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Abstract

We study a nonlinear initial value Cauchy problem depending upon a complex perturbation parameter
€ with vanishing initial data at complex time r = 0 and whose coefficients depend analytically on (e, t)
near the origin in C2 and are bounded holomorphic on some horizontal strip in C w.r.t. the space variable.
This problem is assumed to be non-Kowalevskian in time ¢, therefore analytic solutions at # = 0 cannot be
expected in general. Nevertheless, we are able to construct a family of actual holomorphic solutions defined
on a common bounded open sector with vertex at 0 in time and on the given strip above in space, when the
complex parameter € belongs to a suitably chosen set of open bounded sectors whose union form a covering
of some neighborhood €2 of 0 in C*. These solutions are achieved by means of Laplace and Fourier inverse
transforms of some common e-depending function on C x R, analytic near the origin and with exponential
growth on some unbounded sectors with appropriate bisecting directions in the first variable and exponential
decay in the second, when the perturbation parameter belongs to 2. Moreover, these solutions satisfy the
remarkable property that the difference between any two of them is exponentially flat for some integer
order w.r.t. €. With the help of the classical Ramis—Sibuya theorem, we obtain the existence of a formal
series (generally divergent) in € which is the common Gevrey asymptotic expansion of the built up actual
solutions considered above.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider a family of parameter depending nonlinear initial value Cauchy
problems of the form

D
Q@) Bru(t. 2. €) = (Q1(@)u(t, 2, ) (Q2(0)u(t, 2. ) + Y X 1Ud Ry(D)u(r. 2. €)

=1
+co(t, 2, €)Ro(3)u(t,z, €) + f(t, 2, €) (D

for given vanishing initial data u(0, z, €) =0, where D > 2, A, d;, §;, 1 <1 < D are integers
which satisfy the inequalities

1=061, 8 <&41, dp=@p—1k+1), Ap=dp—ép+1,

2
d>@—-1k+1), ép 281—{—;, Ar+k(1=6p)+1>0

for all 1 <1 < D — 1 and for some integer k > 1. Besides, Q(X), Q1(X), 02(X), R;(X),
0 <! < D are polynomials submitted to the constraints

deg(Q) > deg(Rp) > deg(R;), deg(Rp) >deg(Q1), deg(Rp) > deg(Q»),
Q(@im) #0, Rp(im)#0

for all m e R, all 0 <[ < D — 1. The coefficient co(t, z, €) and the forcing term f(z, z, €)
are bounded holomorphic functions on a product D(0,r) x Hg x D(0, €y), where D(0,r)
(resp. D(0, €p)) is a disc centered at O with small radius r > 0 (resp. €gp > 0) and Hg = {z €
C/|Im(z)| < B} is some strip of width 8 > 0. In order to avoid cumbersome statements and to
improve the readability of the computations, we have restricted our study to a quadratic non-
linearity and monomial coefficients in ¢ in front of the derivatives with respect to ¢ and z but
the method described here can also be extended to higher order nonlinearities, with polynomial
coefficients w.r.t. ¢ in the linear part on the right handside of equation (1).

This work can be seen as a continuation of the study described in [22] where the second author
has studied nonlinear integro-differential initial values problems with the shape

t t
R(3,)P(d;,0,)Y(t,z) = /b(t —5,2)02Y (s, 2)ds + / 'Y (t —s,2)02Y(s,2)ds  (2)
0 0
where R(X) € C[X], P(T, X) € C[T, X] and sg, 51, s2 > 0 are non negative integers. The coeffi-

