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Abstract

We study an initial-boundary-value problem of a nonlinear Korteweg—de Vries equation posed on the
finite interval (0, 2ksr) where k is a positive integer. The whole system has Dirichlet boundary condition
at the left end-point, and both of Dirichlet and Neumann homogeneous boundary conditions at the right
end-point. It is known that the origin is not asymptotically stable for the linearized system around the
origin. We prove that the origin is (locally) asymptotically stable for the nonlinear system if the integer k
is such that the kernel of the linear Korteweg—de Vries stationary equation is of dimension 1. This is for
example the case if k = 1.
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1. Introduction

This article is concerned with the following initial-boundary-value problem of the Korteweg—
de Vries (KdV) equation posed on a finite interval

Vi + Yx + ¥¥x + Yaxx =0,
y(,0)=y(, L)=0,
yx(t,L) =0,
y(0,x)=ype L%(0,L).

(1.1)

The KdV equation was first derived by Boussinesq in [4] (see, in particular, Eq. (283 bis),
p- 360) and Korteweg and de Vries in [26] in order to describe the propagation of small am-
plitude long water waves in a uniform channel. This equation is now commonly used to model
unidirectional propagation of small amplitude long waves in nonlinear dispersive systems.

Since in many physical applications the region is finite, people are also interested in properties
of the KdV equations on a finite spatial domain. Moreover, Bona and Winther pointed out in [3]
that the term y,, which is already in [4], cannot be removed in the KdV equations to model the
water waves when x denotes the spatial coordinate in a fixed frame. We refer to [1,2,12,18,20,22,
27,35] for the well-posedness results of initial-boundary-value problems of the KdV equations
posed on a finite interval. From control theory point of view, we refer to [7,38] for an overall
review and recent progress on different kinds of KdV equations. In particular, when the spatial
domain is a finite interval, we refer to [6,14,15,19,36,37,45] for the controllability and to [8,23,
30,31,34] for some stabilization results. We refer to [10,24,25,28,39-41] for studies on the KdV
equations with periodic boundary conditions.

Rosier introduced in [36] the following set of critical lengths

.2 12 .l
N = 2n‘/%;j,leN*

for the following KdV control system

Ve +Yx +Y¥x + Yxxx =0,
y(@,0)=y@ L)=0,
yx(t, L) =u(1),
y(0,x) = yo,

(1.2)

where u(¢) € R is the control. We refer to [9,14,36] for the well-posedness and controllability
of system (1.2). Especially, Rosier proved in [36] that (1.2) is locally controllable around the
origin by analyzing the corresponding linearized system and by means of Banach fixed point
theorem, provided that the spatial domain is not critical, i.e. L ¢ A/. However, this method does
not work when L € N, since the corresponding linearized system of (1.2) around the origin is
not any more controllable in this case. By using the “power series expansion” method, Coron and
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Crépeau in [14] obtained the local exact controllability around the origin of the nonlinear KdV
equation (1.2) with the critical length L = 2k (i.e. taking j = = k in N), where k is a positive
integer such that (see [13, Theorem 8.1 and Remark 8.2])

(j2+12+jl=3k2 and (j, 1) e(N\{O})Z) =(j=1=k). (1.3)

The cases with the other critical lengths have been studied by Cerpa in [6] and by Cerpa and
Crépeau in [9] with the same method, where the authors have proved that the nonlinear term yy,
gives the local exact controllability around the origin.

If L ¢ NV, it is proved by Perla Menzala, Vasconcellos and Zuazua in [34] that O is exponen-
tially stable for the linearized equation (1.4)

Y + Yx + Yxxx =0,
y(t,0)=y(t, L) =0,
y(t, L) =0,
y(0,x)=yo€ L*(0, L),

(1.4)

of (1.1) around 0. Furthermore, it is also proved in [34] that O is locally asymptotically stable
for system (1.1). However, when L € NV, it has been proved by Rosier in [36] that (1.4) admits a
family of non-trivial solutions of the form e*Mv; (x) for some A € iR, where vy € C*®([0, L]) \ {0}
satisfies

{ A (x) + v} (x) + v} (x) =0,
v.(0) = v;.(L) = v}, (0) = v} (L) =0.

For these critical lengths, it is therefore interesting to study the influence of the nonlinear term
vy, on the local asymptotic stability of O for the nonlinear KdV equation (1.1). This article is
concerned with the stability property for system (1.1) with the special critical lengths L = 2k,
where k is a positive integer such that (1.3) holds.

Center manifolds play an important role in studying nonlinear systems. We refer to [5,11,21,
29,42] and the references therein for center manifold theories on abstract Cauchy problems in
Banach spaces. The authors in [5,21,29] investigated directly the evolution equations and gave
some sufficient conditions for the existence and smoothness of center manifolds. While, the
authors in [11] presented a general result on the invariant manifolds together with associated
invariant foliations of the state space, which can be applied directly to C' semigroups in Banach
space. But the method presented in [11] has no extension to the case of C!-smoothness with
[ > 1. In [42], by using the method of graph transforms, some classical results about smoothness
of invariant manifolds for maps and the technique of “lifting”, the existence, smoothness and
attractivity of invariant manifolds for evolutionary process on general Banach spaces are proved
when the nonlinear perturbation has a small global Lipschitz constant and is locally C'-smooth
near the trivial solution. Because of the existence of the nonlinear term in (1.1), the results pre-
sented in [5,29] do not work for our system. Moreover, due to the fact that, whatever is L > 0,
the linear operator in our system (1.1) does not satisfy the resolvent estimates provided by [21],
we cannot apply directly the results given in [21]. Thanks to the center manifold results given
in [42], in this article, we show the existence and smoothness of a center manifold of (1.1) with
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L =2k, where k is a positive integer such that (1.3) holds, and obtain that the asymptotic stabil-
ity property can be determined by a reduced system of dimension one. Furthermore, by studying
the stability on this reduced one dimensional system, we obtain the local asymptotic stability of
0 for the original system (1.1). The main result of this article is the following theorem.

Theorem 1.1. Let us assume that the positive integer k is such that (1.3) holds. Then 0 € L*(0, L)
is (locally) asymptotically stable for the nonlinear KdV equation (1.1). More precisely:

(i) For every ¢ > 0, there exists § = 5(¢) > 0 such that, if | yoll 20,1y < J, then

Iy, 2oL <& Vi=0.

(ii) There exists 81 > 0 such that, if | yoll .20,y < 01, then
li t, - =0.
tJE%)o Iy, 20,1

Remark 1.1. (a) The existence of §(¢) is trivial and well known. In fact, one can take 6(¢) = ¢
since ¢t € [0, +00) — ||y(t, -)||L2(0!L) is nonincreasing (see also Lemma 3.1 below). The non-
trivial part of Theorem 1.1 is property (ii). (b) It is proved in [16, Theorem 1 and Comments]
that, for every L > 0, there are non-zero stationary solutions to (1.1). In particular §; cannot be
taken arbitrary large in (ii) and 0 € L>(0, L) is not globally asymptotically stable for the nonlin-
ear KdV equation (1.1). (c) Let us emphasize that, for k := 1, one has (1.3) and that, as proved
in [13, Proposition 8.3], there are infinitely many positive integers £ such that (1.3) holds.

The organization of this paper is as follows: First, in Section 2, some basic properties of the
linearized system (1.4) are given. Then, in Section 3, we prove some properties of a nonlocal
modification of the KdV equation (1.1) and then deduce the existence and smoothness of the
center manifold. Finally, in Section 4, we analyze the dynamic on the center manifold, which
concludes the proof of the main result, i.e. Theorem 1.1.

2. Preliminary
Until the end of this manuscript, & is a positive integer such that (1.3) holds and, unless other-

wise specified, L = 2k . In this section, we give some properties for the linearized system (1.4).
Set X :=L2%(0,L).Let A: D(A) — X be the linear operator defined by

AY = —Yx — Yxxx
with
D)=y e H3O. L)1y ) = (L) =¥ (1) =0}

It is easily verified that both A and its adjoint A* are dissipative. The following proposition
follows from [33, Corollary 4.4, Chapter 1]. See also [36].

Proposition 2.1. A generates a Co-semigroup of contractions on L*(0, L).
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From now on, we denote by {S (t)},5>¢ the Cp-semigroup associated with A. Then S(¢)yo
is the mild solution of the linearized system (1.4) for any given initial data yo € L? (0, L). By
Proposition 2.1, we obtain the following lemma directly.

Lemma 2.1. For every yo € L* (0, L), we have

IS@yollz20,2) < yollz20,0), Vi =0.
Furthermore, the following Kato smoothing effect is given by Rosier [36, Proposition 3.2].

