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We consider the Benjamin-Bona-Mahony (BBM) equation on the
one-dimensional torus T = R/(2wZ). We prove a Unique Continu-
ation Property (UCP) for small data in H!(T) with nonnegative zero
means. Next we extend the UCP to certain BBM-like equations, in-
cluding the equal width wave equation and the KdV-BBM equation.
Applications to the stabilization of the above equations are given.
In particular, we show that when an internal control acting on a
moving interval is applied in the BBM equation, then a semiglobal
exponential stabilization can be derived in HS(T) for any s > 1.
Furthermore, we prove that the BBM equation with a moving con-
trol is also locally exactly controllable in HS(T) for any s > 0 and
globally exactly controllable in HS(T) for any s >> 1 in a sufficiently
large time depending on the HS-norms of the initial and terminal
states.
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1. Introduction

We are concerned here with the Benjamin-Bona-Mahony (BBM) equation

Ur — Ugxx + Uy + UUx =0 (1.1)

that was proposed in [2] as an alternative to the Korteweg-de Vries (KdV) equation
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U + Uyxx + Ux +UUx =0 (1.2)

as a model for the propagation of one-dimensional, unidirectional small amplitude long waves in
nonlinear dispersive media. In the context of shallow-water waves, u = u(x,t) represents the dis-
placement of the water surface at location x and time t. In this paper, we shall assume that x € R or
xe€ T =R/(2nZ) (the one-dimensional torus). Eq. (1.1) is often obtained from (1.2) in the derivation
of the surface equation by noticing that, in the considered regime, uy ~ —u;, SO that Uyyy ~ —Ugxx.
The dispersive term —uy, has a strong smoothing effect, thanks to which the well-posedness theory
of (1.1) is dramatically easier than that of (1.2) (see [2,3,42] and the references therein). Numerics
often involve the BBM equation, or the KdV-BBM equation (see below), because of the regularization
provided by the term —uy. On the other hand, (1.1) is not integrable and it has only three invariants
of motion [13,33].

In this paper, we investigate the Unique Continuation Property (UCP) of BBM and its applications
to a control problem for (1.1). We say that the UCP holds in some class X of functions if, given any
nonempty open set w C T, the only solution u € X of (1.1) fulfilling

u,t)=0 for(x,t)ew x (0,T),

is the trivial one u = 0. Such a property is very important in Control Theory, as it is equivalent to the
approximate controllability for linear PDE, and it is involved in the classical uniqueness/compactness
approach in the proof of the stability for a PDE with a localized damping. The UCP is usually proved
with the aid of some Carleman estimate (see e.g. [45]). The UCP for KdV was established in [47]
by the inverse scattering approach, in [11,39,45] by means of Carleman estimates, and in [4] by a
perturbative approach and Fourier analysis. For BBM, the study of the UCP is only at its early age. The
main reason is that both x = const and t = const are characteristic lines for (1.1). Thus, the Cauchy
problem in the UCP (assuming e.g. that u =0 for x < 0, and solving BBM for x > 0) is characteristic,
which prevents from applying Holmgren’s theorem, even for the linearized equation. The Carleman
approach for the UCP of BBM was developed in [8] and in [46]. Unfortunately, Theorems 3.1-3.4
in [8] are not correct without further assumptions, as noticed in [49]. On the other hand, the UCP
in [46] for the BBM-like equation

Uy — Uxx = p(X, DUux +qx, HHu, xe(0,1), te(0,T),

where p € L°(0, T; L>°(0, 1)) and q € L*°(0, T; L2(0, 1)), requires u(1,t) = ux(1,t) =0 for t € (0, T)
and

u(x,0)=0 forxe(0,1). (1.3)

(Note, however, that nothing is required for u(0, t).) Because of (1.3), such a UCP cannot be used for
the stabilization problem. More can be said for a linearized BBM equation with potential functions de-
pending only on x. It was proved in [30] that the only solution u € C([0, T], H!(0, 1)) of the linearized
BBM equation

U — Uy +Ux=0, x€(0,1), te(0,T), (1.4)

u@0,t)=u(1,t)=0, te(,T) (1.5)
fulfilling ux(1,t) =0 for all t € (0, T) is the trivial one u = 0. It is worth noticing that the proof of

that result strongly used the fact that the solutions of (1.4)-(1.5) are analytic in time. On the other
hand, several difficult UCP results based on spectral analysis are given in [48,49] for the system

U — Uy = [@@)u], + BX)u, x€(0,1), te(0,T), (1.6)
u0,)=u(1,t)=0, te(0,T). (1.7)
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As noticed in [49], the UCP fails for (1.6)-(1.7) whenever both « and B vanish on some open set
o C T, so that the UCP depends not only on the regularity of the functions o and 8, but also on their
zero sets. Bourgain’s approach [4] for the UCP of KdV or of the nonlinear Schrédinger equation (NLS)
is based on the fact that the Fourier transform of a compactly supported function extends to an entire
function of exponential type. The proof of the UCP in [4] rests on estimates at high frequencies using
the intuitive property that the nonlinear term in Duhamel formula is perturbative. As noticed in [29],
that argument does not seem to be applicable to BBM. Actually, if we follow Bourgain’s idea for the
linearized BBM equation

U — Uy +Ux =0 (1.8)

on R, and assume that some solution u vanishes for |x| > L and t € (0, T), then its Fourier transform
in x, denoted by (&, t), is readily found to be

ﬁ(é,t):exp( § )ﬁ(s,O), Ee€R, te(0,T).

it
£2+1
The consideration of high frequencies is useless here. By analytic continuation, the above equation

still holds for all & =& + i& € C\ {#i}. Picking any t > 0, & =0 and letting & — 1, we readily
infer that Bgﬂ(i, 0) =0 for all n >0, so that (-,0) =0 and hence u = 0. Note that

o0

agﬂ(i,t): / u(x, t)(—ix)"e* dx, (1.9)

—00

and that it can be shown by induction on n that all the moments Mp(t) = ffooou(x, t)x"e*dx van-
ish on (0, T), so that u = 0. Unfortunately, we cannot modify the above argument to deal with the
UCP for the full BBM equation, as the nonlinear term has no reason to be perturbative at the “small”
frequencies & = +i. We point out that a moment approach, inspired by the paper [7] that was con-
cerned with the UCP for the Camassa-Holm equation (see also [14]), was nevertheless applied in [29]
to prove the UCP for the Kadomtsev-Petviashvili (KP)-BBM-II equation.

In this paper, we shall apply the moment approach to prove the UCP for a generalized BBM equa-
tion

U — Utxx + [f(u)]x =0,
where f:R — R is smooth and nonnegative. The choice f(u)=u?/2 gives the so-called Morrison-

Meiss-Carey (MMC) equation (also called equal width wave equation, see [13,32]). Incorporating a
localized damping in the above equation, we obtain the equation

U — U+ [fW], +au =0, xeT,

whose solutions are proved to tend weakly to 0 in H'(T) as t — co. Note that similar results were
proved in [19] with a boundary dissipation.

Bourgain’s approach, in its complex analytic original form, can be used to derive the UCP for the
following BBM-like equation

U — Uy +Ux + U U)x =0

in which the (nonlocal) term (u x u)y is substituted to the classical nonlinear term uuy in BBM.
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For the original BBM equation (1.1), we shall derive a UCP for solutions issuing from initial data
that are small enough in H'(T) and with nonnegative mean values. The proof, which is very remi-
niscent of La Salle invariance principle, will combine the analyticity in time of solutions of BBM, the
existence of three invariants of motion, and the use of some appropriate Lyapunov function.

The second part of this work is concerned with the controllability of the BBM equation. Consider
first the linearized BBM equation with a control force

U — Ugxx + Ux = a(X)h(x, 1), (110)

where a is supported in some subset of T and h stands for the control input. It was proved in [30,49]
that (1.10) is approximatively controllable in H!(T). It turns out that (1.10) is not exactly controllable in
H'(T) [30]. This is in sharp contrast with the good control properties of other dispersive equations
(on periodic domains, see e.g. [22,44] for KdV, [9,20,21,40,41] for the nonlinear Schrédinger equation,
[24,25] for the Benjamin-Ono equation, [31] for Boussinesq system, and [12] for Camassa-Holm equa-
tion). The bad control properties of (1.10) come from the existence of a limit point in the spectrum.
Such a phenomenon was noticed in [43] for the beam equation with internal damping, in [23] for
the plate equation with internal damping, in [30] for the linearized BBM equation, and more recently
in [38] for the wave equation with structural damping.

