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Abstract

The paper is concerned with the propagation of ion-acoustic shock waves in a collision dominated plasma
whose equations of motion are described by the one-dimensional isothermal Navier-Stokes-Poisson system
for ions with the electron density determined by the Boltzmann relation. The main results include three
parts: (a) We establish the existence and uniqueness of a small-amplitude smooth traveling wave by solving
a3-D ODE in terms of the center manifold theorem. (b) We study the shock structure in a specific asymptotic
regime where the viscosity coefficient and the shock strength are proportional to ¢ and the Debye length
is proportional to (8¢)1/2 with two parameters ¢ and §, and show that in the limit ¢ — 0, shock profiles
obtained in (a) can be approximated by the profiles of KdV-Burgers uniformly for 0 < § < §y with some
8g > 0. The proof is based on the suitable construction of the KdV-Burgers shock profiles together with
the delicate analysis of a linearized variable coefficient system in exponentially weighted Sobolev spaces
involving parameters € and §. (c) We also prove the large time asymptotic stability of traveling waves under
suitably small smooth zero-mass perturbations. Note that the ions’ temperature is allowed to be zero in parts
(a) and (b), but necessarily required to be strictly positive in the proof of part (c).
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1. Introduction

As a fundamental issue of great physical importance, the problem of shock structures in
plasma has received considerable attention in the literature from both theoretical and experi-
mental perspectives, e.g. [25,26,42,45]. In this paper, we carry out a mathematical study of the
existence and stability of smooth shock profiles for the Navier-Stokes-Poisson system describing
the dynamics of single-ions under the Maxwell-Boltzmann relation. Moreover, we prove that the
obtained shock wave solution converges to the one of the KdV-Burgers equations in a specific
asymptotic regime where the viscosity, the square of the Debye length as well as the amplitude
of the shock are of the same order in a small parameter €.

1.1. Equations of motion

In this paper, we study the existence, structure and stability of small-amplitude shock waves of
the following one-dimensional Navier-Stokes-Poisson system for ions in {(#, x) : > 0, x € R}:

orn + 0y (nu) =0,
B (nu) + 3y (nu* + Tn) = pdyu — ndyd, (1.1)
— A28XX¢ =n—é.

Here T > 0, u > 0 and A > 0 are constants which stand for the absolute temperature, viscosity
coefficient and Debye length, respectively. Particularly, when T = 0, the momentum equation is
pressureless and (1.1) is usually used to model the motion of cold plasma. The electric potential
¢ = ¢(t, x) is induced by the total charge of ions and electrons. In (1.1), we have assumed that
the density of electrons 7, follow the Maxwell-Boltzmann relation n, = ¢?, which is a physical
assumption according to the fact that lighter electrons get close to the equilibrium state at a much
faster rate than heavier ions in plasma, cf. [4,29]. As shown in [18,21], it can be formally derived
from the two-fluid model by taking the velocity of electrons to be zero. To solve (1.1), the initial
data are given by

[7, u](0, x) = [no, upl(x),
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with
lim [no, uol(x) = [n+, u+l.
x—>+00
The far-field data of ¢ are given by
lim ¢, x) = ¢,
x—>+o0

under the quasi-neutral condition ¢+ = logny at x = £oo. In this paper, we are interested in
the case where n # n_, thus the electric potential ¢ connects two distinct constants ¢+ at the
far-fields x = *o00. Without loss of generality, we assume that [n_, u_] = [1, 0] throughout the

paper.
1.2. Existence of shock profile

One of main purposes of this paper is to construct a shock profile [n, u, ¢](§), which is a
smooth traveling wave solution to (1.1) satisfying

tim_[n,u, $J) = [ns. s, b, (1.2)

Here £ :=x — st and s is a speed of the shock. Therefore, the equations of [n, u, ¢] are given by

dn  d(nu)
—5— =0,
d¢ dé¢
d(nu)  d(uu®+ Tn) d%u do
— =U— —n—, 1.3
T T @ Mgz ™ "ae (13
2
- Azd—¢ =n—e?.
dg?
We observe that, by (1.3)3, the last term in (1.3), can be rewritten as
dp d |22 /dg\?
n—=—|=(=) —¢?]|.
d¢  de| 2 \d¢
Hence, the system (1.3) is equivalent to
dn  d(nu)
g =0,
‘T T
d d(nu® + T ud {22 [(do)?
s (l’ll/l)+ (nu n)z _I/2L+_ - _¢ _e¢ , (1.4)
d¢ dé¢ d¢ dé¢ | 2 \ d&
2
¥ e
dg?
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Integrating the first two equations in (1.4) over R and using ¢+ = logn, we have the following
Rankine-Hugoniot condition

—s(ny —n_)+njuy —n_u_=0,
) 5 (1.5)
—s(myuy—n_u )+nyui —n_u- +T +1)ny —n_)=0,

which gives the shock speed s = £./(T + 1)n. In this paper, we only consider the 2-shock
and take s = /(T + )ny accordingly. In such case, the Lax shock condition is given by

VT 4+ Dny <s <+/T 4+ 1, that is,
ny <1. (1.6)

First of all, as for the existence of shock profile solutions to (1.1) with fixed constants x > 0 and
A > 0, we have the following result.

'I_‘heorem 1.1. Let T > 0. For given data [n_, u_] with n_ > 0, there exist positive constants &,
C and C, such that if [ny, uL] satisfies (1.5), (1.6) and

Iny —n_| <&,

the problem (1.3) has a unique (up to a shift in &) solution [n, it, ¢ satisfying

_ ﬁ2ﬁ§ -
Cope <ng = <C¢: <0, (1.7)

n_lu_ —s|—

for any & € R. Moreover; by a suitable choice of the shift, the solution satisfies

dt i} - e —
agF [~ i =6 = 92] ()] < Culns e (1.8)
for§ <0andk=0,1,---, where each Cy and 0 are generic positive constants.

Remark 1.2. We would emphasize that 7 = 0, corresponding to the pressureless or cold plasma,
is allowed for the existence of smooth shock profiles. Also note that the self-consistent electric
potential ¢ connects two distinct constants ¢4 at the far-fields x = £o0, and thus the profile of
¢ is nontrivial.

Remark 1.3. Formally, if one lets A = O then (1.1) reduces to the isothermal Navier-Stokes equa-
tions of which even the large-amplitude shock waves can be constructed in terms of the classical
phase space analysis method. However, in our case we have to be restricted to the consideration
of small-amplitude shock waves, because the phase space analysis seems no longer useful due to
the appearance of the second-order elliptic equation (1.4)3 with the nonlinear term e? such that
¢ cannot be explicitly solved by n. Thus, the existence of large-amplitude shock waves is left
open.
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1.3. The KdV-Burgers approximation

When the Debye length A = 0, the plasma becomes quasi-neutral and the system (1.1) reduces
to the classical Navier-Stokes system of which the shock profile is governed by the scalar vis-
cous Burgers equation in the small amplitude limit, as shown in [31,36]. In typical plasma, the
parameter X is small compared with the characteristic length of physical interest. Thus it would
be interesting to understand how the internal structure of plasma shock waves relies on this small
parameter. In the second part of the paper, we will show that, in a specific regime where the
square of the Debye length, the viscosity as well as the amplitude of the shock are of the same
order, the shock wave solution obtained in Theorem 1.1 is close to the one of the KdV-Burgers
equation. This result is also in agreement with numerical experiments carried out in [14,42].

To be precise, we re-set up the problem (1.3) in the regime where both the viscosity coefficient
w and the Debye length A are small and depend on a small parameter ¢ > 0 by

w=cep, r=e/?x (1.9)

for two positive constants jz and A of the same order as a typical length. We denote

5= (1.10)

3:,|>,|
[} 5]

and introduce a scaled variable z = £ /1. The equations of the shock waves [n;, u., @] are given
by

- sen; + (nsue)/ =0,

— se(ngug) + (ngug +Tng) =ceul —ngd.,
1.11

— e8¢l =ne — e, (1.11)

z_l)irinoo[ns(z), ug(2), ¢ ()] = [ne x, Ue +, e £1,

where  stands for the differential operator %. Notice that the R-H condition (1.5) for the far
fields remains the same in this formulation.

Formally, we assume to have the following expansion of [ng, u., ¢-] near the equilibrium
[”la,—s Ug —, ¢s,—] =[1,0,0]:

ne=1+en +e&np+---,
e = euy +e%ur+ -, (1.12)
$e=ep1+ P+ .

To make the far fields compatible with the expansion in ¢, the shock speed s, and the downstream

constant equilibrium [ng , ue 4+, ¢¢ +] are also supposed to have the following asymptotic ex-
pansion:
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se=~T+1+esi+e2sp+--,

2
ney+=14en; ++eny+---,
‘ , (1.13)
M5’+=8M1’++8 M2’++"',

by = Q11+ &Py + e
Here +/T + 1 in the first equation of (1.13) is equal to the acoustic speed of the second family of
characteristic field at [n, u] =[1, 0], and it is the exact leading term of the asymptotic expansion

of s, as ¢ — 0. Here we take 0 < s, < +/T + 1 according to compressibility of the shock. For
brevity, in what follows we shall make a simple choice of s; by

se=vT +1—e. (1.14)

Upon substituting (1.14) into the R-H condition (1.5), the data [n, +, ue +, ¢ +] are parameter-
ized in terms of ¢ as follows:

52 | S( 2 € )
n = —= —_ U — s
ST T JT+1 T+1

a--1 <2+ ‘ ) (1.15)
u =39 —_——) = —& _— N .
ot ¢ n5,+ A/ T =+ 1— &
=t = s (g )

=logne+ =—¢e| ——— —a. ).
e, + gNe + \/T—-i-] e
Here a, in the last line of (1.15) is denoted by
11 sg2 n 2
a;=-1o .
T T T T

By (1.14), it is straightforward to verify that

I <1 £ > b2 °

ag; = — 10 — = —
T B\ T mrt) TRl T+
Now we are in the position to derive the equations for [n1, u1, ¢1] corresponding to the first-

order terms in (1.12). In fact, substituting (1.12) into (1.11) immediately yields, to the vanishing
zeroth order in ¢ and the subsequent orders, the following hierarchy of equations:

— 0()&>.

el = VT +1n) +u) =0, (1.16)
— VT +1u} + Tn| = —¢1, (1.17)
ny—¢1=0, (1.18)

e2: = VT + Inb +ub +n) 4+ (nju) =0, (1.19)
— VT + Ly + Ty 4ty — VT + L(nyur) + 2uu)

=g, 1 —mg), (1.20)

Please cite this article in press as: R. Duan et al., Ion-acoustic shock in a collisional plasma, J. Differential Equations
(2020), https://doi.org/10.1016/j.jde.2020.03.012




YJDEQ:10286

R. Duan et al. / J. Differential Equations eee (eeee) eee—see 7

1 /
ny — ¢y — 5¢%=—8¢{, (1.21)

From (1.16), (1.17) and (1.18), we solve u1 and ¢ in terms of n as

uy=~T + 1ny, ¢1=ny. (1.22)

To further derive the equation for ny, we differentiate (1.21) with respect to z, then multiply
(1.19) by /T + 1, and further add these two resultant equations to (1.20), so it follows that

VT + 10 +u) + 2uiu) — uf +n1¢] — dr19] + 8¢ = 0. (1.23)

Substituting (1.22) into (1.23), one derives the equation for ny:

2VT + 10y + 2(T + Dnin) — VT + 1n}| + én' =0, (1.24)

with the far fields
li = = 2 li = =0 1.25
ZJTwn1(z) .—n1,+——m, ZJI_HOO”I(Z) =np,-=0. (1.25)

By (1.22), the equations of u| and ¢; are respectively given by

2 + 2uu) —ul| + Lu"’ =0
1 1 U 1 =Y
VT +1 (1.26)
lim u(z):=u; +=-2, lim wui(z):=u;— =0,
z—>+00 z—>—00

and

VT + 1¢7 + 2(T + D)1¢p] — VT + 1¢p] + 8¢ =0,
(1.27)

. 2 .
Z_l)lrlloom(Z) =@+ = BViesh Z_lgr_rloo¢1(Z) =¢1,-=0.

