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1. Introduction

We shall be concerned with the invisibility cloaking in acoustic scattering. Let D be a bounded
convex C2 domain in RN, N > 2. We assume that D contains the origin and let

D,={px;xe D}, peRy.

Let £2 be a bounded domain in RN such that £2¢:= RN\ is connected and D € £2. Consider the
following scattering problem due to an inhomogeneity supported in §2 and a radiating source f,
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N
ad oo du(x
> e G’J(X)L) +o’quE) = f(x), xeRY,
A~ 0X; 0x;
i,j=1
ux) = u*(x) + u' (x; w), xe Q°, (11)
ous (x
lim |x|N-D/? W iwu®(x); =0,
[X|— 00 a|x|
where
I, 1 in £2€,
Oc, in 2\D,
o). g = | 7% M2 (12)
o1,qi in D\Dq2,
0q,qa inD1j2,

and supp(f) C D12 with f € L2(D1,2). In (1.1), u'(x; ) is an entire solution to Av + @?v =0 in the
whole space. In the physical situation, (1.1) describes the scattering of an inhomogeneous medium
supported in £ and a radiating source f supported in D1/, due to a time-harmonic wave ul (x; w)
oscillating with frequency w € R,. In the classical scattering theory, we note that u! is usually taken
to be the plane wave e/®*? with d e SN~1. o and q are the acoustical material parameters with
o~ denoting the density tensor and q the modulus. We assume that q € L°°(RN) with Jq > 0 and,
o=l w i is a symmetric matrix and uniformly elliptic in the sense that

N
< Y oigg; <Clgl% VEeRN, vxeRN,
i,j=1

where ¢ and C are positive constants. In our subsequent study, an acoustic medium is referred to
as regular if its modulus parameter q is essentially bounded with Jgq > 0 and its density tensor is
symmetric and uniformly elliptic. It is known that (1.1) has a unique solution u € H}OC(RN) admitting
the following asymptotic development as |x| — +oo (cf. [6,13,21,23])

iw|x|

i e n 1
U(X)—u +|X|(N7_1)/2A(X)+O<|X|(NT)/2>7 |X|—>OO, (13)

where % = x/|x| € SN~ for x € RN. A(®) is known as the scattering amplitude or the far-field pattern,
which encodes the exterior wave patterns produced by the underlying scattering object. The classical
inverse scattering problem of significant practical importance is to recover the inhomogeneity o, q
and/or the radiating source f from the measurement of the corresponding scattering amplitude A(%).
In this work, we are mainly interested in the setting that oq, qq and f supported in D1/, are the
target objects and, (o7, q;) in D\D1/2 and (o¢, qc) in £2\D are some designed cloaking medium which
could hide the target object from exterior wave detections. Our construction is based on the so-called
transformation optics (cf. [11,12,17,24]). Throughout we shall suppose that there exists a (uniformly)
bi-Lipschitz and orientation-preserving map,

FV . 2\D, —» 2\D, F{"|50 = Identity, (14)

where e e Ry and 0 < ¢ < 1. Let

X
F& (x) = - xeDe. (15)
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and
Identity on £2€,
Fo={F{" on £2\D, (1.6)
Féz) on Dg.
Set
1 1
oc=(F"),00.  gc=(F"),q. (17)

where (09, qo) = (I, 1) and the push-forwards are defined by

DF"(x) - oo(x) - (DFL" (x)"

|det(DF" ()] x=(F) 1 ()
qo(X)
|det(DF" ()] le=r) 1)

(F"),00(9) =

(F"),q0(») = X€2\De, y € 2\D, (18)

where DFél) denotes the Jacobian matrix of Fél). In a similar manner, we set

o= (F?),5 (1.9)

with

G1(x) =¢&"(y (x/e)Pr(n(x)) + g(x/e)(I — Pr(n(x')))), x€Dg\Dgy2 (110)

where r > 2 — N/2 and y(x) € C2(5\D1/2) is a positive function that is bounded below, g(x) =
(gl (x))ll\_’j:] € C3(D\D1/2)N*N is symmetric and uniformly elliptic, and X' € 3D lying on the line pass-
ing through the origin and x € D¢\D; /2, and n(x’) € SN-1 is the exterior unit normal vector to 9D at
X' and Pr(n(x')) denotes the projection along the n(x')-direction. Moreover, we let

q=(F) G with§x) =ax/e) +if(x/e), xeDe\Dep (111)

where o(x) and B(x) for x € D\D1,; are positive functions that are bounded below and above. We
shall show that the above construction will produce a practical near-cloaking device; that is, the
corresponding scattering amplitude will be asymptotically small in terms of the accurate quantitative
estimates derived in the subsequent section.

