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1. Introduction

We consider the abstract Cauchy problem in a real Hilbert space H for the following equation:

u′′(t) + Au(t) + Au′(t) = 0, t ∈ (0,∞), (1.1)

u(0) = u0, u′(0) = u1, (1.2)
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where A : D(A) ⊂ H → H is a nonnegative self-adjoint operator in (H,‖ · ‖) with a dense domain
D(A). In this case, the square root A1/2 : V → H of A is well defined on its domain V := D(A1/2)

and also becomes a nonnegative self-adjoint operator. Furthermore, V is a Hilbert space with re-
spect to the graph norm ‖u‖V := (‖u‖2 + ‖A1/2u‖2)1/2. The range of the operator A1/2 is defined by
R(A1/2) := {A1/2 w: w ∈ V } and the total energy Eu(t) of the solution u is defined by

Eu(t) := 1

2

(∥∥u′(t)
∥∥2 + ∥∥A1/2u(t)

∥∥2)
.

It is easy to see that problem (1.1)–(1.2) has a unique mild solution u ∈ C([0,+∞); V ) ∩
C1([0,+∞); H) provided that [u0, u1] ∈ V × H ; see Proposition 2.1. The goal of this paper is to study
the long time behavior of such solutions and to give several applications to strongly damped wave
equations with variable coefficients in RN or exterior domains. We use the energy method in the
Fourier space to derive L2–L2 estimates for (1.1)–(1.2) in terms of the abstract diffusion semigroup
e−t A . Combined with L1–L2 decay estimates for the latter, our results imply sharp decay estimates
for (1.1)–(1.2). The diffusion phenomenon is observed in the sense that the asymptotic behavior of
solutions is determined by the spectrum of A near 0 and naturally described in terms of e−t A up to
exponentially small remainders. This point of view is shared with Radu, Todorova and Yordanov [26]
studying the diffusion phenomenon of damped wave equations.

Let us briefly describe some previous results on the strongly damped wave equations

utt − �u − �ut = 0, (1.3)

where the spatial variables belong to an unbounded domain Ω ⊂ RN (in the case of Ω 
= RN the
Dirichlet null boundary conditions are imposed). In a pioneering work, Ponce [22] derived Lq–L p

decay estimates for the Cauchy problem (1.3) in the case when the smooth initial data (u0, u1) ∈
W N∗,1(RN ) with N∗ � N

2 + 2 have a special form u1(x) = ∂xi f (x) with some function f (x) (more gen-
erally u1 ∈ R(

√−�)). The explicit expression of the solutions through the Fourier transform plays
an important role there. Applications to nonlinear problems are also discussed. Georgiev and Todor-
ova [6] studied the global well-posedness of wave equations with strong damping and nonlinearity.
These authors considered the intermediate case of strong damping with a (t, x)-dependent coefficient
decaying at infinity. Furthermore, Shibata [28] reexamined the earlier paper [22] and not only ob-
tained more general and detailed L p–Lq estimates but also investigated the diffusion phenomenon
for (1.3). Both works rely heavily on the explicit expressions of solutions through the Fourier trans-
form, so their methods do not apply to strongly damped abstract wave equation, wave equations
with variable coefficients, or wave equations in exterior domains. Notable exceptions are the equa-
tions whose coefficients stabilize sufficiently fast at infinity to guarantee the existence of generalized
Fourier transform; see Racke [24]. A more general approach to (1.3) was developed by Ikehata [10].
The initial step, based on the multiplier method, provides an inequality relating the energy of u with
the L2 norms of u and ∇u. The crucial next step yields a uniform bound on these L2-norms through
the Ikehata–Matsuyama device: given a solution u of (1.3),

ũ(t, x) =
t∫

0

u(s, x)ds, t > 0, (1.4)

defines a solution of the non-homogeneous (1.3): ũtt − �ũ − �ũt = u1 − �u0. The multiplier method
for this equation combined with the Hardy inequality yields the energy bound of ũ. Since ũt = u, the
energy of ũ is larger than the L2 norm of u. The method of [10] applies to boundary value problems
in exterior domain and leads to strong estimates. In particular, the decay estimates in two dimensions
of [10] seem to be sharp.
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The above survey of results on the strongly damped wave equation is, of course, far from complete.
Omitted are also the results concerning bounded domains beginning with Greenberg, MacCamy and
Mizel [5], Mizohata and Ukai [15], and the references therein.

The decay estimates and diffusion phenomenon of the damped wave equation in RN

utt − �u + ut = 0 (1.5)

are well understood now. There are many similarities with the strongly damped equation (1.3). How-
ever, a significant difference is that the solutions of (1.3) remain oscillatory while the solutions of
(1.5) approach Gaussian functions (solutions of −�u + ut = 0) at large times; see [26] and the ref-
erences therein. The classical decay estimates for the Laplace operator in RN were established by
Matsumura [14]. Nishihara [17,18], Han and Milani [7] and Todorova and Yordanov [29] showed the
diffusion phenomenon and global well-posedness for nonlinear perturbations. Recently, more pre-
cise estimates and generalizations were obtained by Hayashi, Kaikina and Naumkin [8], Hosono and
Ogawa [9], Karch [13], Narazaki [16], Ono [19] (exterior domain), Todorova and Yordanov [30], Radu,
Todorova and Yordanov [25] (variable coefficients) and Wirth [32] (time dependent coefficients). The
case of elliptic operators with periodic coefficients was the next step towards abstract treatment.
Orive, Zuazua and Pazoto [20] used Bloch wave decomposition to show the diffusion phenomenon
and derive an asymptotic series for the solutions of (1.5). The study of abstract diffusion phenomenon
was initiated by Ikehata [11] although his result was stated only for the Laplace operator in exte-
rior domains. Soon afterwards Ikehata and Nishihara [12] gave a completely abstract form that was
applicable to any nonnegative self-adjoint operator A replacing −� in (1.5). The final version of dif-
fusion phenomenon, without logarithmic losses of t , was established by Chill and Haraux [1] and
its extension to time-dependent coefficients was found by Yamazaki [33]. Unfortunately, none of the
aforementioned results on abstract diffusion was suitable for decay estimates of the damped wave
equation (1.5) in three or higher dimensions; the best estimate [1] has the form