Lemma 2.2. For every yo € L* (0, L) and for every T > 0, we have S(t)yy € L? (O, T; H' (0, L))
and

AT +L\?
||S(t)y0||L2((),T;H1(0,L)) = 3 ||y0||L2(O,L)~

Proceeding as in [32], we can prove the following two results.

Lemma 2.3. There exists a constant C > 0 such that for any yg € HO1 (0, L), the solution S(t)yo

of (1.4) fulfills

1SOyoll 0.0y = C ¥l 0,0y > Ve = 0.

Proof. For any Uy € D (A), let us define U(t) := S(t)Up. Let V (t) = U, (t) = AU (¢t). Then V
is the mild solution of the system

{VtZAV,
V(0)=AUye L*(0,L).

Hence, it follows from Lemma 2.1 that

IV OlizoLy = VOI20,0), YE=0.
Since V(t) = AU(t), V (0) = AUy, and the norms ||U||L2(0’L) + ||AU||L2(0’L) and [|U || p(4) are

equivalent on D(A), we conclude that, for some constant C; > 0 independent of Uy and t > 0,
we have

I1U ®llpcay < CrllUollpcay -
Then the result of Lemma 2.3 follows by a standard interpolation argument. 0O

Our next proposition shows that {S (¢)},5( is a compact semigroup.
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Proposition 2.2. Let T > 0. There exists a constant C > 0 such that, for every yg € L2(0, L), we
have

C
IS @ yollgt 0.1y = 7 yollz20,2y. V€ (O,T]. 2.1

7

Consequently, the Co-semigroup {S (t)},>( generated by A is compact.

Proof. Let T > 0 be fixed. For every t € (0, T'] and for every yp € L?(0, L), by Lemma 2.2, the
estimate

2t+ L 2
“S(')yOHLZ(O,%;H(}(o,L))5 3 ||y0||L2(o,L) (2.2)

holds. Then, arguing by contradiction, we get the existence of T € (0, ¢/ 2] such that

2+ L\ [2 )
IS (@) yoll g0,y = 5 " Iyollz20,2y, VYyo € L0, L). (2.3)

Now it follows from Lemma 2.3 and (2.3) that there exists C' = C’(T) > 0 such that, for every
t € (0, T] and every yp € L?(0, L),

IS () y0||H0|(0,L) =[St —1)S(7) yO”H(}(O,L)

=ClIS@yollgo.1)

u+L\? [2
<C 3 N Iyoll 20,1,

/

< —=lyoll
0 2 .
7 Yollz2(0,L)

Thus, for any given T > 0, (2.1) holds. Since HLY(0,L)is compactly embedded in L%(0, L), we
conclude that S (¢) is compact. O

Let us now consider the spectral properties of the operator A. Firstly, we give the definition of
growth bound and essential growth bound of the infinitesimal generator of a linear Co-semigroup.
We refer to [43, Definition 4.15, p. 170] for this definition.

Definition 2.1. Let K : D(K) C X — X be the infinitesimal generator of a linear Cy-semigroup
{Sk ()};>0 on a Banach space X. We define wg (K) € [—00, +00) the growth bound of K by

In (|| Sk (¢
wO(K):ZHT w
—+o0

The essential growth bound w 55 (K) € [—00, +00) of K is defined by

. In(|[Sk () llegs)
wO,ess(K) = lim 76”)

t——+00 t
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where || Sk (1) |5 1 the essential norm of Sk () defined by
1Sk ) lless = & (Sk (1) Bx (0, 1)),
where Bx (0, 1) :={x € X : ||x||x < 1} and, for each bounded set B C X,
k (B) =inf{e > 0: B can be covered by a finite number of balls of radius < ¢}
is the Kuratovsky measure of non-compactness.

The following result is proved by Webb [43, Proposition 4.11, p. 166, Proposition 4.13, p. 170]
and by Engel and Nagel [17, Corollary 2.11, p. 241].

Theorem 2.1. Let K : D(K) C X — X be the infinitesimal generator of a linear Cy-semigroup
{Sk ()};>0 on a Banach space X. Then

wo (K) = max <w0,ess (K), max Re (A)) .
A€0 (K)\Oess (K)

Assume in addition that wg ess(K) < wo(K). Then for each y € (a)o,ess (K), wo (K)],
{Aeo (K):Re(X) >y} Co,(K) is nonempty, finite and contains only poles of the resolvent
of K.

As a consequence of Proposition 2.2 and Theorem 2.1, one has the following lemma.

Lemma 2.4. All the spectra of the linear operator A are point spectra, i.e., 0 (A) = 0, (A)
and wg (A) = Ama‘a)Re (A). Moreover, for each y € (—oo, wy (A)], {A€eo (A):Re(X) >y} is
€0

nonempty, finite and contains only poles of the resolvent of A.
From Lemma 2.1 and Lemma 2.4, one has
Lemma 2.5. For every L € 0 (A), Re (A) <0.
Let us now prove the following lemma.
Lemma 2.6. One has o, (A) NiR = {0}. Moreover, the kernel of A is a(1 —cosx), a € R.

Proof. We have A € 0, (A) NiR if and only if there exists ¥ € H?3 (0, L) \{0} such that

A X xxx — Y,
{ VYt 0 24
V() =y (L)=yx(L)=0.
Multiplying Eq. (2.4) by v, and then integrating over [0, L], we obtain
L L L
K/ Ydx + / Yadx + / YaxxPdx =0. (2.5)
0 0 0
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Taking the real part of (2.5), we have

L _ -

/ Vb + Y
2

dx +

L - -
/ 1/f)r)5)c17// ‘; 1/fxx)rl/f dx = 0. (26)
0

0

Integrating by parts in (2.6) and using (2.4), we get

¥x (0) =0.

Hence, A € 0, (A) NiR if and only if there exists ¥ € H?3 (0, L) \{0} such that

{)‘1/’+1/fx+l/fxxx=0,
VY (0) =9 (L) =9« (0) =y (L) =0,

and the result of this lemma follows directly from (1.3) and from the proof of Rosier [36,
Lemma 3.5]. O

Combining Lemma 2.4, Lemma 2.5 and Lemma 2.6, we obtain the following corollary.

Corollary 2.2. 0 € 6 (A) = 0}, (A) and the other eigenvalues of A have negative real parts which
are bounded away from 0, i.e., there exists A > 0 such that all the nonzero eigenvalues of A have
a real part which is less than — A.

3. Existence and smoothness of the center manifold

This section is devoted to showing the existence and smoothness of the center manifold for
system (1.1) with L = 2km by applying the results given in [42]. We would like to mention
that the linear operator A in our system (1.1) with L = 2k does not satisfy the resolvent esti-
mates required in [21]. In particular, A does not generate an analytic semigroup, and, therefore,
we cannot apply the results given in [21] to show the existence and smoothness of the center
manifold.

In order to apply the results given in [42], we need to show that the nonlinear perturbation
has a small global Lipschitz constant. To that end, we modify the nonlinear part of the original
system (1.1) by using some smooth cut-off mapping, and consider the following equation

Yt + Yx + Yexx + CDS(“.V”L%(),L)))’YX =0,
y(t,0)=y(t, L) =0,

yx(t, L) =0,

y(0,x) = yo(x) € L*(0, L).

@3.1)

Here ¢ > 0 is small enough, and &, : [0, 4-00) — [0, 1] is defined by
x
O (0 =d (%), Vrel0.+o0),
e

where ® € C* ([0, +00); [0, 1]) satisfies
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1
®(x) = 1, whenx €0, 5],

0, whenx €[l,+00),

and

It can be readily checked that

®,(x)=1, whenx € |0, g],

®,.(x) =0, whenx € [e,+00). (3.2)
Moreover, there exists some constant C > 0 such that

c
0<—d.(x) < = Vx € [0, +00). (3.3)

In (3.3) and in the following, C denotes various positive constants, which may vary from line to
line, but do not depend on ¢ € (0, 1] and yp € L2(0, L).

3.1. Well-posedness of (3.1)

In this section, we prove the following proposition on the global (in positive time) existence
and uniqueness of the solution to system (3.1).

Proposition 3.1. For every yg € L? (0, L), there exists a unique mild solution

y € C([0, +00); L*(0, L)) N L. ([0, +00); Hy (0, L))
of (3.1).

In order to prove this proposition, one first points out that

Lemma 3.1. Let T > 0. If

y e C([0,T1; L*(0, L)) N L*(0, T; H} (0, L))
is a mild solution of (3.1), then
L

d /20 ydx | <0
— ,X)dx | <0.
dt Y

0

Please cite this article in press as: J. Chu et al., Asymptotic stability of a nonlinear Korteweg—de Vries equation with
critical lengths, J. Differential Equations (2015), http://dx.doi.org/10.1016/j.jde.2015.05.010




YJDEQ:7874

10 J. Chu et al. / J. Differential Equations eee (eeee) see—see

Proof. We multiply y; + vy + yixx + ®€(||y||L2(O,L))yyx = 0 by y and integrate over [0, L].
Using the boundary conditions in (3.1) and integrations by parts, we get

N =

L

d

d—/ 2dx+ yx(t 0) =
0

The lemma follows. O

By Lemma 3.1, in order to prove Proposition 3.1, it is sufficient to prove local (in positive
time) existence and uniqueness of the solution to system (3.1).

