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Abstract

We present a local sensitivity analysis for the hydrodynamic Cucker-Smale (HCS) model with random
inputs. In the absence of random inputs, the HCS model was derived as a macroscopic model for the
emergent dynamics of the CS flocking ensemble from the kinetic CS model via the moment method and
mono-kinetic ansatz for a closure condition. In this paper, we incorporate the uncertain effects together
with the HCS model to result in the random HCS model. For definiteness, we consider the uncertainties in
initial data and communication weight function. For this random HCS model, we perform local sensitivity
estimates such as the propagation of pathwise well-posedness, pathwise L2—stability and flocking estimates
of solution process.
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1. Introduction

The purpose of this paper is to continue the systematic study begun in a series of works [1,5,
13,16—19] for the synthesis of uncertainty quantification (UQ) and emergent flocking dynamics
via flocking and synchronization models with random inputs. For the last decade, there has been
lots of intense research in the domain of collective dynamics of many-body systems, which arise
from the modeling of self-propelled particle systems [4,11,30,33,36,37,46—49]. Parallel to the
advance of collective dynamics, uncertainty quantification has also received lots of attention in
diverse disciplines such as the applied mathematics, atmospheric sciences and engineering [24,
35,42—441]. Thus, it is natural to synthesize these two emerging disciplines in a common platform.
This synthesis idea were already performed in aforementioned works which deal with the local
sensitivity analysis for the particle and kinetic CS and Kuramoto models. So far, this marriage
was successful only for the particle and kinetic collective models whose global existence of reg-
ular solutions has been well established in the absence of random inputs. However, this synthesis
has not been made for the hydrodynamic models for collective dynamics yet. Of course, there
are some previous works [25,26,32,38—41] on the scalar conservation law and Euler system with
random inputs from the point of numerics in the context of UQ.

It is well known that hydrodynamic models arising from the theory of hyperbolic conservation
laws and fluid mechanics do not often allow sufficiently smooth solutions enough to implement a
local sensitivity analysis. In particular, hyperbolic conservation laws do not allow a global smooth
solution for generic initial data. They instead exhibit discontinuous solutions for generic initial
data, which makes a UQ program difficult to implement [12]. This is why the local sensitivity
theory has not been well studied in the hyperbolic conservation laws. Despite of this, hyperbolic
models arising from the modeling of flocking and synchronization admit smooth solutions for
well-prepared initial data thanks to the extra nonlocal flux and source terms, which play the role
of regularizing mechanism. Thus, it seems plausible to extend our local sensitivity analysis to the
hydrodynamic models for collective dynamics.

As a first step toward the successful synthesis of local sensitivity analysis and hyperbolic
conservation laws, we consider the pressureless Euler system for the CS ensemble which is a
hyperbolic system with a nonlocal source term. In this case, the nonlocal flocking source term
acts like a nonlocal damping which suppresses the appearance of the Delta shocks for small so-
lutions. To incorporate random inputs to the HCS model, we consider a random vector z defined
on the sample space €2 C R? with the probability density function 7 = 7(z). For the notational
simplicity, we will assume that z is an one-dimensional variable. This random variable z reg-
isters the uncertain effects in the initial data and communication weights. To fix the idea, we
consider an ensemble of collisionless Cucker-Smale flocking particles on the periodic domain
T4 := [R/Z)¢, d > 1, and let p := p(t,x,z) and u := u(z, x, z) be the local mass and bulk
velocity of the CS fluid at position x € T¢, random vector z and time 7, respectively. In this
setting, the dynamics of macroscopic observables (p, u) is governed by the Cauchy problem to
the random HCS model:
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Wp+V-(pu)y=0, t>0, xeT? zeQ,

O (pu) +V - (pu @u) = p / v(x—y, D)t y,2) —ut, x,2)p,y, 2)dy, (1.1)
Td
(p, u)(0, x) = (po, uo),

where V is the spatial gradient, and ¥ is a non-negative communication weight function mea-
suring the strength of interactions between CS particles. In this paper, we would like to see the
dynamic properties of z-variations (9% p, 0% u) to the random HCS model (1.1), which is what is
called the local sensitivity analysis [45]. Such an analysis is not only of analytical interest. Since
it yields regularities in the random space, it is important for numerical methods like stochastic
Galerkin or collocation methods [24,26].

Note that for a frozen z € €2, system (1.1) becomes the deterministic pressureless Euler sys-
tem with a flocking dissipation, which has been studied in previous literature, e.g., the global
existence of classical solutions and interaction with incompressible fluids [21] and existence of
entropic weak solutions in one-dimension [15].

The main results of this paper are three-fold. First, we present the propagation of pathwise
well-posedness of the random HCS model (1.1). For s > % + m + 1, if the initial processes and
their z-variations {(Bé 00, aéuo)};": o satisfy the non-vacuum, regularity and smallness conditions,
we show that z-variations of solution processes {(aé 0, Béu)};”: o EXist in any finite time interval,
and satisfy the desired regularity and smallness conditions (see Theorem 3.1 and Theorem 3.2).

Second, we provide a finite-in-time L2-stability of the z-variations to system (1.1). More
precisely, let (p, u) and (p, ) be solution processes to (1.1) corresponding to initial processes
(po, up) and (po, i), respectively. Then, there exists a positive random function C = C(7T, z)
such that for each T € (0, 00) and z € €2,

sup Y (||a§p(r, 2) = 8L p(t. D)y + 18%u(e, 2) — laace, z))ni,m_m)

05’5T0<l<m

=cma Y (1090 = 00 (@3t + 19ku0(2) = 0Lii0(D) 2 111 )

0<i<m

Third, we show that the bulk velocity process and its z-variations {Béu} exhibit an exponential
decay toward the mean-velocity under a priori assumptions, which implies the flocking esti-
mate. We assume the uniform-in-time boundedness for solution processes and their z-variations
{ (Bé 0, 8§u)};”: o» and impose an a priori condition for the lower bound of the communication
weight function to obtain the exponential decay of {8£u} toward its mean-velocity.

The rest of this paper is organized as follows. In Section 2, we briefly discuss how the HCS
model with random inputs can be derived from the particle CS model, and review global exis-
tence, stability and flocking results for the deterministic HCS model. In Section 3, we present
the pathwise well-posedness for the random HCS model. In Section 4, we provide L2-stability
estimates for the z-variations {(3; 0, 8éu)};":0. In Section 5, we present an exponential decay of
the bulk velocity process and its z-variations. Finally, Section 6 is devoted to a brief summary
of our results and some remaining issues for future works. In Appendix, we provide tedious and
straightforward proofs for Lemma 3.2, Lemma 3.5, Lemma 4.4 and Theorem 5.2.
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Notation. For any k € N U {0}, we set H* := HX(T?) and W5 := W*°°(T4) to be the k-th
order L?- and L>-Sobolev spaces on T?, respectively and C¥(I; B) is the space of k-times
continuously differentiable functions from an interval I into a Banach space B. Moreover, V¥
denotes any partial derivative 0% with respect to x-variable with multi-index « with |«| = k.

2. Preliminaries

In this section, we briefly recall a heuristic derivation of the random HCS model from the
kinetic CS equation under the mono-kinetic ansatz, and present previous results on the determin-
istic HCS model.

2.1. The random HCS model

Consider an ensemble of N identical CS flocking particles in a random communication field
registered by ¥ := ¥ (x,z) and let (x;(,z),v;(t,2)) € R? x R? be the spatial and velocity
process of the i-th CS particle. Then, the dynamics of the random process (x;(t, z), v (¢, 2))
is governed by the following Cauchy problem to the random ODE system:

oxi(t,z) =v;(t,z), i=1,---,N, >0,

1 N
dvi(t, ) = D Wt 2) = xi(t.2), D) W;(t, 2) — vi (2. 2)), Q2.1

j=1
(xi (0, 2),v;(0, 2)) = (x;0(2), vio(2)).

Note that for each fixed z, (2.1) becomes a deterministic CS model which has been exten-
sively studied in [3,4,6—10,14,20,22,23] from various points of view. On the other hand, when
the number of particles is sufficiently large, the dynamic observables of the CS ensemble
can be effectively described by the velocity moments for the one-particle distribution function
f = f(t, x,v, 7). Via the mean field limit N — oo on (2.1), the kinetic density function f satis-
fies the following Vlasov-type equation:

O f +v-Vof + Yy (Flf1)=0, >0, x,veR’ zeQ,

Falflt, x,v,2) == | ¥ (x — x4, 2)(V — 0s) f (L, X4, Vs, 2)dVsd X, (2.2)
R2d
fO,x,v,2) = folx,v,2).