cientb(t,2) =) ;s br(z)tFisa polynomial in ¢ and its coefficients by (z) are the Fourier inverse
transform of some function by (m) belonging to a Banach space E (g, ) of continuous functions
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h :R — C endowed with the norm ||h(m)||(g,;.) = sup,,er (1 + |m)* exp(B|m|)|h(m)| and de-
fine bounded holomorphic functions on any strip Hg/, 0 < g’ < B. The initial conditions are
defined by Y (0, z) = Y (2), (3] ¥)(0,z) =0, forall 1 < j < degr P(T, X) — 1, where Y is also
assumed to be the Fourier inverse transform of some 2)o(m) belonging to E(g ). We focused on
the case when the degree of R(X)P (T, X) with respect to T is smaller than its degree in X. In
that case the classical Cauchy—Kowalevski theorem (see [12]) cannot be applied and the unique
formal power series solution Y t, 2= 101 (z)tl, with coefficients belonging to the Banach
space of bounded holomorphic functions on Hpg' equipped with the sup norm, is in general di-
vergent. Nevertheless, under suitable constraints on the roots of the polynomial 7'+ P(TZ, im)
and for sufficiently small data [|bg|l,.), [1Doll,u), One can construct by means of the classi-
cal Borel-Laplace procedure and the Fourier inverse transform an actual holomorphic solution
Y(t,z) on Cy x Hg of (2) for the given initial data (C, denotes the set of complex numbers
t such that Re(#) > 0), which possess the formal series Y as the Gevrey asymptotic expansion
of order 1 as ¢ tends to 0, meaning that for any compact subsector W C C centered at 0, there
exist constants C, M > 0 with

n—1
sup [Y(t,2) = _Yi()t'| < CM nljt]"
zeHﬁ/ 1=0

foralln >1,allt € W.

Compared to the work [22], the problem (1) now involves an additional complex parameter €.
Provided that §p + deg(Rp) > deg(Q) + 1 holds, the problem (1) is singularly perturbed in the
parameter € and belongs to a class of so-called PDEs with irregular singularity at = 0 in the
sense of [24]. In the paper [21], the second author has already considered a similar problem of
the form

€’ 905X p(t,z,€) = F(t,2,€,8,9)Xp(t,2,€) + P(t, 2, €, X p(t, 2, €)) (3)

for given initial data
/X,)(1,0,€) = p(1,6), 0<p<c—1,0<j<S—1, “)

where S, ¢ > 2 are some positive integers, F is some differential operator with polynomial co-
efficients and P a polynomial. The initial data ¢; ,(z,€) were assumed to be holomorphic on
products 7 x &, C C2 for some sector 7 centered at 0 and where £ = {€ »lo<p<c—1 denotes a
family of open bounded sectors with aperture larger than w which form a so-called good cover-
ing in C*, meaning that £, N €41 # @ forall 0 < p < ¢ — 1 (with the convention that £ = &)
with the property that the intersection of any three different elements in {€}o<p<c—1 is empty
and that U[i;(l)é’ » =U\ {0}, where U{ is some neighborhood of 0 in C. Under convenient assump-
tions on the shape of equation (3) and on the initial data (4), the existence of a formal series
)A((t, Z,€) =) puohi(t, 2)eX / k! solution of (3) is established with coefficients /i (z, z) belong-
ing to the Banach space [ of bounded holomorphic functions on 7 x D(0, §) (for some § > 0
small enough) equipped with the sup norm. This formal series X(t,z,€) is the Gevrey asymptotic
expansion of order 1 of actual holomorphic solutions X ,(t, z, €) of (3), (4) on £, as F-valued
functions, for all 0 < p < ¢ — 1, in other words for any closed subsector W C &, centered at 0,
there exist constants C, M > 0 such that
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n—1

sup Xtz ) = Y hy(t.2)ek [kl < CM " nlel"
teT,zeD(0,8) *=0

foralln > 1, all e € W.

In this work we address the same queries as in [21,22], namely our main purpose is the con-
struction of actual holomorphic solutions u,(t, z, €) to the problem (1) on domains 7 x Hg' x &,
using some Borel-Laplace procedure and the Fourier inverse transform and the analysis of their
asymptotic expansions as € tends to 0. More specifically, we can present our main statements as
follows.