Proposition 3.2. Let ¢ > 0,7 > 0. There exists T > 0 such that for every yo € L*(0, L) with
||y0||L2(0’L) <, there exists a unique solution y € C ([O, T]; L? ((OR L)) N L2 (0, T; HO1 (O, L))
of (3.1).

Proof. The case where &, =1 is proved in [34]. Adapting the proof given in [34], we get the
existence of T together with the existence and uniqueness of mild solution y. We briefly give the
proof since some estimates given in the proof will be used later on.

Using the variation of constants formula, system (3.1) can be written in the following integral
form:

t

y,) = S(t)yo—/S(t—S) ®e (Ily (5. )l z20.2)) ¥ (8, ) ya (5, ) ds
0

=[¢p ] ). (3.4)

We will show that the nonlinear map ¢ is a contraction from Y7 := C ([0, T1; L? (0, L)) N
L?(0,T; H} (0, L)) into itself when 7 > 0 is small enough.

Firstly, we prove that ¢ maps continuously Y7 into itself. Let us first show that if y € Yr,
(O (||y||Lz(0)L)) yye € L! (O, T; L? (0, L)) and the map y — &, (||y||L2(O,L)) Yyy 18 continuous.
Indeed, let y, z € Yr. Applying the triangular inequality, Holder’s inequality and Sobolev’s em-
bedding H, (0, L) C C°([0, L]) together with (3.3), we get

H b, (||y||L2(O,L)) yyx — @¢ (”Z”LZ(O,L)) 2x ”LI(O,T;LZ(O’L))

< yx — sz)”Ll(O,T;LZ(O,L)) + H [cbg (||y||L2(0,L)) — &, (”Z”LZ((),L))] 2Zx “LI(OyT;LZ(O’L))

C
S —2)yx + x — 2x) Z”L‘(O,T;LZ(O,L)) + ; ” ly — Z”LZ(O,L) 2Zx ||L1(0,T;L2(O,L))

T
< f 1 = 2) yell 2o i + / 1 = 20) 2ll 20,2,
0

C
+ ;/ ly — Z”LZ((),L) ||ZZx||L2(0,L) dt
0
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T T
< C/ ly — Z”LOO((),L) ||yx||L2(0,L) dt + C/ ||Z||L°°(0,L) lyx — Zx”LZ((),L) dt
0 0
T

C
+ =y = 2limo o) / el oo,y lax 2oz, d
0

= Clly =zlle20, 75100, 1yx 20,7 220.1)

+ Clizll 20,7200,y 1Vx = Zx||L2(o,T;L2(0,L))
Cc
T Iy =zl o0, 7;2200,) 121220, 7520, 1)) 12 | 22 (0. 7:2200.1) - (3.5)

By the classical Gagliardo—Nirenberg inequality, we have

1 1
el 0,0 = C el ) s lagg o Vit € HY (O, L) (3.6)

Hence,

T T
/ el 1 di < C / el 20,1 Nl 20,1, dt
0 0

T

< Clullz~(o.r:220.0) / el 2 0.1, dt
0

1
< Cllullpoo(o.7:220.0)) T2 luxllz2(0.7:2200.1) -

Consequently, we get

1 1 1
”u”LZ(O,T;LOC(O,L)) = C ”u”IZAOO(O,T;Lz(O,L)) T+ ””x ||22(O,T;L2(0,L))
1
<CT#|uly,, VYuelr.
Thus, it follows from (3.5) that
” Cbé‘ (“y“Lz(O,L)) Y¥x — q>8 (”Z”LZ(O,L)) iZx ||L1 (O,T;LZ(O,L))
1 1
<CT#|y— Z”yT ”yx”LZ(O,T;LZ(O,L)) +CT+ ||Z||YT lyx — ZX||L2(0,T;L2(0,L))
C 1
+ " ly — Z||L°°(0,T;L2(O,L)) T4 |izlly, ||Zx||L2(0,T;L2((),L))

1 1
<lly—=zlly, T*C <||y||yT +lzly, + 2 IIZII%T) ; (3.7

which implies that ®, (||yll;2(.z)) yyx € L' (0, T; L? (0, L)) and that the map
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y = @ (Il 200.)) YYx

is continuous from Y7 to L' (0, T; L? (0, L)).
By Proposition 4.1 in [36], we obtain that

t

/S(f —5) P, (||Y(S, ')”LZ(O,L)))’(Sa ) yx (s,-)ds
0

lies in Y7, and the map

t
D, (||)’||L2(0,L))yyx—>/S(t—5)(ba (||)’(Sv')||L2((),L))}’(S»'))’x (s,-)ds
0

is continuous. This fact, together with the continuity of the map y — &, (|| Yllz20, L)) yyy from
YrtoL! (O, T:L?(0, L)) and S () yo € Yr (thanks to Lemma 2.1 and Lemma 2.2), leads to the
conclusion that ¢ maps continuously Y7 into itself.

Let us now prove that ¢ is a contraction in a suitable ball Bg of Y7 when 7 > 0 is small
enough. Obviously,

t

dO)—¢@)=- / St —s) [q>a (||Y||L2(0,L)) yyx (s) — Dg (||Z||L2(0,L)) 2Zx (S)] ds.

0

In view of the proof of Proposition 4.1 in [36] and (3.7), we deduce that

¢ (y) — ¢ @lly,
1
T+2L\2
=< (1 + ( 3 > ) H CDS (||y||L2(O,L)) Yyx — q)s (||Z||L2(O,L))ZZ)C HLI(O,T;LZ(O,L))

=C (1 + ﬁ) H D, (||y||L2(0,L)) yyx — e (”Z”LZ(O,L)) 2Zx HU(O,T;LZ(O,L))

1 1
=C(14VT) Iy =zlly, T4 (nynyT +lizlly, + < ||z||2YT) : (3.8)

which shows that ¢ is a contraction in the ball Bg of Y7 if
1
c(1+ﬁ)T% <2R+—R2> <1 3.9)
I3

Therefore, the proof will be complete if we could show that for a suitable choice of R and T
satisfying (3.9), the map ¢ sends Bpg into itself.

It can be deduced from the definition of ¢ (y) given in (3.4), Lemma 2.1, Lemma 2.2 and (3.8)
with z = 0 that there exists C > 0 independent of ¢ € (0, 1], yo € L2(0, L) and T > 0, such that
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1
4T +L\?2 1
lp Mlly, < (1 +< 3 ) ) 1yoll 20,2y + Y117, T4c(1 +ﬁ)

1
4T + L\? 1
§<1+< 3 ) )||y0||L2(O,L)+R2T4C(1+ﬁ)

- 1
= C(14+3T) (Iboll 2.y + BT, Yy € Br.

Now let [[yollz2¢,z) <1, and set R := 2nC. Then

6 lly, <nC (1+ﬁ) (1+462nT%), Vy € Bx. (3.10)
It is clear that we can choose T > 0 sufficiently small such that
(1 + ﬁ) (1 +4n62T%) <2,

which, together with (3.10) implies that ¢ maps By into itself. Moreover, decreasing 7 if neces-
sary allows us to guarantee (3.9) as well. The proof of Proposition 3.2 is complete. O

Proposition 3.3. There exists C > 0 such that for every & > 0, for every yo € L* (0, L) and for
every T > 0, the unique solution of (3.1) satisfies

8T+2L ,

Proof. Proceeding as in [36], we multiply the first equation in (3.1) by xy and integrate over
(0, L) x (0, T). Then, by Lemma 3.1, we obtain

T L L
//yfdxdt—i— /xyz (T,x)dx
0 0
T L L T L
1 2 2 2 2
=3 v dxdt + xyodx ~3 De(llyliz20,0)) | Xy yxdxdt
00 0 0
T L
T+L 2 2 2
S 3 ||)’0||L2(0,L) + g dDE(”y”LZ(O’L)) 'xy yxd-x dt' (312)
0 0

Since

L ! L
/xyzyxdx=—§/y3dx,
0 0

it follows from (3.12) that
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L

T L
//y dxdt + - /xyz(T,x)dx
00

T

L 2
||y0||]_2(0 L) + § / q)s(“y“Lz(O,L))/ |y|3d}€dl
0

) T L

T+

T yoliZag, L)+§//|y|3dxdt.
00

T+

| /\

Hence Wlth ||¢||H (0 L) ||1//||L2(0 L) + ||1/fx||L2(O L)’

T L
4T ~|—L 2 ;
020 7m0 =~ Y0032,y g | [ WP dxar. (3.13)
00

Furthermore, by Lemma 3.1, the continuous Sobolev embedding H (0, L) c €°([0, L)), the
Poincaré inequality and Holder s inequality, we have

T L T L
[ [opasar=c [1sigyan | [Pax)a
0 0 0 0

T

§C||yo||iz(0’L)/||Y||H3(0,L)dt
0

0=

2
< Cllyolag VT / 9y 0.

