let A £ 0. We find in particular f € L?(2; C") and thus U, f € w});i () and IT, f € L ().
Consequently,

?»/IUxflzdx +/|vmf|2dx _ /<1d+ T f - Trf dx 0.
Q Q Q

Since A € Xy it follows that

/|U;Lf|2dx=0 and [T, f =c in Q forsome c € C.
Q

Let A = 0. Since in particular f € L9(2; C") for all 1 < ¢ < n/2 subject to Convention 5.1,
Proposition 5.8 ensures for these g the L7-convergence

(Id+To) f = lim (Id + Tu)f = lim [(M — A)Uﬂf + Vl'luf].
[ul=0 ||—0
HLETy HEXy

In particular, this convergence is valid for some ¢ satisfying 2n/(n + 2) < g < n/2. Moreover,
since also f € L (Q; C") forall 1 <r < n, we find f € L2(2; C") and thus that for each u € g
it holds

u/|Uﬂf|2dx+f|VUMf|2dx=/(Id+TM)f-mdx.

Q Q Q

By assumption (Id + 7,,) f converges to zero in L7(£2; C") and additionally notice that the
support of (Id + 7},) f is contained in K. Moreover, by Sobolev’s embedding theorem and

the special choice of g we have Wz’q(Q; Cc" c Lq/ (2; C"). Thus, (Uy)ues, is bounded in

loc loc

LY (K; C") as |;e| — 0 by Lemmas 5.6 and 5.7. It follows that

/|VUof|2dx <C lim
J |0

u/|Uﬂf|2dx+/|VUMf|2dx‘ =0.
MEXg Q Q

Consequently, in all cases (A =0 and A # 0) it holds U, f =0 and IT;, f = ¢ for some ¢ € C.
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Combining (5.4) and the definition of IT, f above (5.5) together with Lemmas 5.6 and 5.7,
we find that in both cases (A =0 and A # 0) U, f and II, f are given by

Upf =puf + (1 —puy — Bi((Ve) - uf —u?))
and T, f = (1 — )P + pg. (5.18)

Since in all cases f € L9(Q2; C") for all 1 < g < n, Lemma 5.6 asserts that forall 1 <r <n/2
its holds uX € wﬁ;g (R™; C") with V2uR e L"(R"; €™’y and div f)y=0and g e L (R") with
Vg € L"(R"*; C"). Furthermore, concerning uf and nf) , Lemma 5.7 asserts that for all r < n
subject to Convention 5.1, u? € W7 (D) "Wyl (D; C") and 7P € Li(D) N\ W,; (D). By the

definition of ¢, the fact that B (V) - (u f —u f )) is extended by zero to all of R” outside of
K1, and the fact that U, f =0 in 2, we find

ul(x)=0 for|x|>R+3 and uP(x)=0 forxe QN Br(0).

Furthermore, we also find 71)\D to be constant on 2 N Br(0) and g to be constant on Bg3(0)°.
Thus, u f and nf can be extended constantly to functions in W(l)ji(BR+5 (0)) and L2(B r+5(0)),
respectively. Let us denote these functions by u f and nAD again.

Next, recall the definition of 7 and notice that the fact supp () C K implies

Vn-f=0 ink> and nf=f inQ.

Consequently, by definition of f? it holds fP = f in D. Since 2n/(n + 2) < n/2, the inte-

grabilities stated below (5.18) imply uX € W2/ (Bg,.5(0)) and by Sobolev’s embedding

theorem that uf € Wé:i (Br+5(0)). Consequently, u? and uf solve the Stokes (resolvent) prob-
lem in Bg45(0) subject to homogeneous Dirichlet boundary conditions and the same right-hand
side f. Consequently, these functions have to coincide in Bg4+5(0) and there exists a constant

c1 € C such that nf = g + ¢1 in Br45(0). Furthermore, it follows that uf = U, f and thus

uf:O in 2,

hence P, g« f = 0. Since n)? and g are normalized to have average zero on D, see (5.3), it
follows that ¢; = 0. Since I, f = ¢; for some constant ¢; € C it follows that

=0-or? +eg=1—-nl +orP =np,

and again, since the average of n)? is zero in D, it follows that c¢; = 0. Consequently, g vanishes
on all of R”, which implies f® =0 and thus f =0. O

Lemma 5.10. Let ¢ and p be subject to Convention 5.1 with p <n/2, 6 € (0, ), and \* > 0.