In recent years, the transformation optics and invisibility cloaking have received significant at-
tentions; see, e.g., [5,9,10,22] and references therein. The ideal cloaking requires singular cloaking
material and in order to avoid the singular structure, various near-cloaking schemes have been de-
veloped in literature. Some earlier results on approximate cloaking were presented in [7,8,25], where
truncation of singularities are considered for spherical cloaking devices with uniform cloaked con-
tents. In [14,15], the ‘blow-up-a-small-region’ construction were proposed, and the authors show that
in order to cloak an arbitrary target medium, one has to employ a lossy layer right between the cloak-
ing region and the cloaked region, otherwise there is cloak-busting inclusion which defies the attempt
to cloak. In [15], the construction is similar to the one in (1.2), but that the material parameters of
the lossy layer are given by

or=e"2I, q=¢e"(1+icoe™) inD\D1, (112)
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where cp is a positive constant. In [18,20] a different lossy layer is proposed by employing a high
density medium instead of high loss,

o1=e"1, g =¢e"(ao+ibo) inD\D1, (113)

where ag, bg and § are positive constants. Both the cloaking schemes in [15] and [20] are assessed
in terms of exterior boundary measurements encoded into the boundary Neumann-to-Dirichlet map,
and the one in [20] is shown to produce enhanced performance than existing ones. Moreover, both
the schemes in [15] and [20] are assessed for the cloaking of passive media only. More approximate
cloaking schemes of different nature could be found in [1-3,19]. By straightforward calculations, one
can show that material parameters in (1.9) and (1.11) for our present study are given by

o1(x) = N2 (y (0 Pr(n(x')) + gx) (I — Pr(n(x)))), xeD\D1; (114)

and

ax) =&V (e +iB(x), xeD\Dip. (115)

Compared to the lossy layer (1.12) and (1.13), our present construction (1.14)-(1.15) clearly has more
flexibility. It allows the lossy layer to be variable or even anisotropic, and this would be of practical
importance when fabrication fluctuation happens. Moreover, comparing (1.13) and (1.15), we see that
the density in (1.14) could be less high than that of (1.13), but we will show that one could still
achieve favorable near-cloaks. By comparing (1.12) and (1.15), especially by taking N = 2, we see that
in (1.12) one has to implement a high lossy parameter, whereas in (1.14)-(1.15) one could make use
of a layer with low loss but with a reasonably high density. For the construction (1.2) with (1.7),
(1.14) and (1.15), we show that one could achieve the near-cloak disregarding the passive content
(04, qa), i.e. it could be arbitrary. This is of critical importance from a practical viewpoint. In addition
to the cloaking of a passive medium, we also consider the cloaking of an active/radiating source for
our construction. By the example given in the next section, one can see that if the passive content
is allowed to be arbitrary (but regular), one cannot cloak a generic source without a lossy layer.
However, if the cloaked region is maintained to be absorbing, we show that one can achieve a much
practical and favorable near-cloak of a source term by our scheme.

The rest of the paper is organized as follows. In Section 2, we present the main theorems in
assessing the near-cloaking performances of our construction in different settings. Section 3 is devoted
to the conclusion and discussion.

2. Main results

We first show that in order to assess the near-cloaking performance of our construction, the study
could be reduced to estimating the scattering amplitude due to a small inclusion with arbitrary con-
tents enclosed by a thin lossy layer. We shall make use of the following theorem collecting the key

ingredient of transformation optics.

Theorem 2.1. Let 2 and §2 be two bounded Lipschitz domains in RN and suppose that there exists a bi-
Lipschitz and orientation-preserving mapping F : 2 — 2. Let u € H'(£2) satisfy

V.- (c®)Vu®) +o?qxux) = f(x), xe$2,

where o (x), q(x), x € £2 are uniformly elliptic and f € L%(£2). Then one has that i = (F-Y)*u:=uoF e
HY(£2) satisfies

V- (F0VIW) + ¥yl = f(y), yef,
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where

3 _ . f »
=F,0, =F.q, =|——===)oF .
o=ho. a=ha S <|det<DF>| °

The proof of Theorem 2.1 could be found in [10,14,19]. By using Theorem 2.1, we have by direct
verification that

