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Abstract

We investigate control problems for wave—Petrovsky coupled systems in the presence of memory terms.
By writing the solutions as Fourier series, we are able to prove Ingham type estimates, and hence reacha-
bility results. Our findings have applications in viscoelasticity theory and linear acoustic theory.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

We will analyze control problems for wave—Petrovsky weakly coupled systems in the presence
of memory terms. In particular, we will solve the reachability to a given target in a finite time, by
using a harmonic approach based on Ingham type estimates.

In the papers [24,25] we studied reachability problems for a class of integro-differential equa-
tions
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t
g (1, %) — uxx (1, %) + B f e "V uy(s,x)ds =0, 1€ (0,T), x€(0,m),
0

then generalized to spherical domains in [26] and to more general kernels in [29].

The interest for researching this type of control problems comes from the theory of viscoelas-
ticity. Exponential kernels naturally arise in linear viscoelasticity theory, such as in the analysis
of Maxwell fluids or Poynting—Thomson solids, see e.g. [32,34]. Despite of our paper that can be
fitted in the classical theory of controllability, it is worth to mention that another type of control
problems regards the possibility that the stresses, in addition to the motion, can be controlled.
This different statement is motivated by many applications and for this reason considered very
significative, see [34].

For other references in viscoelasticity theory see the seminal papers of Dafermos [2,3]
and [33,18]. For other type of kernels, see [30].

As it is well known, viscoelastic relaxation kernels have to be completely monotone functions,
that is, continuously differentiable to every order functions K () satisfying

(=D"K™@#) >0 VneN, Vt>0.

This class of relaxation kernels includes, as a significant case, the Prony sum

N
K@ny=) pie™

i=1

with 8; >0and n; >0,i =1, ..., N. Prony-sum kernels have many implications for the disper-
sion and the attenuation phenomena in acoustic theory [7,8,36]. Moreover, the analysis of the 1-d
wave equation of a vibrating string has analogies with seismic wave propagation [37]. It could
be interesting to consider in the model the effect of viscosity as an attenuation phenomenon for
seismic events.

Continuing along the lines traced by the research papers [24-26], we have done further inves-
tigations, which split into the following three directions a), b) and c).

a) The study of a more general relaxation kernel of Prony type in a single wave equation. This
problem presents some difficulties with respect to the case of kernels consisting in a single
exponential function, because we have to handle a more complicated spectral analysis, to
compare the coefficients of the materials and to find conditions under which the reachability
control problem may have a positive solution ([27], in preparation).

b) The analysis of weakly coupled systems of wave—wave type, with a memory term having a
single-exponential kernel as in [25]. To find the eigenvalues, one has to study a fifth-degree
equation: it turns out that the two couples of complex conjugate roots have the same asymp-
totic behavior ([28], preprint). See [12] for one of the first papers on wave—wave coupled
PDE’s without memory.

c) The study of weakly coupled systems of wave—Petrovsky type, again with memory terms
consisting in a single-exponential kernel. The analysis of weakly coupled PDE’s of wave—
Petrovsky type without memory began in [13], where the harmonic analysis approach was
successfully applied to get observability results.

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.05.016




YJDEQ:7492

P. Loreti, D. Sforza / J. Differential Equations eee (eeee) eee—esee 3

All these research lines need a deep analysis and extensive computations, with significant dif-
ferences. In this paper we consider the third research problem c). We add to a wave equation an
integral relaxation term and couple it with a Petrovsky type equation in the following way:

t
Uier (1, X) — 12 (1, %) + B / ey 1 (5, x) ds + Aus(t, x) =0,
0

(1.1)
te(0,T), xe(0,m),
uo (8, x) + uxxxx (£, x) + Buy (¢, x) =0,
0< B <n, A, BeR, with null initial conditions
ur(0,x) =u1,00,x) =u2(0,x) =u230,x) =0 x € (0,n), (1.2)
and boundary conditions
uy(t,0)=0, ui(t,m)=g1@t) te(,7), (1.3)
’42(l,0):u2xx(t,0):u2(t,77)ZO, M2xx(t,77)282(t) te(ov T) (14)

We can consider g;, i = 1, 2, as control functions. The reachability problem consists in proving
the existence of g; € L2(0, T) that steer a weak solution of system (1.1), subject to boundary
conditions (1.3)—(1.4), from the null state to a given one in finite time. To better explain, we
embrace the definition of reachability problem for systems with memory given by several authors
in the literature, see for example [23,10,11,16,19,20,30,31].

Indeed, we mean the following: given T > 0 and

(10, w11, u20, u21) € L*(0,7w) x H~1(0, ) x H} (0, 7) x H~'(0, 7),

to find g; € L2(0, T) such that the weak solution u of problem (1.1)—(1.4) verifies the final
conditions

ui (T, x) =uo(x), ui (T, x) =uin(x), xe€(0,m), (1.5)
MZ(TJC)ZMZO(X), MZ[(T,X):le(x), X € (0,7'[) (16)

We are able to bring about reachability results without any smallness assumption on the con-
volution kernels, as suggested by J.-L. Lions in [23, p. 258]. A common way to study exact
controllability problems is the so-called Hilbert Uniqueness Method, introduced by Lagnese—
Lions, see [15,21-23]. We will apply this method to system (1.1). The HUM method is based on
a “uniqueness theorem” for the adjoint problem. To prove such uniqueness theorem we will em-
ploy some typical techniques of harmonic analysis, see [35,14]. This approach relies on Fourier
series development for the solution (u1, u>) of the adjoint problem, which can be written as
follows:
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00
ui(t,x) = Z(Rner”’ + Cpelnt + CTne_i“’_”’) sin(nx)
n=1
00
+ Z(Dnei”"’ + D_,,e_”’_"t) sin(nx), (1.7)

n=1

o
ur(t,x) = Z(dn D,e'Pnt + ci_an”e_il’_"’) sin(nx)
n=1

> D D,
+e Ty 0 ( o — ) in(nx), 1.8
e nX:; p ntion =i sin(nx) (1.8)

where
Fn=p— _M+0 e (1.9)
n — 77 )\'n )\‘2/2 k] .
_/ B(3 1 (B B(B—n)? 1

Wy = X"+§<Zﬂ_n>m+l<5_T>+0<F>’ (1.10)
A8 (] 111
Pn = n‘*‘m‘i‘ (E) (L.11)

In this framework Ingham type estimates [9] play an important role. We need to establish inverse
and direct inequalities for functions (1.7)—(1.8) evaluated at x =, see (5.81) and (5.89) later
on, obtaining them in the same sharp time of the nonintegral case.

In this approach the main difficulties are the following:

1. The study of the distribution of the eigenvalues on the complex plane. Indeed, the spectral
analysis of the coupled system leads to a full fifth-degree equation governing the eigenval-
ues behavior. A method due to Haraux [6], subsequent to the seminal work of Ingham [9],
enables us to consider only the asymptotic behavior of the eigenvalues related to the spatial
operator. In order to get the asymptotic behavior of the eigenvalues, see (1.9)—(1.11), we
need to develop an accurate asymptotic computation (see Section 4).

2. The generalization of Ingham’s approach and the proof of the inverse inequality. This means
that we are able to generalize the results contained in [9] and [6], see Theorems 5.19, 5.21
and Proposition 5.18 later on. In particular, a difficulty is the presence in u; of a series
constant in time, but depending on the coefficients D,, see (1.8). Due to its form, this series
is difficult to handle. To overcome this impasse, as a first step we can neglect the dependence
on D, and treat the whole series simply as a constant. Following this approach, we have to
use Haraux’s method: we introduce the usual operator which annihilates the constant, so that
we can apply an inverse estimate holding in the case the constant is null, and then recover
the constant itself, see Theorem 5.10 later on.

3. Due to the finite speed of propagation, we expect the controllability time 7 to be sufficiently
large. Indeed, we will find that T > 27 /y, where y is the gap of a branch of eigenvalues
related to the integro-differential operator, see Theorem 6.1. The achievement of the time
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estimate T > 2 /y will require an accurate compensation in the analysis of the terms ap-
pearing in formulas (1.7) and (1.8), see Theorem 5.11 later on.

The plan of our paper is as follows. In Section 2 we give some preliminary results. In Section 3
we describe the Hilbert Uniqueness Method in an abstract setting. In Section 4 we give a detailed
spectral analysis for a coupled system with memory. In Section 5 we prove our main results:
Theorems 5.19, 5.21 and Proposition 5.18. Finally, in Section 6 we give a reachability result for
a coupled system with memory.

2. Preliminaries

Let X be a real Hilbert space with scalar product (-, -) and norm || - ||. For any T € (0, oc] we
denote by L'(0,T: X) the usual spaces of measurable functions v : (0, T) — X such that one
has

T
vl r :=/”v(t)|| dt < oo.
0

We shall use the shorter notation ||v||; for ||v|[1,c0. We denote by L}OC(O, 00; X) the space of

functions belonging to LY0,T; X) for any T € (0, 00). In the case of X =R, we will use the
abbreviations L!(0, T) and L }OC (0, 00) to denote the spaces LY0,T;R) and Llloc (0, co; R), re-
spectively.

Classical results for integral equations (see, e.g., [5, Theorem 2.3.5]) ensure that, for any
kernel k € L! (0, 00) and ¥ € L} (0, 0o; X), the problem

loc loc

o) —k*xot)=v(@), t=0, 2.1)

admits a unique solution ¢ € L}OC(O, 00; X). In particular, if we take ¢ = k in (2.1), we can

consider the unique solution g € L}DC (0, 00) of

ok(t) —k*or(t)=k(@), t=>0.

Such a solution is called the resolvent kernel of k. Furthermore, for any 1 the solution ¢ of (2.1)
is given by the variation of constants formula

e =y @) +orx¥ (), =0,
where g is the resolvent kernel of k.
We recall some results concerning integral equations in the case of decreasing exponential
kernels, see for example [25, Corollary 2.2].

Proposition 2.1. For 0 < 8 < n and T > 0 the following properties hold true.

(i) The resolvent kernel of k(t) = Be ™" is ox (1) = Be P11,
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(i1) Given ¥ € L! (—o0,T;X), a function ¢ € L} (—o00, T; X) is a solution of

loc loc

T
1) —p / e 1 Ny(syds =y(t) t<T,
t

if and only if

T
e() =y (1) +,3/e(ﬁ_")(s_t)1/f(s) ds t<T.
t

Moreover, there exist two positive constants c1, ca depending on B, n, T such that

T T T
o [lowlar < [l ar e [loof ar 22)
0 0 0

We state without proof an auxiliary result, useful in the sequel.

Lemma 2.2. Given B,n € R and 1, A, B € R\ {0}, a couple (f, g) of functions belonging to
C?([0, 00)) is a solution of the system

t
@O +af@) —Kﬂ/f”(tﬂ)f(S)dSvLAg(t)=0, t>0, 23)
J :

g(t) +22g(t) + Bf(t)=0, >0,

if and only if f € C3([0, 00)) is a solution of the problem

FOO+nfPe) + (+23) "0+ (A — B) +2%n) £ @)
+ (A= AB) /(1) + (33— B) —nAB)f()=0 >0, (2.4)
FP0) = —(A +22) £7(0) + 1Bf'(0) — (A8 + 1> — AB) £ (0),

and g € C%([0, o0)) is given by

t
g(t) = —% [f”(t) +Af(t) — 2 / e‘”(“s’f(s)ds}- (2.5)
0
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3. The Hilbert Uniqueness Method

For reader’s convenience, in this section we will describe the Hilbert Uniqueness Method
for coupled systems. For another approach based on the ontoness of the solution operator, see
e.g. [17.38].

Givenk € L}

10c(0,00) and A, B € R, we consider the following coupled system:

t

uy(t, x) —u1xx(t,X)+/k(t—S)ulxx(s,X)derAuz(t,x)=0,
0 (3.1
te(,T), xe(0,7),

uer (t, x) + uzxxxx (t, x) + Buy(t,x) =0,

with null initial conditions

u1(0,x) =u1,00,x) =u2(0,x) =u30,x) =0 x € (0,n), (3.2)

and boundary conditions, for ¢ € (0, T),

ui(z,0)=0, ur(r, ) = g1 (1), (3.3)
uz(tvo):l’t2xx(tvo)=07 MZ(I»T[)282(¢), MZxx(tJT):g3(t) (34)

For a reachability problem we mean the following: given T > 0 and taking (u19, u11, 420, 421)
in a suitable space (to define later), find g; € L?(0,T),i=1,2,3, such that the weak solution u
of problem (3.1)—(3.4) verifies the final conditions, for x € (0, 7),

(3.5)

{ul(T,X) =uox), u(T,x)=ui(x),
ur (T, x) =uzo(x), ux(T,x)=uz(x).

