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Abstract

In this paper, we study the global well-posedness of classical solutions to the 2D compressible MHD
equations with large initial data and vacuum. With the assumption p = const. and A = p/3 , B>1
(Vaigant—Kazhikhov Model) for the viscosity coefficients, the global existence and uniqueness of classical
solutions to the initial value problem is established on the torus T2 and the whole space R2 (with vacuum
or non-vacuum far fields). These results generalize the previous ones for the Vafgant—Kazhikhov model of
compressible Navier—Stokes equations.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction and main results

In this paper, we study the following compressible isentropic magnetohydrodynamic equa-
tions which describe the motion of conducting fluids in an electromagnetic field in a domain £2
of R?
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pr +div(pu) =0,
(pu); +div(pu ®u) + VP(p)=H -VH = AVIHP? + Lou, xe2,t>0 (1.1

Hi+u-VH—-H-Vu+ Hdivu —vAH =0, divH =0,

where p(t,x) > 0, u(t,x) = (uy,u2)(t,x), H(t,x) = (Hy, Hy)(¢, x) represent the density, the
velocity and the magnetic field respectively, and the pressure P is given by

P(p)=ApY, y>1. (1.2)

In the sequel, we set A =1 without loss of generality. The operator £, is defined by

Lou =y,Au—|—V((;L+A(p)) divu), (1.3)

where the shear and bulk viscosity coefficients u, A are assumed to satisfy

u = const. >0, Ap) = ,0’3 (1.4)

such that £, is strictly elliptic. Moreover, the magnetic diffusive coefficient v > 0 is a given
positive constant.

There are extensive studies on the well-posedness theory of MHD system when the viscosity
coefficients are both constant. The local existence and uniqueness of strong solutions were ob-
tained by Vol’pert—Hudjaev [43] as the initial density is strictly positive and by Fan—Yu [15] as
the initial density may contain vacuum. Kawashima [32] first obtained the global existence and
uniqueness of classical solutions when the initial data are close to a non-vacuum equilibrium in
H?3-norm. For general large initial data, Hu—-Wang [20,21] proved the global existence of weak
solutions with finite energy in Lion’s framework for compressible Navier—Stokes equations [35],
provided the adiabatic exponent y is suitably large. Recently, Li-Xu—Zhang [33] established the
global existence and uniqueness of classical solutions to the Cauchy problem for the isentropic
compressible MHD system in 3D with smooth initial data which are of small energy but pos-
sibly large oscillations and vacuum. This generalize the result for compressible Navier—Stokes
equations obtained by Huang—Li—Xin [24].

The density-dependent viscosity models have received a lot of attention recently in particular
for the compressible Navier—Stokes equations where the effect of magnetic field was ignored in
the MHD system, refer to [2-4,19,27,31,34,36,37,44-46] and the references therein. Such mod-
els can be derived from the Boltzmann equations by the Chapman—Enskog expansions where the
viscosity coefficients depend on the temperature so that they are depending on the density for
isentropic flows [34]. Moreover, the viscous Saint-Vanant system for shallow water model can
be expressed exactly in the form of density-dependent viscosity [14]. However, the progress for
multi-dimensional problems of density-dependent viscosity model is very limited since the high
degeneracy of equations except for the existing difficulties for compressible Navier—Stokes. The
global existence of weak solutions to the compressible Navier—Stokes equations with density-
dependent viscosities also remains open, except for symmetric data case [19] and the L! stability
results [36]. It is remarkable that Kazhikhov—Vaigant [42] first proposed and studied the global
well-posedness of strong solutions uniformly away from vacuum for the two-dimensional pe-
riodic problem for compressible Navier—Stokes equation with the special viscosity coefficients,
that is, ;« being a positive constant and A = p#, 8 > 3. Moreover this is the first ever global strong
solution with no restrictions on the size of initial data in multidimensional space. Recently, there
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were some generalized results for this Vafgant—Kazhikhov model of viscosity coefficients with
initial data permitting vacuum, for example, Jiu-Wang—Xin [28] and Huang-Li [22] proved the
global existence and uniqueness of classical solutions to the periodic problem of this model
for 8 >3 and g > % respectively. Huang-Li [23] and Jiu—-Wang—Xin [30] established the global

well-posedness theory to Cauchy problem of this model for 8 > % with vacuum and non-vacuum
at fat fields respectively. More recently, Huang—Wang [25] took full advantage of the Brézis—
Wainger inequality to generalize the results for 8 > 1 which seems to be the extremal case for
the global well-posedness of the Vaigant—Kazhikhov model of viscosity coefficients for the com-
pressible Navier—Stokes equations.

In this paper, we consider the initial value problem (IVP) of Vafgant—Kazhikhov model of
viscosity coefficients for the MHD system (1.1) in the domain £2 either be the periodic one T?
or the whole space R? with supplement initial data

(p,u, HY(x,t =0) = (po, ug, Hy), xe€52. (1.5)

Furthermore, we also impose the following far fields when £2 = R?:

(po, uo, Hy)) = (9 >0,0,0), as|x| — oo. (1.6)

The main results in this paper can be stated as follows. The first result concerning the period
problem reads as

Theorem 1.1. If B > 1 and the initial data (pg, ug, Hy) satisfy
0<poe W(T*)NLY(T?), (uo, Ho) € H*(T?) x H*(T?) (1.7)

for some q > 2 and the compatibility condition

pwAug + V((1 + A(po)) divig) — VP (po) + (V x Ho) x Ho = /pog (1.8)

with some g € L>(T?). Then there exists a unique global classical solution (p,u, H) to the
compressible MHD equation (1.1) and (1.5) satisfying

0<p(t,x)<C, Y(t,x)el0,T1xT? (p, P(p)) e C([0, T1; W>(T?)),

pr € C([0,TT; L9(T?)), (u, H) e C([0, T1; H*(T?)) N L*(0, T; H*(T?)),

Vi, H) e L™(0, T; H3(T?)), t(u, H) € L®(0, T; W>4(T?)),

(ur, H) € L*(0, T; H'(T?)),  V1(u,, Hy) € L*(0, T3 H*(T?)) N L>(0,T; H'(T?)),

t(ug, Hy) € L%(0, T; H*(T?)),  V1(Jpuu, Hy) € L*(0, T; L*(T?)),

t(J/Puss, Hy) € L0, T; L*(T?)),  t(Vuy, VHy) € L2(0, T; L*(T?)) (1.9)

forany 0 <T < oo.
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Remark 1.2. If the initial data contains vacuum, then it is natural to impose the compatibility
condition (1.8) as the case of constant viscosity coefficients in [8]. This is also natural for the
whole space case in Theorems 1.4 and 1.6.

Remark 1.3. It should be mentioned that 8 > 1 obtained here seems to be the extremal case (cf.
Lemma 3.5) for the global theory of classical solutions to the MHD system (1.1). The same thing
holds for the whole space case in Theorems 1.4 and 1.6.

Concerning the Cauchy problem in R? with the initial data of vacuum far fields (5 = 0), we
can obtain that

Theorem 1.4. If 8 > 1 and the initial data (pg, ug, Ho) satisfy

0 < (po, P(p0)) € WH4(R?) x W24 (R?), (uo, Ho) € H*(R?) x H*(R?),
po(1+1x[*1) € L'(R?),  pouo(1+ Ix2) € L*(R?), Vuglx|? € L*(R?), (1.10)

for some g > 2 and the weights 0 < a < 2/~/2 — 1, @ < a1 and the compatibility condition

pAug+ V((1 + A(po)) divig) — VP (po) + (V x Ho) x Hy = /pog (1.11)

with some g(1 + |x|2) € L2(R?). Then there exists a unique global classical solution (p,u, H)
to the compressible MHD equation (1.1) and (1.5)~(1.6) satisfying

0<p(t,x)<C, Y(t,x)el0,TIxR% (p, P(p))eC(0, T, W>4(R?)),

p(1+ x4 e C(10, T LY(R?)), pu(l+1x12), pu(l+IxI2) e (0, T]; L*(R?)),
Vulx|? € C([0, T1; L2(R?)), (u, H) € C([0, T1; H*(R?)) N L2(0, T; H3(R?)),

Vi, H) e L®(0,T; H*(R?)), t(u, H) € L™(0, T; W>1(R?)),

(ur, H) € L*(0, T; H'(R?)), ~t(ur, H) € L*(0, T; H*(R?)) N L>®(0, T; H'(R?)),

t(us, Hy) € L®(0, T; HX(R?)), ~1(/pus, Hy) € L*(0, T; L*(R?)),

t(Pun, Hy) € L0, T; L*(R?)),  t(Vuy, VHy,) € L*(0, T; L*(R?)) (1.12)

forany 0 < T < oo.

Remark 1.5. The weight imposing on the velocity field was indicated by Jiu—-Wang—Xin [29]
which is used to overcome the failure of Poincaré-type inequality for unbounded domain. How-
ever, we also can obtain the spatial weighted estimate of the density provide that it initially has
one. This is motivated by the decay of density for large value of the spatial variable x. We can
refer to Huang-Li [23] for more details.

If the initial data of the density has non-vacuum far fields, i.e. p > 0, then the following results
can be obtained
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Theorem 1.6. If 8 > 1, 1 <y <28, and the initial data (pg, ug, Hy) satisfy

0 < (oo — A, P(po) — P(p)) € W2 (R?) x W>9(R?), (uo, Ho) € H*(R?) x H*(R?),

W (po. 5)(1 +1x%) € L'(R?).  /pouo(1 +1x|7) € L*(R?), (1.13)
. , 4G 2+M2 s .
for some q > 2 and the weights 0 < a” < —Vaa and the compatibility condition
w
nAug + V(1 + A(po)) divig) — VP (po) + (V x Ho) x Ho = /pog (1.14)

with some g € L>(R?). Then there exists a unique global classical solution (p,u, H) to the
compressible MHD equation (1.1) and (1.6) satisfying

0<p(t,x)<C, VY@,x) €l0,TIxR* (p—p,P(p) — P(p)) € C(I0, T]; W4 (R?)),

w(p, p)(1+1x%) € (0, T; LY (R?)), /pu(l +1x|2) € C([0, T1; L*(R?)),

(u, H) € C([0, T1; H*(R?)) N L*(0, T; H?(R?)),

Vi, H) e L*(0,T; H*(R?)), t(u, H) € L™(0, T; W>1(R?)),

(ur, Hy) € L2(0, T; H'(R?)),  t(us, Hy) € L*(0, T; H*(R?)) N L™ (0, T; H'(R?)),

t(us, H) € L®(0,T; H*(R?)), 1(J/puw, Hy) € L*(0, T; L*(R?)),

t(Pure, Hy) € L0, T; L*(R?)),  #(Vuy, VHy) € L*(0, T; L*(R?)) (1.15)

forany 0 < T < oco.

XD _
4(,/2+ m 1)

1422

Remark 1.7. As remarked by Jiu—Wang—Xin in [30], if A(p) < 7u, one has > 1.

4 2+H2 1)

—
1+42

2

Then we can choose a weight « satisfying 1 < a” < . In this case, the condition

y <2f in Theorem 1.6 can be removed.

“5)
4(,/2+20

~ -1 .. .
Remark 1.8. If p =0, then 0 =4(y/2 — 1). This is exactly same as the result in
I

Theorem 1.4.

We now comment on the analysis of this paper. Since the local well-posedness of classical so-
lutions to the MHD system can be achieved as in [15,41,43] with given smooth initial data. One
can only need to derive the a priori estimate to extend the local solution to global in time one.
The key issue of the a priori estimate is to obtain the uniform upper bound of the density. Since
the magnetic field is strongly coupled with the velocity field of the fluid in the compressible
MHD system, some new difficulties arise in comparison with the problem for the compress-
ible Navier—Stokes equations studied in [42,28,29,22.23]. The following key observations help
us to deal with the interaction of the magnetic field and the velocity field very well. First, we
give the L®LY (p > 2) estimate of the magnetic field H based on the elementary energy es-
timates for Egs. (1.1) and the standard L? estimates of the parabolic equation (1.1)3. With this
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observation at hand, we can follow the ideas of elliptic estimates and standard L? estimate for
transport equation, which are developed in [42,28,29], to derive the crucial L?oLf (p =2)of
the density. To derive the upper bound of the density, we take full advantage of the ideas devel-
oped for compressible Navier—Stokes equations in Huang-Li [22,23]. That is, first, we show that
log(1 + [[Vull2 + IVH]||2) is bounded by a power function of ||p||sc by energy type estimates
(in particular estimate of effective viscous flux) and the compensated compactness analysis; then
rewriting the momentum equation (1.1), as the form in terms of a sum of commutators of Riesz
transforms and the operators of multiplication by u;, H; and using the W!7-estimate of the
commutator due to Coifman—-Meyer [9] and the estimate of momentum || pu| ,, we obtain an
estimate on the L' (0, T'; L°°) of the commutators in terms of ||p|oo; finally the Brézis—Wainger
inequality gives the key upper bound of the density provided B > 1. However, for the com-
pressible MHD system, the new term H - VH - i comes out in the process of the estimate for
log(1 + ||Vull2 4+ [[VH]2) in terms of || p|lco Which is crucial in [22,23]. We observe that this
terms can be calculated through integration by parts and reduced into the L%L% estimate of V2 H.
Moreover, the LIZL% estimate of VZH can be derived by standard energy estimates through mul-
tiplying the magnetic equation (1.1)3 by AH. The rest of this thesis is organized as follows. We
first recall some preliminary lemmas in the next section. Sections 3 and 4 concerning the a priori
estimates is the main parts of this paper. In Section 3, we give the complete lower and higher
order estimates for the (IVP) in T2. However, we skip fully detailed estimates for simplicity and
just show the key weighted estimate for the (IVP) in R? to overcome the failure of Poincaré-type
inequality. We can refer to [29,30] and Section 3 for more details. The proof of main results is
proved in the final section.