∥∥u(t) − e−t A{
u(0) + ut(0)

}∥∥
V � Ct−1(∥∥u(0)

∥∥
V + ∥∥ut(0)

∥∥)
, t � 1,

hence no decay rate faster than t−1 can be seen. This drawback was addressed in a recent paper by
Radu, Todorova and Yordanov [26] where the diffusion phenomenon was shown in the form

∥∥u(t) − e−t A{
u(0) + ut(0)

}∥∥
V � Ce−t/16(∥∥u(0)

∥∥
V + ∥∥ut(0)

∥∥)
+ Ct−1(∥∥e−t A/2u(0)

∥∥ + ∥∥e−t A/2ut(0)
∥∥)

, t � 1;

hence the remainder decays faster than both the solution of utt + Au + ut = 0 and solution of Au +
ut = 0, whenever these decay slower than exponentially. Approximations involving e−t A are useful
since the abstract diffusion semigroup in H is simpler than the semigroup generated by Eq. (1.1) in
V × H . Under additional assumptions on A, such as the Markov property, e−t A is well understood and
various decay estimates are available; see the survey by Saloff-Coste [27].

Here we will establish a more complex diffusion phenomenon for the strongly damped wave equa-
tion (Theorem 1.3), where the leading term will be

e−t A/2(cos t A1/2u(0) + A−1/2 sin t A1/2ut(0)
)
.

In order to derive our main results, we rely on the energy method in the abstract Fourier space,
which has its origin in Umeda, Kawashima and Shizuta [31]; see also Dharmawardane, Rivera and
Kawashima [3], and Chill and Haraux [1]. Another important tool is the Ikehata–Matsuyama substitu-
tion (1.4).

The main results concerning the abstract problem read as follows, where constants C > 0 appear-
ing in all results below are independent of the initial data.
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Theorem 1.1. For any initial data [u0, u1] ∈ V × H, the corresponding mild solution u(t) to problem (1.1)–
(1.2) satisfies

Eu(t) � C
(∥∥e−tηAu0

∥∥2 + ∥∥e−tηAu1
∥∥2) + Ce−ηt(∥∥A1/2u0

∥∥2 + ‖u1‖2), t > 0,

where C > 0 and η > 0 are constants.

Theorem 1.2. If u0 ∈ V and u1 ∈ R(A1/2), then the corresponding mild solution u(t) to problem (1.1)–(1.2)
satisfies

∥∥u(t)
∥∥2 � C

(∥∥e−tηAu0
∥∥2 + ∥∥e−tηA w

∥∥2) + Ce−ηt(‖u0‖2
V + ‖u1‖2), t > 0. (1.6)

Here w ∈ V is a vector, such that A1/2 w = u1 , while C > 0 and η > 0 are constants.

Theorem 1.3. Let k � 0 and assume that [u0, u1] ∈D(Ak+1/2) ×D(Ak).

(I) The mild solution u(t) to problem (1.1)–(1.2) satisfies

E Aku(t) � C(t + 1)−2k(∥∥e−tζ Au0
∥∥2 + ∥∥e−tζ Au1

∥∥2) + Ce−ηt(∥∥Ak+1/2u0
∥∥2 + ∥∥Aku1

∥∥2)
,

where C > 0, η > 0 and ζ > 0 are constants.
(II) The mild solution u(t) to problem (1.1)–(1.2) also satisfies

∥∥Ak(u(t) − udif (t)
)∥∥2 � C(t + 1)−2k(∥∥e−tζ Au0

∥∥2 + ∥∥e−tζ Au1
∥∥2)

+ Ce−ηt(∥∥Aku0
∥∥2

V + ∥∥Aku1
∥∥2)

,

where C > 0, η > 0 and ζ > 0 are constants; the diffusion approximation is defined by

udif (t) = e−t A/2(cos t A1/2u0 + A−1/2 sin t A1/2u1
)
. (1.7)

In particular, the following estimate holds for any data [u0, u1] ∈ V × H :

∥∥u(t)
∥∥2 � C(t + 1)

(∥∥e−tζ Au0
∥∥2 + ∥∥e−tζ Au1

∥∥2) + Ce−ηt(‖u0‖2
V + ‖u1‖2).

Remark 1.1. Theorem 1.3 part (II) shows that in the case of the strongly damped wave equation there
is no diffusion phenomenon in the usual sense, but there is a generalized diffusion phenomenon – an
asymptotic formula for solutions that combines wave and heat flows (semiflows). It is important to
mention that the wave flow in (1.7) is highly simplified since it is restricted to the low frequencies of
the operator A by the heat semiflow. If we compare this result with the diffusion phenomenon for the
damped wave equation (1.5) we observe how complex is the former compared with the latter [26].

Remark 1.2. The estimates in Theorems 1.1, 1.2 and 1.3 imply the decay of the energy and the L2-
norms under additional assumptions on the operator A such as the Markov property together with
the Nash inequality (see [26] and the survey [27]). In this case the sharp decay of the ‖e−tηAui‖2,
i = 0,1 is a classical result (see [2], for example) and the theorems above allow us to transfer this
decay to the strongly damped wave equations. These results together with various applications of the
asymptotic formula (1.7) will be presented elsewhere.
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Remark 1.3. Notice that the rapid decay for the L2-norm of solutions for the strongly damped wave
equation in Theorem 1.2 applies only for very special initial data as in the assumption of Theorem 1.2.
For general data, a weaker decay for the L2-norm as in Theorem 1.3(II) holds.

Notation. Throughout this paper, ‖ · ‖q stands for the usual Lq(Ω)-norm, where Ω ⊂ RN is an open
set. In particular, we use ‖ · ‖ instead of ‖ · ‖2 where no confusion can occur.