The existence of KdV-Burgers shock waves ny,u; and ¢ is guaranteed by the result in [3],
provided that § is suitably small. To make the paper self-contained, we will list the related re-
sults in Lemma 5.1 in the Appendix. From (1.25), (1.26) and (1.27), we note that the far field
[71,+, U1+, ¢1,+] matches (1.15) at the first order of €. So the shock profile solution to the prob-
lem (1.11) is expected to have the following form:

[né‘v Ug, ¢€] = [15070] +8[n]’u17¢1] +0(8)-

Now we are ready to state the main result concerning the KdV-Burgers limit of the shock
profiles.
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Theorem 1.4. Let T > 0 and 0 < o < 2. There exist two positive constants gy and &g, such that
if
)_»2
e€(0,80), &=—5€(0,d0), (1.28)
I
and the far field [n; 4, Ug +, ¢e +] satisfies (1.15), then the shock-wave equation (1.11) admits a
unique solution [ng, ug, @] satisfying

ne(0) =1+ ¢en1(0), (1.29)

and
o|z] dk 2
sup (€T E [ne —1—eni,ue —eur, ¢e — 1] (2)| < Cre”, (1.30)
Z

for any integer k > 0, where each Cy > 0 is a generic constant independent of € and §.

Remark 1.5. Since the solutions to (1.11) are not unique due to the translation invariance of the
shock waves, we add a constraint condition (1.29) to fix the phase.

Remark 1.6. As in Remark 1.2, we emphasize that T = 0 is allowed in the above theorem.

Remark 1.7. On the one hand, since the estimate (1.30) is uniform in 8, one can recover the
classical viscous Burgers approximation to the shock profile of the Navier-Stokes equations for
any fixed ¢ € (0, go] by letting 6 — 04-. On the other hand, we should point out that in a different
regime where p > 0 is fixed and A ~ ¢ — 0+, the method developed in this part can be also
applied to construct the plasma shock profile for NSP even with large amplitude, through the
approximation of the compressible Navier-Stokes profile.

Remark 1.8. The assumption (1.28) implies that the dissipation dominates over the dispersion,
which leads to a monotone structure of smooth shock waves, see Lemma 5.1. On the other hand,
when § is suitably large, the oscillatory traveling wave solutions can be not only computed nu-
merically, cf. [14,42], but also constructed in a rigorous way, cf. [3] for KdV-Burgers equation
and [44] for their stability. Thus it may be interesting to study whether one can construct, for
large § > 0, the traveling waves of the Navier-Stokes-Poisson system with an oscillatory struc-
ture through an approximation by the KdV-Burgers equations. This will be left for future.

1.4. Dynamical stability of shock profile

We shall also investigate the large time asymptotic stability of the smooth traveling shock pro-
file obtained in Theorem 1.1. For convenience, we formulate the Navier-Stokes-Poisson system
in Lagrangian coordinates which reads

dv — dyu =0,
du+ To v " = pde (' oeu) — v 0,0, (1.31)
— A28x(v_18x¢) =1- ve'/’, t>0,xeR.

Please cite this article in press as: R. Duan et al., Ion-acoustic shock in a collisional plasma, J. Differential Equations
(2020), https://doi.org/10.1016/j.jde.2020.03.012




YJDEQ:10286

R. Duan et al. / J. Differential Equations eee (eeee) eee—see 9

Here, v = % is the specific volume. We keep on using variables ¢ and x in the Lagrangian coor-
dinates for brevity. Initial data are given by

[v,u](0, x) = [vg, ugl(x) = [ve, us] (x = £00), (1.32)

and the far fields of ¢ (¢, x) are given by
lim ¢(t,x) = ¢+, (1.33)
x—+oo

under the quasi-neutral condition ¢+ = —logv4 at x = *oo. Similar to the case of Eulerian
coordinates, we can also write the momentum equation into a conservative form. In fact, multi-
plying the third equation of (1.31) by v~19,¢ gives

2
v 9 == 270 (v cp) + ve? JuT 0 = By [—%(v] ach)* + e¢i| .

Substituting the above identity into the second equation of (1.31), the system for [v, u, ¢] is
rewritten as

v — 0,u =0,

—la 2
it + (T + Dayv" = ud, (= 9,u) + 220, [% _

v—lax(v‘laxcp)}, (1.34)
— 22 (v 0rg) =1 — ve?.
From (1.34), the R-H condition is given by

—s(uy —v-) — (g —u_)=0,

O i (1.35)
—suy—u )+ T+ Dy —vZ)=0.
Similar as (1.6), we only consider 2-shock, and thus assume that v > v_.
For the Boltzmann equation, the equivalence of shock profile in the Eulerian coordinates and
the one in Lagrangian coordinates has been shown in [22]. The case of the Navier-Stokes-Poisson
system is similar. Therefore, we re-state the properties of the shock profile in the Lagrangian
coordinates in terms of Theorem 1.1 as follows.

Propf)sition 1.9. Let T > 0. For given [v—, u_] with v_ > 0, there exist positive constants &, C 1
and C», such that if [v4, uy] satisfies (1.35) and

vy —v_ € (0,8), (1.36)

then (1.31) has a unique (up to a shift) shock profile solution [v, it, $1(y) satisfying [v, it, $p1(y) —
v, ux, p+] as y — £oo and

sty =—ity >0, —Civy <, <—Caby, (1.37)
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where y = x — st and s is the shock speed. Moreover, by a suitable choice of the shift, the solution
satisfies

dc . B -
— [V — vt —ux, ¢ — ¢+ ] (»)| < Crlvy —v_|

k1,610 —vo)y]
dyk ’

foryz0andk=0,1,---, where each Cy and 6 are generic positive constants.

Now we introduce the following anti-derivative variables

y
O(r,y) = /(U(t,y/)—ﬁ(y/))dy’,

) (1.38)
W(t,y)= /(u(t,y’)—ﬁ(y’))dy’,
and set
y y
®o(y) = f (o — DAY, Woly) = / (o — ) (') dy'. (139)

The initial data [vg, uo] are assumed to satisfy that [vg — v, ug —ut] € L'NH! and [®g, o] € L2.
Notice that these assumptions imply that the initial perturbations are of zero integral:

+00 +00
f (vo — B)(y)dy = / (o — ) (y)dy =0, (1.40)

Define the initial energy
Eo = [|[vo — 9, uo — i]ll3;, + [P0, Wolll7>.
the instant energy functional
EM =[P, ¥, ¢ — @IDII3 (1.41)
and the dissipation rate functional

D) = [1(555,) 2 W2, + [y, g IDI21 + [Ty b — G101 0. (1.42)

The main result about the dynamical stability of shock profiles is stated as follows.
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Theorem 1.10. Let T > 0. Assume (1.36) with & chosen to be further small enough. There exists
a positive constant eqg such that if Eg < eo, the Cauchy problem (1.31) together with (1.32) and
(1.33) admits a unique global-in-time solution [v, u, ¢](t, y) satisfying

t
@) +/D(t)dt < CEy, (1.43)
0

for all t > 0. Moreover, the solution [v,u, @] tends in large time to the shock profile in the
following sense

Jim sup [0 9) = 500,40 9) = 0,61, 3) = )] | =0. (1.44)
ye

Remark 1.11. The dynamical stability of the ion-acoustic shock profile in the case of T =0
remains left, see (4.27) in the proof of Lemma 4.2.

Remark 1.12. Our stability result holds for any 1-D, small and zero excessive mass perturba-
tions. However, a result of multi-dimensional stability is out of reach. The energy approach used
in this paper relies heavily on the zero-mass condition (1.40), which can propagate due to the
conservation laws. However, this is not the case for the multi-dimensional system. The excessive
initial mass would cause a shift in the phase of shock profile, which is hard to be determined for
general systems. We refer to [17,24,34] for deep discussions in this direction.

1.5. Literature

Now we review some related works on the problems considered in this paper. First, the shock
structure problem is an important problem in both mathematical and physical community. The
pioneer work on this problem can be traced back to 50’s when Gilbarg [15] constructed a shock
profile for Navier-Stokes system and established its limit behavior as both the viscosity and the
heat conductivity vanish. Since then, there have been a huge amount of works on this problem for
other physical models, cf. [1,2,5,6,10,12,33,48]. Our approach for the proof of Theorem 1.1 is
based on the Center Manifold theory, which was first applied by Kopell-Howard [28] to construct
the viscous shock profiles for the system with identity viscosity. Later on, it has been widely used
in the study of shock profiles for more general hyperbolic balance laws. We refer to, for instance,
Majda-Pego [38] for strictly parabolic systems, Majda-Ralston [39] for various of the numerical
schemes, Yong-Zumbrun [49] for relaxation systems, and recently Liu-Yu [32] for Boltzmann
equations. In the end we mention that a nice and detailed introduction to the history of the shock
structure problem can be found in the book by Dafermos [9].

Concerning the stability of shock waves, it was first studied by Matsumura-Nishihara [41]
for the isentropic Navier-Stokes equations and later extended by Kawashima-Matsumura [27]
in the heat-conductive case. As for the shock waves of general systems of viscous conservation
laws, Goodman [16] proved their stability by using a characteristic-weighted energy method.
The proofs of the stability in [16,27,41] heavily rely on the zero-mass condition. If the initial
perturbation has an non-zero integral, the stability of shock waves was proved by Szepessy-
Xin [47] for systems of viscous conservation laws with strictly parabolic viscosity tensor and by
Liu-Zeng [36] for compressible Navier-Stokes system. We also mention series of works [31,35,
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36,50] by Liu, Liu-Zeng and Yu on the Green’s functions of the linearized equations around the
shock waves. Based on the Green’s functions, they proved the pointwise convergence to shock
waves, provided that the amplitude of shock waves is suitably small. As for shock waves over a
full range of physical parameters including the large amplitude shocks, Gardner-Zumbrun [11]
carried out a spectral stability criteria, based on Evan function approach. We refer to [23,37,40,
51] for more applications of this approach.