Notations: Throughout this paper, positive generic constants are denoted by C, which may
change line by line. The small constant to be chosen is denoted by ¢, o and . For functional
spaces, L?(£2), 1 < p < oo, denotes the usual Lebesgue spaces on §2 with the L” norm denoted
by [l p- WX P (£2) denotes the standard Sobolev space and H*(§2) := Wk2(£2).

2. Preliminaries

The well-known local existence theory for the MHD equations with constant viscosity coef-
ficients, where the initial density is strictly away from vacuum, can be found in [43,41,15]. The
similar way, that is, using linearization, Schauder fixed point theorem and borrowing a priori
estimates in Sections 3 and 4, can give the following local existence of classical solutions for the
bulk viscosity A be the power of the density. We omit the details here for simplicity.

Lemma 2.1. Under the assumptions of Theorems 1.1, 1.4 or 1.6, there exists a Ty > 0 and a
unique classical solution (p,u, H) to (1.1)—(1.6) satisfying the regularity properties (1.9), (1.12)
and (1.15) with T replaced by Ty

Several elementary lemmas are used frequently later. The first one states the Gagliardo—
Nirenberg inequality with best constant and the Sobolev inequality.

Lemma 2.2.

(1) (See [38].) For any h € W™ (T2) or h € W (T2) with [, hdx =0 or h € W™ ([R?) N
L" (R?), it holds that
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0 1-6
Ihllg = CIVARIL IR, 2.1
1 1y,1 1 1\— . 2 .
where 6 = (5. _3)(7_E+§) U and if m <2, then q € [r, 521, if m =2, then q €

[r, +00), if m > 2, then q € [r, +00). In particular, for any f € H'(T?) with sz fdx =0
or f € HY(R?), it holds for any p € [2, +00) that

p—2

I£ll, < CIAIZIV I, 2.2)

(2) (See [12].) (Best constant for the Gagliardo—Nirenberg inequality.) For any h € D™ (R?) :=
(h e L"TY(R?)|Vh € L2 (R?), h € L™ (R?)} with m > 1, it holds that

17 llom < AmlI VRIS a0 (2.3)

m+1°

—1_ 1
where 6 = 3~ 3 and

=

0 1
m+41\2 2 2m
Ay = —_— <C
" (271’ ) <m+1) =tm

with the positive constant C independent of m, and A, is the optimal constant.
The following lemma is the Sobolev—Poincaré inequality.

Lemma 2.3.

(1) (See [18].) For any h € W™ (T2) or h € W' (T2) with [ hdx =0 or h € W™ (R?), if
1 <m<?2, then

1
170 2n = CQ2—=m)" 2 Vhlim, (2.4)

where the positive constant C is independent of m.
(2) (See [16].) Let v e H'(T?), and let p be a non-negative function such that

0<M§/pdx, /,oydeEo (2.5)

T2 T2

with y > 1. Then there exists a constant C depending solely on M, Eq such that

IIUII%SC<f pvidx + IIVUII§>. (2.6)

T2

Next, the following Caffarelli-Kohn—Nirenberg weighted inequalities are crucial to the
weighted estimates in the two-dimensional Cauchy problem on the whole space R2.
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Lemma 2.4.
(1) (See [6].) For any h € CSO(Rz), it holds that
[lx“r], < Cl[xte1val |5 |lx1Pa )¢ @7
where 1 < p, g <+00, 0 <r <400, 0<6<1, %+%>0, é+g>0, %—l—’; > 0 and
satisfying
1 a—1 1
-+ -—=0—-+ +(1-0) —~|—'3 , (2.8)
r 2 2
and

k=00 + (1 —0)p,

with0<a—ocif0>0and0<a—oc <1 if@>0and%+°‘771=%+%.
(2) (See [7].) (Best constant for Caffarelli-Kohn—Nirenberg inequality.) For any h € C SO(RZ),
it holds that

[P h]l, = Ca |51V,
wherea>0,a—1<b<aand p= -2

(2.9)
a—b-
the above inequality is Cyp = Cq,q—1 = a.

Ifb=a — 1, then p =2 and the best constant in

The following weighted-LP?-estimates can be proved through the A,-weighted theory in
Stein [40] (or see [29])

Lemma 2.5.

(1) It holds that for any 1 < p < +ooand u € CSO(RZ),

IVull, < C(Idivul, + llwll ). (2.10)
(2) It holds that for | < p <400, -2 <a <2(p—1)andu € CSO(RZ),

[1x171val ], < C(|1xl? diva], + [1x]7 o] ,).

@2.11)

The following Brézis—Wainger inequalities and properties of the commutator [b, R; R;]1(f)
will be used to derive the upper bound of the density p.

Lemma 2.6. (See [5,13].) Let 2 be T2 or R2. For q > 2, there exists a positive constant C
depending only on q such that every function v e W4 (82) satisfies

1
lvlleo < ClIVvll2log? (e + [ Vullg) + Cllvll2 + C. (2.12)
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Lemma 2.7. (See [9,10].) Let b, f € C*°(T?) or C°(R?). Then for p € (1, +00), there exists a
constant C(p) such that

|to. RiRICH |, < Clibllsmoll f1lp- (2.13)

Moreover, for gi € (1, +00) (k=1,2,3) with qil = qiz + q% there exists C depending on qy such
that ’

(42 RiRj](f)qu < ClIVblig, |l fllgs- (2.14)

where [, ] and R; are standard Lie bracket and Riesz transform respectively, that is,

[b, RiR;1(f) :=bR; o R;(f) — Ri o Rj(bf), i,j=1,2.

The following Beale—Kato—Majda type inequality [1,26] will be crucial to derive the first
order derivative estimate of u.

Lemma 2.8. For 2 < g < 400, there exists a positive constant C may depend on q such that the
following estimate holds for all Vu € W4 (T?) or W14 (R?) N L%(R?),

[Villoo < C(lIdivielloo + ll@lloo) log(e + HVzqu) + C|[Vul2 + C. (2.15)

Finally, the following well-known Aubin-Lions Lemma is the key to guarantee that the solu-
tion with regularity shown in (1.9), (1.12) and (1.15) is a classical solution.

Lemma 2.9. (See [39].) Let X, Y, Z be three Banach spaces with X C Y C Z. Suppose that X
is compactly embedded in' Y and that Y is continuously embedded in Z.

(1) Let G be bounded in LP (0, T; X) where 1 < p < 400, and % be bounded in LY (0, T: Z).
Then G is relatively compactin L? ([0, T]; Y).

(2) Let F be bounded in L*°(0, T; X) and %—f be bounded in L" (0, T; Z) where r > 1. Then F
is relatively compact in C([0, T]; Y).

3. A priori estimates (I)

In this section, we will give the a priori estimates for the (IVP) of (1.1) and (1.5) on the
periodic domain T? under the assumption inf, .2 po > & > 0. These estimates are uniform in .

3.1. Lower and upper bound of density

First, we derive the elementary energy estimates.
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Lemma 3.1. There exists a positive constant C only depending on (pg, uo, Ho), such that

sup (Iy/pull3 + o1y + ol + I1H13)

0<t<T

T
+ [(nvuu% Fllol} + [ (2u + 1) divu|3 + IVH|3)dr < C. 3.1)
0

Proof. Multiplying Eq. (1.1), by u and Eq. (1.1)3 by H, then integrating over T? x [0, ¢], we
can obtain that

lu>  |H|? 1

t
f(pT +—+ ﬁpy)dx + f /[mvmz +VIVH? + (1 + A(p)(divu)?)|dxdt
0

2 2
H 1
:f ool M 1 \ax<c, (32)
2 2 Ty

where we have used integration by parts, the continuity equation (1.1); and the equation for the
pressure writing as

P+u-VP+yPdivu=0

Note that

/ pdx = / podx,

and

/[mvmz + (1 + 2 (0)) (divu)?]dx = /[,ua)2 + (21 + 1 (p)) (divu)*]dx.

So, the proof of lemma is completed by combining the above equalities together. O
Next we derive a priori L;’OL)’; estimates for the magnetic field H in 2D case which is a
crucial different point and a fundamental observation for the well-posedness of compressible

MHD equations in comparison with compressible Navier—Stokes equations.

Lemma 3.2. For any p > 2, there exists a positive constant C such that

sup [|H|l, <C. (3.3)

0<t<T

Proof. Multiplying Eq. (1.1)3 by p|H|?~2H and integrating over T2, we obtain, by using of the
Gagliardo-Nirenberg inequality, that
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d H|?
E/|H|pdx+vp[|H|P_2|VH|2dx+vp/Vu-V|H|1’_2dx

2
=(1 —p)/|H|pdivudx+pr-Vu~|H|”_2de
P p
< [ 117 1Vuldx = |71Vl < €1 || 9181 19l
Vp _
57/|H|f’ 2\ H 2dx + C|Vu 3| H (3.4)

which yields that

d
I < CIVulIHI.
t
Applying Gronwall’s inequality and using Lemma 3.1, we have

sup [[HIp, <C. O
0<t<T

Applying the operator div to the momentum equation (1.1),, we have
[div(ow)], + div[div(ou ® u — H ® H)] = AF, (3.5)

where the effective flux F is defined by

F = (2/L +A(,0)) divu — P — g 3.6)

Consider the following two elliptic problems:
— A& =div(pu), /S(t, x)dx =0, 3.7
—An=div[div(ou ®u — H® H)], / n(t,x)dx =0, (3.8)

both with the periodic boundary conditions on T2. Then, we can derive the following elliptic
estimates. It can be easily established through a similar way in [42] and [28]. So, we omit it here
for simplicity.
Lemma 3.3.
(1) IVEllom < CmIIpII% lull2mi, for any k > 1, m > 1;
1
() V&= = Clipll5,, forany 0 <r < 1;
3) Inllam < Cmllpl 2ot Nl + 1 HIZ,,), for any k> 1, m > 1,

where C are positive constants independent of m, k and r.
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Lemma 3.4.

1 1 1
M) Ellom < Cm2||VE| 2n < Cm2||pllm, for any m > 2;

m+1
@) lullam < Clm2 || Vully + 11, for any m > 1;
3 1 1
(3) IVEllzn = CIm3 k2 1ol k6 ()7 +mllpllms ], for anym = 1, k > 1;

) Inllan < Clmklpll s +mllpllzus +m¢ () +m], for anym =1, k > 1,

where C are positive constants independent of m, k, and,
(1) = [(Maﬂ + (21 + 1)) (divu)* + v|VH[*)dx, t€[0,T]. (3.9)

Substituting (3.7) and (3.8) into (3.5) yields that

A(§t+n+F—/F(t,x)dx)=0 (3.10)
with
/<§t+ﬂ+F—/F(t,x)dx)dx=O.
Thus it holds that
s,+n+F—/F(t,x)dx=o. (3.11)
Define
¢ 2 4 A(s) 1
A(p) = / %ds —2ulogp + E(pﬁ —1). (3.12)

1

Using the definition of the effective viscous flux F and the continuity equation (1.1);, one has

2
(A(p)—&‘)t+u-V(A(,o)—E)+P+%—n+u-V§‘+fF(t,x)dx=O. (3.13)

Next, we derive the L?OL,If estimate of the density using of the transport equation (3.13)
similar to Lemma 3.5 in [28].