We will consider one concrete model of the abstract problem (1.1)–(1.2).

1.1. Application

Let Ω ⊂ RN be an exterior domain with smooth boundary ∂Ω . Consider the following problem for
the strongly damped wave equation with variable coefficients in exterior domain

utt(t, x) − ∇ · (b(x)∇u
) − ∇ · (b(x)∇ut

) = 0, (t, x) ∈ (0,∞) × Ω, (1.8)

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω, (1.9)

u|∂Ω = 0, t > 0, (1.10)

where b(x) = (bij(x)) (1 � i, j � N) be an N × N symmetric matrix with entries bij ∈ C(Ω).
Classical arguments can be used if b(x) = const and Ω = RN or if the variable coefficients oper-

ator stabilized at the Laplacian sufficiently fast at infinity to guarantee the existence of generalized
Fourier transform. We derive the decay of solutions of the problem (1.8)–(1.10) under quite general
assumptions on b in the exterior domain.

We assume that

b0
(
1 + |x|)β |ξ |2 � b(x)ξ · ξ � b1

(
1 + |x|)β |ξ |2, ξ ∈ RN

ξ , x ∈ Ω, (1.11)

where b0 > 0, b1 > 0 and β ∈ [0,2). For high-order estimates, we also assume that

∥∥∇2l−1b(x)
∥∥

N×N � b2
(
1 + |x|)β0

, l = 1, . . . , s0, (1.12)

where β0 � β and s0 � 1. The latter conditions insure that D(As0 ) contains all smooth functions
decaying like large powers of |x| as |x| → ∞, i.e., the high-order estimates hold for a natural set of
initial data (u0, u1) (see Corollary 1.1 below).

In order to apply Theorems 1.1, 1.2 and 1.3 to problem (1.8)–(1.10), we need estimates for the
corresponding parabolic one:

−∇ · (b(x)∇v
) + vt = 0, (t, x) ∈ (0,∞) × Ω, (1.13)

v(0, x) = v0(x), x ∈ Ω, (1.14)

v|∂Ω = 0, t > 0. (1.15)

If β = 0, the asymptotic behavior of v(t, x) follows from precise two-sided bounds on the associated
heat kernel; see Zhang [34]. If β ∈ (0,2), however, the asymptotic behavior is less understood. We
quote a recent result from Radu, Todorova and Yordanov [26, Corollary 4.4].

Theorem 1.4. Let N � 3 and v0 ∈ L1(Ω). Then the solution v to problem (1.13)–(1.15) satisfies

∥∥v(t, ·)∥∥2 � Ct− N
2−β ‖v0‖2

1, t > 0.
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It remains to give rigorous definitions of the concrete Hilbert space and self-adjoint operator. Let
H := L2(Ω) and V be the completion of C∞

0 (Ω) in the norm

u 
→
(∫

Ω

∣∣u(x)
∣∣2

dx +
∫
Ω

b(x)∇u(x) · ∇u(x)dx

)1/2

.

Consider A0u := −∇ · (b(x)∇u) for u ∈ C∞
0 (Ω). It is easy to check that (A0u, u) � 0 for all u ∈ C∞

0 (Ω),
i.e., A0 is a nonnegative symmetric operator in H . We define A: D(A) ⊂ H as the Friedrichs extension
of A0 in H . Then A becomes nonnegative and self-adjoint with D(A) = V ∩{u ∈ H: ∇ · (b(x)∇u) ∈ H}.
In this case, the square root A1/2 is well defined with D(A1/2) = V and satisfies

∥∥A1/2u
∥∥ =

(∫
Ω

b(x)∇u(x) · ∇u(x)dx

)1/2

for u ∈ D
(

A1/2). (1.16)

Remark 1.4. Proposition 2.1 below implies that the solution u(t, x) to problem (1.8) with initial
data (u0, u1) ∈ D(A1/2) × L2(Ω), where A is defined by (1.16) and (1.11) holds, is in the space
C([0,+∞); V ) ∩ C1([0,+∞); L2(Ω)).

Under these preparations, Theorem 1.4 can be restated in terms of A as follows:

∥∥e−t A v0
∥∥2 � Ct− N

2−β ‖v0‖2
1, t > 0. (1.17)

Combining (1.17) with Theorems 1.1 and 1.2, one obtains new decay estimates.

Theorem 1.5. Let N � 3 and the initial data satisfy

(u0, u1) ∈ (
D

(
A1/2) ∩ L1(Ω)

) × (
L2(Ω) ∩ L1(Ω)

)
, (1.18)

where A is defined by (1.16). If (1.11) holds, the solution u to problem (1.8) satisfies

Eu(t) � Ct− N
2−β

(‖u0‖2
1 + ∥∥A1/2u0

∥∥2 + ‖u1‖2
1 + ‖u1‖2),

∥∥u(t, ·)∥∥2 � Ct− N
2−β

(‖u0‖2
1 + ∥∥A1/2u0

∥∥2 + ‖u0‖2 + ‖w‖2
1 + ‖u1‖2),

where u1 = A1/2 w.

The next result shows a type of diffusion phenomenon for strongly damped wave equations in
exterior domains.

Theorem 1.6. Let N � 3 and k � 0 is fixed. Assume that (1.11) and (1.12) hold for all s0 � k and the initial
data satisfy the condition (1.18). Then the solution u(t, x) to problem (1.8) satisfies

∥∥Ak(u(t, ·) − udif (t, ·)
)∥∥2 � Ct− N

2−β
−2k(‖u0‖2

1 + +‖u1‖2
1 + ∥∥Ak+ 1

2 u0
∥∥2 + ∥∥Aku0

∥∥2 + ∥∥Aku1
∥∥2)

for t � 1, whenever the norms on the right hand side are finite. The diffusion approximation udif is given by

udif (t, x) = e−t A/2(cos t A1/2u0 + A−1/2 sin t A1/2u1
)
.
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Corollary 1.1. Let N � 3 and fix k � 1. Assume that (1.11) and (1.12) hold for all s0 � k, so that D(Ak) includes
all Schwartz functions S(Ω) supported inside Ω . Then the estimates in Theorem 1.6 apply to any initial data,
such that

(u0, u1) ⊂ S(Ω) × S(Ω), supp(u0, u1) ⊂ Ω.