Lemma 2.2. et u € H}OC(RN) be the solution to (1.1) with (oc,qc) given in (1.7) and (oy, q;) given in
(1.9)-(1.11), then us = Ffu € H} (RN} is the solution to

loc

V- (0 () Ve (%) + 0 qe (0ue (%) = fe(x), xRN,

ua(x)zug(x)+ui(x; ), x e RM\Dy, 21)
a N
lim |x|(N—1)/2 M _ iwuj(x) =0,
X|—o00 a|x|
where
1,1 in (D),
0¢(x),qe(X) = § 61.q1  in D¢\De2, (2.2)
8a,'(ja in Dg/z,
with & and q; given, respectively, in (1.10) and (1.11), and f, =e~NF} f, and
Ga) =" Nog(x/e), T =eNqa(x/e), X€Dgp. (23)

In the sequel, we let A¢(X) denote the scattering amplitude corresponding to u.. Since u = u,
in £2¢, one sees that

AR) = A (%), xeSN L. (2.4)

Hence, in order assess the near-cloaking performance, i.e., in order to evaluate the scattering ampli-
tude A(X) to the physical problem (1.1), it suffices for us to evaluate the scattering amplitude Ag(X)
to the virtual problem (2.1). Throughout the rest of the paper, we let

uy =uelp, € H'(De),  uf =uelgmp, € Hpo(RV\De) (255)

&

and

ul =uf —u' e HY (RM\D,). (2.6)

By straightforward calculations, it can be shown from (2.1) that
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AU 4 0?us =0 in RN\ D,
V. (EIVug) + a)zalug_ =0 in Dg\ﬁg/z,
V- (GaVuy) + @*Gauy = fe in Dg 2,
u=us —uf onoDg,
e ¢ (2.7)
ous N ij Bui
e _ =iy — W
W_.Z nio;" dju, o on dDg,
i,j=1

) ous

lim |x|N="D/23 " _jous | =0,
|x|—o00 3|X|

where n(x) = (ni(x))f\’: ; is the exterior unit normal vector to dD.. Obviously, Ag (%) could be read off
from the large |x| asymptotics of u3 (x).

We shall first consider the cloaking of passive medium, i.e., f =0 in (1.1) (correspondingly, f =0
in (2.1) and (2.7)).

Theorem 2.3. Suppose f = 0 and og, qq are arbitrary but regular. Let A.(X) be the scattering amplitude
to (2.7). Let Bg, R € Ry, be a central ball of radius R such that §2 C Bg. Then there exists &9 € R, such that
when € < &g

|As (&)} < Cgmin{N+2r—4,N} Hui ” VX € SN_l, (2.8)

H1(Bg)’
where C is positive constant independent of €, r, o, and qq.

Remark 2.4. By Theorem 2.3 and (2.4), we see that our construction underlying (1.1) produces an
approximate cloaking device which is within eMin{N+2r—4.N} of the perfect cloaking. Moreover, the
estimate in (2.8) indicates that one can cloak an arbitrary medium, which is of critical importance
from a practical viewpoint. It is mentioned in Introduction that in [14], the authors showed that
there are cloak-busting inclusions which defy the attempt to achieve the near-cloak. Specifically, it
is shown that no matter how small a region is, there exists certain inhomogeneity supported in
that region such that it can produce significant wave scattering. For the boundary value problem
considered in [14], this is shown to be caused by resonances. Hence, a damping mechanism should
be incorporated in order to defeat such ‘resonant’ inclusions. In Remark 2.10 in the following, one
will see that in addition to the ‘resonant’ inclusions, there are more ‘cloak-busting’ inclusions if one
intends to cloak an active content.

In order to prove Theorem 2.3, we first derive the following lemma. Since the following lemma
will also be needed in our subsequent study on cloaking of radiating/active objects, we would like to
emphasize that it holds for the general case with f not necessarily being zero.

Lemma 2.5. Suppose that
a(x)<dg and Bo<B(x) <Po. xeD\Dip,

where &, Bo and Bo are positive constants. Let u; € HL (RN) be the solution to (2.7). Then we have

loc
N
~ija o — r—1-N/2 =2 | 72,2.2-T -
H( Z n;G, 8}u5>(8 ) <e / <C+,/a0+,30a) e )||u8 ||L2(D€\DS/2),
i,j=1

H—3/2(3(D\D1,2))
(2.9)

where C is a positive constant dependent only on y, g and D, but independent of ¢, r, o and B.
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Proof. We shall make use of the duality argument by noting that

N ..
”( Z nﬁll’aju;)(e )

i,j=1 H=3/2(3(D\D1,2))

N
( Z niglijajus) (ex)@(x) dsx

i,j=1

= sup
II§0\IH3/2(B(D\51/2>)<1

3(D\D1,2)
For any ¢ € H*2(3(D\D1,2)), there exists w € H(D\D1,2) such that
(i) w=¢ ondDUAIDqp;
L. 0w
(i) — =0 on 3DU3D]/2;
on
(iii) ||W||H2(D\51/2) < C||‘P||H3/2(3(D\51/2))-
Let

Gix)=e>Toi(x) = (y@Pr(n(x')) +gx)(I —Pr(n(x')))). xeD\Dip,

where and in the following oy, q; are given in (1.14)-(1.15). We first note that

N
Z ni,/ajw=y@m-Vw)=0 onaDUJDyy.
ij=1

Set v(x) =ug (ex) for x e Dg\ﬁs/z, and it is directly verified that

V- (@Vv) = —w?e*"qv in D\Dy .