Main results. Assume the existence of an unbounded sector

So.rp =1z2€C/lzl =g rp, larg(z) —do,rpl <no,Rp}

with direction dg g, € R, aperture ng r, > 0 and radius rgp g, > 0 such that the quotient
Q(im)/Rp(im) belongs to Sg g, for all m € R. This sector Sg g,, is prescribed in such a way
that there exists a set of adequate directions 0, € R, 0 < p < ¢ — 1, with the feature that the
distinct complex roots qi(m), 0 <1 < (6p — 1)k — 1, of the polynomial P, (t) = Q(im)k —
Rp (im)k®2 c@p=Dk fuifill estimates of the form: there exist constants My, My > 0 such that

T —qu(m)| = Mi(1 +|t]), |7 —qi,(m)| = M2|qi, (m)]

forall 0 <l < (8p — 1)k — 1, some integer lp € {0, ..., (6p — Dk — 1}, forallm e R, all T €
So, U D(0, p), for some well chosen unbounded sectors Sy , centered at 0 with direction 0, and
for some radius p > 0. Then, we choose a family £ = {E,}o<p<c—1 of sectors with aperture
slightly larger than w/k which defines a good covering of C* and we take an open bounded
sector T centered at 0 such that for every 0 < p < ¢ — 1, the product €t belongs to a sector
with direction 0, and aperture slightly larger than m/k, for all € € £, all t € T. We make
the assumption that the coefficient cy(t, z, €) and the forcing term f(t, z,€) can be written as
convergent series of the special form

co(t,z,€) =Y con(z e, f(t,z,©) =) falz, e)(et)",

n>0 n>1

on a domain D(0,r) x Hg x D(0, €9) (where Hg is a strip of width B') such that T C D(0, r),
Uo<p<c—1Ep C D(0,€0) and 0 < B’ < B are given positive real numbers. The coefficients
c0,0(z,€), co.n(z,€) and f,(z,€), n > 1, are supposed to be inverse the Fourier transform of
functions m +— Co o(m, €), m— Cop ,(m, €) and m — F, (m, €) that belong to the Banach space
Eg, ) for some u > max(deg(Q1) + 1, deg(Q2) + 1) and that depend holomorphically on € in
D(0, ).

Our first result stated in Theorem I claims that if the norm ||Co o(m, €)||(g,,0) and the radius €
are chosen small enough and if the radius rg r,, is taken sufficiently large then we can construct
a family of holomorphic bounded functions u(t, z,€), 0 < p < ¢ — 1, defined on the products
T x Hg x &), which solves the problem (1) with vanishing initial data u (0, z, €) = 0 and which
can be written as the Laplace—Fourier transform
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koF d
0 _(u~Nk u
up(t,z,e)zwf /wk”(u,m,e)e ) e’zm7dm,

—0 LVp

) . Lo . ?
where the inner integration is made along some halfline Ly, C Sy, where w,” (u, m, €) denotes
a function with at most exponential growth of order k in u/e and exponential decay in m € R
which satisfies more precisely estimates of the form

2 o 1= u
" (. m, €)] < C(1+ [m|) e ﬁ‘”"mexp(w;m
€

for some constants C,v >0, forallm e R, all u € Sap U D(0, p), all e € D(0, €9) \ {0}.
Our second main result, described in Theorem 2, asserts that the functionsup, 0 < p < ¢ —1,
turn out to be the k-sums on £, of a common formal power series

it )= Y ha(t,2) € Flle]

m=>0

where I is the Banach space of bounded holomorphic functions on T x Hg: equipped with the sup
norm. Namely, for any closed subsector W C £ p centered at 0, there exist constants C, M > 0
such that

n—1 m
€ n
Sup  fup(t,2,€) = 3 hn(t,2)—| < CM"T(1+ )lel”

teT,zeHﬂ/ m—0

foralln>1,alle e W.