It is by now classical that an “intermediate” equation between (1.1) and (1.2) can be derived
from (1.1) by working in a moving frame x = —ct with c € R\ {0}. Indeed, letting

v(x,t) =u(x —ct,t) (111)

we readily see that (1.1) is transformed into the following KdV-BBM equation

Ve + (€ + DVx — CVxxx — Vixx + VVx = 0. (112)

It is then reasonable to expect the control properties of (1.12) to be better than those of (1.1), thanks
to the KdV term —cvyy in (1.12). We shall prove that Eq. (1.12) with a forcing term a(x)k(x,t)
supported in (any given) subdomain is locally exactly controllable in H*(T) for any s > 1 in time
T > (2m)/|c|. Going back to the original variables, it means that the equation

Up + Uy — Upxx + ULy = a(x + ct)h(x, t) (113)

with a moving distributed control is exactly controllable in H*(T) for any s > 1 in (sufficiently) large
time. Actually, the control time is chosen in such a way that the support of the control, which is
moving at the constant velocity c, can visit all the domain T. Using the same idea, it has been proved
recently in [28] that the wave equation with structural damping is null controllable in large time
when controlled with a moving distributed control.

The concept of moving point control was introduced by ].L. Lions in [26] for the wave equation.
One important motivation for this kind of control is that the exact controllability of the wave equation
with a pointwise control and Dirichlet boundary conditions fails if the point is a zero of some eigen-
function of the Dirichlet Laplacian, while it holds when the point is moving under some conditions
easy to check (see e.g. [5]). The controllability of the wave equation (resp. of the heat equation) with
a moving point control was investigated in [5,17,26] (resp. in [6,18]).

Thus, the appearance of the KdV term —cvyyy in (1.12) results in much better control properties.
We shall see that

(i) there is no limit point in the spectrum of the linearized KdV-BBM equation, which is of “hyper-
bolic” type;

(ii) a UCP for the full KdV-BBM equation can be derived from Carleman estimates for a system of
coupled elliptic-hyperbolic equations.
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It follows that one can expect a semiglobal exponential stability when applying a localized damping
with a moving support. We will see that this is indeed the case. Combining the local exact control-
lability to the semiglobal exponential stability result, we obtain the following theorem which is the
main result of the paper.

Theorem 1.1. Assume that a € C*°(T) with a # 0 is given and that c € R\ {0}. Let s > 1 and R > 0 be given.
Then there exists a time T = T (s, R) > 27 /|c| such that for any ug, ur € H*(T) with

luollys <R, lurllgs <R, (1.14)

there exists a control h € L2(0, T; HS~2(T)) such that the solution u € C([0, T]; H*(T)) of

U — Upxx + Ux + Uty = a(x + cHh(x,t), xeT, te(0,T),

ux,0)=upx), xeT
satisfies
ux, T)=urx), xeT.

The paper is scheduled as follows. In Section 2 we recall some useful facts (global well-posedness,
invariants of motion, time analyticity) about BBM. In Section 3 we establish the UCP for BBM. In
Section 4 we prove the UCP for other BBM-like equations, including the MMC equation and the BBM
equation with a nonlocal term. Section 5 is concerned with the UCP for the KdV-BBM equation. The
KdV-BBM equation is first split into a coupled system of an elliptic equation and a transport equation.
Next, we prove some Carleman estimates with the same singular weights for both the elliptic and the
hyperbolic equations, and we derive the UCP for KdV-BBM by combining these Carleman estimates
with a regularization process. Those results are used in Section 6 to prove the exact controllability
of KdV-BBM and the semiglobal exponential stability of the same equation with a localized damping
term.

2. Well-posedness, analyticity in time and invariants of motion

Throughout the paper, for any s > 0, H*(T) denotes the Sobolev space
HY(T) ={u:T—R; |lullys = (1- af)fu”Lz(T) < oo}.

Its dual is denoted by H~S(T).
Let us consider the initial value problem (IVP)

Ur — Uy +Ux+ ULy =0, xeT, tek, (2.1)
u(x,0) =up(x). (2.2)
Let A= —(1 — 382)7 18y € LH5(T), H*1(T)) (for any s € R) and W(t) =4 for t € R. We put

(2.1)-(2.2) in its integral form

t
ut) =W(@)ug + / Wt — s)A(uz/Z)(s) ds. (2.3)
0
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Fors>0and T > 0, let
X3 =C([-T,T]; H¥(D)).

Note that for u € X3, u solves (2.1) in D'(—T, T; HS=2(T)) and (2.2) if, and only if, it fulfills (2.3) for
all t e [T, T]. The following result will be used thereafter.

Theorem 2.1. (See [3,42].) Let s > 0, ug € H*(T) and T > 0. Then there exists a unique solution u € X3
of (2.1)-(2.2) (or, equivalently, (2.3)). Furthermore, for any R > 0, the map ug +— u is real analytic from
Br(H*(T)) into X3.

Some additional properties are collected in the following

Proposition 2.2. For ug € H!(T), the solution u(t) of the IVP (2.1)-(2.2) satisfies u € C*(R; H!(T)). More-
over the three integral terms fT udx, fT(u2 + u%) dx and fT (u3 + 3u?) dx are invariants of motion (i.e., they
remain constant over time).

Proof. Let us begin with the invariants of motion. For ug € H'(T), u € X} for all T > 0, hence
2
-1 u
ue=—(1-497) 8X<u + 7) € X2

Therefore, all the terms in (2.1) belong to X?. Scaling in (2.1) by 1 (resp. by u) yields after some

integrations by parts
d d
— [ udx=0 resp. — [ (u?> +u?)dx=0).
dt / ( P / (7 + ) )
T T
For the last invariant of motion, we notice (following [33]) that

(l(u+1)3> - (uf—u§t+(u+1)2uxf— 1(u+1)“> =0.
3 . 4

X

Integrating on T yields (d/dt) fT (u +1)3dx = 0. Since (d/dt) fT(Bu + 1)dx =0, we infer that
d 3 2
o (u” +3u®)dx=0.
T

Let us now prove that u € C®(R; H'(T)). Since u € C1(R; H'(T)), it is sufficient to check that for any
ug € HI(T) there are some numbers b > 0, M > 0, and some sequence (Un)n>1 In HY(T) with

M
lunllg < p nzo, (2.4)
such that
u(ty=y t"un, te(=b,b). (2.5)

n=0
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Note that the convergence of the series in (2.5) holds in H!(T) uniformly on [—rb, rb] for each r < 1.
Actually, we prove that u can be extended as an analytic function from Dy, :={z € C; |z| < b} into the
space H(}:(T) := H(T; C), endowed with the Euclidean norm

L (Z(l + |k|2)|ﬁk|2>%-

keZ

Z ﬁkeikx

keZ

We adapt the classical proof of the analyticity of the flow for an ODE with an analytic vector field
(see e.g. [15]) to our infinite dimensional framework. For u H<1C(11‘) let Au=—(1—32)"18,u and
fwy=Au+ u?). Since k| < k% + 1)/2 for all k € Z, ||A||z:(1-11 ) S < 1/2. Pick a positive constant Cq
such that

Ju?| ;1 < Cillull?, forallu e HL(T).

We define by induction on g a sequence (u9) of analytic functions from C to H}C(’]I‘) which will
converge uniformly on Dy, for T > 0 small enough, to a solution of the integral equation

1
u@) =ug+ / fu©@)ds =uo+ / f(u(s2))zds.
[0,2] 0

Let

u®(z) =ug, forzeC,

uq“(z):uo—i—ff(uq(())d{, forq>0, zeC.
[0,2]

Claim 1. u9(z) = Zn>o 2" for all z € C and some sequence (vi) in H} ¢(T) with

M(q.b)
[vil <=

forallg,neN, b > 0.

The proof of Claim 1 is done by induction on q > 0. The result is clear for ¢ =0 with M(0,b) =

lluoll y1, since v8 =up and v,ﬂ’ =0 for n > 1. Assume that Claim 1 is proved for some g > 0. Then, for

any r € (0,1) and any b > 0,

|2"vi| ;p < M(q.b)r" for |z| < b,

so that the series Z@o Z"v}} converges absolutely in H(}:(’]l‘) uniformly for z € D,3,. The same holds

; q,4
true for the series 3 502" (3 o<i<n V) Vpp)- It follows that

Fi@) = <Z§ +Zc"( > V?V?Lz))

n=0 n=0 o<i<n

converges uniformly for ¢ € D,y. Thus
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u () = ug + / ZZ"A<V3+ Z V?"ZJ)‘M

[0.2] n=0 o<in
— Zznvg-&-l
n>0

where

Vg+1 =Uo,

vﬂ“ = A<vﬂ_1 + Z v?vn 1 l) forn>1.

o<i<n—1
It follows that forn > 1
2
q+1 IAll (M(q,b) M<(q, b) M(q+1,b)
H Vn HH1 < n \pnd +nCy pn—1 < pn

with
M(q + 1, b) := sup{|luolly:, b A (M(q. b) + C1M*(q, b)) }.
Claim 1 is proved.

Claim 2. Let T := 2||A|l(1 + 4C1||u0||H1))*1. Then ||u9 — u||Lm(D—T;ch(T)) — 0 as g — oo for some u €
C(Dr; HL(T)).

