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Abstract

We study the well-posedness of Cauchy problems on the upper half space RT‘I associated to higher
order systems d;u = (—1)m+1divaVmu with bounded measurable and uniformly elliptic coefficients.
We address initial data lying in L? (1 < p < 00) and BM O (p = 00) spaces and work with weak solutions.
Our main result is the identification of a new well-posedness class, given for p € (1, oo] by distributions
satisfying V"u € T,,[: ’2, where T,ﬁ 2 is a parabolic version of the tent space of Coifman-Meyer—Stein. In
the range p € [2, oo], this holds without any further constraints on the operator and for p = oo it provides
a Carleson measure characterization of BM O with non-autonomous operators. We also prove higher order
LP well-posedness, previously only known for the case m = 1. The uniform L? boundedness of propagators
of energy solutions plays an important role in the well-posedness theory and we discover that such bounds
hold for p close to 2. This is a consequence of local weak solutions being locally Holder continuous with
values in spatial Llpoc for some p > 2, what is also new for the case m > 1.
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1. Introduction
1.1. Setup and main result

For fixed positive integers N and m, consider a homogeneous divergence form elliptic opera-
tor L of order 2m with bounded measurable complex coefficients, that is

(Luw)i(t.x)= (D" Y 8%(ayly(t.x)9Puj) (e, x) for (t,.x) eR ™ andi=1,....N,

lor|=1Bl=m
1<j<N

where u = (uy,...,uy). We assume that the ellipticity estimates in the sense of the Gérding
inequality hold uniformly in ¢# > O (cf. Section 2.2 for the precise definition and a discussion of re-
lated ellipticity assumptions). A prototype example is the polyharmonic operator L = (—1)" A™.
We study the associated parabolic equation (or system if N > 1)

du;i(t,x) = —(Lu);(t,x) for(t,x)eR" andi=1,...,N (1.1)

interpreted in the weak sense (this notion is recalled in Definition 2.1) and are particularly inter-
ested in the well-posedness of the associated Cauchy problem

u € X is a global weak solution to (1.1) and u(0,:)=upeVY (1.2)

for an initial data space Y C L 11 o+ (R") and some solution space X. Typical choices for ¥ are the

L? spaces and the space of bounded mean oscillations BM O (R"), the latter of which allows
rough data, see Section 2.5 for its definition.

We say that (1.2) is well-posed for the pair of semi-normed spaces (Y, X) if the following
holds:
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1

(i) Forevery weak solution u € X of (1.1) there exists ug € L.

set K C R”

(R™), such that for any compact

lim ||u(t,) —u =0.
t—)OH( ) —uoll 1 (k)

This ug € L [10 . (R™) is necessarily unique and we call it the trace of u at t = 0 or the initial
datum. Note that it suffices to find the trace in some Ll’;C(R”) for p > 1.

(i) Given ug €Y, the Cauchy problem (1.2) can be solved uniquely in X.

(iii) There exists a constant C > 0 with [|u||x < C|lug|ly for any initial data up € Y and the
corresponding solution u € X.

In their simplest form our well-posedness results can be summarized as follows, cf. Theo-
rems 5.1, 7.6, 7.8, 7.11, 8.6.

Theorem 1.1. There exists € > 0 depending only on the ellipticity constants, m, N and the di-
mension, such that the Cauchy problem (1.2) is well-posed for

1) peR—¢e,2+¢e)andY = LP(R") with X = L*°(0, oo; L?(R")).
(i) pel2,00)andY = LP(R") with X ={u € .@'(R1+1) | V™"u € Tnf'z}.
(iii) p=o0andY = BMOR") with X = {u € 2'(R"T") | V"u € 702}

Here, T)} 2 denotes a parabolic version of the tent space of Coifman—Meyer—Stein, see Defini-
tion 1.2. In (i) the unique solution satisfies u € 6y([0, 00); LP (R")). Furthermore, (ii) holds also
for p € (2 —¢,2) if L is pointwise elliptic, that is the condition

Re (Zal=ﬂ=m ai’fg(r,me,é%) > 1[€)1?

1<i,j<N

is satisfied for some X > 0, any vector (§y)\q|=m With entries in CN and almost every
(t,x) e R

We refer to (ii) and (iii) of Theorem 1.1 as the tent space well-posedness. Below, we survey
known well-posedness results for both second and higher order autonomous problems and then
proceed with a thorough discussion of Theorem 1.1 and an explanation of our methods.

1.2. Previous results on non-autonomous Cauchy problems

For non-autonomous second order operators, the issue of existence and uniqueness of solu-
tions with L” initial data was studied in detail by Auscher, Monniaux, and Portal [7]. Let us first
recall from [7, §1] that for the heat equation X = L°°(0, oo; L”(R")) and X = {u | u™ € L? (R")}
are well-posedness classes for L”(R") initial data with p € (1, 00), where u* denotes the non-
tangential maximal function

ut x> sup lu(t, y)I.

(y): ly—x|<«1
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In the latter case, existence follows from the maximal function characterization of Hardy spaces
(cf. [38, Chap. III] and the classical work [24]), while the uniqueness is a consequence of the
maximum principle. The challenge in the case of complex, merely bounded measurable co-
efficients or systems, is that many of the well-known classical methods, like the maximum
principles, break down and different strategies are needed to approach the problem of unique
solvability.

In [7] the authors presented novel techniques, which lead to new well-posedness classes also
for the real equation. First, they settled the energy well-posedness in the space of distributions u
satisfying ||Vul| LR < and used the established uniqueness of energy solutions to define

the family of propagators
(L(1,9) |0 <s <1 <00} S L(L*R"),

corresponding to the semigroup (e~ 7S)L)05sgz<oo for autonomous operators L, see [7, §3]. The
propagators were further used to construct solutions with L”(R") initial data, while the main
step towards the uniqueness of solutions relied on showing that the evolution of solutions with
controlled growth in the spatial variable is governed by the propagators. The precise condition is

172

b
/ / / lu(t, y)|*dydt e PP gy < 0,

R™ \4@ B(x,v/b)

where y < ¢/(b — a) and the constant ¢ is determined by the ellipticity constants, cf. [7, Theo-
rem 5.1]. With these methods, the authors derived analogous results to case of the heat equation,
where the non-tangential function was replaced by a parabolic version of the Kenig—Pipher max-
imal function

1/2

5
Nu(x) == sup ][ ][ lu(t, y)|*dydt
§>0
3/2 B(x,v/5)

introduced in [29] in the context of elliptic equations, cf. [7, Theorem 5.9, Proposition 5.11] and
[7, Theorem 5.4, Corollary 5.10]. For the well-posedness in the class X = L*°(0, co; L? (R"))
or the non-tangential space if p < 2, the uniform L”(R") boundedness of the propagators plays
a crucial role. The uniform boundedness of propagators is known to hold for instance for coef-
ficients with bounded variation in time, or small perturbations from the autonomous case, see
Section 6 in [7]. In this work we provide unconditional bounds of the propagators in a range of
exponents around p = 2. We address this result in the final part of the introduction.

The only available well-posedness results for higher order complex parabolic systems assume
further regularity of the coefficients. Systems in non-divergence form were extensively studied
by Solonnikov, who presented the main developments on this subject in his monograph [37].
In particular, Solonnikov established unique solvability of the Cauchy problem on [0, T'] x R”
in certain time-space Holder and p-Energy classes for systems with coefficients with Holder
continuous derivatives, cf. Theorems 4.10 and 5.5 in [37]. The methods used relied on the well-
known technique of freezing the coefficients, dealing with the constant coefficients case first and



11090 W. Zatoni / J. Differential Equations 269 (2020) 11086—11164

using the continuity (of the derivatives) of the coefficients to bound the error term. This strategy
allows not only mixed time-space derivatives, but also domains that are not necessarily bounded
or cylindrical.

We also mention the work of Dong and Kim [23], who studied the L? solvability of parabolic
systems in both divergence and non-divergence form under weaker ellipticity assumptions, but
additional (small spatial BM O norm) regularity on the coefficients.

1.3. Ansatz

The starting point of this paper was to observe that it is possible to apply the novel approach
from [7] to the higher order case, as the methods exploit energy estimates. This allows us to
treat the case of merely bounded coefficients. With begin with an alternative approach to the
energy well-posedness in the class of distributions satisfying V"u € Lz(]R:'_‘H) and define the
family of propagators corresponding to our equation. By careful generalizations of the energy
estimates and the L? off-diagonal decay of the propagators from [7], in this work we give the
tools necessary to extend the results of [7] to the higher order case, which produces new results
even for the polyharmonic operator.

Combining the aforementioned estimates, we establish the conservation property for propa-
gators

U(t,s)P=P in L} _(R") forany P € Py_;.
Here P,,—1 denotes the set of polynomials on R” of degree less than m. This is new under the
weak ellipticity assumption and gives an alternative proof for the second order case, where it was
deduced from the well-posedness results in the non-tangential spaces.

A crucial observation is that under mild growth assumptions the evolution of weak solutions
to (1.1) at positive times is indeed governed by the propagators and can be proven verbatim
along the proof for the second order case known from [7]. For any open bounded interval
(a, b) < (0, 0o0) supposing

b
//|M(f,y)lefﬂy'zm/@mfl)dydt<oo

a Rn
with some constant 7 > 0 allows to obtain the identity
M([, ) = F(tv S)M(S, ) = M(S, ) o F(tv S)*

in the sense of distributions for all a < s <t < b, see Theorem 7.1 and Remark 7.2. In partic-
ular, in the prototype example of the polyharmonic operator L = (—1)" A™, we find that the
propagation of global solutions satisfying

u(t, )| < e forall x e R” (1.3)
locally in time for some (varying) ¢ > 0, is governed by the semigroup at times ¢ > 0. Precisely,

we require that for any 7y > O there exists a constant ¢ > 0 and a §-neighborhood of 79 in R,
such that (1.3) holds for all ¢t € (t9 — §, o 4+ &). This exponential growth assumption does not yet
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imply the full uniqueness withing the class of solutions satisfying such a bound. We will need to
impose stronger conditions, i.e. restrict ourselves to certain function spaces, in order to uniquely
identify any potential solution belonging to this class via its trace at r = 0.

1.4. The tent space well-posedness

As the parabolic tent spaces are an object central to this work, we begin with a precise defini-
tion. For the classical introduction to tent spaces, see Coifman, Meyer and Stein [18].

Definition 1.2. Let p € (0, 0o). The parabolic tent space 7}/ 2 consists of measurable functions
f: Rg’_‘H — C, for which the square function

x> / ][ \f (¢, y)Pdydi

O B(x, 2%/t

1/2

belongs to L”(R™). For p = oo we define the space Tp; 2 accordingly via the usual modified
condition

172

2m
]

sup / ][ |f(t, y)Pdydt | € L®(R").
0 B

B: xeB

If we equip 7,7 2 with the LP(R™) norm of the corresponding object arising in the above
definition, we obtain a Banach space if 1 < p < co. To explain the use of the notion fent
spaces, we recall that in the classical definition from [18], the domain of integration is the cone
Cy={(ty) € R’fl | |x — z| < t}. For any closed set F € R", the complement of the union
UyerCy, resembles a tent over R \ F. Further, estimates involving tent spaces are often re-
ferred to as square function estimates (see the discussion after Theorem 6 in the original paper
[18]). We return to this point of view later on and refer the interested reader to the proof of
Proposition 6.7, where we highlight this connection.

By Fubini’s Theorem, for all m € N it holds T,ﬁ’z = LZ(RTI). Hence, the tent space well-
posedness for p = 2 boils down to the energy case and was proven for second order equations in
[7]. In Lemma 4.2, we show that any global weak solution u to (1.1) satisfying V"u € LZ(R:'_H)
can be written as u = v+ P for unique polynomial P € P, and v € ([0, 00); L>(R™)). Thus,
we obtain that V"u € LZ(RTI) together with the weak decay assumption u(z,-) € L>(R")
for some ¢ > 0 implies uniqueness of solutions of the Cauchy problem with L>(R") initial
data.

It is natural to ask, whether there is a similar condition we can impose on V™u in order to
capture the L?(R") initial data, see also the question risen in the case of the heat equation in
[7, §1]. In this work we give an affirmative answer to this question in the range p € (1, oo0) and
cover also the case p = 0o, which turns out to provide the right condition for BM O (R") initial
data.

It was to be expected that solutions to (1.1) admitting L? (R") initial data satisfy V"u € T,; 2,
Indeed, for the heat equation different characterizations of Hardy spaces H” enable to compare
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lu*||» and ||Vu||Tlp,z for solutions of the form u(t,-) = ¢'® f and f € L?>(R"). As mentioned

above, this is equivalent to finding H” to L? estimates for the square function
1/2

o0
f x> / ][ Ve £(t, y)|Pdydt
0 B(x,v/1)

In the non-autonomous setting analogous estimates hold for global weak solutions u to (1.1) of
the formu s (¢, ) =T'(z,0) f with f € L%(R™). In particular, following [7], we derive

lupllxy = INmupllLo@n SNV ugpllpe, (1.4)

where p € (-2, 00) and u > MNu is the natural adaptation of the non-tangential maximal

n+m?’
function N'u above to the homogeneity of the equation (see Section 2.4 for the precise defini-
tions). The converse inequality to (1.4) holds for any global weak solution to (1.1) if p € [1,2)
and L is strongly elliptic (cf. (2.3)) or p € [2, 00). In general, this cannot be true for inequality
(1.4), as it fails for u = P € P,,_1. However, for p > 1 we can show that this is essentially the
only counterexample.

The case p € [2, 0o]. Our main result for p € [2, oo] is the following, cf. Theorem 7.6 for p > 2
and Theorem 5.1 together with Lemma 4.2 for p = 2.

Theorem 1.3. Let p € [2, oo]. For a distribution u € :@’(RT‘I) it is equivalent

(i) u is a global weak solution of (1.1) and V"u € T,ff’z.
(i1) There are unique f € Y and P € P,,—1 (unique up to a constant if p = 00), such that
ut,)y—P=T(@,0)finL? (R") fort >0,

loc

where Y = BMOR") if p=o00 or Y = LP(R") if p € [2, 00). Moreover, it holds

IV™ullpp2 ~ N flly.
m

We can treat the cases p € (2, 00) and p = oo simultaneously, as we exploit the fact that only
. . p,2
in this range of exponents 7,;,"~ can be normed by

1/2

2
Tr s fi>

r2
sup / f |f(t, )P dydt
zeR", r>0:

X€B(z,r) 0 B(z,r)

LP(R")

Now it is easy to see that if || V" u|| 2 <0 holds, then V""u is square integrable over cylinders
[0, 1] x B(xq, 1), where xg € R". We use this information, combined with the Poincaré inequality
and the equation, to obtain u € L2(0, 1; B(xp, 1)) and deduce the existence of a L loc(]R{") trace
ugp. As we can control the LZ(B(xo, R))-averages of uo modified by some polynomial Pg(x,, r),
it is convenient to first prove the well-posedness for some Campanato type spaces Y, which we
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call polynomial L? and polynomial BM O spaces, see Definitions 2.8 and 2.10. It is non-trivial
to show that those spaces equal the usual L”(R") and BM O (R") spaces up to polynomials, cf.
Section 2.5. The existence of solutions with initial data in Y is easy due to the L? off-diagonal
decay of the propagator and the bound || V"u s Il P2 < || f|ly is proven analogously to the clas-
sical estimates of C. Fefferman and Stein, cf. [%8 Chap VI, §4.3]. This technique relies on the
conservation property for polynomials mentioned above.

Recalling that a Borel measure p on B (R’fl) satisfying

sup sup — ! u((O r) X B(x,r)) < oo

xeRrr>07

is called Carleson, we obtain after rephrasing Theorem 1.3 a Carleson measure characterization
of BMO(R").

Corollary 1.4. For f € leo (R™) it is equivalent

(1) There exists a global weak solution u to (1.1), for which

dxdt
dpu(x. 1) = "V u (xRS

is a Carleson measure and the leuc R") trace of u is given by f.

(ii) There exists a polynomial P € P,,_1 such that f — P € BM O (R").
Moreover, |V"u|| o2 ~ || f = Pllmo-

In particular, for m = 1, this result complements the well-known Carleson measure charac-
terization of BM O (R™) by C. Fefferman and Stein (recalled in Proposition 2.7). The variable
1> reminds of the scaling properties of our equation and will appear frequently throughout this
work.

According to Corollary 1.4, any operator L as above leads to an equivalent characterization of
BMOR") + Py,—1. For m = 1 and some class of coefficients, this was addressed in the survey
article [31] and similar ideas for the bi-Laplacian appeared earlier in [30]. The BM O (R") well-
posedness of parabolic equations is desired, as this allows rough initial data, cf. the famous result
for the Navier—Stokes equations of Koch—Tataru [32].

The case p € (1,2]. For p € (1, 2] and any global weak solution « to (1.1) with ||V’”u||Tp,z < 00,

we prove the existence of a unique distributional trace uo and a unique polynomial P € Py,_1,
for which it holds

sup [lu(t) — Pllorrry S ||Vmu||Tn1;,z. (1.5)

[>

Thus, by combining the well-posedness result for the class L*°(0, co; L? (R™)) together with
the bound ||Vmu||Tp,z < “””X,’,’, @if L is strongly elliptic) we obtain the following, cf. Theo-
rem 7.11.
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Theorem 1.5. Let 1 < p < r < 2. Assume the pointwise ellipticity bounds (2.3) and that the prop-
agators are uniformly bounded on LP (R™). Then for a distribution u € 9’ (R'j_ﬂ) it is equivalent

@) It holds V™u € T,f,’z and u is a global weak solution of (1.1).
(ii) There are unique f € L"(R") and P € Py,—1, such that u(t,-) — P =T'(¢,0) f in L™ (R")
fort > 0.

In this case, we have u — P € ([0, 00); L" (R™)) and
I ller ~ llu = Plizseqery ~ lu = Pllxy, ~ IV ull o

We could deduce the continuity of the solution with values in L"(R") as we are working in
the open interval » € (p, 2). For the same conclusion in the range p > 2, see Remark 7.9.
We stress that distinct proofs are needed to treat the cases p € (1,2] and p € (2, oo]. For

p € (1, 2] the condition ||V”’u||T,,,z < oo implies that V"u € L2([e, 00] x R™) for any ¢ > 0,

whence it can be deduced u € €((0, 00); LZ(R")) and we use the weak formulation of the equa-
tion (1.1) to find a distributional limit of {u(#)};~0 ast — 0. As p <2, to prove (1.5), it is enough
to bound the L? norm of weighted L>-averages of u(t) — P for some fixed polynomial P and
all ¢+ > 0, which can be done similarly as in the previous case.

1.5. Uniform boundedness of propagators

Finally, we study the regularity question of weak solutions to (1.1), from which we derive
new (even in the second order case) results on the boundedness of the propagators. As men-
tioned above, for coefficients satisfying certain growth assumptions in time, such bounds were
established in [7] for p < 2. The case p > 2 was left open. However, in the autonomous case it
is well known that the semigroup (e~ _S)L)0§s<t<oo satisfies uniform L? (R")-bounds for each
exponent p in some (maximal) open interval (p_(L), p+(L)) (cf. [2]). Moreover, we have

p-(L) <q- <2<q4 <py(L)

for some exponents g_ and ¢, which depend on L only through the order m and the dimension
n. In the case of propagators associated to non-autonomous operators, one cannot use semigroup
theory methods to investigate this problem, but we were able to combine our methods with the
strategy from the recent work of Auscher, Bortz, Egert, and Saari [3] to establish the following
result, cf. Theorem 8.6.

Theorem 1.6. There exists € > 0 depending only on the ellipticity constants, m, N and the di-
mension, such that the family of propagators {I'(t,s)| 0 <s <t < oo} is uniformly bounded on
LP(R") forall pe[1,00]lwithpe (2—e¢,2+¢).

The main result of [3] concerns the regularity of local weak solutions to (1.1) for m =1
and states that they are locally (1/2 — 1/p)-Holder continuous with values in spatial Lf;c R™)
for any 2 < p < g and some exponent g depending on the ellipticity constants and the dimen-

sions in a non-explicit way. We show in Section 8.2.1 that pointwise bounds of L;;C(R”) valued
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solutions by their L norms on certain cylinders imply uniform L?(R") bounds on the propa-
gators. This is due to a result from [13] about the boundedness of general linear operators on
L*(R").