It is worth remarking that when deg(Q) + 1 > ép + deg(Rp), equation (1) is not singularly
perturbed in € and possess no irregular singularity at t = 0. However, the asymptotic expansion
i of u, as € tends to 0 on £, remains divergent in general. The reason for this phenomenon to
appear relies on the way one constructs the actual solutions u,, as Laplace transforms of order
k in the new variable €¢ and from the fact that for any fixed € € D(0, €p) \ {0}, the problem
(1) is not Kowalevskian with respect to 7 at 0 (meaning that formal series solutions v(¢, z, €) =
Zn>1 vy (z, €)t", with coefficients z — v,(z, €) bounded holomorphic on Hg, are in general
divergent, as a consequence of Propositions 8 and 9) as it was already the case in our previous
paper [22].

The Cauchy problem (1) we consider here comes within the new trend of research concerning
Borel-Laplace summability procedures applied to partial differential equation going back to the
seminal work of D. Lutz, M. Miyake and R. Schéfke on the linear complex heat equation, see
[18]. We quote below some important results in this field not pretending to be exhaustive. This
construction of Borel-Laplace k-summable or even multi-summable formal series solutions has
been extended to general linear PDEs in two complex variables with constant coefficients by
W. Balser in [3] and [4] provided that their initial data are analytic functions near the origin that
can be analytically continued with exponential growth on some unbounded sectors. A similar
result has been obtain for the so-called fractional linear PDEs with non-integer derivatives by
S. Michalik, see [23]. Latter on, linear complex heat like equations with variable coefficients
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have been explored by several authors, see [5,7,20]. Recently, general linear PDEs with time de-
pendent coefficients taking for granted that their initial data are entire functions in CN,N>1,
have been investigated by H. Tahara and H. Yamazawa in [27]. In the context of nonlinear PDE:s,
we mention the work [19] of G. Lysik who constructed summable formal solutions of the one di-
mensional Burgers equations with the help of the so-called Cole—Hopf transform. We also point
out that O. Costin and S. Tanveer have constructed summable formal series in time variable to
the celebrated 3D Navier Stokes equations in [9]. We also refer to the work of S. Ouchi who
constructed multisummable formal solutions to nonlinear PDEs which come from perturbations
of ordinary differential equations, see [25]. We also mention the fact that, these last years, a lot of
attention has been payed to singularly perturbed PDEs in the complex domain partly motived by
a conjecture of B. Dubrovin which concerns the question of universal behavior of generic solu-
tions near gradient catastrophe of singularly Hamiltonian perturbations of first order hyperbolic
equations, see [10]. In this active direction, we refer namely to the works of B. Dubrovin and
M. Elaeva who investigated the case of generalized Burgers equations in [11] and of T. Claeys
and T. Grava in [6] who solved the problem for KdV equations. We indicate the recent important
studies of T. Koike on Garnier systems, [15,16] and of S. Hirose on the reduction of general
singularly perturbed holonomic systems in two complex variables to Pearcy systems normal
forms, [13].

In the sequel, we explain our principal intermediate key results and the arguments needed
in their proofs. In a first part, we depart from an auxiliary parameter depending initial value
differential and convolution equation which is singular in its perturbation parameter € at 0, see
(72). This equation is formally constructed by making the change of variable T = €7 in equation
(1) (as done in our previous works [21,17]) and by taking the Fourier transform with respect to
the variable z. Under the constraint (70) and the assumption that d; > 6;, 0 <! < D — 1 (which
follows from the hypothesis (69)) we can construct a formal power series solution U(T,m,e)=
> us1 Un(m, €)T" of (72) whose coefficients m +— U, (m, €) depend holomorphically on € € C*
near the origin and belong to a Banach space E g, ;) of continuous function with exponential
decay on R introduced in the paper [9] by O. Costin and S. Tanveer. This series turns out to be
in general divergent as we will see below.