Let Zr = C(Dr; HL(T)) be endowed with the norm [|v|| = supj;<r [V(2)l 1. Let R > 0, and for
veBgr:={veZr; ||vll <R} let

(I'v)(2) =up + / fv(o))dz.
[0,2]
Then
IVl < lluollgr + THAIN(IVIE+ C1llvii?) < lluollyr + TIAI(R + C1R?),

vy — Ivall < TIAI(lve — vall + [|v3 = v3|) < TIAI +2C1R) vy — valll.

Pick R =2|luglly and T = 2| All(1+ 2C{R))~1. Then I' contracts in Bg. The sequence (u9), which is
given by Picard iteration scheme, has a limit u in Zt which fulfills

u(z) =ug + f fu@)de, 1zI<T.
[0,2]

In particular, u € C'([—T, T]; H'(T)) (the u%(z) being real-valued for z € R) and it satisfies u; = f(u)
on [T, T] together with u(0) = ug; that is, u solves (2.1)-(2.2) in the class C'([—T, T]; H(T)) C X1.

Claim 3. u(z) = 2@0 Z"vy, for |z| < T, where v, = limg_ vg foreachn > 0.
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From Claim 1, we infer that for alln > 1

— 27" y9(z) dz,

hence
lvi = vty < TP —u].

From Claim 2, we infer that (vﬁ) is a Cauchy sequence in H}C(T). Let v, denote its limit in H(lC(T).
Note that

[v = vally <77l =],

and hence the series Zn>0 Z"v, is convergent for |z| < T. Therefore, for |z| <rT withr <1,

<A-n"ju—-ul

|

’

Zz”(vn —vi)
H1

n>0

and hence ul(z) = Zn>0 ARV Zn>0 Z"y, in Z.1 as q — oo. It follows that

u(z)=y 2"vy forle| <T.
n>0

The proof of Proposition 2.2 is complete. O

3. Unique continuation property for BBM

In this section we prove a UCP for the BBM equation for small solutions with nonnegative mean
values.

Theorem 3.1. Let ug € H'(T) be such that

/uo(x) dx>0, (3.1)
T

and
llugllLee () < 3. (3.2)
Assume that the solution u of (2.1)-(2.2) satisfies
u(x,t)=0 forall (x,t) ew x (0, T), (3.3)

where w C T is a nonempty open set and T > 0. Then ug = 0, and hence u = 0.
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Proof. Using a system of coordinates, we may identify T to [0,27) in such a way that w D
[0,6) U(2m — ¢,2m) for some & > 0. (This is possible whenever we take the origin of the coordi-
nates inside w.) Since u € C®(R; H!(T)) by Proposition 2.2, we have that u(x, -) € C*(R) for all x e T.
(3.3) gives then that

ux,t)=0 for(x,t) ew xR. (34)

Introduce the function

X

v(X, t):fu(y,t)dy.

0
Then v € C®(R; H2(0,2)) and v satisfies
u?
Ve Vox+ Vet o = 0, xe(0,2m), (3.5)

as it may be seen by integrating (2.1) on (0, x). Let

27

I(t):fv(x, t)dx.

0

Note that I € C”(R). Integrating (3.5) on (0, 27r) gives with (3.1)

2 1 21
It:_/uo(x)dx_ 5/|u(x,t)|2dx<0.
0 0

Since |lu(®)|lg1 = lluollyr for all t e R, v € L(R, H2(0,27)) and I € L®(R). It follows that the func-
tion I has a finite limit as t — oo, that we denote by I. From the boundedness of lu@®lly1r) for t € R,
we infer the existence of a sequence t; / 400 such that

u(ty) —iip in H'(T) (3.6)

for some iig € H'(T). Let i denote the solution of the IVP for BBM corresponding to the initial data
llg; that is, i solves

flt_ﬂtxx‘f—ax-i-ﬂﬂx:o, xeT, teR,

t(x,0) =1g(x).
Pick any s € (1/2,1). As u(tp) — i strongly in H*(T), we infer from Theorem 2.1 that
u(ty +-) — i inC([0, 1]; H*(T)). (3.7)
It follows from (3.4), (3.7) and the fact that i € C®(R, H'(T)) that

ux,t)=0 for(x,t)ew x R.
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On the other hand, f02” fig(x)dx = fOZH up(x)dx from (3.6) and the invariance of f02” u(x, t)dx. Let
V(x,t) = [y u(y,t)dy and 1(t) = fozn V(x, t) dx. Then we still have that

2 1 21
7t:—/u0(x)dx— §f|a(x,t)yzdx<0. (3.8)
0 0

But we infer from (3.7) that

I(ty) — 1(0), Ity + 1) — I(1).
Since

lim I(ty) = lim I(t, +1) =1,
n—00 n—oo

we have that 1(0) = I(1). Combined with (3.8), this yields
u(x,t)=0, (x,t)eT x[0,1].
In particular, tig = 0. From (3.6), we infer that

27
/(u3(x, tn) +3u%(x, tn))dx — 0 asn — oo.
0

As f02” (u® 4+ 3u?)dx is a conserved quantity, we infer that

2

/(3 + 10 () [uo(|* dx =0,

0
which, combined with (3.2), yields up=0. O

Remark 3.2. Note that Theorem 3.1 is false if the assumptions ug € H(T) and (3.1) are removed.
Indeed, if u € C(R; L2(T)) is defined for x € T ~ (0,2m) and t € R by

_— -2 if|x—n|<%,
u(x,t) =up(x) = .

0®) 0 ifF<jx—ml<m,
then (2.1) and (2.2) are satisfied, although u # 0.

4. Unique continuation property for BBM-like equations

We shall consider BBM-like equations with different nonlinear terms. We first consider a general-
ized BBM equation without drift term, and next a BBM-like equation with a nonlocal bilinear term.
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4.1. Generalized BBM equation without drift term
We consider the following generalized BBM equation
U — U+ [fW)], =0, xeT, teR, (4.1)
u(x,0) =uop(x), (4.2)

where f e CY(R), f(u) >0 for all u € R, and the only solution u € (—8,8) of f(u) =0 is u =0, for
some number § > 0. That class of BBM-like equations includes the Morrison-Meiss-Carey equation

Ut — Ugxx + ULy =0
for f(u) =u?/2. Note that the global well-posedness of (4.1)-(4.2) in H'(T) can easily be derived

from the contraction mapping theorem and the conservation of the H'-norm. It turns out that the
UCP can be derived in a straight way and without any additional assumption on the initial data.

Theorem 4.1. Let f be as above, and let w be a nonempty open set in T. Let ug € H!'(T) be such that the
solution u of (4.1)-(4.2) satisfies u(x, t) =0 for (x,t) € w x (0, T) for some T > 0. Then ug =0.

Proof. Once again, we can assume without loss of generality that w = [0,&) U 2m — &,2m). The
prolongation of u by 0 on (R\ (0, 2m)) x (0, T), still denoted by u, satisfies

U —Upx + [fW)], =0, x€R, te(0,T), (4.3)
ux,t)=0, x¢(&,2mr—¢),te(0,T), (4.4)
ueC([0,T; H'(®)), ueeC([0, T]; HX(R)). (4.5)

Scaling in (4.3) by e* yields for t € (0, T)
o0
/ fux,t))e*dx=0,
—00

for ffooo Uy dx = ffooo uge* dx by two integrations by parts. Since f is nonnegative, this yields

f(ux,t))=0 for (x,t) eR x (0, T).

Since u is continuous and it vanishes for x ¢ (¢, 2t — ¢), we infer from the assumptions about f that
u=0. O

Pick any nonnegative function a € C*°(T) with w :={x € T; a(x) > 0} nonempty. We are interested
in the stability properties of the system

U — U + [fW], +au=0, xeT, t>0, (4.6)
u(x,0) =uo(x), (4.7)
where f is as above. The following weak stability result holds.