Lemma 3.5. Assume B8 > 1, forany p > 1,

2
sup |lpll, <CpPT, (3.14)

0<t<T

where C is a positive constant independent of p.
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Proof. Multiplying (3.13) by p[(A(p) — & )Jr]2’”_l and integrating over T2, where (h)+ denotes
the positive part of the function #, it holds that

1
2m dt

m— 1 m—
+/pP[(A(p)—$)+]2 ldx+E/lelz[(A(p)—%'L]2 ldx

pl(AGp) =€), " dx

Z/pﬂ[(A(p)—E)sz_ldx—fpu~V€[(A(p)—E)+]2”"ldx

+([F(r,x)dx><fp[(A(p)—g) 1" 'a ) ZK (3.15)

Define

F0) = { / pl(Ap) - s)+]2’"dx}2'"

Next we estimate the terms on the RHS of (3.15)
|K1|sfpzm|n|[ (Ap) — )] 5 dx<C||p||2mﬁ+1||n||2m+%||p(A<p>—s)iﬂllﬁ

L 1\2 )
= Cllplympr |\ M+ 57 kllpllz(,,,+ O+ (ot 2 1ol Fm=1 ()
! 28 Zﬂ Xntapt

< Cllply iy £ O mp (1) +m). (3.16)

where using of Lemma 3.4 and choosing k = %

|K2|s/pﬁ|u||va[ (Ap) — &) " dx
2m—1
< C||p||2,,,,3+1 e ll20mp | VE l12mg | (A (0) — £)F7 ], "
o 1 3.1 1 2m—1
<C||p||2;;,,3+1[(mp>2||w||z+1][(mq>zkz||p||%¢z<t>+m||p||%]f (t)
< ClIZ 12 O 0) +1][m g )+ m]

< C||p||2m,3+1f2'”“(t)[m2¢>(t) +m] (3.17)

where using of Lemma 3.4 and choosing p =g = 2'"/’2“, k= %
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1
IKs| 5/’(2u+k(p))divu P~ S IH

ax [ o5 o) - )]

1
< U(h+A(p>)§<divu>2(f2u+A<p>)2 +/P<p>dx+%/|H|2dx]

2m—1
< 1017 [ o(Ap) — £)2m]

1
sc[¢%<r>+¢>%(r></ ﬂdx) ]fz'” L)

2m—1 % 1 5
<C [0 0 + 2 Opl3,41 + 1] (3.18)

Substituting (3.16)—(3.18) into (3.15), one has

—f(t) <C[1+670) +¢? (z)npnwﬂ T+ +mloly 2] G19)

Integrating over [0,t], we have
t

t
B
fO < fO)+C [1 + / ST P13, (DT + f (m2¢(2) +m) ||p||2mﬂ+1(r)dr}
0

0

1
where f(0) = (f pol(A(po) — £0)+1*"dx) 2.
It is easy to show that ||£p||oc < C. By the definition of A(pg) =2ulogpo + %(pg — 1), we

have A(pp) — & — —o0 as py — 0. Thus, there exists a o > 0 such that if 0 < pg < o, then

(A(po) — &0)+ =0.
Now, one has

1

M 2m
f0)= {/ﬁo A(po) — ) dx:| =C(o. M).

It follows that
t

t
B €
F) < C[l + f O (Pl 341 (DT + / (m*p (1) + m)npni;;'il(r)dr}. (3.20)
0

0

Set 21(t) ={x € T2|p(t,x) > 2} and §2,(t) = {x € 21()|A(p)(t,x) — &(¢t, x) > 0}. Then one
has

B
TnBFI
"p"zﬁmﬂu(‘):(/ PP i + f pz"’f‘“dx)

1) T2 -2 (1)

B B
2mpB+1 2mp+1
5(/ pzmﬂ+ldx> +C§C(/ ,0|A(p)|2mdx) +C

£21(1) 21(t)
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B
2 2 Zmp+T

=c</ p|A(p) —&+£|"dx + / ,0|A(p)|mdx) +C

() 21()—22(1)
sc(/ plagy—e["ax+ [ pspras [ p|é|2'"dx) +c

§£2,(1) §25(1) £21(1)—822(1)

B
2m 2m 2mp 1
<C|f™®+ | pl&l +C
B
2 2mpB+1

< C[l + f()+ (fplél ’"dx) } (3.21)

Note that

B
ZmfT1 2mB
2m 2mﬂ+l 2mB+1
<
(/pm dx) A

2mp Bun+1)

1
mﬂ 1\2 1 ImB+1 1 tn
< Cllpllymp 1 [(m + ﬁ) ||p||;+ﬁ] <Cm2|plymgy,  (3:22)

we can obtain

-
101501 < CLL+ £) +m2 ol ()]

mp+1

1
< S1Pyp1 )+ C (14 F ) 4 mTO7T). (3.23)

Thus it holds that

11551 1) < C[f(t) ]
t

<c|m 4 / @ 1p1 g0y (DT + / (m2¢<r)+m)||p||2mﬂ+1(r>dr}
0

0

t

cfm s / 1215541 (DT + / (m2¢(r>+m)||p||2m,3+l<r>dr] (3.24)
0

0

Applying Gronwall’s inequality yields that

B
o151 (1) < c[m BT 4

o .

(m*p(x) + m)llpllzmﬁ+1(f)df:| (3.25)
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Denote
__2_
y@)=m 1 pllamp+1(2).

Then it holds that

_ t t
P IR | 1l _1__ 14l
y (1) < C| m@-DE-D 4 pm@B-D /¢)(‘L’)y(‘[) mdt + mmB-D /y n (T)dt

- 0 0

t
<C|1 +f(¢(r) + l)yﬁ(r)dr:|.
0

So applying Gronwall’s inequality again yields that
y@) <C, Vvtel0,T].

That is,

2
lollzmps1(t) <CmP-1, Vtel0,T].

For 1 < p < 2B + 1, using of interpolation inequality, we have completed the proof of the
lemma. O

Lemma 3.6. For any ¢ > 0, there exists a positive constant C (&) such that

T
2
p=(1) 1+B8e
sup log(e + Z%(1) +/7dt5ccb , 3.26)
Ogtgr g( ( ) , e+ Z2%(1) T (

2 .
where Z2(t) := [(uw? + W + [VHP)dx, ¢*(t) = [(pli)* + |[V?H|?)dx, &1 =
ol + 1.

Proof. First, we can rewrite the momentum equation into
pii=VF+uV+to+ H-VH, (3.27)

where V1 := (32, —91).
Multiplying (3.27) by i, integrating over T2 and using of integration by parts, one has

/p|u|2dx=—/Fdivudx—u/wvi.uder/H-VH-udx. (3.28)
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Direct calculations show that
.. D |
divie = Dr divu + (01u - VYuy + (ou - V)uy
D 1 . 2
= Dr divu —2Vuy - V-uy + (divu)~, (3.29)
) D .

\Y ~u:—a)—(81u~V)u2+(82u~V)u1:Ew—i—a)dlvu. (3.30)

Dt

In order to obtain the upper bound of the density, the following observation is the key to handle
the strongly coupled magnetic field with the velocity field, which help us to avoid the a priori
estimates of V.

/H-VH~1'4dx=/H-VH~(8,u—I—u-Vu)dx

d
:E/H-VH-M—/(H,-VH-LH—H-VHZ-u)dx—/H-V(u-Vu)-H
d
:—E/H(X)H:Vudx%—/(H,-Vu-H—I—H-Vu-Ht)dx

—/(HoVuiaiu-H—}—HkuiaizkuoH)dx
d
:-E/H®H:Vudx+/(H,-Vu-H+H~Vu-Ht)dx
—/[H-Vukaku-H—u-VHkaku-H—H~Vu-Hdivu
—(H -Vu)-(u-VH)]dx
=—%/H®H:Vudx+/(Hf—H~Vuk+u-VHk)8ku'de

+/H~Vu(H,+Hdivu+u~VH)dx

d
:—E/H(X)H:Vudx+/(vAH—Hdivu)~Vu-de

+ / H-Vu-(AH+ H - Vu)dx. (3.31)

It follows from (3.28)—(3.31) and integration by parts that

1d 2 F? +/ i
2q: J\M T2 ) Pl

d
:—E/H(X)H:Vudx—%/a)zdivudx—i—Z/FVul.VLugdx

1o, 1 / 1
Z | F?4 — d
+2f ””[p<2u+x<p)> 2M+A(p)} '
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raso(55) ~
+/ i 2u+r(p))  2m+r(p) !

1 2 4 ! 1
+§/FH le“<P(2M+x(g))+2M+)~(p))

(H-Vu-H+vH - -AH)dx

_/ 2u+ A(p)

+/(UAH— Hdivu) -u - de+/H~Vu -(WAH + H -Vu)dx. (3.32)

On the other hand, multiplying (1.1)3 by —AH and integrating over TZ, one has

1d
EE/WHFCMH/\VZH\QM =/(u~VH — H-Vu+ Hdivu)AHdx. (3.33)
Combine (3.32) and (3.33), we have

d d
—Z2+¢2§—E/H®H:Vudx—M/wzdivudx—2/FVu1-Vluzdx

dt
+1/F2divu|:p( ] )/— : i|dx
2 2u+ 1 (p) 2+ 1 (p)
+/Fdivu|:p< P >/— P ]dx
2u+2(p) 2u+A(p)

1 2 ! / :
+§/FH le“("(zu—i—A(g)) +2M+)»(/0))

(H-Vu-H+vH-AH)dx

_/2M+7»(;0)
+/(vAH—Hdivu)ou~de+/H-Vu'(vAH—i—HoVu)dx

9
d
+/(u~VH—H-Vu+Hdivu)Ade=—EJo+ZJ9. (3.34)
i=1

Note that
AF =div(pii — H - VH); wAw=V=t.(piu—H-VH).
It follows from elliptic estimates, (2.2) and Lemma 3.1 that

. i 1
IVE|2 + Vol < C(Ilpullz +IH - VHIIz) <C(P7p+ IIVH||2§02), (3.35)

1 1 1 1 Ly
lolls < Cllol} Voll3 <CZ2(D7¢92 +[|[VH|] ¢*). (3.36)
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Also, one has

i
IVull3 + lwll3 + IVHI3 + || (20 + 2(0)) 2 divu |3 < C(1+ Z2). (3.37)
Now we estimates the terms on the RHS of (3.34). First, (3.36) and (3.37) yields that
2 3 1
[J1] < CllolilIVull < CZ(@Fo + |VH [202) | Vull2

<o’ + C(Prl|Vul32° + |VH|3 + | Vul32°)
<0@> + COr(1+|IVul3 + IVHIB)(1 + Z2). (3.38)

Next, by using the duality between Hardy H> and BMQ spaces [17] and “div-curl” lemma of
compensated compactness [11], since curl Vu| = div V41, =0, we can obtain that

|12l < CIIF llgmo || Vur - VVuz| 0 < CIVF 2l Vurll2 |V uz |,

i 1
<C(P2o+IIVHI202)||Vul}
< 0@+ C(@r|IVuls + IVuls + IVHII3)

<o@> + COr(IVul3 + IVHI3) (1 + Z2). (3.39)

B
Note that | F||2 < @% Z, it follows from (3.35) that, for any ¢ > 0,

2 1—¢
HFi SCH# IFIN, < CZ I FISIVEIL
2u+A(o) |2 N2+ 2 (p) 2 G
Be 1 1
<CZdF (PFo+ VHI202). (3.40)

Thus, we can obtain from Lemma 3.5, (3.35), (3.37) and (3.40) that

1
|J3 + J4| < C/ |F2|div u| ———— + | F||div u| ————dx
2+ A(p) 2u+r(p)

F2
< Cllvullz(Hm + 1 F ]l 2040 ||P||2+s)
2 €
F? P
SCHVMHZ(HW -i-”F”zH ”VF”QH)
2

ge 1 1 s e A 2 e L
<C|Vull2(Z®7 (P79 + IVH292) + @777 27 (@77 9% + | VHI|;™ 9 777))
1
<o@® () +Co P (IVul3Z? + [ Vul3 + Z* + IVHII3)

<o@®(0)+ Co P (1 + 1Vl + IVHIZ) (1 + Z2) (3.41)



Y. Mei/ J. Differential Equations 258 (2015) 3304-3359 3323

By Lemma 3.2, (3.37) and (3.40), we have that

F
s + Jg| < c/‘—‘ \HP|Vul + |H||AH|
TERIL )

F
Cll————| (1H12IV H|4||V?H
< H2u+x(p)H4(” I Vulla + 1 H 4| VZH | )

1

z 2
, (IVul2 + |V2H],)

<5
2u+r(p)
1o B Lo I
<CZidf (D792 + |VHIS¢*)(IVull2 + ¢)
<o¢*+C(2,7° 22 4 |Vul3 + IVH|3)
<o@*+Co (14 IVHIE) (1 + 22) (3.42)
Finally, integration by parts, Lemmas 3.2, 3.5, (3.36), (3.37) and (3.40) yield that

9

>

i=7

5C/(|H|2|Vu|2+|H||Vu||AH| +|Vul|VH|?)dx

< C(IHIGIVullf + 1 H 41 Vula| VZH ||, + IVul2I VHI3)
<oe*®) + C(Idivulli + lolf + IVul3IVHI3)

+IPI2+IHIE + llol3 + ||W||%||VH||%)
2

F2
<ot acf| -
=o¢ <H2M+/\(p)

Be 1 1
<o’ )+ C(Z®} (P2o+ IVHI202) + IVul3IVH|3 + 1)
<o@?(t) + COFP (1 + 1Vull3 + IVHIZ) (1 + Z2()). (3.43)

Moreover, one has
|Jo] s/|H|2|Vu|dx <|IVulalHIZ < |Vul2lVH|2 <o |Vul3+ CIVH|3.  (3.44)
Substituting (3.38), (3.39), (3.41)—(3.44) into (3.34), one has

d
et Z20)+ 70 < COTPE(1+ VU3 + IVHI3) (e + Z2(1)).