The well-posedness and flocking estimates for the deterministic analogue of (2.2) and its general-
ized models have been studied in [27-29,22,23,34], and recently, the local sensitivity analysis for
the random CS models (2.1) and (2.2) has been carried out in [16,17]. To derive a hydrodynamic
model from (2.2), we introduce the macroscopic observables such as the local mass, momentum
and energy densities:
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o(t,x,z) ::/fdv, (pu)(t,x,2) ::/vfdv,
R4 R4

1 1
(0E)e, 1) = 5 plul’ + pe, pe:=5/|v—u(x,z)|2fdv.
Rd

We multiply 1, v, [v|?/2 to (2.2) and integrate the resulting relations with respect to the velocity
variable to derive a system of balance laws for the macroscopic observables (o, u, E):

dp+V-(pu)=0, 1>0, xeR? zeQ,
& (pu) +V - (puQ@u+ P)=5D, (2.3)
% (PE)+V - (pEu+ Pu+q) =S89,

where P = (p;x) and g = (q1, - - - , qq) are the stress tensor and heat flow, respectively:

pij(t, x,2) SZf(vi —ui))(vj —uj) fdv, qi(t,x,2) 1=/(w —up)|v —ul® fdv,
Rd Rd

and the source terms are written as follows:
SO, x,2) = pf Y(x =y, ), y,2) —u(t, x,2)p(t, y, 2)dy,
Rd

SO(t,x,2) = p/ Y(x —y, )(E@W, x,2) + E(t,y,2) —u(t,x,2) -u(t,y,2)p(t, y, 2)dy.
Rd

Since system (2.3) is not closed as it is, one may introduce a mono-kinetic ansatz for f as a
closure condition:

f,x,v,2) =p, X, )8 w-ux.0) V).

With this ansatz, it can be observed that the internal energy, stress tensor and heat flux in (2.3)
vanish, and we obtain the following pressureless Euler system with flocking dissipation:

dp+V-(pu)=0, xeR? >0,
i (pu) + V- (pu@u)=85".

Before we move on to next subsection, we present conservation laws associated with system

(1.1).

Proposition 2.1. Let (p, u) be a sufficiently smooth periodic solution to (1.1). Then, for a fixed
z€Qandm >0,
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/ o p(t.2)dx = / o" po(2)dx. / 8" (pu) (. 2)dx = / o (pouo)(@)dx, 120, z€Q.
Td Td Td Td
Proof. The proofs follow from the direct integration of (1.1). O

2.2. Previous results

In this subsection, we recall several previous results on the deterministic HCS model:

%p+V-(pu)y=0, t>0, xeT?,

0t (pu) +V - (pu®@u)=p / Yx —y)u(t,y) —u(t,x)p(t, y)dy, (2.4)
Td
(0, u)(0, x) = (po, uo).

Below, we provide the standing assumptions (H1) — (H2) for the well-posedness, stability
and flocking estimates for (1.1). For an integer s > % +1,

e (H1): The communication weight function ¥ : T¢ — R is in C**! and satisfies symmetric,
positive conditions: for each x, y € T,

Yx—y)=¢(—x) and ir%lfdw(x)=:wm>0.

e (#H?2): The initial data (pq, ug) satisfy the non-vacuum, regularity and smallness conditions,
i.e. for sufficiently small ¢ > 0,

inf po(x) >0, (po. o) € H' x H ol s + lluoll s <e.
xe
Before we state previous results, we introduce a Lyapunov functional & for flocking:

Jps pud

T odr =uc.0), t>0. 2.5)
’]I‘d

Eolt) = / plu—uc(t)Pdx,  uc(t):=
’]I‘d

Then, the random HCS model can be summarized in the following theorem:

Theorem 2.1. [21] For a given positive constant T > 0, suppose that conditions (H1) and (H2)
hold. Then, there exist positive constants C = C(T) and 0 < ¢ < 1 such that the Cauchy prob-
lem (2.4) has a unique global-in-time classical solution process (p, u) satisfying the following
properties:

(1) (Propagation of the Sobolev regularity): The solution (p, u) satisfies the following regularity
and uniform-in-time boundedness condition:
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inf p(t,x) >0, (o), u@®)) e H x HF, fortel0,T],
(t,x)€[0,T]xT49

Sup (lo@llms + lu@ll 1) < Ve,
=r=

(2) (Finite-in-time stability): For two classical solution processes (p,u) and (p, u) to (2.4) with
initial data (pg, ug) and (pg, ug) respectively,

sup (||p<r) — A7+ lu) - a(r)ni,]) < C(T)(llpo — poll32 + lluo — dioll;1)-

0<t<T

(3) (Exponential pathwise flocking estimate): The functional Ey(t) decays exponentially path-
wise:

Eo(t) < e~ Hmlmlinitg ), Vi > 0.

Remark 2.1. By Theorem 2.1, the local mass p stays positive. Moreover, since the solution is
classical, the momentum equations of (2.4) can be rewritten as

B+ - Vi = / P = Ve, y) — ult, x)p(t. Y)dy.
T4
3. Pathwise well-posedness of z-variations

In this section, we present a global existence of z-variations (9] o, 3)"u) to system (1.1) using
pathwise energy method.

Note that in a non-vacuum regime, system (1.1) can be rewritten as

dp+V-(pu)=0, >0, xeT? zeQ,

o +u-Vu = / Y(x—y, 0w, y,z) —ut,x,2)pt,y,2)dy, 3.1
’]I‘d
(0, u)(0, x,2) = (po(x, 2), uop(x, 2)).

First, we derive equations for the z-variations by applying z-derivative to (3.1) to obtain

m
80" p) + > (";)v : (agpagf—zu) =0,
=0

(W + Y <";> (ol v —w) (3.2)
=0

m!
= Z W/agw(x—y,z)af (u(t,y,z) —u(t,x,2))d) p(t, y, z)dy.
at+B+y=m 'V'Td

For a global well-posedness of the z-variations, we provide our standing assumptions (A1) —
(A2) as follows: For an integer s > % +m+1,
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e (Al): The communication weight function v : T9x Q2 — RisinC*H(T? x Q) and satisfies
symmetric, non-negative and boundedness conditions: for each x, y € T and z € Q,

vx—y,2=9(y—x2=0, I¥lls:=  max sup 3¢90y (x,2)| < 0.
lo|+|Bl=s+1 (x,z)erxQ

e (A2): The initial data (pg, ug) satisfy the non-vacuum, regularity and smallness conditions:
foreachz € Qand! =0, ---,m,

inf po(x,2) >0, (3 po(2), dluo(2)) € H* ™' x H* ',
xeTd . 4

max (||3é,00(Z)IIHs_1 + ||8éuo(z)||H_v_,+1) <e(2),
0<i<m

where ¢ = ¢(z) is a positive random function such that supe(z) < 1.
zeQ

For the simplicity of notation, we suppress z-dependence in (p, u) and ¥, i.e.
p(t,x):=p(t,x,2), u(t,x) ==u(r,x,z), Y (x) =9 (x,2).
To derive a priori estimates, we employ a mathematical induction on m.
3.1. First-order z-variations
In this subsection, we consider a global well-posedness for the first-order z-variations
(0,0, d;u) for the initial step of induction process on m. To provide a global well-posedness,

we construct a sequence of approximated solutions (3,p"*!, 3.u"*!) to (3.2). For a given solu-
tion (p, u) and m = 1, we may construct the sequence as follows:

300" + V- (3,0 ) + V(pdu") =0, n=0,1,2,---
30"y + 04" - Vu4u-V(@ou"h

= / 0 (x —y)u(t,y) —ut,x)pt, y)dy

’]I‘d

+ / )@ (1 y) — 9 (1. ) p (1, y)dy (33)
Td

+ / V(= N, y) — ult, 20" 1, y)dy
Td

(3:0°, 8.u%) = (3 po, 9 u0),

subject to the fixed initial data:

(80" 71(0, x), 9,u" (0, x)) = (8, 00(x), ;140(x)).



644 S.-Y. Ha et al. / J. Differential Equations 268 (2020) 636-679

Since the pathwise well-posedness for (p, u) is already given in Theorem 2.1, there is no need for
(p, u) to be involved in the iteration scheme (3.3). Thus, the iteration procedure in (3.3) will be
carried out only for the z-variations (9;p, d;u). We proceed by induction on n for the sequence
(0,0", 9,u™). First, we state the results on the uniform-in-n bound estimates.

Lemma 3.1. Suppose that assumptions (A1)-(A2) and induction hypothesis hold: for each z €
2,

sup [|8,u’ (1, 2) Il s < Ve(@).