Now, we have

N
Z n,ﬁﬂfﬁu;) (eX)@(x) dsy

3(D\Dyj) 7!
N » N .
— 1 / ( Z nia\luajv)wdsx — f < Z nia\luajw>vdsx
J — J —
a(D\Dyjp) ! a(D\Dyjp) !

=gl / V. GVv)wdx — / V.G Vw)vdx

D\El/z D\BI/Z

=& w?e? T / qvwdx + / V- (@Vw)vdx

D\D1, D\D1)2

(2.10)

(2.11)
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r—1 2,21 [=2 2
<& w2\ J@ + BRIWli2 010, 1V 20001

—+ ” V. (aVW) ||L2(D\51/2) ” v ||L2(D\D1/2)]

- I~ 2 2 .2—

<e 1<C+m‘“ € r)”W||H2(D\51/z>”V”LZ(D\D]/z)
_1-N/2 —2 | 22 2.2 _

<é&’ / (C—i—Mw e r) Hua ||L2(D3\Dg/2)||(p||H3/2(BD)’

where in the last inequality we have made use of the fact that

IVIl2p\py ) = lug (e L2(D\D12) = g N2 Juz “Lz(Dg\Dg/z)'

Hence, we have verified (2.9).
The proof is completed. O

Next, let Bg, R € R4, be the central ball in Theorem 2.3. Without loss of generality, we assume that
? is not a Dirichlet eigenvalue for the negative Laplacian in Bg. Consider the Helmholtz equation,

AV+@?v=0 in RN\ Bg,

av _

G =V eH 12(3BR) on 9Bg, (212)
lim |x|(N—D/2 3_V —iwv; =0.

[X|—> 00 a|x|

Define the Neumann-to-Dirichlet map by,

A@) =Vlsp, € H?(8Bp),

where v € H;OC(RN\ER) is the unique solution to (2.12). It is known that A is bounded and invertible

from H=1/2(3Bg) to HY/2(3Bg) (see [21] and [23]).
Lemma 2.6. Suppose that
a(x) <do and PBo<P(x) <Po, xe€D\Dip,

where @, Bo and B are positive constants. Let u, € H}OC(RN) be the solution to (2.7) with f, = 0. Then we
have B

ous au'
w?’Bo |u’|2dx<C Al —£ —
- € on H1/2(3Bg) on H-1/2(3Bg)
Ds\Ds/Z
ous i in2
+ £ u +8N ul
on H*l/Z(F)BR)“ “Hl/z(aBR) “ HHl(BR)
ous ous
+ == A<—8> ) (2.13)
811 H_1/2(3BR) Bn Hl/Z(aBR)

where C is a positive constant depending only on R and w.
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Proof. By multiplying both sides of the first equation in (2.6) by u_fE and by using integration by parts
over Bg\D¢, we have

- / vus [* dx + o? / |us|? dx

Br\D¢ Br\D¢
us — us
+/8—n£-u§dsx— 8—;-u§ds,<:0, (2.14)
dBR aDe

where and in the sequel, n = (ni)?’: ; denotes the exterior unit normal vector of the boundary of the
concerned domain. Similarly, by multiplying both sides of the second and third equations in (2.6) by

ug and by using integration by parts over D., we have

- / (@Vug) - (Vup)dx + ? f Giuz | dx

D:\Dgj2 D:\Dg/2
- /(3aw;).(vlf)ax+w2 faa|u;|2dx
Deya Deja
N .. N
+ / ( Z nﬁﬁfﬁu;) -ug dsy=0. (2.15)
9D, b=l

By adding (2.14) and (2.15) and then taking the imaginary parts of both sides of the resultant equa-
tion, we further have

? / Sﬁ,]us‘fzdx+w2/56a|u;|2dx

De\Dej2 Depa

ous ous —
=3{—/a—;-u§dsx+/a—rf-u§dsx

dBr D¢
N . J—
- / ( Z n,'?il”aju;> ‘Uz dsx}. (2.16)
oD, =1

Next, by using the transmission boundary condition on dD; (namely, the fourth and fifth equations
in (2.7)), we have

s N —
a—ns.ugdsx—/ Znicrljajug “Ug dsy

9D 9D, ‘b=l

N ~ij _ = oul — aul —~
=— Z nio," djug | -utdsy — an -Ug dsx + an -utdsy. (217)
dDe oD,