We mention that unless the coefficients are real and N = 1, we cannot hope to obtain Holder
continuity of local weak solutions with respect to the parabolic distance as in the Moser—Nash
regularity theory [34,35]. We refer to [3, §1] for a discussion of counterexamples and an overview
over the subject for m = 1 and rough coefficients. We remark that if N, m > 1 are arbitrary, but
we impose higher Holder regularity of the coefficients, equation (1.1) has a unique solution in
some Holder class by [37, Theorem 4.10].

The key idea in [3] was to pass to the global setup, that is to a weak solution v of an in-
homogeneous equation on the full space by multiplying the investigated solution with a cut-off
function. This allows to make sense of the half-time derivative Dtl/ 2v, whose L?(R"*!)-norm
can be then controlled due to the hidden coercivity of the equation on appropriate energy space.
Then, an abstract interpolation result by Sneiberg [36] is used to conclude the higher integra-
bility for p > 2. The desired Holder continuity and the pointwise bounds in time follow then
from the results on Campanato spaces. We adapt those methods to the higher order case with the
difference that, instead of studying the inhomogeneous equation, as in [3], we use the previously
derived properties of weak solutions to (1.1) and carry them over to the extension v. We obtain
the following regularity result (cf. Theorem 8.14).

Theorem 1.7. There exists ¢ > 0 depending only on the ellipticity constants, m, N and the di-
mension, so that any global weak solution u € L?. (0, oc; HpP (R")) of (1.1) is locally bounded

loc

and Holder continuous in time with values in spatial Ll’i) . forany 2 < p <2+ e. Moreover,
u € Ly, (0,00 WP (R™)).

We mention that the higher integrability of V"'« has already been obtained by Giaquinta and
Struwe for m =1 [25] and also by Bogelein [14] in the real-valued case, but general m.

1.6. Structure of the paper

In Section 2 we fix the notation, state the ellipticity assumptions, introduce function spaces
appearing in this work and review the semigroup theory. We continue with the derivation and
consequences of the a priori energy estimates in Section 3.

In Section 4 we demonstrate that the tent space condition V"u € T, 2 s sufficient to find and
control the distributional trace of a global weak solution «. In Section 5 we use obtained trace
estimates to show the well-posedness of energy solutions and introduce the family of propaga-
tors.

In Section 6 we construct solutions with initial data in L? with p > 2 or BM O by exploiting
the L? off-diagonal decay of the propagators. If p < 2, we need to assume the uniform bounded-
ness of propagators and follow closely [7].

The uniqueness of solutions is addressed in Section 7. We begin with the analogous interior
representation result as in [7, §5] and consequently establish the tent space well-posedness.

The final section addresses the uniform boundedness assumption for the propagators. First, we
provide some examples, which again follows [7]. Second, we prove that with no extra assumption
on the coefficients, the propagators satisfy uniform L?”(R") bounds for exponents p in some
neighborhood of 2, which depends on ellipticity and dimensions only. We also obtain the result
on Holder regularity in time mentioned above.
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The Appendix contains the proof of the estimate ||u|| x? S IV ull7p.2, as well as its converse,
if p>2or p € (1, 2) and the strong ellipticity estimates hold.

1.7. Remarks

The reader might have noticed that our well-posedness results implicitly exclude the case of
L'(R") initial data. Indeed, this case is rather delicate, cf. [7, §9]. Analogous statements hold as
well for the higher order case, but for the sake of brevity, we leave their proof as an exercise to
the interested reader. The case p < 1 is completely open and an optimal condition implying the
uniform boundedness of propagators is also unknown.

2. Review
2.1. Notation

We denote the positive integers by N, n € N, is the spatial dimension and the parabolic
half-space is given by R’ = {(, x) € R"*! |+ > 0}. Also, (a, b) C (0, o) and 2 C R” denote
open sets and B(x,r) C R” the open ball centered at x € R"” with radius » > 0. The Euclidean
distance of x € R” to a closed set E C R” is denoted by d(x, E) and the distance of two closed
sets E, F CR" by d(E, F). Further, let M denote the number of multi-indices o € N" of length
m, thatis M = (" +"m1 71). We use standard notation for the partial spatial derivatives 0¢.

In this work we deal with systems, but for readability we usually make no notational difference
between the cases N =1 and N > 1, meaning we will write

Lu=(—1)" Z 3% (ag.p (1, x)0Pu)

la|=|B|=m

and, in shorthand notation, L = (—1)"div,, AV™, while keeping in mind that the coefficient
matrix A(t,x) = (a;”jﬁ (t, X)) |a|=|8|=m, 1<i,j<N 1S a measurable function on IR’:LH valued in
CNMXNM We refer to the constants n, N, m simply as dimensions.

We use standard notions of LP(2), 1 < p < oo, and Sobolev spaces W7 (2) of complex-
valued functions on 2. For a Banach space X (2) of complex-valued functions, let -2 (X (2))
denote the space of bounded linear operators. Further, we denote by L?(a, b; X (£2)) (or L?(X)
for (a,b) = (0, 00) and 2 = R") the Bochner space of X (£2)-valued L? functions on (a, b).
We write f € LY (a,b; X;.(Q)) if f € L?(c,d; X (w)) for any open cylinder (c, d) x w with

loc
a<c<d<bandw C Q. Spaces € (a, b; LP(2)), € (a, b; LIPOC(Q)) are defined similarly and if
the continuity holds up to the endpoints of the interval, we write € ([a, b]; LP (2)). Additionally,
%0([0, 00), LP (R™)) consists of those elements of % ([0, o0); LP (R")), whose L?-norm vanishes
as ¢ tends to infinity.

For an open subset U of R" or R’fl, we denote the space of smooth compactly supported
functions on U by Z(U) and by 2'(U) the space of distributions. The spatial Fourier transform
Fu defined on the Schwartz space . (R"), will be sometimes denoted by . Throughout the
work, Mg, denotes the (uncentered) Hardy-Littlewood maximal operator.

We let P,—1 denote the space of polynomials on R” of degree less than m.

When referring to a solution to (1.1) we always mean a weak solution according to the defi-
nition below.
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Definition 2.1. A (local) weak solution of (1.1) on (a, b) x Q C Rg’_“ is a complex-valued func-
tion u € L? (a,b; H" (2)) such that

loc loc

b
//u(t,x)atq&(t,x)dxdt— Z //aaﬂ(z‘ x)8ﬁu(t x)8°‘¢(t x)dxdt
a Q

la|=|Bl=m 4

holds for all ¢ € €>°((a,b) x Q). If (a,b) = (0,00) and Q = R", we call u a global weak
solution.

In this work the constant C > 0 may vary from line to line. Unless stated otherwise, it depends
only on the ellipticity and dimensions. We write a < b for a, b € R if there is a constant C > 0
with @ < Cb. Finally,a ~ b ifa S b and b < a.

2.2. Ellipticity

The coefficients (aé;,%(t,x))|a‘:|ﬂ|:m, 1<i,j<n of the operator L = (—1)"div,,AV" are al-

ways assumed to belong to LOO(R'J’FH; C). In particular there exists a A > 0 with

I plll o ety < A- 2.1)

Unless otherwise stated, L is elliptic in the sense of the strong Garding inequality, meaning there
exists A > 0 so that

Re Y ol |l=m / ay s (1, )0 £ F;()dx = AV F112 2y 2.2)

1<i,j<N

holds for almost every ¢ > 0 and for any f € 2'(R"; CN) with [V" f| € L*(R"). We will refer to
conditions (2.1) and (2.2) as the ellipticity estimates for L and to A, A as the ellipticity constants.

As we show in Proposition 6.9, any global solution u of (1.1) satisfies ||V ullzp2 S ”””X,’;
for p > 2. We prove this estimate also in the case p € [1,2) under the following ellipticity
assumption. We say that L satisfies the strong ellipticity condition if there exists A > O so that
for any £ € CVM and almost every (¢, x) € ]R'IH it holds that

Re (thf =|Bl=m a,s(f X)E,gé ) > A& (2.3)
<1 ]<

It is immediate that the strong ellipticity condition (2.3) implies the strong Garding inequality
(2.2). The converse is not true except if m = 1 and N = 1. For constant coefficients (2.2) is by
a Fourier transform argument equivalent to (2.3) for the specific choice & é =Py jforne cM
and n € CN. See [9, §0.4] and [5, §1] for a discussion of the relation between different notions
of ellipticity.
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2.3. Sobolev and Lions spaces

We review some of the classical results concerning distributions with integrable derivatives.
First, recall that integrability of higher order derivatives implies that the distribution itself is
locally integrable (cf. [22, Corollary 2.1]). We deduce from [33, §1.1.11] the following version
of the Poincar€¢ inequality.

Lemma 2.2. Let p > 1 and u € 9'(B(0, 1)) be a distribution with derivatives of order m in
LP(B(0,1)). Let w be an open set with w € B(0, 1). Then, there exists a polynomial P € Py,

PX)= Y (u,¢a)x",

lee|<m—1
so that
m
> IVE@ = P)lleso.1y) < CIV™ullLr80.1))- (2.4)
k=0
Here, the constant C and the functions ¢y € 2 (w) do not depend on u.

As a consequence of (2.4) we obtain for all > 0

m
,min <Zrk—’”||vk(u—P)||LP<B(o,r>) < CIV"ull Lo B0.r)-
m—1 k=0

We also note the Gagliardo—Nirenberg inequality.

Lemma 2.3 ([/7, Theorem 1.5.2]). Let m € N, p,r € [1,00] and u € LP(R") N L"(R") with
the distributional derivatives satisfying V"u € LP (R"). Then for integer 0 <k <m, 0 € [%, 1]
(except§ =1 if m—k— 5 € N) and any multi-index y € N" with |y| =k it holds 3" u € L(R"),
for q given by

Moreover,

(4 1-60
10" ulla Snom IV ullyp llull "

The Gagliardo—Nirenberg inequality will be used frequently throughout this work. To estab-
lish (higher) integrability of the intermediate derivatives, we will mostly refer to the case when
0= % and the exponent ¢ is given by
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The weak formulation of the parabolic equation (1.1) uses the distributional derivative d;u of a
weak solution and its higher order spatial derivatives. In particular, integrability of V™u provides
additional information about the distribution d;u4. From this, we can deduce some regularity of
u, as the next result states.

Lemma 2.4 ([19, Chap. XVIII, §2-3]). Let V and H be complex, separable Hilbert spaces and
V' be the antidual of V. Assume that V is dense in H such that V < H — V' and H is dense
in V'. Consider the inhomogeneous space

W(a,b; V,Vy:={ulueLa,b;V), dueL?*a,b; V).

Then every h € W(a, b; V, V') is equal almost everywhere to a continuous function of [a, b] to
H. Moreover, for any v € W(a, b; V, V') the function t — (h(t), v(t)) is absolutely continuous
over [a, b] with distributional derivative

d -
E(h(t)’ v(0) = (1'(©), v)vry + (V' (@O, h(D)y v

We will frequently apply Lemma 2.4 with V = Hy'(Q2), H = L%(Q) and V' = H™"() for
any open 2 € R” and refer to the spaces W (a, b; V, V') from the above definition as (inhomo-
geneous) Lions spaces. To explain the choice of vocabulary, we note that following [7] we could
introduce the (homogeneous) space

W™ (0, 00) = {u € Z'(RE) | V"u € L*(0, 00; L*(R™)), d,u € L*(0, 00; H™™(R"))},

which, however, does not fit into the setting from Lemma 2.4. Nevertheless, it can be shown
(see [7, Lemma 3.1] for a proof in the second order case) that every u € W™ (0, 00) can be
uniquely decomposed in u =v + P with v € W™ (0, 00) N €p([0, 00); L2(R™)) and P € P,_1.
This decomposition shows the existence of the trace of any weak solution u to (1.1) with
V™u € L?(L?). Here, we do not address the homogeneous spaces explicitly, as we present an
alternative proof of this part of the well-posedness results. The advantage of our method is that

it applies to the case p < 2 with the tent space condition V"u € T;} 2,
2.4. Tent and Kenig-Pipher spaces

In this short section we introduce and remark on spaces, which play a crucial role in the
L?(R™) well-posedness theory we develop in this work. They are variants of spaces presented in
[7, §2], where due to the structure of our problem, the homogenity needed to be changed from
VJt to *Y/t. For further details we refer to the paper of Coifman, Meyer and Stein [18] (for tent
spaces) as well as [7] and references therein.

The parabolic tent spaces T} o adapted to the order of our equation were introduced in Defi-
nition 1.2. In addition, we remark that those spaces are reflexive if 1 < p < oo and in this regime,
the duality (T,,f’2)/ = T,,IZ/’Z holds, where 1/p’ +1/p = 1 and the duality is given by the L? inner
product on ]R'f'l. Moreover, we have the following crucial observation.

Remark 2.5. By [18, Theorem 3] an equivalent norm on 7,; 2 for 2 < p < 00 is given by
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172
2
rB"l

sup / ][ | f(t, y)Pdydt
xXeB
0 B

We proceed with the analogy of non-tangential maximal functions, which play a crucial role in
the Hardy space theory. Here, we use a parabolic version of the non-tangential maximal function,
introduced by Kenig and Pipher in [29] in the context of elliptic equations.

2
Tr s fi>

Lr

Definition 2.6. For 0 < p < oo let X P be the space of functions u € leoc(]Rffl), for which the
non-tangential maximal function

s 1/2

Npu(x) == sup ][ 7[ lu(t, y)|*dydt

6>0 .
8/2 B(x, 2%/5)

belongs to L7 (R"). We write [|ul y» := [| Nt Lr < 0.

The space X,I,’, is a Banach space for 1 < p < co.
2.5. Campanato type spaces BM O,,(R") and L, (R™)

We first recall the space of functions bounded mean oscillations of John and Nirenberg [28].
We say that f € L] (R") belongs to BM O (R™"), if the sharp function

loc

B>x

fH) =su ][If(y)—fgldy
B

belongs to L>°(R"), where fp := f, fdx. Examples of BM O(R") functions are for example
constants and log|p| for any polynomial p, we refer to the books [26,38] for details. By the
John—Nirenberg Lemma a seminorm on BM O (R") is given by

172

£ 1 lswro = sup sup inf ][ ) —clPdy

xeR" r>0¢€
B(x,r)

We recall the well-known Carleson measure characterization of BM O (R") by C. Fefferman and
Stein.

Proposition 2.7 ([38, Chap. VI, §4.3]). A Borel measure |1 on B(RT‘I) satisfying
r
lleell : / / d
Willc == sup sup ——— U <00
xeRn r>0 | B(x, 1)
0 B(x,r)

is called a Carleson measure. For a locally integrable function f the following holds:
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(1) Assume f € BMOR"), then du(x,t) = |th(t2,x)|2@ is a Carleson measure, where
v(t, x) =e' f(x) is the solution to the heat equation with initial datum f. Moreover,

2
.
lpllc = sup sup—1 / / IVo(t, )2dydt Sa Il £1I3
= ) ~n N
veR 120 | B(x, )] BMO
0 B(x,r)

(ii) Assume that f satisfies the growth condition

|f ()]

Rn

If for v as above du(x, t) = |t Vv(t?, x)|2@ is a Carleson measure, then f € BM O (R")

1/2
and | fllsmo Sn lielly”.

Proposition 2.7 allows to compare the 7°>2 norm of the gradient of the solution to the Cauchy
problem d;v = Av, vp = f, given by the propagator v(z, x) = ¢'® f (x) = I'(¢, 0) f (x), with the
BM O(R") norm of initial data. We will derive a generalization of this result, where the heat
semigroup is replaced by the family of propagators associated to our equation (1.1). We also
show that the growth condition (2.5) is not necessary.

Since polynomials P € P,,_ are trivially solutions of (1.1) and satisfy ||VmP||T,,,z =0, we
adjust the BM O-type space as follows. "

Definition 2.8. We say that a function f € Ll20c (R™) belongs to the class BM O,, (R") if

1/2

| fllzso0, = sup sup _inf ][ ) = PPy | <.
xeR” r>0 P€Py—1
B(x,r)

The BM O,,,(R") space was first introduced by Campanato in [15], who investigated the reg-
ularity of such functions in dependence of the power of the factor 7 ~! in front of the integral. His
estimates in [15] rapidly lead to the conclusion that BM O, (R") equals the BM O (R") space
modulo P,,_1. The complete result appears in [27, Theorem 1].

Proposition 2.9 ([27, Theorem 1]). Let f € BM O,,(R"™). Then there exists a unique polyno-
mial P € Py, satisfying P(0) =0, so that f — P € BM O (R"). Moreover, there is a constant
C = Cpn m > 0 such that

IfllBmo, <IIf = Plismo < Cllflismo,-

Analogously, we introduce the polynomial L? spaces for p > 2.
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Definition 2.10. Let p > 2. We say that a function f € L? (RM) belongs to L}, (R") if

loc

1/2

< Q.
LP

sup mf ][If(y) P(y)[*dy

B>x PeP, m—1

1l =

Proposition 2.11. Let p € (2, 00) and f € Lb (R™). There exists a unique polynomial P € Py,_1,
so that f — P € LP(R"). Moreover, there is a constant C = Cy 1 p > 0 such that

“MNfllgy <0F =Pl <ClIFlge-

m

Before proving Proposition 2.11, let us collect some remarks, which we use without comment
later on.

(i) For p € (2,00) and f € IUL(R”) the relations f € L5 (R") and f € BMO,,(R") can
be equivalently expressed in terms of the polynomial sharp function f*” by requiring
fhm e LP(R") or fH™ e L (R™"), correspondingly. Here,

172
e =supinf ][ 1FO) = PO)Pdy

B>x PeP, m—1

(ii) For each ball B = B(xqp,r) and f € LZZOC(R”) the infimum

1/2

]Zlf(y) — PO dy
B

is attained for the polynomial given by the orthogonal projection Py, (f) of f onto Py, _1
with respect to the scalar product (f, g) — fB(xO " fgdx.

(iii) The minimizing polynomial Py, ,(f) for f € Lluc (R™) on B(xq, r) satisfies

1Pao s ()l By ][ () ldx
B(xg,r)

with some constant C > 0 depending on m and n.

Above points remain true if we introduce a weight w, that is a non-negative, bounded, radi-
ally symmetric weight function on B(0, 1) satisfying [@ =1 and 0 < ¢ < w on B(0,1/2), and
rescale it appropriately on each ball B. For the proof of Proposition 2.11, we need the following
result. The case p = oo implies Proposition 2.9.
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Lemma 2.12. Let p € (2,00] and f € leoc (R™). Then there exists P € Py,,_1 such that

1/2

sup inf ][I(f — P)(y) — cPdy
B

nf S Al 173 (2.6)
B>x ¢

I(f =Py e =

Lp

Proof. Clearly, it is enough to prove
(f = M) £ 1) < 00
for some polynomial P € P,,_; and almost every x € R". This requires comparing the coeffi-

cients of the minimizing polynomials on different balls and is an easy consequence of the proof
of [27, Theorem 1]. We only sketch the main steps. First, the assumption gives us

1/2
Cxorg(f) =sup  inf ][ If) = POPdy | <oo
r=ro Pe m—1
B(xo,r)

for all xo € R" and rop > 0. We write P, (f) as

Por (M= Y. " (y—x0)°

loe|]<m—1

for some coefficients {céo’r | loe| <m — 1} C C. Using the bound on the minimal polynomials

we easily arrive then at the crucial estimate

X0," __ .X0,2r
§ : ‘ca Cu

le]<m—1

o < Copr ().

Thus, for o # 0, we obtain a Cauchy sequence and find the limiting coefficients for xo and
r. Repeating of the arguments shows the independence of the coefficients of the radius, while
the xo dependence is accumulated in the constant, if we center the limiting polynomial at the
origin. 0O

Proof of Proposition 2.11. Let p € (2,00) and f € L5 (R"). We know (f — P)*! € LP(R")
for some polynomial P € P,,_; given by Lemma 2.12. Consider

12
2
Cror = sup ][ I(f = PYO) = (f = PY gy |2dy
F=r \soo.m
Then
Cror S 7 ICF = PYP Mo 2.7)

Indeed, assume x € B(xp,7), then Cy, , < (f — P)#*1 (x) and integrating over B(xg, r) gives
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1
|B(x0, )7 Cxyr < I(f — PY* Lo

Comparing the means (f — P)p(x,,r) and (f — P) p(x,,2r) and the decay from (2.7) imply the
convergence of (f — P)p(x,,r) as r tends to infinity. Again, the limit does not depend on x¢ and
denote it by dy. Define g :== f — P — dp. Then it holds for every r > 0

1/2

sup f lgPdx | Srel(f =Py e S el e (2.8)

xoeR”
B(xo,r)

On the other hand, we have g*(x) < g*1(x) for every x € R", thus

lg* e SN e < o0 (2.9)

We now demonstrate that estimates (2.8) and (2.9) imply g € L? (R"). Our proof is based on
the following consequence of [38, Chap. IV, §2].