2
= Cﬁ ||)’0||L2(O,L) ||)’||L2(0’T;H01(0,L)) .
Now, using the above inequality in (3.13) we have

2
||y||L2(O T'HI(O,L))

4T + L
< ——=—y0l320.1, +CYT Iv0ll32 1, ||)’||L2(0,T;H01 O.L)

T + 4
S - 4 ||y0||Lz(0 L) + CT ||y0||Lz(0’L) ||)’||L2(O T; H (0 L))

Therefore, we get

Iy < 2 ol )+ CT ol -
L2(0,T;H} (0,L)) — L2(0,L) L2(0,L)

This concludes the proof of Proposition 3.3. O
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Remark 3.1. According to Proposition 3.3, we have, for every t € [0, T'],

8(T —7)+2L
||y||iz(r’T;H(}(0’L)) == Iy (z, ')”izm,u +C(T —1)|ly(t, .)Iliz(O,L) .

It follows that, if T € [0, T'] is such that ||y (z, ')||L2(0,L) = ¢, then

5 8(T —1)+2L 22
Iyl I —
L2(t,T;Hy(0,1)) — 3
8T+2L 22
- 3

+C(T—‘[)8
+CTé&*.

Lemma 3.2. Let T > 0. There exist n > 0 and C > 0, such that, for every ¢ € (0, 1] and for every
yo € L% (0, L) with Iyoll 20,y < 1, there exists a unique mild solution y : [0, T] x [0, L] > R
of (3.1) which satisfies

C
ly (z, ')”HOI(O,L) =< j ||y0||L2(0,L), Ve (0,T].
Proof. From Proposition 2.2 and (3.4), we deduce that

lly (@, ')”H(}(O,L) <IS® y0||H01(()’L)
t

+/ S =) e (Ily (5 )M 220,2)) ¥ (503 (55 ) | 0,1 99
0

\/— ||)’0||L2(0 L) f ||y (s, ) yx (s, )||L2(0 L) ds. (3.14)
0

As a consequence of Lemma 3.1 and (3.6), we have

ly Cs, ) yx (8. )220,y < 11y G, ')”LDC(O o) 1yx (5,9 20,1

< Cly oM 1, I G

=C ||yo|| (3.15)

X f
Lo 196 -

Substituting (3.15) into (3.14), we obtain

C 1 C 3
. —_— 2 —_— . 2
”y (tv )”H(}(O,L) S \/; ||y0||L2(0’L) + ”yOHLZ(O,L)/ m ”y (s7 )”HOI(O,L) dS
0
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i.€.

\/;”y([» .)”H()I(O*L)
t

1
=Cliyollz20,0) + ||y0||22(o,L) */;/
0

3
(V3 )y o.y) ds. (3.16)

S%\/I—S

Let C > C. We claim that there exists 7 > 0 (small enough) such that, for every ¢ € (0, 1] and
for every yo € L? (0, L) such that lyollz2(0,1) < n, we have

£ <Cllyoll 20y, V1 €(0,T1, (3.17)

where £ (1) 1= /1 ||y (¢, ~)||H0| ©.L)- By a simple density argument, we may assume that yy €
Hj (0, L). Then, by [1. Theorem 1.3 with s = 1]

y € CO([0, +00); HL (0, L)). (3.18)

(In fact [1, Theorem 1.3] is dealing with (1.1) and not with (3.1); however the proof given there
can be adapted to (3.1).) Property (3.18) implies that the integral term in the right hand side
of (3.16) tends to 0 as t — 0. Hence, if yg # 0 (which can be assumed, since (3.17) holds for
yo = 0) and if (3.17) is not valid, there exists t € (0, T'] such that

E(r)=C Iyollp2¢0,) and &) < C Iyollz20,0), Vt€(0,7). (3.19)

Thus by (3.16), we have

T
1 C _ 3
E(r)<C ||y0||L2(0,L) + ”y()”zz(O,L) \/?/ %7_ (C ||y0||L2(O,L))2 ds
o SIVT—s
T
1ol 20,0y + 1500220 4, VEC (€)F [ ———d
=Cllyo L2(0,L Yol 2 T e—
(0.L) L2(0,L) J S%«/m

S/

T
3 1
= llyoll2¢0.) | € + IIvoll 20, \/?C(C) [4 ds

Hence, if [lyoll72(0,z) 1s small enough but not 0, we get & (1) < Cc lyoll 220, 1.)> Which leads to a
contradiction with (3.19). This concludes the proof of Lemma 3.2. O
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3.2. Properties of the semigroup generated by (3.1)
Let
S(t):L*(0,L) - L*(0,L), t>0
be the semigroup on L? (0, L) defined by

S (o) (x) ==y (t,x),

where y (t, x) is the unique solutio~n of (3.1) with respect to the initial value yy € L? O, L). Let
T > 0. Then, for every t € [0, T'], S(¢) can be decomposed as

S(t)=S@t) + R(1),

or equivalently,

y(t,x) =z (@, x)+a, x),
where, as above, for every yg € L2 (0, L), z (, -) := S (¢) yo is the unique solution of

Zt+2x + Zaxx =0,
z2(t,0)=z(k,L)=0,
zx (1, L) =0,
z(0,x) = yo

and o (¢, -) := R(t)yo is the unique solution of

o +ay + oy + P (”Z + a”LZ(o,L)) (zxot +axz +zxz + o) =0,
a(t,0)=a(t,L)=0,

oy (t,L) =0,
o (0,x)=0.
Let
M :={ap:a R},
where
(x) ! (1 ) (3.20)
x) = —COSX). .
v 3k

Let us recall that, by Lemma 2.6, ¢ (x) is an eigenfunction of the linear operator A for the
linearized system (1.4) corresponding to the eigenvalue 0 and M is the eigenspace corresponding
to this eigenvalue. Then we can do the following decomposition of X = L? (0, L):

X=MoM=.
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The projection P : X — M is given by

Py(t,x) = p(H)p(x),
where

L
p() :=/y(t,X)<p(X)dx, (3.21)
0

and the projection Q : X — M' is given by I — P.
One easily checks that

S(t) leaves M and M L invariant and S (t) commutes with P and Q. (3.22)

Denote by S1(t) : M — M and S»(¢) : M+ — M~ the restriction of S(z) on M and M+ respec-
tively. Then

S1(¢)=Id, Vr>0, (3.23)

where 1d is the identity on L?(0, L). Moreover, by Proposition 2.2 and Corollary 2.2, there exist
N > 1 and w > 0 such that

1S < Ne™', Vi >0. (3.24)

3.2.1. Global Lipschitzianity of the map R(t) : L*>(0, L) — L*(0, L)
The aim of this part is to prove and estimate the global Lipschitzianity of the map R (¢) :
L?(0,L) — L% (0, L). To that end, we consider

ar + oy + o + P ([l + 2l 120, 1)) @r 4+ @xz + 202 + @) =0,
a(t,0)=a(t,L)=0,

ay (t,L)=0,

o (0,x) =0,

and
O+ 0ty + 0yxx + (Ds (”Z + &”LQ(O)L)) (Zx& + &xz + sz + &x&) = 07
@t 0)=a, L)=0,

ay (1, L)=0,

o (0,x) =0,

where z is the solution of

2t + 2x + Zxxx =0,
7(t,0)=2z(t,L) =0,
zx (1, L) =0,
z2(0,x)=yo € L*(0, L),
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and 7 is the solution of

Zt + Zx + Zxxx =0,
7(t,00=z(t,L) =0,
Zx (t, L) =0,
z(0,x) =59 € L*(0,L).

Set

A=a—0a, yi=a+z, yi=z+a,
D)=, (||y||L2((),L)) ) D) =D, (”y”LZ(O,L)) .
Then we obtain

Ar+ Ay + Ay = —P1yyx + Poyyx
=P [—(@+2) Ay — @ +2) A= (z—2); —&x (2 —2) — 242+ ZiZ]
— (D) — D) (Zy@ + Uy Z + 727 + A Q)
A(t,0)=A(,L)=0,
Ay (t,L) =0,
A(0,x)=0.