One can solve such reachability problems by the HUM method. To see that, we proceed as
follows.
Given (z10, 211, 220, 221) € (C2°(0, 71))4, we introduce the adjoint system of (3.1), that is

T

tht(tv-x) _le)((t7-x) +/k(S - t)lex(S»x)dS + BZZ(I»X) =Oa
t

te0,T), xe(,m), (3.6)
221t (t, ) 4+ Zoxxxx (8, x) + Azy (£, x) =0,
Zl(tv()) :ZI(I’T[) =Z2(t1 0) 222(1,77) :Z2Xx(t’ 0) ZZZXX(tvn) =O9
with final data
z1(T, -) = z10, zu (T, ") =z11, 22(T, ) = 220, (T, ") =z21. 3.7

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
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The above problem is well-posed, see e.g. [32]. Thanks to the regularity of the final data, the

solution (z1, z2) of (3.6)—(3.7) is regular enough to consider the nonhomogeneous problem in
0,T) x (0, )

t

wllt(ta-x) - (plxx(tvx) +/k(t - S)Qolxx(ssx) ds + A§02(t,x) = 07

0
@211 (8, x) + Q@oxxxx (8, ) + B (¢, x) =0,
©1(0,x) = 91,(0,x) = ¢2(0, x) = 92,(0,x) =0 x € (0, 7), (3.8)

T
@1(2,0) =0, <p1(t,7r)=zu(t,ﬂ)—/k(s—t)Zu(SJf)ds 1€[0,T],

t
©2(2,0) = 021 (2,0) =0, @, 7)) = —220xx &, ),  @2xx(t, ) = —20: (2, 7).

As in the non-integral case, it can be proved that problem (3.8) admits a unique solution ¢.
So, we can introduce the following linear operator: for any (z10, 211, 220, 221) € (CZ°(0, JT))4 we
define

W (210, 211, 220, 221) = (=1 (T, ), @1(T, ), =92 (T, ), @2(T, ). (3.9
For any (&10, £11, £20, £21) € (C2°(0, ), let (£1, &) be the solution of the following system

T
E110 (1, X) = E1x (1, ) +/k(s — DE1xx (s, x) ds + BE(1,x) =0,

t

E201(1, ) + Ercna (1, X) + A1 (1,3) = 0, G109
§1(1,0)=&1(t, m) =621, 0) = &2(7, ) = &2xx (1, 0) = Epxx (7, 1) =0,
§1(T,))=¢&w0, §u(T,)=&n, &([T,)=60, &u(T,)=56.
We will prove that
('II(ZIO’ZH’ZZO’ZN)’("310"5117520’521))L2<0,n)
T T
-/ wl(r,m(su(r,n)— / k(s—r>slx(s,n>ds) dr
0 ‘
T T
—/wzxx(t,ﬂ)é‘zx(t,ﬂ)dt—ffﬂz(t,ﬂ)&xxx(t,ﬂ)dt- (3.11)
0 0

To this end, we multiply the first equation in (3.8) by &; and integrate on (0, T) x (0, ), so we
have

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
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Z

S~

T &
wm(t,X)él(t,x)dtdx—//wlxx(t,X)Sl(t,X)dxdt
00

t

n T T &
—}—///k(t—s)<p1”(s,x)ds.§1(t,x)dtdx+A//(pg(t,x)fl(t,x)dxdtzo.
00 00

If we take into account that

T

T t
/ / K(t = $)@1ex (5. X) ds &1 (1, x) di = / G1ex (5, ) / k(i — )61 (1, x) di ds

00 0

and integrate by parts, then we have

b4 x T
/ (01:(T, x)&10(x) — @1 (T, X)&11 (x) dx+//¢1(f,x)€1zz(l,x)dfdx
0 00

T

T =w
+ / o1t 781 (1, 7) dif — f f o1t )1 (1, X) dx d
0
T

n T
/gz)l(s n)/k(t—s)élx(t n)dtds—i—//gol(s,x)/k(t—s)élxx(t,x)dtdsdx
0 0

N

T

+Af/w2(t x)&1(t,x)dxdt =0.

0

By recalling &1/s — &1xx + ftT k(s —t)&1xx (s, -)ds = —B&», as a consequence of the above equa-
tion we obtain

/ (@1:(T, X)&10(x) — @1 (T, x)&11(x)) dx
0

T

wl(t,ﬂ)<€1x(t,ﬂ)—/k(s—t)éu(s,ﬂ)dS) dt

t

_I_
S—

T m
—i—//(Agaz(t,x)él (t,x)— B(pl(t,x)&(t,x)) dxdt =0. (3.12)
00

In a similar way, we multiply the second equation in (3.8) by &, and integrate by parts on (0, 7') x
(0, ) to get

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
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b4 n T
/(‘Pzz(T,x)Ezo(X)—fﬂz(T,X)Ezl(X))dx+//¢2(I,X)§2n(t,x)dtdx
0 00

(0202 (1, 7622 (1, 70) + @28, T)Epcax (1, 7)) dt

b/

biq T
/ 026, ¥)erens (1, x) dx di + B / / o1t 1)1, ) dx di =0,
0 0

0

+

Ct—~ TT—~

whence, in virtue of

$2tt + EZxxxx = _ASI’

we get

/((PZz(T, x)&20(x) — @2(T, x)&21(x)) dx
0

(‘P2xx(tv 7)E2x (£, 71) + @2(F, 70 )E2xxx (¢, 77)) dt

+

Ct—~ TT—n~

/(B(p1 (t, X)Ex(1, ) — Apa(t, X)& (¢, x)) dx di =0. (3.13)
0

By summing Eqgs. (3.12) and (3.13) and taking into account

(¥ (z10. 211- 220 220 (§10- €11 €20, 521)>L2(0’n)

= /(‘PI(T» )11 (%) — @1 (T, X)€10(x) + @2(T, )21 (x) — 92: (T, X)620(x)) dx,
0

we have that (3.11) holds true.
Now, taking (§10, §11, £20, £21) = (210, 211, 220, 221) in (3.11), we have

(¥ (z10. 211, 220, 221), (210, 211, 220, 221)>Lz(0’ﬂ)
T T
2
=/‘21x(t,77)—/k(S—t)mx(s,n)ds\ dt
0 t

T T

+[|zzx(r,n)|2dr+/|zzm(r,n>|2dr. (3.14)

0 0

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
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As a consequence, we can introduce a semi-norm on the space (C é’o(Q))4. Precisely, we define,
for (210, 211, 220, 221) € (CX(2))4,

T T 2
2
||(Zlo,zu,Z20,Z21)||FZZ/ le(t’ﬂ)_/k(s_t)zlx(s’ﬂ)ds dt
0 t
T T
2 2
+ / o2t )| dt + / 2t Pdr. (u13)
0 0
If k(t) = Be™ ™, thanks to (2.2), || - || r is a norm if and only if the following uniqueness theorem

holds.

Theorem 3.1. If (21, z2) is the solution of problem (3.6)—(3.7) such that

2, ) =205 (1, ) = 2200k (£, ) =0, Vr€[0,T],

then
z21(t,x)=2z22(t,x) =0 V(t,x)e€[0,T] x [0, m].

If Theorem 3.1 holds true, then we can define the Hilbert space F as the completion of
(Cfo(s?))4 for the norm (3.15). Moreover, the operator ¥ extends uniquely to a continuous
operator, denoted again by ¥, from F to the dual space F’ in such a way that ¥ : F — F’ is an
isomorphism.

In conclusion, if we prove the uniqueness result given by Theorem 3.1 and

F=H}(0,7) x L*(0, ) x H§(0,7) x H' (0, 7)

with the equivalence of the respective norms, then we can solve the reachability problem
(3.1)—=(3.5) taking (w19, u11, u20, u21) € L>(0, 7) x H=1(0, 7) x H=1(0, ) x H73(0, ).

In addition, if g>(#) = 0 in the reachability problem (3.1)—(3.5), we must take ¢, (z, 7) =0 in
problem (3.8). So, in view of (3.11) formula (3.15) becomes

| (z10. 211, 220, 221) ||i
T

-]

0

T

et ) — / k(s — D21 (s, 7) ds

t

2 T
dt + /|z2x(t,n)|2dt, (3.16)
0

and the uniqueness result can be written as follows:

Theorem 3.2. If (21, z2) is the solution of problem (3.6)—(3.7) such that

le(tJT)ZZZx(lJT)ZO, VIG[OzT]v
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then
z1(t,x) =z22(t,x) =0 V(t,x) [0, T] x [0, m].
Finally, by proving the uniqueness result given by Theorem 3.2 and
F=H}(0,7) x L*(0, ) x H}(0,7) x H~'(0, )

with the equivalence of the respective norms, we can solve the reachability problem (3.1)—(3.5)
for

(10,111, u20, u21) € L*(0, ) x H1(0, ) x Hy (0, ) x H™'(0, 7).
4. Spectral analysis

In this section we will elaborate a detailed spectral analysis for the adjoint problem.

Let L : D(L) C X — X be a self-adjoint positive linear operator on X with dense domain
D(L) and let {A;};>1 be a strictly increasing sequence of eigenvalues for the operator L with
Aj >0and A; — oo such that the sequence of the corresponding eigenvectors {w;};>1 consti-
tutes a Hilbert basis for X.

Fix two real numbers A, B and consider the following weakly coupled system:

t
W (t) + Luy (1) — B / e Luy () ds + Aup(t) =0, 120,
0

4.1
WJ(1) + L2us(t) + Buy(t) =0, 120, @
ur(0)=uyo, uy(0)=u,

ur(0) =uz0, u5(0)=uyj.

We have
o0 o0
2
u10=Za1jwj, aij = (u10, wj), Z(le?»j<00,
j=1 j=1
o0 o0
2
M11=Z,01jwj, p1j = (u11, wj), 2,01/-<OO,
=1 j=1
o0 o0
2
u20=2a2jwj, apj = (U0, wj), Zotzj?»j<00,
Jj=1 Jj=1
9] 00 2
IOZj
up =Yy pajwj.  poj=(uz.wj), Y - <oo.
j=1 j=1 "7

We will seek the solution (u1(#), ua(t)) of system (4.1) with components written as sums of
series, that is

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
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o0 o0
=Y fijw;,  w@®=Y fiOw,  fiO)=(w@).w;), i=12
j=1 j=1

If we put the above expressions for u1(#) and u>(¢) into (4.1) and multiply by w;, j € N, then
we have that (f1;(t), f2;(¢)) is the solution of system

t
F0) + 2 f1(0) —Ajﬂ/e_”(’_s)flj(s)ds+Af21'(’)20’
0

1350+ 23 f2j(t) + Bfi (1) =0, (4.2)
fij@ =a1j,  f{;0) = p1,
f2j(0)=012j, féj(0)=p2j.