Lemma 2.13 ([38, Chap. 1V, §2]). Let g be a bounded tempered distribution on R" and suppose
that h € H'(R™). Then

‘ [ etnar| < [ ¢ omuihwa.
Rn ]Rn

Note that in [38] this lemma was stated with the Hardy-Littlewood maximal function re-
placed by the grand maximal operator M r for any fixed finite collection F of seminorms
on the Schwartz space (for definition see [38, Chap. III, §1.2]). We can, however, estimate
Mxrh < CMpyrh, see [38, Chap. II, §2.1]. We also recall that any bounded, compactly sup-
ported function 4 with f h =0 belongs to HL(R™) (see [38, Chap. 111, §5, Remark 5]).

Claim. Let h € €>°(R"). Then it holds for q € (1, 2) with % + 5 =1

‘/g(X)h(X)dx SUFH™ e lhllze.

R~

Proof of the claim. Consider a sequence of mollifiers (7;)¢~0, Where n, = ¢~"n(-/¢) for some
non-negative n € €°°(R") supported in B(0, 1) and satisfying [ n = 1. Set g, := g*n, fore > 0.
Then g, defines a bounded tempered distribution, as we can show g, € L (R").

Indeed, for any x € R" we have the uniform estimate

1/2

2.8
/ g(y)dy‘s ][|g<y)|2dy <

B(x,¢) B(x,¢e)

) _n #,m
e Pl e

1
|8e ()] Sn e
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Moreover, for i € €2°(R") choose some R > 0 with supp/s € B(0, R) and write

hr=h—"hpo R 1B©,R)-

Then hg € H'(R") and so by Lemma 2.13

Slgkle IMurhgliLe. (2.10)

‘ /ge(X)hR(x)dx
Rn

By the boundedness of the Hardy—-Littlewood maximal function, there exists C; > 0 so that

1
| Muzhrllze < Collirlzo = Cq (Ihllza +1BO. R Ihpo.m]) Sqn Wille — 211)
holds independently of R > 0. Furthermore, we have for all x € R” and ¢ > 0

W= x9)" () Snexg () (2.12)

and, consequently, g? € LP(R") with the uniform bound

sup llg¥llr Ssupline * g¥lle Slig*llee. (2.13)

>0 e>0
We now prove (2.12). By Fubini’s Theorem

e x )" ()< sup f ][n(g)‘g(z—y)— ][ g(z—y)dz

B(xg,p)3x
0 B(xo,p) B(0,¢) B(x0,p)

dydz.

We use Fubini’s Theorem, then translate variables and take the supremum inside the first
integral to arrive at

y
(e %g)* (1) = sup ][ 1 (;) _sup ][ ’g(z) - ][ §(dz|dzdy
BO0-P3%, 66 BGopx=yp ) B(o.5)
1 y
S / n (Z) g —y)dy =ne * g (x).
B(0,¢)
Putting (2.10), (2.11) and (2.13) together we have for all R > 0 and ¢ > 0
‘ / ge(hrx)dx| g™ Lr Rl La. (2.14)
Rn

On the other hand, since g € L?

loc

(R™) we have

/g(x)h(x)dx: lin})/gg(x)h(x)dx.
R~ R~
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Let &9 > 0 be small enough so that supps € B(0, &, l). For ¢ < g9, we consider the decom-
position & = hy;: + hp,1/¢)1B(0,1/¢) and estimate using Fubini’s Theorem

‘ | semnomdx|seiinie £ (%) [ leec=pldxay

B(0,1/¢) B(0,¢) B(0,1/¢)

=ed " |[hllLe / Ne f |&(2)|dzdy
BO&)  B(-y.1/e)

(2.8)

< 83_"€F||h||Lq||f#’m||LP/Ua(y)dy
=™ llhllLa-

Concluding,

/g(x)h(x)dx: lirr%)/gs(x)h(x)dx
R~ R~

=limsup /8sh1/gdx+/gahB(o,l/e)ﬂB(o,l/g)dx
e—0
R R

#,
S U™ e llhlla.

This proves the claim. 0O

Finally, we argue by density of the test functions in L”(R") and conclude by the Claim that
g=f — P e LP(R") and there exists a constant dependent on m, n and p such that

If =Pl < CIFH Lo

Uniqueness of P follows from the fact that the only p-integrable polynomial is the zero poly-
nomial. Notice that f#'m x)=(f - PY*™ (x) and

(f = PY*"(x) < Murlf — PP ).
As p > 2, the maximal function Mg, is bounded on LP/2(R"), hence
1 e <CIf = Pler. O
2.6. Semigroup theory for autonomous operators
Undoubtedly, semigroups play a special role in the context of autonomous parabolic systems,
so let us review some of their essential properties. There is an extensive existing literature on this

subject. What follows can be found for example in [9, §0.1, §0.4] (sectorial operators and their
functional calculus) and [20,2].
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Let L = (—1)"div,, AV™ be a time-independent operator with bounded measurable coeffi-
cients satisfying the strong Garding inequality (2.2). The ellipticity assumption implies that L is
maximal accretive on LZ(R"), thus —L generates a ‘6p-semigroup of contractions (e’ L),Zo on
L2(R"M).

The semigroup (e~'L),;~¢ satisfies Davies—Gaffney L? off-diagonal estimates, that is there
exist constants C, ¢ > 0 such that for all E, F C R" closed and disjoint, ¢t > 0 and f € Lz(R”)

I _C(d<E,F))2;%1
IT1ge™ (L f)llf2 < Ce /0™

117 £ll2-
Estimates of this form occur to be crucial for the results in the aforementioned literature and so
will they be in this work. We shall follow the method by Davies [20] to prove the off-diagonal
estimates for our propagators.

By the solution of Kato’s square root conjecture in [5], the domain of the operator L'/? is
given by the inhomogeneous Sobolev space H™ (R") and we have the uniform bound

sup [|[V™e "Lul| 2 Ssup | LY 2e ™ Pu) 2 S ILYull 2 S 1V ull 2. (2.15)
>0 >0

By [5, Remark 3.2], for every polynomial P € P,_; the equality e"“P = P holds in
L7 (R™).

We summarize some well-established facts about the L? theory for the semigroup e~'% (cf.
[2]). Let p_(L) and p4 (L) be the infimum and correspondingly supremum over all p € [1, oo]
such that sup,_ [[e~"F ll.#ry < 00. Further, let g (L) and g4 (L) be the infimum and corre-
spondingly supremum over all g € [1, co] such that sup,_ ||ﬁVme_’L||g(Lq) < 0o. Then it
holds

1) (p—(L), p+(L)) = (1,00) if n <2m (in this case the semigroup is given by a kernel with
Gaussian bounds),
(i) (35 g ] € (P~ (L), p4+ (L)) if n > 2m,
(iii) g—(L) = p—_(L),
@iv) g+(L) =0 ifn=1,
(v) g+(L) >2 and p4(L) > g+ (L)*", where g — ¢* is the Sobolev exponent mapping given

by ¢* = % if g < n and ¢* = oo otherwise. Thus, if n > mg we have p, (L) > nf:fnq.

For p € (q—(L), g+ (L)) the Riesz transforms V" L~1/2 are bounded on L? (R"). Further, for ex-
ponents p_(L) < p<q <q+(L)and k =0, ..., m, we have the L? — L? oftf-diagonal estimates
of the form

2m
k ol 1y _ (d(E.F))_Zm—l
11gt2 Ve (L p £)|| e < Ct2nta™n) e~ Litrem

I1rfllee.

We will return to the L? theory in Section 8.1 and the Appendix.
3. A priori energy estimates

This section follows [7, §3.2, §4.1]. We begin with local energy estimates for weak solutions
of (1.1). In the parabolic setting such estimates are known to be a crucial tool in proving the exis-
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tence of weak solutions. A similar result (the autonomous case) can be found in [16, Proposition
3.2]. Our proof relies on the iteration scheme by Barton [10, Theorem 3.10].

Proposition 3.1. Let 0 <a <c<d <b <00, > 1, R > 0 and xo € R". Suppose that u is a
local weak solution of (1.1) in (a, b) x B(xg, §R). Then it holds

u € €([c,dl; L*(B(xo,7)))

for any 0 < r <8R and there exists a constant C > 0 depending on ellipticity and dimensions,
such that for all 0 < r < R, integer 0 <k <m and a < a < c, we have, with B, := B(xg, 1),

1
lu(d, )72, < C ((R o )/nu(s M2 pd

d
d _

Proof. We first test the equation with a cut-off function to find for 0 <r < R and @’ € (a, d)

lu(d, I3, + 2 / V™ u(s, 25 ,ds 3.1

m—1

k
< luta, >||L2(BR)+Z—(R o Zk/”V (. 72 g 5,45

Proof of (3.1). Let n € €>°(R") be a real-valued, non-negative function supported in Bg, equal

1 on B, with ||an||Loo<(R )k,fork 0,...,m. Then for any integer 0 <k <m

k—l1
C
k.2 l
||V (7] mu)lle((a/,d)XRn) Sn’m Z (ﬁ) ||V u||L2((a’,d)xBR) < 00,
0<I<k

so n?"u € L*(d’,d; HY'(BRr)). As u is a local weak solution on (a,b) x B(x,3R), we can
use the density of test functions on (a’,d) x Bg in L%, d; H6”(BR)) to conclude o;u €
L%(da’,d; H™(BR)). Thus, 8;(n*"u) € L*>((a’,d); H~™(Bg)) and Lemma 2.4 implies n*"u
€(ld’,d]; L*(Bg)). Moreover, the map ¢ — ||n*"u(c, -)||i2 is absolutely continuous in ¢ €
[a’, d] and we calculate

d
L= " ud. )72 = ™" u(@’, )I7> = —2Re / (AT e, 9" (n"u(e, ) )

a/

where the inner pairing is the usual L? scalar product. By Leibnitz rule this equals further
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= —2Re/ Z /aa,ﬂaﬁu n2maa(n2mu) + an,ya“—V(nM)ay(nmu) dx | dt
jal=IBl=m | g, y<a

The second term in the round brackets can be written as Zy<a n>" &y, 07 u where @, are

functions supported in Bg \ B, and || ¢,y [|l1 < C(R — r)~1I=I¥D 'which leads to

:—2Re/ > /aa,ﬁ(t,x)(nzmaﬂu) 0% (*"u) + Y Py, 07u | dx | dt

l=IBl=m | 3, y<a

Next, rewrite n”" 3% u, so that the term 8 (y*"u) appears. Ellipticity bounds imply then

7™ u(d, )32 = In*"ua’, )3, + 2i / V™ ") (s, 172,y DS
d m—1
Sanm / IV " u) (s, )||Lz(BR\B)<Z(R—r> CRNIVEU(s, ) 2 s, >)d
k=0

a’

/Z(R ) (2m = Zk)”vku(s )||L2(BR\B)

@ k=0

Finally, we use the Cauchy inequality on the first summand, choosing the overall constant in
front of the factor f V™ (n?™u) (s, )||L2(B ds on the right hand side to be smaller than A.
Subtracting this quantity on both sides gives the claim. O

We remark that the proof shows

||M(d )”LZ(B )+)"/ ”Vmu(sv ')H%Z(Bp)ds (32)

Sluld, YW Oligagg, + 2 / 197 (s, DY N, s

ml

Canx,
/Z(r )znmmzkHVkM(S )”LZ(B \B )dS+||M((1 )”LZ(B)

for any 0 < p < r < R and cut-off function v with radii-dependent decay as specified above. We
still need to deal with the intermediate derivatives. This type of inequality was encountered in
[10, Theorem 3.10] in the context of higher order autonomous elliptic equations and Barton used
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an iteration over the annuli to show that the terms coming from the intermediate derivatives can
be neglected. The same reasoning as in the proof of [10, Theorem 3.10] shows the self improving
property of our inequality (3.2), namely we obtain

Claim. Assume that (3.2) holds for any 0 < p <r < R and some a < a’' <d < b. Then there is

a constant C dependent on ellipticity and dimensions, such that if 0 <r < R then u satisfies the
stronger inequalities

(1) f ”Vmu(s )||L2(B) (R r)2m f ”M(S )||L2(B \B )ds+C||u(a )||L2(B )
(i) Forinteger 0 < j <m,

d d

. C Y
//|V/M|2dxdsfm//hﬂzdxds-’-C(R—r)zm 21””(61/, .)”%2(BR)'
a’ By a’ Br

(111) ||M(d )||L2(B)_ (R— r)Zm f ”u(s )”LZ(B )dS+C||M(a )||L2(BR)

Let us finish the proof of Proposition 3.1. Integrating the estimate (i) over a’ € [¢, d] and
applying Fubini’s Theorem gives us

d d d
/(s—c)/|Vmu|2dxds:///|Vmu|2dxdsda’
¢ B,

¢ a By

c d d d

fm// / |u|2dxdsda’+C//|u|2dxda’
¢ a' Br\B, ¢ Bpr
d—

<c(4=9 //|u|2dxds

(R— )2’"

¢ Bg

That is for any a < a < ¢ we obtain

(c—a)//|Vmu|2dxds<C<( — )2m )//|u|2dxds

¢ Bp

The bound for the intermediate derivatives follows in the same way if we integrate (ii).
Finally, we integrate (iii) in a’ to arrive at

1
lutd. )25, <C (<R_r)2m >/|Iu(s M2aggds- O
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When studying the L” (R™) well-posedness theory, it will be possible to reduce some proofs
to the case p > 2 by duality. For this reason we introduce the backwards in time equation, the
propagator for which will turn out to be the adjoint of the propagator for some equation of type

(1.1).

Definition 3.2. Let 7 > 0 and A € L®(R"; CMN*MN) qatisfy the ellipticity estimates. We

say u € L%OC(O, T; H» (R2)) is a local weak solution to the backwards in time equation up to

time 7 > 0,
Asu(s, x) = (=1)"div, A(s, x)V™u on (0,T) x , (3.3)
if for any ¢ € €2°((0, T) x ) it holds

T T

—//u(t,x)B,d)(t,x)dxdt://A(t,x)vmu(t,x)vmtb(t,x)dxdt.
Q 0 Q

0

Remark 3.3. We see directly from the weak formulation above that if u is a weak solution of
(3.3)on (0, T) x 2, then u(T —¢, x) is a local weak solution of (1.1) on (0, T) x 2 with A(¢, x) =
A(T — t,x). Thus, we obtain the continuity in time of such solutions with values in Hj] .(€2), as
well as the analogous quantitative energy estimates from Proposition 3.1.

The local energy estimates can be used to derive reversed Holder estimates. For this, note that
(0, 00) x R”, equipped with the quasi-distance

d((t, x), (s, y)) = max{|r — s|"/@™ |x — y|}

and the Lebesgue measure, is a space of homogeneous type. We denote Bg(z, x) = [t — R*", t +
R¥] x B(x, R).

Lemma 3.4. Let g =2 + 4nﬂ. Then there exists a constant Cy ) m.n > 0, such that for all global
weak solutions u to (1.1), (t,x) € (0,00) x R" and all (4r)*" € (0, 1) the following inequality
holds

1/q 172

][|u(s,y)|qdyds <C ][|u(s,y)|2dyds ) (3.4)

By (1,x) By (t,x)

Proof. This follows from Lemma 2.3 an Proposition 3.1. For the full argument, see the proof of
[7, Lemma4.1]. 0O

Similarly as in [7, §4.1], the reversed Holder equality above holds for an improved exponent
g > q, which is an application of a Gehring’s Lemma type argument for spaces of homogeneous
type, see [12]. For the exponent on the right hand side we can even choose any p € [1, 2] (for a
proof of this self-improving property in the setting of spaces of homogeneous type we refer to
[11, Theorem B1]).
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Corollary 3.5. There exists C > 0 and g > 2 + 4 poth dependent on the ellipticity and di-
mensions, such that for any global weak solution u Of(l.l), every (t,x) € (0,00) x R" and all
(4r)?™ € (0, 1), we have

1/2 1/q
][ (s, y)2dyds | < ][ (s, ylidyds | <c ][ (s, y)ldyds
By (,x) By (,x) By, (2,x)

4. Traces of tent space solutions

We show that global weak solutions u to (1.1) satisfying ||V’"u||Tp_2 < 0o possess a distribu-

tional trace, which, up to a polynomial, lies in L? or BM O space. If p € (1, 2] we also deduce
a bound on the L°°(L?)-norm of the solution modified by the same polynomial.

Lemma 4.1. Let p € [1,2] and u be a global weak solution of (1.1) with S = ||V”‘u||T,,,2 < Q.
Then it holds | V™ ull 2 (s, 00) xRy < 00 for all & > 0. Further; there exists a unique distributional
trace of u att = 0.

Proof. We first claim

n ol 1
IV ]l 12 (e.00) xRy S €272 P)S.

For p =2 there is nothing to show. For p < 2 we write for ¢ > 0

1V ] 2 6, o0y xR = / / ][ V™ uPdydtdx

R € BGx, 2%1/4)

1/2

1/2

= > // ][ IV"u’dydtdx |

z:"onQ(z) £ B(x, 27/4)

where for z € Zn/@ Z" we denoted by Q(z) the cube z
of Q(z) and realize for any r > ¢ and x € Q(z)

. We write cq(y) for the center

B(x9 2%/4) g B(CQ(Z)v 2"{1/;/2) g B(x’ 2%)’

hence it holds

172

IV ull 2 npxrny S| D // ][ V" u|*dydtdx
<€ E%Z"Q(Z) © Blegw). i/2)
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1/2
o0
n 1
Sedz| N / ][ V™ u|>dydt
2m/s "
te L' ® Blegw, Wi/2)
p/2y /P
o
n_ 1
<etnz Z / ][ IV ul>dydt

2
z€ 4:%5Z" ¢ Blcow). V1/2)

~ p/2 1/p

n1_ 1
SewCTP ¥ / / ][ IVulPdydt | dx
ze%Z"Q(z) € B(x, 21

where in the third line we needed the embedding of the sequence spaces £, < {; as p < 2. The
weak formulation of the equation (1.1) implies 8,u € L (g, oo; H™™(R™)). Let v € €°°((0, o0))
satisfy v=1 on (0,1) an v =0 on (2, c0). Applying Lemma 2.4 for intervals [, 2] and any
€ € (0, 1), we obtain for every ¢ € €>°(R")

00 2
(u(e, ), ¥)p2 = (u(e, ), Yv(e) 2= —/(3ru,¢v)dt —/(u,llfan)dt.
e 1
Thus we find for0 <d <e <1

(e, ), Y2 — @@, ), )2 = /(AVmu(t),Vmwﬂ(s,es)(t)v(t))dt

S IVPull 2 IV Y Lse) OV pro-

Simple estimates with help of the Hardy-Littlewood maximal function yield, as p <2,
IIlelfﬂ(a,s)(t)v(t)llmcz Sle =8IV Yl Ly oy

thus there exists a distributional limit ug € 2’ (R"), as claimed. O

Lemma 4.2. Let p € (1, 2] and u be a global weak solution of (1.1) with S = ||[V™"u|| .2 < 00

and distributional trace ug. Then there exists a unique polynomial P € Py, _1 with ug — P €

LP(R") and

sup [[u(t) — PliLr®rny S S-
>0
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Proof. Consider the weight @ = n> for some non-negative, radially symmetric function n €
€2 (B(0,1/3°™)). We assume [ @ =1 and 0 < ¢ = w on B(0, 1/4*™). We first show for xo €
R, r>0andt € (r,2r)

2r
2 —
Foleen =2 s n0) w(yw)r_“’)dm/ Fovmapars. @

B(xo, 2%/r) r/2 B(xo, 2/5)

where P? , w/p denotes the corresponding orthogonal projection on P,,_1 from Section 2.5 with
X0,

respect to the weighted scalar product.
By scaling and translation it suffices to consider xo = 0 and » = 1. The minimizing polynomial
can be replaced by any other p € P,,_1, for instance p = P (1), where

PO@ = Y W), pa)x"

o] <m—1

is defined for every ¢ > 0 with functions ¢, € Z(B(0, 1/2)) as in Lemma 2.2. The crucial obser-
vation is that the coefficients of P (¢) are absolutely continuous over the interval [1/2, 2]. Indeed,
the distributional derivative of ¢ is given by —(AV™u(z, -), V"¢a) 12(p(0,1/2)) and thus belongs
to L1(1/2, 2). Therefore, for each 0 < |o| <m — 1 and any ¢ € (1, 2),

1/2

lca(t) —ca (D] < / / V" u|*dxds 4.2)

1/2 B(0,1)
with constant depending only on ¢, the ellipticity and dimensions. Estimate (4.1) follows now
directly from the local energy estimates (cf. Proposition 3.1), the Poincaré inequality from

Lemma 2.2 and (4.2). As we consider the weighted scalar product, the same arguments show
that also the coefficients of IP"" o (u (t,-)) are absolutely continuous over [r, 2r] and we have

2r
2
][ ‘u(t,y)—P;,z%(u(r,-))(y)( dy,i/ ][ V™ ul*dys. (4.3)

B(xo, %/r/®) 712 B(xo, *%/5)
By definition, we observe P 2,{l[( P 2,1/_) = IP’;‘(’)’ /5 and the known bounds on minimal

polynomials together with (4. 3) lead to the estimate
172

w w m_ 12
||PXO’ ZrQ/F(M(r, ) — ]P’xo’ 2W(u(2r, M oo 0, 2077y S / ]L V™ u|“dys
/2 B(xg, 2/s)

I\)‘:
<=

<P S,
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Analogously as in Lemma 2.12 and Proposition 2.11, we obtain a limiting polynomial as r tends
to 0o, which does not depend on the center of the ball. We thus get for any xg € R” and ¢ > 0

o0
][ lu(t,y) — P> dy < / ][ IV™ul?dys. (4.4)
B(xo, 2%/t]%) 1/2 B(xo, 2%s)

From here, we obtain with Fubini’s Theorem and Holder inequality,

1/2

Ju(t) = Pllirgny < ][ u(t) — PPdy <s.
B(., */i]%) Lr(R")

Thus sup,_q lu(t) — PllLr@rr) S S. As any weak-* limit must coincide with the distributional
one, we conclude that ug — P € L?(R"). The polynomial must clearly be unique, as the only
p-integrable polynomial is the zero polynomial. O

We now turn to the case p € (2, oo].