Applying Gronwall’s inequality and using of Lemma 3.1, the proof of lemma can be com-
pleted. O

The following L®LY of the momentum will play a crucial role in the estimate of the upper
bound of the density as indicated by Lemma 3.4 in [23] and [25] for compressible Navier—Stokes
equations case.
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Lemma 3.7. For any p > 3 and o > 0, there exists a positive constant C (o) such that

JrO’ p—2+a (p2 zl_t
loully < Cop "7 (e+ IVl + IVHIL) ™7 log" <e+ — (3.45)

where @7 := ||plloc + 1.

Proof. First, for o : 2(u +1) D,

o)|u|*u and integrating over Tz, we obtain,

' B
2 (0, %], multiplying the momentum equation (1.1); by (2 +

d
E/mm““dx +M(2+a)/ |u|* | Vul|*dx

2
tue+a) [VED uar+ @+ o) [ (o) @viodlutas

=2 +a)/ Pdiv(u|u|“)dx - 2+a) /(,u —i—k(p)) divuu - Vi|u|*dx
2
+(2+a)/(H VH — vu> ulu|®dx =: Z[ (3.46)

Now we estimate the terms on the RHS of (3.46). First, we can obtain that

<@+ +a>f|P||u|“|w|dx
2
<M/|u|°‘|Vu|2dx+Cf|P|2|u|“dx

n2+a)
7/| | IVuIde-|-C||1°||z,71 llellgy

aqi

24+ o
< % / || VuPdx + C(IVul3 + 1),

where ¢ is chosen large enough such that «g; > 2, then Lemma 3.4(2) and Lemma 3.5 are used
in the last inequality above. Next, it is easy to yield that

Il <2 +0t)0t/(u +2(0))1div ul|u|* [Vuldx

24 ) 24+«
= 2 [+ 20) Wivifuldx + == /“z(u« +2(0)) ul*|Vul*dx

2“1‘0[ . 2 2+a u B 5
ST/(M+/\(p))(dlvu) lu|“dx + 3 /4(u+1)2¢ (n+ P7)ul®Vuldx

5—/ (1 + 2(p)) (divu)? ul@dx + 2 )/| || Vu|?dx,
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By integration by parts, we have that

|H|?

3] = ‘(Ha)/[H -V (lulu) - H 4+ == (jul* diva +u - vw)}dx

< c/ |H | u|®|Vuldx < C(IHI3llullsll Vulz + | HIZIVul2)
<C(IVull3+1),

where we have used Lemma 3.4(2) and Lemma 3.2.
Therefore, we conclude that

d
E/p|u|(2+°‘)dx <C(IVul} +1).

which implies that

sup / plul%dx < C. (3.47)
0<t<T

Next, we obtain from (3.40), (3.36) and (3.37) that

1
2

IVulla < C(Idivuls + lwla) < C( + llwlla +11Plla + ||H||§>
2

F2
H 21+ A (p)

Be 1 1
<C(z20] (dﬁ%w% +IVHI;9%) +1)
1

e (N o % s 2 ()
<Cl®;* (e+ 2% i + @7 (e+27) i +1

L+pe+25 02 \3
<C¢o® \% VH
<Cop T (e+IVull+| ||)<€+Zz>
1
2Be+5p s e !
+Co; ° (e+||VuII+||VH||)4(e+ZZ> +C (3.48)

where in the last inequality, we have used the following simple fact:
72 < CoL(I1Vul3+ IVHI3)
Then, by the Brézis—Wainger inequality, we have that

1
IVulloo < ClIVull2log? (e + ([ Vulla) + Cllull2 + C

1
1+Be+28

2 =
1 ) 4
SCIIVMII2{10g2(<PT N (6+I|Vu||+|IVHII)<—e+Zz> )
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1 2;3;;;5,3 % ¢2 %
+10g2<4>T (e+IVull + IVH]) <e+22) >}+C||Vu||2+C

2 \1
< CoY \% VHI,) ™ log? ¢
<CoG(e+|Vull+ VH|2) ogZ|e+ pari

which combining with (3.47) implies that

2+ta 1— 2+a 2+a

24a 1—1 e —
loullp < lpull,y lpulles * < @p 7| pZraul,l, lulleo ”
+ +

1
1-14s _2ta p=2ta 2 4
<Co,’ (e—l—||Vu||—|—||VH||2)1 P +010g 2p <e+<e(—f—)—22> ) O

Lemma 3.8. There exists a positive constant C such that
0<p(t,x)<C, V(@ x)el0,T]x T (3.49)
Proof. First, by the definition of &, n from (3.7) and (3.8), and div H = 0, we have
u-Vé&—n=I[u;, RiR;l(puj) — [H;, Ri R;](Hj).
It follows from (3.13) that

D |H|?
D—I(A(p) —§)+P+ -t [wi, RiRj1(pu;) — [H;, R R;j1(H;) + / F(t,x)dx = 0.

Along the partial path defined by
d)?(r; 1,x)

dt

X(t;t,X) = = x,

u(r, )}(r; t,x))

one has

|H|?

d B, , H
E(A(p) —&)(t: X(z:1,0)) + P(p)(r: X(t5 1, %)) +

(r;f((r;t,x))
= —[u;, RiRj1(pu;)(t; X (v51, %)) + [H;, R R;j1(H})(7; X (v51, %)) — f F(t, x)dx.

Integrating over [0, ¢], it holds that

) 1 - -
wlog Gy ~x> +—(pP(t,x) — ,Og(Xo)) —&(t, x) +&0(Xo)
po(Xo) P

t t t

< —/[ui,RiRj](,ouj)(r)dt+/[H,~, RiR;1(Hj)(7)dT —//F(t,x)dxdt. (3.50)
0

0 0
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Now we estimate the commutators. On the one hand, for the commutator G = [u;, R; R;](pu ),
by the Brézis—Wainger inequality in Lemma 2.6 and commutator estimates in Lemma 2.7, we
have that

1
IGlloo < ClIVGli2log2 (e + [VG3) + ClIGl2+ C
1
< C||Vullgllpullplog? (e + [Vullallpulli2) + Cl|Vull2ll pull2 + C

1 1
< C|[Vullgllpulplog? (e + | Vullallpulliz) + CP 7 Vull2 + C

where % + é = % It follows from (3.48) that, for some 6 satisfying é = % + =4

4 9
0 1-6
Vullyg < [Vully [ Vully

14+Be+28

SCIIWIIZ{@‘DT g

e+ 272

(e+||Vu||+||VH||)( v )

2petsp 3 0? i 1-6

(0] e Vu VH s
+@; 5 (e+IVull + I VH]) <e+22> }
(L2 (1)

@

<Co

o

+

N
(38

1
(25458 (1-) g
+Co; F (

& 1 N 3.51
\Y VH .
e+ IVul + I VHI) ( +(€+Zz) ) (3.51)

that

Next, (3.45) yields, for s = 1 — 2,

17%+a
lpull, < Cy

s+o s ‘P2 i
(e+IVul +IVH|2) ™ log? <€+ (—> )

— (3.52)

Then, we can obtain from (3.51) and (3.52) that

1
1= L (20 (1-60) 40
IVullgllpully <CPy " *

X (/)2 —i—f-rr
(e + IVull + IVH]) +”"(1 + ( ))

e+ 72
1- 14258y (1-g)+o
+Co, "

S0 2 1—498+a
(e+||Vu||+||VH||)4*“"<1+< ¢ ))

e+ 72
By the definition of s and 6, we have that

1-6
4

s=1—-2+w)

which implies that when 0 < 6 < 1,

2s <146
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Taking o > 0 small enough such that

2s+30<1+90, 4s +50 <20 +2

Therefore, we can obtain that

T T T
2
% 2 2
/||G||oodt§C/<1+ e+22)dt+Cq§’T/(e+ Vull; + ||VH||2)
0 0 0

where

_ _ L (I Be2B) 4
r_max{(l p—}-( 1 )(1 9)+a>9+3_0,

1 2Be + 58 8
(=5 (55 )a-ove )i

Taking 6 close to 1 such that r < 1 + B¢ and using of (3.26), we have that

T
/ G lloodt < COLPE. (3.53)
0

On the other hand, for any p > 4, using of the Gagliardo—Nirenberg inequality and commutator
estimates in Lemma 2.7, it holds that

1—4 4
|[H;. RiR;1(H))| < C|[H;. RiR;1(H))|, "||V[H;, RiR;1(H))| '17,,4
p+
_4 4
<C(IH IsmollHIl,)' "7 (IVH 4 HIl ) ?

4 4
4

1-4 4 1-2
<C|VHI|, "IIVH|} <CIIVH|, " |V*H]|

1
R A OIRY: 2 P*(1)
SC(e—i—Z (t))2<e+7Z2(t)> <oZ +C(1+7e+Z2(t)>

2
P
2

B 2 2 (p2(t)
<o@p(IVulz +IVHIR) +C( 1+ 77 5

which implies that

T
/||[H,~,RiRj](Hj)||oodt50¢§+C¢]T+’%. (3.54)
0
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It follows from LLemma 3.1 and Lemma 3.5 that

T T
//F(t,x)dxdt5/[/(2M+A(,0)) divu(t,x)dx+/P(t,x)dx+/|H|2(t,x)dxj|dt
0 0
T
s//(zuﬂ(p))dxdz
0

T
+ / /[(m +x(p))(divu)? + p? + |H|*]dxdt < C. (3.55)
0

Also, by Lemma 3.3, it holds that for suitable large but fixed m > 1,

1 1 L
IEll2m < Cm2|ipllym < C, IVEl2 < llpull2 < CP;

By Brézis—Wainger inequality, it holds that

1 1 1
I€llco < C(I€ l2m + IVE(12) log? (€ + I€ |l y1.2n) < CPF10g? (e + | VE|2m)

i 1 14+-L¢
<C®Zlog2(e+ |Vul,+IVH|2) <CP, 2. (3.56)
Therefore, plugging (3.53)—(3.56) into (3.50), we can obtain that
B 1+Be
@, <CP,.
If B > 1, choosing & small enough, we have

sup [[pllec(r) = C.
0<t<T

which also yields that

sup |lplloc(?) =31 >0
0<t<T

when inf .12 pg > & > 0. This complete the proof of lemma. O
3.2. Higher order estimates

Based on the uniform estimates and the upper bound of density obtained in the last subsection
under the assumption inf, .2 pg > § > 0, we observe that, for any 2 < p < 400,

t€[0,T]

T
sup (H(u,H)Hp+”(Vu,VH)”Z—i—||p||oo)+/(||ﬁu||§+]|V2HH§)dt§C (3.57)
0

Now, we can derive the uniform higher order estimates to guarantee the required regularity of
classical solutions.
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Lemma 3.9. There exists a positive constant C only depending on (pg, uo, Ho), such that

0<t<T

T
sup (IIv/pill3 + I1H:1I3) + / (IVil3 + IVH,|I3)dt < C. (3.58)
0

Proof. First, applying the operator i/[d; + div(u-)] to (1.1);, summing with respect to j, and
integrating the resulting equation over T2, we have

%/pmﬂdx = —2/uf'[ajP, + div(ud; P)]dx +2M/uf' [0 Au/ + div(uAu’)]dx
+2 / i/ [8;¢ ((u+ ) diva) + div(ud; ((u + 1) divu)) ]dx

+2/ i/ [8,((H - VYH') +div(u(H - V)H')]dx

2 2 5
_ 2/ i [a,-,(%) + div<u8j <H7>>]dx =: ZN,. (3.59)
i=1

Now we estimates the RHS of (3.59) terms by terms. Due to the continuity equation (1.1)1, we
can obtain