Thanks to Lemma 2.2, (f1;(2), f2;(¢)) is the solution of problem (4.2) if and only if fi;(z) is the
solution of the Cauchy problem

FEOO + D@0 + (034 2)) {10 + (12 + 20— B) £150)
+ (A3 = AB) f{;() + (M (1 — B) —nAB) f1;() =0, >0,
fij @ =aij,  fi;00)=pi;, (4.3)
F50) = —hjarj — Aayj. f10) = —Apyj — Ajp1j + hjPeij,
f1(4)(0) ()»3 +)»j)()»j(x1j + Aazj) +AjBp1j — AjnBoy; — ()»? — AB)Ollj,

and f>;(t) is given by

) =—— [f (O + A1) =B / =) fy <s>ds} (4.4)

We proceed to solve (4.3). To this end, we have to evaluate the solutions of the characteristic
equation of the fifth degree

A+ At + (x§ + ) A%+ (n/\§ +x;(n—B))A*

+ (A} —AB)A+1;(n— B) —nAB =0. 4.5

The asymptotic behavior of the solutions of Eq. (4.5) as j — o0 is as follows:

. BB=n? L 1
mi=p=n= 20 o(L) =g L) 4o

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
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p 5(/3—77)2 1 1
f=y e v () o)
A .l PR L L
et ol
S 1 1
)
BAB AB  AB , 1
J J J

_ 1
A5j=A4j=_,-Aj+o<k_3>. (4.10)
J

Therefore, we can write the solution of (4.3) in the form
fij@®) = C]je[A” + CzjetAzj + C3jetA3j + C4jetA4f + C5j€tA5f

5
=3 Gy, @.11)
k=1

where Cy; are complex numbers. To determine the coefficients Cy;, we have to impose the initial
conditions in (4.3), that is we must solve the system

Cij+Coj+ G+ C4j + Cs5 = £1(0),
Alelj + A2jCaj + A3jC3j + AgjCaj + AsjCsj = f1,(0),
A3;C1j+ A3;Caj + A3;C3j + AF;Caj + A3,Cs; = f{,(0), 4.12)
AUCU+A2J.C2A,~+A3J.C3j+A4J.C4j+A iCsj = 117(0),
A} C1j+ A3,Coj + A3, Caj + A% Caj + AL,Cs; = £D(0).

Therefore, we have the following asymptotic behavior as j — oo of the coefficients Cy;:

5 1
Cij=—(o1j+a1j(B=m) + (@ +p1)0( 5 ).

; j

o i !
€2 =75~ ap e T2+ @+ oL ).

2w, (4.13)
Cs3j = Cyj,

Aay N :
Caj= 7 2 L4 (o) — lpzj)m] @2+ 220\ 77

]

Cs,/=C4.i-
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Thanks to the expressions of Cy; and Ay, k =1, 2, 3, we note that the function

1@ =Cyje' M+ Cyje' ™ +CT,'6“E, (4.14)

verifies the problem

t
(fl*j)//(l‘)*l—)\jfl*j(t)—)LJ-,B/g—ﬂ(t—s)ffkj(s)ds=O7
0

50 =arj, (£5) ) = pij.

see [25, Section 6]. Therefore, in view of (4.4) the coefficients f>; are given by

1 Aj Cyj
faj(t) = —Z(Cztj <A42¥j tAj— L>6’m“ +Be " n ‘¢)

n+ Ag;j j77+A4j

1 [(—(— y — Cyj
——<c4j(A4j2+)\j—Lf_>em4f+ﬁe—"ij%) t>0. (4.15)

A N+ Ag;j N+ Agj

The proof of the following lemma is based on considerations similar to those used for analogous
results in [24], but, for the sake of completeness, we prefer to give it.

Lemma 4.1. The following estimates hold true:
(i) there exist some constants c1, ¢y > 0 such that we have, for any j € N,

Cl 15}
;(a%ﬂ»ﬁpfj) <|Cyj)* < T(a%jkj+p12j); (4.16)
J j

(i1) there exists a constant ¢ > 0 such that we have, for any j € N,

ICijl _ ¢

< —; 4.17)
|C2j1 ~ A1/2
J
(iii) there exist some constants c1, ¢y > 0 such that we have, for any j € N,
2 2
C P2 &) P2
J 7 j 1

Proof. (i) First, we observe that

2
1 P 1 1 1
2 2 J 2 2
|C2j| :Z(alj—i_k_j)+a1j0<k_j)+a1jplj0<l_j>+plj0<ﬁ)‘
J
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We can assume that for any j € N a1; # 0 or p1; # 0, and hence by the previous formula we
obtain

(o2, + ”“)og )+ e 150G Im)

G 1 1 :

J

—— =+ 5 — — as j — o0,
o2, 40 af; + 5L !

1j A 1j Aj

S0, (4.16) follows.
(ii) Since

. 1 . 1
Cul < oy | (n — /3)+|p11|< +|O‘11|0(,\j)+|p1/|0(x,-)>

Aj lerj|(n — B) + |1/

we have, for any j € N,

leerj1(n — B) + | o1l

Cii <c*
ICijl < y

) (4.19)

for some ¢* > 0. Therefore, by using also (4.16) we get, for any j € N,

ICuyl _ " el =B +lpijl _ ¢

Cojl — : 2 2 T
IC2j1 ™~ erh) \/alj)‘/—l'p]j A

so, we obtain (4.17).
(iii) Notice that

2 2
A2 (o3, Py 1 1
2_4a i 2j o
o =B B o) o).
J J J
and hence it follows

|C4j|2 AZ “2,0(A4)+P2/0( ) A2

- =+ —- —, asj—> o0
T, 4 Ol% 3 4’ ’
/_|_ ’ 24 2
P 28
J J

that is, (4.18) holds true. O

In conclusion, keeping in mind (4.11) and (4.15), the components u(t) and u>(t) of the
solution for the Cauchy problem (4.1) are given by

00
ui(t) = Z(Cljelmj + CzjetAzj + CTJEIAZ/ + C4jetA4j + (TjetA“j)wj,
Jj=1

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.05.016




YJDEQ:7492

P. Loreti, D. Sforza / J. Differential Equations eee (eeee) eee—esee 17

s B
ur(t)=—— Y Cyj A2.+A~——’>e"‘4fw~
2(1) A; 4/< SN T j

1 & B —
- ZZC4J-<A4,-2+AJ- - 7’_>em4jwj
j=1

N+ Agj

:8 —nt — ( C4j CTJ >
— —e Aj + — |w;
A Z T\ n+ Ay !

= n+ Ag;j

for any ¢ > 0, where A; and Cy; are defined by formulas (4.6)—(4.10) and (4.13) respectively.
We introduce, for any n > 1, the following numbers r,,, R, € R and w,, C,,, py, D,, € C:

1
Vn=A1n=ﬂ—ﬂ+0(A—),
n

3 1 1
mwnZSAZnZ\/)\n*'g(Zﬁ_n) +0<—>7

1
Npp, =SAgn =2, + O <A_3 , (4.20)

n

1
Spp=—NA4p, =0 E 4.21)
Rn = Cln, Cn = C2nv Dn = C4n- (422)
Thanks to these notations, the functions # and u, can be written in the form

ui(t) = Z(Rne’n’ + Cpe ' + Cpe 1 4 Dye'Prl 4 Dype™ P!y, (4.23)

n=1
00

. D,
us(t) = (dnDye'"" + dy, Dye™" ") ﬁ—’”zgt ( Do - )wn,

n=1 77+lp,1 n—1pn

(4.24)

for any ¢ > 0, where

Fpn ) (4.25)

1
dy=—p>—9Rp, +
" A<pn pr n+ipn

If it is not otherwise specified, in the following we will use the notation

i ( + Dy ) (4.26)
o +ipn  n—i

IPn

:>|m
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Lemma 4.2. There exist constants my, my > 0 such that
my 2 mz 2
X|pn| §|dn|§X|pn| Vn e N. (4.27)

Proof. We note that for ng sufficiently large we have, for any n > ny,

) BRp, Np BRp. > 3
A% d)> = |py = Rpn+ ——| =Ipal*|l = —F + 5 ———| <>lpal",
n+ipn pn Pi(n+ipn) 2
and
2 2|2 B% P d %pa . BBpa [P Ipal®
n+ipn Pn Pa(n+ipp) 2
Since ip, is not a solution of the cubic equation
AP 4 A* 4+ Rpy A+ Ripu(n— B) =0,
we have for any n € N
1 Npy BRPpy
Pz pi+ip)
whence
. Npp BRpy Npp BRpy
min |1 — 3 3 - >0, max|1 — 5 3 -
n=no Py Pa(n+ipn) n=no Py Pi(m+ipn)

Therefore, there exist constants m, my > 0 such that (4.27) holds true. O

Remark 4.3. In the following section, we will skip the dependence on w,, in (4.23) and (4.24),
because that is not restricting, as we will see in Theorem 6.1.

5. Ingham type inequalities

In this section we will establish the inverse and direct inequalities for (u1, u#2), where

o0
ui(t) = Z(Rner"’ + Cpe' " + Cpe™'@ 4 Dye'P' + Dye'Pr) 1 eR, (5.1)
n=1
o0
ur(t) = (dDpe'"" + d,Dye™'P") + De™ 1 €R, (5.2)
n=1

rns Ry, D € R and w,, Cy, pn, D, € C, p, # 0, by assuming that
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lim (R ppst — Rpp) = +00, (5.3)
n—00
lim 3Ip, =0, (5.4
n—>00

and forsome y >0, 0 e R,n  eN, u>0,v>1/2,m;,my >0

liminf(Rw,+1 — Rwy) =y, (5.5)
n—oo
lim S, =«, < —Sw, Vn>n, (5.6)
n—0o0
Ral < (Gl Vazn', R <ulCl Vn<n, (5.7)
n
mi|pal® <|dy| <malpal*>  VneNl. (5.8)

‘We note that from (5.3) it follows

E}‘
lim =2 — 400, (5.9)

n—oo n

see [1, p. 54] and from lim,_, » | p,| = 400 and p, # 0 it follows that there exists @y > 0 such
that

|pul >ap VYneN. (5.10)
5.1. Preliminary results

First, to prove inverse type estimates we need to introduce an auxiliary function, see [4].
Indeed, we define

sin 2 ifr € [0, T,

0 otherwise.

kGt = { (5.11)

For the reader’s convenience, we list some easy to check properties of & in the following lemma.

Lemma 5.1. Set

aT

the following properties hold for any u € C
/kanmun=(1+a”)wa (5.13)
0
K (u) = K (n), (5.14)
|K )| =|K @), (5.15)
K )| < sl (5.16)

IT2(Ru)? — T2(3u)? — 72|
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The following result is a crucial tool in the proof of Ingham type inverse estimate.

Proposition 5.2. Under assumptions (5.3)—(5.4), for T >0, ¢ € (0,1), M > m and for

any complex number sequence {E,} such that anl |En|2 < 400 there exists ng = ng(e) € N
independent of coefficients E, such that if E, =0 for n < ng, then we have

/k(t)
0

<
— TM?

1 =23paT
— 27T Z —}—e_ |2

00
E eipnt + E_'e_ipn
Z n n 7T2+4T2(A)p )2|

n=no

n=ngp

o0
> (e ) E, [, (5.17)

n=ng

Proof. First of all, we note that by using (5.13) we have

% oo 2
/k(t) ZEneiP;zl+E_'ne—i17_nl dt
0 n=l1
o ) B . B
:/k(t)Z(Ene’P"t—i—E_ne_’p"t) Z(Ev_me—lpmt+Emelpmt)dt
0 n=1 m=1

(0.¢] o0
= Y EEn(1+ P POTVK (py = D)+ D EnEn(1+PHPT)VK (py + py)
pod

1 n,m=1

EnEp(1+e Pt POTK (5, F pr)

EnEp (14" PPT)K (5y = p).

In view of (5.14) we have

/k(t)
0

=2 > N[E En(1+€ P PTYVK (py — )]

00 2
Z E,e'Pr! + E e™'Prt| dt

n=1

) Z [EnEn(1+PPOTYVK (b, + pp)].

n,m=1

For m =n we have K (p, — pn) = KQ2iSp,) = Therefore, we deduce

nT
T2+ ATI (S )
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00 2 00 ~
1+ e—ZJp,,T
ipnt —ipnt _— 2
/k(t) ZE e'P' 4 Ee dt — 271TZT[2+4T2(~ e ~|Enl
0 n=1
00

=2 Y N[EEn(1 4P POTVK (py — )]

n,m=1,n#m

+2 Z [EnEn (14 P PT)VK (p + )],
n,m=1
whence

00 2

1+ e 23T
ipnt ipnt e
> Enet' + Eye P dt — 2nTZn2+4T2( o B nl?

n=1

/ k(1)
0

<2 Y EEn(1+e P mITY K (p, — b

n,m=1,n#m

o]

+2 3 U Enl (1 4+ e~ CPH0T) K (p, 4 pp). (5.18)

n,m=1
‘We observe that, in virtue of (5.15), we have

|K(pn _p_m)| = |K(pm — Dn)ls

whence

o]

> AEWEnl|K (pn — Pu)|

n,m=1,n#m

1 0
<5 2 (EP+IEaP)K(pn )|
n,m=1,n#m
0 le'e] 1 00 o0
EZ 2 Kea =P+ 2 1E? D0 K (o — P
n=1 m=1,m#n m=1 n=1,n#m
%] [e'9)
=Y IES Y |K(pa— D)l
n=1 m=1,m#n

Similarly, we have

oo
Y AEnlEple” CPrSemT K (p, — B

n,m=1

o]

o
<Y e B TIE Y K (pn —

n=lI m=1

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.05.016




YJDEQ:7492
22 P. Loreti, D. Sforza / J. Differential Equations eee (eeee) eee—see

o0

D B En|(1 4 SP3rmT [K (p, + py)|

n,m=1

o o
<Y (1 +e ) E Y |K (pa + pi)

m=1

’

—

n=

so plugging the above inequalities into formula (5.18), we obtain

/k(t)
0

oo oo

<2) (14 =P NE Y [K(pu— Pm)|

n=1 m=1,m%n

o]

) _— 2 o0 1 4 e~ 23T )
EneP! 4 Epe™ P! dt — 27Ty ——————|E
2 En " r;n2+4T2(Spn)2| |

n=1

00 00
+2Z(1 +6723PHT)|EH|ZZ|K(Pn +pm)|- (5.19)
n=1

m=1

In the following lemma we single out the estimates concerning the sums depending on K in the
right-hand side of the above formula, because we will also use them in the proof of the direct
estimate.