Remark 1.5. Our approach yields interesting results only when the spectrum of operator A accu-
mulates at zero, which does not hold for uniformly elliptic operators of the type −∇ · (b(x)∇u) in
bounded domains with the Dirichlet boundary condition. This is the reason to exclude applications to
problems in bounded domains where all norms of u(t) decay exponentially and can be included in
the remainder O (e−ηt).

This paper is organized as follows. In Section 2 we shall prove Theorems 1.1, 1.2 and 1.3 by dividing
the proof into several lemmas.

2. Proofs of the main abstract theorems

We begin with the existence and uniqueness of solutions to (1.1)–(1.2). The proof is a standard
application of semigroup theory and Lumer–Phillips theorem [21] (see also [4]). Let us rewrite the
problem:

d

dt
U(t) = −AU(t), U(0) =

(
u0
u1

)
for U(t) =

(
u(t)
u′(t)

)
and A =

(
0 −I
A A

)
.

The new Hilbert space is H = V × H equipped with the inner product

〈[v1, v2], [w1, w2]
〉
H = 〈v1, w1〉H + 〈

A1/2 v1, A1/2 w1
〉
H + 〈v2, w2〉H .

Thus, ‖[v1, v2]‖2
H = ‖v1‖2

V + ‖v2‖2
H . Define D(A) = {[v1, v2] ∈H: v1 + v2 ∈D(A)}.

Proposition 2.1. The operator −A generates a C0 semigroup on H; hence problem (1.1)–(1.2) has a unique
mild solution [u(t), u′(t)] = e−tA[u0, u1] and [u, u′] ∈ C([0,∞); V × H).

Proof. We will apply the Lumer–Phillips theorem to B = −A− I , since −A is not exactly a dissipative
operator in H. Then the result for A follows from e−At = eteBt . Here are the Lumer–Phillips condi-
tions for B: (a) B is a closed operator; (b) B is a dissipative operator, i.e., λ‖U‖H � ‖BU − λU‖H for
any λ > 0 and U ∈D(B); (c) D(B) is dense in H; (d) R(I −B) =H.

(a) Assume that D(B) � Un → U and BUn → V in H, where

Un =
(

un
1

un
2

)
, U =

(
u1
u2

)
and V =

(
v1
v2

)
.

This means un
1 → u1 in V , un

2 → u2 in H and

−un
1 + un

2 → v1 in V ,

−un
2 − A

(
un

1 + un
2

) → v2 in H,

so that we obtain u1 ∈ V and u2 ∈ H . Thus un
1 + un

2 → u1 + u2 and A(un
1 + un

2) → −(v2 + u2). We
recall that A is a closed operator in H , so u1 + u2 ∈ D(A) and A(u1 + u2) = −(v2 + u2). In other
words, [u1, u2] ∈D(B) =D(A) and B([u1, u2]) = [v1, v2], i.e., the operator B is closed.
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(b) It is easy to calculate

〈BU,U〉H = −〈u1, u1〉H + 〈u2, u1〉H

− 〈
A1/2u1, A1/2u1

〉
H + 〈

A1/2u2, A1/2u1
〉
H

− 〈Au1, u2〉H − 〈Au2, u2〉H − 〈u2, u2〉H .

From |〈u, v〉H | � (‖u‖2
H + ‖v‖2

H )/2, we see that 〈BU ,U〉H � 0. Hence

〈BU − λU,U〉H = 〈BU,U〉H − λ‖U‖2
H � −λ‖U‖2

H, U ∈ D(B).

We have λ‖U‖2
H � |〈BU − λU ,U〉H| � ‖BU − λU‖H‖U‖H or λ‖U‖H � ‖BU − λU‖H .

(c) It is clear that D(B) is dense in H, since D(A) is dense in H .
(d) We will solve (I −B)U = V for every V ∈H:

2u1 − u2 = v1,

2u2 + A(u1 + u2) = v2.

Using that A is a nonnegative self-adjoint operator in H , we find

u1 = (A + 2)(4I + 3A)−1 v1 + (4I + 3A)−1 v2,

u2 = −A(4I + 3A)−1 v1 + 2(4I + 3A)−1 v2.

Thus, conditions (a)–(d) are verified. �
By the spectral theorem for self-adjoint operators (see [23, Theorem VIII.4, p. 260] and [1]), the op-

erator A is unitary equivalent to a multiplication operator on some L2-space. Therefore, it is sufficient
to consider the case

H = L2(M;dμ),

(Au)(ξ) = a(ξ)u(ξ), ξ ∈ M, u ∈ D(A),

where (M,dμ) is a measure space and a(ξ) is a nonnegative μ-measurable real-valued function. In
this case, we see that

D(A) = {u ∈ H: au ∈ H} = L2(M; (1 + a2)dμ
)
,

V = D
(

A1/2) = L2(M; (1 + a)dμ
)
.

With this notation, if u is the mild solution to problem (1.1)–(1.2), then the function u(t, ξ) satisfies
the ordinary differential equation

u′′ + a(ξ)u + a(ξ)u′ = 0, t > 0, ξ ∈ M, (2.1)

together with the initial conditions

u(0, ξ) = u0(ξ), u′(0, ξ) = u1(ξ), ξ ∈ M. (2.2)
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The total energy Eu(t) is redefined as

Eu(t) = 1

2

∫
M

∣∣u′(t, ξ)
∣∣2

dμ + 1

2

∫
M

a(ξ)
∣∣u(t, ξ)

∣∣2
dμ.