0<j<n
0<t<T

Then, there exists a unique 3,p" ' = 3, p" (¢, z) € H*~! satisfying relation (3.3)1 and a bound:

oLV
sup 180", ) er < Y2
0<t<T 2

Proof. Since system (3.3) is linear with respect to d,p"*!, the existence and uniqueness for
0; p”“ are obvious. Thus, it suffices to show the boundedness of the solution. Here, we split the
estimates into the zeroth-order case and higher-order case.

e Step A (The zeroth-order estimates): First, we multiply (3.3); by 8, p"+!
T4 to yield

and integrate it over

10
+12
EE”azpn 172
1
:—E/(V-u)|3z,0"+1|2dx—/(Vp.azun)azpn+ldx_/pv,(azun)azpn+1dx
T4 T 2
: - 34
= (3:4)
IV -ullze N1ollwioo Lollwie
5( T wl | KT P el LRV P

1/2 12 3/2
<e'a, 0" 2, + &2,

12 1
180" 172 + ol wroe 196" [l g1 190" 1 2

where we used Young’s inequality on the second inequality and Theorem 2.1 on the last inequal-
ity. Then, we integrate the above relation (3.4) to derive

t
l0.0" I3, < C | &/ f 18:0" (s, 2)112,ds + &3/ | . 3.5)
0

e Step B (Higher-order estimates): For higher-order estimates, let 1 <k < s — 1. Then, we apply
V¥ to (3.3)1, multiply by V¥(3.p"t!) and integrate the resulting relation over T to yield
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10
55, 1V @ hIZ
1
=3 / V@ DV - uydx — / [VE - V") = - V(00" ) | VE 00" D
Td Td

- / 3" TIVE(V ) VK (9, p" T dx — / [vk@zp"“v'u>—azp”“vk(v«u)]vk@zp”“)dx
Td Td

- / VK(Vp) - 04"V (0 p"F ydx — / [V @V p) = o - VK (V) [VE iz
T4 Td

—/ka(V-BZu”)Vk(azpn+l)dx—/[Vk(,o(V-azu”))—,OVk(V-Bzu”)]vk(azp"+l)dx,
Td Td

8
= ZI”'
i=1
Below, we estimate the terms Zj; separately as follows:

¢ (Estimates for Z;;, i =2, 4, 6, 8): We use the commutator estimate from Lemma 3.4 in [31] to
obtain

Tia < ¢ IVl [V @p" Dl 2 + 1V @cp™ Dl IV 0l 2) 195 020" )2
= € (Il 195 @™ D2 + 100" g 1952 ) 192" 2
<Ce' P p" 7,0,

where ¢ and C are positive random functions independent of n and we used the assumptions,
Theorem 2.1 and the Sobolev embedding:

Vullzee < Cllull [4]+1 = Cllull ggs-1. (3.6)
HL2

+1

For other terms, one uses the commutator estimate, (3.6), Theorem 2.1 and Young’s inequality
to get

Tia = e (1@ Dl V4l 2 + 1V - ull | VE@2p" D112 ) 194 @ep™ D 2,
<Ce' |0 p" 3

Tig = ¢ (IV @) = IV pll 2 + 1V Pl [ VF @™ 2) 1V 02" Dl 2,
< CE VR "7, + 6772,

Tig < ¢ (19l IV* @) 2 + 1V - @) 19501 2) IV 02" Dl 2

< Ce2IVE@:p" DI + 672,
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¢ (Estimates for Zy;, i =1, 3, 5, 7): By direct calculations, one easily obtains

IV - uf| oo
T = = IV @:p" Dlg = e 2IVE@p" DI,

Tiz < 100" M Lo IV 21 VF @ 0" 1 2
< CE" P p 3, + ¥,
Tis < IV pll 2 10:u™ L 1 VF @z 0"l 2
< CE"? V@ "I, + 672,
Tz < ol o IV @) [ 2 IVF @2 p" )12 < Ce VR @ 0" T 17, + 6772).

‘We combine all results for Z;;’s to obtain

10
——[IVF@, 0" 12, < CeV2 180" T, + €32, (3.7)
2 0t L H

Summing (3.7) over 1 <k <s — 1 and adding these to (3.5) yields

d
auazp”“n2 1 SCE0 "G 7).

Then, Gronwall’s lemma and the smallness of ¢ yield the desired estimate:

1,2 12ct 2 12ct €
90" |5,y <ef 18z00 %51 + (e’ - < R a

Lemma 3.2. Suppose that assumptions (Al)-(A2) hold and let (3,p7,d,u’) be the j-th iterate
satisfying the following assumptions: for each z € Q,

max sup (11907 (4,2) | g+ 1007 (1, D s ) < Ve @),

0<j=no<t<T

Then for each z € , there exists a unique 9.u"t' = 3.u"t\(t, z) € H® satisfying relation (3.3)>
and the following bound:

Je
sup [|0,u" (1, 2) || s < (Z), foreach zeQ.
0<t<T 2

Proof. Since the proof is similar to that of Lemma 3.1, we leave it to Appendix A. O

Remark 3.1. From Lemmas 3.1 and 3.2, one can find out that if assumptions (A1) and (A2)
hold, the induction on n yields that for every n and z € Q:

sup (920" (1, 2) |l st + 18" (8, D) | s) < Ve (2).

0<t<T

Now, we provide estimates for the convergence of the sequence (90", d.u") in L> x H'.
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Lemma 3.3. Suppose that assumptions (A1)-(A2) hold. Then, for each z € Q andn € N,

1@, 0" = 8,0™) (1, D125 + (@™ = 8.u™) (2, )13,
L H

t

< C(z)( [ (16207 = 05,21 + 1@t = )5, 1 ) ds

0

t
+/||(azu”—azu"—lxs,z)n%,lds),
0

where C = C(z) is a positive random function independent of n.

Proof. It follows from (3.3); that

10
55, 100"t = 020" I

1
=3 f V10" — 00" u dx — / V - (03" — 0" ) (90" — 0"
Td T4
_ IVl
- 2
<C(l0." " = 0" 117, + ll0.u™ — 9 u" M 13,0).

—1 1
12" — 80" 1175 + ol o 192" — "M || g1 192" — B2 p™ 1 .2

We integrate the above relation to see

190" = 0.0")(1. 2117
<C@) / (1@-p" " = .0")(5, D2 + 10" = 0.6" )5, 2) 1%, ) ds
0

Next, one uses (3.3); to yield

10
55 10 = du” 17

1
/(au —u" N Vu- @u"t —8u”)dx—§/u VId.u™ — 8u"Pdx
Td

/wx— o {0 =) = @' = H@ | @t - ux)dydx

+ / Y = y)u(y) —u()@:p"" = 8:p") () @ — u") (x)dydx
T?24

1
~1 1 1 2
< IVullzoe |9zu™ — 8" ™M 2 106" T — 9zu | 2 + SV ullpoo |3 = 9u" |17,

647

(3.8)
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+ 20 s loll 218" = du" I 218" ™ — B u [l 2

1 1
+ 209 s lull 2180 — 80" [l 2 190" — 8zu | 2.

We use Young’s inequality and integrate the above relation over [0, 7] to get

1@t — 8" (2, 2|17 2
t
< C(z)( [ (16207 = 00" 6. DI + 10 = B 5. )1, ) ds
0 (3.9

t
+/ [(3.u" — azun_l)(5,2)||i2ds>~
0

For the H'-estimate for (9,u"*! — ,u™), we use the Cauchy-Schwarz inequality to get

| @

IV @.u"t —a.u™)|7,

Y
(o5}

t

=— / V((@u" — 0.u" Y Vu) : V(@ou" — 0.u")dx
Td

- [ V(u-V(@u" ' = a.u™) : V@O.u"T — o,u")dx
’]I‘d

+ / Vi =) " —uHo) = @ =T | o0V @ = o (x)dydx
T2d

- f Y(x = PV@u" = 31" H(0)p(y) 1 V(@u"t = u") (x)dydx
T2d

+ f VI (x — ) @) — u(x)}@0" T — 80" () : V(@ u" T — 8,u™)(x)dydx

T2d

IV - ullpee

< 19" = D" gl oo | V@™ = ") 2 + ——

IV @t = 0.u™)7,

+ 20 ol 2l = 0"~ g IV @™ — ™) || 2

+ 209 el g1 180"+ = 00" 2 IV @™ = D™ 2.

Again, using Young’s inequality and integration along [0, ¢] give
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IV@.u" = a.u™)(1, 217
t

< C(z)( [ (16207 = 05,21 + 0t = )5, 1 ) ds
0 (3.10)

t
+ / IV (@u" ! — azu"xs,z)nizds).
0

Finally, one combines (3.8), (3.9) and (3.10) to yield the desired result. O
Now, we are ready to state our first result on the well-posedness of a global solution to (3.3).

Theorem 3.1. Suppose that assumptions (A1)-(A2) hold. Then for each z € Q, there exists a
unique solution (3.p(z), d,u(z)) € H*~' x H* satisfying system (3.3) and uniform bound esti-
mates:

sup ([[0:0(7, D)l gs—1 + 10:u(t, D) as) < ve(), foreach z €.
0<r<T

Proof. Foreachn € N and z € 2, define

An(t,2) = 10:0" = 00" |72 + 10" — 0" 13,
We can deduce from Lemma 3.3 that for each z € Q,

t t

Apt1(t,2) <C(2) /AnJr](s,z)ds—i—/An(s,z)ds , tel0,T].
0 0

Then, the Gronwall-type lemma in [2] gives

ClT)"
sup_ (11@p" — 90" (1, DI + 1@ = 0" (1, DI ) < %

0<t<T

, z€eQ.