Ni = —2/ W/ [9; P, + 3 div(uP) — div(Pdju)]dx
=2/divu(P, + div(Pu)) —2/P3juk8kb'tjdx
=2(1 — y)/P(divu)(divit)dx —2/ Pdjut i’ dx
< CIIVitll| Vulls = S Vil + . (3.60)
where we have used (3.57) in the last two inequalities. Note that u[ =u/ —u-Vul, one has
No=2u / wl [Ab'tj + 0; (—a,-u Vul + divuaiuj) — div(aiuaiuj)]
- _M/(|vu|2 + 20007 Buk B;u — 28,07 e ;ud + 2001 ;ukBu”)
<~ 4wl + c1vad (3.61)
Similarly,
N3 = 2/ i/ [3((n + A)diva) + 35 div(u((u + A) diva)) — div(9;u((u + 1) divu))]dx

= _2/divu[((u+x)divu), + div(u(( + ) divu))] +/(u+/\)divu3,~ufajuidx
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D o D o,
=-2 Edlvu—i—aiujf)ju (,u—i—)»)Edlvu—i—Z(,u—l—(l —,B)A)(dlvu) dx

+ /(u +A) divud;i dju’dx

2

uw| D . Hoo-2 4
§—EHEdlvu + IVl +ClIVulf+C (3.62)

2

It follows from div H = 0 and (3.57) that
N4+ Ns = 2/(uf[a,-,(Hfo) +div(uH 9 HY) ] + divi H Hy + 8/ u* H'9; H' ) dx
= 2/(—8izlj(HiHj)tdx — Qi u' H*o H + divi HH, + o/ u" H'3; H')dx
< CllH |\l HillalVitll2 + Cllulig| H gV H |4 Vii]l2

1 1 1 1
< CIH N2 IVH 3 IVitlla + CIVH|Z | V2H |3 Vil

7 v
< vaung + §||VH,||§ +ClIH I3+ C|V*H|3 +C. (3.63)

Next, applying 9, to (1.1)3, multiplying the resulting equation by H; and integrating over T?, we
obtain from the integration by parts that

d
E/|HI|2+2v/|VH,|2dx

:—qu,VHthx+2/HtVuH,dx+2/HVutthx
—/lH,|2divudx—2/H~divu,H,dx

:2/(1{ Vi —i-VH — Hdivi) - thx+2f(Hi8iH{ — H'9;H})(u - Vu')dx
3
~|—/(2Ht«Vu—H,divu—2u-VH,)thx =) Ri. (3.64)

i=1

Now we estimates the terms on the RHS of (3.64).

|Ri| = CllH:llall H 4l Vidllz + Cllall4llV H |21l Hy ll4
1 1
< C(I/pill2 + I Vill2) | He I3 11V He I3

J7 v .
< §||W||% + §||VH,||% + CH 3 + Clly/pill3 (3.65)

where we have used Poincaré type inequality Lemma 2.3(2).
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Vv
2 4
|R2| = CIIH lIgllulls IV Hi ll2l| Vuella < g”VHZ‘HQ + ClIVully + C,

|R3| < CIlH |2 Vull2 + Cl Hy llallull2 |V Hell2
1 3 )
< CIlH; 201V Hy 2l Vulla + CILH I3 IV H 13 <
Thus, (3.58)—(3.67) show that
4 /(mmz +HP)dx + B Vi3 + 21V H, |2
dt 4 2
< C(Ilv/pil3 + 1 H 113) + ClIVully + C.

Note that

IVuls < Clols + Idivuls) < C(IF I3+ lloli + 1)
<C(IFIBIVFI3 + lol3IVol3 + 1) < C(lI/pil3 + 1).

It follows from (3.68)—(3.69) that

d . . .
E(n\/ﬁun% + 1 H,113) + IVall3 + IVH, 13 < C(I/pill3 + 1 H,113) + C.

IV H,|I3 + CI H I3

(3.66)

(3.67)

(3.68)

(3.69)

Note that the compatibility condition shows that . /poitg = g € L, applying Gronwall’s inequal-

ity, we can complete the proof of this lemma. O

Lemma 3.10. It holds for any 2 < p < oo that

0<t<

T
supT || (Vp, VP)”p +/ ||Vu||godt <C.
0

(3.70)

Proof. First, it follows from the interpolation inequality, (3.57), (3.58) and Lemma 2.3(2), one

has
2(p—1) r(p=2) r(p—2)
. L op2—2 L op22 Lop2=2 .

lpillp = Cllpilly” = llpall o= = Cllally, — = CliVill2 +C,
and

|||HIIVH|||p <IHIl 2 IVH| 2 =ClIIVH| 1 = C||V2H||2 +C,

p—1

which imply that

Idivielloo + @l < C(IFlloo + lllloo + 1 H 2 + 1)

2 2 4
<C(IVFI; + IVl +IVHI] +1)



Y. Mei/ J. Differential Equations 258 (2015) 3304-3359 3333

2 2 2
<C(lpill; +IVHIZ [ V?H]; +1)
2 2
<C(Ivaly +[V2H|5 + 1), (3.71)

where we have used the Gagliardo—Nirenberg inequality. Next, applying V to (1.1)1, and multi-
plying the resulting equation by the p|Vp|?~2Vp, we have

%/ [VolPdx =—(p — 1)/ |Vo|? divudx — p/ IVplP™2Vp - Vu-Vpdx
- p/p|Vp|P—2Vp - V(divu)dx.
It yields that
d
IVl < C(IVullool Vol + [ Vul] ). (3.72)
We deduce from the standard L7 -estimates for elliptic system that

”Vzuupf IVdivul, + Vol )

IA

[V(@2ur+ 1) divu) ||p + IdivullooIVollp + Voll»)

IA

=

lpiilly + [V2H, + 1) + C(IVilla + [V H |, + 1) Vol

<

c(
<
C(IVEIp + Vol + VP, + [IHIVHI], + divullo Vol )
c(
<

IVidl2 + [ V2H |, + 1) (e + IV oll,p).- (3.73)

By the Beale—Kato—Majda type inequality, it follows from (3.71), (3.73) that

IVitlloo < C(Ildivatlloo + @lloo) Iog(e + | V2] ) + CIIVulla + C

<C(IVil2+ |[V2H |, + 1) log(e + [Vol,) + C(IViil2 + |[VZH|, + 1) (3.74)
Combining (3.72), (3.74) with (3.71), one has
d .
;EHVPHPSCXHVMH2+HVzHH2+1)bg@-%HVpMJHVpHp
+C(IVilla + | VH], + DIVl + C(IIViill2 + 1).
By Gronwall’s inequality, we obtain

sup Vol =C,
OStST
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which combining with (3.73) gives

T
f IVul2dt<C. O
0

Lemma 3.11. It holds for any 2 < p < oo that

SupT(H\/ﬁul‘”%_i_ ||(pl5 Plv)"t)”Hl + H(lovu’H)HH2)

0<t<

T
- /(l}(ut, H) |30+ |G |35 + || Goues Pre dan) |3)dt < C.
0

Proof. First, by the standard L2-estimates for the elliptic system (1.1),, one has

lull gz < C(lullz + ol + IV Pl + [ IHIIVHI | )

I
<C(1+|VH|s) =C(1+|V*H|}) < 2Nl +C,

(3.75)

(3.76)

where we have used (3.57) and Lemma 3.10 in the last two inequalities. Similarly, the standard

L?-estimates for the elliptic system (1.1)3 gives that

[Hll gz < C(1Hl2 + | Hill2 + [|HIIVul|, + |1l VH]||,)

1 1
<C(1L+Vula+IVH4) < 5 lull g2 + 7 g2 +C.

Combining (3.76) with (3.77), we have

lullgz + 1 H |l g2 < C.

It follows from the Sobolev embedding theorem that

sup (lullos + 1 Hllsc) < C,

0<t<T
and
sup “(Vu, VH)Hp <C.
0<t<T
Note that

I/pusll3 < lIv/pill3 + ll/pu - Vull < l/pill3 + I Vul3,

(3.77)

(3.78)
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and

| Gues HO | o < il gr + Nl - Vel o + 1 Hill2 + IV Hyll2,

we can obtain

0<t<

T
sup II«/Equ%Jr/II (s, H)|3 < C. (3.79)
0

Next, applying V? to the continuity equation (1.1);, multiplying the resulting equation by V2p,
and integrating over T, one has that

d
21Vl = UVl V2o [+ 1V ol V20 | [V2uly + liplloo | V20 [ Vul )
< C[(IVulloo + 1) VZp |3 + | Vu|3 +1]. (3.80)
Similarly,
d
VP13 < Cl(1Vulloo + DV2P[5 + [ Va5 +1]. (3.81)
Note that the standard elliptic estimates give that

[Vull, = (V2 divul, + [ VZel,)

IA

c(;wzpuz ; ‘ vz(H;) Hz VP Vdivala+ |divavp], + HVza)H2)

<C(|V@i|, + IVHIZ+ | IHI|V*H]||,
1 1
+1Volla] V2ul 3 |Vu |3 + lldivulle |V2o],)

=

1
(IVpllallitlla + lplloo I Vil + 1+ [ V3u |2 + Vil [ V2] )

D= 0

< | V3ul, + C(IVullos + 1) V20|, + 1 Vill2 + 1. (3.82)
Similarly,

IVH|, < C(IVH 2 + IVullallVH 4 + llull — 00| V2H ||, + 1 H lloo| Vu]|,)
<C(IVH |2 +1). (3.83)

Substituting (3.82) into (3.80) and (3.81), we can obtain

d .
2 1(V20. V2P) 3 = C[(1Vulze + 1) [ (Y20, V2P) |3+ 1 Vi3 + 1].
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Applying Gronwall’s inequality, we have

sup | (V2. V2P) 3 = C.
0<t<T

which combing with (3.82) and (3.83) implies that

T
/ Ju. H)|2ads < C.
0

Finally, due to the continuity equation (1.1)1, one can get

or=—u-Vp—pdivu, P=—u-VP—yPdivu, A =—u-Vi—Brdivu,
(3.84)

which gives

| Cors Prs20) || 1 < C(lulloolI Vol g1 + N2 llool Vel 1) < C. (3.85)

Applying the operator 9, to (3.84), it follows from (3.78), (3.79), (3.85) and Lemma 3.10 that

/ Cores Pors dan) |3dx < € | (el + Nl Z NV 013 + NG Veelz + [ Ve 113)dox

St~

T
c/ ()3, + 1)dx < C. (3.86)
0

Thus, the proof of this lemma is completed. O

Lemma 3.12. It holds for any 2 < q < +o00 that

R GUCE Ol g (G el Ea (O PO (G 2] PN
=t=

T

+/r(||ﬁun 15+ I Hill5 + || e H) |2 + [ us H)|3,4) < C. (3.87)
0

Proof. First, applying the operator u;d; to (1.1);, and integrating with respect to x over T2
yields that
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2 1d 2 . 2
IVl + 57 [ (11Vue >+ (4 20)) div e ) dx
1
= 5/)\,|divut|2dx —_ /(VP[ + PrUy —+ Pl - Vu + pu - leit —+ PUt - I/tt) - ut,dx
+/V(A, divu)~ut,dx+/[(Ht~V)H+(H V)H;] - uydx
Note that

\/\V()\'t leM) . Mt,dx = _/)\'t divu diVMttd.X

d
=—Efk,divudivu,dx+f()»t|divut|2+kt,divudivut)dx,

and
—/V(H HI) 'l/lnd.x:/H' thivundx
d . 7 .. .
= o H - H divu, — (|H,| divu; + H - Hy dlvut)dx.
Substituting the above identity into (3.88) yields that
2 ld 2 . 2 . . .
I/Pusll5 + ST (I Vuel* 4+ (1 + A(p))|divus |* + A divudivu, — H - Hy divu,)dx
3 . 2 . .
= > Mldivu,|“dx + | Ay divudivu,dx
- /(VPz + prits + prtt - Vu + pu - Vg + puyg - ur) - urrdx

+/[(Ht V)H + (H - V)H;] - uydx — /(|Ht|2divut + H - Hy)divusdx.  (3.89)

Now we estimate the terms on the RHS of (3.89). It follows from (3.84) that

3
‘E/A,|divu,|2dx

3 3
_ ‘E/u.wdmtﬁdx—Tﬂ/xdivmdivutﬁdx

: . 3(1-p) e o
=13 )\dlvu,u~V(dlvu,)dx+T Adivu|divu,|“dx

< Clldivuyll2| V(divu) |, + Cll Vulloo Idivu, 3. (3.90)
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Note that the standard L?-estimates for elliptic system

[,LAM[ + V((M + )\.) diVMt) = PUyt + PrUyt + (,Ou . VM)[ + VPt + V()"t diVM)
—(H;-V)H — (H -V)H; + V(HH,)

show that

IV2u: ||, < C(I/Purllz + || e, H |, + | (Ve VHD ||, + ldivulloe + | Vul| + 1), (3.91)

where we have used Lemma 3.11 above. Substituting (3.91) into (3.90) yields that

3
‘— / A |div u,|2dx

1
> < ywmn% +C(IVulloo + 1) IVus |13 + CIVH I3

+ C(lul + 1 He 1 + 1VullZ, + [ V3ull3 +1).

d
—/VP;-u,;dx:/P,diVu,,dx:E/P,divu,dx—/ﬂ,divu,dx

d . .
<5 / Py divuedix + || Pull2 + divay |12

lu)? d / Juar)? / lu)?
— cUpdx = dx = — dx — dx,
/ptut Updx //Ot( 2 ) = Pt 5 ¥ Prt 59X

while

Jug |2 . lu)?
— [ P 2 dx = [ div(pu), > dx=— | (pu); - Vuy - usdx

< VP lloollv/Pur 2 llue 4l Ve lla + llellooll ¢ l1a 2t 141l Vet |12
< C(luella] V2ur ||, + luellallVaarll2)

< Cllula(l/purellz + lurlla + 1 Vuell2 + [ Vulloo + | V3u ] ,)
1
< ywmn% + C(Iluell3 + 1Vur 3 + 11Vul 2 + | V3u |3 +1).