For the solution u(t, ξ) to problem (2.1)–(2.2), we also set

E0(t, ξ) := 1

2

∣∣u′∣∣2 + 1

2
a(ξ)|u|2,

E(t, ξ) := 1

2

∣∣u′∣∣2 + 1

2
a(ξ)|u|2 + βρ(ξ)u′u + 1

2
βρ(ξ)a(ξ)|u|2,

F (t, ξ) := a(ξ)
∣∣u′∣∣2 + βρ(ξ)a(ξ)|u|2,

R(t, ξ) := βρ(ξ)
∣∣u′∣∣2

.

The small parameter β > 0 is specified later and the function ρ : M → R is defined by

ρ(ξ) = ρε(ξ) =
{

εa(ξ), ξ ∈ M1 ∪ M3,

ε, ξ ∈ M2,

where

M1 := {
ξ ∈ M: 0 < a(ξ) � 1

}
,

M2 := {
ξ ∈ M: a(ξ) � 1

}
,

M3 := {
ξ ∈ M: a(ξ) = 0

}
.

Here ε > 0 is another small parameter specified later. Some of the sets Mi might be empty.
Let us consider problem (2.1)–(2.2) for a fixed ξ in the measure space M . By multiplying both

sides of (2.1) with ut , and further with βρ(ξ)u, one has

d

dt
E0(t, ξ) + a(ξ)

∣∣u′∣∣2 = 0, (2.3)

d

dt

{
βρ(ξ)u′u + 1

2
βa(ξ)ρ(ξ)|u|2

}
+ βa(ξ)ρ(ξ)|u|2 = βρ(ξ)

∣∣u′∣∣2
. (2.4)

Adding (2.3) and (2.4), one has

d

dt
E(t, ξ) + F (t, ξ) = R(t, ξ). (2.5)

We first prove

Lemma 2.1. For any ε > 0 and β > 0, it is true that

R(t, ξ) � βεF (t, ξ), ξ ∈ M.
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Proof. In the case when ξ ∈ M1, it follows from the definition on ρ(ξ) that

R(t, ξ) = β
ρ(ξ)

a(ξ)
a(ξ)

∣∣u′∣∣2 = εβa(ξ)
∣∣u′∣∣2 � εβ F (t, ξ),

and in the case when ξ ∈ M2 one has

R(t, ξ) = βρ(ξ)
∣∣u′∣∣2 = εβa(ξ)

∣∣u′∣∣2 � εβ F (t, ξ).

Hence, in both cases, it follows that

R(t, ξ) � εβ F (t, ξ), (2.6)

for any ξ ∈ M with ξ /∈ M3. However, (2.6) also holds for ξ ∈ M3 by the definition of R and F . �
It is a consequence of Lemma 2.1 that

d

dt
E(t, ξ) + (1 − εβ)F (t, ξ) � 0, (2.7)

provided that the parameters ε > 0 and β > 0.

Lemma 2.2. There is a positive constant K1 , depending on ε, and β , and independent of ξ such that the
following inequalities hold for all ξ ∈ M with ξ /∈ M3:

ρ(ξ) + βρ(ξ)2a(ξ)−1

2a(ξ)
� K1,

1

2β
+ ρ(ξ) � K1.

Using Lemma 2.2 one can derive the following

Lemma 2.3. For all ξ ∈ M and all t > 0 it is true that

ρ(ξ)E(t, ξ) � K1 F (t, ξ).

Proof. It suffices to verify the case ξ /∈ M3. Indeed, since

u′u � 1

2

(
1

a(ξ)

∣∣u′∣∣2 + a(ξ)|u|2
)

,

it follows from the definition of E(t, ξ) that

ρ(ξ)E(t, ξ) � 1

2
ρ(ξ)

∣∣u′∣∣2 + 1

2
ρ(ξ)a(ξ)|u|2 + 1

2
βρ(ξ)2 1

a(ξ)

∣∣u′∣∣2

+ 1

2
βρ(ξ)2a(ξ)|u|2 + 1

2
βρ(ξ)2a(ξ)|u|2

� ρ(ξ) + βρ(ξ)2a(ξ)−1

a(ξ)
∣∣u′∣∣2 + βρ(ξ)a(ξ)|u|2 1 + 2βρ(ξ)

.

2a(ξ) 2β
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Thus, Lemma 2.2 implies

ρ(ξ)E(t, ξ) � K1a(ξ)
∣∣u′∣∣2 + K1βρ(ξ)a(ξ)|u|2,

which is the desired estimate. �
Combining Lemma 2.3 and inequality (2.7), one has

d

dt
E(t, ξ) + (1 − εβ)K −1

1 ρ(ξ)E(t, ξ) � 0, (2.8)

for any ξ ∈ M . From (2.8) it follows that E(t, ξ) is a Lyapunov functional and

E(t, ξ) � e−αρε(ξ)t E(0, ξ), (2.9)

where α := (1 − εβ)K −1
1 with sufficiently small ε > 0 and β > 0. It remains to obtain an equivalent

but more convenient estimate in terms of E0(t, ξ). If ξ /∈ M3, we observe that

±βρ(ξ)u′u � β

2
a(ξ)ρ(ξ)|u|2 + ρ(ξ)

2

|u′|2
a(ξ)

. (2.10)

The definition of E(t, ξ) and (2.10) with − sign yield

E(t, ξ) � 1

2

(
1 − ρ(ξ)

a(ξ)

)∣∣u′∣∣2 + 1

2
a(ξ)|u|2.

If we choose ε ∈ (0,1) small, the definition of ρ(ξ) shows that

1 − ρ(ξ)

a(ξ)
� (1 − ε) > 0 (2.11)

for ξ /∈ M3. Hence, the lower bound on E(t, ξ) becomes

E(t, ξ) � (1 − ε)E0(t, ξ). (2.12)

Inequality (2.12) also holds true for ξ ∈ M3. Thus, from (2.9) one has

E0(t, ξ) � (1 − ε)−1e−αρε(ξ)t E(0, ξ), ξ ∈ M. (2.13)

For the upper bound of E(t, ξ) in terms of E0(t, ξ), we use (2.10) with + sign. If ξ /∈ M3, then

E(t, ξ) � 1

2

∣∣u′∣∣2 + 1

2
a(ξ)|u|2 + βa(ξ)ρ(ξ)|u|2 + 1

2

ρ(ξ)

a(ξ)

∣∣u′∣∣2
.