In the next step, we follow the strategy developed recently by H. Tahara and H. Yamazawa
in [27], namely we multiply each hand side of (72) by the power T¥ which transforms it into
equation (76) which involves only differential operators in T of irregular type at 7 = 0 of the
form 7237 with B >k + 1 due to our assumption (69) on the shape of equation (72).

Then, we apply a formal Borel transform of order k (defined as a slightly modified version
of the classical Borel transform of order k from the reference book [1]), that we call m-Borel
transform in Definition 3, to the formal series U with respect to T, denoted

ok

()

wi(t,m,€) = ZUn(m, €)

n>1

From the commutation rules of the mj-Borel transform with respect to the weighted convolution
product * of formal series (introduced in Proposition 5) and the differential operators 7437 for
B >k + 1 described in Proposition 6, we get that wi(t,m, €) formally solves a convolution
equation in both variables t and m, see (80).

Under some size constraint on the E(g ,)-norm of the constant term Cp o of one coefficient
of equation (80) and for all € € C* close enough to 0, we show that wy(t, m, €) is actually con-
vergent for T on some fixed neighborhood of 0 and can be extended to a holomorphic functions
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a)g (r, m, €) on unbounded sectors Sy centered at zero with bisecting direction d and tiny aperture
provided that Sy stays away from the roots of some polynomial P, (t), for all m € R. Besides, the
function wg (T, m, €) satisfies estimates of the form: there exist constants v > 0 and w, > 0 with

T
i (z,m, €)| < wa(1 + |m|>—”e—ﬁ'm'ﬁ exp<v|£|">
forall T € Sy, m € R, all € € C* near the origin (see Proposition 9). The technical constraints (69)
and (87) together with (81), (84) and (85) allow, by means of lower bound estimates (86) for the
polynomial P,,(7), the transformation of equation (80) into a fixed point equation H, (wi) = wi
where the map . is given by (89) for which we can find a solution wf in some Banach space of
holomorphic functions F g)’ Bk.€) studied in Section 2. It is worth noting that the formal series

U (T, m, €) diverges since the function wi (7, m, €) cannot in general be extended everywhere
on C w.rt. t. But, as a result, we get that these series U are my-summable w.r.t. T (see Def-
inition 3) in all the directions d chosen as above. In other words, some Laplace transform of
order k of a)l‘f denoted U4 (T, m, €) can be constructed for all T belonging to a sector Sy k n|e|
with bisecting direction d, aperture slightly larger than 7 /k and radius h|e| (for some i > 0).
This function T +— Ud(T, m, €) is the unique Eg, ,)-valued map which admits O(T, m,€) as
the Gevrey asymptotic expansion of order 1/k on Sy x nje|. Moreover, U 4T, m, €) solves the
auxiliary problem (72) with vanishing initial data U%(0, m, €), see Proposition 10.

In Theorem 1, we construct a family of actual bounded holomorphic solutions u,(t, z, €),
0 < p < ¢ — 1 of our original problem (1) on domains of the form 7 x Hg x &,. The sectors
&p, 0 < p < ¢ — 1 constitute a so-called good covering in C* (Definition 4). The strip Hg has
width 0 < B/ < B and T is a fixed bounded sector centered at O which fulfills the constraint
€t € Sap,k forall e € £,,t € T, and pr,k is a sector of bisecting direction 9, and aperture
slightly larger than 7 /k where 0, are suitable directions for which the unbounded sectors Sy,
with small aperture and bisecting direction 0, satisfy the restrictions described above. Namely,
the functions u , are set as Fourier inverse transforms of U %,

up(t, z,€) :]-'_1(m — U°?(et, m, €))(2)

where the definition of F~! is pointed out in Proposition 7. In addition to that, one can prove
that the difference of any two neighboring functions u ,1(z,z,€) — up(t, z, €) tends to zero as
€ — 0on &, N &,y faster than a function with exponential decay of order k, uniformly w.r.t.
teT and z € Hy, see (119).