This implies that {9."} and {d,u"} are Cauchy sequences in C([0, T]; L?) and C([0, T]; H'),
respectively. From here, one can follow the proof of Theorem 3.1 in [21] to complete the
proof. 0O

3.2. Higher-order z-variations

In this subsection, we consider higher-order z-variations, i.e. the case when m > 2 in (3.2), in
order to complete the induction process on m. Similar to the case m = 1, we again construct a
sequence of approximated solutions (3" ot Bgnu”*l) to (3.2) as follows:
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m
%@ "+ V@ p T )+ V- (e U+ Y (l )v (@ pdmuy =0,
1<i<m-—1

@My + 9" Vutu VO + Y ('7) Olu - V(@ u)

1<i<m-—1

m!
Z | ' / WY (x — y)(afu(y) — Bfu(x))azyp(y)dy
alBly!
atsﬁ;;z;m T4

+ / P — @™ () — 3" () p(y)dy
Td

@3.11)

+ / P (x = @) — 1) " (Vdy,
Td

@ p°, 02 u®) = (3" po. 9" uo).

subject to the initial data:

@ p"t1(0, 2), 3" u" (0, 2)) = (3 po(2), 3" uo(2)).

Similar to the previous subsection, we first show the uniform boundedness of the sequence
{0 p", 9" u")}72,.

Lemma 3.4. For m > 2 and n € N, suppose that the following conditions hold:
(1) Assumptions (A1)-(A2) hold.

(2) Forl <m — 1, the l-th z-variations {(aép, aéu)};”:?)l satisfy the following boundedness con-
dition:

max  sup (||a§p(z,z)||HH 4 ||a§u(z,z)||HH+1) <Ve@), foreach zeQ.

O<ism—1o<;<T

(3) The sequence approximating the m-th z-variation of the bulk velocity process satisfies the
following boundedness condition:

max sup ||8;”uj(t,z)||Hs <+/&(z), foreach ze€Q.

O0<j=<no<t<r

Then, there exists a unique 97" "l e HS™™ which satisfies relation (3.11), and the bound:

Je
sup ||3£"p”+l(t,z)||H.c—m < (Z), foreach ze€Q.
0<t<T 2

Proof. We split the estimates into zeroth-order and higher-order cases as follows:
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o Step A (The zeroth-order estimates): We multiply (3.11); by 3" o1 and integrate the resulting
relation over T? to get

10
—— "3,

29t
1
:—5/(V-u)|8zm,0”+1|2dx—/V'(Pf)zmun)aZmPanX
T T?
_ Z <’7>fV-(aé,oaz"_lu)Bg’p”de
1<i<m—1

’]I‘d

1 12 1
=zlv: wllzoo 37" 0" T2 A ol wroo 132" [ g1 117" 0" 4 2

m _
+ Y (l)naipnwnmna;" full gl 0" g2

1<i<m—1

< C@E"287 " 72 + ¥,

where C is a positive constant independent of n and we used Young’s inequality. Integrating the
above relation along [0, ¢] gives

t
19" p" 12, < | 2 [ 1197 p" T ()% ,ds + 3% ], foreachze Q. (3.12)
b4 L Z L
0

e Step B (Higher-order estimates): For 1 <k <s — m, we apply V¥ to (3.11);, multiply by
vk " p"*1) and integrate the resulting relation over T¢ to obtain

10
55, IVE@ P DI

== / VAV - @ " un) VE@ oM D dx — / VEY - (pdu") VE @ p" ) dx
Td T

’]I‘d

We separately estimate Zy;’s as follows.

¢ (Estimate for Z1): We use the commutator estimate, Sobolev embedding theorem, Cauchy-
Schwarz inequality and Young’s inequality to get
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1
=5 [ 190DV
Td

- / (V¥ @) — - VE V@2 o) | VR 02 o

Td

- / A p" IRV ) VE @ p" Y dx
T4
T4

1
= IV ull= V@ P DI
¢ (Il V5@ "Dl + IV @2 o™ D lloe V5l 2) 195 @2 ") 2
F IVl 2102 p T 2 VR @ 0" T N 2
e (V@2 o™ D1 VEull 2 + 1V - ull e V5 @20 12 ) V@2 ")l 2
< CE1 p" T e + 71,
where ¢ and C are positive random functions independent of 7.
o (Estimate for Z57): Similar to the previous case,
122=—/v’<(vm-a?u"vk(a;"p"“)dx
Td
— / [v"(a;"u" -Vp) — 8" -v"(Vp)]v"(a;"p"“)dx
']I‘d
k m.,.n koam n+1
—f,oV (V- 0l u")VE @ " dx
']I‘d
— / [Vk(p(V -9mumy) — pVE(Y - a?u")]vk(a;"p"“)dx
’]I‘d
< IV ol 2 182w | oo IV @2 0" 1 2

e (IV@ W= 195 ol 2 + IV ol [V @) 2) V520" Dl 2

il A N CATDT PR A A P

e (VoI IVE @ w2 + IV - 32w e [ 9Fpl 2 ) V4 @2 0™ 2
< CEVPIVE@ "7, + 672,

where ¢ and C are positive random functions independent of 7.



S.-Y. Ha et al. / J. Differential Equations 268 (2020) 636—679 653

¢ (Estimates for Z»3): By direct calculation,
m _
In=- Y (l ) { [ vE @y ot @
1<i<m-—1 Td

+ / [VE @2 u - V(3L p)) — 3 uvH (v @Lp)IVE @) p" T ydx
Td

+ / 3L pVE(V - 9 uy VR @ p"t dx
Td

+/[vk(a§p(v.ag’—’u)) — L pVh(v - amluyVE @ o T dx
Td

<C (nvk“a;pny 18wl 2 1VE @ 0" )1 2
1

1<l<m—
+ IV )l VE@Lo) 2 1VF @2 oD 2
+ V@I IVE@ W) 2 1VF @7 o™ 2
+ 18 pll Lo IV @)l 2 V5@ "I 2
+ V@I~ IVE@I W) 2 1VF @2 p" D 2

V-0 ull e [ VE @) 2 ||vk(a;"p”+1>||Lz>
< CE2IVE@ 0" DT + %),
where C is a positive random function independent of 7.

Now, we gather all the results for Z5;’s to yield that for each z € €,

0
gnvk(a;"p"“)niz < CE17 p" T e + 712, (3.13)

Summing (3.13) over 1 <k <s — m, integrating over [0, ¢] and combining with (3.12) give
t
02" W < € (€ [ 002 " s + 6
0

Finally, one can use Gronwall’s lemma to obtain the desired result. O
Lemma 3.5. For m > 2 and n € N, suppose that the following conditions hold:

(1) Assumptions (A1)-(A2) hold.
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(2) Forl <m — 1, the l-th z-variations {(aép, aéu)};":_ol satisfy the following boundedness con-
dition:

max  sup (llaép(t,z)Hqu+||3éu(t,z)||Hs_1+1)<\/8(z), for each 7z €.

Osli=m—1o<s<T

(3) The sequence approximating the m-th z-variation of the local mass and bulk velocity pro-
cesses satisfies the following boundedness condition:

max  sup (||a;"pf'(t,z)||HH+||a;"uf'(t,z)||Hs)<,/s(z).

0<j=no<t<T

Then for each z € Q, there exists a unique 97" utl = Bg’u”“ (t,z) € HS"*1 satisfying relation
(3.11)2 and the bound:

Je
sup ||8;1u"+1(t,z)||Hs7m+1< (Z), foreach z¢€ Q.
0<t<T 2

Proof. We leave its proof to Appendix B. O

Remark 3.2. For m > 2 and n € N, suppose that the following conditions hold:

(1) Assumptions (A1)-(.A42) hold.
(2) Forl <m — 1, the [-th z-variations { (aé 0, 8éu)};":_01 satisfy the following boundedness con-
dition:

max  sup (||a§p(t,z)||HH+||a§u(z,z)||HH+1)<,/g(z), foreach ze Q.

0<i<m-—1 0<t<T

Then, it follows from Lemmas 3.4 and 3.5, that for every n,m € N and z € Q:

sup (||8§",0"(t, Dl gs—m + 107" u" (z, Z)”Hx—m-H) <+/&(z), foreach zeQ.
0<t<T

Now, we assert that the sequence is Cauchy under the induction hypothesis on m.
Lemma 3.6. For m > 2 and n € N, suppose that the following conditions hold:
(1) Assumptions (A1)-(A2) hold.

(2) Forl <m — 1, the l-th z-variations {(8; 0, agu)};’g,l satisfy the following boundedness con-
dition:

max  sup (Ilaép(t,Z)IIHs—z+|I8§u(t,z)IIHH+1)<\/8(z), foreach zeQ.

0<i<m—1o</<T



S.-Y. Ha et al. / J. Differential Equations 268 (2020) 636—679 655

Then, for each z € ,

1@ " =0 o™t )17 2 + 1w+ — 8 u™) (2, D)1,

t

< C(z)( f (@2 o™t = 8 p") s, DI + 12w = D) (s, 211 ) ds
0

t
+ / | (@.u" ! — azu">(s,z>||§,lds>,
0

where C = C(z) is a positive random function independent of n.

Proof. We can replace 9, in the proof of Lemma 3.3 by 9" to get the desired proof. The details
will be omitted. O

Finally, we are ready to present our result on the well-posedness.