Lemma 5.3. For any ¢ € (0, 1) and M > % there exists no = no(e) € N such that for any
n > ny we have

o0
> K (on — )| < =, (5.20)
- ™™
m=ng,m+#n
o o
4r 1
D NKpnt ) < s D0 (5.21)
m=ngo m=n
Proof. To prove the first inequality, we observe that, thanks to (5.16), we get
o o0 1
> K| =aT Y e (522)
s e T2 OUpy =) = T2(3py +3pn) =]

From assumption (5.3) it follows that for any M > 0 there exists ng € N such that
Rpp+1 —NRpp =M Vn > ny,
whence
IMpp —Rpm| > Mn—m|, Vn,m > no.

Thanks to the previous estimate, we have
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Tz(tﬁpn — mpm)2 Tz(mspn \spm)z — 72> T2M2(n - m)2 T? Spn + Kspm)z — 2
Moreover, since lim,,_, oo Ip, =0, fix 0 < & < 1; for ng € N sufficiently large we have
M
I3 pnl < 7° Vn > ny,

so, for any n,m € N, n, m > ng, we have
1
T*(Spn + Ipm)* + 72 < Z(TzMzez +47%).

Now, as M > we have T2M?s? + 4% < T>M?, so from the above inequality it follows

2
T(1—¢)
1
T*Qpu+3pn)’ +7° < ;T*M?, (5.23)
and hence for m # n,

1
T?(Rpy — Rpm)? = T>(Spp + Ipm)> — 1% = T>M*(n — m)* — ZT21\42 > 0.

Putting the previous formula into (5.22), for any n > ng we obtain

oo

> K pu—pm)|

m=ng,m#n

1 4 > 1
<4nT = -
<4nT ) AT2M2(m —n)? —T2M2 TM? 2 Am—n?—1

m=ngy,m#n m=nqo,m+#n

> 1 1 27
_TM2Z4] TMZZ<2]—1 2]+1)=TM2’

that is (5.20).
As regards the second estimate, again by (5.16) we have

0 00
1
D [K(putpw)| =T — — R
m:no‘ (pn Pm)‘ m;() |T2(§an + mpm)z _ TZ(UPn + T«‘Pm)2 — 22 ( )

From (5.9), we have for any M > 0
Np, > Mn, Vn>no.

By using the previous inequality and (5.23), we get for M > T(l —

1 T2M?
T>Rpp + Rpm)? — T2 & pn + Ipm)> — 72 > T2 M*m? — ZTZM2 = T(4m2 —1).
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Therefore from (5.24), by using the above estimate, we get

1
Z|K(Pn+Pm)|_TM2 Z4m 1

m=n

that is (5.21).

Proof of Proposition 5.2 (continued). If we assume E,, =0 for any n < ng, then from (5.19)
and (5.20) we have

00 5 \
/k(t) f: E eip”t ‘|‘E_€_UT"I dt = 2nT i ﬂlE |2
= n n ~ 7T2+4T2(A~Spn)2 n
0 n=no n=ngq
dr & ~
=23paT 2 —23paT 5
= L0 JIEA +ZZ NEN Y Ko+ pu)|- (529
n=ng n=ng et

Now, we observe that for m > ng we have
4m? — 1> 4m®2n > — 1> nl/* (4m>? = 1),

whence
o0 o0
3 _ D L
dm? -1~ ,1/2 4m3/2 —1
m=n 0 m=l1

Therefore from (5.21), by using the above inequality, we get

o]

D K (pa+ p)| < 47712 3i ,
m=ng TMznO/ — 4n3/2 — 1
whence
& 00
Z (1 +9723p"T)|En|2 Z |K(pn + pm)|
n=nq m=ng
o0
-23 n 2
= T 1/22 n3/2 an: (1+e2mT) E, %,
0

If we choose ng € N large enough to satisfy the condition

2 — 1
1—/224,13/2_1 <&
Ny n=1

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.05.016




YJDEQ:7492

P. Loreti, D. Sforza / J. Differential Equations eee (eeee) see—eee 25
we have
00 00 o
\3[7n _Z‘Vpn
Y (e Brh)E Z!K(anrpm)}_TMst (1+e ) Enl?.
n=no m=n n=n

Plugging the above inequality into (5.25) we get

/k(t)
0

4r C —23 2
= e+ Z (1+ e 2T)|E,)2.

n=ng

S —23p, T
, . 1 4 e 23Pn
ipnt —ipnt
E E,e + E,e 27TTE 3 2Gp )2| ,,|

n=nq n=nq

Finally, by substituting M with M /1 4+ ¢ we obtain (5.17). O

As for the inverse inequality, to prove direct estimates we need to introduce an auxiliary
function. Let 7 > 0 and define

ot if|r <T,
K*(t) := {COS or = (5.26)
0 if [t] > T.

For the sake of completeness, we list some easy to check properties of k* in the following lemma.
Lemma 5.4. Set

AT

KOy .
K*(u) = a7 ueC;
the following properties hold for any u € C
o0
/ k*(t)e™ dt = cos(uT)K*(u), (5.27)
—00
K*(u) = K* ), (5.28)
|K*(w)| = |K*@@)|. (5.29)
If we set KT (1) = m, then we have
K*(u) =2Kor (u). (5.30)

From now on ¢(7T') will denote a positive constant depending on 7.
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Proposition 5.5. Assume (5.3)—(5.4). Let T >0, € (0,1), M > \/7 and {E,} be a complex

number sequence such that anl |E,|? < +00. There exists ng = no(e) € N such that if E, =0
for n < ng, then we have

o0

2
o0
/ k(1) Y EneP' + Eye™'P| dt
—00 n=ngo
<4¢(T) 2T+ 1+Z ZlEl (5.31)
=%¢ T 4n? — ’
n=ny
Proof. Let k*(¢) be the function defined by (5.26). If we use (5.27) and (5.28), then we have
o0 00 2
/ k* (1) ZEne"""’ + E,e”'Prt| gt
00 n=1
o0
=2 Z R(EnEm cos((pn — pr)T)K*(Pn — D))
n,m=1
o
+2 > " N(EnEpcos((pu+ pm)T)K* (P + pm)).
n,m=1

Applying the elementary estimates iz < |z| and | cos z| < cosh(3Jz), z € C, we obtain

o0

/ k*(t)

—00

o 2
Z E, P! + E e”Prt| dt

n=1

<2 Z |En|| | cosh((3pn + 3pm)T)[|K*(pn = Pm)| + | K* (P + p)|]-

n,m=1

Since the sequence {JIp,} is bounded, for any n, m € N, we have

COSh((JPn ~5pm)T) =< T Supl?spnl’

and hence
o0 00 2
/ k(1) Y Ene?' + Eqe™ P\ dt
— 00 n=1

o0
< 2?0 BN | Enl[|K*(pn — Pa)| + | K* (Pn + P ]-

n,m=1
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In virtue of (5.29) we get |K*(py — pm)| = |K*(pm — Pn)l, SO we have

o0

/ k*(t)

—00

o 2
Z E, e’ + E e”Prt| dt

n=1

x o0
< 22T RPN B 2N | K (o — Ba)| + | K (o + P[]

n=1 m=1

Taking into account the definition of K* we have

00 00 2
/k*(r) Y EnePr' 4 Eye | dt
—0 n=1

< 8T7T€2T sup [ py | Z |2

————————|E
n2+8T2(~ )2 |En

o0

oo
282N T EL Y K (o — P
n=1

m=1,m#n

o0 o0
+2€2Tsup|3pn|Z|En|2 Z‘K*(Pn‘f‘pm)’- (5.32)

n=1 m=1

Now, we note that in virtue of (5.30) we can apply Lemma 5.3: for any ¢ € (0, 1) and M >
fig _ 2

= >
T/ =~ TS there exists ng € N such that for any n > ng

[e¢]

Y K pr— )| = sy =
P =orM2 T o TM?

m=ng,m#n

. _ 27 1
Z| (Pn+Pin)|—2TM2nZ 4m? _I_TM2n:14n2_1'

m=n

In conclusion, assuming E,, = 0 for n < ng and putting the above formulas into (5.32), we get

o] 00 2
/k*(r) > EneP!' + E,e”'P| dt
—00 n=ng
sl (8T 47 -
< 2T sup [Ipul | 22 E
<e o Zj Z| i

thatis (5.31). O
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5.2. Inverse and direct inequalities excluding a finite number of terms

Due to the asymptotic assumptions on data, some properties hold true for sufficiently large
integers. For that reason, first we will show some inverse and direct inequalities in the special
case when our series have a finite number of terms vanishing.

Before proceeding, we state the next result, that can be proved in the same way as in [25,
Theorem 5.3], taking into account that the function k(¢) is non-negative.

From now on we denote with ¢(7, ) a positive constant depending on 7" and ¢.

Theorem 5.6. Under assumptions (5.5)—(5.7), for any ¢ € (0,1) and T > % there exist
no =no(e) € Nand c(T, ) > 0 such that if C,, = 0 for any n < ny, then we have

00 00 2
/k(t) Z Rye™ + Cpe' @ + Cpe™ '@t | dt
0 n=ny
o0
>c(T,e) Y (1420 9T) |, %, (5.33)
n=ng

In the following finding we give a lower bound for the first component of the solution of
coupled system.

Theorem 5.7. Under assumptions (5.3)—(5.7), for any ¢ € (0,1) and T > %, there exist
nog =ng(e) € Nand c(T, €) > 0 such that if C,, = D,, =0 for any n < ng, then we have

T 2
/ dt
0

00
2 : Rner”t —i—Cnelw"t —i—(,Tne_lw"t +Dn€lp"t —i—D_ne_lp”t
n=noq

oo
>c(T,e) Y (1+e 20 9T)C,?

n=no

o0
1 2 ~
—27T 1+e 2T D2 5.34
i Z<n2+4T2(rspn>2+T2y2>( e )1l -39

n=ng
Proof. First of all, we set for any t > 0

o0
Fi(t)= Z(R,,er"’ + Cpet®? 4 CTne_i“T"’) eR,

n=1

o
F (1) = Z(Dneip”t + lTne*iE’) eR,

n=1
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and observe that if k(¢) is the function defined by (5.11), we have to estimate the term

o0

/k(t)|F1(t)+F2(t)|2dt.

0

Because of the elementary inequality 2|ab| < %az +2b%, we observe that

|Fi() + B0 = |FL )] + 2R (0 F2(0) + | F2@0) |

1 1
> |Fi(n)]* - 5|F1(r>|2 —2|B(0) ] +|R0)] = S |F 0|’ - |Ro)|.