The last section of the paper is devoted to deal with this latter growth information in order to
show the existence of a common asymptotic expansion i(f, z, €) = Y .- hm(t, 2)€™ /m! of the
Gevrey order 1/k for all the functions u,(t, z, €) as € tends to 0 on & p_, uniformly w.rt. t € T
and z € Hg, see Theorem 2. The key tool in proving the result is the classical Ramis—Sibuya
theorem (Theorem (RS)).

The layout of this work reads as follows.

In Section 2, we define some weighted parameter depending Banach spaces of continuous
functions on C x R with exponential growth on sectors w.r.t. the first variable and exponential
decay on R w.r.t. the second one. We study the continuity properties of several kind of linear and
nonlinear integral operators acting on these spaces that will be useful in Section 4.

In Section 3, we give a definition of k-summability (that we call mj-summability) which is a
minor modification of the classical one given in the textbook [ 1] and which is appropriate for the
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problem we have to deal with. We also give conditions for the set of m-sums of formal series
to be a differential algebra. This fact will be important in the next section where we construct
actual solutions of the auxiliary equation (72). We provide explicit commutation formulas for the
mp-Borel transform w.r.t. products and differential operators of irregular type.

In Section 4, we introduce an auxiliary differential and convolution problem (72) for which
we construct a formal solution. We show that the m-Borel transform of this formal solution sat-
isfies a convolution problem (80). Under suitable assumptions, we can solve uniquely this latter
problem in the Banach spaces described in Section 2 using some fixed point theorem argument.
Then, applying the Laplace transform, we can give a uniquely determined actual solution to (72)
having the formal solution mentioned above as the Gevrey asymptotic expansion.

In Section 5, with the help of Section 4, we build a family of actual holomorphic solutions to
our initial Cauchy problem (1) on a full neighborhood of the origin in C* w.r.t. the perturbation
parameter €. We show that the difference of any two neighboring solutions is exponentially flat
for some integer order in € (Theorem 1).

In Section 6, we show that the actual solutions constructed in Section 5 share a common
formal series as the Gevrey asymptotic expansion as € tends to 0 on sectors (Theorem 2). The
result relies on the classical so-called Ramis—Sibuya theorem.

2. Banach spaces functions with exponential growth and decay

We denote by D(0, r) the open disc centered at 0 with radius r > 0 in C and by D(0, r) its clo-
sure. Let Sy be an open unbounded sector in direction d € R and £ be an open sector with finite
radius rg, both centered at 0 in C. By convention, these sectors do not contain the origin in C.

Definition 1. Let v, 8, © > 0 and p > 0 be positive real numbers. Let k > 1 be an integer and
let € € £. We denote F (‘f) Bt k) the vector space of continuous functions (t,m) + h(t,m) on

(D(0, p) U S;) x R, which are holomorphic with respect to 7 on D(0, p) U S; and such that

LI T4
l/h(T,m)|lw,g,u k)= sup (1 + [m)"* ———exp(Bim| — v|=[")|h(z, m)|
1€D(0,p)USg,meR el €
is finite. One can check that the normed space (F(sz,ﬂ,u,k,e)’ [I11(v,8,11,k,¢)) is a Banach space.

Remark. These norms are appropriate modifications of the norms defined by O. Costin and
S. Tanveer in [9] and by the second the author in [21] and [22].

Throughout the whole section, we assume € € &, i, B, v > 0 are fixed. In the next lemma, we
check the continuity property by multiplication operation with bounded functions.

Lemma 1. Let (t, m) — a(t, m) be a bounded continuous function on (D(0, p)USy) xR, which
is holomorphic with respect to Tt on D(0, p) U Sy. Then, we have

lla(t, m)h (T, m)|| (g, u.k,e) < ( sup |a(f,m)|) [h (T, m)||(v,8,u.k,¢) @)
7eD(0,p)USz,meR

d
forall h(r,m) € F(u,ﬂ,u,k,é)'
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In the next proposition, we study the continuity property of some convolution operators acting
on the latter Banach spaces.