Moreover, it follows from Lemma 3.11 that

— / ot - Vu - uydx
d
=-a pi-Vu-udx + | ppu-Vu-udx+ | prus - Vu-udx + | piu - Vuy - updx
d 2
=—o | e Vi - wpdx + C(lprell2liuella + e 15+ I Vg 2llucll2)

d
=—— / prit - V- urdx + C (o3 + el + 1 Vul3),
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1
—fpu Vg - ugdx < || /pun |2l /oullooll Vit |2 < gnﬁunu% + C|IVu, |13,
1
- / puy - Vi - ugpdx < || /pugell2 | Vullalluella < gnﬁunn% + Clluel,
and
o . 1 .
—/A,t divu divigdx < a2 Vi)l oo ldiva, 12 < E(MAHH% + 1Vul|2 Ndiva |13).
At the same time, it holds that
d
(H[ . V)H . l/lndx = E (Hl . V)H cUp — (Hfl . V)H . Mldx + (Hl . V)ut . H[d.x
d
< - [ HeVOH g 4 U Hi 20V H el + 0 H Vs 2 Hy
i l 2 2 2
= | (Hi -V H ui + 8||Hn||2+cu(wt, VH)||3+ Cllullz,

where we have used div H =0 and Lemma 3.11. Similarly, we have

d
/(H . V)H[ . u[,dx = E /(H . V)H[ . u;dx + /(H[ . V)M; . H,dx + /(H . V)Mt . H[[d.x
d 2
= o | (H V) Hy - wdx + [ HG1Vull + | H loo | Vatgll2]| Hic 2
i l 2 2 2
= o [ (H -V H; - wdx + [ Hil3 4+ ClI Vugll3 + CIVH I3,
and
—/(|Ht|2divut + H - Hy divuy)dx < || H 3 I1divuell2 + | H lloo |l Het 21 divu |2
< L2 + CIVUl 2 + CIVH I
=3 73153 tilp til-

Note that the standard L?-estimates for elliptic system gives that

d
1Hiell2 = —v—r / IV H; > + | Hollal| Vel | Hiell2 + 1 H 14l Vi 12| Hie ]2
+ lluelallVH 4l Hiell2 + llulloo IV Hell2 | Hiz ll2 + 1 H oo | Vatr |21 Hie 2

_d 2 1 2 2 2
< Vo |V H;| +8||Hn||2+C||VHz||2+C||VMt||2-
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Combining all the above estimates, one has

5”\/5'4””2 + §||Htt||2 + EGO)

< C[||Coues Puss ko) |13 + el + || V2u |3+ (1VullZe + 1) (VU3 + IVH I3 + 1)],

where

G(t)= /(mw,ﬁ +VIVH? + (1 + MIdivu|?)dx

2
+/<Al divudivu, — P, divu, +p,|”;|

+ piu - Vu - u,)dx

- /((H, “VYH -us+ (H-V)H; -u; + H - Hydivu,)dx.

Note that

‘/()"t diVudiVut - Pt diVMt)d.X <

IV |3 + Cllia 3 Idivu|? + ClI P13

o |T oo|lx

< =|Vu 3 +C,

|u,|2
Dt > + piu - Vu - u; |dx
= di
("

2
Jus] +u-Vu ~u,)dx

= '/pu . (Vut - Up +V(u~Vu-u,))dx

< /P ll2l/Pulloo (1 Vaellz + 1Vullg + lulloo | V2u||,) + [ ou? | VU2l Vs 12

"
< gnwtn%w,

and

‘—/((H,V)H.ut + (H-V)H; -u; + H - Hy divu,)dx

= ‘/((Hf “Vu, - H+ (H-Vu, - H — H~thivu,)dx

uw
= CllHlocllHill2[Vusll2 < glquzII% +C.

Therefore, it holds that

c(IVu 3+ IVH I3 — 1) < G(0) < C(IVuell3 + IVH I3 + 1), (3.92)
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for some positive constants ¢ and C. Thus, we have

1 1 d
5||\/ﬁun||% + z||Hn||% + G0
< C[|[oues Pres o) |3+ et 13 + [ V3|3 + (1VullZ + 1) (G @) +1)].

Multiplying the above inequality by ¢ and then integrating the resulting inequality with respect
to t over the interval [z, #1] with 7, #; € [0, T'] give that

)|

1
fr(uﬁunn% + §||Htt||§>df +1G(t)

T

il

<1G()+C /[(nwuﬁo +1)(tG @) +1)]dt

|

+C / [ Gorts Pres 2 |3 + el + | V2u])3 + G(@)]ar. (3.93)

T

It follows from Lemma 3.11 and (3.92) that G(¢) € L'(0, T). Thus, there exists a subsequence
T such that

7 — 0, 7 G(tr) > 0, ask — +oo.
Taking t = 14 in (3.93), then kK — 400 and using Gronwall’s inequality, one has that

1
sup [t(IVucl3 + IVH1I3)] + f r(uﬁ)unn% + 5||Hn||§>dr <cC,

0<t<T

which combining with (3.75) and (3.91) gives that

T

sup (| o P [+ [0V 3+ V2 B <
0<t<T 0

where we have used

tluel3 < t(Il/pucll3 + 1Vue13) < C.

So we can conclude that

T
sup t||(ut,H,)||i11 +/t||(ut,H,)||iIzdt§C.
0<t<T o
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Next, applying the operator V? to the elliptic equation (1.1);, multiplying the resulting equation
by ¢|V?p|772V?2p with ¢ > 2, and integrating over T2, one has that

d
V2ol = CIVula V20l + 190l [ V2, + olloo [ Ve )
< C(IVulloo] V201, + (V1] yy1.0)- (3.94)
Similarly, one has
d
SIV2Pl, = CUVuloo V2P, + | V20 1) (395)
Applying d; with i =1, 2 to the elliptic system (1.1), to obtain

A@u) + V((n + 2 div(diu)) = =V (31 divu) + 9; pus + pdius + diu - Vu
+ pdiju - Vu + pu - dju + Vo; P
+0;(—H -VH)+ V(H -3;H) =: . (3.96)

Then the standard elliptic regularity estimates imply that

< C[1+ (IVulloo + 1) [ (V0. V2P) [ + Vit 1

IVullyzg < C(IIVullg +1¥llq)

+luclwra + IVH o + | V2H] ]
= C[1+ (IVullos + 1) [ (V20 V2P) | + [ D] 5

+ “ (us, Ht)”Hl + [IVuellg + || V2H“q]. (3.97)
Similarly,

IVHw2a < C(IVHIlg + IV Hellg + IV Hll2g | Vullzg + [V2u] , + [V2H] )

< C|(Vu, VH) | g < C |, H) | 13- (3.98)

Thus it follows from (3.94)—(3.98) that

d
2 1(V2o. V2P) [, = 1+ (IVulloe + 1) [(V20, V2P) |,

+ [ @, || s + ([ Cars B | o + 1Vl 4] (3.99)

Note that Poincaré’s inequality implies that

T T T
[||Vu,||th§C/||V2u,||dt§C sup \/Z||V2ut||2/t%dt§C.
0 0 0=1=T 0
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Therefore, by Gronwall’s inequality, one has

sup || (Vzp, VZP) ||q <C.
0<t<T

Finally, since

Vil < IVulla + |V - V) |, < Cll Va2 + C,

it follows from (3.74), (3.82) and (3.83) that
tl@ B3 = C.

Applying 9; with j =1, 2 to (3.96), the standard L?-estimates easily gives that

T
/z”(u,H)HfH4 <C. O
0

Lemma 3.13. It holds for any 2 < g < +o00 that

OSUPT[IZ(”\/EMHH% I Hiel3 + || ues H) |0 + [ e D[54 ]
<t<

+ | 2(IVug 3 + IVHy |13)dt < C. (3.100)

S—

Proof. First, applying the operator d;, to Eq. (1.1), gives that

pusee + put - Vi — Ay — V(( + A) divig,)
=—VPy—pyus+u-Vu) —2p,uy +ur - Vu+u-Vuy) —2pu; - Vuy
— pug - Vu +2V (O divuy) + V(A divu)
+ (Hyy - VYH +2(H; - V)H, + (H - V)H,, — V(| Hy|* + H Hy).

Multiplying the above equation by 7%u;, and integrating the resulting equation with respect to x
over T? yields that

1d .
T <t2 / ,0|Mtt|2dx) —t f plusPdx + 1> / Vi) + (1 + M) (div g ) dx

= IZ/P,, divusdx —tzfp,,(ut +u-Vu) - udx —212/p,(ut,+u,~Vu +u-Vuy)-uydx
— 2t2/,0u, -Vuy - updx — IZ/,OM;[ -Vu - updx — 2t2/k, divu; divusdx

— [2 / )\.[[ div u div Mttd.x — tz /(Htl . V)M;t -H+ 2(Ht . V)M” . H[ + (H . V)Mn . H,,dx
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+ t2 /('Ht|2 + HH[) diVu[[d.x

9
= ZK,-. (3.101)
1

Clearly,
|K1| < et?(|divug |3 + Ct*)| P I3

Now we estimate K. First, rewrite K> as

K, = t2/div(,ou),1}t cUpdx = —12/(pu)t V(- ug)dx

—t2/,0ut . V(M . M”)d.x — tzfptu . VM” U — tzfptu - ut,dx
= —IZ/,out V(- ug)dx — tzf,o;u ~Vugy -u— tzfpu ~V(u-u-uy)dx
=: K21 + K22 + K»3.

Now, direct estimates yields that

|Ko1| < 2 1ly/Buse121lv/Blloolltte oo | Vil + 11 plloo | Vatee 12 e 1l 4
< CE[Ipuse 2l g2 Vil + Va2l | g 112l g1 ]
<et?|Vug |l + C(1/Pus 131 Virll3 + 2 llue 13, + [ Vill3 + 1),

2 . 2 .
K| < 71 Vunll2lullooll o lallitlla < = IVusll2 Ml o¢ g1l ll 1
2 2 2
<et*|Vuy |3 + C(IVill; + 1),

and

|K23] < 2 (Ilv/Pttse 2 ll/Petllo I Vil oo Vil 2 + Ve ll2]| re* || I Vit 12
I/pusell2 || /ou? | o (V20 |+ lulloo | V2ull, + 1 Vulloo | V2| )
<et?|V2uu |3 + C[EIpun 131 Vulld, + 1) + 2] V2ur |3 + llull,s + 1 Vil3].

As to other terms, one has,

|K3| = —2¢? / pu - V((un +u;-Vu~+u-Vuy) - ut,)dx

< CP[lIVpulloollv/Pun 2 Vatss 12 + llpuloo I Vatsella (1 - Vel + llae - Vg |l2)
+ IPulloo /o l2(I1V (s - Vi) ll2 + |V (- Vuy) )]
< et?|Vuyll3 + CE (1 /pullz + 50 + | Vu]y + 1),
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|Kal < 21l/puse l2ll/Plioo e all Vi lla < er? | /pun 3 + C(| V23 + 1),
IKs| < C2|/putr 151 Vil o>

|Ko| < Cr2Ndiv s 2|2 lall Vet lla < 2| divaeg I3 + C (%] VZur |3 + 1),

2

20 4; 20 4; 2 2 2
|K7| < 7 lldivunll2 A llall Vulloo < etlldivug i3 + CtolA 13 lull s,

|Ks + Kol < Ct*[I1He 21 Vatge 2 + 1 H 31 Vatee 12 + (1H: I+ 11 Heell2) Idiv g 2]

< et ([IVugll3 + lldivuglI3) + C (2| Hy I3 + 1).