Since k(t) is positive, from the above inequality we have

/k(z)}Fl(t)+F2(t)| dt > —/k(t)|F1(t)| dt—/k(z)|F2(t)|2dt.
0 0 0

Therefore, in view of Theorem 5.6 we can apply (5.33) to get

o0

/k(t)|F1(t) + B0 dt
0
1 > N T
> Se(T ) 20(1 + e 2Ren=eTy 2 —/k(t)|F2(t)|2dt, (5.35)
n=n 0

for ng sufficiently large. To complete our proof, we must give an upper bound for the term
fo k(t)|F2(z‘)|2 dt.Indeed, if wetake E, = D, and M =y > in Proposition 5.2, then by
formula (5.17) we have

T(l )

*® e0 00 2
/k(t)|F2(t)|2dt:/k(t) Z D, et 4 Doe~iPt| gy
0 0 n=ng
0 —23p,T 00
1+e ~Pn 2 47[ _oy
<2aT S5~ —3|D - 1 SeaT\(p. 12
g nzr; 72 +4T2(Ipp)? D] +T7’2n§0( Te )1 Dy

2 —23puT 2
_27rTZ< +4T2(¢p )2 y2)(1+e el Dy |2

Therefore, putting the above estimate in (5.35) we have
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00 1 00
/k(t)|F1 )+ P di > Se(T.e) Y (142Gl C, 2
0 n=ng

o0
1 2 ~
27T + 1+ —23pa T D 2’
n;0<n2+4T2<3pn>2 T2y2>( IO
whence, in virtue of the definition of k(¢), (5.34) follows. O

Proposition 5.8. Assume (5.3), (5.4) and (5.8). Let T > 0, ¢ € (0,1) and M > % There

exist ng =no(e) € Nand c(T, M, ¢) > 0 such that if D,, =0 for any n < nq, then we have

T ~ ’
/ e Z (anneip"’ +d_an,,efip_”’) dt
0 n=ng

o0
1 2 N
>2nT 2§ - 14 e 2P YD, 12 pal?, 5.36
= m1n=n0<ﬂ2+4T2(Spn)2 T2M2>( e J1Dnll (30

and

1
72+ 4T2(3py)?  T2M2

>c(T,M,¢e), Vn=>ny. (5.37)

Proof. We will use Proposition 5.2 again. Indeed, if we set

oo
G(t) — Z(anneipnt + d_nD_ne_i[?nt)

n=1
and take E, = d, D,,, we can apply formula (5.17) for ng large enough:

o]

o
2 1 2 —23puT 2 2
k)|G@)| dt =2nT — 1 NP DL d |7 5.38
/ O|GO[ dr = 27 n;)<n2+4r2(spn)2 T2Mz>( Te )IDu*ldn|*,  (5.38)
o =

where k(¢) is the function defined by (5.11). Since lim,,— 3 p, = 0, by taking ng large enough
we have

M. /e
1Xpn| < Mye Vn > ng,

23/2

. 2
and hence, since M > T(—s Ve get

1 2 1 2

P24 AT2Gp)? | TPM2 T R+ TPM%e/2 TPM2
T2M?*(1 —¢) — 2n2
T2M?Q2n% + T2M?2¢)’
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that is, (5.37) holds true with ¢(T, M, &) = 2% > 0. Thanks to (5.8), we have

oo
1 2 x
2 =23paT 2 4
/k(t)|G(t)| dt > 2w Tm] Z(n2+4T2(Jp 2 T2M2>(1+e P )1 Dul pal®
0

whence, in virtue of the definition of k(z),

2 5

n=nqo

Finally, in view of
T T T
nt 2 2nt 2 2
" G| dt = | "|G®)| dt = | |G| dt,
0 0 0
by (5.39) it follows (5.36). O

Now, we anticipate a result concerning direct estimates, because we will use it in the next
theorem.

Proposition 5.9. Assume (5.3), (5.4) and (5.8). Let T >0, ¢ € (0,1) and M > T\/ﬁlTs' There

exist c(T) > 0 and no = no(e) € N such that if D, =0 for any n < ng, then we have

00 0 2 0
/ K1) Y dyDye" +dyDye™ 7| dt <c(T) Y |DylIpal, (5.40)
50 n=ny n=ny
T o0 2 o0
/ Z W Due'P' + dy Dye™" P | dt <c(T) Y |Dyl?Ipal*. (5.41)
7 In=n n=ny

Proof. We evaluate the integral by using Proposition 5.5: indeed, if we take

E,=d,D
then from (5.31) it follows
o0 (o8] 2 (o8]
/ K50 D duDue'™" + dyDpe™ 7| dt < e(T) ) 1Dyl ldnl. (5.42)
‘00 n=nyg n=nyg

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.05.016




YJDEQ:7492

32 P. Loreti, D. Sforza / J. Differential Equations eee (eeee) eee—see

Moreover, from (5.8) we get

o0 o0 2 o0
/ k(1) Y duDpeP" +d,Dye™'P"| dt <c(T) Y |Dal*|pal,
00 n=ny n=ny

that is (5.40).
Now, if we consider the last inequality with the function k* replaced by the analogous one
relative to 27 instead of T, see (5.26), then we get

2T 0 2 0

Tt , .
f cos 1 > dyDye?" +d,Dye™' P\ dr <c2T) Y |Dal*[pal,
2T n=no n=ng

whence, thanks to cos &L > L for |t| < T, it follows

aT =/
T
—4

thatis (5.41). O

2

o
dt <~2c2T) Y 1Dy pal®.

n=nq

oo
Z anneip"t—l—d_,,D_ne*ip_"t

n=ny

Theorem 5.10. Assume (5.3), (5.4) and (5.8). Let T > Ty >0, e € (0,1) and M > % If

D is any real constant, there exist no = no(e) € N, Co > 0 independent of T, ¢(T) > 0 and
c(T, M, &) > 0 such that if D,, =0 for any n < ng, then we have

T 00 2
[ e Z (d,,Dneip”t + d_,,D_ne_ip_”[) +D| dt
0 n=ng
1 2

o0
> o(T)|D + 7 CoT Z( )(1 +e ) D, P palt,  (543)
n=ng

724+ 4T2(3py)?:  T2M?2
1

e Lre i Sy vl o(T,M,s), ¥n>no. (5.44)
~SPn

Proof. We introduce the function

o
Gi(t)=e" Z(anneip”t + ci_nD_ne_il’_"t) +D.

n=1

To evaluate the integral of G1(¢) on the left-hand side of (5.43), we will use the operator intro-
duced by Haraux which annihilates the constant D, see [60]. Indeed, if we take § € (Typ/4, To/2),
then we have for any t € [0, T — §]
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8
(rips _ 1N\
/Gl(t)—Gl(t+s) S—emZd (5_64,>Dnelp”t
0

n=1 N+ 1tpn
_ e—iPs _ N __
—1ppt
+d, (6 - f>Dne pnt, (5.45)
N —1Pn
We can apply Propo%ition 5.8 to the function t — f(f(Gl(t) — G1(t + 5))ds in the interval
[0, T —6]. If M > m, we note that M = %M verifies M > (T_(SZ)%, so by (5.36)

and (5.37) we have

~

_8 2

dt

S

P
/(Gl(l) —Gi(t+5))ds
0

o 1 2

n=nq

2

(+ipn)s _
e
———— | IDuPIpal* (5.46)

()\

n+ipy
and

1 2

— — >0, Vn>nyg.
72+ 4T —8)2(Ipn)? (T — 8)2M? 0

. (1+ipn)s _ .
We have to estimate |§ — e”;:ilpnl |. First, we observe that
eMtipn)d _ . |eFiPn)d _ . e(1=3pn)é 4 q
n+ipn | In+ipal — |9 pal

Since the sequence {JIp,} is bounded and § < Ty, we have

e1=3Pn)8 < p(sup [3pa)8 — (ntsup[3paDTo

and hence

e Firn)d _ N 2e(ntsup [Spa ) To

n+ipn |~ [Rpal

Taking into account that lim,,_, .o R p, = 400, for ng sufficiently large we have for any n > ng

2e(ntsup [3pn)To
e — 5

&S

’

NRpn

whence
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eMt+ipn)d _ 1 To
§——————|>=8—--2>0.
n+ipy 4

Plugging the above estimate into (5.46), we obtain

T-8, & 2
/ /(Gl(t)—Gl(t—i-s))ds dt
0 0
> 27 (8 — To/HX(T — 8)m?3
S ! 2 —23pp (T —=6) 2 4
P> <712 +4(T —8)>(Spa)> (T—8)2A712)(1+e PNl 4T
n=nyg

Moreover, since 26 < Tp and the sequence {Jp,} is bounded we get

6251’115 > 8_26‘317'1‘ > e_T0|%Pn| > €_TO Supl‘fwn\’

whence

14 e 23PnT=8) _ 1 4 o= 23T ,23pud . ,—To Supl‘«”‘ﬁnl(l 4 6—2‘3PnT).

In view of the above inequality, from (5.47) it follows

~

Y 2

dt

o—

$
/(Gl(l‘) — G (t +S)) ds
0

> 27 (8 — To/4)*e 0P Renl(7 — §ym?

e¢]

) Z( ! 2 )(1 + e BTy D, PIpat. (548)

S \m 24T —82Cpn)? (T -8 M>

By (T — 8)M = T M and (5.37), for ng large enough we get for all n > ng

1 2 1 2
72+ 4T =82 Gpa)? (T —8PM> 7> +4(T =8 @pn)?  T*M?
1 2
> —
72 +4T2(Ipy)?  T2M?

>c(T,M,¢e)>0.

In addition, because of § < T'/2, we have % > %, SO

T —6) 1 2 T T -6 1 2
J— J— — > J—
2+ 4T —8)2(Ipn)? (T —8)°M? T \ 72 +4T2Qpn)?  T2M?2

T 1 2
> — - .
2\ 72 +4T23p,)?  T2M2
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Putting the above estimate into (5.48), we have

~

dt

o

)
/(Gl(t)—Gl(t—l-s))ds
0

> (8 — To/4)2e 0P RPulT 2

o0

1 2 —23paT 2, 4
2 <n2+4T2(‘3Pn)2 - T2M2>(1+e O Epal G4

n=nq

and, in addition, (5.44) holds true.
On the other hand

~

-8

~

)
/|G1(t)—G1(t+s)|2dsdt
0

)

2
dt <$

S

8
/(Gl(t)—Gl(t+s))ds
0

5 OT—

<28

S

)
/(}Gl(r)}2+ G1(t +5)[*) ds dt
0

T
5252/|G1(t)|2dt+28
0
T

:252/\G1(z)\2dz+28
0

~

-5
G1(t + )| dt ds

N o

S+s

/ 1G1 () dyds

T T
5282/|G1(t)|2dt+28 /|G1(y)|2dyds
0 0

o\co o\m O\Od

T

:452/\G1(z)\2dz,

0

whence

T—

T

2 1
JIZCRE-Y
0

0

8 2

/(Gl(t) —Gi(t+5))ds| dr.
0

From the above estimate and (5.49), it follows

T

oo
2 1 2 —23paT 21, 4
Gi(t)|"dt =2rnCoT - 1 ~Pnt) D, . (550
/' (0 dr 227 Co n;O<n2+4T2(‘3Pn)2 T2M2)( e NPaFlpal’, (550
0 =
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_ 2 N
where the constant Co = %e‘ﬁ sup |“”"|m% depends on 7p, but not on 7. Moreover,

! T
D =7 [ DPar
0
T
-7/
0
) T
?</]G1(t)] dt~|—/

0

2
dt

oo
Gi(t) =" ) (duDne™" + dyDye ™)

n=no

~ |

0
e Z (annei”"t + ci_nD_ne_i’T”t)

n=ng

2
a’t). (5.51)

By (5.41), (5.50) and (5.44) we have

T ~ 2
/ e Z (d,,Dneip"l —l—cl_,,D_ne*i”_”t) dt
0

n=ng

2

Z (anneip”[ +cl_nD_,,e_i’T"’) dt

T
Sle]T/
o In

<) S 1DuIpal <c(T>/|G1<t)| d.

n=ng

o0

no

Plugging the above estimate into (5.51), we obtain

/|G1(t)|2dt > o(T)| DI
0

Finally, because of (5.50) we get

T
/|G1(t)|2dt
0
1

2 _ox
7l Y (e — o )0 SR Pl eI,

n=ng

thatis (5.43). O

Now, we are able to prove an inverse inequality in the special case when our series have a
finite number of terms vanishing.
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Theorem 5.11. Under assumptions (5.3)—(5.8), for any real constant D, ¢ € (0,1) and