Corollary 4.2. Let ug € H!(T). Then (4.6)-(4.7) admits a unique solution u € C([0, T]; H'(T)) forall T > 0.
Furthermore, u(t) — 0 weakly in H'(T), hence strongly in H5(T) fors < 1, as t — +o0.
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Proof. The local well-posedness in H*(T) for any s > 1/2 is derived from the contraction mapping
theorem in much the same way as for Theorem 2.1. The global well-posedness in H'(T) follows at
once from the energy identity

T
(™[5 = lluol?s +2//a(x)\u(x, 0)|? dxdt =0, (4.8)
0T

obtained by scaling each term in (4.6) by u. On the other hand, still from the application of the con-
traction mapping theorem, given any s > 1/2, any p > 0 and any ug, vg € H*(T) with [ugllus(T) < o,
Ilvollus(T) < p, there is some time T = T(s, p) > 0 such that the solutions u and v of (4.6)-(4.7)
corresponding to the initial data ug and v, respectively, fulfill

llu = viicqo,m1;H5(my) < 2l — VollHs(T)- (4.9)

Pick any initial data ug € H'(T), any s € (1/2,1), and let p = luollyrery and T =T(s, p). Note that
lu(t)||g1 is nonincreasing by (4.8), hence it has a nonnegative limit | as t — oo. Let vg be in the
w-limit set of (u(t))>o in H(T) for the weak topology; that is, for some sequence t, — oo we have
u(ty) — vo weakly in H 1 (T). Extracting a subsequence if needed, we may assume that t,41 —t, > T
for all n. From (4.8) we infer that

thi1
lim //a(x)yu(x,t)yzdxdtzo. (4.10)
n—oo

th T

Since u(ty) — vo (strongly) in H*(T), and [[u(tp)|lns(T) < lu)llg1 Ty < p, we have from (4.9) that

u(tp +-)— v inC([0, T]; H(T)) asn— oo, (4.11)
where v = v(x, t) denotes the solution of

ve — Ve + [f(V)], +a)v=0, xeT, t>0,

v(x,0) =vo(x).
Note that v € C([0, T]; H(T)) for vo € H'(T). (4.10) combined with (4.11) yields

T

//a(x)|v(x, t)]2 dxdt =0,
T

0

so that av = 0. By Theorem 4.1, vo =0 and hence, as t — oo,

u(t) - 0 weakly in HY(T),

u(t) — 0 strongly in H*(T) for s < 1. m|
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4.2. A BBM-like equation with a nonlocal bilinear term

Here, we consider a BBM-type equation with the drift term, but with a nonlocal bilinear term
given by a convolution, namely

U — Uy + Ux + AU xU)x =0, xeR, (412)

where A € R is a constant and

o0

(u*v)(x):/u(x—y)v(y)dy for x e R.

—00
A UCP can be derived without any restriction on the initial data.
Theorem 4.3. Assume that A 0. Let u € C1([0, T]; H'(R)) be a solution of (4.12) such that
ux,t)=0 for|x|>L,te(0,T). (413)
Thenu =0.
Proof. Taking the Fourier transform of each term in (4.12) yields
(1+&%)h, =—ig(h+a0%), &eR, te(0,T). (414)

Note that, for each t € (0, T), u(-, t) and (-, t) may be extended to C as entire functions of exponen-
tial type at most L. Furthermore, (4.14) is still true for £ € C and t € (0, T) by analytic continuation.
To prove that u =0, it is sufficient to check that

Ofi(i,)=0 VkeN, Vre(0,T). (4.15)
Let us prove (4.15) by induction on k. First, we see that (4.14) gives that either
i@, t)y=0 Vvte(0,T), (4.16)
or
i, t)=—-2"1 vte(0,T). (417)
Derivating with respect to & in (4.14) yields (the upper script denoting the order of derivation in &)
26iie(&, 0+ (1487 . 0)
= —ifi(¢,0)(1 + A, 0) — iga D (&, (1 + 228 (£, D). (4.18)
Note that (i, t) = 0 if either (4.16) or (4.17) hold. Combined with (4.18), this gives
1M, 0=0, te(,T).

Assume now that, for some k > 2,
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4D, 6)=0 forte(0,T)andanyle{1,....,k—1}. (419)

Derivating k times with respect to & in (4.14) yields

(1+&2)a® + 2k 4kl — D>

k k—1
= —it (ﬁ“‘) +ry c,ﬂa“)ﬁ("—’)) — ik (ﬁ“‘—” +2) Gy a<l>a<k—1-l>> : (4.20)

1=0 1=0
From (4.19) and (4.20) we infer that
a® (i, 6)(1+ 2203, 0) =0.
Combined with (4.16) and (4.17), this yields
1® 3, 0 =o.
Thus
106G, =0 vk=>1. (4.21)
(417) and (4.21) would imply
aE,tH=—2"1 VeEeC,
which contradicts the fact that fi(-, t) € L2(R). Thus (4.16) holds and u=0. O

5. Unique continuation property for the KdV-BBM equation

In this section we prove some UCP for the following KdV-BBM equation

Ur — Ugxx — Clxxx +qux =0, xe€T, te(0,T), (5.1)

where q € L*°(0, T; L>°(T)) is a given potential function and c # 0 is a given real constant. The UCP
obtained here will be used in the next section to obtain a semiglobal exponential stabilization result
for BBM with a moving damping.

Theorem 5.1. Let c e R\ {0}, T > 27 /|c|, and q € L°*°(0, T; L°°(T)). Let @ C T be a nonempty open set. Let
ueL?(0, T; H3(T)) U L>(0, T; H(T)) satisfying (5.1) and

u(x,t)=0 forae. (x,t) ew x (0,T). (5.2)
Thenu=0inT x (0, T).
Proof. Assume first that
uel?(0,T; HX(T)). (5.3)

Let W =u — Uy € L2(0, T; L2(T)). Then (u, w) solves the following system
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U— Uy =W, (5.4)

Wt + cwy = (C — q)Uy. (5.5)

We shall establish some Carleman estimates for the elliptic equation (5.4) and the transport equation
(5.5) with the “same weights”, and combine both Carleman estimates into a single one for (5.1). We
refer the reader to [50] for a similar analysis for a coupled system of elliptic-hyperbolic equations,
and to [1,10] for coupled systems of parabolic-hyperbolic equations.

Remark 5.2. There is a finite speed propagation for KdV-BBM: assuming for simplicity that q(x) =c
for all x € T, where ¢ > 0 is given, and that w = 2w — ¢,2m) for a small € > 0, then the UCP fails
in time T < (27 — 2¢)/c. Indeed, picking any nontrivial initial state ug € C3°(0, ), we easily see that
the solution (u, w) of (5.4)-(5.5) reads u(x,t) = ug(x — ct), w = wo(x — ct) where wog = (1 — 83)110.
Then u(x,t) =0 for (x,t) € w x (0, 2w — 2¢€)/c), although u = 0. Hence, the condition T > 25 /|c| in
Theorem 5.1 is sharp. The necessity of T > 25 /|c| in all the control results for KdV-BBM is also clear
from the value of the spectral gap deduced from (6.6) when q is constant. Note that, by contrast,
there is an infinite speed propagation for both BBM and KdV (see [30,36,39]).

Introduce a few notations. We identify T with [0,27) by choosing a system of coordinates.
Without loss of generality, we can assume that ¢ > 0 (the case ¢ < 0 being similar), and that
w=Q2mr —n,2m +n)~[0,n)UQRr —n,2r) for some n € (0,7) (by choosing the origin of the
coordinates inside w). Assume given a time T fulfilling

2w

T>—. (5.6)
c
Pick some numbers § > 0 and p € (0, 1) such that
pocT >2mw +§ (5.7)
and a function ¢ € C*°([0, 27r]) such that
Y =x+38]> forxeln/2,2m —n/2], (58)
dkw dkw
0) = 2m) fork=1,2,3, 5.9
k(@)= _@m) (59)
dy
28 < a(x) <2Q2m +48) forxe[0,2m]. (5.10)

Introduce the function ¢ € C*°([0, 27r] x R) defined by

P(x.t) =Y (x) — pct?. (5.11)
Then the following Carleman estimate for (5.1) will be derived.

Proposition 5.3. Let w, c and T be as above. Then there exists some positive numbers s, and C; such that for
all s > sy and all u € L2(0, T; H2(T)) satisfying (5.1), we have
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T
//[s|uxx|2 + s|uxl? +s3|u|2]ezs‘”dxdt+s/[|u —uxx|2e239"]‘t=0dx
oT T

T
gCZ//[sluxxlz + 5% [ul?]e*¥ dxdt. (5.12)
0 w

Note that the Carleman estimate (5.12) yields at once the observability inequality

T

”u(~,0)Hi]2(T) gc/Hu(-,r)Hiz(w) dt. (513)
0

The proof of Proposition 5.3 is outlined as follows. In the first step, we prove a Carleman estimate
for the elliptic equation (5.4) with the weight eV In the second step, we prove a Carleman estimate
for the transport equation (5.5) with the weight e’?. Note that we are concerned here with global
Carleman estimates with weights suitably chosen in the control region, so that our results do not
seem to be direct consequences of the local Carleman estimates in [16]. In the last step, we combine
the two above Carleman estimates into a single one to obtain (5.12).

STEP 1. CARLEMAN ESTIMATE FOR THE ELLIPTIC EQUATION.

Lemma 5.4. There exist so > 1 and Co > 0 such that for all s > s and all u € H?(T), the following holds

/[s|u,<|2 + 5 |ul?]e*V dx < co(f x| 2e®V dx+/s3|u|2e25‘/’ dx). (5.14)
T T [0}

Proof. Let v=eu and P = 2. Then
e Pu=e"P(e™*Vv) = Psv + Pyv

where

Psv = (SWx)ZV + Vxx, (5.15)
Pav = —=25Yx vy — SY¥xxV (5.16)

denote the (formal) self-adjoint and skew-adjoint parts of es¥ P(e=S¥ "), respectively. It follows that
2
leV Pul|” = IPsv ]I + [Pqv]|* + 2(Psv, Pqv)
where (f, g) = [; fgdx, and || f[|> = (f, f). Then

(Psv, Pav) = ((s1)v, =259 vy) + (5 Vv, —s¥xxV)
+ (Vxxs =25YxVx) + (Vix, =S¥xxV) =: 11 + I + I3 + 14.