Theorem 3.2. Suppose that assumptions (A1)-(A2) hold. Then for each m € N and z € Q,
there exists a unique pair (3" p(z), 9'u(z)) € H*™" x HS ™"+ satisfying system (3.2) and the
following uniform bound estimates:

sup (107 o (t, D)l gs—m + 107 u(t, 2) || gs—m+1) < +/€(2), foreach zeQ.

0<t<T
Proof. One can use induction on m, Lemma 3.6 and follow the proof of Theorem 3.1 to show

that {(3)" p" (z), 9" u" (z))};, is a Cauchy sequence in C ([0, T']; L?) x C([0, T]; H") for each
z € Q. From here, we again refer to [21] to complete the rest of the proof. O

4. The local sensitivity analysis for stability estimates

In this section, we conduct a local sensitivity analysis for the L2-stability estimates of the
solution processes to (1.1) and their z-variations.

4.1. Higher-order L*-stability

In this subsection, we derive a higher-order L>2-stability estimate of solution processes to (1.1)
which will be used in the L2-stability of the z-variations. First, we begin with the L2-stability
estimate for the local mass processes.
Lemma 4.1. Suppose that assumptions (A1)-(A2) hold, and let (p,u) and (p, 1) be two clas-

sical solution processes to (1.1) corresponding to the initial data (po, uo) and (po, ig), respec-
tively. Then,

d
S0 = D)@ DNy < CA2UP = B2 + 1 = DD ),

where C = C(T, z) is a positive random function.
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Proof. It follows from Theorem 2.1 that
' d
(o,u), (p, i) € H® x HT'  with s> 5 Hml,

Since the proof for the case m = 0 is analogous to the higher-order case, we only consider the
higher-order estimates. So we first apply V¥ to (1.1); for 1 <k <m to get

V(o — p) + VAV - (0 — p)it + p(u — 1)) = 0. (4.1)

Then, we multiply (4.1) by V¥(p — 5) and integrate the resulting relation over T¢ to obtain

19 ok =112
v/ —
S5-IV = )17

—~ / VE(p — P)VFIV - (p(u — 1)) + V - ((p — p)id)ldx

Next, we estimate Z3;’s one by one as follows:

¢ (Estimates for Z31): We use the Sobolev embedding theorem to obtain

0<r<k

k
I3 = — Z <r> / V(o — D)V (V) - (VE (u — ir))1dx
Td

<> ()IIV’“plleIIV"(p A2 IV = i) | 2

0<r<k

<C > <>||,0|le IV (o = D)2 VA (= i) 2

0<r=<k

< C(T, DUV = B)II32 + llu —it]30).
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¢ (Estimates for Z35): Similarly,

k
Tp=— ) (r) / VE(p = DIV p) (VT (V - (u — 0)))]dx
d

0<r<k

k _ _ -
<> (r>||vrp||mo||vk(p—p)annvk =)l

0<r<k

k _ _ _
<C > (r)npnm1||V"<p—p>||Lz||vk -2

0<r<k

<C(T. IV (o — 172 + lu — it F50)-

¢ (Estimates for Z33): One has

k
Ty=— Y <r) [ V(o = DIV (V(p — p)) - (Vi) ldx
d

0<r<k

IA

k o _ _ 1 _ _
> (r> & ’unmnvk(p—p>||Lz||V’“<p—p>||Lz+5/|vk<p—p>|2<V~u>dx
0<r<k-—1 Td

K\ i i I
<c Y <r) 1@l o1 1V = D21V (0 = D)2 + CIVE G = DI it s
0<r<k—1

<C(T.Dlp—pl.

¢ (Estimates for Z34): We have

k
Tu=- ) (r) / Vi = DIV (0 = PNV (V- 0)))dx

0<r=<k Td

K\ | okt - _ _
<> (r)nvk il |VE = P21V (o = B)I 2

0<r<k

k
<Cc > (r) lill 25 195 (0 = A) 1 211V (0 = )| 2

0<r<k

<C(T.9)llp— plix.

By collecting all results for Z3;’s, summing over 1 < k < m and combining with lower-order
estimates, one gets the desired estimate. O

Next, we return to the L2-stability of the bulk velocity processes.
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Lemma 4.2. Suppose that assumptions (A1)-(A2) hold, and let (p,u) and (p, 1) be two clas-
sical solution processes to (1.1) corresponding to the initial data (po, uo) and (po, ig), respec-
tively. Then,

d _ _ _
S 10 =D D e < CT AW = D D s + 10 = P D72,
where C = C(T, z) is a positive random function.

Proof. As in the proof of Lemma 4.1, we only consider the higher-order estimates. Applying V¥
to (1.1); for 1 <k <m + 1 gives

VU — )+ V(u — i) - Vu) + V¥@ - Vu — )

=V* / Y(x =y, )W) —ux)(p() — o) + A w(y) — i(y) — p(y)(u(x) — iu(x))]dy.
Td

Then, we use commutator estimates, Sobolev embedding and Young’s inequality to get
19 ok =112
EE”V (u =l
=— / VFI(u — i) - Vul VF (u — i)dx
Td
- / Vi -V (u — i)]VF (u — ) dx
Td
+ / VEY (= 3, D)) = u()(p(y) = pON] VF () — ia(x)dydx
T2d

+ / VA (x — 3, 2D (u(y) — @ ()] VF (u(x) — ii(x))dydx
']I‘Zd

- / VR (x — 3, () ((x) — (X)) VEu(x) — ii(x))dydx
Tzd
< Cllullgs lu — il + +ClIW s hullas (Lo — A3, + 1IV5@ — ) 135) + Cll lIslA 1l 2 e — il
<C(T, ) —ile + o —pll32).

We sum the above relation over 1 <k <m + 1 and combine with lower-order estimates, which
can be obtained analogously, to get the higher-order estimates. [

Finally, we combine Lemma 4.1 and Lemma 4.2 to derive our second main result as follows.
Theorem 4.1. Suppose that assumptions (Al)-(A2) hold, and let (p,u) and (p,u) be two

classical solution processes to (1.1) corresponding to the initial data (po, ug) and (pg, ug), re-
spectively. Then, there exists a positive random function C (T, z) such that
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sup_(I1Gp = A)(t. )l + 1 = D). D31 )

0<t<T

< C(T, 2)([l(po — p0) (D) | Fgm + 1| (0 = 0) (D13 s1)-

Proof. We combine Lemma 4.1 and Lemma 4.2 to get

= (10 = P+ 10 = @1 yt) = T2 (100 = D)Wy + 16 = D)
Here, one can use Gronwall’s lemma to yield the desired result. O
4.2. L2-stability estimates for z-variations
In this subsection, we discuss the L2-stability estimates for the z-variations of the solution
processes. First, we consider the Lz-stability estimates for the z-variations {8§ p} of local mass

processes.

Lemma 4.3. Suppose that assumptions (A1)-(A2) hold, and let (p, u) and (p, u) be two solution
processes to (1.1) corresponding to the initial data (po, uo) and (po, ig), respectively. Then,

b _ _ _
o D18k = D) s <C(T2) > (||a§<p—p>||i,m_l+||a§<u—u>||§,m,,+1),

0<i<m 0=<l=m

where C = C(T, z) is a positive random function.

Proof. As in Lemma 4.1, we only consider the higher-order estimates. For 1 <k <m — [ and
1 <l <m, we apply Vkaé to (1.1) to get

10 _
55, 1V @ = o)

0=<ra<k T
l k 1 Aar] = k—rp [—rq k s al _
- )\ /(V 3 (o = P)VI 2V - (8, u))v dL(p — p))dx
0<ri<i

0<rp<k

0O<ri<i

|
Py < P
~ i_/ ~
P Py Py
R

0=ry=<k T
l k
- f (V207 5) V(9 -0l = ) ) VH (0o — p))dx
ri) \r
O<ri<i Td
0<ry=<k

4
=: ZI4i.
i=l
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Below, we estimate Z4;’s separately.