Another interesting model is the Euler-Poisson system, which is the invicid system corre-
sponding to (1.1). There are a huge number of literatures have been devoted to study this system.
Among them, we would like to mention some works only related to the current work. Concern-
ing the traveling waves of Euler-Poisson system, the first result we are aware of comes from [7],
in which three different types of traveling waves, namely solitons, periodic solutions and shock
waves with discontinuities were constructed. Moreover, the quasi-neutral limits of these traveling
waves were investigated. The quasi-neutral limit in the whole spacial domain R¢ was studied in
Cordier-Grenier [8] by using pseudo-differential operator techniques. In the presence of physi-
cal boundary, the quasi-neutrality breaks down near the boundary and the plasma sheath forms.
To our knowledge, the problem of plasma sheath was firstly formulated by Ha-Slemrond [20],
in which the authors studied the dynamical behavior of sheath for planar spherically symmetric
flows. By use of a weighted energy approach, Suzuki [46] proved the existence of stationary
solutions related to sheath profile in half space and their stability. See also [43] for justification
of Bohm criterion. In addition, there are works on the verification of boundary layer expansion
for Euler-Poisson system, cf. [13]. In the end, we would like to mention some works on long-
wavelength limit of the Euler-Poisson system. On this matter, we refer to [19] for KdV limit and
[30] for Zakharov-Kuznetsov limit.

1.6. Idea of the proof of main results

We briefly state the ideas for the proof of Theorems 1.1, 1.4 and 1.10. As mentioned before, the
proof of Theorem 1.1 is based on the center manifold theorem as in [38]. As for Theorem 1.10,
the main efforts have been made to treat the extra effect of the self-consistent force on the energy
estimates, compared to the case of the classical Navier-Stokes equations.

For the proof of Theorem 1.4, the key step is to obtain the uniform-in-¢ estimates on the
kth derivatives (k > 2) of the solution to the linearized remainder system (3.13). The difficulties
come from the second order derivative term §¢”/+/T + 1 on the right-hand side of the first
equation of (3.13). Specifically, when estimating d*n /dz¥, the trouble terms like

S dk+l¢ 2dkn
/—T 1 de+l » Wy dzk

are hard to handle, due to the degeneracy of the Poisson equation when ¢ — 0. To resolve them,
we make an essential use of the structure of the Poisson equation. Indeed, our strategy is to use the
Poisson equation to represent d¥n /dz¥ in terms of ¢, which leads to a crucial cancellation in this
inner product term. This strategy is also used in the later proof of Theorem 1.10. Unfortunately,
for the dynamical stability problem, the principle part of the similar trouble term is involved in
the energy functional £ (¢), see (4.25). And, the restriction 7' > 0 is essentially required to assure
the positivity of £ (¢). This is the reason why the condition 7' > 0 is necessary in Theorem 1.10.
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1.7. Organization and notations

The rest of this paper is organized as follows. In Section 2, we shall prove Theorem 1.1 for
the construction of the shock profile in terms of (1.4) for the fixed viscosity coefficient u >
0 and the fixed Debye length A > 0. In Section 3, we shall prove Theorem 1.4 for the KdV-
Burgers approximation to the shock profile. One key point there is to show Proposition 3.1 for the
existence of solutions to the linear inhomogeneous problem, particularly to obtain the estimate
(3.14). The smallness of § = A%/j1> plays an essential role in the analysis. In Section 4, we shall
prove Theorem 1.10 concerning the dynamical stability of the shock profile. In the Appendix, for
completeness, we first list a lemma about the property of the KdV-Burgers shock profile, give
the estimates on the error between [ny, u1, ¢1] and an approximation solution [n] ¢, U1,¢, P1.¢]
defined in (3.1), write down the explicit formula of remainder r, and r3 defined in (3.10), and in
the end show Lemmas 4.4 and 4.5 related to the higher order energy estimates.

Notations. Throughout this paper, C denotes some generic positive (generally large) constant
and ¢ denotes some generic positive (generally small) constant, where both C and ¢ may take
different values in different places. || - ||Lr stands for the spacial L”-norm (1 < p < 00). Some-
times, we denote (-, -) to be the inner product in L? for convenience. We also use H¥ (k=0)to
denote the usual Sobolev space with respect to spacial variable.

2. Existence for shock profiles of small amplitude
In this section, we construct the shock profile solution
(7, @, $1(6)
to the system (1.1) for the fixed constant viscosity x > 0 and Debye length A > 0. The starting

point is to rewrite the Poisson equation as a first-order ODE system for [¢, ¢’] so that the center
manifold approach (cf. [28,38]) can be directly applied to treat the problem.

Proof of Theorem 1.1. Denote Z = ¢? and W = g—?. By solving u from the first equation in
(1.4), we have u = s(1 —n1). Plugging it back into the second equation in (1.4) and then
integrating the resultant equation from —oo to £, we obtain the following system

dn _ n? 2 s2(n—1)?  A2W?
E—E[(T—S)(n—l)—i- - +Z—1],

dz

— = 2.1
i zwW, 2.1)
ﬂ__)j% -7

€ T

with the far fields given by

ggiloo[n(s)’ ZE&), W) =I[nt, Zs, Wil =[nx,n4,0].
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Fpr convenience, we introduce U = [n, Z, W], U+ = [n4, Z4+, W] and write (2.1) in the form
U = F(U), where F(-) denotes the vector field on the right hand of (2.1). Borrowing the idea
from [38], we introduce the following extended ODE system

i ﬁ[(T — (-1 + o1 2w iy 1},
nT
Z=27ZW, (2.2)
W=—-1"2(n-2),
t=0.

One can see that [n4, Zy, Wq,s] are the only two critical points of (2.2). Now we fix
[n_,Z_,W_,/T + 1] as a reference state and construct the center manifold of (2.2) around this
reference state. To do so, we calculate the Jacobian of (2.2) at the critical point [n_, Z_, W_,

VT +1] as

_ 1 1 0 0
uVT+1 pyT+1
3z z 00
0 0 0
The eigenvalues of J are given by
1 1 . 1 0
o1 =— — — <0,
YT T R V42T + ) a2
o2 =03=0,

I I I
04 = — + + —= >
YT T /MBG+D 22

One has two eigenvectors associated with the zero eigenvalue:

0.

R1=(,1,0,0), R2=1(0,0,0,1).

Then using the Centre Manifold Theorem (e.g. Proposition 3.2 in [38]), we have the following
2-d manifold M* which is invariant by the flow (2.2):

U=U@m,t)=U_4+n[1,1,01+H(@, 1),

T=r1,
with || + |t — /T + 1| < ¢ for some constant ¢ > 0. Here

Hn,t) =[H, 12, 11, ©)
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is a higher order term satisfying

HO, VT + 1) =H, (0. VT + 1) = H. (0, T + 1) =0. (2.3)

If |n4 — 1] is small enough, the equilibria [U_, s] and [U4, s] are located in M*. Therefore, there
exists n+ < 0 such that Uy = U_ + n[1, 1,0] + H(n4+, s). Here the sign of ny follows from
the entropy condition (1.6). Pick up the following curve

U, Ole=s =[nm), Zn), Wn)]:=U_ +n[1,1,0] +H(n, s), 24

for n € [n4, 0]. It is straightforward to check that U (n, s) is invariant by the flow (2.1), so that
dU (n, s)/dn, the direction field of U(n, s), is parallel to F(U (1, s)). Therefore, (2.1) admits a
solution if and only if the following ODE

n

— =g(n), —00 <& < o0,

dg 2.5)
lim 7n(§) =0, lim n)=n4,

E—>—o00 E—>+o00

induces a well-defined trajectory n = (&) for all £ € R, where g(n) is determined by

gmUy(n,s) =FU®,s)). (2.6)

In what follows we only focus on the existence of the solution to (2.5). Note that since n4+ < 0,
the standard ODE theory shows that (2.5) has a smooth solution if and only if g(n) < 0 for all
n € (n4,0). Since Uy is the unique state near U_ such that F(Uy) = 0, it follows from (2.6)
that g(n) vanishes only at two end points of [n4, 0]. To further show that g(n) has the strictly
negative sign in the open interval (1, 0), we calculate ¢(0) by differentiating (2.6) and then
taking the inner product of the resulting equation with U, (0, s) as

_ Uy(0,5)dF(U_)U, (0, )"

£(0)

Uy (0. 5)2
T+1
= ﬁ(l —ny)+ 0 (Hn(OJ))
ST 41
=0+ 0 (0 -n)?) >0, 2.7)
2p

provided that |ny — 1| small enough. Here (2.3) has been used in the last equality in (2.7).
Therefore, it holds that g(n) < 0 in (n4,0), so that (2.5) admits a smooth solution n(¢) for
EeR. Let

[, &, §1(E) := [n, s(1 —n~"), log Z1 (n(€)),

where n(-) and Z(-) are defined in (2.4). It is straightforward to check that [, iz, ¢] solves (1.3)
together with (1.2). The monotonicity (1.7) follows from the following computations:
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dn _ . dn _ I dn _dn
G =0 g = (1+H0©.9) g~ <0
du _ s dn_y
e a2dE
o _ 1, dn _ 2 dn _dn
a =Z Z(U(S))dé =Z {1+ H, (77(5)73)}(1E a <0,

provided that |n — 1] is sufficiently small. Furthermore, to verify (1.8) for k = 0, it follows from
(2.7) that

nE)] < Clnyle 001l < C(1 —ny)e 001l £ <,

with some constants C > 0 and 6 > 0 independent of &. Then it follows from (2.4) that
7= 1,4, $15)| < C(1 —ny)e ?I=mEL & <o,

Similarly, one also has

i —npvit —ug, @ — ¢4 1) < C(1 —ny)e P00 g 50,

This then proves (1.8) for k = 0. Estimates on (1.8) with k > 1 for those high-order derivatives
of [i1, i1, ¢] can be similarly obtained by differentiating (1.3), and the details of the proof are
omitted for brevity. It is also straightforward to show the uniqueness (up to a shift) for the ODE
system (1.3) together with (1.2). Therefore, we complete the proof of Theorem 1.1. O

3. KdV-Burgers approximation to shock profiles

In this section we shall prove Theorem 1.4 concerning the KdV-Burgers approximation of
the smooth small-amplitude traveling shock profile under the scaling (1.9) provided that § > 0
given by (1.10) is small enough. We will first construct a suitable approximation solution and
then establish some uniform estimates of the remainder.