D¢ i,j=1
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Furthermore, by using the transmission conditions on 9D, again and the fact that both u and ul are
solutions to (A + w?)u =0, we have

oul —

— U dsy — — ldsx
dDg dDg
aul oul us o us
= [ — uSdsy= | —-uSdsy— | u'—=ds /u’-—eds
an €7 / an ¢ % / an xt an
D 3Bg 9B 9D,
aul o ous
= | — uSdsy— /u‘- —£ dsy
on an
3Bg 9B
N u
‘ i ‘
+ / u'- <Z nio, 8ju8>d5x— / u'- a—ndsx. (2.18)
D¢ L=l D,
By combining (2.16)-(2.18), we have
~ ~ 2
w? f Sqfug | dx + w? / Gaug |“dx
De\Dej2 D¢j2
us s Cdut
=;“s[—/ e ‘uSdsy — /— us dsy + / -—sdsx—/u’ —dsx}, (2.19)
on on
dBR JdBR JdBR aDg

which together with the fact that

‘/ dsx _‘/Azﬁ.ufdx+/|w'|2dx

3De Dy Dy

P12
<cel “u,”Hl(BR)’

readily implies (2.13).
The proof is complete. O

Lemma 2.7. Suppose that
a(x) <do and Bo<P(x) <Po, xeD\Dip,
where &g, Bo and Bo are positive constants. Let u, € H}DC(RN) be the solution to (2.7) with f, = 0. Then we
have
2 ~2 02,.2.,2-1\2
2N (C1+,/og+ Bywes™)

< Cre
H—3/2(3D) wzéo

(J+(5)

qut

‘ ¢

on

&)

aut
an

H'/2(3BR) H-12(3Bg)
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dug i N[ )2
o P L e T v
S N
H due A (&) ) (2.20)
8” H—]/Z(QBR) 311 HI/Z(aBR)
where C1 and C, are the positive constants respectively, from Lemmas 2.5 and 2.6.
Proof. Using the fact that
N
out ~ij
B: = > 5, dju; ondDe,
i,j=1
the lemma follows by combining Lemmas 2.5 and 2.6. O
The next lemma concerns the scattering estimates due to small sound-hard like inclusions.
Lemma 2.8. Let v, € H (RN\Dy) be the solution to
AV +@*vy =0 inRN\D.,
vy 11
=y eH 2D on 3Dy,
=V (9D:) : (221)
av
lim |x|(N’1)/2 { — —iwv, } =0.
|X|—00 on
Then there exists Tg < R such that when T < 1o
”V-[ ”H]/Z(BBR) g CTN_] || W(T ) || H—3/2(3D)7 (222)
and for the particular case if ¥ (x) = du'/dn on D,
IVellgzopg) < CfN”W(T ) ||H—1/2(3D)a (2.23)

where C is a constant depending only on tp, w, R and D.

Proof. The proof of (2.22) can be modified directly from the proof of Lemma 4.2 in [20], and the
proof of (2.23) can be modified directly from that of Lemma 4.1 in [20], both based on layer potential
techniques. We also refer to the excellent monograph [4] for related results. O

We are in a position to present the proof of Theorem 2.3.

Proof of Theorem 2.3. Let vi € H} (RN\D) be the scattering solution to

AV] +C()2V1 =0 in RN\E&

avy  dur 4

— =—8 e 2@%D on dD,,

on ~ on (9De) e (2.24)

. vy
lim xN-D21 0y, Lo,
|%| =00 an
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and let v, € H] (RN\D¢) be the scattering solution to

Avy + vy =0 in RN\ D¢,
dvy  out
—~=—¢eH 26D dDg,
om  on © (3De) on 9De (2.25)
. vy .
lim |x|(’\’_”/2{—2 - la)Vz} =0.
|x|— 00 an
Clearly, we have
u=v in RN\D
¢ =Vi—Vv2 inR"\Dg.
By taking T = ¢ in Lemma 2.8, we have
out aul
G -3 L R 5T
” 8”H1/2(38R) an H-3/2(9D) an H-1/2(3D)
< Cel ! <%>(e ) +CoeM [ 1 g, (2.26)
an H-3/2(3D) R

Next, we first consider the case with r > 2. By (2.20), we know that there exists C3 such that