Proposition 1. Let y» > 0 be a real number. Let k > 1 be an integer such that 1/k < y, < 1.
Then, there exists a constant C1 > 0 (depending on v, k, y») with

-k

ds
I f (= fstE, m—llwppke < Crle”2|| f (T, m)||w.ppk.e) (6)

forall f(r,m) € F(vﬁ k€)”
Proof. Let f(z,m) € F (V B k.e)" For any t € D(0, 0) U Sy, the segment [0, rk] is such that the
map s € [0, ] > f sV k. m) is well defined, provided that m € R. By definition, we have that

T
ds
I / @ =7 £ m Dl ke
0

M |T |2k T '
= sup (A +[m)" —z——exp(Blm| —v[=[")
reD(0,p)USy,meR el €

k
M

+
X If{(1+|m|)“ Pimlexp(—vls|/lel*) I‘fkl £V m)y

\el

X .A(r, s,m,e)ds| @)
where
| 1/k 1
AT, s.m.e) = e—ﬂ|m|eXP(V|S|/|2€| ) |s] ok _ syt
(I + |m[)* 1+ B le] s
‘€|2k
Therefore,
Ik
k v rol/k ds
1] @ =97 f6VEm =l puke = CLHONS @ mllep ke ®)
0
where
L4 |Z T expton ey i1
Cie)=  sup %exp(—wzlk)x/e)(p(v /|f|) (Il = hy"dh
[ € 1+ el

TED(O,p)USd 0 |€‘2k

Making the change of variable & = e |kh’ in the integral inside Cj(¢) yields
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1+ T
Cie=lel”  sup  —=——exp(—v|-[")
ceDO.pus, el €
|2k
exp(vh') Loy, T , , x
4 —* = hH"2dh' < |e|""?sup A 9
X/ 1+h’2( )k (IGI ) =< lel ili% (x) )
5 >
where
h

Ax) = exp( x)/e;q_)i_(l;ﬂ)h‘_l( — h)"dh

For any x > 0, we have A(x) < A(x), where
h

Ax) = (1 +x>)x72~ kexp( vx)/ X p(v ) hE=\dh.

Using L'Hospital rule, we know that
~ exp(wx)xt 1 /(1 4 x2)
lim A(x)= lim
x—>+00 x—>+00 3y ( exp(vx) :
(14+x2)x7"27k
(1 +x2)x2(”2’%)x%’]
= lim ; :
00 (] 4 x2)x 27k — 217 E L 4 (y — D2 i (1 4 42))

and this latter limit is finite if 3, < 1 holds. Hence, we deduce that there exists a constant A>0
such that

supA(x) < A (10)

x>0
Gathering the estimates (8), (9), (10), we see that (6) holds. O

Proposition 2. Let y; > 0 and x2 > —1 be real numbers. Let va > 0 be an integer. We consider
a holomorphic function a,, (t) on D(0, p) U Sy, continuous on D(0, p) U Sy, such that

|ay1,k(f)| = W

forall t € D(0, p) U Sy.
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i) Assume that x > 0.
If vo + xo — y1 <0, then there exists a constant C>1 > 0 (depending on v, vy, x2, y1) such
that

-k

llay, x(7) / (TF — )25 £ (Y5 myds| | pouk.e)

< Co1|e|F 24D £ (T, m) |, po e ke) (11)

forall f(t,m) e F(w3 uks)
ii) Assume that x, = E — 1 for some real number x > 1.