3.1. Construction of an approximate solution

We start from the rescaled system (1.11), where we have chosen s, as in (1.14), the upstream
equilibrium [ng —, ue —, ¢ —1 =1[1, 0, 0], and the downstream equilibrium [n. +, ue +, e +1] as
in (1.15). Note that by comparing the far fields ny 1, u1 4, and ¢; + of KdV-Burgers equations
respectively given in (1.25), (1.26) and (1.27) to [ng +, e +, P +1, One has

1 1 1 ae
) n , U ) - 19070 —&n , U ) = s T [
2 {[nerotteyr e 1—1 1 —elni 1 u1 4, ¢1.41) [T+l N e]

with

: o(l)
— == e.
e T+1
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Therefore, one can see that it may not be a good ansatz to directly take [1, 0, 0] + e[n, u1, ¢1]
as the approximation of [ng, ug, ¢¢] up to the first order for making the energy estimates on re-
mainders in L2 setting, because their far-field data cannot be matched. To overcome this trouble,
we introduce the modified first-order approximation [ny ¢, u1 ¢, ¢1,] satisfying

QVT +1=¢e)ny  +2(T + Dnyeny , — VT + 1nf , 4 8n}', =0,
24+ __f wy 4+ 2ueu  —ul |+ Lum =0
m e l,e Lely e l,e T+ 1 lLe =Y 3.1

(2«/T T1—au(T + 1)) 8. +2T + D1cd), — VT + 19, + 50, =0,
with the far-field data:
lim [nye,u1e,¢1,:1(z) =[0,0,0], (3.2)
7——00

and

im [n16,u1e, ¢1,61(2) = —{[ns+,us+ ¢e+1—[1,0,0]}

—

& &

2 2
+—3_2_ 7_
JT+1 T+1 JTil—¢ JTi1

in terms of (1. 15) Note that compared to (1.24), (1.26) and (1.27), we have modified the coeffi-
cients of n1 o ”1 e and qbl . in (3.1), respectively, according to the far-field conditions (3.2) and
(3.3). Moreover, since the shock profile is invariant under a spatial shift, we further set

=[—

+ag], (3.3)

n1,e(0) =n1(0), u1,6(0) =u1(0), ¢1,(0) =¢1(0)

without loss of generality.
We seek for the shock profile solution in the form:

ne=14¢eny, +£2nR =1+4¢n +£2(n2 +ng),
e = euy e +&%ug = euy +&*(ua + ug), (3.4)

be =1 + 2R = 01 + &% (2 + Pr),

where [n7, us, ¢2] is defined by

1
(2, uz, 2] i=¢" [n1,e —n1, U1 —ut, P1,c — ¢1].

Note that [n2, u2, ¢2] is O(1) in terms of Lemma 5.2 in the Appendix, and

lim [ng,ur,drl=10,0,0].
z—+00
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The key point is to establish uniform-in-¢ estimates of the remainder [ng, ur, ¢g]. For this pur-

pose, we first derive the equation for [ng, ug, ¢g] from (1.11) as follows. In fact, integrating the
first equation of (1.11) from —oo to z yields that

Sg(ne — 1
Uy = M (3.5)
ng
Then from (3.5), one can solve ug in terms of ng as
ug =n; (se —eure)ng +e n; (seni e —ure — enyeunp). (3.6)

From (1.22), we notice that the last term on the right hand side of (3.6)

-1 -1
e n, (Senye —Ulg — ENY gl g)

=e " ng ! (se(n1e —n1) — (ure — ur) — e(ny +nyeure)) = 0(1),

in terms of Lemma 5.2 in the Appendix. Similar for obtaining (1.4), [n., u., ¢] also satisfies the
following system with two conservation laws:
— sentg + (neue) =0,
1
= se(neue) + (neug + Tne) = eu) + (5e8(¢)* — ™), 3.7

— e8¢ =n, — e%.

Substituting (3.5) into the second equation of (3.7) and integrating the resultant equation, one
has

1
esen; nl = (T + 1 —s52)(ne — 1) +s2n;  (ne — 1)? — 555(¢;)2 + e8¢ (3.8)

Here we have replaced e? by n. +e8¢” . Plugging (3.4) into equation (3.8) and the third equation
of (3.7) simultaneously, one has the following system for [ng, Pr]:

8 1
———¢p+r1+r2+r3,

=2(1 T+1
ng ( +vT + i’l](Z))”R‘i‘\/T—H 39

—e8g =ng — PR + 14+ 15+ 16,

Please cite this article in press as: R. Duan et al., Ion-acoustic shock in a collisional plasma, J. Differential Equations
(2020), https://doi.org/10.1016/j.jde.2020.03.012




YJDEQ:10286

R. Duan et al. / J. Differential Equations eee (eeee) eee—see 19

where the inhomogeneous terms r; (1 <i < 6) are given by

= (e o)+ Sy g )
1= \/T—+1 1, 1’5 Sx/T— 1,e)P1.e 1,e
8(1+sn18) P
2W (¢1,3) )
ra=ralng, prl= 0(&){Ing| + 819k + |¢k] + ngl},
r3=r3[nR,¢R1=0(s>|nR|2+0(ez){|nR|2~[|nR|+|¢;g|+a|¢;s|] (3.10)

gl - [187] + 810k1] + I8l - [1 + Inel?] |
ra=e 21 +eny e —ePe)=0(),
rs=rslprl = (1 — "' )pg = O(e)|prl,
ro = relgr] i= e e (1 — &% 1 ) = O(e2)pr .

For brevity of presentation, we put the explicit formulas of 5 and r3 into the Appendix, see (5.6)
and (5.7) respectively. Moreover, from the phase condition (1.29), we have

ng(0)=0. (3.11)
To prove Theorem 1.4, it suffices to study the existence of solutions to the ODE system (3.9)

together with (3.11) for the remainders ng and ¢r. Before doing that, we first define some
function spaces which will be used later. Define a weight function

W = We(z) =exp {Ot\/ 1+ IZIZ} ,

for & > 0, and for an integer k > 0 define the weighted Sobolev space

di
—feLz, ()fifk},
dz!

) Y172
L2} .

For an integer k > 2 and 0 < o < 2, we also define the following solution space for the remainder
equations (3.9):

={f=f(z)er Wy

associated with the norm

i

* dzi

k
||f||H§={Z
0

Xo k= {U(Z) = [n(z), 9 (2)]

n(0) =0, [Infl gx + 1@l g2 < OO} (3.12)
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with the norm

. dk+1¢ dk+2¢
10 e = N0, B+ Ved | R
3.2. Linear problem
First of all, we start from the following linear inhomogeneous problem
I pom+ 2L
— =A@+ ——— )
dz JTxidz2 !
d%¢ (3.13)

—85d—22 :n—¢+h2,
n(0) =0,

where A(z) :=2[1 + +/T + 1n1(z)]. Recall the solution space X, x in (3.12). The following
result is concerned with the solvability and estimates of (3.13), which is a crucial step for further
treating (3.9).

Proposition 3.1. Let k > 2 be an arbitrary integer and 0 < o < 2. There exist positive constants
&1 and &1 such that if 0 < e <e1, 0 <8 <481, and

1l gt + Nl et < 00,

then the linear ODE system (3.13) has a unique solution U (z) = [n(2), ¢ (2)] in Xk satisfying
the following estimate:

dk+lh2
W ) (3.14)

Lg

1Ul1xs < Cllbillye1 + Cllball g + C8 ’

where C > 0 is a generic constant independent of € and §.
Proof. We divide the proof into three steps.

Step 1. In this step, we treat only the a priori estimates of solutions for the case k = 2, that is
to prove that any smooth solution U (z) = [n(z), ¢ (z)] to the system (3.13) enjoys the estimate
(3.14) with k£ = 2. First of all, we estimate n as follows. From the first equation of (3.13), we can
represent n as

Z

_ [ fiamae [ 507 h] dz’ 3.15
n(z) O/e [«/T—-i-l—i_l(Z)Z' (3.15)

It is straightforward to check that

lim A(z) =-2<0, lim A(z)=2>0.
z—>+00 -
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Then from (3.15), we have

Inllz2 < C811¢" N2 + Cllknl 2. (3.16)

for o € (0, 2). Here we emphasize that the constant C > 0 is independent of ¢ and §. Then, again
from the first equation of (3.13), one has

In'll2 < 1Alz<linllz +C1" M2 + Cliall 2 < C8l1¢ Iz + Cllhnll 2. (B17)

Next, we turn to estimate ¢. Taking the inner product of the second equation of (3.13) with wﬁq&,
one has

191172 = (89", wge) + (1 + ha, wep).
By Cauchy-Schwarz, the second inner product term is bounded as
|+ ha, wid)l < nllgl 72 + Clllnllz; + lh2ll7 ).

with an arbitrary constant 0 < 1 < 1 to be chosen later. As for the first inner product term, it
holds from integration by parts and Cauchy-Schwarz that

(e8¢, wd) = —ed[|§ 17> + (8¢, —2wqw, )

< —edll¢' 17, +nedlig'll72 + Credll,.
Therefore, by taking n > O suitably small, one has

191172 +ed1l7; < Clinllz, + Cedligllz, + Clihallz - (3.18)

Similarly, taking the inner product of the second equation of (3.13) with wéq&’ " and integrating
by parts, one has

1971175 + e8l¢" 1175 < CUPNT + InllFyy + Mh2l ). (3.19)

In what follows it is necessary to get the uniform-in-¢ estimate for ||[n”, ¢”]||, 2 . Differenti-
ating the first equation of (3.13) with respect to z and taking the inner product of the resultant
equation with win” , one has

1”12, = (A'n+ An' + 1}, wln) + 63T + T (¢, w2n"). (3.20)
By Cauchy-Schwarz, the first inner product term is bounded by

nlin" 1175 + Cylllnligyy + 1A 112}
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with an arbitrary constant 0 < 1 < 1 to be chosen later. To estimate the last term on the right-hand
side of (3.20), we firstly differentiate the second equation of (3.13) twice and then solve n” as

n"(2) =¢"(2) — e8¢ (2) — h5(2). (3.21)
Thus, applying (3.21), one has
(5(]5/”, win//) — (5(]5///, wf,qb”) + (5(]5/”, —86w§¢””) + (5(]5/”, _wozzh/Z/)' (3.22)
By integration by parts, the first term on the right is bounded as
169" wad")| = 150", wawed)| < C811¢" 117
the second term is bounded as
|(8¢W —58w2¢””)| 2832|(¢W wow' ¢///)| < C882H¢///”2
’ o » Yo Vy — Lg ’
and the last term is bounded as
(69", —wah)| = 166", walwahy + 2w hi)| < nll¢" 175 + Cy82 15113,

This completes all estimates on the right-hand side of (3.22). Plugging those estimates back to
(3.20), one has

In"llz2 < Clilnll gy + (V8 + /DI 2 + 281" 12} + Cllai 2 + CudlhS Iy
(3.23)

Here the constant 0 < 1 < 1 can be chosen small enough. For the estimate of ||¢” || L2 We take
the inner product of (3.21) with w2¢”, which yields that

167117, = (286", wad”) + (hy, wie") + (0", wig"). (3.24)
From integration by parts again, one has

(e8¢ wyg") = —e811¢" |17, + (—e8¢”", 2w d")

2 2 2¢2 2
< —e8ll¢" I3 +nlle” 13, + e8I,

Moreover, by Cauchy-Schwarz, the last two terms on the right-hand side of (3.24) are bounded
by

nll¢" 172 + Colllnll2 +1A31172).
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Therefore, by collecting all estimates and taking 0 < n < 1 suitably small, we have, from (3.24)
that

16”112 +vesl¢” 2 < Cedllg” Il 2 + Cllln" 2 + RS 12 ). (3.25)
Furthermore, taking the inner product of (3.21) with £8¢""w2, one has
edll¢" Iz = CUIY 2 + In"ll 2 + 75112} (3.26)

Finally, a suitable linear combination of (3.16), (3.17), (3.18), (3.19), (3.23), (3.25) and (3.26)
yields that

I, @1 g2 + v ebld" .2 + 811" Il .2

<CE+VO)I¢" Iz + CVes (V5 +Ved) 16" |12
+ CU gy + Mol gz + S1AY 1 12). (3.27)

Therefore, (3.14) with k = 2 follows from (3.27) by taking § > 0 and ¢ > O suitably small.