+ s\ [1/2 in1/2
T (T I
an H—3/2(3D) an H1/2(3BR) Bn H—]/Z(DBR)
aus 172 i1/2 .
4= ul +8N/2 ul
o I e T
aus 112 Jus \ ||/
+ ’ —=£ A<—€) ) (2.27)
on H-1/2(3Bg) on H1/2(3Bg)
By (2.26) and (2.27), we have
ous i 1 ous
1050 ) <35 5 +34(5)
H1/2(8Bg) H=1/2(3Bg) H1/2(8Bg)
ous |2 i11/2
+ CyC3eN2| —£ u'
e R
ous 1 us
+4c5¢c2eN 8—5 +ZHA<8—£>
n H-1/2(3Bg) n H1/2(3BpR)
+(C2C3 4+ CEM [u' | 1 5, (2.28)

and from which we further have that there exists C4 such that
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1/2

ous au S01/2 au
S o112y + Cae™
on H1/2(3Bg) 8n H=1/2(3Bg) 8n H-1/2(3Bg)
N|,,i
+Cag™ |u ||H1(BR)
c? . aus
< 2Nyt . +e‘ —£
< LW g+ €| G omn
o +Cag™|ul] (2.29)
8” H-1/2(3Bg) H(Bg)

where € € Ry. By choosing g sufficiently small such that when ¢ < g,

Cae™ “A_ ”L(Hl/z(BBR),H’l/Z(BBR))

and also by choosing € in (2.29) such that

_11—1
€y A7 2z, 112080

one can show from (2.29) by straightforward calculations that there exists C such that

<ceV|uf]
H=1/2(3Bg)

(2.30)

ous
H'(Bg)’

an

Since A¢ (%) could be read from the large |x| asymptotics of uf, by the well-posedness of the forward
scattering problem for u in the exterior of Bg, one readily has

|A:(®)| < Ce viesN-1.

N “”i ”Hl(BR)’

Next, we consider the case with 2 — N/2 <r < 2. In this case, by (2.20), one has that there exists
Cs such that

+ s\ ||1/2 i1/2
e A
on H—3/2(3D) on HI/Z(BBR) on H—I/Z(aBR)
ous 172 1/2 N i
/2| ,,1
u 1/2 +€ u 1
o = N e T
1/2 s 11/2
au
T T
H=1/2(3Bg) n ) mr2eeg)
which in combination with (2.26) yields
1/2 i11/2
T [ (1| W £
X
on H1/2(3Bg) on H1/2(3Bg) an H=1/2(3Bg)
ous 172 1/2 .
+||=£ u + N2 |
e I A
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qus |12 qus \ ||/
ool G )
on H—l/Z(aBR) on H1/2(3BR)
+Coe™ U 1 5, (2.32)

By a similar algebraic argument as earlier, one can show from (2.32) that
‘ ous

a_n < C8N+2r_4||u

H~12(3Bg)

i
||H1(BR)’
which in turn implies

|Ac®)| < CaNFEAul |,

The proof is completed. O

Next, we consider the cloaking of an active/radiating source term by assuming that f € L2(D1/2)
in (1.1). We shall show that

Theorem 2.9. Suppose f € L>(D; 2) and oq, Rqq are arbitrary but regular, and

Sqa > qo >0 onsupp(f) C Dyj2. (2.33)

Let A¢ (%) be the scattering amplitude to (2.7). Let Bg, R € R, be a central ball of radius R such that 2 C Bg.
Then there exists &g € R such that when ¢ < &g

|As(®)] < C(eMnINFTZr=4.N} |31 ”Hl(BR)

+ gMMNZNRA=2 gy ), VRe SN (2.34)
where C is positive constant independent of €, o4, Nqq, r and f.

Remark 2.10. We first note that if one takes f =0 in Theorem 2.9, then Theorem 2.3 is recovered.
Next, we shall emphasize the critical role of the lossy layer. We only consider the two-dimensional
case as an example. If one excludes the lossy layer by taking 6; = 6, and §; =4, to be arbitrary (but
regular) as part of the passive content being cloaked. Let 6, =1, §g =1 in D, or equivalently, o4 =1,
ga = €2 in D. Moreover, we let f = COXD1j be the source term that one intends to cloak, where cg
is a generic positive constant. It is readily seen that (oy, qq) is not the ‘resonant’ inclusion discussed
for passive cloaking in Remark 2.4. However, it can be straightforwardly shown that generically one
would have a significant A (x) for the virtual scattering problem (2.7) with the parameters specified
in the above, i.e., one cannot cloak the active source term f. For our near-cloaking construction, it
can be seen from Theorem 2.9 that if one maintains the place where the source term is located to be
absorbing, namely condition (2.33) is satisfied, then a much practical and favorable near-cloak could
be achieved. It is emphasized that in Theorem 2.9 we only proposed one possible way of effectively
cloaking a region with active/radiating contents, but we do not claim that it is the most efficient way.
We would also like to note that in [16], the cloaking of a source term is also considered, but the study
there is of different interests.