(3.25)

Moreover, by the definition of @1, ®; and (3.2), we get
O =d,=0, Vvl =e YITlren e (3.26)
We first give the following estimate of the L?-norm of A.
Lemma 3.3. Let T > 0. Then there exists C > 0 such that
IAG, Il 20.0) <C. Yt e[0,T], Yee (0,11, Vyo € L*(0, L), ¥yo € L*(0, L).

Proof. By integrating by parts in

L
/A (Ar +Ax + Agyx + P1yyy — P2yyx)dx =0,
0

we get

| =
Q..lg_‘

L L L
1
I/Azdx+§A§ (t,O)=—¢1/Ayyxdx+¢2fAy§xdx. (3.27)
0 0 0

Note that A(#,0) = A(t, L) =0, by the continuous Sobolev embedding H, (0, L) C C° ([0, L])
and the Poincaré inequality, we obtain
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L L
/ ATFedx| < 10t f AT, |dx
0 0
L
< C 50 [ 187:1dx
0

L
sC||yx||Lz<o,L)/|Ayx|dx.
0

In the above inequalities and in the following, C, unless otherwise specified, denotes various
positive constants which may vary from line to line but are independent of ¢ € [0, T'], € € (0, 1],
yo € L*(0, L) and yo € L*(0, L). Thus,

L
RS ET DN TNy
0

Similarly, we have

L

/ A)’)’xdx <C ”yx ||iz(O,L) ”A”LZ(O,L) .
0

Hence, it follows from (3.27) that

&.|Q‘

L
t / A2dx + A (1,0)<C (<1>1 1yel7 2.1, + P2 17 ||§2(0,L)) 1Al 20,1 -
0

In particular,

L
d _
z / N = C (@11 ) + 2 1500220, ) 18T 20 1y -
0

By Lemma 17 in [14] and Remark 3.1, we get

L t 2

/Azdx <3 /C (<I>1 1yell720.z, + @2 ||yx||i2(0,L)) dt
0 0

8T +2L 2
§3C2(2<+82—|—CT&‘4>>, Yt e[0,T].

The result follows. O
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For the sake of simplicity, we denote from now on by L?(L?) the norm L2(0, T; L*(0, L)).

Lemma 3.4. Let T > 0. Then there exists C > 0 such that

IAE 22,1
T
< / I:(bl (”&xHLz(O,L) + ||Zx||L2(()‘L) + ”ZX”LZ(O,L)) “ (Z—2)y ||L2(O,L)
0

1 3
+101 = Dol 12+l 7 ) [E+ @] gy ) Je

X exp |:C <1 + H\/aax + H\/a&x

2 2 ‘

N

2
2y )|’

for everyt € [0, T, for every & € (0, 11, for every yo € L*(0, L) and for every o € L*(0, L).

L2(L?) L2(L2) +

Proof. We multiply the first equation of (3.25) by 2x A and then integrate over [0, L]. By inte-
grating by parts and using the boundary conditions of (3.25), we get

d L L
E/xAzdx+3/A)2€dx
0 0
L L L L
=/A2dx+<1>1 X (—2/xaAAxdx+4/xaAAxdx+2/szAxdx
0 0 0 0
L L L
+2/&A2dx+2sz2dx—foA&(z—Z)xdx
0 0 0
L L L
—Z/xA&x(z—Z)dx—Z/xAzx (z—Z)dx—Z/xAZ(z—Z)xdx)
0 0 0
L
— (P —<1>2)/2xA(Zx&+&xZ+ZxZ + @) dx. (3.28)
0

Note that « (f,0) = « (¢, L) = 0, by the continuous Sobolev embedding HO1 0, L) c (o, LY)
and the Poincaré inequality, there exists C = C (L) > 0 such that

L

L
2 /xozAAxdx 5C||ax||Lz(0’L)/|xAAx|dx.
0 0

Thus,
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L
2 /XWAAde <C ”“xHLZ(O,L) ||Ax||L2(0,L) ||XA||L2(0,L)
0

T 1
5 ”Ax ”LZ(O,L) +

2
< 5 (C llotx ||L2(0,L) ||XA||L2(0,L))
) L L
E/Azdx+C||ozx||L2(0’L)/xA2dx. (3.29)
0 0
Similarly,
L ! L L
/ x&@AAdx| < E/Aﬁdx+C||&x||iz(O’L)/xA2dx, (3.30)
0 0 0
L | L L

f ZAAdx| < EfAidx+C||Zx||iz(0’L)/xA2dx. (3.31)
0 0 0

Note that & (#,0) = & (¢, L) = 0, by the continuous Sobolev embedding H, (0, L) C C°([0, L])
and the Poincaré inequality, we have

L

L
2 / aA%dx| < Cllaxll 2. / Adx. (3.32)
0 0

1 _1
From (3.32) and Lemma 16 in [14] with a := min{—C_% laxll, 2

V2 L2(0,L)’
C(L) > 0 such that

L
2/&A
0

Similarly, we have

L}, there exists C =

4>|~

L L
/A dx+C < |le|| 1200.L) +llaxliz2, L)> /xA dx. (3.33)
0 0

L L
1
2 /zAde < Z/A dx+C<||zx|| ot llzxll 20, L)>/xA dx. (3.34)
0 0

By Lemma 16 in [14], there exists C = C(L) > 0 such that

L L

L
1
/A2dx < 5/A§dx+€/m2dx. (3.35)
0 0 0
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We have
L L
2 /XA&(Z_z)xd.x SCHC_()C"LZ(O,L) /XA(Z_Z)de
0 0

1
2

<Clal o | [ ¥*A%x | |-l

S ~—=

1

2

L
<Cladpon | [x8%x | [c=Ddpey. 630
0

Similarly, we can obtain

L L 2
2 /anx (z—2)dx 5C||(z—z)x||L2(o,L) /xA%lx Il 220, - (3.37)
0 0
1
L L 2
2 fozx (z=2dx| = C @ =D 20 /xA2dx lzxllz20.1) - (3.38)
0 0
1
L L 2
2 f XxAZ(z—2),dx| < ClZel 201 / x| G=Delpr, . B39
0 0

Moreover, we have

L
/zm(zx&+&xz+zxz+&xa)dx
0
L
=2 /xA(Zx+&x)(Z+&)dx
0
L
52||2+&||Lw(O,L)/|xA(z+a)x|dx
0
L 3
<2VLIz+@l >0 |G+ @i 204 /xAzdx . (3.40)
0
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Then, using the Gagliardo—Nirenberg inequality (3.6), it follows from (3.40) that

L

/ZxA(ZX&+&xZ+ZxZ+&X&)dx

0

1
L 2
L 3
<Clz+al0,, G+ 720, / xA%dx | (3.41)

0

Thus, using (3.28) to (3.41), we get

L

L
1
2 2
t/xA dx+5/Axdx
0

0

&l&

L
2 ~ 2 2 2
S C (l + q)l (”le ||L2((),L) + ”ax ||L2((),L) + ”Zx ||L2((),L))) /XA d)C
0

+ C[Ql (”&x ”L2(O,L) + ||ZX”L2(O,L) + ”ZxHL?(O,L)) H (Z - Z)x ”LZ(O,L)

1

L 2

1 3
+|q>1—q>2|||z+a||zz(0,u||(z+a)x||22(0’“] /xA2dx _ (3.42)
0

In particular,

J L
E/xAzdx
0

L
2 — 2 2 2
=€ (141 (llolag )+ 1@ ) + 12 2,1))) / xA%dx
0

+ CI:CDI (”&x ||L2(0,L) + ||Zx||L2(O,L) + ”ZxHLZ(O,L)) ” (z—2)y “LZ(O,L)

1
L 2

1 3
11— o 12+l o ) |G+ ||zz(0,L)] /xAzdx
0
Then, by Lemma 17 in [14], we get
L
/xAzdx <W, Viel0,T] (3.43)
0
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with

T
wi=3c? / (10180202 + 1912 20,0 + 191 Zxl 1200,00) [ = Dl 20,1
0

1 3 2
+ |q)l - CI)2| ”Z + &”[2‘2((),[‘) ” (Z + &)x ||12‘2(0’L) )dt:l

xexp[ (T—i—H\/_ozx +H\/71x

+H\/_1

e >:| . (344)

L2(L2) L2(L2)

Now integrating (3.42) over [0, 7] and using (3.43), we have

T L
f/A)%dxdt
00

T
C/ 1 + q>1 ”aX”LZ(O L) + ”aX”LZ(O L) + ”ZX”LZ(O L))) dtW
0

L
/xA2 (T,x)dx +
0

| =

T
+ C/ [Of ||05x||L2(0 L) + ||Zx||L2(o L) + lzx ”L2(0 L)) ” (z — Z)x ”L2(0 L)
0

1 - 3 1
191 = Bl 2+l ) |G+ @22, a7

Then it follows that

| T L
5 f / AZdxdt (3.45)
0 0
T
2 — 2 2 1
<C [ (141 (sl g+ 12 1) + 12313201, ) ) dIW + 5 W
0

T
1 _ _ _
+ E[C/ (‘DI (”ax”LZ(o,L) + ||Zx||L2(o,L) + ||Zx||L2(0,L)) ” (z—2)y HLz(O,L)
0

1 3 2
+1®1 = Dol 12+, |G+ @ oo, )dt] : (3.46)
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Hence, combining (3.46) with (3.44), we obtain

T L
//Mwm
00

T
C[/ ((”d)l&x”m(o,L) + ||‘Dle||L2(0,L) + ||<lex||L2(o,L)) ” (z — 2y ||L2(0,L)
0

1 3 2
+ |CI)1 - q)2| ”Z + &||22(0,L) || (Z + &)x ||22(0’L) )dt]

xexp[c(?w+H¢r_ax —+H¢r7 N + Vo

mw)] (3.47)

We multiply the first equation of (3.25) by A and integrate over [0, L]. Using the boundary
conditions of (3.25) and integrations by parts, we get

L2(L?) L2(L?)