¢ (Estimates for Z41): In this case, we have

l k
Tn=- ) ( )( ) / (VY@ (p = p)) - V2@ M u) VE(0L(p — p))dx
Td

0<ri <l " 2
0<r <k
l k r r = k—ry cql—r] kql =
=- Z )\ (V2V(@0 (o —p)) - V20, 'u))VE (9, (p — p))dx
g

(ri.r)# (k)

1
45 [ 019 @l - )i
Td

l k _ _ _ _
< > ( )( )||V’2+‘(a;1(p—p)>||Lz||vk 2@ W)L V* Lo — D) 2
0<ri <l " 2
0<r<k

(ri,r2)# (k)

1 keale o =12
+2||V'M||L°°||V @0 —P)II72

l k - r r ~ _
=Cc > (,)(rz)naé ull s (19725102 (o = DI + IVE@LGo = DI )

0<ri <l
0<rp<k

(r1,r2)#(k)
kqal ~ 2
+ Cllul s V¥ QLo — B
<C(T,2) Y 10(0 = ) ggmr-

o<r<li

¢ (Estimates for Z45): By direct calculation, one has

l k
Tn=- ), ( )( ) f (V23 (o — POV (V- 3T u) VE 0L (p — p))dx
']I‘d

r r
0o<r =l 1 2
0<r<k

I k g _ _
=— ) (r )<r> / (V7230 (p — p)VE (V- 3l u)) V¥ (8L (p — p))dx
osr<t NN
0<r<k

(r1,r2)#( k)

- /(v ) V@ (p — p))Pdx
Td

) k _ _ _ _
< Y ( )( )||vr2(agl<p—p>>||u||vk Py oo | VR BL (0 — ) 1112
r r
o<r<li
0<rp<k

(r1,r2)#(k)
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H IV - ull = I VE@L (o — AT

l k
=c X ( )(r) [ (uvrz(a;' (0= NI, + IIVF(@L(p — 5))”;)

,
0<r <l 1
0<r<k

(r1.r2)# (1K)
kql =\ (12
+ Cllull gs—m [IVZ (0, (0 — p))I72

<C(T,2) Y 1970 = D) ggmr-

0<r<l

¢ (Estimates for Z43): Similarly, one gets

r 14
0<r <l 1 2
0<ry<k

Tp=- ), (Z ) <k) / (V201 5) - V2 (3" (u — ) VE(0L(p — p))dx
T4

l k _ _ _ _ _
<Y ( )( >||vr2+‘<a;1p>||mo||vk 290 — @) 2 11V Bl (o — o)l 2
r r
0<ri <l
057‘251{

! Py —r —r - =
<Cc ) ( )( )na;‘pum-znvk 2007w — )l 2 IVE@L (o — )l 2

k
r I
o<n<t N1/ N2
0<r <k

=Cm2) Y (IV*@ko = ADIZ + 19 = D3 )

0<r<l

¢ (Estimates for Z44): By direct estimates, one obtains

r &
o<n<t N1/ N2
0<r <k

I\ [k
Tu== ) ( )( ) f (V2@ VIV - (07" (= i) VH (04 (p — p))dlx
Td

1\ [k _ . ., i _
<y ( )( )||V’2(a;1p>||mo||vk L@ w — i)l 2 IVE Lo — )l 2
r1 rn
0o<ri =<l
0<r<k

[
<C > ( )( )naglﬁnmu VK2 QL e — ) | 2 I1VE DL (o — )1 12

k
r I
0<n<t N /N2
0<rp<k

=c2) Y (1K@ = ADIZ + 10 = )31 -

0<r<l

Finally, we collect all estimates for Z4;’s, sum them over 1 <k <m — [, 0 <[ <m and add the
zeroth-order estimate to get the desired result. O

Next, we provide estimates for z-variations {8éu} of the bulk velocity processes.



662 S.-Y. Ha et al. / J. Differential Equations 268 (2020) 636-679

Lemma 4.4. Suppose that assumptions (A1)-(A2) hold, and let (p,u) and (p, 1) be two clas-
sical solution processes to (1.1) corresponding to the initial data (po, uo) and (po, ig), respec-
tively. Then, we have

d _ _ _
= O N0 =)l <C(T,2) 3 (||a§<p—p>||iz+||a§<u—u>||3,m_,+l),

0<l=zm 0<I<m

where C = C(T, z) is a positive random function.

Proof. Since the proof will be straightforward and similar to that of Lemma 4.2, we leave its
proof to Appendix C. O

Finally, we combine Lemma 4.3 with Lemma 4.4 and use Gronwall’s lemma to deduce the
following result.

Theorem 4.2. Suppose that assumptions (A1)-(A2) hold, and let (p, u) and p, u be two classical

solution processes to (2.4) with initial data (po, uo) and (pg, ug), respectively. Then, there exists
a positive random function C (T, z) such that

sup Y (||a§<p—/3)<r,z>||§,m4+||a§<u—ﬁ>(r,z>||§,m_l+l)

<C(T.2) Y. (||a§(po—ﬁo>(z>||i,m_,+||a§(uo—ﬁo><z>||i,m_,+1).

0<l<m
5. A local sensitivity analysis for flocking estimate
In this section, we provide a local sensitivity analysis for the flocking behavior to system (1.1).
It follows from Proposition 2.1 that

/p(t,z)dX=/po(z)dx, /(pu)(t,z)dx=/(pouo)(z)dx, t>0, z€Q.
Td Td Td Td

Then, without loss of generality, we may assume that the average bulk velocity is zero:

Jpa pudx
Jrapdx

uc(t,z) = 0.

For a given z-variations {9/"u}, we introduce a family of flocking functionals &,:

Entt.2)i= [ plupdr.  m=1,
’]I‘d

where &y(t, z) is defined in Theorem 2.1. Although the functionals &,, are not z-variations of a
certain quantity, estimates for these functionals will be of our concern since they play a role in
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estimating ||9)"u| ;2. Based on the estimates for £, we provide estimates for the exponential

decay of |[0]"u|| ;2 under the following a priori assumptions (B): for an integer s > % +m+1,
T € (0,0) and each z € Q,

(B1) The solution process (p,u) and their z-variations {(8ép, 8éu)};”: o satisfy the following
uniform boundedness condition:

max  sup (l|8§p(t,Z)||Hs71 + ||8£u(t,z)||1.1x71+1) <U(2),
O=<l<m g0, T]

for some positive random function U = U (7).
(B2) The initial mass pg satisfies the non-vacuum condition:

inf pg(x,z) >0, foreachze Q.
xeTd

(B3) The communication weight function ¥ : T¢ x @ — R is in C*t!1(T¢ x Q) and satisfies
symmetric, positive, boundedness conditions: for each x, y € T and z € Q,

V. o0
Y(x—y,2) =¥y —x,2), ir%rfdw(x,z)=:wm(z)> sup (M)

0<t<T 2l poll 11

I¥lls:= max sup %8Py (x, 2)| < o
la|+|Bl<s+1 (X,Z)ETdXQ

Remark 5.1. The lower bound assumption for ¥ given in (53) implies a sufficient condition for
system (1.1) to exhibit the decay of the bulk velocity toward the average bulk velocity. To be
precise, the condition means the alignment force is so strong that it surpasses the tendency of
bulk velocity field to deviate from the mean velocity, and it will lead to the velocity alignment.

In the following lemma, we study the exponential decay of ||u]| ;2.

Lemma 5.1. Let (p, u) be a classical solution and suppose that the a priori assumptions (I3)
hold for (p, u). Then we have

lu(t, 21172 < Fo)e 2@, re0,T1,
where Fo(z) and A(z) are positive random functions.

Proof. It follows from (1.1) that

19
——/|u|2dx
2 ot

’]I‘d

__ / (- Vi) - udx + / (= @) — () - () p()dyds
']I’d

TdxTd
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1

=3 / (V- w)uPdx + / V0= D) — u()) - u)p()dydx
T4 TdxTd

IV ul

- 2

< <_I//m ”pO”Ll +

2 2
lull72 = Ymllpoll i llullyz + arllpullprllull s

w12
45

supg<; <7 [|(V - u) (1) L
2

+6)||u||2+ Il 20, 2),
where & is the functional defined in (2.5) and the positive constant § > 0 satisfies the following
relation:

Supg<; <7 1V - ) (@)l L

—-5>0.
> >

YmllpollLr —

We let A(z) := Yl poll 1 — —20=t=L. ”(ZV'")(I)”LOC — 8. Then, we have

9 - - _
Enunizs—zA(z>||u||iz+Fo<z>e @ 5.1

where random functions A and Fj are given by the following relations:

w112
28

A@) = Ymllpollr,  Fo(z):= U@ I/ potoll 2.

Now, we apply Gronwall’s lemma to (5.1) to obtain

oA ﬁO(Z) —2A(2)t —2A(2)t —2A(@)t
Il < ol 37 + (7R — m2000) < Fy(r)em2her,

v v supo< <7 (V- 1) ()] +25
where Fo(z) is given by

Fo(z)
supo<, <7 (V- 1) (1) || oo + 28

Fo(@) = lluoll7 +

This implies our desired result. O

Next, we derive the temporal decay estimates for functional &y, (t, z) and ||0}"u|| based on the
induction argument.