In order to prove Theorem 2.9, we shall first derive a lemma similar to Lemma 2.6.
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Lemma 2.11. Suppose that
a(x)<do and Po<B(X) <Po, x€D\Dip,
where &, Bo and Bo are positive constants, and
Sqa > qo >0 onsupp(f) C Dyj2. (2.35)

Let ug € Hy (RN) be the solution to (2.7). Then we have

a)zgo / |ug|2dx

De\Dg )2
~ - _
on Jlmrz@sel 0 =128
ou i N2
Y W y1203g. 7€ U |
o P P
ous aus
M llH-172(38g) n H1/2(3Bg)

where C is a positive constant depending only on R, w and qq.
Proof. W.L.O.G., we assume that

supp(f) = D12.

By a similar argument to that for the proof of Lemma 2.6, one can show by straightforward calcula-
tions that

~ 2 ~ 2
w? / Sql|ug | dx+ o? / SGa|uy | dx
De\Dgj2 Dej2
N 1 _
=S{—/ 88 us ds — - uddsy
dBR dBR
+/ui st fu" ﬁds + | feusdx (2.37)
an an et ' ’
dBR dDe De¢j2

Using (2.35) in (2.37), one further has by direct verifications that

2 _ 2
w?Bo / lug |“dx+ w?qoe™ / lug | dx
De\Dgj2 Deja
dus au'
<Ol Al — —
on on

H1/2(3Bg) H~1/2(3Bg)
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"

HuiHH1/2(8BR)+8 ”i”il(BR)

H=1/2(3Bg)
A2
on

2
Tee Nus|? ) (2.38)
LZ(Ds/z) ” & HLZ(DE‘/Z)

on

+

on

H-12(3Bg) H1/2(3BR)

1
)
£
By choosing € = w?qg/2, together with the use of the fact that

)

one has (2.36) by straightforward verifications.
The proof is completed. O

e N

€

N/2
=211 fll2p, )0
L2(Dg/2)

Proof of Theorem 2.9. By Lemmas 2.5, 2.8 and 2.11 and a similar argument to that for the proof of
Theorem 2.3, one can show that

N dug < Ceminlr—24N/2.N/2) (|| 4 dug
an = an
d

"

1/2 1/2

aul
on

H'/2(3Bg) H1/2(3Bg) H-1/2(3Bg)

1/2
us, /

ote 1/2 N/2|
an

)”“i HHl/Z(aBR) +é

Al

an
Using a similar algebraic argument to that for the proof of Theorem 2.3, one can show by direct
calculations that

|“i ||H1(BR)

H~1/2(3Bg

1/2 12
aug/ /

n + ||f||L2(D1/2)>- (2.39)

H~=172(3Bg) H1/2(3Bg)

N

C(gmin{N+2r—4,N} ”ui”Hl(BR) + gMin(N/2,N/241-2) ||f||L2(D1/2))

on

H~172(3Bg)

which immediately implies (2.34) and completes the proof. O

3. Conclusion and discussion

In this work, we have been mainly concerned with the near-invisibility cloaking by the ‘blow-up-a-
small-region’ construction through the transformation optics. From a practical viewpoint, we mainly
considered the case that the cloaked content is arbitrary, and moreover it could be both a passive
medium or an active/radiating source. However, there are cloaking-busting inclusions which defy the
attempt to achieve near-cloaks for both passive cloaking and active cloaking. In order to defeat the
cloak-busts, a lossy layer is incorporated into our construction. Such a damping mechanism was orig-
inated in [14] by using a special layer with a high loss parameter, and was later adopted in [20] by
using a layer with a high density parameter. In the present paper, the lossy layer in our scheme is
very general which could be variable, and even anisotropic, and the density parameter ranges from
very high to reasonably low. This provides more flexibility in the construction of practical cloaking
devices. We assessed the cloaking performance for our construction in terms of the scattering am-
plitude due to a time-harmonic wave. We derive very accurate estimates of the scattering amplitude
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in terms of the regularization parameter and the material parameters of the lossy layer disregarding
the cloaked contents. It is worth noting that in Theorem 2.9, we provide an effective way in cloaking
active contents by maintaining the place where the active object is located to be absorbing.

Acknowledgments

The work of Hongyu Liu is supported by NSF grant, DMS 1207784. The helpful comments from the
anonymous referee are gratefully acknowledged.