Step 2. In this step, we use the induction argument to show that the estimates (3.14) is valid for
any k > 2. Notice that (3.14) for k = 2 has been proved in Step 1. Assume that this is valid for
k > 2. Differentiating the first equation of (3.13) k-times with respect to z yields

dn_ C\dia e 5 & dny (3.28)
dzk‘H Norrit k dzk, k k' /—T—}— dzk+2 Z .
A1, 112 Z K\ [ dk+1, zdk/A dc—K 5 .\ dn, 2dk+1n
—_— = , w - - ,w
A+t o \k ) \dehHh 7?7 ded dgh* dzk 7 7Y gkl
5 dk+2¢ ) dk+1n
(\/T 1 dgkr2 gk > =N+t (3.29)

Using (5.2), the first inner product term on the right is bounded as

dk'A dk—k’n dk—Hn
< || —
lil=cC Z ( ) dzk—¥ dzk+ ||,
0<k’<k L L2 Lg
dk+1 2 5
— + Chilln .
= 77 ‘ de+l L2 I],k” ”Héc
o
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Here the positive constant 77 > 0 can be chosen to be arbitrarily small. By Cauchy-Schwarz, the
second inner product is bounded as

2 2
k+1 dkhl

Bl < =1
|2|_77‘ O

k+1 :
dZ Lﬁ

o

To further estimate J3, in the similar way as before, we differentiate the second equation of (3.13)
ak+,
k + 1 times and represent T -t as

dk+ln dk+1¢ dk+3¢ dk+lh2

A R —&d dgk3  ggkrl (3.30)

Substituting (3.30) into J3, we have

J3 =

S dk+2¢ 5 dk+1 ¢ 882 dk+2¢) 5 dk+3¢
T 1 \dz2 o Ve ghe + T\ dkr2 o ek
5 dk+2¢ ) dk+lh2
w
el )

+ Codgk 2 T gkl
Then by integration by parts, it follows from (3.31) that

(3.31)

d+1g 2 dk+2¢ 2

de+2

/3] <C(8+n)‘
Lg

2
+ Cy8? (‘ ) :
Lg

Substituting estimates of J; to J3 into (3.29), we have, for any small n > 0, that

+ Ces? ‘

dz qk+1

2
dk+1h2
dzk+1

dk+2h2
dzk+2

Lg‘

dk+1n dk+1¢

dz qk+T

dk+2¢

172
+Ce'/78 FEEs)

Lg

<Clinll gt + C(Vs + /) ‘

e
Lg

By using the induction assumption, (3.32) implies that

dzk'H

L2 L‘%

d*n
! ) . (3.32)
LZ

dzk

dk+lh2
dzk"']

dk+2h2

+Gy Az

Lg‘

dk+] dk+] ¢

dz A k1

dk+2¢

1/2
+Ce% | s

de—H

C(«/——i-\/_)‘

L2 L2 L2

} . (3.33)
Lg
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From (3.30), we obtain that

Therefore, (3.14) for k + 1 follows from a suitable combination of (3.33) and (3.34) and taking
both 1 and § suitably small. This completes the proof of estimate (3.14).

dk+] n
de—H

dk+2¢
dzk+2

dk+3¢
dzk+3

dk+lh2

dk+1¢
dzk+1

qohH +Ved

+€5’

2
(3.34)

L2 L2 L2 ’ L2 ‘

Step 3. In this step, we construct the solution to (3.13) by using the approximation sequence

[nf, ¢¢'] in terms of solutions to the following ODE system:

dn®’ , ¢'s  d2of
=A()n® + — + hy,
dz @ JT+1 dz? :
2 (3.35)
_£5d—22 :I’ZE —¢8 +h2,
n® (0) =0,

where 0 < ¢’ < 1. Note that when &’ = 1, the system (3.35) is exactly (3.13) under consideration.
In what follows let L;ls s formally denote the solution operator for the problem (3.35).

(i) Firstly we start with the case of ¢’ = 0. From the first equation of (3.35), one can solve n%(z)
as

Z

'@ = [ O ay.

0

Since it holds that

lim A(z)=-2<0, lim A(z)=2>0,
7—>—00

z—>+00

one has
0
ln™ N g < C||h1||H§—l < o0.

The existence of the solution qbo to the second equation of (3.35) in case of &’ = 0 can be shown
by the Lax-Milgram Theorem and the H,f”—regularity can be shown by using the H(ff -estimate
of n° and hjy. Here, the details of the proof are omitted for brevity. Therefore, the solution
U 0(z) = [no(z), ¢>0(z)] is well defined in the function space X . One can thereby use the sim-
ilar argument in previous steps to deduce that the solution U 0(z) = [n%), qbo(z)] also satisfies
the estimate (3.14). Hence the solution operator L, i s in Xg & has been constructed.
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(ii) Next, we construct the solution of (3.35) when &’ > 0 is small enough. For any U = [n, ¢] €
Xk, we introduce the linear mapping

ToU =Ly, sl——=0¢" + h1. hal.

\/_

Then for any Ul =, &1) and U2 = (n7, (]32) in X, , one has from (3.14) that

1T U = U?)lx,, < Ce'8l1d1 — alll g < Ce™ P& |U' = UPx,,,  (3.36)

where the constant C > 0 is independent of 8, &, and &’. We now choose 86 =¢l/2 /2C. Then it
follows from (3.36) that Tg/ is a contraction mapping on X« for any 0 < &’ < (. Thus T, has
a unique fixed point U = 9] € Xa k. It is straightforward to check that U £ = [n¥, 9]
is the solution to (3.35). Therefore L, s is well-defined for any 0 < g < g Moreover the
solution also satisfies the estimates in (% 14)

(iii) Lastly, we introduce

+5’U Ta’+s [n, ] = (,)1’ .8 [8/5¢”+h1,h2]‘

Notice that by the uniform estimate (3.14), the upper bounds on the norm of the solution in terms
of L, £ is independent of & and §. Then by using the same argument as in (ii), one can show
that T oy is a contraction mapping on Xy and thereby has a unique fixed point in X,  for

0 < &’ < g. Therefore, the solution operator L, has been constructed. Now we can repeat

26).6,8
the same procedure and finally construct the solution operator L 8 =L i s for the original
problem (3.13) in Xy . The proof of Proposition 3.1 is then Completed m|

3.3. Justification of the approximation
We have the following estimates on the remaining terms r to r¢ given in (3.10).

Lemma 3.2. Let 0 < « < 2. There exist positive constants €y and &y such that if 0 < & < &) and
0 < 8 < 8y, then the following estimates hold:

dk

r _
— @ < Cre @,

< Cre 1, ‘—(z)
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for any integer k > 0 and any z € R, where each Cy > 0 is a generic constant independent of &
and 8. Moreover, we have

71l a1 < C,
I72[n, @1 i1 < Cin/ellln, BlIX s

I3l i1 < Ceellln, @111%, , (1 + ln, @111%, . )-

74l e < Cu.
sl s < Crelldl g
2 ¢? 2
Irslg s < Cree 11 g 117,
for any integer k > 2, where each Cy > 0 is a generic constant independent of € and §.

Proof. We first consider ry4. It holds from (3.3) that

1+ eny g (Fo0) — 5P1:(EX) —

Hence, by (3.10), one can rewrite r4 as
ra=g"2 [8 [n1.6 —nie(£00)] — [ew'vf - ew'ﬁ(ﬂ’o)“ .
Using (1.22), it further reduces to

ry =e [n1e —nye(F00)] — [n) —ny 2]}
— e H[B1.s — $1.c(F00)] — [p1 — b1, 21}
+ O(D¢1,e — d1,6(F00)].

Then we use Lemma 5.1 and Lemma 5.2 to conclude the desired estimates on r4. Similarly, it
holds that

S(1+eniy) 1
r=———6"1¢], —n| ]+ (—= +n1.on},

Nl Nl
(1 +enienied), 8(1 +en1,8)2(¢, 2
JT+1 2WT 1 1F
(1 +enye) —1p " 7 ” " " 1 /
=——F——¢ [, =~ —n)+ ¢ —nj 1+ (——== +nien
\/T——i—l d)l,s ¢1 1,e 1 ?L 1 T+1 Le)ly ¢
=0by (1.22)
S(I+enienied), §(+eni)? .,
— (¢1.)°

JT+1 2T 1

Notice that each term on the right contains derivatives, so that all the right-hand terms and hence
r1 exponentially decay at z — £o0. Then the estimates on r| directly follow from Lemma 5.1
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and Lemma 5.2. Estimates on other terms can be treated with the help of the Sobolev inequality;
we omit the details of the proof for brevity. The proof of Lemma 3.2 is then complete. O

Now we are in position to prove Theorem 1.4. We start from the approximation sequence
U;=[n;,¢;]i=0,1,---) in terms of

ni . =AQ@niy1 + @7y +r1+ralni, ¢il+r3ng, dil,

8
VT +1
—e8¢;" | =nip1 — Gip1 +ra+rs(dil + releil,
ni+1(0) =0, Up = [0, 0].

Note that the existence of the sequence {U;};>o is assured by Proposition 3.1. By induction, we
claim to have the uniform bound of U; as

IUillxx <K, i=0,1,-- (3.37)
for a suitably chosen constant K > 0 independent of ¢, § and i. Indeed, (3.37) is obviously true

for i =0, since Uy = [0, 0]. To proceed, we assume that (3.37) is true up to i > 0. Applying
Proposition 3.1 to U = U; 41 with

hi =r1+ralng, @il +r3ln, ¢;1,  ha =ra +rslgil +reldil,

and further using Lemma 3.2 to estimate the right-hand side of (3.14) as

Wl gt < rall oot + 2l et =+ sl et

= Ci+ CuvelUillx,, (141U, )

dk+1r5 k+1 y
sl +o8 | == =Crellgillge +Cred | —| =CivelU; ,
I7s(illl i ‘ o e kellpill i + Ci s s i VEIUill X
k1, 214 a1 (12
6 2 &211gill 2 b
Irslilll gx + 8 ‘ praay < Cie’e Ha <II¢i|IH§ +34 ’ FEEsy L2)
2\ h:
< Cree” Nk U1,
one can conclude that ||U;+1]|x,, is bounded by
2 .
B+ CVeUillx, , {1 Ui lx,0 (1 4+ ”Xa-k) + ||Ul-||§(mk} : (3.38)

for a generic constant B > 0 independent of ¢, § and i. In terms of the induction hypothesis, it
follows from (3.38) that