Then for all A € g N B;x(0) the operator I1d 4+ T, : LP(2; C*) — LP(2; C") is invertible and
there exists a constant C > 0 such that

Rir@:cndd+T) 7' [ € g N B+ (0)} < C.
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Proof. By Lemma 5.2 and Propositions 5.8 and 5.9 for each u € ¥y N B;»(0) the operators
Id + T, are invertible. Moreover, by Proposition 5.8 there exists §,, > 0 such that

_ -1
Rir@.cm{Th = Tu |2 € Bo N Bs, (W} < (21Ad+ T) Ml cwr@icny) -
Since
[Bs, (W) | 1 € g N By (0))
is an open covering of the compact set Xy N B;«(0), there exists m € N together with u; €
Y9 N Byx(0) (j=1,...,m), such that
m
o N B (0) C | Bs,, ()
j=1

By the choices above, a usual Neumann series argument based on Remark 2.6 shows that for all
j=1,...,mitholds

Rir@cnfdd+ ) [ reZen Bs,, ()} <20ad+ T ) Ml zwr@icny-

Thus, the lemma is proved. O

Step 5: Proof of Theorems 1.1 and 1.2. Let ¢ and p be subject to Convention 5.1 and f €
L7 (2; C"). Combining Lemma 5.2 and Proposition 5.9, we infer that Id + 77 is invertible. Thus,
defining

w=UId+T)"'f and m:=ILAd+T)"'f, (5.19)

we find by (5.8) that there exists C > 0 such that
el gy < CllF g o) (5.20)

We argue now, that —1 € p(A)). Let p =2 for a moment. Notice that since the operator U; and
IT; solve (5.5) in the sense of distributions, moreover, since (5.20) holds true, and since A, is
defined by a sesquilinear form, we find

Uid+ T 'f=Ud+ A~ f (feL2(Q)). (5.21)

Now, consider the case of general p and recall the definition of A, given in the introduction.
Let f € LY(Q). Then f can be approximated in LY () by a sequence (fi)ren C C, () C
L(ZT(Q) NL2(Q). Let uy be given by (5.19) but with right-hand side f, so that uy € D(A>). The
estimate (5.20) especially implies that u; € L2 (Q), which shows that

up € {ve D(A) NLE(Q) : Av e LE(Q)} = D(Az| ).
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By (5.20), the sequence (ux)rcN converges in W(l)’g(SZ) to u defined by (5.19) with right-hand

side f. Since A is the closure of A2|L[,’ in LZ(Q), we find u € D(Ap) and u + Apu = f. This
proves the surjectivity.
For the injectivity, notice that by (5.21) it holds

Urdd+T)"'Ad+ Ayl pJu=u (€ D(Az| p)).

Since A is the closure of Azlpp in L2 (), this identity carries over to all u € D(A p) by taking
limits while using (5.20). This proves the injectivity. Since A is by definition closed, it follows

—1 € p(Ap) and (5.20) implies the continuous inclusion D(A ) C W1 P - (£2). Notice that with the
same reasoning, one readily verifies that X9 C p(—A)) holds for every 6 € (0, ). We continue
by estimating the resolvent.

Next, let p < n/2, f € LY(Q), and A € Xy. By construction, Uy f and IT; f solve (5.5).
Decompose by means of the Helmholtz decomposition (2.1) and Proposition 2.3

AT f=f4+P o f+Ud=P, )T f = f+Pplif+ Vo, f

Thus, U, f and IT,, f — @;, f solve (1.1) with right-hand side f + P, o7 f. Let A* > 1 be the
number obtained in Corollary 5.5, i.e., A* is chosen such that

R {Ad+P,ol) " 1€ g, 4] = 1*} <2.
Thus, if |A| > A* the functions
wi=U,(1d+P, o)~ f and 7:=TLAd+P, o) ' f— & Ad+PyoT)" ' f
solve the Stokes resolvent problem (1.1) with right-hand side f. Since compositions of R-

bounded sets are R-bounded by Remark 2.6, Lemma 5.3 together with Corollary 5.5 imply that
there exists C > 0 such that

Rira{rO+ 4,7 L eZg, A =21} <C.
Furthermore, the boundedness of P, o, see Proposition 2.3, implies that
Rir@en{r+ A4, "Ppalie T, A =2} <C (5.22)
for some possibly different constant C > 0.
If |A] < A*, then Lemma 5.10 allows us to conclude that the solutions to (1.1) with right-hand
side f are given by
w=UI1d+T)"'f and w:=ILAd+T) 'S

Combining the same lemma with Lemma 5.3 yields the existence of a constant C > 0 such that