Lemma 4.3. Let p € (2, 00] u be a global weak solution u to (1.1) with S = ||V’"u||Tp,z < 00.

Then u has an leoc (R™) trace ug at t = 0 and there exists a unique (up to a constant if p = 00)
polynomial P € Py, such that

luo— Plly S S. (4.5)
Here, Y =LP(R") if pe (2,00) or Y = BMOR") if p = cc.

Proof. Our assumptions imply for every » > 0 and x¢p € R”

R2m 1/2
swp | [ f vy | = (9 S E I e (4.6)
R m
=\ 0 B(xo,R)

Indeed, recall Remark 2.5 and restrict the integration domain to the ball B(xg, 7). In particular,
V™u € L*>(0, T; L>(B(xo, R))) for any T, R > 0 and xo € R".
To obtain the LIZOC(R”) trace of u at ¢ = 0 it suffices to show u € L2(0, 1; H"(B(xo, 1))) for
any xo € R”. Indeed, Lemma 2.4 implies as at the beginning of the proof of Proposition 3.1 that
u € €([0, 1]; L*(B(xo, 1/2))).

By translation, it is enough to assume xo = 0. We adapt the arguments from Lemma 4.2.
Lemma 2.2 implies for almost every ¢ € (0, 1) and any k € {0, ..., m}

IVE@(t, ) = P@) 280,17 < CIV™u(t, )l 280,19 (4.7)
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with the polynomial P (1)(x) = Yy <pn_i (u(t, ), po)x®. As V"u € L?(0, 1; L?>(B(0, 1))), we
deduce that the coefficients of P(f) are absolutely continuous over [0, 1]. For each 0 < || <
m — 1, there exists ¢, (0) € C such that for any ¢ € (0, 1),

1/2

t 1
|ca(t)—ca(0)|§A/ / V" u||V" $|dxds < //|Vmu|2dxds (4.8)

0 B(0,1/2) 0 B(0,1)

with constant depending only on ¢,, the ellipticity and dimensions. Define the polynomial P (0)
by P(0)(x) = ZO§|a|§m—l cq(0)x“. Combining (4.7) and (4.8) gives

m
Z ||Vk(u - P(O))||L2(o,1;3(0,1)) S Coa(IV™ul). 4.9)

k=0

We continue with showing that the trace u lies in the desired space. Consider a weight w as
in Lemma 4.2. It suffices to show

#,
I wo)g™ lr SNV ullfp2,
m

where we introduced the weighted sharp function

1/2

. 1 Y — X0
e = swp o inf | = /‘UOO—P@Ww( )@
B(xq,r)3x PePu_1 \ 1 r
B(xo,r)

It is of course enough to prove the pointwise inequality, which after translation and rescaling
reads

1/2
inf / luo(y) — P> 0(y)dy S Coa(IV™ul).
Pepm—l
B(0,1)
We show
1/2
luo(y) — P(O)()|* w(y)dy S Coa (V™ ul) (4.10)
B(0,1)

for the polynomial P(0) € P,,—1 obtained above. We have by (4.9) (u — P(0))n € L0, 1;
HY'(B(0,1))) and, using V"u € L?(0,1; L*(B(0, 1))) and the equation, also d;(u — P(0))n €
L2(O, 1; H=™(B(0, 1))). Thus, by Lemma 2.4 the map

(0,115 7 = [, ) = PO 51y,
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is absolutely continuous. The function ¢ (¢) =1 — ¢ is %" on [0, 1], so we may estimate

1

/|uo—P<0>|2wdy=—/a, (1—1) / lu(t, y) — PO I? w(y)dy | dt

B(0,1) 0 B(0,1)

=/ / u(t, y) — PO 0 (y)dyd

0 BO,1)
- ZRG/(l — 0)(@u(t, ), (u(t, ) = P0)w) g-m(p0,1)), Hr (BO,1))d1-

The first summand is bounded by (4.9). For the second one, we approximate (1 — ¢) by a
sequence of smooth compactly supported functions on (0, 1), use the equation (1.1) and pass to
the limit to obtain

1

52/ / IV u||[VE(u — P(0)||V" *w|dxdt

k=070 B,1)

(4.9)
5/ / V" u|?dxdt.

0 B(0,1)

‘/(1 —1){3;u, (u — P(0)w)dt

This finishes the proof. O

In Proposition 6.3 we prove the converse inequality to (4.5). If p < 2, this type of estimate
will be shown to hold under some extra assumptions on the operator L.

5. Energy well-posedness and the propagators
We demonstrate that in the energy case, Lemma 4.2 easily leads to the uniqueness of solutions.
Theorem 5.1. The Cauchy problem (1.2) is well-posed for Y = L*(R") and
X={ueZ R | V"ue L>(RET).
For any ug € LZ(R") and T > 0, the unique global weak solution u € X with trace ug satisfies
u € ([0, 00); L2(R™) N L2(0, T; H™(R™))

and ||lu(t, )| ;2 is decreasing. We have the global estimates

A
luoll 2 = llull poo 2y < V2AIV™ull212) </ o lluoll 2 G.D
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Proof. Uniqueness. Let u be a global weak solution of (1.1) with V"u € L?(L?) and assume
that the L 110 - (R™) trace ug of u exists and belongs to L?(R™). Then ug equals the distributional
trace and the polynomial P from Lemma 4.2 is the zero polynomial. We obtain from inequality

(4.4)forevery t >0

o0

172 gy S / / IV"uldys. (5.2)

12R"

Thus, u € L*(0, T; H™ (R")) for any T > 0 and the norm [[u(7)|| .2(r~) is decreasing and vanish-

ing at infinity. Consequently, we deduce from the weak formulation 8,u € L?(a, b; H™"(R"))
forany 0 <a < b < 00, soby Lemma 2.4 the map [a, b] >t — ||u(t) ||2L2 is absolutely continuous
with

b
Jut@) 2 = @I =2Re [ [ 460V ute. 097 ute X,
a Rn»

Here, we could treat u as a test function by continuity. The global estimates follow now easily
by taking limits and using the ellipticity bounds. Finally, (5.1) provides uniqueness.

Existence. Given ug € L>(R"), a solution with L>(R") trace ug can be constructed by finite
dimensional Galerkin approximations, see for example [19, Chap. XVIII, §3.1-3]. Another con-
structive proof is based on an approximation of the coefficient matrix A by piecewise constant in
time matrices and uses the semigroup theory. This has been done in the second order case in [7,
Theorem 3.11]. O

In Theorem 5.1 we could also start from any time s > 0 and initial data ug € L2(R™) to obtain
the unique weak solution u; (¢, -) to (1.1) on (s, 00) x R" satisfying V"u € L?(s, 00; L?) and

us(s, -) = us. This gives rise to the central object of our study, the propagator I'(z, s), defined for
0<s<t<ooby

[(t, s)ug(x) :=us(t,x), whenever (z,x)€[s,00) x R".
By Theorem 5.1, the propagators are contractions on L>(R”) and it is easily shown by unique-

ness of solutions that I'(#, 7) = I holds for > 0 and I'(¢, s)['(s, r) = (¢, r) is true on LZ(R"),
whenever 0 <r <s <t. Moreover, for any s > 0 we have

[s,00) 3t > [, 5) € 6o([s, 00); L(L?)). (5.3)
Definition 5.2. With the above notation, we call
{(t,5)|0<s <t <00} C.Z(L% (5.4)

the family of propagators associated to (1.1).
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If the coefficient matrix is given on the entire space R”*!, we could define the propagators
also for negative times. Similarly, recalling Remark 3.3, we easily obtain existence of propagators
for the backward equation (3.3),

([, T) —oco<t<T}C.Z(L. (5.5)

We set f‘(t, T)=1I(T —1t,0) if t € (—o0, T], where I'(¢, s) is defined as above for the matrix
A(t,x) = A(T —t,x) on (—oo, T') and constant otherwise (we study the backwards equation
on [0, T'], so the precise extension of A tot > T is irrelevant for later applications).

As announced before, the adjoints of (5.4) on a finite time interval can be expressed by the
backwards propagators to (3.3) for special choice of A.

Lemma 5.3. Let T > 0 and fix some coefficient matrix A. Consider the associated family (5.4)
and the backwards propagators (5.5) for A = A* (the conjugate transpose) defined up to time
T > 0. Then it holds

L, T)=T(T,t)* forevery 0<t<T.

Thus for all h € L>(R"), t — (T, t)*h is strongly continuous from [0, T] into L>*(R"), and,
consequently, t — T'(T, t)h is weakly continuous from [0, T into L*>(R").

Proof. An easy consequence of Lemma 2.4 and the weak formulation. See [7, Proposition
3.171. O

The following L? off-diagonal bounds are a replacement for kernel bounds and will, for ex-
ample, allow us to extend the family (5.4) to a broad class of functions.

Proposition 5.4. The family of propagators from (5.4) satisfies L* off-diagonal estimates. That
is, there exist constants ¢, C > 0 depending only on the ellipticity and dimensions, such that for
all closed sets E, F CR", any function f € L2(]R") and 0 <s <t < oo it holds

d(E,F) T
1T, s) (Al <Cexpy—c (m) I1rfllp. (5.6)

Proof. Without loss of generality we assume s = 0 and use the time consistency of the propa-
gators otherwise. Indeed, I'(¢, s)h can be expressed as I'y(t — s,0)h where 'y arises from the
matrix A(t, x) = A(t + s, x), satisfying the same ellipticity bounds as A.

Let E, F be two closed sets with d = d(E, F') > 0. Note that there is nothing to show if
d(E, F) =0, provided we choose C > 1. Consider the function #: R" — [0, d /2] given by

h(x) = min {max{0; d(x, F) —d/4};d/2}.

In particular, & = 0 on the d/4-neighborhood of F' and & = d/2 on the d /4-neighborhood of
E. Let n € €>°(R") be a non-negative function supported in the unit ball with [ =1 and set
ne =& "n(-/e) for £ > 0. Finally, let us define ¢ := h * n4/8. Then ¢ is smooth, non-negative
and satisfies ¢|r =0, ¢|g =d/2 and [|3%¢||Lo S d'~1*! for any multi-index «.
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Let « > 0 be a parameter to be specified later and consider the conjugated propagator
“®(t,0): L>(R™) 5 f > €“?T'(1,0)(e “? f).
We derive an L% bound for this operator in dependence on ¢, d and «. First notice that
u(t) = e Pr<?t,0) f = I'(t,0)(e “? f) is a global energy solution of (1.1), which belongs

to L>(0,T; H™(R")) for any T > 0 and 3,T“?(r,0) f € L*(0,00; H~"(R")). Hence, by
Lemma 2.4, we have for almost every ¢ > 0

d d
e, 0 fl7,= Enek"’u(r)niz = 2Re(d; (% (1)), € Pu(t)) yp—m @y, pm Ry

On the other hand, AV™u € L%(0, T: L?) for T > 0, so, by continuity, X%y can be used as
a test function and we have for almost every ¢ > 0

d
Enw(r)niz = —2Re(A(t, )V" (e Pw (), V" (¢ w (1)),

where we put w(r) = ¢“®u(r) = I'“?(¢,0) f € L>(R"). We further calculate, similarly as in
Proposition 3.1, using the product rule

d . _
EHw(r)Hiz:—ZRe Z /aa,ﬁ(e—“ﬁaﬁw) eK¢aaw+Ze"¢q>a,yayw dx

loe|=|Bl=m y<a
—2Re Z /aa,ﬁ Ze"“f’@ﬁ,gagw e"d’a"‘w—l—Ze""’@a,yan dx,
loe|=|Bl|=m E<p y <a

where this time @y, € C®(R") satisfy [|Pq.y 10 S Z([ $): 121, I4s=|a|—|y| k'd™". The expo-
nential factors cancel and we use the ellipticity estimates to obtain

m—1

d _
@I < =20V w2 + CIV w02 Y > kld™ | IVFw @) 2
k=0 \(,s): I>1,l+s=m—k

m—1
+Cy > K= | |VRw )2,

k=0 \(,s): I>1,l+s=m—k

for some C > 0 dependent on ellipticity and dimensions. We estimate the norms of the inter-
mediate derivatives with the Gagliardo—Nirenberg inequality, see Lemma 2.3, and use Cauchy’s
inequality to absorb the highest order factors in the negative term, which we then drop, to arrive
at

m—1

d m
w1 £ Y S wd)nE | @)

k=0 \(l,s): [>1,l4+s=m—k
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Notice that w(0) = f, so, by Gronwall’s inequality, there exists a constant C > 0, such that
we have for any « > 0

2m m 1 j—s\2m/k
I (1,0 112, < C "+ Eha izt om0 2

where we sum over s > 1 after taking the corresponding factor for s = 0, namely «>™", out from

the sum. Let us assume without loss of generality that f is supported in . Then it holds e ™*¢ f =
fand 1D(zr,0) f = e *4/2I%®(¢,0) f, hence, by above,

2 —ckd(E,F) C 2m m. ) . ldf.v 2m/k t 2
I1ED(,0) fII3, <e kd(E.F) ,C(k*"+ 330 31 o1, 1smi (A7) PE) 172

Since the above estimate holds for any « > 0, we can choose the one for which the expression
—ckd + Cic¥™¢ attains its minimum. We let « = &(d /1)@= for an appropriate . Secondly,

1/(2m—1) and K2mt _ (d2m/t)l/(2m_l)

we observe that up to a constant kd = (dz’" / t) , whence

11

(el d=)2m kg = (e 2m )l k (@2 gy =s/k = (ﬂ)mz
t

s
k

Taking the restrictions on parameters s and / into account we see (1/(2m —1))I/k —s/k <0,
which allows us to conclude that whenever d2" /t > 1, then the off-diagonal estimate (5.6) is
true for some constants C, ¢ > 0. We eventually enlarge C > 1, such that C exp(—c) > 1 holds
and so (5.6) remains true if 4"/t <1. O

An application of the Riesz—Thorin interpolation between the result from Proposition 5.4 and
uniform .Z(L?(R™)) bounds of the propagators gives us the following.

Lemma 5.5. Let 1 < g < 0o and assume

sup |[|[I(t, $) |l ey < 00.

0<s<t<oo

(1) If g €11,2), then for all r € (q, 2] there exists a constant o, > 0 such that for any closed
sets E, F CR" and 0 <s <t < 0o we have for f € L"(R")

2m
_ad_l d(E,F) 2T
ILET @) Ar Pl S @ =)~ 2 z)exp{—ar (m> }||]1Ff||u.

(i) If g € (2, 00, then for all r € (2, q] there exists a constant o > 0 such that for any closed
sets E, F CR" and 0 <s <t < 0o we have for f € LZ(R”)

2m
_n 1l 1 d(E’ F) 2m—1
ILED( ) Ar )l S ¢ =5)7202 7 exp {_a, (m> } 127 £l 2.

Proof. This is a consequence of the reversed Holder estimates from Corollary 3.5, bounds from
Proposition 5.4 and the assumption. See [7, Lemmas 4.9 and 4.11] for details. O
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We finish this section addressing inhomogeneous autonomous equations and presenting a type
of Duhamel’s principle for the propagators.

Lemma 5.6. Let Lo = (—1)"div,y A(x)V™ be an autonomous elliptic operator. For f € L*(L?),
h e L>(R") and t > 0 we define

ut, ) =e "M+ Ry, f(t,),

where

t

Ry f(, )= Z /e_(t_“)L"Bﬂfﬁ(S, ds

|Bl=m )

is the L*(L?) = T,,%’z — Xi bounded map from Proposition 9.4. Then u(0) = h in L*(R"),
V™"u € T2 and it holds for all ¢ € €= (R™),

(u, 0,9) = (AV™u, V") + (f, V" 9).

Proof. Uniqueness is immediate by Theorem 5.1, if we look at the difference of two poten-
tial solutions. For existence, with Proposition 9.4 on hand, it is routine to check the claim for
fe @(RT’I). The quoted result ensures in particular that ||V Ry, fll 222 S | f | L2(12)- For
general f, we rely on the approximation by test functions. See [7, Lemma 6.12] for details. O

Corollary 5.7. Let Lo = (—1)"div,, A(x)V™ be an autonomous elliptic operator. Then the prop-
agators from (5.4) can be represented in L*>(R") by

t
I'(t,0)h = e tLop +/e*<f*s>L0divm ((A(s, ) — A)V"T(s, 0)h) ds,
0

where h € L*(R").

Proof. The statement follows directly from Lemma 5.6, the decomposition A = (A — A) + A
and uniqueness of energy solutions from Theorem 5.1. O

6. Existence of weak solutions for rough initial data

6.1. Initial data with controlled growth in L? (R™)

loc

Thanks to their off-diagonal decay properties, we can use the propagators to construct global
weak solutions to (1.1) with rough initial data. Our first result leads to a straightforward extension
of those operators to Campanato-type L? spaces from Section 2.5.

Lemma 6.1. Ler f € L? (R") be such that for any xo € R" there exists C > 0 and N € N with

loc

N
||f||L2(B(x0,r) <Cr
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forallr > 1. Then T'(¢,0) f exists in € ([0, 00); L? (R™)). Precisely, fix some Bg = B(xq, r) and

loc

let By = B(xo,2%r) for k € N. Then for any K € R" compact, the limit
lim 1xI(z,0)(1p, )
k—o00

exists in L>(R") for all times t € [0, 00), depends continuously on t € [0, 00) and is independent
of the initial choice of xo € R" and r > 0.

Moreover, the function uy: (t,x) — I'(z,0) f (x) is a global weak solution of (1.1) and satis-
fieslimy_ous(t,-) = f in L2 (R™).
Proof. The claim follows from Lemma 5.4 and Proposition 3.1 by localization. The LIZO .
vergence to the trace follows by Lemma 5.4 and Lebesgue Dominated Convergence. O

con-

In particular, for any polynomial P and f € L?(R") with p € [2,00] or f € BMO(R"), a
global weak solution of the parabolic equation (1.1) with LZZOC(R”) initial data f 4+ P can be
obtained with Lemma 6.1 by

t,x)= T 0)(f + P)(x).

Our next result is the conservation property for polynomials P € P,,_1, according to which

we can rewrite the above solution in the leo (R™) sense as

(t,x) > T, 0 (f)(x) + P(x).
Proposition 6.2. Let 0 < s <t < 0o and P € P,,_1. Then T'(t,s)P = P in L? (R™).

loc

Proof. Without loss of generality assume s = 0. For any 0 <t < oo and P € P,,,_1, Lemma 6.1
implies that ['(¢, 0) P is well-defined in LZZOC(R"). It is easy to see that on any compact set K C
R”" we have

]1KF(t,O)P=Rlim 1T, 0)(xgP) in LZ(R"),
—00

where xg = x(-/R) is a smooth cut-off function with 1 g0, 1) < x < 1p(0,2)-
We aim to show that for any K € R” compact

LgP = lim 1kT(t,0)(xgP) in L*(R").
— 00
Claim. For any h € 6.(R") it holds

(F@.0)P )2 = lim (I, 0)(xgP). h) 2 = (P h) 2.