T > y(l ) there exist no =ng(e) € Nand c(T, ¢) > 0 such that if C,, = D, =0 for any n < ny,

then we have

T
[ of + o))
0

oo oo
> (T, 8)( Z (1 _I_e—Z(Tm)n—a)T)'Cn'Q + Z (1 +e—23PnT)|Dn|2|pn|4+ |D|2) (5.52)

n=no n=ng

Proof. As a consequence of (5.34), (5.43) and (5.44) with Tp = 27” and M =y > % we
have, for ng large enough,
T
2 2
/(|u1(¢); T e ur) ) dr
0
o0
> C(T, S)( Z (1 +e—2(«iwn—(¥)T)|Cn|2 + |D|2>
n=ng
+Con T Z( 1 : )(1+e—2“""T)|D *1pnl*
n n
S \22 4T Gp)? T2
— 27T Z ! 2 (1+e 2T D, (5.53)
" 72+ AT2Gp 2 12 JU T nt '
with
: 2 (T,y,e) >0, Vn> (5.54)
— >c(T,y,¢e) >0, n > ng. .
AT Qp? T2 '
Now, we evaluate the sum
Co i( 1 _ 2 >(l+e—23Pz1T)|D |2|p |4
o~ n n
n=no 772+4T2(Upn)2 T2V2
> 2
—23paT 2
Z( +4T2(Jp )2 szz)(l"'e b )|Dn|
o
1 2 ) —23p,T
= — - 14 e =Pn
n:ZnO<n2+4T2(;spn)2 T2y2 ( )
L 42
24472 Ipn 2 72,2
-|Dn|2[co|pn|4— O Ty } (5.55)

T2HAT2 (I py)? - 722
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We note that

1 2 22 +4T2 (3pw)?) 272 | 8(3pn)?
7T2+4T2(‘3pn)2 + T2y2 _ 1+ T2]/2 _ 1+ T2y2 + V2 (5 56)
L2 _2@HT20pY) 272, 83pw)?y ’
T24+4T2(Spp)? T2y2 - 72,2 - (szz + ) )
Since
22 (1—¢)?
< —,
T2y2 2

and for ng sufficiently large

- l—¢
|Spnl < v Vn > no,

we have

272 8(3pn)? (1—e)? (1—¢)?
< +

=(l-e’<l-c
7252 2 ) ) (1—e)<l-—e

Therefore, taking into account that the function x — }% is strictly increasing on (—o0, 1),
from (5.56) we get

1

T2HATZ(Spp)? + T2)2 2—¢
I 2 ST

TIHAT2(3p,)? T2

whence

1 2

e, t 2—¢

4 7=+4T=(Spp) T2y 4
Colpnl™ =2 1 - ) > Colpnl™ —2

TIHAT2(Spy)? T2

Recalling that the constant Cy is independent of T', we can take no € N (independent of T'), large
enough, so that it holds

C() 4 2_8
—|pnl” >2—— Vn >ny,
2 e
and hence
2 12 7+ 222 C
+4T2(Ipn T 0
Colpyl* —2 7O 107 201, 14,

-2 2
T2HAT2(Ipy)?  T?y?

Plugging the above formula into (5.55), we obtain
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00

1 2 N
C — 1 =23pnT D 2 4
02<n2+4T2(Spn)2 TZyZ)( Te )IDul1pnl

n=ng

[e.e]

1 2 ~
-2 1 —23p, T D 2
Z<n2+4T2(Spn)2+T2y2>( te )| nl

n=nq

CO ! 2 —23pn T 2 4
2 Z<n2+4T2(sp,,)2 - szz)(“Fe P8) | Dl | pal*.

Finally, from (5.53) it follows
T
/(|M1(t)|2+ |e”tu2(t)|2)dt
0

oo
EC(T, 8)( Z (1 +e—2(3wn_0l)T)|Cn|2+ |D|2>

n=ng

Co 1 2 T 5 A
T - 1 ~Pn D ,
" 2 —Zno<n2+4T2(SPn)2 T2y2>( te )| nl "1 Pnl

and hence, in view of (5.54), we obtain
T
[P + o0y
0

] &)
> (T, e)< D (142G 0,24 Y (1467277 D, P pal* + |D|2>.

n=ng n=ngp

In conclusion,
T T
/|u1(r)} + ua0)]) t>e_2'7T/ (Jur @[> + | ur)[?) dt
0 0

o0
e e(T,8) Y (14200 C, 2

n=ng

o0
+€_2nTC(T, S)( Z (1 +e—23[7nT)|Dn|2|pn|4 + |D|2),

n=n
thatis (5.52). O

As regards the direct inequality, first we recall the following result, see [25, Theorem 4.2].
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Theorem 5.12. Under assumptions (5.5)—(5.7), for any ¢ € (0, 1) and T > —2E— there exist

y/1—¢
c(T) > 0 and no = no(e) € N such that if C,, =0 for n < ng, then we have
o0 o0 2 o
/ k(1) Z Rpe™ + Cpe®! + Cpe™'®!| dt < c(T) Z 1Cpl?. (5.57)
s n=ny n=ny

Theorem 5.13. Assume (5.3), (5.4) and (5.8). Let D be any real constant, T > 0, ¢ € (0, 1) and
M > —ZL There exist c¢(T) > 0 and ng = no(e) € N such that if D, =0 for any n < ng, then

TJV1—¢"
we have
00 00 2
[ K*(t) Z d,Dpe'’" + d, Dye ' Pr' + D™ | dt
—00 n=nq
o
< c<T>< > 1D Plpal* + |D|2). (5.58)
n=ng
Proof. Since the function k*(¢) is positive, we have
oo 00 2
/ k*(1) Z d,Dpe'P"" + d, Dpe Pt 4 De™ M| dt
00 n=ng
[} 00 2 e}
<2 / k(1) Z dpDpeP"" + d, Dye™ ' Prt| dr 42 / k*(1)e 2" di|D|?. (5.59)
—00 n=ng 00

We evaluate the first integral by using Proposition 5.9: indeed, from (5.40) we get

o0 o0 2 o0
f k(1) Y duDyeP" +dyDye™ P | dt <c(T) Y |Dal*|pal*.
—00 n=ng n=ng

Putting the previous estimate in (5.59), we obtain

8]

/ k*(t)

—00

2
o0
Z dyDye'P"' + d, D,e” Pt + De™ M| dt

n=ng

o0

o
<2c(T) ) |Dn|2|pn|4+2/k*(z)e—2"fdt |D|%. (5.60)

n=ngp —00

In addition, formula (5.27) yields

oo
ATn
—2nt _
/ k*(t)e " dr _COSh(znT)m

—00
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Because of the above formula from (5.60) it follows

o] 00 2
/k*(t) > dyDye?" +dy Dy P + D | dt
—o0 n=ng

o
8Tn
<2e(T) Y |DaPIpal* + cosh(zmmmﬁ

n=ng
thatis (5.58). O

Finally, thanks to Theorems 5.12 and 5.13 we are able to prove an Ingham type direct estimate
for the solution (u1,u;) of coupled systems in the special case when our series have a finite
number of terms vanishing.

Theorem 5.14. Under assumptions (5.3)—(5.8), for any real constant D, ¢ € (0,1) and T >

;/\/Llfe there exist ¢(T) > 0 and no = no(e) € N such that if C, = D,, =0 for any n < ny, then

we have

T X oo
/(iul(z)|2+ uz()|) dt se(T)( STIC P+ Y 1DalPipalt + |D|2>. (5.61)
T n=ng n=ny

Proof. First of all, since the function k*(¢) is positive, we can write

9]

/ k* (1)

—00

2
o0
Z Rner”t—I—Cneiw"l—i—CTne_iaT"t—i—Dneip"[—l—D_,,e_iﬁt dt

n=nqo

o0

<2 f k(1)

—0o0

00 2
Z Rner,,t + Cnelw"t + Cne—ta)nt

n=nq

dt

[e¢]

+2 / k* (1)

—00

00 2
S Dyeirt + Dye i | dr.

n=ng

So, we can apply Theorem 5.12: plugging into the above formula the inequality (5.57), we obtain

e¢]

/ k(1)

—0o0

2
o0
Z Rner"t —I—Cneiw”t _i_CTne—iw_nt —i—Dneip”t + D—ne—ipjt dt

n=ng

o0

<c(T) Y |Cul* +2 / k* (¢)

n=ng

o 2
Z D, e'Pr' + D,e” Pt dy.

n=ng

—00
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In Proposition 5.5 we can take E, = D, and M = y, so by the previous inequality and (5.31) we
get

e e]

/ k* (1)

—00

sc(T)(Z ICalP+ ) |Dn|2>.

n=ng n=nq

2
o0
Z R, + Cpe'®! + Cpe™ '@ 4+ D,e'Pn! 4+ D, e Prt| dt

n=no

Moreover, by the above estimate and (5.58) we obtain

/ K@) (|ur 0] + [ua)[P) dt scm( 1G4+ Y 1DaPipal* + |D|2>.

—0 n=n n=nq

Now, if we consider the last inequality with the function k* replaced by the analogous one relative
to 2T instead of T, see (5.26), then we get

2T 50 00
t
/ cosZ—T(|u1(r)|2+ lua(1)|?) di 5c<2T>< DG P+ Y D Ipalt + |D|2>,

n=n n=n
27 0 0

whence, thanks to cos % > L for |t| < T, it follows

2

S

T o o0
/(|u1(t)|2 + |ua )|y dr < ﬁc(ﬂ)( STUC P+ > 1D Plpal* + |D|2>.

°r n=ng n=ng

So, the proof of (5.61) is complete. O
5.3. Haraux type estimates

To prove our results, we need to introduce a suitable family of operators which annihilate a
finite number of terms in the Fourier series. For the reader’s convenience, we proceed to recall the
definition of operators, which was given in [25] and is slightly different from those introduced
in [6] and [13].

Given § > 0 and z € C arbitrarily, we define the linear operator s , as follows: for every
continuous function u# : R — C the function /5 ;u : R — C is given by the formula

8
1 .
Isu(t) =u@) — g/e_’“u(t +s)ds, teR. (5.62)
0

A list of properties connected with operators /s ; is now in order.

Please cite this article in press as: P. Loreti, D. Sforza, Control problems for weakly coupled systems with memory, J.
Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.05.016




YJDEQ:7492
P. Loreti, D. Sforza / J. Differential Equations eee (eeee) eee—esee 43

Lemma 5.15. For any § > 0 and z € C the following statements hold true.

() Is () =0,
(i1) Forany 7' € C, 7/ # z, we have

it dETI izt
Ia’z(e )Z(l—m)e .

(i) The linear operators s , commute, that is, for any 8’ > 0, 7’ € C and continuous function
u:R— C we have

15,215/,2111 = 15/,1/15’Zu.

@iv) Forany T > 0 and continuous function u : R — C we have

T T+5
/|15,Zu(z)|2dz <2(1 + 2R / lun)| dr. (5.63)
0 0
We now define another operator
Isrwp=Is—irolspols zolspols 5 6§>0,r eR, w,peC, (5.64)

where the symbol o denotes the usual composition among operators.
By using Lemma 5.15 one can easily prove the following properties concerning operators

IB,r,a),p-
Lemma 5.16. For any § > 0 and r € R, w, p € C the following statements hold true.