Since

ρ(ξ) � ε, ρ(ξ) � ε,

a(ξ)
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for ξ /∈ M3, it follows that

E(t, ξ) � max{1 + βε,1 + ε}E0(t, ξ), ξ /∈ M3. (2.14)

Notice that (2.14) also holds true with ξ ∈ M3. By (2.13) and (2.14) with t = 0 one arrives at the
following important estimate.

Lemma 2.4. There exist constants C = C(β, ε) > 0 and α = α(β,ε) > 0, such that

E0(t, ξ) � Ce−αρε(ξ)t E0(0, ξ), t > 0, ξ ∈ M,

provided that the two parameters β > 0 and ε > 0 are small enough.

Let us now prove the main Theorem 1.1. This part seems to be rather standard.

Proof of Theorem 1.1. By Lemma 2.4 one has

Eu(t) =
( ∫

M1∪M3

+
∫

M2

)
E0(t, ξ)dμ

� C

( ∫
M1∪M3

+
∫

M2

)
e−αρε(ξ)t E0(0, ξ)dμ = Ilow + Ihigh. (2.15)

It is easy to see that

Ihigh � C

∫
M2

e−αεt(∣∣u1(ξ)
∣∣2 + a(ξ)

∣∣u0(ξ)
∣∣2)

dμ

� Ce−αεt
∫
M

(∣∣u1(ξ)
∣∣2 + a(ξ)

∣∣u0(ξ)
∣∣2)

dμ � Ce−2ηt Eu(0), (2.16)

where η = αε/2. On the other hand, the low frequency part satisfies

Ilow � C

∫
M1∪M3

(
e−αεa(ξ)t

∣∣u1(ξ)
∣∣2 + e−αεa(ξ)ta(ξ)

∣∣u0(ξ)
∣∣2)

dμ

� C

∫
M

(
e−αεa(ξ)t

∣∣u1(ξ)
∣∣2 + e−αεa(ξ)t

∣∣u0(ξ)
∣∣2)

dμ

= C
∥∥e−tηAu1

∥∥2 + C
∥∥e−tηAu0

∥∥2
, (2.17)

where η = αε/2. Adding (2.15)–(2.17) gives the desired estimate. �
Proof of Theorem 1.2. For the solution u(t) to problem (1.1)–(1.2), we set

χ(t) =
t∫

u(s)ds.
0
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Then the new function χ(t) satisfies

χ ′′(t) + Aχ(t) + Aχ ′(t) = u1 + Au0, t ∈ (0,∞), (2.18)

χ(0) = 0, χ ′(0) = u0. (2.19)

Using spectral analysis, similar to (2.1)–(2.2), we reduce (2.18)–(2.19) to an equivalent problem:

χ ′′ + a(ξ)χ + a(ξ)χ ′ = u1 + a(ξ)u0, (t, ξ) ∈ (0,∞) × M, (2.20)

χ(0, ξ) = 0, χ ′(0, ξ) = u0(ξ), ξ ∈ M. (2.21)

When ξ /∈ M3, we can define a new function

W (t, ξ) = χ(t, ξ) − u0(ξ) − u1(ξ)

a(ξ)
.

Then W (t, ξ) solves the following problem:

W ′′(t, ξ) + a(ξ)W (t, ξ) + a(ξ)W ′(t, ξ) = 0, (t, ξ) ∈ (0,∞) × (M \ M3), (2.22)

W (0, ξ) = −u0(ξ) − u1(ξ)

a(ξ)
, W ′(0, ξ) = u0(ξ), ξ /∈ M3, t > 0. (2.23)

Notice that (2.22) and (2.23) are satisfied only in the case ξ /∈ M3. However, through the same com-
putations as in Lemma 2.4 toward (2.22)–(2.23), we can derive

∣∣W ′(t, ξ)
∣∣2 + a(ξ)

∣∣W (t, ξ)
∣∣2 � Ce−αρ(ξ)t

(∣∣u0(ξ)
∣∣2 + a(ξ)

∣∣∣∣u0(ξ) + u1(ξ)

a(ξ)

∣∣∣∣
2)

(2.24)

for all ξ /∈ M3. Using W ′(t, ξ) = χ ′(t, ξ) = u(t, ξ) and integrating both sides of (2.24) on the set
{ξ : δ � a(ξ)} with small δ > 0, one has the estimate

∫
δ�a(ξ)

∣∣u(t, ξ)
∣∣2

dμ �
∫

δ�a(ξ)

(∣∣W ′(t, ξ)
∣∣2 + a(ξ)

∣∣W (t, ξ)
∣∣2)

dμ

� C

∫
δ�a(ξ)

e−αρ(ξ)t
(∣∣u0(ξ)

∣∣2 + a(ξ)
∣∣u0(ξ)

∣∣2 + |u1(ξ)|2
a(ξ)

)
dμ. (2.25)

We split the right hand side into four integrals depending on a(ξ) � 1 or a(ξ) > 1:

∫
δ�a(ξ)�1

e−αεa(ξ)t(∣∣u0(ξ)
∣∣2 + a(ξ)

∣∣u0(ξ)
∣∣2)

dμ + e−αεt‖u0‖2
V

+
∫

δ�a(ξ)�1

e−αa(ξ)t[a(ξ)
]−1∣∣u1(ξ)

∣∣2
dμ + e−αεt‖u1‖2.
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Observe that

∫
δ�a(ξ)�1

e−αεa(ξ)t(∣∣u0(ξ)
∣∣2 + a(ξ)

∣∣u0(ξ)
∣∣2)

dμ � C
∥∥e−t(αε)/2Au0

∥∥2
.