References

[1] H. Ammari, H. Kang, H. Lee, M. Lim, Enhancement of near-cloaking using generalized polarization tensors vanishing struc-
tures. Part [: the conductivity problem, Comm. Math. Phys., in press.
[2] H. Ammari, H. Kang, H. Lee, M. Lim, Enhancement of near cloaking. Part II: the Helmholtz equation, Comm. Math. Phys., in
press.
[3] H. Ammari, J. Gamier, V. Jugnon, H. Kang, H. Lee, M. Lim, Enhancement of near-cloaking. Part Ill: numerical simulations,
statistical stability, and related questions, Contemp. Math. 577 (2012) 1-24.
[4] H. Ammari, H. Kang, Reconstruction of Small Inhomogeneities from Boundary Measurements, Lecture Notes in Math.,
vol. 1846, Springer-Verlag, Berlin, Heidelberg, 2004.
[5] H. Chen, C.T. Chan, Acoustic cloaking and transformation acoustics, J. Phys. D: Appl. Phys. 43 (2010) 113001.
[6] D. Colton, R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory, 2nd edition, Springer-Verlag, Berlin, 1998.
[7] A. Greenleaf, Y. Kurylev, M. Lassas, G. Uhlmann, Improvement of cylindrical cloaking with SHS lining, Opt. Express 15
(2007) 12717-12734.
[8] A. Greenleaf, Y. Kurylev, M. Lassas, G. Uhlmann, Isotropic transformation optics: approximate acoustic and quantum cloak-
ing, New ]. Phys. 10 (2008) 115024.
[9] A. Greenleaf, Y. Kurylev, M. Lassas, G. Uhlmann, Invisibility and inverse problems, Bull. Amer. Math. Soc. 46 (2009) 55-97.
[10] A. Greenleaf, Y. Kurylev, M. Lassas, G. Uhlmann, Cloaking devices, electromagnetic wormholes and transformation optics,
SIAM Rev. 51 (2009) 3-33.
[11] A. Greenleaf, M. Lassas, G. Uhlmann, Anisotropic conductivities that cannot detected by EIT, Physiol. Meas. 24 (2003) 413
(special issue on Impedance Tomography).
[12] A. Greenleaf, M. Lassas, G. Uhlmann, On nonuniqueness for Calderén’s inverse problem, Math. Res. Lett. 10 (2003) 685-693.
[13] V. Isakov, Inverse Problems for Partial Differential Equations, 2nd edition, Springer-Verlag, New York, 2006.
[14] R. Kohn, D. Onofrei, M. Vogelius, M. Weinstein, Cloaking via change of variables for the Helmholtz equation, Comm. Pure
Appl. Math. 63 (2010) 973-1016.
[15] R. Kohn, H. Shen, M. Vogelius, M. Weinstein, Cloaking via change of variables in electrical impedance tomography, Inverse
Problems 24 (2008) 015016.
[16] M. Lassas, T. Zhou, Two dimensional invisibility cloaking for Helmholtz equation and non-local boundary conditions, Math.
Res. Lett. 18 (2011) 473-488.
[17] U. Leonhardt, Optical conformal mapping, Science 312 (2006) 1777-1780.
[18] J. Li, H.Y. Liu, H. Sun, Enhanced approximate cloaking by FH and FSH lining, Inverse Problems 28 (2012) 075011.
[19] H.Y. Liu, Virtual reshaping and invisibility in obstacle scattering, Inverse Problems 25 (2009) 045006.
[20] H.Y. Liu, H. Sun, Enhanced near-cloak by FSH lining, J. Math. Pures Appl. (2012), http://dx.doi.org/10.1016/j.matpur.2012.
06.001.
[21] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge University Press, Cambridge, 2000.
[22] A.N. Norris, Acoustic cloaking theory, Proc. R. Soc. Ser. A 464 (2008) 2411-2434.
[23] J.C. Nédélec, Acoustic and Electromagnetic Equations: Integral Representations for Harmonic Problems, Springer-Verlag,
New York, 2001.
[24] ].B. Pendry, D. Schurig, D.R. Smith, Controlling electromagnetic fields, Science 312 (2006) 1780-1782.
[25] Z. Ruan, M. Yan, C.W. Neff, M. Qiu, Ideal cylindrical cloak: Perfect but sensitive to tiny perturbations, Phys. Rev. Lett. 99 (11)
(2007) 113903.


http://dx.doi.org/10.1016/j.matpur.2012.06.001
http://dx.doi.org/10.1016/j.matpur.2012.06.001

	On near-cloak in acoustic scattering
	1 Introduction
	2 Main results
	3 Conclusion and discussion
	Acknowledgments
	References