Substituting the above estimates on K; into (3.101) and then integrating the resulting inequality
with respect ¢ over [, #1] give that

|

13 (Il/Ptse ()13 + 1| Hee (1) 13) + / 2|\ Vugl3dt < C 4 C22|/pusy (0)]3.

T

Since t.,/pu;; € LZ([O, T] x T2), there exists a subsequence tj such that

7 — 0, r,% ||ﬁu,t(rk) ||% —0, ask— +oo.
Letting T = 7% and k — +00, one obtains that

t

2 (Il/Puse 3 + I Hit 13) + / 52|V () |3dt < C.
0

By (3.91) that

sup t2 || Vzut ||% <C

2 2 2 2 2 2
sup (£21y/purell3 + P llurl s + 2lluls +1) < C.
0<t<T 0<t<T

Finally, by (3.97) and (3.98), we obtain that

sup 2] (Vu, V|30, <C sup (2], H)||3;5 + 2 llusll% +1) < C.
0=t=<T 0<t<T

So the proof of the lemma is completed. O
4. A priori estimate (II)
In this section, we will mainly derive the a priori estimates upper bound of density for the

(IVP) of (1.1) and (1.5)—~(1.6) on the whole space R? under the assumption inf g2 po > 6 > 0.
These estimates is uniform with respect to &.
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Comparing with the periodic problems of the compressible MHD equations studied in Sec-
tion 2, some new difficulties must be overcome to obtain the upper bound of the density. First,
the Poincaré-type inequality fails for the 2D Cauchy problem on R? so that the LP-integrability
of the velocity u does not follow from ||Vu||, directly, although the bound ||Vu||, also derived
from the elementary energy estimates easily. While the L”-integrability (2 < p < 0o) of the
velocity u plays a crucial role in the arbitrary L”-integrability of the density p. We will make
use of the Caffarelli-Kohn—Nirenberg inequality to derive the weighted estimates of the veloc-
ity |x| SVu e L?((0, T) x R?), which is strongly coupled with the higher integrability estimates
of the density p. For the 2D Cauchy problem with non-vacuum far fields, we will seek for the
arbitrary L? estimates of p — p since the loss of integrability of the density p itself.

First we state the elementary energy estimates and a priori L°LY estimates for magnetic field
H for 2D Cauchy problem on R?. We omit the proof of these estimates for simplicity since the
similarity to Lemma 3.1 and Lemma 3.2 proved in the last subsection for the periodic problem.

Lemma 4.1. There exists a positive constant C only depending on (pg, ug, Ho), such that for
0 >0, it holds that

supT(||ﬁu||§ + . B, + I1HI3)

O=<t=<

T
+ /(uwu% Fllol} + [ 2u+210) " divu|3+ IVHI3)d < C (4.1)
0

where the potential energy W (p, p) is given either p >0 or p =0 by

1
Vip.p) = —gle" ~ 7" v =P 42)

Moreover, if p =0, one has supy, -7 llpll1 <C.
Lemma 4.2. For any p > 2, there exists a positive constant C such that

sup [|H|, <C. 4.3)
0<t<T

Now we derive the L®LY (2 < p < 400) estimates of the density p — 5 (5 > 0) in the
following two cases separately.

Case I: initial density with vacuum at far fields, that is, p = 0.
The following weighted energy estimates are fundamental and crucial in this section.

Lemma 4.3. If one of the following restrictions holds:

D l<a<2yv2-1, B>0, y>1I, (4.4)

1
2) O0<ac<l, ,3>§, 1<y <28, 4.5)
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then it holds that for sufficiently large m > 1 and any t € [0, T']

/ x| (plul® + p” + [H?) (1, x)dx
t

+ [TVl + 118V B+ 1% dival3+ |1v1% ViGo diva ] o)ds
0

t

<c, [1 + / (1015501 (5) + 1) (1Vull3 () + 1)ds} (4.6)

0

where the positive constant C, may depend on a but is independent of m.

Proof. Multiplying Eq. (1.1)2 by u and Eq. (1.1)3 by H, summing the resulting equations and
using the continuity equation (1.1);, we have

d( luf? [H? p” ul* | yp'u
| p— 4+ = di -
dt<p2+2+y [ i
Jul? |H|? .
_dlv((uxH)XH)+d1V uVv > + vV - +(M+A(,o)(dlvu)u)

— ulVul> = v|VH? = (1 + 1(p) (diva)?)

Multiplying the above identity by |x|¢ and integrating over R?, it holds that

2 2
/I 1 [ ﬂJrﬂ+ P ]dx
y—1
b [Tl E9ul3 + otV A 13 + a1 diva + i ooy divlF] o)
B ul®  yp'u
_/[ h 42 ] V(1x[)dx
|u|2 . .
—/[MV<T> +(M+A(p)d1vuu):|-V(|x| )dx

—va(@) -V (|x|)dx — f((u x H) x H) - V(|x|")dx =: i:li. 4.7

i=1

Now we estimate the terms on the RHS of (4.7). As to the first two terms, which had been

estimated in Lemma 3.2 of Jiu—Wang—Xin [29] for compressible Navier—Stokes equations, it
holds that

111 < o 1212V |3 + Co (110 15p41) (V213 + 1) 4.8)
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and
|2l < o[ 113 v/3.Co) divae]|3 + [1x12 V3]
2 2
o+ S 3+ S [l dival |11 v,
+Co (015,51 IV ull3 4.9)

Next, the last two terms estimate as follows,

2
|13|gva/|H||VH||x|“_1dx5va|||x|%_1HH2|||x|%VH||25%”M%VHH% (4.10)

where we have used the Caffarelli-Kohn—Nirenberg inequality with best constant shown in
Lemma 2.4(2). While,

|14 < 2/ Jul | HPLx [ e < 2] e ] IHP Ly < CIVully 1]
< CIVul3 | 1x12Vae| ;™ < o |[1x15 Va3 + C(IVull3 + 1) (4.11)

where we have used the Caffarelli-Kohn—Nirenberg inequality and Holder’s inequality so that
the indexes p; > 1,q1 > 1,r1 > 0, 61 € (0, 1) satisfy

11 1 a-1 T 1ok 1 4—1
—+—=1 —+4 =1-0)—+=) —+==-+ :
Pl q q1 2 r 2

which follows that

4

S S
= aaren+2

by choosing 0 < a < 2, 61 € (0, 1). Substituting (4.8)—(4.11) into (4.7), one has
2 2
H Y
/| |“[ u+u+ L ]dx—i—](t)

<o (] 1x1Zvu? +3| |x|%w(p>divu||§) +Co(Ip15ppar + D(IVHI3+1)  (4.12)

where J (¢) is defined as follows
az a 2 Maz a a . a . 2
J@)=unl1- 7) 1x12 Vu|5@) — T“|x|2Vu||2|||x|2 divul|, () + p||1x] 2 divu|35@)

2
+ 112V (o) diva |3 + v(l — %) |1x12vH |3 (4.13)
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If the weight a satisfies
0<da’><4(V2-1)
then there exists a positive constant C, such that
J@) = Co(||1x12Vu |3 + ||1x12 diva | + || 1x12VA(o) divu |3 + [Ix|2VH]3)  (4.14)

Therefore, by choosing o suitable small, the result directly follows from (4.12)—(4.14) and the
fact

[ 1wt phx < i ool 1o~ o = Cllon(1 4+ 1) ook by <€ 0
Applying the operator div to the momentum equation (1.1),, we have
[div(ow)], + div[div(pu @ u — H ® H)] = AF, (4.15)
where the effective flux F is given by

: |H|?
F = (2u —i—k(p)) divu — P(p) — - 4.16)

Similar to the periodic problem studied in last subsection, we need the following elliptic estimates
to derive the arbitrary L” integrability of the density.
Consider the following two elliptic problems on R:

— A& =div(pu), &E—0 as|x| > 4o0, “4.17)
—An:div[div(pu@u—H@H)], n—0 as|x| > +oo, (4.18)
We have the following elliptic estimates like ones in last subsection:
Lemma 4.4.
(D) IVEll2m = Cmllpll ame utll2mk, for any k> 1, m = 1;
@) IVél2—r = CIIPIIL,JCOF any0<r <1;
) Il < CmCllpl el + 1HI3,), for any k> 1,m = 1;
where C are positive constants independent of m, k and r.
Based on the above lemma, it holds that

Lemma 4.5.

1 1 1
(D 15 llom = Cm?llvéllr% < Cm?2||pliin, for any m > 2;
1 1--L a 1
(2) llullom < Cm2|[Vull, "™ |llx[2Vully, foranym+1= %;
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1—-2_ a 2
3 ”V$”2mScm%k%”p”%”V”i”z T x| 2Vull 35, for any m+1> %, k > 1;

22 a 2
@ lnlom = szkllpll%llvullz N2 VullF for anym 412 4 k> 1.

Note that, as shown in Lemma 4.5(2), ||u]|2;» can’t be bounded by |[Vu||> only but instead
of by the additional weighted-norm of Vu. This is the key difference to the periodic problem.
The proof of the lemma follows from the Holder inequality and the Caffarelli-Kohn—Nirenberg
inequality in Lemma 2.4(2) directly. One can refer to [29].

Finally, with these estimates at hand, we can obtain the L;’OLf -estimates of the density p.
One can refer to the Lemma 3.5 of Jiu-Wang—Xin [29] and Lemma 3.5 in the last subsection for
the proof, we omit here for simplicity.

Lemma 4.6. Assume 8 > 1, forany p > 1,

2
sup |lpllp, < CpP-T, (4.19)
0<t<T

where C is a positive constant independent of p.

Case II: initial density with nonvacuum at far fields, that is, o > 0.
Corresponding to Case I, we first obtain the following weighted energy estimates

2

L 4(2+H2 1)
Lemma 4.7. For a > 0 satisfying a* < ———=—

) and y < 28, it holds that for sufficiently
m

largem > 1 and any t € [0, T']

/|x|"[p|u|2+wp,5>+|H|2](r,x)dx
t

[T vul + Jxi$ VA3 + i dival -+ |15 AGo) divuB)co)ds
0
t

<Cq [1 + / (10 = All3p1 ) + 1) (1 Vull3(s) + 1)4 (4.20)
0

where the positive constant C, may depend on a but is independent of m.

Proof. Multiplying Eq. (1.1), by u and Eq. (1.1);3 by H, summing the resulting equations and
using the continuity equation (1.1);, we have

4 ﬁ-ﬁ-ﬁﬂ-lp( 6) ) + div uﬁ—i-llf( o)+ (P(p) — P(p))u
7\P > Iy pU— PP P p

. , Jul® |H|? :
= dlv((u x H) x H) +d1V|:MV<T> + vV<T> + (,u + A(p) d1vuu)i|

— uIVul? —vIVHP = (u+ () divu)?).
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Multiplying the above identity by |x|¢ and integrating over R?, it holds that
of lu?  |HP
| x| —+—+‘I/(p p) |dx

/ [t Va3 -+ vl 1 $9 3 + s 1% v + 1% VAo diva 3] o)d

2

_ /[Mv<@> +(r +k(p)divuu):| -V (Jx]%)dx

2 !

—va('HT) -V (Ix|*)dx — /((u x H) x H)-V(|x|*)dx =: Y _I;. (4.21)

i=1

2
=/[puﬂ +W(p, P+ (P(p) — P(ﬁ))u] V(|x|)dx

Now we estimate the terms on the RHS of (4.21). As to the first two terms, which had been
estimated in Lemma 3.2 of Jiu—-Wang—Xin [30] for compressible Navier—Stokes equations, it
holds that

Il < o|lxEVul3+ (1 + [1x12 Vaul3 + o = 315,5) (IVul3 +1)  (422)
and
| 1o 50[|||x|%\/)\(p)divu||%+ |||x|%Vu||%]

2 2

+ &|||x|fvu||§+ &Hlxlf divul), | 1x]% Vu|

Wm 12V/a(p)

AMp)divul, |||x|2Vu||2+C(1+||,0 p||2mﬂ)(||w||2+1) (4.23)

Next, the last two terms can be estimate as follows,

a—1 a_ a va’ a 2
|13|§va/|H||VH||x| dx <val|x|2 H||2|||x|2VH||2§T|||x|2VHH2 (4.24)
where we have used the Caffarelli-Kohn—Nirenberg inequality with best constant.