Proof of the claim. If we denote by T is the propagator associated to the matrix A(s, x) given
by A*(t — s, x) if s € (—o0, t] and A*(0, x) otherwise, then

(C(2,00(XR P), h) 2 = (Xr P, T(2,00*h) 2 = (xr P, T(2, 00h) 12,
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according to Lemma 5.3 and the definition of the adjoint propagators. By the energy well-
posedness from Theorem 5.1 it holds

(s > up(s, ) =T —s, O)h) e W(0,1: H"(R"), H~"(R"))

and also xg P € W(0,t; H™(R"), H™™(R")) as it is independent of . Therefore, Lemma 2.4
applies and we can write

(xrP,up(0)) 2 = (xr P, un()) / (O5un(s), XRP) pg-m®n), g Ry dS. (6.1)
0

We next use u, € W(0,t; H"(R"), H"(R™)) to approximate xrP in L2(0,t; H™(R™)) by a
sequence of test functions (s, x) > (7 (s) xg (x) P(x))e>0 to arrive at

t

I ::—/(asuh(s),XRP>H—m(Rn)‘Hm(Rn)dS
0

= / A*(t — 5, X)V™up (s, x)V" (xg P)(x)dxds.
0 B(0,2R)
Assume without loss of generality supp/s C B(0, 1). Then, denoting the degree of P by d,

t

IIIS/ / IV™un(s, )[IV" (xg P)(x)|dxds

0 B(0,8)

#3[[ 9un Gepy wldxds

k=30 B \By
t
<py Rd_’"/ / IV up (s, x)|dxds + R~ '"Z/ / V™ up (s, x)|dxds.
0 BO.8) K=30 BB

Here we put By, = B(0, 2k ). Since d < m, the first term tends to zero as R — 00. We need to show
the ﬁni.teness of Y72 fé f Besi\By |V™uy,|dxds. For this we use the following refined version of
the estimates from Proposition 3.1 (we keep the same notation).

For any 0 <r < R, 0 < ¢ <& <min(R — r,r) and the annuli S(r,¢) = B(xp,r + ¢) \
B(xg,r — ¢) it holds

/ ”Vmu(s )||L2(S(r ;-)) (E §)2m / ” (S )||L2(S(r g))ds + ”I/l(Cl )||L2(S(r £)° (62)



W. Zaton / J. Differential Equations 269 (2020) 11086—11164 11125

Estimate (6.2) is achieved by covering the annulus S(r, ¢) with finitely many slightly overlapping
balls and use the already known estimates.

Back to our setting, (6.2) and off diagonal estimates for the propagators allow to estimate for
k>3

1/2
62)
2

\V™uy|dxds < 27 2*2’"“‘*‘)/ / lup|*dxds + | k|3
0 Bry1\Br 0 S(2k42k=1 2k)

k(n—2m) 22m(k—2) 1/(2m—1)
<277 exp|-—c — AP

(S(2k4-2k=1 2k))

up to constants depending on ¢, n, m, A and A. Thus, the whole series converges,

00 t
Z / IV up|dxds < oo.
k=30 Biii\B

Passing to the limit as R — oo in (6.1) we conclude with uy(¢) = h that

((XRP), un(0)) 2 = ((XrP), un()) 2= (P, h)2. D

lim lim
R—o0 R—o0

If 1l <p<2then f € LP(R") does not imply f € leo -(R™), so the results obtained so far
do not ensure the existence of weak solutions with such an initial data. Indeed, as we will see,

the theory for the cases 1 < p <2 and 2 < p < oo differs a lot and we so present the existence
results in separate sections.

Proposition 6.3. Ler f € BMOR") or p €[2,00) and f € LP(R"). For any polynomial P €
Pim—1 the function

(t = uppp(t,) =T, 0)f + P)e L} .(0,00; H.(R"))

loc

defines a global weak solution to (1.1), satisfying lim, souysyp(t,-) = f + P in LIZOC(R”). It
holds

V'pp=V"us e’
with p € [2,00) if f € LP(R"), or with p =00 if f € BMO(R"). Further, we have
£y ~ IV pll 2

with Y = LP(R") or Y = BM O(R") correspondingly.
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Proof. Clearly, in both of the considered cases, Lemma 6.1 combined with Proposition 6.2 en-
sures the validity of the first half of our claim, that is for any polynomial P € P, _1,

upyp=T¢,0f+P

is a global weak solution to (1.1) with leoc (R™) trace at t =0 given by f + P.
Note first that V" P = 0, so we indeed have V"u s p =V"u .
Recalling the uniqueness statements from Propositions 2.9 and 2.11 we only need to show

#,m m
s ~ |V
1 e ~ IVTuplizpe

for any p € (2, oo], whenever the left hand side is finite. We prove here the bound

#,
IV"upll o2 SN e,

as the converse inequality has been proven in Lemma 4.3, without assuming that u s is given by

the propagator. With the equivalent norm on 7,/ 2 from Remark 2.5, it will be enough to show
that for any ball B(xo, r) it holds

1/2 172

r2m
[ rusPaan | scon=se it |10 - poRdy
R>r PEFm—-1
0 B(xp,r) B(xo,R)
(6.3)
Our proof of (6.3) follows the idea of the classical Carleson measure estimates quoted in
Proposition 2.7 (i). Let B = B(xg, r) and 2B = B(xg, 2r). Consider Q2p = Py, 2-(f), the mini-
mizing polynomial for f on 2B. We introduce the decomposition

f=fi+ 2+ 02,

where

Si=1ap(f — Q28) and fo=1rmop(f — Q28)-

Due to the conservation property from Proposition 6.2 it is V"*I'(¢,0)(Q25) = V" (Q25) =01in
LIZOC (R™) and we only need to estimate the parts corresponding to f; and f>. To this end note
that f; € L>(R") implies

|BI7'2IV™ T, 0) fill 222y S IBIT2 1 fill 2 S Cgor (F)

with constants depending only on the ellipticity and the dimension.
For f>, let us first recall an inequality from the proof of Proposition 3.1 (here with the param-
eters b=r>",0 <a’ <b, R=2r). For any h € L>(R") supported in R” \ 2B it holds

b b
1
/ IV (s, 00172y ds S / S 1T, 0072 g gy s + @' ORI .
a/

a/
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The continuity in time of energy solutions implies lim, .o [|['(a’, 0)hll 225y = 12l L2(25) = O
We can take the limit as @’ tends to zero on both sides of the above inequality to obtain

er r2m

/ IV™ (s, )1l 7a 5y ds S ][ IT (s, 0)A 72y 5y ds-
0 0

Setting h = f> and By := B(xo, 2kr) we thus have

o 1/2 1/2

y2m
/ ][W"’r(s,O)fz(y)deds < ][ ][|F<s,0><f213k+1\3k><y>|2dyds
0 B 0 2B

k>1

For k € N and s € (0, r>™), we estimate with the off-diagonal bounds from Proposition 5.4

(2kr)2’” 1/2m—1)
][ IV"'T(s,0)(f21p,,\80) 1 dy S exp (—c ( , ) ) BITMf = Q2811724
B

where we used that d(By1 \ Bk, B) = 2kp — r > 2k=1. Moreover, we have
2B f — Q253 <2"Cyr (f)* + 2B Py g1, (f) — Q5]
2B L2(3k+1) = X0,F x0, 2K+ 2B Lz(Bk+l).
Since PxO’2k+1r( f) stays invariant under the projection Py, »-, we estimate for y € By

Py 21, () = Q2B1() S 28 Co ()

with constants independent on r. So, there exists N € N with

2BI7M1f = Q281725 ) S 2" Caour ()

Finally,
r2m 1/2 er 1/2
/ ][|V'"r<s,o>fz<y>|2dyds < ][exp(—czzmk/“m—“)2N"cxo,r<f)2ds
0 B k=1\ 9
5 Cxo,r(f),

where we used s € (0, 7>™) to dispense with the ratio (#*"/s) in the exponential. This gives
6.3). O

The following proposition contains the higher order counterpart of the existence results [7,
Corollaries 5.5 and 7.2] for the Cauchy problem (1.2) for ¥ = L?(R") with p € [2, co] and
spaces X = X/ and X = L>(0, co; L?(R")).
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Proposition 6.4. Let p € [2,00] and f € LP(R"). Consider the solution uy(t,-) =I'(¢,0) f to
(1.1) obtained in Proposition 6.3. Then the following are true.

() us € Xp(R") and || flle ~ lluslgp.
(i1) Under the uniform boundedness assumption

sup  |I0(z, )l z(Lry < 00, (UBC[p])

0<s<t<oo
it holds u ; € L(0, 00; LP(R")) and || fllr ~ llu fll oo Lry.

Before we proceed to the proof, we point out that the condition in (ii) is necessary, in the sense
that we have for any p € [1, oo]

esssup [|[I'(7, )| 2@ry <C <oco= sup |, s)|lz@r <C <o0.

0<s<t<oo 0<s<t<oo

We argue as follows. Suppose p € (1, 00) and let f, g € Z(R") C L2(R™). With q € (1,00)
being the dual exponent to p, it holds for almost every 0 <s <t < oo by assumption

(T, ) f,8) <Clfleeligles.

Recall from (5.3) and Lemma 5.3 that the maps

[s,00) 5t (I'(¢t,s)f,g) and [0,¢t]>s+— (['(¢,8)f, g)

are continuous. Hence, the previous bound holds for every 0 < s <t < 0o and so, by density,
the propagator I'(¢, s) € £ (L?) admits a unique continuous extension to L”(R"). In addition, it
holds uniformly in 0 < s <t < oo that

T, Il z@r <C.

For p = 1 the same reasoning works if we consider f € Z(R") and g € L>*°(R") with com-
pact support and for p = oo we just reverse the roles of f and g.

Proof. Clearly, in (ii) there is nothing to prove. Claim (i) can be seen directly if p € (2, co].

Indeed, let uys(t,-) =I'(¢,0) f with f € LP(R") and p € (2,00]. For any x € R"” and r > 0

introduce the annuli Sy (x, r) = B(x, 2¥t1r) \ B(x, 2%r) for k > 1 and Sy(x, r) = B(x, 2r).
Then, for any § > 0, we decompose

F= gy 25+ D s 25
k>1

As we have already seen, the L? off-diagonal bounds allow to estimate with some N, , € N
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1/2 172

)
F o oreosorda| sy Ve(-2¥) [ f rora

8/2 B(x, 22/5) k=0 (r. 2641 2/5)

5\ 12
< (Mauelf?) " .
Thus, since p > 2, we conclude N, (u s) € L?(R") with
luplixr = INu@plle SIS lLe-
In particular it holds for p € (2, c0) (we exclude p = oo, for which ||Vmuf||Tp,z ~\fllBmo)
luplyr S IIVmeIIT"f;,Z- 6.4)
The reversed inequality

I fller S llupllixr

can be also proven directly by the off-diagonal bounds combined with a Fatou-type argument,
see [7, Lemma 4.6 (ii)]. This then implies for p € (2, o]

IV a2 S el (6.5)

However, both arguments break down if p = 2, because they require the L”/> boundedness of
the maximal function. The estimates (6.4) and (6.5) remain true though, even if p =2 and we
state the results in Section 6.3. O

6.2. Initial data in LP (R™) with p <2

Lemma 6.3 does not cover L”(R") initial data if p < 2. In this case even the existence of
solutions in the non-tangential space requires the boundedness assumption on the propagators.
For the second order case of the results in this section, see [7, Corollary 5.10].

Lemma 6.5.Let p € (1,2] and u € X!, be a global weak solution to (1.1). Then u €
L*°(0, 00; LP) and

<
lullpoorry S llullyep -

Proof. Assume u € X}, is a global weak solution to (1.1). For ¢ > 0, Fubini’s Theorem and
Holder’s inequality for p < 2 give

r/2

||u(z,~)||ips/ ][ e, 2dx | dy.
R™ \B(y, 2%/1/2)
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We estimate with help of the a priori energy bounds from Proposition 3.1

1/2 .
][ lu(t, x)|>dx < ][ ][ lu(t, x)|>dx

B(y, *%/t/2) /2 B(y, /1)

1/2

Thus, [[u(t, )7, S [Nuullf, holds for every £ > 0. O

Let us observe the following. If (1.2) is well-posed for (LP(R"), X%), then there exists a
continuous solutionmap us: LP(R*) > fr>uy e X%, which by Lemma 6.5 satisfies

luglleoory SIFIlLe@®ny-

From such L°°(L*) bounds we are able to deduce that the evolution of u s at positive times
must be governed by the propagators, see Corollary 7.3 in the next section. Combined with the
estimate above, this gives a heuristical explanation, why it is meaningful for p < 2 to assume
a uniform boundedness condition for the propagators. We introduce the uniform boundedness
condition as follows

sup sup 1T, $)Al Lr®ry < 00. (UBC[pD
0<s<t<oo he®>XR"),
Al p rry=<1

The same reasoning applies to the well-posedness in X = {u € 2'(R"*) | V"u € TF ’2}, see
Lemma 4.2.
The following result is the higher order analogue of [7, Lemma 4.10].

Lemma 6.6. Let p € [1,2) and assume (UBC[p]) holds. Then for all f € LP(R™) the function
uyp: (t,x)— I'(t,0)f is a global weak solution of (1.1) and u y € L*°(0, oo; LP).
Moreover, for all v € (p,?2), it holds

N pllLoewry Slluglixr SIFlLr

Proof. Let f € L7(R"). By (UBC|[p]), u s is well-defined in L*°(0, oo; L?(R")). We first need
to show u s € L% (0, oo; H;? (R")). Suppose first f € L2(R™) N LP(R™). We then have for any

loc

7 > 0 and x € R" by Proposition 3.1

T

||F(f, O)JCH?AZ(B(X7 2%/2)) S f f |Mf(S, y)|2dyd5
T/2 B(x, /1)

By Vitali’s Covering Lemma, there is a finite number K, ,, such that for any T > 0 there exist
points {v; |i € N, 1 <i < K} e B(0, 2/7), such that

K
B, 27y < BG4 vy, Yrjoime),

i=1
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The rescaling factor is chosen so that the new radii r = /7 /24m+1 satisfy (4r)*" < t/2. Hence,
forany k =0,...,4m —l and ty = 7/2 + 2kr2m the balls {B,(t,x 4+ vi)}1<i<k satisfy the as-
sumptions of the reversed Holder estimates of Corollary 3.5. Hence, we obtain

1/p

—

4m—

T 0l 2 s, 272 S D D ][ ug(s, IPdyds | Scllfllze-

=l k= By (g, x+v;)

Thus, by density of L2(R™) N LP(R") in L?(R") with respect to the L”-norm, I'(¢, 0) f can
be defined for every f € L?(R") and any ¢ > O as an object in leo -(R™) and satisfies

1o, T 0)fll2 Sre ll fllLe
for any R > 0, t > 0. From here, a routine application of Proposition 3.1 shows
IVET @, 0) fll 2k) Sk 1 f Il (6.6)
on any compact K C R’}FH and integer 0 < k < m. We now show that u ; satisfies (1.1) in the

sense of distributions on R'_’:’l. Let e >0 and f, € LP(R") N L2(R") with If — fellLr <e.
Then u f, is a global solution of (1.1) and we estimate for ¢ € @(R’f‘l)

o o
—//uf%dydt—i—//AV’"usmqb dydt

0 R~ 0 R~

o o
S//|Mf_Mfg||at¢|dydt+A//|Vm(uf_ufg)||vm¢|dydt

0 R 0 R~

(6.6)
Sllup —uglleewry + IV @ —u)l2uppovmgyy S If — feller <e.

Finally, let r € (p,2). For x € R", § > 0 and « € (p,r), we have with Lemma 5.5 and the
decomposition f = f]lso(x 275 + Zkzl fILSk . 235 for some N = N, ,, € N

5 1,2 1/k
2mk_
Foreosmpad| sy Mep(-2m) | £ rord
8/2 B(x, 2%) k=0 (x,2k+1 2’%)
1
S Mucl 1197 @).

By the L"/“(R") boundedness of the Hardy—Littlewood maximal function, we conclude

lugllxg, Sl ©
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6.3. Comparability of ||Vmu||Tp_2 and HMHXZ - results
m

For reference, we collect here statements on the validity of
Nl ~ UV ull 2 6.7)

for global weak solutions u of (1.1). All proofs were moved to the Appendix (cf. Section 9.2)
being technical adaptations of the estimates from [7, §7] to the higher order case.

Proposition 6.7. Let p € ( o0) and f € L*(R"). Suppose up(t,) =T, 0)f is such that

_n_
n+m?’

V'"uy e Tnf’z. Then u € X}, and

lugllxr SNV upllppa.
m T

The proof of Proposition 6.7 requires three ingredients. Namely, we begin with the represen-
tation formula from Corollary 5.7, argue that the claim is true for Lo = (—1)" A" and use the
properties of the integral operator R, from Proposition 9.4.

The reversed inequality holds without the assumption on the form of the solution. For p < 2
our methods require the stronger ellipticity assumption (2.3).

Proposition 6.8. Assume p € [1,2) and that L satisfies the strong ellipticity bounds (2.3). If
u € X is a global weak solution to (1.1), then V"u € T,f’,’z and

IV ull 2 S Nl
Proposition 6.9. Assume that 2 < p < 0o and u € X}, is a global weak solution to (1.1). Then
IV ull 2 S Nl

All of the above estimates were known at least for the second order case and some of them
for the higher order autonomous case. In the next section, we contribute further bounds, namely

(i) We can treat arbitrary solutions satisfying V"u € T,} 2 (and not only those given by the
propagators applied to an L?(R") function as in Proposition 6.7) and obtain

lluo = PliLr ~ llu — Pllyr ~ IIVmMIIT”/;,z
if p € [2, 00) and
luo — Pllr Sllu— PliLeowry S IIV'”uIITng,z

if p € (1, 2], where the polynomial P € P,,_ is unique.
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(i) Under the strong ellipticity assumption (2.3), if p € (1,2) and (UBC[p]) holds, then
o = Pliza ~ llu = Plloe(ray ~ llu = Pllgg ~ IV ull g2
is true for all g € (p, 2) and a unique polynomial P € Py,_;.
7. Uniqueness results and tent space well-posedness

7.1. Interior uniqueness

The following local representation result is the main step towards the uniqueness results and
is based on [7, Theorem 5.1].

Theorem 7.1. Let u be a local weak solution of (1.1) on (a,b) x R" and ¢ > 0 be the constant
from (5.6). Assume that for some y < 24’”/(2’”*1)(;—(1)1/(2’"*1) it holds

1/2

b
M::// / (e, y)Pdyde | e 7PV gy < o, (7.1)
R* \® B(x, *¥b)

Thenu(t,-)=T(t,s)u(s,-) fora <s <t < b in the sense of
/u(s,x)l"(t,s)*h(x)dx =/u(t,x)h(x)dx whenever h € €.(R"). (7.2)
R~ R~

Proof. For the proof in the second order case, see [7, Theorem 5.1]. Inspection of the proof

reveals that with the local energy estimates from Proposition 3.1, the same argumentation applies
in the higher order setting. O

Remark 7.2. In the setting of Theorem 7.1 it holds with ¢ = %

b b

_2071 12m/(2m—1) _2170 ,12m/(2m—1)
[ [ g gy 0 5y [ o gy,
a Rn a R»

This follows from the inequality
la+b° <2°7Y(lal® + |b|°) forall a,beR
and, for the first estimate, the Holder inequality or a covering argument combined with Corol-

lary 3.5 for the second estimate. We carried out this argument in the proof of Lemma 6.6.
Let us present a simple application of Theorem 7.1.
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Corollary 7.3. Let p € [1,00] and u be a global weak solution of (1.1) with u € L°°(LP) or
ue Xkh. Then forany 0 <s <t < 00

u(t,)y=rI(,s)u(s,-)

holds in the sense of (7.2).
Proof. This is an immediate consequence of e—clx [m/@m=D eLV (R™) for any ¢ > 0 and 1 <
p’ < oo given by % + # =1, a covering argument and Remark 7.2. O

We make the following observation. The interior representation result considers only interior
times and states how the solutions propagate for such times. It is a separate task to identify the
trace of the solution and show that the propagation formula can be extended to s = 0. Let us
outline the strategy for proving well-posedness of the Cauchy problem (1.2) for ¥ = LP(R")
with 1 < p < 0o and a seminormed space (X, || - || x)-

Step 1. Start with global weak solution « to (1.1) and prove the existence of the quoc (R™)
trace ug at t =0 for some g € [1, 00). For this, use the bound |ju||x < oo and the equation.