After some integrations by parts in x, we obtain with (5.9) that
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I =3 / (s¥x)%sPxxv? dx,

T

I3 :/SI/IXXV)Z( dx,

T

2
14:fVx(ST/fxxxV‘i‘waxVx)dXZ_/5‘/’xxxx dx‘i‘/s‘/fxx‘/;z(dx-

T T T

Therefore

2
|es¥ Pu||” = IPsvII® + | PavII* + f [4(s¥)? s — SV V2 dx + / (Asyr) V2 dx.
T

T
From (5.8), we infer that there exist some numbers so > 1, K > 0 and K’ > 0 such that for all s > sg
4(sYn)* sV — SYrone = K> for (x, 1) € (/2,2 —1/2) x (0, T),
4syxx = Ks for (x,t) € (/2,2 —n/2) x (0, T),
while, setting wo =[0,7n/2) U 2w —n/2,2w),
|4(5Wx)25wxx - 51/’xxxx| <K's* for (x,t) €wp x (0, T),
|[4svve] < K's for (x,t) € wg x (0, T).
We conclude that for s > sg and some constant C > 0
2
IPsv® + /[slvx|2 +$3v?]dx < C(”e“”PuH + /[slvxl2 +s3|v|2]dx>. (5.17)
T wo
Next we show that fqr s~y |% dx is also less than the r.h.s. of (5.17). We have

/s_]lvxxlzdngs_lfPsv—(swx)2v|2dx

T

<2 [ sTHIPsv I + syl vI?) dx

< c(ﬁupsvnz +/s3|v|2dx).

T

»%\

Combined with (5.17), this gives

f{s’llvxxlz+5|vx|2+s3|v|2}dx<C<”es‘/’Pu”2+/s3|v|2dx+/s|vx|2dx) (5.18)
T

wQ wo
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where C does not depend on s and v. Finally, we show that we can drop the last term in the r.h.s. of
(5.18). Let £ € C3°(w) with 0< & <1 and £(x) =1 for x € wo. Then

/|vx|2dx</s|vx|2dx
wo w

< _/(5xvx+§vxx)"dx

w
1
< E/Exxvzdx_fsvxx‘/dx
® w

so that

2/s|vx|2 < ||.§xx||Loo(qy)/s|v|2dx+/</s_1|vxx|2dx+ic_l /s3|v|2dx (5.19)

wo 10} w 10}

where k > 0 is a constant that can be chosen as small as desired. Combining (5.18) and (5.19) with «
small enough gives for s > sg (with a possibly increased value of so) and some constant C that does
not depend on s and v

/{s*lwm2 +s|val? + 52 v [P dx < c<|ye5‘/fpu|]2 +/s3|v|2dx). (5.20)
[0

Replacing v by es¥u in (5.20) gives at once (5.14). The proof of Lemma 5.4 is complete. O
STEP 2. CARLEMAN ESTIMATE FOR THE TRANSPORT EQUATION.

Lemma 5.5. There exist s; > So and C1 > 0 such that for all s > sy and all w € L2(T x (0, T)) with w; +
cwy € L%(T x (0, T)), the following holds

T
//s|w|2e25<"dxdt+/s[|w|2e25¢’]|t=0dx+/s[|w|2e25¢’]|t=de
0T T T
T T
<C1<//|w[+cwxlzezs‘pdxdt+//slwlzezs‘pdxdt). (5.21)
0T 0 w

Proof. We first assume that w € H'(T x (0, T)). Let v =e5?w and P = 9; + cdx. Then

e’Pw = eP(e™*%v)
= (=5@tV — c5@xV) + (Ve +CVy)

=: Psv + Pgyv.

It follows that
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s 2 2 2
”e (pPWHLZ(TX(O,T)) = ”PSVHLZ(TX(O,T)) + ”PGVHLZ(TX(O,T)) + 2(Psv, PaV)LZ('IFx(O,T))- (522)

After some integrations by parts in t and x in the last term in (5.22), we obtain

T
2(Psv, PaV) 21 (0.1 :/ s(¢re + 2c@x + ) v dxdt
0

T

s(@r + c) V2 |£ dx — / cs(@r + cx)v? |(2)” dt. (5.23)
0

s e—

Using (5.9), (5.11) and the fact that v(0,t) = v(2m,t), we notice that the last term in (5.23) is null.
From (5.7)-(5.11), we infer that

Put + 200 + P =2(1—p)c® >0 forxe (/2,27 —n/2), te(0,T),

—(@r +cpx) =2c(pcT —2m —8) >0 forxe (0,2m), t=T

Or+cpx>2c§ >0 forxe (0,2m), t=0

Thus

T T T
//s|v| dxdt+/ (|v||t 0+|v|‘t T dx<C(//|eS¢Pw|2dxdt+//s|v|2dxdt),
0 0 0 w

T

which gives at once (5.21) by replacing v by e’?w. The proof of Lemma 5.5 is achieved when w €
HY(T x (0, T)).

We now claim that Lemma 5.5 is still true when w and f := w; + cwy are in L2(0, T; L2(T)).
Indeed, in that case w e C([0, T]; L3(T)), and if (w$) and (f") are two sequences in HY(T) and
L%(0, T; H'(T)), respectively, such that

wg— w(0) inL*(T),
f"— f inL*(0, T; L*(T)),
then the solution w" € C([0, T]; H'(T)) of
wi +cwy = f",
w'(0) =

satisfies w" € HI(T x (0, T)) and w” — w in C([0, T]; L>(T)), so that we can apply (5.21) to w" and
next pass to the limit n — oo in (5.21). The proof of Lemma 5.5 is complete. O

Let us complete the proof of Proposition 5.3. Let u € L%(0, T; H2(T)) satisfy (5.1), and let w =
U —ug €L?0,T; LZ(T)) Then w; + cwy = (c — qQ)uy € L%(0, T; L*>(T)). Combining (5.4), (5.5), (5.14)
(multiplied by e=25¢*C and next integrated over (0, T)), and (5.21), we obtain for s > s that
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s[lu — uwl?e™?], _, dx

T
//[s|ux|2+s3|u|2+s|u—uxx|2]e2“pdxdt+ =0
0T

H—

T T
<C<//[|uxx|2+|(C—q)ux|2]625‘/’dxdt+//[s|u_uxx|2 +53|u|2]€25§0d)(d[’>, (524)
0T 0 &

Then choosing s; > s; and C; > C large enough, we obtain (5.12) for any s > s, and any u €
L2(0, T; H%(T)) satisfying (5.1). O

We are now in a position to prove Theorem 5.1. Pick any function u fulfilling (5.1) and (5.2). If
u e L%(0, T; H3(T)), then it follows from (5.12) that u =0 in T x (0, T).

Assume now that u € L0, T; HI(T)). We proceed as in [39]. Since u and w :=u — uy, are not
regular enough to apply Lemmas 5.4 and 5.5, we smooth them by using some convolution in time.
For any function v = v(x,t) and any number h > 0, we set

. t+h
v[h](x,t):E/v(x,s)ds.

t

Recall that if v € LP(0,T;V), where 1 < p < +oo and V denotes any Banach space, then vl ¢
WP, T —h; V), V™10, 7-h:v) < IVIIp(o,7;v), and for p <oo and T' < T

vi" v inLP(0,T’;V) ash— 0.
In the sequel, v%h] denotes (vIM),, vI"! denotes (vI"),, etc. Assume again that ¢ > 0. Pick any T’ e
(ZT”, T), any pair (p,8) such that (5.7) still holds with T replaced by T’, and define the functions

¥ and ¢ as above. Then for any positive number h < hg:=T — T’, ultl ¢ W20, T; H(T)), and it
solves

ul™ —ull) — cul? + quoy™ =0 inD'(0,T; H(T)), (5.25)
uMx,0)=0, 0 ewx(0,T). (5.26)

From (5.25), we infer that

uly = ¢ (" — ull) + (quo™) € L(0, s H'(T)),

hence
ulhl e L°(0, T'; HA(T)). (5.27)
This yields, with (5.4)-(5.5),
wihl =yt — ) e (0, ', 12(T)), (5.28)
w4 ewl = (¢ = uy)™ e W (0, T; L2(T)). (5.29)

From (5.26)-(5.29) and Lemmas 5.4 and 5.5, we infer that there exist some constants s; > 0 and
Cq > 0 such that for all s > sy and all h € (0, hg), we have
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T/
//(s|u£h]|2+s3|u[hj|2 +s}w””|2)ezs‘/’dxdt
oT
< C1//(|u””|2 + W 4 [ ((c — ue) ™ [*)e e
oT

T/
<c1//(\u“ﬂ\2+\w[hlhzy(c—q)uw
0T

+2|((c — guy)™ = (c — @ul P)e2% dxdt. (5.30)

Comparing the powers of s in (5.30), we obtain that for s > s3 > s1, h € (0, hp) and some constant
C3 > Cq (that does not depend on s, h)

T/
//(s|u£h]|2 ~|—s3|u””|2 +s}w””|2)ezs‘/’ dxdt

<G f /|((C — )" = (c — @ul Pe2¥ dxdt.