L
d
I/2w+A%m)
0

2
L L L
=d; x <—/anAdx+2/&AxAdx—}—/ZAXAdx
0 0 0
L L
—/&(Z—Z)xAdx—/&x(z—Z)Adx
0 0
L L
_/Zx(Z—Z)Adx—/Z(Z—Z)xAdx>
0 0
—@M—¢ﬁ/lua&+®2+az+m&mx (3.48)

It can be readily checked that

L L
1
/anAdx SE/A dx—i—E/Azotzdx
0 0
L L
1 2 2
5 A dx+C||ax||L2(0‘L) A“dx. (3.49)
0 0
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Similarly, we have

and

L
Zf&AxAd
0

L
/ZAxAdx <
0

L L
1 _
x| < 5/A§dx+cnax||izm)/Azdx,
0 0
! L L
E/Aidx+C||zx||iz(0’L)fA2dx.
0 0

Similarly to (3.36), we get the following inequalities

L
/&(Z—Z)xAdx

0

L
/&x (z—2)Adx

0

L

/zx (z—272)Adx

0

L

/Z(Z—Z)x Adx

0

L
<Cllaxliz2o.r) |z = 2)x ||L2(0,L) /Azdx
0

L
= c ” (Z - Z)x ||L2(0,L) ”&x ||L2(O,L) / Azdx
0
L
E C ” (Z _Z)x HLZ(O,L) ”Zx”Lz(O,L) /Ade
0

L
< Clzellzo0 |G =Dl 20,1 /Azdx
0

=

D=

D=

Bl—
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(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

Moreover, for the last term on the right-hand side of (3.48), using the same argument as for (3.41),

we have

L

0

1

L 2

1 3
<Clz+al} ) | E+ g, | [ 2%

0

Hence, by (3.48) to (3.56), we deduce that

(3.56)
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L
/ A%dx
t
0
L

L
/ A2dx + €0 (el 4, + 1l 220 )+ 1220 ) f A%dx
0 0

| =
Q..|Q‘

s

N W

+ Cl:q)l (2 ”&x ||L2(0,L) + ||Zx||L2(0,L) + ||Zx ||L2(0,L)) || (Z - Z)x “LZ(O,L)

L >
1 3
101 = Dol 2+l ) | E+@ ] o] /A2dx
0

Therefore, by (3.47) and Lemma 17 in [ 14], we get that, for every ¢ € [0, T],

IA@, )l20,1)
T

<| / (@1 (1201 + Izal20.0) + 12l 20.) [ G = Dl 20,1y
0

1 3 2
+ |CI)1 - q)2| ||Z +&“Z2(O,L) || (Z +&)x ||22(0’L) )dt:l
X 6XD [c <1+ Nexes + Ve +| V3

This completes the proof of Lemma 3.4. 0O

2 2

2
L2(L2)> ’

Now we are in a position to prove the following proposition on the global Lipschitzianity of
the map R(¢). With our notation, we have

L2(L2) L2(L2)

R(t)yo— RM®)yo=a(t,)—a(t,)=A(t,-).
Proposition 3.4. Let T > 0. There exist gy € (0, 1] and C : (0, g9] = (0, +00) such that
A (2, ')||L2(0,L) =< C &) llyo — y0||L2(0,L) , YY0,y0 € L? (0,L), Vt€[0,T], Ve € (0, &0,

(3.57)
Ce)—>0 ase—0T. (3.58)

Proof. Let

Amax = Amax(€) := sup [A(z, ')||L2(O,L) :
te[0,T]

Let us point out that, by Lemma 3.3, Apax < +00. We claim that
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Amax < €C (Ilyo = Yoll2¢0.0) + Amax)» Y30, y0 € L*(0, L). (3.59)

Then letting ¢ be small enough such that 1 —eC > 0, we obtain

A

& — = 2
< — , VYyo,yoeL“(,L).
max = T lyo }’0||L2(0,L) Yo, Yo ( )

Consequently, we get

1Al 20,2y < lyo — Yol .20.y. YVt €l0,T1, Yo, y0 € L* (0, L),

£
1—eC

and the result follows. Hence, in order to prove Proposition 3.4, we only need to show that (3.59)
holds in the following cases:

(1) ”yOHLZ(O,L)’ ”yO”LZ(()’L) > ¢, and ||§||L2(0’L), IIyIILz(O’L) >e,Vtel0,T];

(i) Iyollz2(0,1)s Iyoll 20,1y = €, there exists T € [0, T] such that ||y (7, )l 20,) = ¢, and
ly @ 20, =€ Ve €0, T

(i) 1Iyollz20,1)> Yol z2(0,1) = €, thereexist 7, ¢ € [0, T'], ¢ > 7, such that [y (z, )l 12¢,1) = €,
and ||y (s, ')||L2(0,L) =é&;

(@iv) ||yO||L2(0,L) <eand ||y||L2(O,L) >e,Vtel0,T];

) ”yOHLZ(O,L) <e, ||y0||L2(0,L) > ¢, and there exists t € [0, T'] such that ||y (z, ')||L2(0,L) =¢;

vi) Iyoll20.) < & Iyoll 20,1y < &-

By Lemma 3.4, for every ¢ € [0, T'], we have

IA(t, ')||L2(0,L)
T
< f[¢1 (”&xHLZ(O,L) + ”ZxHLZ(O,L) + llzx ||L2(0,L)) ” (z—2), ||L2(0,L)
0

1 3
+ |CD1 - CI)2| ||Z + &”1212(0’[‘) || (Z + &)x ||12‘2(0’L):|dt

xexp[C <1~|—H\/¢Tuxx —l—”\/a&x

2 2

+ H \/alzx

2
L2(L2))i| . (3.60)

L2(L?) L2(L2)

Furthermore, by using Holder’s inequality and Lemma 2.2, we have

T
/CDI (||&x||L2(o,L) + ||Zx||L2(0,L) + ”ZxHLZ(O,L)) H (Z - Z)x “Lz(O,L) dt
0

= H (z—2) ” L2(L?) (||<D1&x||L2(L2) + ||<D11x||L2(L2) + ||¢1Zx||L2(L2))
< C ||)’0 - 50”1‘2(0,@ (||CI>1&X ||L2(L2) + ||q>11x||L2(L2) + ||<D12x ||L2(L2)) . (3-61)

Applying the mean value theorem, noticing that [l@ —&|l;2(9 1) < Amax, ¥Vt € [0, T], and by
Lemma 2.1,
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Iz —zllz20,0) < Iyo = Yollp2¢0.y, V2 €I10,T],

we get
|1 — @] < |@, (O)] [llz + el 2¢0.2) — 12+ &ll 20,1
<|®, |z +a)— C+D) 20,1
<o, O] (Iz = Zll 200,y + lle = @l 12(0.1.))
<@, @] (Iyo — Yol z20.2) + Amax) - (3.62)
where

0= 9([) S (mln{ ”Z + a”LZ(O,L) s IIZ + &”LZ(O,L)}’ max{ ||Z + a”LZ(O,L) s IIZ + &”LZ(O,L) }) .
Thus, combining (3.60), (3.61) and (3.62), we arrive at

A, ’)||L2(O,L)

< (C ||)’0 - yOHLZ(o,L) (||<I>1c_t’x||Lz(Lz) + ||<D1Zx||L2(L2) + ||¢1Zx||L2(L2))

T
1 3
+ (Ilyo = ¥oll 120, ) + Amax) / @0 @) 12 +&}2,, G+, ||iz(o,L>df)
0

2
L2y ) )

2 2

X exp (C <1 + HVQ]O{X

+ Ve

+ H\/aZx

L2(L?%) L2(L?%)

Consequently, we obtain

Amax = |:C ||)’0 - yO”LZ(O,L) (||CI>]&X ||L2(L2) + ||¢1Zx ||L2(L2) + ||CDle||LZ(L2))

T
1 3
+ (Iyo = Yoll 220, ) + Amax) / 2L O] 131171, 17517201, dt}

0
2
xexp<c<1+H¢a% T NN i N mz))). (3.63)

For case (i), by (3.26), we have &1 = &, =0, Vr € [0, T, it follows directly from (3.60) that

2 2

L2(L2) L2(L?)