Step 2. Use the control ||u||x < oo to check the assumption (7.1) and conclude for any time

t > 0 and sequence of times (#,),eN C (0, ¢) with #, — 0 the representation

/ u(ty, x)T(t, t,)*h(x)dx = / u(t, x)h(x)dx whenever h € €, (R"). (7.3)
Rn Rn

Step 3. Proceed to the limit as n tends to infinity in (7.3) rigorously using the convergence
from Step 1. and the properties of the propagators. This gives u(t, -) = I'(¢, 0)ug(-).

Step 4. Prove that ug € Y and that the unique solution obtained depends continuously on its
trace. This amounts to showing

llwolly ~ lluellx-

Example 7.4.Let X = L®°(L?) and u € X be a global weak solution to (1.1). To obtain the
unique representation of u by the propagators, we follow the strategy above. By the continuity
results of Proposition 3.1

sup [lu(t, )2 < oo. (7.4)
t>0

Step 1. By weak compactness of L2(R") and (7.4), there is a sequence (f,),eN < (0, 1) with
tn — 0 and ug € L*(R") with

u(ty, ) = ug in L>(R") as n — oo.

Step 2. See Corollary 7.3.

Step 3. Given (7.3), use the weak convergence from the Step 1 and strong L*(R") continuity of
[0,¢] >t T'(¢,1,)*h from Lemma 5.3. We obtain u(¢, -) = I'(¢, 0)uo.

Step 4. Follows immediately from Theorem 5.1. At the same time this step shows the uniqueness
of the trace.
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Summarizing, for p = 2 we obtain the following well-posedness results.

Theorem 7.5. For a distribution u € 9’ (RT‘I) it is equivalent

() u is a global weak solution of (1.1) and V™u € L*(L?).
(i) u is a global weak solution of (1.1) and u — P € L°°(L?) for some polynomial P € P,,_1.
(iii) u is a global weak solution of (1.1) andu — P € X,zn for some polynomial P € Py,_1.
(iv) There are unique f € L2(R") and P € Pp_1, so that u(t,-) — P =T(z, 0)f in LZ(R")for
t>0.

In this case, u — P is the energy solution with trace f obtained in Theorem 5.1 and satisfies
therein stated bounds. Moreover, ||Vmu||T’%,z ~lu— P||X’2” ~lu = Pllpoo(2y ~ IIfIILz(Rn).

Proof. Points (i), (ii) an (iv) are equivalent by Lemma 4.2, Example 7.4 and Theorem 5.1.
Lemma 6.5 proves the implication (iii) to (ii) and (ii) follows from (iv) by Proposition 6.7. O

7.2. Tent space solutions 2 < p < oo

We now approach the tent space well-posedness for p > 2. The next result is of course true
for p =2, if we let Y = L2(R") + Pp_1 and set || f + Py == IfNlz2, see Theorem 5.1 or
Theorem 7.5.

Theorem 7.6. Let p € (2, oo). For a distribution u € @’(R'fl) it is equivalent

(1) u is a global weak solution of (1.1) and V™u € T,f,”z.
(ii) There is a unique f €Y such that u(t,-) =T(¢,0)f in L2 (R") fort >0,

loc

where Y = BM O,,(R") if p=o00 or Y = L), (R") if p € (2, 00). Moreover, it holds

IV ullpp2 ~ 1 f Ny

Proof. We only need to show (i) implies (ii), as the other direction was proven in Proposition 6.3.
Let p € (2, oo] and suppose u is a global weak solution of (1.1) with S = ||Vm””T,,’,”2 < 00.

Step 1. By Lemma 4.3, there exists a unique LIZDC(R”) trace f ofu atr =0anditholds f €Y
as claimed. Step 2. For the interior uniqueness, recall that with the notation from Lemma 4.3, it
holds Cy, (|V™ul) < rb S. Arguing as for (4.10) in Lemma 4.3 (with ¢ (¢) = t), we obtain for
xo €R", r>0andt € (0, r)

lu(t, y) = P2, u(t, D0 wx.r 0)dy S Crg.r (V" u])?. (1.5)

B(xo,r)

We argue as before that the coefficients ¢ (¢) of P;‘(’)’r(u(t, -)) are absolutely continuous

over [0, 2] and there are some constants ¢, (0) € C with
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p2m

|c;0*’(z)—cg0”(0)|§wr—m/ f |V™u(t, x)|dxdt S Cxyr (IV"ul).

0 B(xg,r)
Recalling the L%UC (R™) convergence u(t,-) — f ast — 0, we see that the coefficients " (0)
correspond to the ones of Py, ,(f). Thus we have for y € B(xp,r) and ¢ € [0, r2my,
|Pro.r (t, D) = Pey r ()] S Crgor IV u)). (7.6)

Furthermore, by Proposition 2.11 if p € (2,00) or Proposition 2.9 if p = oo, the means
fB(XO’r) | fldx grow at most polynomially in |xg| and so do [Py, -(f)Ilz>(B(xe,r)). Combin-
ing this fact with (7.5) and (7.6) shows that u satisfies the integrability condition (7.1) from
Theorem 7.1 on any cylinder (0,b) x B(x, */b) with 0 < b < 0. Consequently, u(t,-) =
[(t, s)u(s, ) forany 0 < s <t < o0, in the sense that for & € €. (R")

/u(s,x>r(z,s)*h(x)dx=/u(z,x)mdx. 7.7
R» R

Step 3. We need to show that representation (7.7) holds up to the boundary, that is, for s = 0.
To this end, fix # > 0 and let (sx)reN € (0, £) be a sequence converging to zero. By averaging,

/u(sk,x)l"(t,sk)*h(x)dx :/ 7[ u(se, y)I'(t, sp)*h(y)dydx. (7.8)
R R™ B(x, 22/1/2)

We will apply the Lebesgue Dominated Convergence Theorem to the sequence (gi)reN With

() = ][ u(sie. )T SR QY.
B(x, 2/1/2)

First of all, we have I'(¢, s)*h — I'(t, 0)*h in L>(R") as k — oo (Lemma 5.3) and additionally
the L? (R™) convergence u(t,-) — f ast — 0 holds. Thus, as k tends to infinity

loc
gk(x) — ][ FOI(, 0)*h(y)dy
B(x, *%/i/2)
for every x € R”. Applying L? off-diagonal bounds and (7.5) together with (7.6) gives us

1/2

o0
IAGIEDY ][ e NPy | 1L e, 20 T s0* (Lg 2 W2
7= \g o, 2022)
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172
. 1/@m—1)
—gp2m/@m—1)j( _t_
S| [ moknPo, payas | ()
7= b, 20
X ”]lsl(x’ 2#(1/?)]1”[‘2
3 2m/@2m—1)j
_"’2 m m—1)j
S (Co V") + 1P, 2 (D)l i, 2 ) € Iy 0 syl
j=1

Since

sup C, 2 (IV"ul) S el T S
xeR?

the term in the brackets grows at most polynomially in |x| and so it is integrable when multiplied

2m
by e~ *¥I*"~" with arbitrary & > 0. So, we can proceed as in the proof of Theorem 7.1 to see that

there exists N € N and a constant ¢ > 0 such that for 0 < o < ¢t~ 1/@m=1

_a‘x|2m/(2m—l)

gk S IxNe 7]l 2

uniformly in k € N (the constant does depend on ¢). Thus, the sequence (gx)recN has an inte-
grable dominant. We pass to the limit as k tends to infinity in (7.8) and obtain that the function

R f FOIT@OFRGYdy
B(x, 21/2)

is integrable for every ¢ > 0 and

/ f FOT(, 0)*h(y)dydx = / u(t, x)h(x)dx. (7.9)
R" B(x, 27 /2) R”

If we can show the integrability of x +— f(x)['(¢,0)*h(x) then an application of Fubini’s
Theorem finishes the proof. For this we argue in the same style as above, since due to f €
BMO,,(R") or f € Lj(R") if p € (2,00), we can control the averages (f, 27 |f(1)[*)'/?
by some polynomial in |x|. Thus we can swap the integrals in (7.9) and obtain

/f(x)r(t,O)*h(x)dx=/u(t,x)mdx. (7.10)
R~ Rn

Let By := B(0,2%) for k € N. Then, by Lebesgue Dominated Convergence, it holds for the left
hand side of (7.10)
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/f(x)F(t,O)*h(x)dx:klim /ILka(x)F(t,O)*h(x)dx
Rn

= lim [ D.0)(Ls, P0G
= [ .05 oG

Here we used that 1p,(x) f € L?(R™), as well as Lemma 6.1 together with the fact that supp &
is compact. Combined with (7.10), this implies I'(¢, 0) f (x) = u(¢, x) in LIZOC(R”) for0 <t <
oo, O

Theorem 7.6 leads to the following Carleson measure characterization of BM O (R").

Corollary 7.7. For f € L? (R") it is equivalent

loc

(i) There exists a global weak solution u to (1.1), for which

dxdt
dp(x. 1) = "V u (", xRS

is a Carleson measure and the leo (R™) trace of u is given by f.

(ii) There exists a polynomial P € Py,_1 such that f — P € BM O (R").
Moreover, ”V””T,,?O'z ~|\f—=Pllamo-

By Proposition 6.9 and Theorem 7.6 we further see the Cauchy problem (1.2) is well-posed
for X = X}, and Y = LP(R") if p € (2, 00). If p = 0o, with this method, we only obtain a trace
in BMO(R"). However, copying the slice spaces estimates in the proof of [7, Theorem 5.4]
gives f € L°°(R"). Hence, X3’ is a well-posedness class for L>°(R").

Under the uniform boundedness assumption on the propagators, another L”(R") well-
posedness class is given by L°(LP?). This is true also for p = oo, but we neglect this case
below to avoid distinguishing different cases.

Theorem 7.8. Let p € (2,00). Suppose that (UBC[p]) holds. Then for a distribution u €
‘@’(R'fl) it is equivalent

(1) u is a global weak solution of (1.1) and V"™u € T,,f’z.
(ii) u is a global weak solution of (1.1) and u — P € L°°(LP) for some polynomial P € Py, _.
(ili) u is a global weak solution of (1.1) and u — P € X}, for some polynomial P € P,,_1.
(iv) There are unique f € LP(R") and P € Py,—1, so that u(t,-) — P =T(,0) f in LZZOC(R")
fort > 0.

In this case, u — P is the solution with trace f obtained in Proposition 6.4 and it holds

m ~ —_ ~ —_ ~
IVFull ppa ~lw = Plixp ~ llu = Pllzeeery ~ 1 fllLr ey
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Proof. Points (i), (iii) and (iv) are equivalent without assuming (UBC|[p]), see Theorem 7.6,
Propositions 6.4 and 6.9. Also, (iv) implies (ii) by (UBC[p]), so we only need to show the con-
verse. We proceed as in Example 7.4. For the third step, we need to show

IT(, s)*h —T(t,0)*h|,,» — 0 (7.11)

as s — O for every h € 6.(R"). This is seen by localization and Holder’s inequality combined
with off-diagonal estimates and L? continuity results, cf. [7, Proposition 5.11]. O

Remark 7.9. Let p € (2, 00) and suppose (UBC[p]). Then for all r € (2, p) the global weak
solution u ¢ (¢, -) =I'(¢,0) f with f € L"(R") belongs to 6y([0, c0); L™ (R™)).

Proof. We interpolate between r = 2, where the conclusion is true, and r = p, where (UBC[p])
holds. Precisely, let f € L"(R") and g € Z(R") be such that ||g — f||zr < &. We estimate for
any0<s<t<ooandf € (0,1) with}:%%—%,

IT@0)f =T, 0 fller =100 (f — &) =T, 0)(f =@l + I(z, 00 — I'(s, 0)gllzr

Se+ 0,008 — (s, 0)gll 1,7 IT (. 0)g — (s, 0)g %,
Se+ gl 1T, 0)g — (s, 0)g .

The claim follows easily. O
7.3. Tent space solutions 1 < p <2

As outlined in Section 6.2, we need to assume (UBC[p]). However, even with (UBC[p]), we
could not prove the continuous dependence of the solution on the data in the sense of

IV usllpp2 SIFlLe.

Contrary to the case p > 2, our only general estimate in this direction is the result of Proposi-
tion 6.8. On the other hand, the only available bound the non-tangential norm of the solution by
the initial data requires enlarging the exponent slightly to r € (p, 2).

We arrive at the same conclusion, when considering the class L°°(0, oo; L? (R")). Indeed, as
in the third step of the proof of Theorem 7.8, we need to show

[T, 8)*h —T(,0)*h|l, ,, — 0

as s — 0 for every h € 6.(R"). Our previous proof was based on the Holder inequality, since
p > 2, and L? convergence results for the propagators. This does not apply here, but provided
the propagators are uniformly bounded for some 1 < ¢ < p < 2, we can again use interpolation
between 2, where the convergence is true and g, where the uniform bounds hold. We obtain the
following.

Theorem 7.10. Let 1 < p < r < 2. Suppose (UBC[p]) holds. Then for a distribution u €
@’(Riﬂ) it is equivalent
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(1) u is a global weak solution of (1.1) in L*°(0, co; L™ (R")).
(i) u is a global weak solution of (1.1) in X},.
(iii) There is a unique f € L"(R") such that u(t,-) =T'(¢,0) f in L"(R") for t > 0.

In this case u € €o([0, 00); L"(R")) and || f||Lr ~ ullLoewry ~ llullx,

Proof. See Lemma 6.6 and Example 7.4, complemented by the comment above. The continuity
result is proven as in Remark 7.9. O

Theorem 7.11. Let 1 < p < r < 2. Assume the strong ellipticity bounds (2.3) and (UBC[p]).
Then for a distribution u € 9’ (RT’I) it is equivalent

(i) u is a global weak solution of (1.1) and V"u € T,,rl’z.
(ii) There is unique f € L"(R") and P € Py, —1, such that u(t,-) — P =T'(¢,0) f in L"(R") for
t>0.

In this case, all statements of Theorem 7.10 are true for u — P and
1A s ~ Nl = Pllzeewry ~ llu = Plixs, ~ IV ull 72

Proof. By Lemma 4.2 (i) implies that statements of Theorem 7.8 are true for the solution modi-
fied by a polynomial, hence (ii) follows. Proposition 6.8 leads to the converse implication. O

8. Uniform boundedness of the propagators and Holder continuity of solutions

The uniform boundedness of propagators plays a peculiar role in the well-posedness theory
from Section 7. In the remaining part of this work we study for which operators L and exponents
p € [1, oo] the (UBC[p]) assumption is true. We begin with a few examples in the spirit of [7].

8.1. Examples

8.1.1. Kernel bounds
A sufficient condition for (UBC[p]) to hold is that the propagators satisfy kernel bounds. By
this we mean that their Schwartz kernels k(¢, s, -, -) are measurable functions on R” x R” with

1
_ y2m\ Zm—1
@) , @®.1)

k(t, 5, %, )| <ci1(t —s) " exp [ —c
(t—s)

for some positive constants c¢1, ¢ >0, all 0 <s < < co and almost all x, y € R". For any
feL*(R") and 0 < s <t < oo we then have the integral representation

(. s)f = / k(t.5.x.9) F()dy,

which can be extended to hold for all f € LP(R"), p € [1, oo]. Here are some examples of
operators, for which (8.1) holds
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(i) L =(—1)"A™ for any m, n € N4 and more general for any L with constant coefficients,
see [8, Proposition 45].
(i) L an autonomous operator and n < 2m, see [20,9].
(iii) L an autonomous operator coefficients small in BM O (R"™) norm, [8, Proposition 47].
(iv) In the autonomous case, condition (8.1) is stable under small L>°(R")-perturbations of the
coefficients, see [8, Proposition 43].
(v) m = N =1 and the (not necessarily autonomous) coefficients of L are real, see [1].

For N > 1 in the autonomous case see the references in the introduction of [8]. In particular, in
all above listed cases all of the derived well-posedness results hold and, for any p € (1, co), the
convergence to the trace holds in L? (R").

8.1.2. Coefficients in BV (L) for p <2
In Sections 8.1.2 and 8.1.3 we formulate the higher order counterparts of the results of [7, §6].
The methods are identical. As in [7] we address here the case p < 2 only.

Definition 8.1. We say that A € L®(R"; CNM*NM) pelongs to the class M(A, A, q, M) for
some g € [1,2) and M: [2,q") — (0, 00), if it satisfies the ellipticity estimates with constants
A, A > 0and for all s € [2, q) we have

sup [[V1V"e 70 || 15y < M (s) < o0, (8.2)
>0

where Lo denotes the autonomous operator arising from A.

Condition of the form of (8.2) was first introduced in Section 2.6 and is substantial in the proof
of the boundedness of M in Proposition 9.1. Every operator L will satisfy (8.2) for some g
and M, which can be chosen to depend on the ellipticity constants and dimensions only, see the
off-diagonal estimates of Section 2.6 and the connection between the special exponents for Lo
and L, which we discuss in the proof of Proposition 9.1.

Definition 8.2. We say that A: (0, c0) — L*(R"; CNMXNMy hag bounded variation in time,
denoted A € BV (L), if

]

Al By (o) = sup !Z IAGtks1.) — Atk i< | (@)ken < [0, 00) non-decreasing ¢ < oo.
k=0

Proposition 8.3. Suppose A € BV (L*°) admits ellipticity constants A, A > 0. Fix some q €
[1,2) and M : [2,q") — (0, 00) be such that for all bounded intervals I C (0, 00) it holds

Ar(h) = ][A(s, ds € M(A, A, q, M).
1

Then for p € (max{l; p.},2), where p. = max{nizlq; nf";q,} as in Proposition 9.1, (UBC[p])

holds and the bound depends on the ellipticity, dimensions, the function M, p, q and | A|| By (1.).



11142 W. Zatoni / J. Differential Equations 269 (2020) 11086—11164

Proof. After approximation of A with piecewise constant in time matrices, the proof exploits the
explicit form of energy solutions in this case. Crucial tent space estimates are derived with help
of Proposition 9.1. The detailed reasoning is identical as in [7, Theorem 6.9, Lemma 6.7]. We
only give references needed to adjust the proof to the higher order setting. Consider w = e "0 f
for Lo autonomous and f € L?(R") N L?(R"). Then estimate

IV*wll 2 SIS lLe
m

is true by [16, Corollary 3.5 (ii)] for p € (¢—(Lo), g+(Lo)). This condition is fulfilled by the
assumption on ¢, cf. the discussion in the proof of Proposition 9.1. In this range of exponents,
the vertical square function estimates remain true for higher order operators, see [2, p. 96]. O

8.1.3. Small perturbations for p <2
Let us recall from Corollary 5.7 that for the considered operator L and autonomous Ly =
(—1)"div,, A(x) V™ it holds

t
I'(t,00h = e lop + / e~ 9ILodiy,, (A(s, ) — A)V"T (s, 0)h ds (8.3)
0

on L2(R"). If ||[A — Al Loo(R"H) is small, then by the boundedness of the maximal integral
+

operators from Appendix 9.1, we are able to see that the uniform L?”(R") boundedness of the
family (e"£0),.¢ is inherited by (I'(z, 0));~0.

Proposition 8.4. Let A € L®(R"; CNMXNMY admit ellipticity constants A, A > 0. Suppose
there exists A € M(A, A, q, M) with g € [1,2) and M : [2,q") — (0, 00), such that for some
p € (max{1; ;7-},2)

1
e=|A—-Allpo < ———,
|ML0 ”f(T,,’:Z)

then (UBC[p]) holds.

Proof. This is an easy adaptation of the proof of [7, Theorem 6.14]. O

Remark 8.5. Similarly to Proposition 8.4 we can treat the case A € € ([0, T]; L>°(R")) and
A(s,) € M(A, A, q, M) for all s € [0, T'], to derive the uniform boundedness of propagators up

to time 7.

Indeed, we partition the interval [0, T'], according to the uniform continuity of A, and let
A(tk, -) play the role of A in Proposition 8.4 on the corresponding interval [z, fx+1). The details
can be found in [7, Theorem 6.15].
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8.2. Uniform boundedness of the propagators for |p — 2| small

For a homogeneous higher order elliptic operator L = (—1)"div,, A(t, x)V™, introduced in
Section 2.2, let 14 be the maximal interval of exponents p € [1, oo], such that (UBC[p]) holds,
that is {I'(r, s)| 0 < s <t < oo} is uniformly bounded on L?(R"). Since 2 € 14, 14 # @. In this
section we will prove that also the interior of 74 is non-empty. With methods based on the ideas
from [3], we show the following.