Theorem 5.1. Suppose that a priori assumptions (B) and the following induction hypotheses
holdforO <l <m —1:

§(t.2) < Ei()e ' olu|?, < Fiz)e M,

where E;(z) and Fi(2) are positive random functions and 1~\(z) is given in Lemma 5.1. Then,
there exists a positive random function E,,(z) such that

Em(t.2) < Em()e 2",
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Proof. It follows from (3.2) that

d
_gm 5
ar om0

:fa,p|a;"u|2dx+2/pag"u.a,(ag"u)dx
Td Td

m
:_/V.(pu)|a;”u|2dx—2Z<';)/pa;1u.(a§u.vagzu)dx
Td Td

=0

|
+2 ) # f Y (x — ) (@Fuly) — 88u(x))al p(y)p(x) - ) u(x)dydx
a+pty=m T2d

m
m _
:—22(1)/pa;1u-(a§u.va;1 Luwydx
=1 Td

m!
2 ) L f 08y (x = Y)(@Fu(y) — 0lu(x))dl p(y)p(x) - 07 u(x)dydx
wtprr=m PV
=:Ts51 + Is>.
Next, we separately estimate Z5; and Zs» as follows:

¢ (Estimates for Zs;): First,

/ P03 u - (3] u - Vyudx = — / V- (pd'u®3"u) - udx
Td Td

<V (pd"u @ 3" u) | 2 llull 2 < U3 (2)y/ Fo(z)e A"

For m =1, one gets

Tsi < U3 () Foz)e A1,

Form > 2,
m—1 m 1 "
2 Z (l) //032"14 . (aéu . Va;"—lu)dx <2 Z <l>||v(aé_ru)”u>05m(l, DE(E.2)

Td =1

m—1

-1 2
<8E2(t,2) + mT Z <’7> U R)EL(. 2),

=1

where § is the same as that in Lemma 5.1 and we used Young’s inequality. Hence, we can obtain
that if m > 2,
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m—1

-1 2 :
Ts) < 8Ep(1.2) + mT > ("; ) UP()ER(. 2) + U3 () Fo(x)e A",

=1

¢ (Estimates for Z5;): By direct calculation, one has

Isy=2 / Y (x = y)(07 u(y) — 97'u(x))p(y)p(x)0;" u(x)dydx
T2d

|
+2 Y / 0y (x = y) 0L u(y) — 92u())d! p(n)p () - 82" u(x)dydx
oz+/3+y=m By
p#m T2
- / ¥ (x = I u(y) — 3l u)’p(y)p(x)dydx
T2d

|
+2 ) ﬁ / 0% (x — Y) (@ u(y) — 08 u(x))d? p(»)p(x) - 0 u(x)dydx

a+p+y=m T2d
Btm

< —=2Ymllpollp1Em (l 2)

+2 ) '/3' ,Ilwlls(naﬁu 37 ol o ull . + 18 pll 1 lpdFu - 97ull 1)
a+p+y=m
pAm
—2Ymllpoll 1 Em (t z)
+4 Z 'ﬂ' y”w” ”8 p”LZV lloll Loo”aﬂMHLz\/gm(t,z)
a+p+y=m
B#m

< (=2¢mllpolipt +8)Em(t, 2)

2 ((lntd) .
+ Z ( ',3' ,”W” ||3 o2 ||,0||Loo> ——— | Fp(2)e™ (z)t’

a+B+y=m o
BFm

where we used

Z 1:(m+2)(m+1)

) s
a+p+y=m

and Young’s inequality. Therefore, we collect all results for Zs; and Zs to yield

0 R -
57 En (6.2 = =2Wnlloollp = OEn(t,2) + En (2)e M1 (5.2)

where E, (z) is given by
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a 13 423
Ei1(2) :=U(2)y/ Folz) + 8||1/f|| U (2)Fo(z),

— m 2
En(2) :=U (@) Folz) + EX(t,2) + mTl > (’”) U () Ei(z)

=1 !

prEIm s i) R, me2
25 s < pz), mz=-z.

181!
atpiyem alfly!
B#m
Now, we integrate (5.2) with respect to time to get

0 (.2) < Epp (0. 2)e—2Umlpol 1 =0 En@  (Ror _ ~2leol-ory
2Wmlpollpr —8) — A(z)

< Ep(2)e 2O,
where E,, (z) is written as

Em(Z)

Em(2) = En(0.2) + .
2WmlpollLr —8) — A)

This gives our desired result. O

Finally, we provide all estimates for the L>-decay of the z-variations toward the corresponding
z-variations of the average bulk velocity process.

Theorem 5.2. For a positive constant T € (0, 00), let (p,u) be a classical solution process on

[0, T'] and suppose that a priori assumptions (B3) hold. Moreover, assume the following induction
hypotheses hold for 0 <l <mand 0 <p <m — 1:

E(t.2) < El(@e @ 10full}, < Fp)e M@,

where Ej(z) and F,(z) are positive random functions. Then, there exists a positive random
Sfunction Fy,(z) such that

18712, < Fon(2)e 2O
Proof. We leave its detailed proof in Appendix D. O
6. Conclusion
In this paper, we have presented the local sensitivity analysis for the random hydrodynamic
Cucker-Smale model describing the emergence of flocking in the ensemble of Cucker-Smale
flocking particles. In authors’ earlier works, we have dealt with particle and kinetic models for

the CS flocking and derived quantitative estimates for the variations of the solutions in random
space. We extend aforementioned quantitative estimates to the hydrodynamic CS model, e.g.,
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the propagation of the z-variations of spatial and velocity process, where z is the random input
variable, the L?-stability and flocking estimates along the sample path. Thanks to the regularity
analysis of the deterministic HCS model, we can lift good regularity estimates to the random
solution process along the sample path.

As mentioned in Introduction, the synthesis of flocking dynamics and local sensitivity anal-
ysis is not that mature yet. In fact, there are many open questions, for example, the effect of
uncertainties on the formation of multi-cluster flocking and extension of the local sensitivity to
the initial and boundary problems in the context of flocking. In fact, as far as the authors know,
the initial and boundary value problems are not well studied in the flocking problems even for
the deterministic flocking models. We leave these interesting issues for future works.

Appendix A. Proof of Lemma 3.2

Similarly to Lemma 3.1, it suffices to provide the upper-bound estimates. Again, we split the
cases into the zeroth-order and higher-order estimates.

e Step A (The zeroth-order estimates): We multiply (3.3), by 9.u"*! to get
190
2 ot

1
:—/azu"~Vu~azu”+1dx+ 5 /(V~u)|8zu”+1|2dx
T4 Td

12
10,6117,

+ / A (x — V) ((y) — u(x)p(»)du" (x)dydx
T2d
+ / ¥ (x — y)(@u" (y) — du" () p(»)du" u(x)dydx
T2d
- f ¥ (x — ) () — u(x)dp" T (»)au" ! (x)dydx
T2d
< IVullpoe |9zu™ [ 210z 2 + [ Vul oo |02
20 ls el 2 Lol 2 18z 12 4 200 s 1™ [ 2 Lol 2 118" T 2
+ 20 lls el 2 180" M 2 10,0 T 2

< Ce o™ |7, + %),

(A1)

where C is a positive random function independent of n and we used the Sobolev embedding
theorem, Young’s inequality and Lemma 3.1. Now, we apply Gronwall’s lemma for (A.1) to
yield

t
w2, <C | e'/? f 10" (s, 2|7 2ds + &¥/% | . (A2)
0
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e Step B (Higher-order estimates): For 1 < k < s, we apply V¥ to (3.3),, multiply by V¥(9,u"+1)
and integrate the resulting relation over T¢ to obtain

19
ﬁnvk(azu"“)niz
:—/Bzu"~V(Vku)~Vk(E)Zu”+l)dx
Td
1
—/[Vk(azu"-Vu)—E)zu”~Vk(Vu)]Vk(81u”+l)dx+E/(V-u)|vk(81u"+l)|2dx
Td T4
—/[v"(u.V(azu”“))—u.vk(V(azu”“)]vk(azu"“)dx
’I["d

+/Vk /3z1/f(x—y)(u(y)—u(x))p(y)dy VE(@u" Y (x)dx

Td &I

+ / vk / Y (x — y)@u" (y) — du" () p(dy | VE@u" 1) (x)dx
T4 VK

+ / vk f Y — V@) —u@)d " dy | V@ u") (x)dx

T4 I

Here, we separately estimate Zg;’s as follows.

¢ (Estimates for Z¢;, i = 1,2, 3,4): We use the Cauchy-Schwarz inequality, commutator esti-
mates and Young’s inequality to get

Tor < 19" e IV ull 2 [ VF @™ D1l 2 < €2 IVE @ DT, + 672,
Ter < e (IV @) 2V ull 2 + [Vl | V* G2 ) 194 @)l 2

< CE"IVE@u")7, + ),
T = I ok ot 2, < 209 1,

Toa = ¢ (Il |V @™l 2 + 19 @Dl [ Vol 2) 1V @l 2

<cCe' 2|02,
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¢ (Estimates for Zg;, i =5, 6, 7): For Zg5, one gets
Tes = / VE@: 9 (x = ) u(y) — u())p () VF@.u" ) (x)dydx
T2d

k
- > () / V@9 (x — )V u(x)p () VE @) (x)dydx
0<r=<k—1 r T2d
< ClIY lsliull gellpll 21V @™ 12 < CEV2IVE @, +6¥2).

where we used the Cauchy-Schwarz inequality and Young’s inequality.
For Zg6, we use the same arguments as Zgs to get

Lo = / VEY (x = ) (0" () — u™ (x)) p () VF(0u™ T (x)d ydx
T2d

k
-y (r) / V'Y (x = )V (0" () p () VF (@4 (x)dydx

0<r<k—1 T2d

< CllYlslpll 2 18.u™ g I VE @ TH 2 < CeVIVE @™ )2, + 7/2).