(i) Ifz € {—ir,w, —®@, p, —p} we have Ig,r,w,p(eizt) =0.
(ii) Foranyr' €R, r' ¢ {r,iw, —i®,ip, —ip}, we have

(r'=2)8 _
’ e 1 ’
I )= l—— ).
baranp () T ( (r' —2)8 )
ze{riw,—ib,ip,—ip}
(iii) Forany 7 €C, 7/ ¢ {—ir, w, —®, p, — D}, we have
. ei(z/_Z)‘s — 1 P
I et = | ————)e'%.
8;)’,0)717( ) ) 1_[_ B < i(Z/ _ Z)8 )
ze{—ir,w,—®,p,—p}

(iv) The linear operators Is r.o, , commute: for any 8' >0, r' e R, o', p’ € C and continuous
Sfunction u : R — C we have

Is ro,pls v o p = Iy v o p' Is r0, pU-
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Corollary 5.17. Forany T >0, § > 0, r € R, w, p € C and continuous function u : R — C we
have

T T+56
/|15‘,,w,pu(r)]2dz525(1+e2"'5)(1+e2‘*w'3)2(1+e2'*"'3)2 / u()|*dr.  (5.65)
0 0

Proof. By applying (5.63) repeatedly, we obtain

T T

2 2
‘/“Ié,r,w,pu(t)’ dt=/‘Ié,firIé,wlé,fﬁ)lé,plé,fﬁu(t)’ dt
0 0

T+28
< 22(1 4 2P / \Is,—ir I oI5 —u(0)| dt

0
T+46

< 2(1 4 2PPBY2(1 4 20l / Iy _iyue)di
0

T+56
<14 PP (14 2 (14 0) [ Jatoar,
0

thatis (5.65). O

Proposition 5.18. Let {wy, }1eN, {n}nen and {pnlnen be sequences of pairwise distinct numbers
such that wn, # Pm, ©On # Pms Tn Z iOm, T Z1Pm, T'n = —N, pn #0, foranyn,m e N,

lim |w,|= lim |p,| =400, (5.66)
n—oo n—0o0
and
\du| = mi|pal*> VneN (m; >0). (5.67)

Assume that D is any real constant and there exists ng € N such that for any sequences {R,},
{C,} and { Dy} verifying

R,=C,=D,=0 foranyn <ny,

the estimates

(1@ + [ua(0)|*) e ZC1< Y G+ ) D Ipal* + |D|2), (5.68)

n=no n=nqo

(Ju1 @] + |u2()[?) dt 5c2< S UG+ Y 1D Ipalt + |D|2>, (5.69)

n=no n=nqo

St — s T~

are satisfied for some constants cy, ¢y > 0.
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Then, there exists C1 > 0 such that for any sequences {R,}, {Cp} and { D, } the estimate
/(|u1<r>| + |ua()]7) dt = €y (Z Cal> + Y 1Dl pul* + |D|2) (5.70)
0 n=1 n=1
holds.

Proof. To begin with, we will transform the functions

oo

ui(t) = Z(Rner,,t + Cneiw”t + CTne—iw_nt + Dneip,,t + D—ne_i[T”t),
n=1
o
ur(t) =Y (dyDye'"" + dy Dye™"P") + De
n=1
in such a way that the series have null terms corresponding to indices n =1, ..., no — 1, because

so we can apply our assumptions (5.68) and (5.69).

To this end, we fix ¢ > 0 and choose § € (0, 52—0). Let us denote by I the composition of all
linear operators I(;,,j,wj, pis j=1,...,n0 — 1. We note that by Lemma 5.16(iv) the definition of
I does not depend on the order of the operators Is,;; o, p; -

By using Lemma 5.16, we get

00
Ty (1) = Z (Rl/lernt + C;;eiwnt + CT,/le_iw_”t + D;leipnl + D_;le_ip_"t),
n=ngo
= —
0= 3 40D 4 ) + D
n=nq
where
s e(rn )6 _ 1
o] [
] 1 ZE{r] la)] —le IP/ —lp] _Z)
s l(wn )8 _ 1
Ci=C[] (1 )
j=1 ze{-irj,o;, wj pj—F7) i(wy, —2)8
no_l ’(pn_Z)(S 1
ol M ()
j=1 ze{—irj,wj, —wj Pj— i(pn—2)
e —(n+2)8 _
e 1
=D
l_[ l_[ ( (n+2)8 )

j=1 zelrj iwj, i@, ipj,~ipj)

Therefore, we are in condition to apply estimate (5.68) to functions i1 (¢) and Tuo (7):
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T o0 o
/(}Hu](t)|2+ Tus(0)|?) dt > e ( STclP+ S0 Pleal* + yD’|2>. (5.71)
0 n=no n=nq

Next, we choose § € (0, %0) such that for any n > ng none of the products

no—1 el@n—28 _ 1
]_[ ]_[ P (5.72)
j=1 zE{—irj,a)j,—w_j,pj,—[Tj} l(C()n _Z)

vanishes. This is possible because the analytic function

eV —1

w

w1 —

does not vanish identically, and hence, since every number w, — z with z € {—irj, w;, —®;,
pj,—pj} is different from zero, we have to exclude only a countable set of values of §.
Then, we note that there exists a constant ¢’ > 0 such that for any n > ng

no—1 ei(wn—z)S —1 2 ,
I1 I1 1— oo )| 2 (5.73)
j=1 ze{—irj,w;,—®j,p;j,—p;} o =2

Indeed, it is sufficient to observe that for any fixed j =1,...,n0 — 1 and z € {—ir;, w;, —®;,

pj,—Pj} we have

eilwn—=2)8 _ | ' e Sen—2)8 |
< —0 asn— oo,

i(wn —2)8 lwp — 218

thanks to (5.66). As a result, the product in (5.72) tends to 1 as n — oo, so that it is minorized,
e.g., by 1/2 for n large enough. By repeating the same argumentations used to get (5.73), we also

have
n071 ei(pn_z)8 _ 1 2 ,
I1 I1 1— T >, (5.74)
i _
J=1 ze{=irj,wj,—®j,pj,—pj} Pn =2
In addition, we can assume that
2

no—1 428 _ |
I1 I1 1+ — ,
(n+2)8

j=1 z&lrj.iw;,—idj.ipj,~ipj}

and hence
D'’ = ¢

Therefore, the above estimate and (5.71)—(5.74) yield
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T
/|]Iu1(t)| + [Lua ()| dt>cc1(Z|Cn| +Z|D 21 pal* +|D|> (5.75)
0 n=ny n=ny

On the other hand, applying (5.65) repeatedly withr =r;,w =w;jand p=p;,j=1,...,n0—1,

we have

T
/(|]Iu1(t)|2+ |Hu2(t)|2)dl
0

no—1 T+5(np—1)8
< 25(m0=1) l‘[ (1+62|r,-\5)(1+62|3w,-\5)2(1+e2|;~:pj|5)2 / (|M1(t)|2+ |u2(t)|2)dt
Jj=1 0

From the above inequality, by using (5.75) and 5n¢é < ¢, it follows

o0 o0
UG P+ Y IDulPIpal* + 1D

n=ng n=nq
T+e
25(0—1) not ) . .
= o [T a+em)a + eRrle/m)2 (1 4 Rpsle/m)? f (jur O + |u2(0)]*) dr
Jj=1 0
whence, passing to the limit as ¢ — 0t, we have
- 2 - 2, 4 2 2100=D 7
> 1GP+ Y 1D Pipnlt 4 1DP = = [ (o + ey ar. (576
n=ng n=n 0
Moreover, thanks to the triangle inequality, we get
T o 2
f Z et +Cneiw”' +CTne—iw—nt +Dneip”t+D_ne_i’T”t dt
0 n=1
T o 2
/ uy(t) — Z (R,,e”’t + Cpe'®t + Cpe ! + D,e'Pr + D_ne_ilT”t) dt
0 n=no
T
2
52/|u1(t)| dt
0
T o 2
+ 2/ Z Rpe'"" + Cpe'®' + Che ' + D,e'Pr' + DpeP!| dt (5.77)
0 n=ngo
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and
T no—1 2
[ Z d,D,e'’P"" +d,Dye” Pt dt
0 n=1
T oo B 2
/ uy(t) — (anne’p’” + d_nD_ne_"""t) —De M| dt
0 n=nq
T T s ‘ B 2
52/|u2(t)|2dt+2/ > " (duDyne?" + dyDye'P") + De | dt. (5.78)
0 o '"="o

Putting together (5.77) and (5.78) and using (5.69) and (5.76) we have

T no—1 2
f Rner,,t + Cnela),,l + Cne—la),,t + Dnelp,,t + Dne—lp,,l dt
0

n()—l 2

T
+/ d,Dpe'’’"" + d, Dye” Pt | dt

n=1

0
T
2/(|u1(z)| + |ua(0)]?) de +2¢ Z Cal® + Z |Dal*pal* + DI
0

n=ny n=ny
210(n9—1) 7 ) )
2(1+cz )f (|u1 ]+ [u2@)|) dt. (5.79)
0

Let us note that the expression

n=1

T 0—
/ Z rnt + Cneiw,,t + CTne—iw_,,t + D,,ei‘""t + D—ne—i[T,,t dt
0

T 071 2
+/ dyDye'P"' +d,Dye” Pt dt
0

=

n=1
is a positive semidefinite quadratic form of the variable
({Rudn<ngs {Crlnngs {dn Dnlnny) € RO 5 €071 o7l

Moreover, it is positive definite, because the functions e’ , elont oiPnt < py, are linearly inde-
pendent. Hence, there exists a constant ¢” > 0 such that
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2

Z Rner"t + Cneiw”t + CTne—iw_,,t + Dneipnt + D—ne—ilT,,t

n=1

T
o
0

taking into account (5.67). So, from (5.79) and the above inequality we deduce that

dt

T
0
2 no—1

dt ="y (1Rl +1Cul? + 1DuPIpal),

n=1

no—1

d, D, e'P" +d, Dye~ P!

n=1

no—1 10(no—1) T
2 210010
S (Gl + 1D Ppalt) < = (1 4+ 25— ) [ (@ + |u2(0)]*) dr
= c c'cy
- 0

Finally, the above estimate and (5.76) yield the required inequality (5.70). O

5.4. Inverse and direct inequalities

‘We recall that
0 J— —
ul(t)ZZ(Rner,,t_i_Cnetw”t+CTne—zwnt+Dnezp,,t+D_ne—tpnt)’
n=1
s —
uy(t) =) _(dnDne""" +dyDye™'P"") + De ™,
n=1
with
0o _
D
éZm ( +—= ) (5.80)
A= n+ipn  n—ipy

Theorem 5.19. Let {w,}neN, {Fulnen and {pnlnen be sequences of pairwise distinct numbers
such that w, # Pm, ©On % Pms Tn Z iOm, Ty ZiPm, T'n 7 —N, pn Z 0, for any n,m € N. Assume

lim (R py1 —Npy) = +o00,
n—oo
lim 3p, =0,
n—oo
and for somey >0, € R, n" €N, u>0,v>1/2, my;,mp >0

hmlnf(?ﬁa),,H Nwp) =y,

lim Sw, =«, rm<—Sw, Vn>n,
n—oo
|Rn|sf—v|cn| Vnzn', Rl <ulCal Vn<n',

mi|pnl? < |dy| <ma|pa*> VneN.
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Then, for any T > 2m/y we have

T
/|u1<z) + | @)]?) r>c1<T)(Z|C| +Z|D *1pal® +|D|> (5.81)
0

where c1(T) is a positive constant.
Proof. Since T > 2m/y, there exists 0 < & < 1 such that 7 > (1 5 BY applying Theo-

rems 5.11 and 5.14, there exist ng € N, ¢(T, &) >0 and ¢(T) >0 such thatif R, =C,, =D, =0
for n < ng, then we have

o oo
oT, s)( Do ACP+ Y 1D Ipal* + |D|2>

n=ng n=no

T
< [ (O + o))
0

o0 o
sc(T)( D OICP+ Y 1D Ipal* + |D|2>.

n=ng n=ng

Finally, thanks to Proposition 5.18 we can conclude. O

Before to prove the direct inequality, we need a result, which allows us to recover a finite
number of terms in the Fourier series.

Proposition 5.20. Assume here that D is any real constant,

\dy| <ma|pal* VneN (my > 0), (5.82)
|pul = a0 VneN (ap > 0), (5.83)

and that there exists ng € N such that for any sequences {R,}, {C,} and {D,} verifying
R,=C,=D,=0 foranyn < ny,
the estimate
T
f (ur @+ |u20)[*) dr < 62( Yo+ Z |Da*1pul* + 1D ) (5.84)
T n=ng n=no

is satisfied for some cy > 0. Then, for any sequences {R,}, {C,} and {D,} such that

|Rp| < u|Cp|  foranyn <no (> 0), (5.85)
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the estimate
/(|u1<t)\ + |ua)|7) dr < cz(z Cal> + ) IDul|pal* + |D|2> (5.86)
-T n=1 n=1

holds for some Cy > 0.