Rir@cnirii+Ap) 'Ppalde Do, Al <2*} < C. (5.23)
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Since the union of two R-bounded sets is again R-bounded (this follows by an application of
Kahane’s contraction principle) it follows by (5.22) and (5.23) that

Rir@cniri+Ap) 'PpalreBg) <C (5.24)

for some constant C > 0. Since in the case p = 2 uniform boundedness implies R-boundedness,
see Remark 2.7, (5.24) holds also true in the case p = 2. By complex interpolation, it follows
that (5.24) holds true for all p < 2 subject to Convention 5.1. Finally, the duality result in [19,
Lem. 3.1] implies the validity of (5.24) for all p that satisfy Convention 5.1. Now, Remark 2.7 im-
plies that — A, generates a bounded analytic semigroup (7'(¢));>0 on L2 (Q) and Proposition 2.4
implies Theorem 1.2.

In order to prove Theorem 1.1, notice that R-boundedness implies uniform boundedness of
the particular family of operators. Thus, proceeding as in the proof of Theorem 1.2, we conclude
by Lemma 5.3 that for p <n/2 and for all ¢ > p with o :=n(1/p — 1/q)/2 < 1/2 there exists
a constant C > 0 such that for all A € Xy it holds

M A+ Ap) T By all cr@:cn.La@icmy < C. (5-25)

Moreover, if additionally o < 1/2, there exists C > 0 such that

M2V AP C. (5.26)

el owr@on i@cny =
Complex interpolation between (5.24) and (5.25) yields the validity of (5.25) forall p <g <n
that both satisfy Convention 5.1 and o < 1/2. Furthermore, complex interpolation of (5.26) with

AY2IVO A+ AT Pagll, g2 c,

(@Cn.L2@:Cr)) =
(which follows as usual by testing the resolvent equation with the solution «), implies (5.26) for
all p < g < n that satisfy p <2, 0 < 1/2, and Convention 5.1.

Next, employing Proposition 3.7 yields that for all p < g < n that both satisfy Convention 5.1
and o < 1/2 there exists a constant C > 0 such that for all # > 0 it holds

tNTOPy ol cor@;cm,La@;cmy < C. (5.27)

To get rid of the condition o < 1/2, employ for some suitable £ € N the semigroup law 7'(¢) =
T (t/k)* and use (5.27) k times in a row. This implies the validity of (1.3) but only if the additional
condition g < n is satisfied.

Concerning the LP-L9-estimates for the gradient of the Stokes semigroup, Proposition 3.7
implies that for all p < g < n that satisfy p <2, 0 < 1/2, and Convention 5.1 that there exists
C > 0 such that for all # > 0 it holds

2 \NT ()P C. (5.28)

el owr@on i@cny =
To get rid of the condition ¢ < 1/2, employ the semigroup law 7T () = T (t/2)T (t/2) and use
first (5.28) and then (1.3). This implies the validity of (1.4).

Finally, we combine (5.27) and (5.28) in order to deduce (1.3) for the whole range of numbers
p and q. Indeed, let first p =2 and g > n satisfying Convention 5.1 (we only proceed, if such
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a number ¢ exists, if not, then the proof is already finished). Let f € L>(; C*) and 2 <r <n,
a €[0,1] with 1/r — 1/q = a/n. Then, by the Gagliardo—Nirenberg inequality, it holds

ITOPs.afla@cn < CIVTOPL I gen ITOP2a I ey (529)

1

<Cr 37507 Fllaucn. (5.30)

Notice that /2 +n(1/2—1/r)/2=n(1/2—1/q)/2. Performing another complex interpolation
between (5.29) and the uniform estimate

TP ellcas@cmy <C (t>0)

delivers (1.3) for 2 < p < g. Using the semigroup law T'(t) = T (¢/2)T (¢ /2) together with (5.27)
then delivers the estimate for the desired range of numbers p and ¢q. O

Proof of Theorem 1.3. The existence part follows by the usual iteration scheme. Notice, that
in the classical literature, see, e.g., [11,20], it is required that the semigroup satisfies LP-L7-
estimates and gradient estimates in L. This is especially used by Kato in [20]. In particular,
he obtains bounds on the gradient of the solution to the Navier—Stokes equations. However, if
one is only interested into a construction of solutions to the Navier—Stokes equations with the
properties of Theorem 1.3, i.e., without a control on the gradient of the solution, then one can
perform the iteration scheme carried out by Giga [11]. Notice that this iteration scheme can be
carried out with the weaker estimates proven in Theorem 1.1. However, this is not stated in [11]
but is presented in detail in [31, Sec. 6.3]. O
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