Amax =0.
For case (ii), by (3.26), we have
®; =0, VvViel0,T]. (3.64)

In view of Lemma 3.1, we have
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15, 2o =6 Veelo,l, (3.65)

and
Iy, ')||L2(0,L) <Iy(, ')||L2(O,L) =e¢, Vie[r,T]. (3.66)

Consequently, it follows from (3.26) and (3.65) that
®, =0, Vrel0,r].

From (3.3), (3.63), (3.64), (3.65) and (3.66), we get that

T
_ cC 1, _ 3
Amax <exp(C) (Ilyo — Yoll 20,1 + Amax)/zgz ”)Uc”zz(ogL) dt. (3.67)

T

From now on, we assume that ¢ € (0, n], where n > 0 is chosen as in Lemma 3.2. Thanks to
Lemma 3.2 and (3.66), we have

C C
yy (t,- < —|ly(7,- =——¢, Vtel[r,T]. 3.68
15 @0 = == 1 @) 0 = == (.71, (3.68)

Replacing (3.68) into (3.67), we obtain

T
_ 1
Amasx = £C (130 = Foll 1200.2) + Amas) [ L
.

<eC (||y0 - yOHLZ(o,L) + Amax) .

For case (iii), by (3.26) and Lemma 3.1, we have

o, =0, VrelO0,¢], (3.69)
o, =0, Vrel0,1], (3.70)

and (3.60) still holds. In particular,
Iy (s, ')”LZ(O,L) <e. (3.71)

It follows from Lemma 2.2 and (3.69) that

||q>lzx||L2(o,T;L2(o,L)) = ”q)lzx”LZ(g,T;LZ(O,L)) = ||Zx||L2(5,T;L2(0,L)) <C ||Z(§7 ‘)||L2(O,L))
< Clz. 20,y = C 17 (@ )l 1201, = £C. (3.72)
||¢1Zx||L2(0,T;L2(O,L)) = ”q)le”LZ(g,T;LZ(O,L)) =< ”ZxHLZ(g,T;LZ(O,L)) <Cllz(s, ')||L2(0,L))
=Clly (s, ')||L2(0,L) =eC, (3.73)
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and

<eC. (3.74)
LZ(O,T;LZ(O,L))

o

By Remark 3.1, (3.69), (3.71) and (3.72), we have

I®1@xll 220, 7:220.Ly) = N1 P1Vxll 220, 7:2200,1)) T 1122l 220, 7; 2200, 1))
< Vallz2. iz, + 19120220, 7:2200,1)
<eC, (3.75)

and

<eC. (3.76)
L2(0,T;L2(0,L))

o

Similarly, we obtain

(3.77)

o

Moreover, for this case, (3.68) still holds. Now it follows from (3.3), (3.63), (3.66), (3.68), (3.69),
(3.70), (3.72) to (3.77) that

<eC
L2(0,T;L2(0,L))

T
_ _ 1
Amax <C | Cellyo — y0”L2(O,L) +¢& (||y0 - y0||L2(0,L) + Amax) / ﬁdl‘
t—1)4

<eC (”)’0 - yO”LZ(o,L) + Amax) .

For case (iv), by (3.26), we have &1 =0, V¢ € [0, T]. It follows from (3.63) that

T
1 3
Amax = C (170 = Foll 20,1 + Drax) / | O 151720 1, 195 Fa 4t BT8)
0
By Lemma 3.1, we have
Iy @ 2o,y < Wvollp2,) <& Viel0,T]. (3.79)
Moreover, thanks to Lemma 3.2, we have
150 (200 < —= W0l i20r) < 6. Vi 10,71 (3.80)
5" =~ —F = —=¢&, ’ . .
Yx L2(0,L) Vi YollL2o,L) Vi

Then it follows from (3.3), (3.78) to (3.80) that
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| =

EN[N

T
Amax <eC (Ilyo - yOHLZ(O,L) + Amax) /
t

0

<eC (Ilyo - y0||L2(0,L) + Amax) .

For case (v), similarly to case (iii), we have

||q>1&x||L2(0,T;L2((),L)) <eC, [Pz ||L2(0,T;L2(O,L)) <eC, (3.81)

||q)lzx||L2(0,T;L2((),L)) <eC, H\/ Do
H\/ CI)]&X H\/ chZx

Moreover, (3.79) and (3.80) still hold. Thanks to (3.3), (3.79) and (3.80), we have

<eC, (3.82)
LZ(O,T;LZ(O,L))

C, (3.83)

<e¢ <e¢
L2(0,T;L2(0,L)) L2(0,T;L2(0,L))

T

T
/ |q) (9)} ||y||L2(O L) ||)’x||L2(O L) S SC/
0 0

|

dt. (3.84)

E

t
Then, by (3.63), (3.81) to (3.84), we obtain

Amax < eC (Ilyo - yO”L2(0,L) + Amax) .

For the last case (vi), (3.79)—(3.84) hold, and (3.59) follows. Above all, we have proved (3.59)
for all the cases (i)—(vi), which completes the proof of Proposition 3.4. O

3.2.2. Smoothness of the semigroup

Lemma 3.5. Let ¢ > 0 and T > 0 be given. Then the nonlinear map S(t) defined by the unique
solution of (3.1) is of class c3 from L? O,L) to C ([O, T]; L? (0, L)). Moreover, its derivative
S ar yg e L%(0, L) is given by

SD(yo)(h) :=&(y)(h), YheL*0,L), (3.85)

where &(y)(h) is defined by the following system (3.86) with y = S‘(yo).

L
& + & + Euxx + LIyl 12¢0.1)) Iy ” : yx + Pellylizzo, ) Véx +8yx) =0,
L2(0,L)
£(,00=£&(t,L)=0, (3.86)
éx (tv L) = Oa
£, x) =h(x).

Proof. We refer to [44] and [1, Theorem 5.4] for a detailed argument in related circum-
stances. O
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3.2.3. Center manifold

Combining [42, Remark 2.3], Corollary 2.2, Proposition 3.4 and Lemma 3.5, we are in a
position to apply [42, Theorem 2.19] and [42, Theorem 2.28]. To that end, let us first introduce
some definitions from [42]. Let X be a Banach space, with a norm denoted by || - ||x.

Definition 3.1. (See [42, Definition 2.1].) A family of (possibly nonlinear) operators U (z, s) :
X—>X, (t,s) e D:={(t,s) e R xR, t > s}, is said to be an evolutionary process in X if the
following conditions hold:

(1) U(t,t)=1d, Vt € R, where Id is the identity on X
) Ui, s)U(s,r)=U(t,r),Y(t,s)e D,V(s,r) e D;
(i) U, $)(x) = U(t,)y)|x < Ke®"9x — y|x, Vx € X, Vy € X, V(¢,5) € D, where K
and w are positive constants;
@iv) U(t,s)(0)=0,V(t,s) e D.

An evolutionary process U (t,s) : X — X, (¢,s) € D is said to be linear if U(t,s) : X — X is a
linear map for every (¢, s) € D. An evolutionary process U(¢,s) : X — X, (¢,s) € D is said to
be periodic with period t > 0 if
Ut+rt,s+t)=U(,s), V(t,s)eD.

In fact, in [42, Definition 2.1], U (t, s) are maps from X; to X; where {X;, r € R} is a family
of Banach spaces. But in our application X, is independent of ¢.

The next definition concerns the distance between a linear evolutionary process and a nonlin-
ear evolutionary process.
Definition 3.2. (See [42, Definition 2.6].) Let (U(t, s));>s be a linear evolutionary process and

let & be a positive constant. A nonlinear evolutionary process (X (¢, s));>s is said to be §-close to
(U (t, s)):>s if there are positive constants 1, 7 such that ne* < § and

g, )(x) =t )(Wlx <neP|x —ylx, V(t.s)eD, Vx,yeX,
where
o, s)x):=X(t,9)x)-U@,s)(x), V(t,s)eD, VxeX.
Let us consider these definitions in the following framework:

X:= LZ(O, L), U(t,s) =St —y), X(t,s):= S‘(t—s), V(t,s) € D. (3.87)
Then, one has the following lemma.
Lemma 3.6. For every © > 0, (U(t,5));>s is a linear t-periodic evolutionary process and
(X(t,5))>s is a nonlinear t-periodic evolutionary process. Moreover, for every § > 0, there

exists ey > 0 such that, for every ¢ € (0, &p),

(X (t,5));>s is 6-close to (U(t, 5))t>s- (3.88)
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Proof. The t-periodicities of U and X are obvious. Let us use the notation of Section 3.2.1. We
take T := 1 in Proposition 3.4. Using a simple induction argument, together with Lemma 2.1
and (3.57), one gets that, for every nonnegative integer 7,

- =~ n+l —
1y () =5 @, = (C@+1) vo—Tollzgsy. Veelnn+1l, (389

— jod n+l —
||a(t,->—a<t,~>||Lz<o,L)s((c<s)+1) —1)||yo—yo||Lz(0,L), Vielnn+1].