Uisilxer =K

by taking K = 2B and ¢ > 0 small enough. This then proves (3.37).
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By a similar argument, one can further show that the estimate

1
WUisv1 —Uillx,, < =

wx =S 2||Ui —Ui-1lXox

holds true for all i > 1, provided that & > 0 is small enough. Thus, {U,};>¢ is a Cauchy sequence
in Xy k. and hence there is a function U € X x such that U; — U as i — oo in terms of the norm
of Xy k. It is straightforward to check that the limit function U := [ng, ¢g] solves the problem
(3.9) and satisfies

1UlIx,, < K. (3.39)

o,k —

Once npg is solved, u g can be solved according to (3.6) and it follows that

lurllgr < Clilng, PrIX,, +C = C(K +1). (3.40)

Therefore, (1.30) is justified due to the uniform estimates (3.39) and (3.40) for the remaining
terms [ng, ug, ¢g] and (5.5) for the correction terms [n3, uz, ¢2]. The proof of Theorem 1.4 is
complete. O

4. Dynamical stability of shock profiles

In this section we turn to the proof of Theorem 1.10 for the large time asymptotic stability of
the smooth small-amplitude shock profile obtained in Theorem 1.1 under suitably small smooth
perturbations. The proof is based on the anti-derivative technique and the elementary energy
method. Compared to the classical result for the Navier-Stokes equations, the main difficulty is
to treat the extra effect of the self-consistent force.

4.1. Reformulation

Rec_all the coordinate (¢, y) = (¢, x — st). We define the perturbation around the shock profile
[V, i, §1(y) as

i

Then by (1.31), [v, i, ¢](¢, y) satisfies

R (A N (T O
u, Su}y—i—T(v 17)),_“(1) ﬁ>y (v 17)’ 4.1

Similar to (1.34), the second equation of (4.1) can be rewritten as
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- - 1 1 Uy Uy
y y
2 2 n 2 _
SCRGIEECETOINE
2 v v , v\v/, 9\5/,
y y

Recall (1.38) for a formal definition of [®, W]. Then, from (4.1) as well as (4.2), by formally
taking integration of [0, #](z, -) from —oo to y, [®, ¥, ¢](z, y) satisfies

q)[ _SqDy _qjy:o,

1 1 W, +uy Uy
W — sy (T + 1 (Bt Ay
r—sWy, +( +)(5+Cl>y 5) M<_

A2 <¢_> — ﬁ) :ﬁe'i’—veq’,
y

v v

supplemented with the initial data of [®, W] given in (1.39). We regard the Cauchy problem (4.3)
and (1.39) on [P, W, ¢](¢, ¥) as an auxiliary problem for obtaining the existence of the original
solution [v, u, ¢](t, y) by defining

[v,ul =[v, u] + [Py, V)], 4.4
and the uniqueness of solutions [v, u, ¢] in the prescribed function space can be independently
proved. Thus there is actually no need to justify if the right-hand terms of (1.38) are well defined.
Since it is a standard procedure, in what follows we will only focus on the existence of smooth
solutions to the Cauchy problem (4.3) and (1.39) by the energy method.

4.2. A priori estimates

We are now devoted to obtaining the a priori estimates of solutions to the Cauchy problem
(4.3) and (1.39).

Proposition 4.1. Let M > 0 be an arbitrary constant and [®, U, §| be a smooth solution to the

Cauchy problem (4.3) on [0, M] with initial data [®q, Vo] € H 2 There exist positive constants
e| and €| independent of M such that if

sup |[[®, W, @1l 2 < el (4.5)
0<t<M

and
oy —v_| <7, 4.6)

then it holds that
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t
I[®, W, p1O)II7,2 + / IV/s00,W()|17,
0

31

+ @y, G IOI50 + 11y, PI(D)I3,2dT < Cll[Do, Wolll7..  (4.7)

forallt €0, M].

We will devote the rest of this subsection to prove Proposition 4.1. Firstly we estimate the

zero-order energy of [, W, d;]. For this, we rewrite (4.3) as follows:

& —s5P, — ¥, =0,
T+1 1 [y 1 (¢
‘Ifz—S‘I’y—(_—z)q)y—g‘Pyy=—)»2[— (d)_‘) _t<¢’__y> i|+\71 + M,
v v v\ v/, v\v/,

-2 <¢—) - ¢—_y> = —e‘Z’CDy —5e¢ + s,
y

v v

where we have denoted

$yby  BIPy\  pity®
le)L2< 22)_ V_)_ Y y’

V20 Vo

M

—(T+1)d>§ M\I’yyq)y+’\2 43}2 JS%CI)%
720 Vo 2 \v2  2p2 )

No=e?(1— )y +ie? (1 — e 0 + ).
Lemma 4.2. Under the assumptions of Proposition 4.1, it holds that

t

1D, ¥, $, 6,112, + / [IVsT,9@)I12, + 19, (@112, ] e
0
< C|l[®o, Wolll7, + Cllg O3,

t
+Cley +51>f {I®,, w111 +18@1: + 1613 | dr.
0

forallt €0, M].

(4.9)

Proof. Firstly, it holds from Sobolev embedding H L(R) & L*®°(R) as well as the a priori as-

sumption (4.5) that

I[®, W, §1(1) |2 + [y, Wy, y1(1) || L < Cey,

(4.10)

(2020), https://doi.org/10.1016/j.jde.2020.03.012
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with a generic constant C > 0. Then, for e; suitably small, in terms of (4.4) and ¥ = ®,, we have

V<v=0+0<V, 4.11)

for two positive constants V, V > 0. Multiplying the first and second equations of (4.8) by
(T 4+ 1)® and v>W respectively and adding them up, we have

{T+1

2
> % + 2\1’2}[+{~--}y+sﬁﬁy\112+m7\11§

v v v

= —ub, VW, + (Ji + N2 — 225 2\I/|:v <¢‘) —:<¢‘) } (4.12)
y Yy

where the second term {- - -}, on the left stands for the total derivative term and will disappear
after taking integration with respect to y. Note that the coefficient of W? in the third term on the
left is positive due to (1.37) for the compressibility of the shock profile. Now we estimate the
right-hand side of (4.12) term by term. By Cauchy-Schwarz, the first term is bounded as

|1y W, | < sty W2 4 Cylug — v | - |, |2, 4.13)

with an arbitrary constant 0 < n < 1 to be chosen later. The second term on the right-hand side of
(4.12) comes from inhomogeneous and nonlinear contributions. Therefore, it holds from (1.37),
(4.10) and (4.11) that

(1 + NP < 55,02+ (Cylvs — oo |+ CVED) (93 + W3, +62).  (414)

Here and in the sequel we have used the notation £(¢) given in (1.41). To estimate the last term
on the right-hand side of (4.12), we first rewrite it as

[(2)-3E) Jo-i{(5-8)s] v s
v v/, v\v/, vev y

where we have denoted

Ny =32 (iz - iz) By W, — 22250, W (ﬁ - ﬁ) + 2257w (vy¢y ”{‘Py) .
v v U

3

Using (4.10) and (4.11), it is straightforward to show that N3 is bounded by
N3] < 5l |92 + {Cy vy — v | + CYED)) (CI>§ + 02+ @+ c1>§,y) . @16

Next, substituting the first equation of (4.8) into the second term on the right-hand side of (4.15),
one has
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—A2p W, = —22p, D, + 512h, Dy
= _)\‘2 ((i;yq)) + )\fz(lgytq) + S)\.z(lﬁgy q)y
t
_ 2 (% 2(x 27 27
=—A (¢yc1>)l+)\ (B®) —226:®, +5224,0,. 4.17)
y

Now it remains to deal with the last two terms in the last line of (4.17). For this, one should
utilize the Poisson equation. In fact, it follows from the third equation of (4.8) that

D, =22? <% — @> — 3G+ e N5, (4.18)
y

Then one has

—Azflgtq)y =—2te? <% - %) <Z7>t + ﬂanIqE - )»ze_nggt./\/z
y
2= 4 —¢ _ z
= [%’52 + %&3] - |:A4e_¢ (¢—y - ¢—}> Jbt] +Ih, (4.19)
v ' v v y

where

N S T S S S S .
L= )~4€¢|:<; - 5) bybry — by <¢_ - ‘f’_l_)y) ¢ti| — 22PN

v

Using (4.10) for & suitably small, it is straightforward to bound Z; as

Zil = Clivs = v- |+ VED) (112 + 16 + (B2 +19, ). (4.20)

In the same way as before, the last term on the right-hand side of (4.17) can be computed as

512g, @, = sate™? (% — @) by — 51208, + 22 P Nody
5 )
¥
; ~ e %32 2-72
_ |:sk4e_¢ (ﬁ—@> R B } +T, @2
v v 2v 2 y
where
7 - 2= 72
_oda (P V2 & by \N(: i = 2 garg , SAUP
Ir=sh"e {(2_17 — 2—1_)2> ¢y + <7 — ? ((f)y(l)y —¢yy> +sA%e ¢./\/'2¢y + s
One can bound 7, as
Tal = Cllvs = v-| +VED) (1812 + 18 + 1§y 12 + |, ). (4.22)
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In sum, by collecting all the above estimates (4.13), (4.14), (4.15), (4.16), (4.17), (4.19), (4.20),
(4.21) and (4.22), it follows that

The R.H.S of (4.12) < —

2@, Me 0g2
20

t

2 2 1
+{Cylvg —v-| +c\/6<r)}{ S loie, wiF+ > jalg) + Y |a;}q§t|}, (4.23)
i=1 i=0 i=0

with an arbitrary constant 0 < 1 < 1 to be chosen later. Substituting (4.23) into (4.12), integrating
it with respect to y, and taking a suitably small constant n > 0, one obtains that

d& (@)
dt

+ / (sﬁﬁylllz +;u7\1/§) dy
R

= Cllos = v- |+ VEDY (I, Wy, @13 + 1613 ) . 424)

for all ¢+ € [0, M], where we have denoted

-2 1,2 2-72 2 4,—¢ 52
TRV 1) (T+1Hd> A'e 995
E1(t) =
() f( LAFR.L. SR L A

— xzq”sycb> dy. (4.25)
R

Finally, one can check that £;(¢) is a nonnegative energy functional. Indeed, by the Poisson
equation, one has

‘rle*é - 1’ - ‘x%*le*‘i(rlq}y)y’ <Clvy —v_|. (4.26)

Then, due to (4.6) with £; suitably small, the quadratic integrand of £ (¢) has a lower bound as

(T+1)d2 At 9¢r i
Tt =20 zc (10 +14,). (4.27)

for a generic constant ¢ > 0. Here we have essentially used the condition T > 0. Therefore, (4.9)
follows from integrating (4.24) over [0, ¢]. This completes the proof of Lemma 4.2. O

Next, we need to derive the dissipation terms ||[®,, é, (ﬁy, qsyy] |l;2 as well as the dissipation
of ¢ in HZ.