For Zg7, we have

T = / VA (= )W) — u()dp™ I @) (o) dydax
T2

- > <f) / VY (x = ) V()9 0" () VE 0" (x)dydx

0<r<k—1 T2d

< ClYlIshdz "M 2 lull el VE @ D112 < CEe2IVE@" T, + 7).
We gather all results for Zg;’s, sum over 0 < k < s, integrate the resulting relation and combine
with (A.2) to get

t
9,u" %, < C 81/2/||8Zu"+1(s,z)||%,xds+83/2
0

Finally, we use Gronwall’s lemma to obtain the desired result.
Appendix B. Proof of Lemma 3.5

We split the estimates into the zeroth-order and the higher-order cases.
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e Step A (The zeroth-order estimates): It follows from (3.11), that
10
FT [EA7an
1
=— / M - Vu - 3" u" M dx + 5 /(v )" u" 2 dx

T T

- Z (n;) / aéu . V(a;"—lu) . 8;"u"+ldx

1<i<m-—1 Td

m!
+ > T f 0%y (x — ) (@Pu(y) — 3l u(x))dY p(») 3" u" ! (x)dydx
atpty=m " 'y'TZd
B.y#m

+ / ¥ (x — )@ u" () — 3 u" (X)) p (1) u (x)dydx
T2d

+ f Y (x = Y)@(y) — u(x)d” p" M ()" u" ! (x)dydx
T2d
1
< Va2 292" g2 SV - wll o 07 "I

+C D MUl V@ w2 10w 2

1<i<m-—1
+C D 10Pull2 9] pll 2119y W

a+p+y=m

B.y#m
+ 209 s ol 2 187 u™ | 2 187w 1 2+ 2009 ls el 2 1182 0" T 1 2 187 a2

< CE 2ol u"* |17, +%72),
where we used the Cauchy-Schwarz inequality and Young’s inequality.

e Step B (Higher-order estimates): For 1 <k <s —m + 1, we have

10

%nvk(a;"u"“)niz

=—/v’<(a;’u" -W)v"(a;"u"“)dx—/v"(u.V(afu”“))v"(afu"“)dx

Td Td
-y <";>/v"(agu-V(ag'—lu))v"(a;"u"“)dx
1<l<m-—1 Td
!
+ Y i [ Ve =00 — ot o o9 @ oy
a+pf+y=m T2d

B.y#m
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+ [ (= @) = 0 @) () VHE ) oy
T2d
[ (0= 30 = ) )" ) @y
T2d
6
=: ZI7i'
i=1
In the sequel, we estimate the terms Z7;’s separately.

¢ (Estimates for 77, and Z7): For 771,
Iy =— / VE@Mu") - V- VE @ u" Y dx
’]1"{1
- f [V"(a;ﬁu" Vi) — " vk(Vu)]Vk(a;"u"“)dx
’]I‘d

< (V]| oo [ VE @2 ™) | 2| VF @2 " T 2
e (1@ Ul IV ul 2 + | Vull = I VE @2 2 ) V502 2
< CEPIVR@ U THI3, + &),
where ¢ and C are positive random functions independent of n. Similarly,
Tn=3 [ (7 w09 @ P
T4
- / [Vk(u V@MY — vk(V(a;"u”“))] vk @Mt dx
Td
< %nv cull o VR @Y7,
e (IVal V4 @2l 2 + 1V @2 o V5l 2 ) 19K @) ) 2
< CEV2mu 2 + 3P,

where ¢ and C are positive random functions independent of .

¢ (Estimates for Z73): One gets

In=- Y <’;l){/agu-vk(V(a;"—’u)).v"(azmu"“)dx

I<i<m—1 T
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+/ [v"(agu-V(ag"—’u))—agu-v"(V(agn—’u))]-Vk(a;"u"“)dx}
’]I‘d
e (Nolull e NV @) 2 NV 2 ) 2
1<l<m-—1

H V@l 2o IV @)l 2 I VE @ u" T 2
+ IV @)l I9F @)l 21 9F @) 2)

<C(81/2||Vk(am n+1)||L2 +83/2)

¢ (Estimates for Z74): By direct calculation,

Tu= Y / VE (929 (x = ) @Fu () = 9ux)a? p)IVF @2 () dydx

a+p+y=m T2d
B.y#m

m! [k
- ) 215! ,<r> / V(029 (x = ) VI (0 u()al p (V@ u™ ) (x)dydx
atpry=m FPY T2d
B.y#m
0<r<k—1

k 1
< ,ﬁ, ,2||w|| 187 pll 2192wl 121 V* @2 u 1)1l 2

a+p+y=m
B.y#m

m! .
+ ) 2ply ,( )nwn 187 pll 2 IVE @2 )l 2 1VE @ u™ T | 2
a+B+y=m

B.y#m
0<r<k-—1

< CE2IVE@u™ DI + &%),

¢ (Estimates for Z75): In this case, we get

Irs = / VEY (= ) (@' u" () — 82 u" () p () VF (9" u" 1) (x)d ydx
T2d

-1
k
-3 (r) / VY (x = y)VE () () p () VE @ u" ) (x)d ydx
r=0

Tzd
<201¥llsllpll 2 187w | 2 IV @ u" ) 2
— [k _
+> <r)||1ﬁ||s||PIIL2||Vk "W 2 IVE @ W T 2
r=0

< CEe"IVR@M |17, + £72).
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¢ (Estimates for Z76): One has

Tye = / VR (x — ) @(y) — u(x)a" 0" () V@ u" T (x)dydx
Tzd

k—1
-2 C) / VY (= VT u ) o () VE @I (v dydx
r=0

T2d
<209 s llull 2002 0"l 2 1 V@2 w2
k—1 k
+y (r) I VS ull 2102 o1l 2 1 VE @2 " T 2
r=0
< Ce2IVE@u" DI + 672,

Now, we gather all results for Z7;’s, sum over 0 < k <s —m + 1 and combine with the zeroth-
order estimate to yield that for each z € €,

d 12 1/2 12 3/2
il AT PR e Gl [ [

Thus, we integrate the above relation over [0, f] and use Gronwall’s lemma to get the desired
result.

Appendix C. Proof of Lemma 4.4

We consider only higher-order estimates. For | <k <m — [+ 1 and 1 <[ < m, we apply
VKL to (1.1) to get

10 _
55, 1V @ =iz,

== <I)<k)/V’Z(fi?(u—ﬁ))wv"’2(a§”u))-vk(a§(u—a))dx
d

O<ri <l £ 2
0<r<k
I\ [k
— § ( >< >fv’2(a;1ﬁ)-V(v’”2(a§’l(u—ﬁ))-vk(aﬁ(u—ﬁ))dx
r rp . .
0<ri <l d
0<r <k

1!
+ ) a!ﬂ!y!/[vk(azw 08 (u = () — (u = D)) 8 p()V* @t = D) ()
a+p+y=l T2d

+ V(0 08 @) — @00 )8! (p = D)) VF (b — ﬁ))(x)}dydx

4
= ZI&'.
i=1
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In the sequel, we estimate the terms Zg;’s one by one.

¢ (Estimates for Zg;): One has

l k _ _ _ _
Iy < Y ( )( )||V’2<a;1(u—u)>||Lz||V(vk "2 u)) || oo | V(DL (e — 1) | 12
r r
0<r <l
0<r =<k

<C DIV — ) 2198w s [V (O — )] 2

0<ri <l
0<r2<k

I
<CY N0 =Dl
r=0

¢ (Estimates for Zg;): Similarly, we have
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¢ (Estimates for Zgz and Zg4): One gets

Tz <C Y IV @@ — a2 102 pll 2 IV (9w — i) 2

a+p+y=l
0<r=<k

<C YL = D) e

0<r<l

T <C Y IV @) 2010Y (0 = o)l 2 VF @ (u — )l 2

a+p+y=l
0<r<k

< c(uv"(ag(u —i)Z+ > 0o - mniz).

0<r<l



676 S.-Y. Ha et al. / J. Differential Equations 268 (2020) 636-679

Now, we combine all the estimates for Zg;, sumover 1 <k <m —1[+ 1,0 </ <m and add the
zeroth-order estimate to get the desired result.

Appendix D. Proof of Theorem 5.2

It follows from (3.2) that

14
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Next, we estimate each Zg; separately.

¢ (Estimates for Zg and Zg;): One gets
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o (Estimates for Zg3): Note that this term does not appear when m = 1. If m > 2,
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m—1
m
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¢ (Estimates for Zg4 and Zogs): One has
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Finally, we gather the estimates for Zg; (i =1, ---,5) to obtain
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(D.1)
where Fj,(z) is given by
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We apply Gronwall’s lemma for (D.1) to yield

i Fu()  _a Y i
102 ull, < [0 uol? e 2@y I -Rew _ 2800 < 7, ()0 A,
A(2)
where F,,(z) is defined as
Fn(2)
Fn(2) := 10" ug|?, + —==2.
m Z L2 A(z)

This implies the desired estimate.
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