4] < 2/ Jul | HPLx [ e < 2] el NPy < CIVull 120
< CIVull? 112 Vul ;™ < o |1x12 Va3 + C (I Vull3 + 1) (4.25)
where we have used the Caffarelli-Kohn—Nirenberg inequality and Holder inequality so that the

indexes po > 1, g2 > 1, r» > 0, 6> € (0, 1), determined by the indexes relationship in integral
inequalities, satisfy

11 1 a-—1 1 K 1 ok 1 4-1
—+—=1 —+ =d-0)|—+=) —+==c+ :
P2 Q2 q2 2 rp 2 2
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It follows that

4

= >1
= e +2

by choosing 0 < a < 2, 6, € (0, 1). Substituting (4.22)—(4.25) into (4.21), one has

o ul> HP
/I | [ +—+ll/(p p)}dx—i—](t)
<o ([lx12Vull3 + [1x1% VA Go) divae])

+C(1+ (112 /u|3 + o = A15,5) (1Vul3 +1) (4.26)

where J(¢) is defined as follows

2 2
(1) :=u(1 - %) [ x1% Va3 — ﬂ|||x|7w||2|||x|7 divae],(6) + | 1x1% divae )

+ 112 /AGp) divu 3 — V MOy 18 Japydivul),
(12 a
+u<1—7)|\|x|7wﬂ|§ 4.27)

Similar to the proof in [30], if the weight a satisfies

B _
, 42+ 22—

0<a” < =
“ |+ 0
"
then there exists a positive constant C, such that

J@0) = Co(||1x12 Va3 + [ 1x1% divae3 + || 1x12V/ACo) divu |3 + [IxIEVH]3)  4.28)

It follows from (4.26)—(4.28) that

2 2
/| |“[ MELE v, p)}dx
+ Ca([[ 113 Va3 + 112 divae |5 + [ 1x15 VA (o) divu | + [[Ix12VH|3)
<C(1+|1x1Eoul3 + 1o — 15,5 (IVul3 + 1) (4.29)

Therefore, the result follows from Gronwall’s inequality which complete the proof of the
lemma. O

Applying the operator div to the momentum equation (1.1),, we have

[div(ow)], + div[div(ou @ u — H ® H)] = AF, (4.30)
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where the effective flux F is given by
. oy HP?
F:=(2u+r(p))divu — (P(p) — P(p)) — —

Consider the following elliptic problems in R?

— A& =div((y/p — Vp)/Pu); g1 —> 0 as|x| — +o0
— A& =/ div(/pu); £ —> 0 as|x| — 400

—An:div(div(pu@u—H@H)); n— 0 as|x|]— o0

3353

(4.31)

(4.32)

(4.33)
(4.34)

Similar to the proof of Lemmas 3.3-3.5 in [30] and the corresponding lemmas for periodic prob-

lem in the lase section, we can obtain the following lemmas,
Lemma 4.8.

(D) IVEillzm = Cmllp = pllamt Null2mk, for any k> 1, m = 1;

1
) IVElla—r < Clly/D = bl 3o, forany 0 <r < 1;
(3) 1IV&2llzm < Cmlllp = pllzut lullomk +/Blllzn], for any k> 1, m = 1;

42+ H2 1)

s

@) 1l1x|2V&ll2 < Clllx|2 /pully, for a satisfying 0 < a* < @
m

&) Il = CmAllp — pll 2k lutll2mk + pllullz,, + IHIZ,), forany k>1,m>1,
where C are positive constants independent of m, k and r.

Lemma 4.9.

(1) 11llm < Cm7[VE| 2 < Cm3p = pllam, for any m = 2;

1 a 2
) 1&2ll2m < Cm2|||x|2 /pully, for any m +1 > %;
1
(3) lullom < Cm2[||Vull2 + 1], for any m > 1;
301 -
@) IV&illom =Cm2k2|p — P||%(||Vu||2 + 1), foranym=>1, k> 1;

(5) IV&2llzn < Cm3 (k2 11p = plzus + D(IVullz + 1), for any k> 1,m = 1;
(©) 1nll2n < CKllp = fll sk + D(UIVullz + 1), foranym = 1, k> 1;

where C are positive constants independent of m, k.

Lemma 4.10. Assume B > 1, for any p > 2,

2
sup llo—pllp <CpF-T,
0<t<T

where C is a positive constant independent of p.

(4.35)
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The remaining a priori estimates to give the upper bound of the density p either p =0or p > 0
are all similar to relevant ones (Lemmas 3.6-3.8) for the periodic problems proved in the lase
section. We only need to instead the corresponding estimates for ||u«|2,, and p by Lemma 4.5(2)
for p =0 and Lemma 4.10 for p > 0 respectively. So, we obtain that

Lemma 4.11. There exists a positive constant C such that

0<p(t,x)<C, ¥(t,x)€[0,T] xR (4.36)
5. Proof of main results
5.1. Proof of Theorem 1.1

We first construct the approximation of the initial data as follows.
Define pg = po + 6, Pg = P(po) + 8 for any small positive constant § > 0. To approximate
the initial velocity, we define ug to be the unique solution to the following elliptic problem

L g = pAug + V((n+1(pp)) divug) = VPG — (V x Ho) x Ho+/mog ~ (5.1)

with the periodic boundary condition on T? and [ uldx = [ uodx =: itg. It should be noted
that ug is uniquely determined due to the compatibility condition.
It follows from (5.1) that
Looul = pAuf + V((1 + r(po)) divuf)
= —V[(r(0}) — 1(p0)) divul] + VP — (V x Ho) x Ho+ +/pog. (5.2)

By the elliptic regularity, it holds that

lug — o] 2 < C([2(05) = 2(p0) | IV (divasg) [, + [V (1(p5) — 2(00)) |, [diverg
+ VPG, + [ (V x Ho) x Hol|, + llv/mogl2)
< C(8]ug|| 2 + I Poll g1 + 1 Holl g2 + IV/mollool1g112)
< C(8]ug] 2 + 1), (5.3)

where the generic positive constant C is independent of § > 0.
Therefore, if § < 1, then (5.3) yields that

lugl 2 < C, (5.4)

where the generic positive constant C is independent of § > 0.

Replacing the initial data (pg, uo, Hp) by (pg, u%, Hp), Theorem 1.1 and the a priori esti-
mates obtained in Section 3 yields that the problem (1.1)—(1.5) has a unique classical solution
(0%, u’, H®) satisfying the regularity (1.9). Next, we show that this gives the unique classical
solution to original problem by taking the limit § — 0.
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Due to the compatibility condition (1.8) and (5.1), it holds that

Ly = 0) = V](1(05) ~ (o) divasy].

Therefore, by the elliptic regularity, it follows from (5.4) that

8 8 2,8 8 8
6 = o 2 = C([2(06) = 2Ce0) [ o [ Vu |, + [V ((05) = 2(00)) | . | div g )
<C§—0, asd—0. (5.5)
Clearly, || ,og — pollw24 — 0, as § — 0. Thus, since the uniform-in-§ bounds we have, the ap-
proximation solution (p?, u®, H%) converge to the solution (p, u, H) with the regularity (1.9) to
the problem (1.1)—(1.4) with the initial data (1.5).
Finally, the regularity (1.9) of the solution implies that it is a classical solution. Since (1, H) €
L?(0, T; H3(T?)) and u; € L*(0, T; H'(T?)), so the Sobolev embedding theorem implies that
ueC([0,T]; H*(T?)) = C([0,T] x T?).

It follows from (p, P) € L>®(0, T; W24(T?)) and (p;, P,) € L>®°(0, T: H'(T?)) that (p, P) €
C([0, T]; Wh4(T?)) N C ([0, T]; W4 (T?) — weak). This and (3.99) then imply that

(p. P(p)) € C([0, T1; W>9(T?)).
Since for any 7 € (0, T),

(V(u, H), V*(u, H)) € L™(t, T; W"4(T?)),
(V. Hy). V*(uy. Hy) € L (1, T: L*(T?))).

Therefore, the Aubin—Lions lemma gives that
(V(u, H), V?(u, H)) € C([r, T1 x T?).
Due to the fact that
V(p, P) € C([0,T1; W"4(T?)) — C([0, T] x T?)
and the continuity equation (1.1)1, it holds that
pr € C([t, T1 x T?).
It follows from the momentum equation (1.1), that
(pu); € C([l’, T] x T2).

Thus we completed the proof of Theorem 1.1.



3356 Y. Mei/ J. Differential Equations 258 (2015) 3304-3359

5.2. Proof of Theorem 1.4

Now we give the approximation scheme of the initial data to obtain the global classical solu-
tion of the Cauchy problem on R? permitting the appearance of the vacuum. We construct the
approximation of the initial data as follows, proposed in [23,29] for compressible Navier—Stokes
equations.

Define pg = po + (Se_mz, Pg = P(po) + se= P for any small positive constant § > 0. To
approximate the initial velocity, we define ug as

~5
5 {uo, x| <M +1, (5.6)

I/[0=
up, |x|=M+1,

where 128 to be the unique solution to the following elliptic problem in £2y7 :={x : |x| < M + 1}
Lpgﬁg = pAd) + V((u+r(ph)) divid) = VP) — (V x Hy) x Ho+ /pog ~ (5.7)

with boundary value ﬁg =uop at |x| = M + 1. It should be noted that ug is uniquely determined
due to the compatibility condition.
It follows from (5.7) that

L ity := i+ V((1e + (o)) div ii)
= —V[(A(0}) — 2(po)) divii)] + VP — (V x Ho) x Ho+ /pog (5.8)

By the elliptic regularity, it holds that

130 12y = € (11(00) = 2(o0) | |V (divag) [, + [ 7 (3 (p5) — 2(o0)) | [1div g,
+ VPG, + |V x Ho) x Hol, + I1v/pogll2)
< (8] 2 + 1 Poll g + 1 Holl g2,y + I/Pollso l1g12)

= C(5 ||128 “ w2t 1) 5.9

where the generic positive constant C is independent of § > 0.
Therefore, if § < 1, then (5.9) yields that

”ﬁO ” HA(2u) = c (5.10)

where the generic positive constant C is independent of § > 0.
Due to the compatibility condition (1.11) and (5.7), it holds that

Lo (it — uo) = V[(2(p}) — A(po)) divuf] in 2y

with (ﬁg —ug) =0at [x| = M + 1. Therefore, by the elliptic regularity, it follows from (5.10) that

a5 = uoll 4o,y = CUI2(05) = 200) | | V211, + [V (1(P5) = 2(e0) | o [ divicg )
<C6—0, ass—0, (5.11)
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which follows that
ug — ug, in Hz(Rz),

and

/;gug(l +1x12) = oouo(1 +1x12), in L*(R?).

and  [[(Vug — Vuo) x|%),

106 = pollyza = 0. [[(05 = po) (1+1x11)]
as § — 0. Thus, since the uniform-in-§ bounds we have, the approximation solution (p‘s, ub, H 5)
converge to the solution (p, u, H) with the regularity (1.12) to the problem (1.1)—(1.4) with the
initial data (1.6).

Finally, the regularity (1.12) of the solution implies that it is a classical solution by the
Sobolev embedding inequalities and Aubin-Lions Lemma (refer to the last subsection or Sec-
tion 5 in [29]).

5.3. Proof of Theorem 1.6

The approximation of the initial data have been constructed in [30] for compressible
Navier—Stokes equations, we rewrite these for MHD equation here for the completeness. Since

lim|y|— 400 P0 = 0 > 0, there exists a large number M > 0 such that if |[x| > M, po(x) > %.
Then, for any 0 < § < &, we define

po(x) +3, if [x| =M,
phx) = {po<x>+<ss<x), it M < x| < M+ 1, (5.12)
00(x), if x| > M +1,

where s(x) = s(|x]) is a smooth and describing function satisfying s(x) = 1 if |[x|] < M and
s(x) =0if |x| > M + 1. Similarly, one can construct the approximation of the initial pressure
Pg. Then the approximate of the velocity ug can be the same to the above one shown in proof
of Theorem 1.1. We omit it here. Hence, the uniform estimates show that the approximation
solution (p‘s, uw, H 8) converge to the solution (p, u, H) with the regularity (1.15) to the problem
(1.1)—(1.4) with the initial data (1.6).

Finally, the regularity (1.15) of the solution implies that it is a classical solution by the
Sobolev embedding inequalities and Aubin—Lions Lemma (refer to the last subsection or Sec-
tion 5 in [29]).
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