Lemma 4.3. Under the assumptions of Proposition 4.1, it holds that

t

19,012 + [ {10,@I2: + 1603, | ar

0
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t
< Cll[®oy, Yolll?, + Cler + &) / 1Dy, Wy (0112, dz
0

t

+C I, + / [u\/sﬁﬁywmniz + ||\Ify<r>||iz}dr , (4.28)
0
and
D113, < CllPy (@)1, + Cler +ED Dy (I3, (4.29)

forallt €0, M].

Proof. Differentiating the first equation of (4.3) with respect to y, one has
by — 5Dy, — Wy, =0. (4.30)

Then, multiplying (4.30) and the second equation of (4.3) by ®, and — wlod y respectively and

adding them together, we have
P2 sP2 8
Y Y —
(2> —< . ) +y1=0. (4.31)
! y Jj=3

where Z; (3 < j < 8) are defined as follows.

Ti=—(T+1) L W\ g = —u (W, —5W,)5d
, Dby,
: v+®, U/ wu N PRV

- — - 2
(W iy, iy 20Dy | (dy)°
I5E—\Ilyy<by+vd>y <l_1+7¢_7 s IGE 2'u 7 - s
y

IRTCTD T i (O P
I = - lkzv(v l¢y)y(_ - ?)qDy’ Iy = K 1)"21} 11)@), (_y - Ty> :
v v v v y

C||:§"

Now we estimate 73 to Zg term by term. Firstly, it holds that

T+ (T+DO;  (T+DO)  (T+1)P)
= = - - >
1@+ Py) v n@+®))v - v

3 - C\/S(t)Cbi.

For 14, it is straightforward to compute

Iy =

~ <17C1>y\11> L IO 5T, 0,
woJom 1
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LS AN STV, B,
== T (s Qyy + Wyy) + ———
wo ) o

D, W by ows
=- Ll e, W) — (4.32)
t

I

By Cauchy-Schwarz, the last term of (4.32) is bounded by
n®; + Cp{svv, W + W3},
where 1 > 0 can be small enough to be chosen later. As for Z5 to Z7, we have
v _
|Zs| = ’(; - 1) (qjyyq)y + uy(by) <C{y EW) + vy — U—|}{|“I’yy|2 + |q>y|2}’
and

Z6| + 1Z7] < CIVE®) + [vs — v [HIDy 1> + [y 7).

Now it remains to estimate Zg, which is delicate. Direct computations show that

_ 22 P, ‘Zgyy A0 P, vy vy v ¢~5yy ‘Z’y,v Pyvy qu Uy
IS —_ — + - - - - - - ——_ + 2 - _2 .
Iy 7y v v v\ v v v 0]

(4.33)

The last term of (4.33) is bounded by
CIVE®D + vy — v {10,124+ [, 2+ 18y + 13, 12]

Note that the first term on the right-hand of (4.33) can not be cancelled by directly replacing @,
from (4.18) like what has been done earlier in (4.19). Indeed, one has to include some estimates
on ¢~)yy simultaneously so that the quadratic form consisting of &, and qsyy is strictly positive.
For this purpose, multiplying (4.18) by _)‘Z‘Z’W /v, one has

472 252 27 277
A5y N APy Moy @y Ay
J73Y j Hu wey,

_ )»26_&_‘;’” {)»2 (@ _ @)

no v v

22 <¢>’UY _ @) _,_,\2(e<¢3 _ l_f_l)quy —j\/z} . (4.34)

v2 v2
Due to (4.26), the right-hand side of (4.34) is bounded by

Cllvs = v- 1+ VEDH 1B + 1By + 163y +105, 2 + |02}
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By collecting all the above estimates for Z3 to Zg as well as (4.34), we have, from (4.31) that

e )
2 1 o 75 [0 1 Y

2 2 452 7 22

(i _ vCDy\I’> + { T+ Dy + Moy 202y Dy } + s
t

=< ;7|<I>y|2+C,7 (Sl_’ﬁyq/z—"\y,%’)

2

2
+ CVEW®) + vy —v_[} {Z 0ig1> + > [0l o)* + |\yyy|2} : (4.35)

i=0 i=1

for an arbitrary constant 0 < n < 1. Note that the quadratic term on the left-hand side has a lower
bound as

472 2 = 452 2
A3y N (T+DP7 229, 0, _. 243, N (T + 1)y
W no uoo - uo o ’

for a generic positive constant c. Therefore, integrating (4.35) with respect to y and taking n > 0
suitably small, one has

d/1 ) Vo,V 2 72
a(?’q’y(””ﬂ_/ : dy)+||¢y||Lz+||¢y||H1

< C/ (509,92 + w3 ) dy
R

+ CVED + s = v {193y 122 + 19,1, + 1813,. ] (4.36)
Moreover, multiplying the third equation of (4.8) by ¢, we obtain that
- 572 ‘55 2z (1 1Y~ dp. G S
5B + 4 () =22y (= — = ) by — P @, B + N2 (4.37)

By integrating (4.37) with respect to y and using Cauchy-Schwarz, it follows that

I3, < ClPy ()3, + CVED D)2 (4.38)
Recall (4.5) and (4.6). Then, (4.28) follows from a suitable linear combination of (4.36) and

(4.38) as well as letting e; and £; be small enough. As to the H 2 estimate of ¢, we note that
(4.34) gives

gy 1151 < CIRy )72 + CIWE®D + vy — v [HIDy 171 + D117} (4.39)

Therefore, (4.29) follows from combining (4.39) and (4.38) and letting ¢; and & be further small
enough. The proof for Lemma 4.3 is complete. O
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Now we are prepared to derive the higher order energy estimates on [®, W] in Lemma 4.4
and Lemma 4.5 whose proof will be postponed to Section 5.4 in Appendix. In fact, with L2H 2

estimate of ¢ on hand, one can regard the terms induced by the self-consistent force ¢ as the
inhomogeneous sources.

Lemma 4.4. Under the assumptions of Proposition 4.1, it holds that

t t
a3, + / iy ()17 2ds < Cllioll7. + C f [ @y, Wy, gy1(s)17.ds,  (4.40)

and

RO / ity (5)]122ds < Clldoy |2 + C / 1D By, . ]9 2ads, (441

forallt €0, M].
Next, we derive the energy dissipation term ||vy]| ;2.

Lemma 4.5. Under the assumptions of Proposition 4.1, it holds that
t
15,13, + / 1y ()17 »ds
0

< Clllfoy. ]2, + Clla(0) |12, + Cey / ity (5)12ds

t

+C / {||ﬁ(s>||§,l + 157, + ||<Z>y<s)||iz}ds, (4.42)

0

forallt €0, M].

Finally, to close the a priori assumption (4.5), we need to estimate the time derivative é. In
fact, we have the following

Lemma 4.6. Under the assumptions of Proposition 4.1, it holds that

e 13,1 < Cllaiyll7 2 + 15,1172} (4.43)

forallt €0, M].
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Proof. Differentiating the third equation of (4.1) with respect to  and taking the inner product
of the resultant equation with ¢, one has

(veldr, i)+ 20" Gy i) = (9 (220720100, 61 ) + (%5, )
= (R0, Ty + i), Gy ) + (—e? 6Ty +i0)). ). (B44)

where the first equation of (4.1) has been used for obtaining the second equality. By Cauchy-
Schwarz, it is straightforward to bound the right-hand side of (4.44) by

{1+ CVEDNG 31 + (Cy + Clog — v | + CYEDO Wiy 12, + 15,112,

Recall (4.5) and (4.6). Thus, (4.43) follows by taking n > 0 suitably small and also letting e¢; and
&1 be small enough. The proof of Lemma 4.6 is then complete. O

Proof of Proposition 4.1. Letting positive constants e] and & be small enough, a suitable linear
combination of all estimates (4.9), (4.28), (4.40), (4.41), (4.42) and (4.43) yields that

t
I[®, WIOI52 + 1 O117,: + f D(s)ds < C|[[Po. Wolll 7,2 + Cll$ 0, )31, (4.45)
0

where D(s) is defined in (1.42). Since e¢; and & can be further small enough, by (4.29) one has

I3, < CllPy (@131, (4.46)

for all ¢ € [0, M]. Then, from (4.45) together with (4.46), one has

t
I[®, ¥, g10)1I3, + / D(s)ds < C|[[®o. Wolll;2.
0

which proves (4.7). Therefore, the proof of Proposition 4.1 is complete. O
4.3. Global existence and large time behavior

This part is devoted to proving Theorem 1.10. First, the local-in-time existence and uniqueness
of solutions [®, W, ¢] to the Cauchy problem on the system (4.3) with initial data [®g, Vo] can
be obtained in a usual way; we omit the details by brevity. Furthermore, by a continuity argument,
the global existence of the solution [, W, 43] follows from the uniform a priori estimates obtained
in Proposition 4.1. As a consequence, the solution to (4.1) with the corresponding initial data is
given by [7, i, ¢] = [®y, Wy, $1. As mentioned before, we also omit the proof of uniqueness for
brevity. Therefore, it remains to show the large time behavior (1.44). To do this, we see from
(4.1) as well as (1.43) that
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[

Moreover, since it also holds that

d

rLCE G

dr52/{|<6,6t>|+|(ﬁ,ﬁ,>|+|(<£,q3t)|}drsC/D(r)dtsCEo.

/Il[v P1(s)|72ds < C/D(t)dt = CEy,

one can see that ||[D, i, §1(2) || 12 tends to zero as t — 0o0. Hence by Sobolev inequality, one has

1/2

11D, &, §1(0) I < V20D, i, GIOI, 5 N[By. diy. b1} < CES*

1/2

I3, &SI 5

which goes to zero as t — oo. This proves (1.44). Therefore, the proof of Theorem 1.10 is
complete. O

5. Appendix
5.1. KdV-Burgers shock profile

For suitably small § > 0, the existence of monotone KdV-Burgers shock waves was proved by
Bona and Schonbek [3]. For our use, one has to show the bounds on derivatives is independent
of é.

Lemma 5.1. Let 0 < o < 2. If § > 0 is suitably small, the equations (1.24), (1.26), and (1.27)
have the smooth solutions ny, uy and ¢1, respectively, which are unique up to a spatial shift and
satisfy the following properties:

n'l,u’l,(ﬁi <0, 5.1

and

dk
dzk [ —nicour —ur . 1 — rx]| < Cre Rl 250, (5.2)

for any integer k > 0, where each positive constant Cy is independent of 6.

Proof. The existence and uniqueness of the smooth shock profile with properties (5.1) have been
proved in [3]. We only show (5.2). Integrating (1.24) from —oo to z, we have

2VT + 1ny + (T + Dnf — T + 1n)) + 80 = 0. (5.3)
Let ¢ =n'. Then, (5.3) is equivalent to the following 1st-order ODE system for [n1, g]:

ni=q,

g’ =57 [VT+Tq = T+ nd = 20T+ T }.