Fix s to the value s3, and let h — 0. We claim that

//| Q)Hx —(c— q)u,[(h] |2e253‘/’ dxdt -0 ash— 0.

Indeed, as h — 0,
((c—u)™ = (€ —quy in13(0, T'; L*(T)),
(¢ —ui - (c —quy inL?(0, T’ L*(T)),
while e253¢ € L°(T x (0, T')). Therefore,

T/
//|u[h]|2e253"’dxdt—>0 ash — 0.
0T

On the other hand, u™ — u in L2(0, T’; L%(T)), hence

T T
//|u””|2e2‘3“’dxdt—>//|u|2e253wdxdt
0T 0T

as h — 0. We conclude that u=0 in T x (0, T'). As T’ may be taken arbitrarily close to T, we infer
that u=0in T x (0, T), as desired. The proof of Theorem 5.1 is complete. O
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6. Control and stabilization of the KdV-BBM equation
In this section we are concerned with the control properties of the system
Up — Ugxxy — Clxxx + (€ + Dux +uuy=ax)h, xeT, t >0, (6.1)
u(x, 0) =uop(x), (6.2)
where c e R\ {0} and a € C*°(T) is a given nonzero function. Let
w={xeT; ax) #0} #0. (6.3)
6.1. Exact controllability
The first result is a local controllability result in large time.

Theorem 6.1. Let a € C*°(T) witha #0, s > 0 and T > 27 /|c|. Then there exists a § > 0 such that for any
ug, ur € H5(T) with

luollms + llurllgs <8,

one can find a control input h € L2(0, T; H=2(T)) such that the system (6.1)(6.2) admits a unique solution
u € C([0, T], H(T)) satisfying u(-, T) = ur.

Proof. The result is first proved for the linearized equation, and next extended to the nonlinear one
by a fixed-point argument.

STEP 1. EXACT CONTROLLABILITY OF THE LINEARIZED SYSTEM.
We first consider the exact controllability of the linearized system
Ut — Utxx — Cllxx + (€ + Dux = a(x)h, (6.4)
u(x,0) =up(x), (6.5)

in H*(T) for any se R. Let A= (1 — 33)’1(683 — (c 4+ 1)8,) with domain D(A) = HSt1(T) c H5(T).
The operator A generates a group of isometries {W (t)};cr in HS(T), with

ck ck>+(c+Dk .
W(t)v = Z e K2 ek (6.6)
k=—00
for any
s .
V= Z ke e HS(T).
k=—o00

The system (6.4)-(6.5) may be cast into the following integral form

u(t)y=W(®uo + / Wt —7)(1—82) ' [ah(r)]dT
0
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We proceed as in [31]. Take h(x,t) in (6.4) to have the following form
e .
hx.t)=ax) > fiq;t)e’” (6.7)
j=—00
where f; and q;(t) are to be determined later. Then the solution u of Eq. (6.4) can be written as

o0

ux, =y t)e™
k=—o00
where i (t) solves
d. , . 1 >
G WO +iko Oh©O = -5 Y f0,0m;k (6.8)
j=—00

. 2
with o (k) = Ck]j;zj 1 and

1 o
mjy= —faz(x)e'“_k)"dx.
2
T

Thus
(M) —e MO0 = 35 D fimjx / e 00T (z) dr
j=—0o0 0
or
R A
ﬁk(T)elkcr(k)T _ flk(O) — m Z fjmj,k / elka(k)rqj(f)d‘[.
j=—o00 0

It may occur that the eigenvalues
A =iko(k), keZ

are not all different. If we count only the distinct values, we obtain the sequence (Ay)ker, Where I C Z
has the property that XAy, # Ay, for any kq,k, € I with ky # k. For each k1 € Z set

(k) = {k € Z; ko (k) =kj0 (k1) }

and m(ky) = |I(k1)| (the number of elements in I(k1)). Clearly, there exists some integer k* such that
k € I if |k| > k*. Thus there are only finite many integers in I, say k;j, j=1,...,n, such that one can
find another integer k # k; with A, = 2y;. Let

I; ={keZ; k#k;j, )\.k:A.kj}, j=1,2,...,n.



L. Rosier, B.-Y. Zhang / ]. Differential Equations 254 (2013) 141-178 165
Then
Z=1TuljU..-Ul,.
Note that I contains at most two integers, for m(k;) < 3. We write
I[j:{k“,kj,m(kj)q}, j=1,2,...,n
and rewrite k;j as kj o. Let
pe(t) :=e koM —0 41,42,
Then the set
P = {pr(®); k eI}
forms a Riesz basis for its closed span, Pr, in L%(0, T) if

27

||

Let £:={q;(t); jel} be the unique dual Riesz basis for P in Pr; that is, the functions in £ are the
unique elements of Pr such that

T

/Qj(f)Pk(f) dt =6&;, J.kel
0

In addition, we choose
qk = qk; ifk ;.

For such choice of q;(t), we have then, for any k € Z,

; 1
- iko ()T _ _ . )
Uy (T)e™ % — 11, (0) = mfkmk,k ifk eI\ {kq, ..., kn}; (6.9)
| mkp-t
fli (e T — g O = 5= 3 fi M ks
S a——
ifk=kjq, j=1,...,n,q=0,...,m(k;) — 1. (6.10)

It is well known that for any finite set J C Z, the Gram matrix A 7 = (Mp q)p qe7 is definite positive,

hence invertible. It follows that the system (6.9)-(6.10) admits a unique solution f(...,f_z, f-1,
fo, f1, f2,...). Since

1
Mk = > /az(x) dx=:ju #0,
T
T
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we have that

1 12 R . N
fie= 2 (Mo T — ,0)) for [kl > k.
17

Note that

oo

ax) Y fiqjt)e’

j=—00

T

2 —
”h”LZ(O,T;HS*Z(T)) - /
0 Hs—2

j=—00

T o0
<c[ ¥ 042 g0l
0

[o.¢]
< Y (+A)7P
j=

—00
< 2 2
<C(Ju@ s + [um[s)-
This analysis leads us to the following controllability result for the linear system (6.4)-(6.5).
21

Proposition 6.2. et s€ R and T > o be given. For any ug,ur € HS(T), there exists a control h €

L2(0, T; HS2(T)) such that the system (6.4)-(6.5) admits a unique solution u € C([0, T1; H*(T)) satisfying
ux, T)=ur(x).
Moreover, there exists a constant C > 0 depending only on s and T such that
IRl 20,7 w521y < C(lluollns + lurlips).
Introduce the (bounded) operator @& : H*(T) x HS(T) — L2(0, T; H*~2(T)) defined by
@ (ug, ur)(t) =h(t),

where h is given by (6.7) and }’ is the solution of (6.9)-(6.10) with (ig), and (iit), substituted to
U (0) and 1 (T), respectively.

Then h = @ (ug, ur) is a control driving the solution u of (6.4)-(6.5) from ug at t =0 to ur at
t=T.
STEP 2. LOCAL EXACT CONTROLLABILITY OF THE BBM EQUATION.

We proceed as in [36]. Pick any time T > 27 /|c|, and any ug, ur € H*(T) (s > 0) satisfying

luollns <8, lurlns <8

with é to be determined. For any u € C([0, T]; H5(T)), we set

T
o) = _/ W (T —1)(1-32)" (uuy)(v)dr.
0
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Then

o) — o) ps SCTlu+ Vo, 1:H5 () U — VIiLeo©, T Hs (T)) -

Furthermore,

t
W(t)u0+/W(t—r)(l —32) " [a)® (1o, ur — w(W)) — uuy](r)dr
0

_Juo ift=0,
T oW + ur —w@)=ur ift=T.

We are led to consider the nonlinear map

t
r'(u)=W@uo+ / Wt —7)(1—82) " [a)® (1o, ur — (W) — uuy](r)dz.
0

167

The proof of Theorem 6.1 will be complete if we can show that the map I" has a fixed point in some

closed ball of the space C([0, T]; H5(T)). For any R > 0, let

Br = {u € C([0, T]; H*(T)); llullcqo,r1;Hs(T) < R}.