Theorem 8.6. There exists € > 0 depending only on ellipticity and dimensions, such that for all
p €[l,o00]l with p e (2 —¢&,2+ ¢) the family {T'(t,s)| 0 <s <t < oo} is uniformly bounded on
LP(R™).

Comparing this result with item (ii) in Section 2.6, let us underline that we do not have a
quantitative description of ¢.

8.2.1. Reduction to the bound on parabolic cylinders
We show how the uniform boundedness of the propagators follows from local estimates.
Step 1. Reduction to the case p > 2.
We argue by duality. If p € (max{1;2 — 3
% + %, satisfies p’ € (2,2 + ¢). Recall from Lemma 5.3 that for 0 <s < ¢ < oo the adjoint
['(z,s)* equals f(t —+s,0) on LZ(R"), where [ is the propagator associated to the matrix A(s, X)
given by A*(t — s, x) if s € (—o0, t] and A*(0, x) otherwise. The new matrix satisfies the same
ellipticity estimates as A, uniformly in 0 < ¢ < co. Thus, by density, we obtain

},2), then its dual exponent, determined by 1 =

sup [T, 9l zwry = sup TG —s5,0)ll o, < 00,

0<s<t 0<s<t

if the claim is true for p’. This bound holds uniformly in 7 > 0.

Step 2. Reduction to the case s = 0.

By uniqueness of energy solutions we know that I'(r, s) = I'(r — s, 0) for I" the propagator
associated to the matrix A(7,) = A(t + s, -) for r > 0. Thus it is enough to obtain bounds of
{T'(7,0) |0 < ¢ < 00).

Step 3. Reduction to L2 — L? off-diagonal estimates.

In [13, Proposition 2.1.ii] Blunck and Kunstmann showed that an L? — L? off-diagonal esti-
mate for any linear operator R on L*(R") of the form

s (d(x.y)
m u ) ’y
12, 20 Ry, 20 2o S22 zg( z('/?) 6

is enough to deduce the bound || R|| #ry < C Z,fio (k+ I)Ag(k) with some constants C, A > 0
independent of the operator R, the function g and the parameter ¢+ > 0. Here, we assume that
g: R>9 — R is decreasing with & = —log g convex and liminf,_, A(a)/a > 0. We will
apply this result with g(a) := e‘c‘lzm/amq) to R =T'(¢,0). Note also that in (8.4) we can replace
d(x,y) by d(B(x, /1), B(y, %/t)) on the expense of some additional constants.

Step 4: Reduction to the L? — L” bounds on parabolic cylinders.
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Recall from 5.4 the L? off-diagonal estimates

d(B(x, X/1), B(y, /1))
[ Lp i, 20y U@ 0) L, 2z |22 S ( iy .

with g(a) = e=¢@®®" ™V for some constant ¢ > 0. By interpolation, to obtain (8.4), we only

need to show the localized L2 — L? bound

||lB(x, Z'Q/E)F(t’ 0)||L2—>LP St%(%_%)v (85)

with constants independent of x € R” and 7 > 0. Since for f € L2(R™), |T(t, O fll2 =N fll2
holds uniformly in ¢ > 0, inequality (8.5) follows from the following estimate

172

1/p
sup ][|r<s,0>f|"dy < ][ ][ ID(s. 0) f Py

se(t/2,2t)
B(x, *%/1) (t/440) B(x,2*%/1)

By scaling and translation, we only need to consider the case t = 1 and x = 0. Summarizing, if
we denote u (¢, x) = I'(¢, 0) f (x), then our goal is to prove the existence of some ¢ > 0 depending
on ellipticity and dimensions only, such that forall 2 < p <2 +¢ and f € L*>(R") the following
bound is true

1/p 1/2

sup ][|u<s,y>|1’dy < ][ f|u<s,y>|2dy . (8.6)
se(1/2,2)
(1/4,4) B(0,2)

8.2.2. Outline of the method

By multiplying u with a cut-off function x € €° (R’fl) we obtain a function v €
L>(R; L2(R™)), which now solves some inhomogeneous equation weakly on the whole space
Rt where we extend A(z, x) = A(0, x), if < 0. Local information about u on supp x car-
ries over to v and vice versa. It is therefore enough to prove the bound (8.6) for v. The global
setting, that is v € LZ(R"*1), allows us to extract valuable information from the time derivative.
Formally,

3,1) = Dtl/thDtl/z'U,

where D,l/2 = F~1(|z|Y/2F) is the half derivative in ¢ and H, = F~Uit/|t|F) is the one di-
mensional Hilbert transform. For the rest of the section, F denotes the n + 1 dimensional Fourier
transform.

By standard interpolation, we realize that v € L2(R; H”(R")) and 8,v € L>2(R; H™™(R"))
imply D,l/zv e L2 (R" ). Using an abstract result of §neiberg (see [36] or [2, Lemma 5.16]), we
show higher integrability of v and D,l / 2v, that is v, D,l e L?(R"*1) and use the Campanato
characterization of the Holder continuity to conclude.
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8.2.3. Abstract results
In this section we introduce the formal setting for the proof of (8.6). We adapt the definition
of energy spaces from [3] to the higher order case.

Definition 8.7. Let p € [1,00). Let H!/>P = H!/2P(R; L?(R")) denote the potential space

consisting of such f e LP(R"*!), for which D,l/zf e LP(R"*1). We equip this space with

norm

1/2
1 ave = AN pgery + 1082 FUE )7

Further, we define the p-energy space E,, .= L?(R; W™ P(R™))NH 1/2.p(R; LP(R™)) and equip

. 2

it with norm [ £z, = (1L£ 12 s .y + 1D F Lz /7.

By the Gagliardo—Nirenberg inequality (Lemma 2.3) and ellipticity it holds for w € H™ (R")

Re/A(t,x)va(x)va(x)dx > AV 0)? >i||v||§,,,,(R,,) - ||v||iz(Rn) fora.e.t R,

LZ(R") jtl
(8.7)
where X > 0 is some new constant dependent on the order m, dimension n and the ellipticity
constant A. Estimate (8.7) together with the Lax—Milgram Lemma implies the following.

Lemma 8.8. The operator £ .= 9; + (—1)"div,, AV™ + 2, initially defined on €° (R ex-
tends to a bounded, invertible operator Ey — E!, through the pairing

(Lu,v) = / AV’”MV’"U+H,Dt1/2uD,1/2v+2uﬁdxdt.

Rn+1

Furthermore, the norm of £ and the norm of its inverse depend only on the ellipticity and the
dimensions.

Proof. See [3, Lemma 3.2]. O
We borrow from [3] a parabolic Sobolev embedding theorem.

Lemma 89.Let 1 < p <n + 2 and p* > p be determined by # =
LP" (R™1) with

1/2
lloell fp* (R+1) S ”vu”LP(R”‘H) + ||Dr/ u”LI’(R"‘H)-

Proof. Note that E, = E, == L”(R; W'P(R")) N H'/2P(R; LP(R")), which is the energy
space used in [3]. The result follows by [3, Lemma 3.4]. O

1

Corollary 8.10. Let 1 < p <n + 2 and p* > p be determined by # . Suppose v €

_1_
o
Ey. Then for all integer 0 <k < m and py > p given by % = mT_L +% , it holds vky e

LP (R with
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m—k k
k m—Kk LS
IVF0ll Lot oty S NI VTl Slvller.

Lr* (RnJrl Lp(Rﬂ+l)
Proof. This is an application of the Gagliardo—Nirenberg inequality from Lemma 2.3 applied
slice-wise, followed by the Holder inequality (in time) and Lemma 8.9. O

The interval for p in the last lemma is not optimal, but we are not bothered by this fact since
the application of the Sneiberg’s Lemma does not give us a quantitative information about the
intervals for p we wish to work with.

Lemma 8.11. The energy spaces (E ;) and their duals ((E)") form complex interpolation scales.
Precisely, let ¢ >0 and 1 +¢& < pg < p1 <1+ &=\ For 6 € (0, 1) the complex interpolation
identity is true

1 11
(Epy. Eplo = Ep, and [(Ep) , (Ep)'lo = (Ep,)', where —=—+ —
pe  Po  P1

and the equivalence constants depend only of € and the dimensions.

Proof. The proof is a simple adaptation of the reasoning from [4, Lemma 6.1], so we skip the
details. O

Lemma 8.11 allows to apply the Sneiberg’s result on bounded operators acting on complex
interpolation scales, which in our setting translates into

Proposition 8.12. There exists an ¢ > 0, such that for all 1 < p < oo satisfying |p — 2| < ¢
the operator & = 9; + (—1)"div,; AV™ + 2: E» — (E») extends to a bounded and invertible
operator E, — (Ep/)/. The inverse agrees with the one for p =2 on (E;)' N (Ep/)/. The norm
of the inverse and the value of € depend only on the ellipticity and the dimensions.

Proof. Given Lemmas 8.8 and 8.11 the proof is identical as in [3, Lemma 7.1]. O

8.2.4. Holder regularity of solutions

Suppose u € leoc(O, oo; H]J (R™)) is a global weak solution to (1.1). Let x € €° (Rf‘ﬁ]) be
supported in the cylinder (3/8,4) x B(0,3/2), satisfy x <1 and x =1 on (1/2,2) x B(0, 1).
Define v(¢, x) = x (¢, x)u(t, x) for (t,x) € R"+!. The following properties for v are direct con-

sequences of the a priori energy estimates for u (see Section 3)

(i) veL*R; H™R"Y)).
(i) 9ve L*R; H™RM)).
(i) ve LR for 1 <g <2442,

By (i) and (ii), we have D,/*v € L2(R"*1), see [19, Chap. XVIIL, §1, Theorem 6]. Thus, v € E,.
By a repetitive use of the product rule, we deduce that v = yu solves

m—1

L =0+ (—1)"divy AV + 20 =20+ f +divy F + Y Y 0°Fp, (8.8)
k=1 [§|=k
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in the weak sense, where the involved functions are f =ud;x +cnAV"uV" x, F = (Fy)|a|=m
with Fo =361, Gap 2, <p cp,yd7udP~7 x and the F; satisfy

I Fell 2ty S Null2(3/8,4): Hm (B0,3/2)) S 1l L2((1/4,4) % B0,2))»
see the local energy estimates in Proposition 3.1.

Lemma 8.13. Assume 2 < p <min{2 +¢,2 + m}for & > 0 from Proposition 8.12. Then

the right hand side of equation (8.8) belongs to (E )" and it holds

with constant depending on the ellipticity and dimensions. Therefore, by Proposition 8.12,

m—1
2wt f+divaF + Y > 9 F;
k=1 Jgl=k

S Nl 21 74,.4)x B0,2))
(Y

Sl L2144y B0,2)) -

m—1
lvllg, = H.,s,ﬂ‘ W ftdivnF+ Y > 9 F;
El’

k=1 |&|=k

This lemma holds also for p < 2 satisfying |p — 2| < &, but since the knowledge of v € E?
does not seem to be any helpful if p < 2, we omit this case here.

1 S
T

. 1
Proof. Fix 2 < p <n + 2. By Corollary 8.10 we find that for ramE

r
(LY + LP R WP (R™) > (Ep).

Clearly, the dual exponent g to p’* satisfying 1 = Ly L is g = p,, where pi = % + -1

. . 4 P . P n+z
Let us list what do we know about the 1ntegrab1?1ty of the involved functions.

() feLP@R") for 1 < p <2 with

I fllLr ety Sp el L2174y % B0, 2)) -
This is Holder’s inequality combined with the energy estimates from Proposition 3.1.
(i) ve LIR™!) for 1 < g <2+ 42 with
Vil Lae+1y Sq Nl 2144y B0.2))-

This is possible thanks to the reversed Holder estimates from Corollary 3.5 and a covering
argument.
(>iii) For each |a| = m, the function F, can be rewritten as

Fu= Y aupy  Epyd” @df™"x)
Bl=m  y<p

and for any y appearing in the sum, |y | = k < m, we apply Corollary 8.10 in order to get
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m—k
”8}/(”8'87]/)()”[‘21( (Rrtly ~ N ||u8 7yX ”LZ* (Rr+1 ”vm(uaﬂ VX)”LZ(]Rn+l)

S el 2144 % B0,2))

1 _1_mek_ 1 1 _ 11 _1 ; * 4 4m
wherez—k—2 ) mn+2<2.LastestrmateuseSZ —2+n<2+ - (o

bound [|udf~Y Il 2+ R+ by Proposition 3.5.

(iv) Let g € E,y. As g = p’ <2, by Corollary 8.10, for integer 0 < k < m and corresponding
exponents gy it holds ||Vk¢||LlIk(Rn I#lle, - Note that P <qm-1<---<q<p*and
so for integer 0 <k <m — 1 we have by Holder s inequality V¥¢ Lq’”C '(R™*1) with the
bound

IV DIl Lnt o1 B0, RY) S IVE DIl Lk (1e,t1x B O, R)
with constants depending on the size of the cylinder, as well, as p’, m and k.

Keeping those considerations in mind, we will now conclude
20+ f +div, F € LP*(R"Y) + LP(R; WP (R™)).

First, introduce the restriction 2 < p < 2*, which implies ﬁ > 2—1* + ﬁ = %, that is p, < 2.

Then 2v + f € Ll’* (R"*1) by (i) and (ii). Further, let us add the assumption 2 < p < 2,,_, that

is l > % — En +2 By (iii), (iv) and the fact that x is compactly supported, we have for any

14 < B, 1Bl =
||3V(M3’3_VX)||L2m ety S Nl 22144y B0.2))-

Thus, for each |a| = m, the compactly supported distribution F, satisfies F, € L?»—1(R"*1).
For p <2,,_1 we then have Fy € LP(R"™1), and so div, F € LP (R; WP (R™)) with

divim F'll Lp @R w—m. PR™)) S ||M||L2((1/4 4)x B(0,2))"

Finally, under the assumptions we posed on p, it holds (p’);;—1 > 2. For any multi-index
€&l <m —land ¥ € E,y N 2(R"*!) we then have

(iv)

(0% Fe, ¥) grmoesty, v ooy | S I Fe 2o IV 1 p2suppyy S IFe 2oty I DL

as x is compactly supported. This shows F: € (E,)’ and

I FllE,y S el 22(1/4,4)% B0,2)-

This finishes the first part of the claim. Above reasoning shows also

m—1

v+ f+div,, F + Z Z 3 Fe
k=1 |§|=k

S el L2144y % B0,2)) -
(E2)
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Recalling that v € E; solves (8.8) weakly, we have v = # ! |(g2y - By Proposition 8.12 we thus
have

m—1
v=L" g,y |20+ F+divaF+ ) Y 9 F: | € E,NEa.
k=1 [g|=k

The norm bound follows the derived estimates. O

From here, arguing as in the proof of [3, Theorem 8.1], Proposition 8.12, a fractional Poincaré
inequality [3, Lemma 6.4] and the well-known embedding of Campanato spaces into the space
of Holder continuous functions lead to (8.6).

Note that we have only been using the local energy estimates on u from Proposition 3.1 and
their consequences, so the proof applies to any global weak solution #. We have obtained

Theorem 8.14. Let u € leoc (0, oo; H) [(R")) be a global weak solution of (1.1) and let
2 in{2+¢,2+ 4
< p <min g, _—
P m(n+2) —2

for € > 0 from Proposition 8.12. Then it holds u € LY°

po.(0,00; Ly, (R") NE2.(0,00; L, (R™))
withoa = 1/p — 1/2. We have the estimates

1/p 172
sup ][ u.pPdy | < ][ ][ (s, y)2dy
se(t/2,2t)
B(x, 2/t (t/4,41) B(x,22%/1)
and
1/p 1/2
' u(s’, y) —u(s, y)|?
Sup t(x ][ | ( y/) (5 y)l S ][ f |I/[(S,y)|2dy
5,57€(/2,21) |s" — s|oP
B(x, 2%/1) (t/4,41) B(x,2 221

for all (t,x) € RT‘I. Moreover, we have the p-integrability of the derivatives, in particular, it
holds V™u € L (R"F1) with

loc

1/p 1/2

[vsV™u(s, v)|Pdy < ][ ][ lu(s, y)|*dy
(t/2.20) B(x, 27/7) (t/4.41) B(x,2 21)

All constants depend only on the ellipticity and the dimensions.
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9. Appendix
9.1. Integral operators My and Ry

Let L be an autonomous elliptic operator as in Section 2.6. Following [7, Proposition 2.5], we
see that the maximal integral operator

t
MLf(t, )= /Vme_(’_‘v)l‘divmf(s, ds,
0
initially defined as a mapping from L0, co; (HZ"(R")M) to LZOC(Lz), extends to a bounded
functional on L?(L?). This is a non-trivial result, which uses the consequences of the Kato square
root conjecture (2.15) and a regularity result by de Simon [21]. We remind that L2(L?) = 7,2

and derive an extension of M to some of the tent spaces T,f,’ if p # 2. This is used in Sec-
tion 8.1. We closely follow [7, Proposition 2.8].

Proposition 9.1. Let g = g1 (L*) € [1,2) be as introduced in 2.6, that is

sup [V e | 2@sy <00 forall 2<s<gq'.
t>0

Then M 1. extends to a bounded operator on T 2 forall p € (p¢, 0], where

nq 2n 2n
Pe = max ; <maxjl; ——¢}.
n+mqg n+mq’ n+2m

We believe that the exponent p. in Proposition 9.1 is not optimal and through the analogy to

the second order case can possibly by taken as the Sobolev exponent p. = ;. +mq if one disposes
of an improved version of [0, Theorem 3.1].
Proof. We rely on the work [6] about the boundedness of integral operators on tent spaces, which
already contains the case of higher order operators. As in [7], we want to apply [6, Theorem 3.1]
with 8 = 0 for p <2 and [6, Proposition 4.2] for p > 2. For this we need to show the L" — L?
decay of the operator-valued integral kernel

Ve~ =9Lgiy,,
of M, which means an off-diagonal L” — L? bound with the decay of order

2m
(=9 Hd=ha 4 LED T ou
r—s

for some M > 0. We first remark that the second factor decays much slower than the exponential
function appearing in the off-diagonal estimates and we have

tvme—l‘Ldivm \/—Vme th(fvn1 —7tL
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where each factor has L? off-diagonal bounds by Section 2.6. This argument provides the neces-
sary conditions for [6, Proposition 4.2]. For p < 2 the desired decay follows then by interpolation
once we have shown for all g € (¢, 2].

142
sup ||t Fam

11
q Z)Vme_tLdiVmHg(Lq L2) < OQ.
t>0 ’
a1l 1 1
Let us write £' 727G~ 2 v e=tLdiy, = A, B,C; with A, = V1V e 3L yniformly bounded
n (1 1

on L%(R") as just mentioned, B; = 137G 7D gL and C = \/Ze_%’Ldivm. Recall from Sec-
tion 2.6 the relations between the exponents g+ (L) and p+ (L) associated to the semigroup. From
this we deduce the L7 — L? boundedness of B;. Indeed, we know p. (L*) > nfglq, if¢" < Z- and
is infinite otherwise. This implies p_ (L) < nj:zlq < nfr’;q, if ¢ <2 and p_(L) =1 otherwise,
in both cases p_(L) < ¢ < g, which suffices to conclude the boundedness. Finally g > g and the
assumption give the boundedness of C; on L. Putting all this together we obtain the claim. O

Remark 9.2. A sufficient condition for the assumption of Proposition 9.1 to hold with g’ = oo is
that the semigroup (e™’ L™y, o has a kernel (b;);~0 satisfying

_1
V" byl ooy < ct ™2

for some constant ¢ > 0. This follows directly from the Young’s inequality

g *hlliLr SNglLrllhllLr

for g € LP(R") and h € L' (R").

Example 9.3. The condition from Remark 9.2 is satisfied for L = (—1)™ A™ for any dimension
n and order m > 1. Indeed, the case m =1 is trivial, since we consider the standard Gaussian
kernel. The higher order is handled by estimating oscillatory integrals. See [30, Lemma 2.4]
for the proof in case m = 2 and adjust the powers to get the full result. Alternatively see the
references in Section 8.1.1 (i).

For f = (fg)|g|=m such that fg € L' (0, co; H™(R™)) let us also consider

t

RLf(t,") = Z /e—“—”Laﬁfﬂ(s, ds.

Bl=m )

o]
loc

It is immediate that R defines a continuous map into L2 (L?). At least formally we see

V"R = ./\;lL .
This equality can be made rigorous in T}} 2 for p > pe.