Please cite this article in press as: R. Duan et al., Ion-acoustic shock in a collisional plasma, J. Differential Equations
(2020), https://doi.org/10.1016/j.jde.2020.03.012




YJDEQ:10286

R. Duan et al. / J. Differential Equations eee (eeee) eee—see 41

One can compute the Jacobian at the far fields (0, 0) and (—J%, 0),

o 0 1
FT\ 42" /TH1 T F1)°

the eigenvalues

VT H1—T+1-8/T+16 N
— > :

VT HI1+VT+1-8JT + 15

A
o1 28

-2

associated with J_ and the eigenvalues

VT +1-VT+1+8JT +15 o VT +1+VT+1+8JT + 15
28 2T 28

Ay =
associated with J. It is straightforward to check that

Ac1>0, A-2>0, A4 1 <0, A4 2>0.

Hence we have

lim L =, = T+l
i>—oeny VT +1+VT +1-8JT +15
q —4JT+1

lim ———— =x,,

e+ —2= T JTHI4+VT+1-8JT 16

=-2+4 0(9).

This implies that, for any 0 <o < 2,
ni—nizl <Ce® 220, (5.4)
provided that § > 0 is suitably small. Next, we estimate the derivatives of n;. Taking the inner

product of (5.3) with w3n/ gives

2
/2 " 2 7/ 2
VT + l||n1||L§ =(nl,wyny) + (T +1) (nl(nl + 7«/—1)’ wan1> .

From integration by parts, the first inner product term is equal to
2
—8(n}, wowl,n}) < Cs|n 172

By Cauchy-Schwarz, the second one is bounded by

2

nlinf 175 + Cy ||n1 (o1 + )

2
VT +1

9
Lg
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for n > 0. Therefore, by taking both n > 0 and é > 0 suitably small, we have

ni(ny + )

Inillz < C

2
VT +1

e
Here we have used the exponential decay property (5.4) in the last inequality. The higher-order
derivatives can be treated similarly. The proof of Lemma 5.1 is complete. O

5.2. Error estimates

The following result gives the estimates on errors between the first-order approximation
[n1, u1, $1] and the modified one [n] ¢, u1 ¢, P1,.] defined in (3.1). It can be shown by the same
energy method as the one used for proving Lemma 5.1. So the proof is omitted for brevity.

Lemma 5.2. Let 0 < o < 2. Assume that both ¢ > 0 and § > 0 are suitably small. For any integer
k > 0, there exists a constant Cy o > 0 independent of § and ¢ such that

dk i
e =m0 = 1 —m0)]| = Crase™
dk
‘@[“8 —u1,e(F00) — (1 —u12)]| < Crate ",

[61.c — d1.6(00) — (B1 — ¢1.4)]| < Crage ™,

dk
s

for z< 0. Moreover, let [ny, uz, 2] := a_l[nl,g —ni,Ule — Ui, P1.e — @11, then it holds that

d
—[n2,u2, $21(2)| < Cro, z€R. (5.5)

k
‘ dzk

5.3. Explicit formulas of ro and r3

For completeness, we write down the explicit formulas of r; and r3 as

ENR -1
r=——-—2(T+1)e (n1eg—n1)—14+2Q~T+1—¢)n
2 m{( ) (n1,e —ny) 2+ e

+3(T + Dnf, +28(1 +enyo)p], —es(1+ snl,g)(fpg,s)z}

e8Q2nie+eni,)

JT +1 ¢R+«/T+1_ JT +1

eny o8¢ (14 eni )’
"R Le = Bl (5.6)

and
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_el(T+1)(2+3en1,) — st +e*sg), — $63 (0] )M In%

r3 =
3 VT +1
2 49,2
+ (T + 12’ ng + 2e78(1 +eny nrdy  *5nypdi
VT +1 VT +1
200 (Pp[2nR(L+enie) +enz]l  e28(pf)2(1 +eny e + £2ng)? (5.7)
\Y T + 1 2\/T—H 5 .
respectively.

5.4. Higher order energy estimates
We give the detailed proof of Lemma 4.4 and Lemma 4.5 as follows.

Proof of Lemma 4.4. Taking the inner product of the second equation of (4.1) with & with
respect to y over R, one has

(ﬁt—sﬁy,ﬁ)+(T(l—i) —;L(ﬂ—ﬁ—y) ,ﬁ)-(ﬂ—‘ﬁ—_y,ﬁ)=0. (5.8)
vov/, v v/, v v

We estimate the left-hand inner products term by term. The first term is equal to %% ||12(t)||%2.
From integration by parts, the second term is computed as

e _ 1 1\ .
= (;w luy, uy> + <(—T + pity) <; — 5) ,uy> ,

where the first term in the last line above is a good one and the second term is bounded by
nlliy ||i2 + Gyl Dy ||i2 with an arbitrary constant 0 < 5 < 1. The third term on the left-hand side

of (5.8) is bounded by C{||<I>y||i2 + IIL?II%‘2 + ||¢~5y||iz}. Plugging these estimates back into (5.8)
and letting 0 < n < 1 be suitably small, one has

1d ~ 2 ~ 12 2 ~2 72
SO+l 7 = € (19,15 + il + 19152 ) (5.9)

Then (4.40) follows from integrating (5.9) over [0, #].
Next, we show (4.41). Taking the inner product of the second equation of (4.1) with —iiy,
with respect to y over R gives that
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1d . 11 i wy iy -
~— T(=——=) =iy 22
2dt”uy“L2+< <v l7>y uy})+<ﬂ(v v/, o

Ig Tio

The inner product terms Zg, 719 and Z;; above are computed as follows. By Cauchy-Schwarz,
T9 and 771 can be bounded respectively as

—vy Uy -2 ~ 12 ~ 12
|19|=‘T<7+§,—uyy>‘sn||uyy||Lz+cn<||v||Lz+||vy||Lz>,
and
1Zui| < nlldiyy 172 4+ Coll @y l72 + 1Dy 1172).

with an arbitrary constant 0 < 1 < 1. As to Zjg, we rewrite it as
1~ =~ 2~ = = — 1Ty
Lo = (MU Uyy, ”yy) - (/“’ Vylty, “yy) + | myy v 5 )t

__ (1 1 . Vylly + Uyly

On the right-hand side of (5.11), the first term is a good one, and the second term is bounded as

0~~~ ~ ~ ~
|(v728y1y. iy )| = Clliy I3y 2 iy 2

1 1 3 3
< Cllay |1, 15y 1 gy 12, 15y 112

. =2 . P

< Clly 2y 132 + oy 2l 1,
~ 2 ~ 2

= CVED (12, + iy 13-

where we have used the Sobolev inequality in the second line and Young’s inequality in the third
line. Also, the last three terms on the right-hand side of (5.11) are bounded by

~ 2 ~ 2 ~112 ~ 2
Clog = v {113 + iy 13 + 1912, +17 12, ]

Plugging those estimates on Zg to Z11 back into (5.10) and taking 1 > 0 suitably small, one has

1d

5 3 vl + el 172 < CID, By, iy, 1172 + Clivy = vl + VEO iy 172 (5:12)

Recall (4.5) and (4.6). Then (4.41) follows from integrating (5.12) over [0, ¢] and letting e; and
&1 be small enough. The proof of Lemma 4.4 is complete. O
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Proof of Lemma 4.5. By taking the inner products of the first and second equations of (4.1)
with —uvy, and —vv, respectively and adding the resultant equations together, we obtain that

pd oo - - - 1 1 B
5 g 10le + G — sy, —vy) +| T == = y,_vvy

iz
I3
- - Uy i . b,
+ (uity, Oyy) + ((h - Q) ,vvy> - (ﬁ — ¢—_}, vvy> =0. (5.13)
v v/, v v
—_ —
Tia Iis

We estimate terms Zj; to Z5 as follows. Firstly, Z1, is computed as

d . . o Y .
Ilzza(u,—vvy)+(u,v,vy)+(u,vv,y)+(suy,vvy)

d . L . - I
= g7 W ~VUy) + (@, =0y 0) A (y, —v0;) o+ (sity, VD).

Replacing v, by the first equation of (4.1), 7y, is further equal to

d _ - - . - - N - - -
E(u,—vvy)+(u,—v)v(sv>,+uy))+(uy,—v(svy+uy))+S(uy,vvy),

where the last three terms are bounded by 7l|3y 117, + Cyfllill?, + llityl|3,} with an arbitrary
constant 0 < n < 1. As to Z;3, it follows that

7 Do T 5 ) =@ oy o) + (T (& — = ). —vd
=|—F-+ —,—vvy | =((Tv vy, Vy\ =5 ——= ), vy ),
13 02 72 Y ¥ Uy Y\ND2 2 Y

where the first term on the right is good and the second inner product is bounded by 7||v, ||i2 +
C, ||f)||i2 with an arbitrary constant O < n < 1. For Z4, one has

Hiy Wby .. — U yv UiyVy
1'14:(—))]—7)},7)0)))"'(#”)1, vyy)+( 2) Y + - },va>

v v v2
(i =l 51y —MUyVy  JUyVy
= (;Luyy(v -0 ), vvy) + < 2 + o vy | .

By Cauchy-Schwarz, the first inner product term on the right is bounded as

N [ [ <2 <2
| (it 0 =571, vy )| = 0l 2, + Gyl

And the second one is computed as
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— Uy Uiy - 1 - oo~
( vz) -+ 1-)y2 y’vvy>=(_l“’ HiayBy + Uyity), Oy)

__ (1 1Y IR TR
- (Muyvy (v_2 - ﬁ>,vvy> — (v Byddy, Ty). (5.14)

On the right-hand side of (5.14), the last inner product term is bounded as

1= ~ = - ~ 2 - ~ 2
|(v™"vytty, vy)| < llay e llvyll72 < Cllayll grllvylly

< Cllvyl 2l 3,0 + 19,1132 < CVED iy 113, + 15,113},

and the rest terms are bounded by C{|vy — v_| + «/ci'(t)}{llzZyH%2 + ||17||%_I1 }. Thus, it follows
from the above estimates that

il < nllByll72 + Cylloll72 + Cllvg — v+ VEO iy 7, + 15517},

with an arbitrary constant 0 < 1 < 1. For Z;s, it holds by Cauchy-Schwarz that

Zis] < nllTyll72 + CoplllTl7 2 + 1dy113 2}

Plugging those estimates on Zj> to Zj5 back into (5.13) and letting 1 > 0 be chosen suitably
small, we obtain that

d(uw, . - - - ~ - -
5 {Envyniz + (i, —vvy)} +lliyl, < Cllalz, + 191352 + I1éy113 )
+ C{lvy — v_ |+ VEOMIITy 72 + lliiyy 72}, (5.15)

Recall (4.5) and (4.6). Then (4.42) follows from integrating (5.15) over [0, ¢] and letting e; and
€1 be small enough. The proof of Lemma 4.5 is complete. O
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