From the above calculations, we see that there exist two positive constants Cq, C; (depending on s

and T, but not on R, ||ug|/gs or ||ur|/ys) such that for all u, v € Bg
H I'(u) ”C([O,T];HS(T)) <G (”uO”HS + llur ”HS) + CZRZ’
| @ — F(V)”C([O,T];HS(T)) < C2Rlu = Vileqo,11:H5 (T)) -
Picking R = (2C2)~! and § = (8C1C3)~!, we obtain for ug, ur satisfying
luollms <39, lurllps <6

and u, v € By that

”F(”)HC([O,T];HS(T)) <R,

1
|7 @) =T Wl ego,rymsery < 318 = Vilcqo.rimscry-

(611)

(6.12)

It follows from the contraction mapping theorem that I has a unique fixed point u in Bg. Then
u satisfies (6.1)-(6.2) with h = @ (ug, ur — w(u)) and u(T) = ur, as desired. The proof of Theorem 6.1

is complete. O
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6.2. Exponential stabilizability

We are now concerned with the stabilization of (6.1)-(6.2) with a feedback law h = h(u). To guess
the expression of h, it is convenient to write the linearized system (6.4)-(6.5) as

us = Au + Bk, (6.13)
u(0) =ug (6.14)
where k(t) = (1 — 32)"'h(t) € L?(0, T; H*(T)) is the new control input, and
B=(1-02)""a(1—02) e L(H (D). (6.15)
We already noticed that A is skew-adjoint in H*(T), and that (6.13)-(6.14) is exactly controllable

6.
in H5(T) (with some control functions k € L(0, T; H*(T))) for any s > 0. If we choose the simple
feedback law

k =—B**u, (6.16)

the resulting closed-loop system
ur = Au — BB**u, (6.17)
u(0) =1ug (6.18)

is exponentially stable in H*(T) (see e.g. [27,37]). In (6.16), B** denotes the adjoint of B in L(H*(T)).
Easy computations show that

B Su = (1-02)" " a(1-82)"u. (6.19)

In particular

B*lu =au.
Let A=A — BB*!, where (BB*")Yu = (1—982)""[a(1 — 82)(au)]. Since BB*! € L(H*(T)) and A is
skew-adjoint in H*(T), A is the infinitesimal generator of a group {Wg(t)}ter on H*(T) (see e.g. [34,
Theorem 1.1, p. 76]). We first show that the closed-loop system (6.17)-(6.18) is exponentially stable
in H5(T) for all s > 1.

Lemma 6.3. Let a € C*°(T) with a # 0. Then there exists a constant y > 0 such that for any s > 1, one can
find a constant Cs > 0 for which the following holds for all ug € H*(T)

[Wa@®)uo| s < Cse " lugllys  forallt > 0. (6.20)

Proof. (6.20) is well known for s =1 (see e.g. [27]). Assume that it is true for some s € N*, and pick
any ug € HST1(T). Let vg = Aug € H5(T). Then

” Wa(t)V0| < Cse "Yvollps.

[

Clearly,

Wq(t)vo = AWq(t)ug = AW, (t)ug — BB*TWq(t)uo,
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hence
[ AWa@)uo s < [Wa® Vol s + [ BB £ pgs) | Wa(Otio] s < Ce™ gl g1
Therefore
[Wa©uo| o1 < Cspre™" ol s+,

as desired. The estimate (6.20) is thus proved for any s € N*. It may be extended to any s € [1, +00)
by interpolation. O

Plugging the feedback law k = —B*'u = —au in the nonlinear equation gives the following closed-
loop system

Ut — Upxx — Cllxy + (€ + Duy + uuy = —a(1 — 37)[aul, (6.21)
ux,0) =ugx). (6.22)
We first show that the system (6.21)-(6.22) is globally well-posed in the space H*(T) for any s > 0.

Theorem 6.4. Let s > 0 and T > 0 be given. For any ug € H(T), the system (6.21)-(6.22) admits a unique
solution u € C([0, T]; H5(T)).

The following bilinear estimate from [42] will be very helpful.

Lemma 6.5. Let w e H'(T) and v e H' (T) with0<r<s,0<r <sand 0<2s—r—71 < %. Then
[(1=82) " ow) | s <crrsliwl
¥ x s SCrrs Hr||V||H,/_
In particular, if w e H(T) and v e HS(T) with0 <r<s<r+ %, then

[(1 = 02) " B wv) | < crslWlar vils.

Proof of Theorem 6.4. The proof is divided in three steps.
Step 1. The system is locally well-posed in the space H*(T):

Let s > 0 and R > 0 be given. There exists a T* depending only on s and R such that for any ug € H5(T)
with

luollns <R,
the system (6.21)-(6.22) admits a unique solution u € C([0, T*]; H*(T)). Moreover, T* — oo as R — 0.

Rewrite (6.21)—(6.22) in its integral form

t
u(t) = Wq(tug — / Wq(t — ‘1:)(1 - Bf)_](uux)(r)dt. (6.23)
0
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For given 6 > 0, define a map I" on C([0,#]; H(T)) by
t
[(v) = Wq(t)ug — f Wt —1)(1—02) " (vwy) (1) dt
0

for any v € C([0, 8]; H5(T)). Note that, according to Lemma 6.3 and Lemma 6.5,
“ WCl (f)UO ” C([O,@];HS(T)) g CS ”uO ” HS,

and

<Csf sup [[(1-82)" v ® |
0<t<6

t
/ Wt —1)(1—02) " (vw)(r)dT
0

C([0,6]: H*(TD))

CsCs,s 2
< 5 OlVIE 0,615 (T))-

Thus, for given R > 0 and ug € H¥(T) with |lug|lgs < R, one can choose T* = [2cs s(1 + Cs)R1™! such
that I" is a contraction mapping in the ball

B:={v e C([0,T*]: H*(D); Ivlicqo,r+;Hs(Ty) < 2CsR}
whose fixed point u is the desired solution.

Step 2. The system is globally well-posed in the space H*(T) for any s > 1.

To this end, it suffices to establish the following global a priori estimate for smooth solutions of
the system (6.21)-(6.22):

Let s > 1 and T > 0 be given. There exists a continuous nondecreasing function
as7:RT — RT
such that any smooth solution u of the system (6.21)-(6.22) satisfies

sup JluC, 0 gs <o (luolls). (6.24)

\t\
Estimate (6.24) holds obviously when s =1 because of the energy identity

t

Ju® 3 = lluol, = —2/||au<r>||f,l dr V>0,
0

When 1 <s<s1:=1+ %, applying Lemma 6.3 and Lemma 6.5 to (6.23) yields that for any 0 <t < T,
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t
C
|uC, 0 s < Cslluollns + ;l /Hu(u O Jut. 0| s dr
0

t
< Clluollps + Cal,r(lluollHl)/Hu(-, 7)|| s dt.
0

Estimate (6.24) for 1 < s < s; follows by using Gronwall’s lemma. Similarly, for s;1 <s<sy: =1+ %,

t
C
[uC, 6] s < Cslluolins + %/Hu(-, O ot JuC O e de
0

t
< Clluolle + Cars, 1 (Il ) [ uc )] .
0
Estimate (6.24) thus holds for 1 < s < sy. Continuing this argument, we can show that the estimate
(6.24) holds for 1 <s <sg:=1+ % for any k> 1.
Step 3. The system (6.21)-(6.22) is globally well-posed in the space H*(T) forany 0 < s < 1.

To see it is true, as in [42], we decompose any ug € H5(T) as

u0=Zﬁk€ikX= Z + Z =:Wo+ Vo

keZ kI<ko  |kI>ko
with vo € H5(T) satisfying
lvollws <6

for some small § > 0 to be chosen, and wq € H!(T). Consider the following two initial value problems

{ Ve — Vixx — CVix + (€ + Dvx + vvg = —a(1 — 87)[av], (6.25)
v(x,0) =vo(x)
and
{ W — Wixy — CWyxx + (C+ DWWy + wwy + (VW)x = —a(l - 33)[‘1W]» (6.26)
w(x, 0) = wo(x).

By the local well-posedness established in Step 1, for given T > 0, if § is small enough, then (6.25) ad-
mits a unique solution v € C([0, T]; H*(T)). For (6.26), with v € C([0, T]; H’(T)), by using Lemma 6.3,
the estimate

1 (1= 82) " ox(ww) | 1 < Cllwvlie < Clwllg Ivims

and the contraction mapping principle, one can show first that it is locally well-posed in the space
H(T). Then, for any smooth solution w of (6.26) it holds that
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1d

2 dt ||W(’ t) Hi]l - / V(X, t)W(X’ t)WX(x7 t) dx = —”a()W(, t) ||?‘I1 ’

T

which implies that

t
ch,oni]<nmmnﬁump<6]ﬂvo,ﬂnpdr)
0

for any t > 0. The above estimate can be extended to any wg € H'(T) by a density argu-
ment. Consequently, for wg € HI(T) and v € C([0, T]; H5(T)), (6.26) admits a unique solution w €
C([0, T]; HY(T)). Thus u = w + v € C([0, T]; H5(T)) is the desired solution of system (6.21)-(6.22).
The proof of Theorem 6.4 is complete. O

Next we show that the system (6.21)-(6.22) is locally exponentially stable in HS(T) for any s > 1.