Proposition 9.4. For any p € (0, oo] the operator Ry extends to a bounded linear map from
T,f,”z to XP and it holds .#; = V"R on T,f,”z if pc < p <oo.
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Proof. The proof is a one-to-one copy of the one of [7, Propositions 2.12 and 2.13], relying on
the L? off-diagonal estimates from Section 2.6 and the Schur’s Lemma. We omit the details. O

9.2. Comparability of ||V’”u||m,,z and ”””X,‘Z - proofs

We provide here the proof of the statements in Section 6.3.
Proof of Proposition 6.7.
Claim. The statement is true for Lo = (—1)" A™.

Proof of the claim. Instead of attempting a direct calculation, we remind that the kernel of the
heat semigroup (e”LO),ZQ satisfies kernel bounds (direct calculation, see Section 8.1.1 (i) with
help of the Fourier transform) and so py(Lg) = co. We note that by a change of variables the
condition ||V™u s ”Trff’z < oo for p € (0, 00) is exactly

- 12
_2m d dt
Susof@ = [ [ 1avre PR | e,
0 B(x.0)

The claim follows then for any p € (0, 00) by the equivalent characterizations of Hardy spaces
associated to autonomous homogeneous operators from [16], precisely Theorems 1.8, 1.4 and
Corollary 3.11 with k = 1. For this we only need to show that the L”(R") norm of the non-
tangential function J\/’h,LO f used in [16] dominates the one we used in the definition of X P for
any f € L2(R"). For f € L? and v = ¢~"(=D"2" £ it is defined for every x € R”

172

Ny f(x) = | sup ][ lu(s®™, y)|*dy
s>0
B(x,s)

For B > 0 let us also introduce the non-tangential maximal function with changed angle

1/2

N;ﬁLof(X)= sulg ][ lu(s™, y)|*dy

B(x,Bs)
By Vitali’s Covering Lemma we obtain
NG Lo FllLo @y < Cu gl Ni Lo flLoery.

for B> 1, any f € L2(R") and p € (0, 00) (we provide details of this argument in the proof of
Lemma 6.6). If we replace s in those definitions by %/, we easily estimate
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8
Nwv(x) = sup ][ ][ (e, y)Pdydt | <pNE L F 00

>0
312 B(x, %)
for all x € R" with 8 = /2. Thus, ”U”X,ﬁ < ||va||Tp,z holds as desired. O
We turn towards the non-autonomous case. The representation formula from Corollary 5.7
gives
t
wpl, ) =e () + / eIy, (A5, ) — A)V"ug(r, ) ds
0

with A being a matrix generating Lo. Using that the integral operator R, is T} 2 xh
bounded by Proposition 9.4 for any p € (0, o], we estimate

lurllxz S vl

m

P+ ||RL() ”ff(T,,’,”z,X,f,) A — A”Lw(R’:rl) ”Vmuf ”T,i,”z

< m m
SIVTllzp2 + IV urllp2

with constants depending on ellipticity and dimensions. On the other hand, observe that the
representation formula also gives us the bound

IV 0l SV fllppe + 1Ml g, 1A = Al V" |

2.
Tr

Thus, by boundedness of Mp, on 772 when p e (
IV*ull p2. O

~

it 00), we conclude |[lullyr <

Proof of Proposition 6.8. Let p € [1,2) and suppose that the operator L satisfies the strong
ellipticity bounds (2.3). Further, let u € X/, be a global weak solution to (1.1). We will show that
V"u e TF? and

IV ullpp2 S Nl gy -

We follow the main idea of [16, Proposition 3.9] with appropriate adjustments, which are basi-
cally the same as those met in case m = 1 by the authors of [7]. Thus, we work with a different
non-tangential function as in [16], construct special cut-off functions and rely on the a priori
energy bounds from Proposition 3.1. Let 8 > 0 be a parameter to be determined later and

ﬂ2»182m ]/2
Nogutyi=sip | f e yayar
>0
§2m  B(x,Bd)

By a covering argument we see that | Ny ullzr ~p N pullzr (see the proof of Lemma 6.6).
Let o > 0. We will denote
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E = {XER’IH\/mﬂ SO'}

and introduce
N 1
E* ={xeE||B(x,r)NE|> §|B(x,r)| forallr >0¢.
Setalso B:=R"\ E and B* :=R" \ E*. For 0 < ¢ < R < 0o we consider the truncated cones

reRe () :={(t,y) eRY™ |1 € (¢, R) and |y — x| < at}

and define the saw-tooth region based at E* by setting R®®%(E*) = U, e p+I'>®%(x). Note that
this set is unbounded. By a change of variables we know that

// ][ V™ u(t, y)lzdydtdva// ][ |vamu(52m )|2 ydsdx.

E* 0 B(x, j)

To estimate the second integral we note that by Fubini’s Theorem and || E*nB(y.r) 1 rdx <, 1
we have )

R
dyd dyd
// f |vamu(s2m’y)|2 y deg / |smvmu(s2m )|2 y s
N

E* 2¢ B(X,%) RZE,R,I/Z(E*)

for every ¢ > 0 and R > 0. We will estimate the last expression and let ¢ — 0 and R — o0
eventually. The strategy is as follows. With help of a cut-off function supported in a slightly
bigger saw-tooth region, R&2R-1(E*), we will replace the domain of integration by the entire
space R'ﬂ'l. In the next step (and this is the only point where we use the stronger assumption)
we will use the strong ellipticity condition (2.3) and the fact that u is a global weak solution
to be able to integrate by parts. We will be left with terms containing the time derivative of
compactly supported functions, which will either force the corresponding integral to vanish or
will give us sufficient decay in time to control the remaining term. The other integrals we will
need to deal with will contain derivatives of u of different orders integrated over the difference
set R&ZR1(E*)\ R?©R.1/2(E*). We handle those terms using the local energy estimates from
Proposition 3.1.
Consider the function x : R"*" — [0, 1] given by

84, (y, E* 7 7
o =(1=0 (F52)) (55) (0 (55))

where n € €° (R, [0, 1]) satisfies n =0 on [0,5] and n = 1 on [7, 00). Also, we denoted by
di(y, E*) = v; ;g xd(-, E*)(y) a smooth modification of the Euclidean distance function d(y, E™*)
with some standard mollifier v.(-) = v(-/¢). We defined x such that
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(i) suppx € R**®1(E*)and 0 < x <1,
(i) x =1on R*RI1/2(E*),
(ili) x € €°RE™) with

—

1
10 x(t, I <= and |VEx(, y)|<—k forall k=0,...,m

~

Property (iii) follows from simple calculations and the properties of the support of x and 1. We
only point out that for every (¢, y) € R&2®-1(E*) there is x € E* with |x — y| < r and so

t+1/8 _

Vdi(y, E)| S .
IVd; (y, E)| Sv 8~

Similarly for any multi-index « € N”, [3%d,(y, E*)| < t'71%l. By the Dominated Convergence
Theorem we also calculate

d
—d;(y, E*
‘dt (v )

1 8 8" 8x
n;dt(y,E*)+t—2t—n/Vv <7) -yd(y —x, E¥)dy

<n L.

~n
Claim. For 0 < ¢ < R it holds (t,y) = u(t*™, y)x*(t, y) € L?>(¢, 2R; H™(R™)).

Let us first observe the following. We constructed x such that it separates R**%-1/2(E*) from
R”™ \ R&2R-1(E*), but changing the scalar factors in the definition we obtain the same claim for
% separating R&2R-1(E*) and R” \ R&/24R-2(E*). Thus V" u(t*", x) € L2 (R&*R-1(E*)).

By density, u(t>", y) x (¢, y) can be then used as a test function. Clearly,

,dyd
1= / (s, ) / X (5, ST y) P
R2£.R.l/2(E*) ]Rn+1
hence by the strong ellipticity assumption (2.3)
dyds

1 -
ISXRe/ 2132 (s, VAP, )V u (2, y) - Viu(sPm, y)

n+1
R+

We now use the product rule and then the equation to obtain

I Spm Re / A )V ult, y) - VGO yyult, y)dyd
]R::H

Y ) ey / ag,p(t, 1) u(t, y) 977 (x> (W1, y) 87 u(t, y)dydt

loe|=|B1=m ¥ <er nt1
]R+
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m—1

SA,m,n A+ B+ Z Cks
k=0

where

A=‘ [ (3@ o ey )

dt',
H—-m (Rn)’Hm (Rn)

B=) / B (x (2, Y)u ™™, y)x (¢, yu(e®, y)dydt|,
R’IH

dyd
> ) /r2m|aﬂu(r2'",y>||a“—y<x2<r,y>)||ayu<r2'",y>|y—t.

lee|=[Bl=m y <a,|y|=k_ i1
R!

Since y is compactly supported in time, we obtain

e¢]

A~/at||x<t, @, )2, =0,

0

By properties (i)-(iii) of x, B is bounded by
dydt
BS / ™ PP

Re,ZR,I (E*)\RZS,R,I/2(E*)

Thus, we need to carefully estimate the integrals close to the boundary of the truncated cones.
We have

R&,ZR,I(E*) \ R28,R,1/2(E*) g B&,R(E*) — Bs(E*) U BR(E*) UBN/(E*),
where we denote B2 (E*) = {(z, y) €[0,00) xR" | t € (w, 2w) and d(y, E*) <t} for v > 0, and

B(E*) = {(t,y) €[0,00) x R" |t € (¢,2R) and t/2 < d(y, E*) < t}. Note also that Holder’s
inequality gives

1/2 172
CoS / (2 ) P dydt / (2, y) P2 dydt :
3e. R (E*) Be.R (E*)
aswell as, fork=1,...,m—1,
172 172
< / P2 / G

~£.R(E*) ~S,R(E*)
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Because of their similar structures, we estimate B and Cy simultaneously using local energy
estimates. First, for any (¢, y) € B®(E*) there is an x € E* with |x — y| <t and, by definition,
|EN B(y,2t)| > |EN B(x,t)| > %|B(x,t)| = %a)nt". By Fubini’s Theorem and for w = ¢ or
o = R we estimate

dydt dydt
/ |u(t2m’y)|2y75 / / t_ndx |lfi(f2m,y)|2y7

Be(E%) Be(g*) \ENB(y,20)
2w
§// ][ P ( )| dydxdt
o E B(x,2t)
4o
5// ][ u@, 2Ly
E © B(x,40) !
42/71w2m

d
s/ [ weor DL 4

E 2m B(x,4w)

42m 2m

S/SUP ][ ][ |u(s, y)l dydsdx—/lf\/m 4(0)dx.
w>0
E

w?  B(x,4w)

Similarly, applying the local energy estimates from Proposition 3.1 we obtain

22111w2m
dydt k dyds
/ |rkvku(t2"’,y>|”7,§/ / ][ s 37 V¥us, y) P dx
S
Bw(E*) E @2 B(x,4w)
2m , 2m
w2k 25" @y
< / — " / 7[ lu(s. y)|*dydsdx
wim
E /2 B(x.80)
82mw2m

S[sw £ f wePavsdx
5 w>0

w2 /2 B(x,80)

< / N8 (x)|2dx,

forany k =1,...,m. In the last step we used again a covering argument. To estimate the inte-
grands on /(E*), let us consider the Whitney decomposition {B(xg, rx)}x of B*. This covering
has the properties
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(i) B* =UgB(xg,1i);
(i1) There are constants cq, ¢ € (0, 1) such that, for all k,

c1d(xg, E*) < ry < cod(xg, E™).
(iii) There is a constant ¢3 > 0 such that, for all x € B*, Zk 1B, (X) < c3.

We then estimate, performing a change of variables

k(gD
dyd[ ydl‘
/|u(z2'",y>|2752 / / Ju @™, P =~
B(E" -1y B

22m r]gm(ﬁ +1)2m

ng,? ][ ][ |u(s,y)|2dyds.
k

G =D Bl 2 25

T—c;

Since E* C E, we have d(x, E) <d(x, E¥) <& < 22 2/5 for any s > r,f’”(é — 1)2m,

= 61(1 62)
Thus there is an x;, € E with B(x;, fzcz) X/s) € B(xy, (cll 1) 2/s) and we can deduce

{

a cz)

2m .2 1 2
2 (L

" .
/ |u(r2’",y>|” <Zrk f f lu(s. y)*dyds

BI(E%) (= B gy (D )

< Zrk sup |Gy () S |B*| sup [Ny, pu(x)?

xek
for some B > 8 big enough, depending on m, ¢ and c¢; only. To estimate
dydt
/ VR )P
B/(E*)

we only need to apply Proposition 3.1 and due to the proper scaling we arrive at the same bound.
Thus, there is a 8 > 0, depending on ¢ and in particular independent of ¢ > 0 and R > 0, so that

|s" V" u (s>, y)l /INm pu(X)1*dx + | B*| sup [Non pu(y)|*.

yeE
RZS,R,]/Z(E*)

We now complete the proof, following [7, Theorem 7.3]. Taking limits ¢ — 0 and R — oo
we get
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o0
// f |V'"u(t,y)|2dydrdx§/|Nm,ﬂu(x)|2dx+|3*|oz.
E* 0 B( 2"]/;) E

X
Denoting gy (o) = |{x € R" | N, gu(x) > o}| and

1/2

oo
/ ][ IV™u(r, y)|*dydt >0

gs(o) = ‘ x eR”
0 2myg
B(x,55)

we have |B*| < |B| = gn (o) and fE INm,ﬂu(x)lzdx < 2f00 tgn (t)dt. Putting this together,

o0
1
gs(G)SlB*I—i-p// ][ IV™u(t, y)|*dydtdx

E* 0O 2m
B(x, 5

o
1 1
S'B*|+p/|Nm,ﬁu(x)|2dxSgN(U)"‘;/th(t)dt-
E 0

Note that we have not used p < 2 yet. Let us conclude

o0 o0 o0 o
/apflgs(a)do§/ap71g1v(a)d0+/ap73/th(t)dtda
0 0 0

0
[o/0]

N /Up_lgzv(a)da.
0

This gives | V"ull ;.2 SN puller S llull x» . We are left with proving the claim from above.

Claim. For 0 < ¢ < R it holds (t,y) — u(t*", y)x*(t, y) € L*(¢, 2R; H™(R™)).

Proof of the claim. First, partition [g, 2R] into finitely many intervals [§2, B28%"]. Then,
Fubini’s Theorem and a priori energy estimates are applied as in the estimate of

dydt
/ Ve, P
Be(E*)

k=0,...,m, tosee (t,y) — u(t>, y)x*(t,y) € L*>(8*", p"8>"; H™(R™)). For the L?(L?)
norm, as p < 2, the obtained bound reads
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/ o, pu(x)|Pdx = / N ()P INoy g (x) P dx
E E

502_1’/|Nm,ﬁu(x)|pdx<oo. O
E

Proof of Proposition 6.9. Suppose 2 < p < oo and u € X}, is a global weak solution to (1.1)
with ||u||X'1;1 < 00. By Remark 2.5, it holds ||f||Tp.2 Sp ICUfDILr, so it suffices to show

1/2

r2m
m m 2 2 172
C(IV™ul)(y) = sup /][W u@,Pdrdx | S (MarWo?) ") @)
0 B

B>y

for y € R". To achieve this, we show for any ball B(xg, R)

R2m
/ / IV™u(t, x)*dxdt < / N (1) (x) [ dx.
0 B(xg,R) B(x0,6R)

This estimate also proves the Proposition in case p = 2. Let us first underline the fact that u is

assumed to be a global weak solution, whence it satisfies u € L120 (0, 00; Hl’(')’c (R™)).

Let xg € R", ¢ > 0 and R > 0. We choose x to be a smooth cut-off function in time with
x = 1 on [2¢, R¥"], supported in [¢, (2R)>"] and satisfying

1
[0rx ()| S = if ¢ ele, 2¢e]
&
and
DX OIS —— if 1 e [R™, QR
t X ~ Ram 1 S , .

Let also ¢ € €°(R") be such that ¢ =1 on B(xp, R) and ¢ =0 on R" \ B(xp, 2R). We require
3%l < R™I%! for all [a] < m. Then v = u(x$)*" € L?(s, 2R)*"; HJ"(B(x0, 2R)) is an
admissible test function and an application of Lemma 2.4 leads to

(2 R) 2m

0=2Re / / 3 (x> x 2™ \u|*dxdt

e B(x0.2R)
(2R)2m

—2Re/ / AV UV (ux " $*™)dxdt.
€ B(x0,2R)
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Here, we used 3¢ = (x$)?" d;u 4+ ¢>"ud; x ™ in L>(0, oo; H™(B(x0, 2R))). Let us denote
the first summand from above by J. The same calculation as done for (3.1) in Proposition 3.1
(notice that ¢ has proper decay) leads to

o
1::/X4m/|Vm(u¢2m)|2dxdt
0 Rn

m—1

4 00
Sonmn 11+ Z/ e[ WuPaar
k=07 B(x0,2R)\B(x0,R)

m—1
=J1+ ) Ik,
k=0

where clearly I, = [ x*"/R*" =% [, |V*u|*dxdt.
We first bound |J|. Up to constants depending on m, it holds by our assumptions on y

o
VIS ‘//3:X(l)113(x0,2R)(X)|M(t,X)I2dxdt

0 Rn
2¢ (2R)%m
sé / / |u<z,x)|2113<x0,m>(x)dxdr+R%m / / lu(t, x)|* L p(xg.2r) (x)dxdt
& Rn R2n R~

2¢e
Z/][ ][ lu(t, ) 1> 1 p(xg.2R) (¥)dxdtdy

R™ € By, 2%2¢)

@2RrR)"
+/ ][ ][ |M(f’X)|213(x0,21e)(x)dxdtdy,
Rn Rm B(y,ZR)

where the last equality follows by Fubini’s Theorem. We realize that, up to a constant,
DS / N (2, y) = ult, )’)1[0,(2R)2m](t)]lB(xo,zR)(Y))(x)|2dx~
R~
If p =2 this implies |J| < |lu ||sz”. If p € (2, 00], we make use of the triangular inequality to

state that B(x, *¥/8) N B(xg, 2R) # ¥ for some § < 2(2R)>" implies x € B(xg, 6R), thus

[N (2, 3) = (2, ) Lo, @y (D LBexg.20) D)2 ey S / o) () Pdx. (9.2)
B(x0,6R)
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We turn to our main estimate. Let us observe that we could have also chosen te support of
¢ to be contained in some B(xg,7) for 7 < 2R and require that ¢ = 1 on B(xg,r) for some
r < 7. This would change the factor R=?"20 in [ to (5 — r)~@"=20_ We thus have for all
0 <r <7 < 2R the following inequality

/ N / IV™"u*dxdt < Z (_—r)2’" T / dm / |VEu|*dxdt
B(xo,r) B(xo,P)\B(x0,r)
+ [ WP
B(x(,6R)
Regarding the second summand as a constant, we repeat the iteration procedure from Propo-

sition 3.1 (see the Claim therein) based on the technique by Barton (cf. [10]). As a result we end
up with

/4'" / \V"™u|*dxdt < R—/ am / lu|®dxdr + / N ))?dx, (9.3)

B(xo,R) B(x0,2R) B(x0,6R)

where the constants depend only on ellipticity and dimensions. Thus, we are left with estimating

~ 2m
In= Rlzm fs(ZR) fB(xg,ZR) |u|?dxdt. We choose K = K, € N such that 2K~1e < 2R)?" <2K¢

and average in space to obtain

2kg

K
Z / / lu(t, )1 gy 28) () Pdxdt

K
~ R2m /Z / ][ lu(t, x)1 p(xy.2r) (X)|*dxdrdy
R~ k= 2k ISB( Zw)

2ke

K
: R—/Z ][ ][ Jut, X)L p(xg,28) (¥) P dxdidy

k=1 2k~ laB(y ZW)

K
S R— (Z ) /le((t, ¥) B>t Y) Lo ary2n (O LBxo.20) () (X)[dx.

Using (9.2) and

K
Zz"g <2K+lg —42R)?"
k=1

we obtain from (9.3)



W. Zaton / J. Differential Equations 269 (2020) 11086—11164 11163

R2m
IV™u(t, x)|*dxdt < / INGp () (x) |2 dx 9.4)
2¢ B(xp,R) B(x9,6R)

with constants independent on ¢ > 0 and R > 0. We first let ¢ — 0. If p =2 then R — oo
finishes the proof. In other case, we divide both sides of (9.4) by R" and obtain to obtain the
claimed estimate (9.1), which finishes the proof by the boundedness of the Hardy-Littlewood
maximal function. 0O
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