Then (2.25) implies

∫
δ�a(ξ)

∣∣u(t, ξ)
∣∣2

dμ � C

∫
δ�a(ξ)�1

e−αεa(ξ)t[a(ξ)
]−1∣∣u1(ξ)

∣∣2
dμ

+ C
∥∥e−tηAu0

∥∥2 + Ce−2ηt(‖u0‖2
V + ‖u1‖2), (2.26)

where η = αε/2 > 0. In the case u1 ∈R(A1/2), we have u1(ξ) = a(ξ)1/2 w(ξ) for some w ∈ V . Then

∫
δ�a(ξ)�1

e−αεa(ξ)t[a(ξ)
]−1∣∣u1(ξ)

∣∣2
dμ =

∫
δ�a(ξ)�1

e−αεa(ξ)t
∣∣w(ξ)

∣∣2
dμ �

∥∥e−tηA w
∥∥2

. (2.27)

After substituting in (2.26) one has to take the limit δ ↓ 0 to get (1.6). �
Proof of Theorem 1.3. (I) Since Ak commutes with time derivatives, χ = Aku satisfies the same equa-
tion with different initial data:

χ ′′(t) + Aχ(t) + Aχ ′(t) = 0, t ∈ (0,∞),

χ(0) = Aku0, χ ′(0) = Aku1.

If t � 1, the claim follows from the standard energy estimate Eχ (t) � Eχ (0). If t > 1, we apply Theo-
rem 1.1 to χ = Aku:

E Aku(t) � C
(∥∥e−tηA Aku1

∥∥2 + ∥∥e−tηA Aku0
∥∥2)

+ Ce−tη(∥∥Aku1
∥∥2 + ∥∥Ak+1/2u0

∥∥2)
.

The first two terms are further bounded using

∥∥e−ηt A Akui
∥∥ �

∥∥e−ηt A/2 Ak
∥∥

op

∥∥e−ηt A/2ui
∥∥, i = 0,1,

and ‖e−tηA/2 Ak‖op � supa�0 e−tηa/2ak � Ct−k . It follows that

∥∥e−ηt A Akui
∥∥ � Ct−k

∥∥e−tζ Aui
∥∥, i = 0,1,

where ζ = η/2. This completes the proof of claim (I).
(II) The claim is trivial for t � 1, as both ‖u(t)‖2 and ‖udif (t)‖2 are estimated by

C
(∥∥Aku1

∥∥2 + ∥∥Aku0
∥∥2 )

.
V
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In fact, we have

∥∥Aku(t)
∥∥ �

∥∥Aku0
∥∥ +

t∫
0

∥∥Akus(s)
∥∥ds and E Aku(t) � E Aku(0),

∥∥Akudif (t)
∥∥ �

∥∥Aku0
∥∥ + t

∥∥Aku1
∥∥.

Hence we assume that t > 1 and rewrite Eq. (2.1) as

(
eta(ξ)/2u

)′′ + a(ξ)eta(ξ)/2u = 1

4

[
a(ξ)

]2
eta(ξ)/2u.

It is sufficient to consider only ξ ∈ M1 ∪ M3, as ξ ∈ M2 will have exponentially small contributions to
u(t) and udif (t); we will use the same notations for the projections of these functions onto M1 ∪ M3.
Solving the equation for u(t, ξ),

u(t, ξ) = e−ta(ξ)/2(cos t
[
a(ξ)

]1/2
u0(ξ) + [

a(ξ)
]−1/2

sin t
[
a(ξ)

]1/2(
u1(ξ) + a(ξ)u0(ξ)/2

))

+ 1

4

t∫
0

e−(t−s)a(ξ)/2[a(ξ)
]3/2

sin(t − s)
[
a(ξ)

]1/2
u(s, ξ)ds.

Thus u(t) = udif (t) + r(t), where udif (t) is defined in Theorem 1.3 while r(t) is defined by

r(t) = 1

4

t∫
0

e−(t−s)A/2 A3/2 sin(t − s)A1/2u(s)ds.

The question becomes how to estimate ‖Akr(t)‖2. We begin with

∥∥Akr(t)
∥∥ � C

t∫
0

∥∥e−(t−s)A/2 Ak+3/2u(s)
∥∥ds

and then split the integral on [0, t] into [0, t/2] ∪ [t/2, t]:

∥∥Akr(t)
∥∥ � C

t/2∫
0

∥∥e−t A/4 Ak+3/2u(s)
∥∥ds + C

t∫
t/2

∥∥Ak+3/2u(s)
∥∥ds.

The two terms satisfy different estimates:

t/2∫
0

∥∥e−t A/4 Ak+3/2u(s)
∥∥ds � Ct−k max

s∈[0,t/2]
∥∥A1/2e−t A/8u(s)

∥∥, (2.28)

t∫
t/2

∥∥Ak+3/2u(s)
∥∥ds � Ct max

s∈[t/2,t]
∥∥A1/2 Ak+1u(s)

∥∥. (2.29)
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We can complete the upper bound on (2.29) by applying claim (I) to u(s) and by choosing smaller
constants ζ and η. The bound on (2.28) follows from the energy estimate when the initial data are
chosen as [e−t A/8u0, e−t A/8u1]. This completes the estimate of ‖Ak(u(t) − udif (t))‖.

Using the estimate of ‖r(t)‖ and observing that ‖A−1/2 sin t A1/2e−t A/2u1‖ � t‖e−t A/2u1‖, we read-
ily derive the estimate of ‖u(t)‖. �
Acknowledgments

The authors would like to thank the referees for their careful reading of the manuscript and use-
ful suggestions. The work of the first author (R. Ikehata) was supported in part by Grant-in-Aid for
Scientific Research (C)22540193 and (A)22244009 of JSPS.