Proposition 6.6. Let s > 1 be given and y > 0 be as given in Lemma 6.3. Then there exist two numbers § > 0
and C} depending only on s such that for any ug € H*(T) with

luollns <3,
the corresponding solution u of the system (6.21)—(6.22) satisfies
[uG.6)] ys < Coe " lluollys ¥t = 0.

Proof. We proceed as in [35]. As in the proof of Theorem 6.4, rewrite the system (6.21)-(6.22) in its
integral form

t
u(t) = Waq(t)uo — %fwa(t ~1)(1-92) o (u?)(m)dr
0
and consider the map
t
() :=Wqa(uo — %/ Wo(t —1)(1—02) " 0u(v?) (1) dr.
0

For given s > 1, by Lemma 6.3 and Lemma 6.5, there exists a constant Cs > 0 such that

Cs

[T W) 0 s < Cse " uollns +

t

Cs. (i 2

2 [er 0o de
0

t

Csc 2
<Cse uollps + =22 sup He’”v(-,r)”HSfe”’(t“)dr
2 ogr<t

0

< Cse "ol + C;L;’se*yt(l —e ") sup [e’Tv(, T)”i,s

o<t
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for any t > 0. Let us introduce the Banach space

Y, :={veC([O,oo);Hs(’]T)):||v||ys = sup Heytv(-,t)HHS<oo}.

0<t<oo
For any v € Y,
Csc
Irw|y. < Cslluollus + ;” vy,
s Y
Choose
5=— . R=20s.
4Cscs s

Then, if |Jugll <3, for any v € Y with |v]ly, <R,

CsCs s
2y

Irwy, <Css+ (2Cs8)R < R.

Moreover, for any vi, v2 € Ys with [[vq]ly, <R and |[v2|ly, <R,

[P = Fealy, < 3l1vi = valy.
The map I is a contraction whose fixed point u € Y; is the desired solution satisfying
|, 0] s < 2Cse™7luolins
forany t>0. O

Now we turn to the issue of the global stability of the system (6.21)-(6.22). First we show that
the system (6.21)-(6.22) is globally exponentially stable in the space H'(T).

Theorem 6.7. Let a € C*°(T) with a # 0, and let y > 0 be as in Lemma 6.3. Then for any Ro > 0, there
exists a constant C* > 0 such that for any ug € H'(T) with ||ug|| g1 < Ro, the corresponding solution u of
(6.21)-(6.22) satisfies

JuC. O] 4 < C*e ol forallt > 0. (6.27)
Theorem 6.7 is a direct consequence of the following observability inequality.

Proposition 6.8. Let Ry > 0 be given. Then there exist two positive numbers T and B such that for any ug €
HY(T) satisfying

luollyr < Ro, (6.28)

the corresponding solution u of (6.21)-(6.22) satisfies

T
oty <8 [ Jauto |, e (6.29)
0
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Indeed, if (6.29) holds, then it follows from the energy identity

t

Ju@ | = lluoll?, —Z/Hau(r)Hi’l dr Vt>0 (6.30)
0

that
[ucm ] < (1= 287" luoli.
Thus
JumT) |7 < (1-267")" Juoll?,
which gives by the semigroup property
Ju@®| 41 < Ce ™ ugllyr forallt >0, (6.31)

for some positive constants C = C(Rg), K = k (Rop).
Finally, we can replace x by the y given in Lemma 6.3. Indeed, let t’ =k ~!log[1+CRg~'], where
8 is as given in Proposition 6.6. Then for [|ug||g1 < Ro, Ju(t')||y <&, hence for all t >t

Ju@ |0 < Chllu(t’) | e ) < (C18/Ro) luoll e ™ = < C*e ™ flugll
where C* = (C;8/Ro)e”". O

Now we present a proof of Proposition 6.8. Pick for the moment any T > 27 /|c| (its value will be
specified later on). We prove the estimate (6.29) by contradiction. If (6.29) is not true, then for any
n>1(6.21)=(6.22) admits a solution u, € C([0, T]; H!(T)) satisfying

[un (@) ;1 < Ro (632)

and

T
1
/ Jautn(© [ de < o (633)
0

where ugn = u,(0). Since oy := |lugnlly1 < Ro, one can choose a subsequence of (o), still denoted
by (o), such that lim,_, o ¢y = «. Note that o, > 0 for all n, by (6.33). Set v, =u, /oy, for all n > 1.
Then

Vit — Vitxx — CVinxx + (C+ D) Vpx + 0nVpVpx = —(1(1 - 3)?)[(1‘/11] (6.34)

and

T
1
/||avn||;1 de < . (6.35)
0
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Because of
[va @) =1 (6.36)
the sequence (v,) is bounded in L(0, T; H!(T)), while (v,) is bounded in L°(0, T; L?(T)). From

Aubin-Lions’ lemma and a diagonal process, we infer that we can extract a subsequence of (vy), still
denoted (v;), such that

vp— v inC([0,T]; H*(T)) Vs<1, (6.37)
vp— v inL®(0,T; H'(T)) weak* (6.38)

for some v € L*°(0, T; H(T)) N C([0, T]; HS(T)) for all s < 1. Note that, by (6.37)-(6.38), we have that

OnVnVpx — QVvy inL%(0, T; L? (T)) weak™. (6.39)
Furthermore, by (6.35),
T T
/ lav|%, dt < lim inf/ lavall?, dt =0. (6.40)
n—oo
0 0
Thus, v solves
Vi — Vixx — CVaxxx + (C+ 1)vx +avvy=0 onT x (0, T), (6.41)
v=0 onwx (0,T), (6.42)

where w is given in (6.3). According to Theorem 5.1, v=0 on T x (0, T).
We claim that (vy) is linearizable in the sense of [9]; that is, if (w,) denotes the sequence of
solutions to the linear KdV-BBM equation with the same initial data

Wnt — Wptxx — CWpxxx + (C+Dwp x = _a(l - 33)[0Wn], (6.43)
wn(x,0) = vp(x, 0), (6.44)
then
sup [[va(®) = wa(®)| ;1 >0 asn— oo. (6.45)
0\ ~X

Indeed, if d,, = v, — wy, then d, solves

dnt — dn,txx —Cdpxxx + (c+1dpx = _a(] - 33)[0(1”] — 0nVnVn,x,
d,(0) =0.

Since |Wa(®) |l zcm1(y) < 1, we have from Duhamel formula that for ¢ € [0, T]

T
Jdn < [0 = 82) " @rvava) (@) d.
0
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Combined with (6.37) and to the fact that v =0, this gives (6.45). By Lemma 6.3, we have that

[wn®| 1 < Cre™""|wn(0)],; forallt > 0. (6.46)

[

From (6.46) and the energy identity for (6.43)-(6.44), namely

t
|wa© 5 = wa @[ = =2 [ Jawa(e) s d. (647)
0
we have for Ce *T <1
T
|wa@ | <2(1 = C2e 2Ty /Ilawn(r)lli,1 dr. (6.48)
0

Combined with (6.35) and (6.45), this yields [|[vn,(0)||y1 = [[wn(0)||y1 — O, which contradicts (6.36).
This completes the proof of Proposition 6.8 and of Theorem 6.7. O

Next we show that the system (6.21)-(6.27) is exponentially stable in the space H*(T) for any
s>1.

Theorem 6.9. Let a € C*°(T) witha # 0 and y > 0 be as given in Lemma 6.3. For any given s > 1 and Rg > 0,
there exists a constant C > 0 depending only on s and Rg such that for any uy € H*(T) with ||ug| gs < Ro, the
corresponding solution u of (6.21)-(6.22) satisfies

JuC. 0] < Ce " Hlugllps  forallt > 0. (6.49)

Proof. As before, rewrite the system in its integral form
t
1 -1
u(t) = Wq(t)ug — 3 Wa(t —1)(1-05)  (uuy)(v)dr.
0

For ug € H5(T) with |ug|lgs < Ro, applying Lemma 6.3, Lemma 6.5 and Theorem 6.7 yields that, for
any 1<s<1+ 11—0,

t
C
[uC. 0] s < Cse™ lluolins + % / e VD ue, 7|5 de
0
t

/ e Ve 2Ty |12, dT
0

*\2
< Coe gl + L)
CsCl,l,s(C*)z

<(C
<s+ 2y

—yt
||U0||H1>€ Ylugllgs

for any t > 0. Thus the estimate (6.49) holds for 1<s<my:=1+ 11—0. Similarly, for my <s<my :=
1+ %, we have for ||ug|lgs < Ro
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t
JuC, 0] 4 < Coe " uollus + 7&6’”2“””'5 f e ut 1) [ do
0

t
< Cse "Yjug s + C(s,m1, Ro) f e Ve T yg |14, dT
0
< (Cs + C(s,m1, Ro)luollgm v~ )e ™ lluollus.

Thus the estimate (6.49) holds for 1
estimate (6.49) holds for 1 <s <my :=

R/

<my =1+ {5. Repeating this argument yields that the
1,2,.... O
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