Proof. Let {R,}, {C,} and {D,} be arbitrary sequences and assume that (5.85) holds. If we
use (5.84), then we have

n=ng

T 00 2
D Rue™ 4 Cre ' 4+ Cre™ ' 4 Dy 4+ Dye” P di
_T 1=
T 0 )
+ / Z (anneipnt + d_nD_ne_i[T"t) +De ™| dt
-T

o x
562( D oACP+ Y 1D Ipal* + |D|2>. (5.87)

n=ng n=ng

Now, we will prove that

T no—1 5
/ Z Rnernt+Cnelwnl+CTne—lwnl+Dnelpnt+D_ne—lpnl dt
-T n=1
T ing—1 2
+ Z annelpnt —i—d_nD_ne*ant dt
T n=1
no—1
<&y D (Gl +1DaP1pal), (5.88)
n=1

for some constant ¢}, > 0. Indeed, by applying the Cauchy—Schwarz inequality we get

no—1 2

§ Rnernt + Cnetw,,t 4 CTne—zw,,t 4 Dne‘lp"t + D_ne—tp,,t

n=1

no—1 2
< < Z |Rn|€rnt + 2|C,,|e’3‘””t 4 2|Dn|e‘3pnt)

n=1

no—1
<1200 = 1) Y (IRal?e™" +[CulPe > + | Dy Pe2")

n=1
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and in view also of (5.82)

no—1 2 no—1 2
> dyDye +dyDye | < 4( > |ann|e‘3""f)
n=1 n=1
no—1
<4(no—1) Y _ |dy*|Dy|?e 30!
n=1
no—1

< 4(ng — 1ym3 Z|pn| AR

If we use the previous inequalities, (5.85) and (5.83), then we get

T, _ 2
/ Z rnt_}_cneiw,lt_l_(:e—iw_nt+Dneip,,t+D_ne—ipT1t dt
=1
T n()—l 2
—l—/ dyDpe'’’"' +d,Dye” Prt| dt
-7 n=1
no—1 T
< 12(”0 _ 1) Z |Cn|2/(lu262rnt +e—23wnt)dt
n=1 °r
no—1 r
+4n0 — D(Bag* +m3) > |pal*|Dal? / e~ 2Pt gy,
n=1 °r
whence (5.88) follows with
T
2,2t 23wyt —4 2\ ,—23py
C’z=12(no—1),r1r5l§{/( e 4 (agt +m3)e P’)dt}.

-T

Finally, from (5.87) and (5.88) we deduce that
T
/(|u1(t)|2+ |u2(t)|2)dt
-T

00 oo np—1 no—1
< 262( DG+ Y IDPpal* + |D|2) +2€’2< DG+ )] |Dn|2|pn|“>,
n=1 n=1

n=nq n=ng

s0 (5.86) holds with C =2max{cz,¢}}. O
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In conclusion we can prove the direct inequality.

Theorem 5.21. Assume p, # 0,

lim (N ppq1 —Rpy) = +o0,
n—00

lim Jp, =0,
—00
and for somey >0, a e R, n" €N, u>0,v>1/2, m;,my>0

liminf(Rw,+1 — Rw,) =y,
n—>0oo

lim Sw, =, m<—-Sw, Vn>n,
n—oo
|Rn|sn%|cn| Vi>n', Ry <ulCal Vn<n',

mi|pal® < |dy| <malpal* V¥neN.
Then, for any T > m/y we have
T ) ) oo 0
/(|u1(r>| + [u2(0)] )drscz(T)<Z|cn|2+Z|Dn|2|pn|4>, (5.89)
°r n=1 n=1

where ¢y (T) is a positive constant.

Proof. Since T > 7 /y, there exists 0 < & < 1 such that T > y\/riTa' By applying Theorem 5.14,
there exist ¢(7") > 0 and ng = no(¢) € N such that if C,, = D,, =0 for any n < ng, then we have

T o0 o
2 2
f(|u1<r>| + |ua(0)|) dt SC(T)< DG+ Y D Ipalt + |D|2>.
n=ng n=ny
-T
We can use Proposition 5.20 to obtain, for any arbitrary sequences {R,}, {C,} and {D,},
/(|u1<t>| +[u2(0]") dt < cz(z ICal? + Y 1D Ipal* + |D|2) (5.90)

Zr n=1 n=1

for some C, > 0. Moreover, if we take

o _
D

= (i )

A — N+ipn nN—ipn

then, for some C > 0, we have
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o
D <C Y 1D Plpal*. (5.91)

n=1

Indeed, we observe that

- _
D

Empn( "+ Dr )

— n+ipn  N—ipn

R pu
n

‘R

<22|pn <22|pn

|n+lpn

whence, thanks to lim;,_, o

— 2
(i i)
n+ipn N —ipn

e ¢]

Z [Dpl|pn| | Dl pml
L It ipml| [0 +ipal

<22|D 1 pal® Z W)u% +ZZ|D 1 pm Z ——— )2 2

o
77 2Z|D 1pal®

:42

Therefore, taking into account (5.10), we have that (5.91) holds true with

= +00, we get

<4

(1 —pn )2

e 1

2B
C =4a;? E
0 A (17—Jp,,)2+‘ﬁp

In conclusion, from (5.90) and (5.91) it follows (5.89). O
6. A reachability result

Finally, by applying our abstract results of Sections 4 and 5 we are able to show our reacha-
bility result for wave—Petrovsky coupled systems with a memory term.

Theorem 6.1. Let n > 38/2. Forany T > 2r and
(10, w11, 20, u21) € L*(0,7w) x H~'(0,7) x Hy (0, 7) x H~'(0,7),

there exist g; € L2(0, T), i = 1,2, such that the weak solution (uy, us) of system

Ui (£, ) — urex (£, %) + B f ey (s, x) ds + Aua(t, x) =0
6.1)
te0,7), xe(0,m),
MZtt(ta x) + u2xxxx(ta x) + B”l(ta x) =0
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with null initial conditions

u1(0,x) =u1;(0,x) =u2(0,x) =uy(0,x) =0 xe€(0,m), (6.2)

and boundary conditions

uy(t,0)=0, ui(t,my=g1(t) te(0,7), (6.3)
uz(t,0) = u2xx (t,0) = ua(z, w) =0, uzex(t, ) =g2(t) 1€(0,7T) (6.4)

verifies the final conditions

u(T,x) =uyo(x), u (T, x)=unx), xe€(,m), (6.5)
ur (T, x) =uzo(x), uy (T,x) =uznx), xe€(,m). (6.6)

Proof. To prove our claim, we will apply the Hilbert Uniqueness Method described in Section 3.
Let X = L%(0, ) be endowed with the usual scalar product and norm

n 1/2
o]l := </|v(x)yzdx> ve LX0, ).
0

We consider the operator L : D(L) C X — X defined by

D(L) = H*(0,7) N Hy (0, 7),
Lv=—vy, veD).
It is well known that L is a self-adjoint positive operator on X with dense domain D(L), {nz}nz 1
is the sequence of eigenvalues for L and {sin(nx)},>; is the sequence of the corresponding

eigenvectors. We can apply our spectral analysis (see Section 4) to the adjoint system of (6.1).
Indeed, the adjoint system is given by

T
21t (1, %) — Z1xx (8, %) + B / e 1Dz (s, x) ds + Bza(t, x) =0,
t

te(0,T), xe(0,m), (6.7)
Zztt(t, x) + Z2xxxx(t,x) =+ AZ](I,X) = 07
216,00 =21, 1) =22(,0) = 22(¢, ) = 22xx (£, 0) = 204 (£, ) =0,
with final data
21(T, ) =z10, 21:(T, ) =211, (T, ) = 220, (T, ) = 21, 6.8)
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where
o o0
20(X) =Y _aiusin(x),  zn(x) =Y piasin(nx), (6.9)
n=1 n=1
o0 o0
220(0) =) jogsin(ux),  221(x) =) pousin(ux). (6.10)
n=1 n=1

The solution (z1, z2) of system (6.7)—(6.8) can be written in the following way (see formulas
(4.23)—(4.26)): for any (¢, x) € [0, T] x [0, ]

oo

z1(t,x) = Z(Rner"(T_’) + CpetnT=0 CT,,e_i“T"(T_’)) sin(nx)

n=1

o
+ ) (Due? T 4 Dpem T D) sin(nx),

o0
2(t, x) = Z(d,,Dneip”(T_t) + ci_nD_ne_i’T”(T_’)) sin(nx)

n=1

—n(T— l)Z;R (

In particular, by (4.22) and estimates (4.16) and (4.18) we have the following relationships be-
tween the coefficients C,, D, and the Fourier coefficients (see (6.9)—(6.10)) of the final data:

- > sin(nx).
n+ipn 1N —1Pn

,0
n2|Cul> < a? n*+p2,  nD,P<din +ﬁ (6.11)

Moreover, for any ¢ € [0, T']

o
le(t, 7_[) — Z(_l)nn(Rnern(T—t) + Cneiwn(T—t) + CTne—ia)_n(T—t))

n=1

o0
+ Z(—l)”n(Dne"P"(T*” + Dpe P70,

n=1

o0
Zox (t, 7T) — Z(_l)nn(an”el‘Pn(T*T) + d_anne*ip_n(Tfl))

n=1

B Tt o D D,
n—=

n+ipn N—1ipn

We can apply Theorems 5.19 and 5.21 to (z1x (¢, ), z2x (¢, w)). Indeed, thanks to inequali-
ties (5.81), (5.89) and (4.25)—(4.27) we have
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T 0 {
2 2
/(}ma, |+ |z2: (2, )| ) dt < an(w2 + p|Dn|2|pn|4). (6.12)
0 n=1

Therefore, if ¥ is the linear operator defined by (3.9) and

¥ (210, 211, 220, 221) = (—u11, 10, —U21, U20),
where
(210, 211, 220, 221) € Hy (0, 7r) x L*(0, ) x Hy (0, ) x H™'(0, 7),

taking into account (4.20), (4.21), (6.11) and the expressions of the norms

o0 o
2 2.2 2 2
Izl =D ofun®, llznl* =3 i,
=1 n=1
00 00 ,02
2 _ 2 2 2 _ 2n
||220||H01 —X_;‘xzn” ) ||221||H—1 = Z?,

n=1

we get

T

2 2 2 2 2 2
/(|z1x(r,n>| + 220 (6, M) d < Nzioly + Nzl + Hz20l 5 + llz21
0

Finally, Theorem 3.2 holds true, the space F introduced at the end of Section 3 is just

Hg (0, 77) x L*(0, ) x H} (0, ) x H~'(0, ),

and the control functions are given by

T
gi() =z1x(t,m) — B / ez (s, m)ds,  ga(t) = —z20.(t, ),
t

that is, our proof is complete. O

Remark 6.2. If the coupling term in the first equation is changed to us,, rather than u;, we
obtain the same reachability result.

First, we can repeat every argumentations done in Section 3, obtaining the same findings. For
example, in this case the adjoint system is given by
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T
Z1ur(ts %) = 21ea (0, 3) + / K(s — D)z 1xx (5, ) ds + Bza(t, x) =0

t

te€(0,7T), xe(0,m),
220t (8, %) + Zoxxxx (£, X) + AZ1xx (7, x) =0
Zl(tvo) =Z](t,7T):Z2(t,0) :ZZ(ts”) :ZZxx(t,O) ZZZXX(IVJT):O

with final data

Zl(Tv ) = 210> le(Ts ) = 211> ZZ(T7 ) = 220> Zzl(Tv ) =221- (613)

Moreover, we can reproduce the same calculations given in Section 4. In particular, we get that
AjA has to substitute A in every formula containing the coupling constant A. For example, in
formula (4.13) the expression of coefficients C4; becomes

aj . A 1
Cqj = +(0‘2j_l'021)2 2 +(02j + )0 332

2X;
/ Aj

and hence estimate (4.18) must be written as
2

cif o P2j 2
k_3(a2j)‘./ + T) <|Cy45]" =
7 J

2

&3 P2
3 Olzj)» + — (6.14)
]

J

Therefore, by (4.22) and estimates (4.16) and (6.14) we have the following relationships between
the coefficients C,;, D,, and the Fourier coefficients of the final data (6.13):

p
nCul? = af,n® +pf,,  n®|D* =< a3,n? +ﬂ (6.15)

In addition, taking into account (6.12) and recalling that we have to write n2A in place of A, we

have

n=1

T o0
2 2
/(|mx(t,n>| +|z2e (. 7)) )drx2n2<|cn|2+ —471Dal |pn|4>
0
whence we obtain again
T
2 2
/(|Z1x(l,7T)| + |z (. )|7) di = ||zm||i,01 +lznl®+ ||zzo||i,01 + llz21 13,1
0
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