References

[1] R. Chill, A. Haraux, An optimal estimate for the difference of solutions of two abstract evolution equations, J. Differential
Equations 193 (2003) 385–395.

[2] T. Coulhon, Inegalites de Gagliardo–Nirenberg pour les semi-groupes d’operateurs et applications (Gagliardo–Nirenberg
inequalities for operator semigroups and applications), Potential Anal. 1 (4) (1992) 343–353.

[3] P.M.N. Dharmawardane, J.E.M. Rivera, S. Kawashima, Decay property for second order hyperbolic systems of viscoelastic
materials, J. Math. Anal. Appl. 366 (2010) 621–635.

[4] K.J. Engel, R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Grad. Texts in Math., vol. 194, Springer,
1999.

[5] J.M. Greenberg, R.C. MacCamy, V.J. Mizel, On the existence, uniqueness and stability on the solution of the equation
σ(ux)uxx + λuxxt = ρ0utt , J. Math. Mech. 17 (1968) 707–728.

[6] V. Georgiev, G. Todorova, Global solution for nonlinear wave equation with decaying viscosity, Internat. Center for Theo-
retical Physics, United Nations Educational Scientific and Cultural Organization and Internat. Atomic Energy Agency, 1996,
pp. 1–16.

[7] Y. Han, A. Milani, On the diffusion phenomenon of quasilinear hyperbolic waves, Bull. Sci. Math. 124 (2000) 415–433.
[8] N. Hayashi, E.I. Kaikina, P.I. Naumkin, On the critical nonlinear damped wave equation with large initial data, J. Math. Anal.

Appl. 334 (2007) 1400–1425.
[9] T. Hosono, T. Ogawa, Large time behavior and Lp –Lq estimates of solutions of 2-dimensional nonlinear damped wave

equations, J. Differential Equations 203 (2004) 82–118.
[10] R. Ikehata, Decay estimates of solutions for the wave equations with strong damping terms in unbounded domains, Math.

Methods Appl. Sci. 24 (2001) 659–670.
[11] R. Ikehata, Diffusion phenomenon for linear dissipative wave equations in an exterior domain, J. Differential Equations 186

(2002) 633–651.
[12] R. Ikehata, K. Nishihara, Diffusion phenomenon for second order linear evolution equations, Studia Math. 158 (2003) 153–

161.
[13] G. Karch, Selfsimilar profiles in large time asymptotics of solutions to damped wave equations, Studia Math. 143 (2000)

175–197.
[14] A. Matsumura, On the asymptotic behavior of solutions of semi-linear wave equations, Publ. Res. Inst. Math. Sci. 12 (1976)

169–189.
[15] K. Mizohata, S. Ukai, The global existence of small amplitude solutions to nonlinear acoustic wave equation, J. Math. Kyoto

Univ. (1993) 505–522.
[16] T. Narazaki, Lp –Lq estimates for damped wave equations and their applications to semi-linear problem, J. Math. Soc.

Japan 56 (2004) 585–626.
[17] K. Nishihara, Asymptotic behavior of solutions of quasilinear hyperbolic equations with linear damping, J. Differential Equa-

tions 137 (1997) 384–395.
[18] K. Nishihara, Lp –Lq estimates to the damped wave equation in 3-dimensional space and their application, Math. Z. 244

(2003) 631–649.
[19] K. Ono, Decay estimates for dissipative wave equations in exterior domains, J. Math. Anal. Appl. 286 (2003) 540–562.
[20] R. Orive, E. Zuazua, A.F. Pazoto, Asymptotic expansion for damped wave equations with periodic coefficients, Math. Models

Methods Appl. Sci. 11 (2001) 1285–1310.
[21] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.
[22] G. Ponce, Global existence of small solutions to a class of nonlinear evolution equations, Nonlinear Anal. 9 (1985) 399–418.
[23] M. Reed, B. Simon, Methods of Modern Mathematical Physics, I: Functional Analysis, second ed., Academic Press, New York,

1980.
[24] R. Racke, Decay rates for solutions of damped systems and generalized Fourier transforms, J. Reine Angew. Math. 412

(1990) 1–19.
[25] P. Radu, G. Todorova, B. Yordanov, Decay estimates for wave equations with variable coefficients, Trans. Amer. Math.

Soc. 362 (2010) 2279–2299.
[26] P. Radu, G. Todorova, B. Yordanov, Diffusion phenomenon in Hilbert spaces and applications, J. Differential Equations 250

(2011) 4200–4218.



3368 R. Ikehata et al. / J. Differential Equations 254 (2013) 3352–3368
[27] L. Saloff-Coste, The heat kernel and its estimates, in: Adv. Stud. Pure Math., 2009/3/2 (8:13), 1E2.
[28] Y. Shibata, On the rate of decay of solutions to linear viscoelastic equation, Math. Methods Appl. Sci. 23 (2000) 203–226.
[29] G. Todorova, B. Yordanov, Critical exponent for a nonlinear wave equation with damping, J. Differential Equations 174

(2001) 464–489.
[30] G. Todorova, B. Yordanov, Weighted L2-estimates for dissipative wave equations with variable coefficients, J. Differential

Equations 246 (2009) 4497–4518.
[31] T. Umeda, S. Kawashima, Y. Shizuta, On the decay of solutions to the linearized equations of electro-magneto-fluid dynam-

ics, Japan J. Appl. Math. 1 (1984) 435–457.
[32] J. Wirth, Wave equations with time-dependent dissipation II: Effective dissipation, J. Differential Equations 232 (2007)

74–103.
[33] T. Yamazaki, Asymptotic behavior for abstract wave equations with decaying dissipation, Adv. Differential Equations 11

(2006) 419–456.
[34] Qi S. Zhang, The global behavior of heat kernels on exterior domains, J. Funct. Anal. 200 (2003) 160–176.


	Wave equations with strong damping in Hilbert spaces
	1 Introduction
	1.1 Application

	2 Proofs of the main abstract theorems
	Acknowledgments
	References