(3.90)

Since, for every C > 0 and for every nonnegative integer n, (C + 1)"*! —1 < (n +1)C(C + 1)",
(3.90) gives

e (t,-) —a(t, ) 20.1)

<€ (e)exp (r In (1 +C (e)) Fin(l+ t)) Iyo = Jollz20y VE=0. (391

From Lemma 2.1, (U (t, 5)):>s is a (linear) evolutionary process and, then, using (3.91), one gets
that (X (¢, s));>s is a nonlinear evolutionary process. Finally, from (3.58) and (3.91), one gets
that, for every 6 > 0, there exists g9 > 0 such that, for every ¢ € (0, &), (3.88) holds. O

Note that, by (3.22), (3.23) and (3.24), the linear evolutionary process (U (¢, s));>s defined
in (3.87) has an exponential trichotomy in the sense of [42, Definition 2.2]. (Let us emphasize
that, with the notation of this definition, one has, for every t > 0, P;(t) =1d — P, P»(t) =0, and
P3(t)="P.)

Then, using Lemma 3.5, Lemma 3.6, [42, Theorem 2.19] and [42, Theorem 2.28], we have
the following theorem.

Theorem 3.1. There exists a positive constant &y such that, for every ¢ € (0, &g), there exists a
(globally) Lipschitz continuous g : M — M of class C3 in a neighborhood of 0 € M such that,
with G .= {x; + g (x1) : x] € M},

1. for every yg € G and for every t € [0, 400), S’(t)yo eG;
2. there exist positive constants K, n such that, for every yo € L*(0, L),

dist(S(t)yo, G) < Ke " dist(yo, G), (3.92)

where dist(f, G) denotes the distance of f € L>(0, L) to G.

Remark 3.2. The set G in Theorem 3.1 is called a center-unstable manifold in [42, Theo-
rem 2.19]. However, as already mentioned above, in our situation, with the notation of [42],
P>(t) =0 for every t € R and then the name of center manifold can be adopted: see [42, Re-
mark 2.20].
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From Theorem 3.1, Theorem 1.1 holds if (and only if)
S'(t)yo — 0ast— +o00, Yyg € G such that ||y0”L2(O,L) is small enough, (3.93)
at least if ¢ is small enough. We prove (3.93) in the next section.
4. Dynamic on the center manifold
In this section, we prove (3.93), which concludes the proof of Theorem 1.1.

Proof. Let us fix ¢ € (9, £0), where &g is as in Theorem 3.1. Let yo € G. Let, for ¢ € [0, +00),
y(0)(x) := y(t, x) := (S(t)yo) (x). We write

y(t, x) = pOe(x) + y*(t, x), 4.1

where ¢(x) is defined in (3.20) and

Y, x) = g(p(tHp(x)) € M*. (4.2)

By (3.20) and (3.21), we have, at least if [[y(#)ll;2(, 1) is small enough which will be always
assumed in this proof,

L L
d
% - / ye(t,x) p(x)dx = / (=Yx = YYx — Yaxx) @(x)dx
0 0
L L I
- / Yt 2)px(x)dx — f Yt )yt X (x)dx + f Yt ) ()dx
0 0 0
| L
=3 / y2(t, X)px (X)dx. 43)
0

By (3.20) and (4.1), we have

Ox + @xxx =0, yx + Yrxx = p(O)(@x () + @rxx (X)) + y; + y;xx = y; + y;xx-
Then by the definition for projection P, (3.21), and using integration by parts,

L

(I =P)x 4+ Yexx) = = PYO + Vi) = Vi + Vier — () /(y; + V)9 (x) dx
0

L
= y; + y;xx + ¢(x) / y*(f, X)(@x + @rxx) dx
0

=Y+ Vi
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Thus, we obtain the following system for y*(¢, x) by applying the operator I — P to (1.1)

y;+y;+(1_P)yyx+Y;xx:0’
y*(t,0)=y*(, L) =0, (4.4)
yi(t, L) =0.

It follows from (4.1) that

yyx = (p(Oe(x) + y* (1, x)) (p(H)ex (X) + 5 (1, X))
= P2 ()P(X) @y (X) + p(O)y*(t, X)@x (x) + p(OP ) YE(E, x) + y* (£, X)yi (T, X).

Consequently, we have

(I = P)yyy = p*(D9(xX)x (x) + p(O)Y* (1, X)px (X) + p(O@(x) Y2 (t, X) + y* (1, X)y3 (. x)

L L
—pz(t)go(X)/wz(X)wx(X)dx —p(t)sv(x)/y*(t,xw(xwx(x)dx
0 0

L L
—p(t)fﬂ(X)/fpz(X)y;(t,X)dx—<p(X)/w(X)y*(t,X)y;(t,X)dx- 4.5
0 0

By using (3.20) and integrations by parts, we have

L
/ 9* (X)gx (x)dx =0, (4.6)
0
L ! L
/y*(t,x)w(x)wx(x)dx= —Efwz(x)y;(t,X)dx, 4.7)
0 0
L | L
/w(x)y*(t,X)y;(t,X)dx:—5/%()0 (y*(t,X))zdx. (4.8)
0 0

It can be deduced from (4.5), (4.6), (4.7) and (4.8) that

(I — P)yyx = p* (1)@ ()@ (x) + p(1)y*(t, X)x (x) + p()p(x) Y (2, X) + y*(t, ) y%(t, X)

1 L 2 * 1 L * 2
- Ep(t)tp(x)/fp (X)yx(f,x)dx+§§0(X)/¢x(X) (y*(z,x))" dx. 4.9)
0 0

According to Theorem 3.1, using a power series expansion, (4.2) becomes

Y*(t,x) = a(x)pt) + b(x)p* (1) + c(x)O(p* (1)), as |p(t)] — 0. (4.10)
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It follows from (4.3) that

dp(t) 2
g = o). (4.11)

Then, by using (4.1), (4.4), (4.9), (4.10), (4.11), and by comparing the coefficients of p(¢) and
p%(t), we obtain

Ay (x) + axyx (x) =0,
a(@) =a(L)=0, 4.12)
ax(L) =0,

and

by (x) + byyx(x) + (X)) (x) =0,

b(0)=0b(L)=0, (4.13)
bx(L)=0.
The solution of (4.12) is
a(x) =Cop(x).

Note that y*(¢, x) € M+, it follows that

L
/a(x)go(x)dx:o.
0
Thus,
Cc=0,
ie.,
a(x)=0. 4.14)
The solution of (4.13) is
bx)=C1+C 1'+l inx + (2x)
x) = cosx — — sin ——x sinx cos(2x
12 300 T Gk 36k ’
where
Ci+Cr=———. 4.15
1+C2 T (4.15)

Note that y*(¢,x) e M L. then we have
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L
fb(x)(p(x)dx =0,
0
ie.
c 2 e -7 n 1 —3r 0
1 2=t = =0,
3 J3m o 6km o 2./3w
which leads to
2nC C ! 0 (4.16)
7Ci—nCr——=0. .
! ST
Combining (4.15) and (4.16), we get
2 C, = 11
' 27k 27 T 108kx
Therefore,
bx) = L sinx + ——xsinx + 0. @17
x)= w108k COs X 3 sinx 6kﬂxsmx 36k cos(2x). .
Combining (4.1), (4.3), (4.10), (4.14) and (4.17), we obtain
dp(t) 1 ; 2
p(t
o =3 / (P9 + 6P D) +c(x) 0P (1)) o (0)dx
0
L
=P’ / b(®)p()g: (X)dx + O (p* (1)
0
POl ) ogton
= ——m+ -7
3w \ 30 6 P
P3(t) 4
=-3 +O0(p (1)), as|p@®)|—0.
This concludes the proof of (3.93) and the proof of Theorem 1.1. O
Remark 4.1. From our proof of Theorem 1.1, one has the following decay rate as ¢ goes to
infinity: for every k > 3, there exists 82 > 0 such that if || yoll;2(o,z) < 2, then
Iy (e, )l <X =0 (4.18)
s 2 <—, > 0. .
y L2(0,L) ﬁ
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