If vy + % — y1 <0, then there exists a constant Cp 2 > 0 (depending x, k, v, y1, v2) on such
that

k

llay, 4(7) / (% — )25 £ (Y%, m)dsll g ko

< CooleMH2HR | £ (2, m) [, puk.c) (12)
forall f(r,m) e F(Uﬁﬂke)
Proof. In the first part of the proof, let us assume that i) holds. Let f(r,m) € F, (U Boke)” By
definition, we have
.[k
llay, (t) f (2 — 51257 £ (M m)ds |l p e
T2k
I |e| Tk
= sup (1 + |mDF ——F—exp(Blm| —v[-=[")
1eD(0,p)USy,meR el €
1+ mz
w Blml €| 1/k
X |ay,, k(T)/{(l + Im) P exp(—vls|/le/) —m— LG S, m)}
€]
x B(t,s,m, €)ds| (13)
where
1/k
B(r.s.m.¢) = e—ﬂ|m\eXP(U|S|/|2€| ) Is| (tk — syeshe,
(I + |mr 1+ ||S|‘2k €]
€

Therefore,
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ok

llay, x(T) / (T — )5 £ (Y5 myds||w pk.e) < C2oONf @ mlwpuke  (14)

where

T2k
|Z| T
Cr(e)= sup  ———exp(—v[=[)
cebO.pyus;, el €

ot
1 / exp(vh/le[¥) hE

X
(1 +|zon 14 2 el
0

—(IzI* = B 2h"2dh

|6|2k

Making the change of variable i = |¢|¥A’ in the integral inside C;(¢) yields

| 2] T
Cae) = |e[FH2Tx2) qup ———exp(—v|—[¥)
7eD(0,p)USy lel €
| L[k
1 exp(vh') ,
X —mhenpV2qn
SRR / o ORI
0
< |e|FHv2+52) sup B(x, €) (15)
x>0

where

X
2 exp(vh)

X _ T pyee
Tk exp(—vx) A+ [effrn / T2 hE™2(x — h)X2dh.
0

B(x,e) =

For any x > 0, we get that B(x, €) < B(x, €), where

B(x,€) = h2dh

(1 +)c2)x’<2 exp(vh)
T+ lefeyn P )f

I:et xo > 0. From the inequality 1+ |e|kx > 1, forall x € [0, xg] and € € &, there exists a constant
B > 0 such that

sup  B(x,e) <B. (16)
x€[0,xpl,e€€

On the other hand, since 1 + le[¥x > |e|*x holds for all x > 0 and € € £, we get that B(x,e) <
B> (x)/|€|" where
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exp(vh)

Br(x) = (1 + x2)xX2 " exp(—vx )/ —— " h"2dh (17)

for all x > xo. By L’Hospital rule we get that

(1 4 x2)x202=r)x02
hm Bz(x) = lim
x—+ x—>+oo v(1 + xz)xXZ Y — (2_xX2*V1+1 + (2 — J/l)_xXZ*)’lfl(l —+ xz))

vyhich is finite if we assume that 1 > (1 4+ vy 4+ x2 — y1). We deduce that there exists a constant
B> > 0 such that

~ 1 ~
sup B(x,¢€) < sup Bo(x) < ——
x>xg e x>x, le[fn

(18)

Bearing in mind the estimates (14), (15), (16) and (18), we obtain (11).
In the second part of the proof, assume now that the condition ii) holds. Let f(r,m) €
F(‘i k) By definition, we have

X _
llaty, 4(7) / (k=) 167 s myds o pko

M |r |2k T,
= sup (1 + |mD¥ ——F——exp(Blm| — v[-|")
1eD(0,p)USy,meR [l €

ot mz

1+
X |“V1,k(f)/{(1+|m|)”€mm|exp(—v|s|/|6| ) ly‘llfkl F(sY% m)}

€]

oo I
x {exp(—v L ) L (" —s)k} x B(t,s5,m, e)ds| (19)
Je]
where
B(t,s,m,€) = —e_ﬂlm‘ exp(v 51 —)exp(v |rk—s|)|s|1/k |rk_s|l/k
T (1 + |m[)H e €|k €] €]
1 1
X > — (h — )" Ls*2.
1 S| s|
‘ |21< ‘€|2/<
Hence,

X _
llay, x(7) / (@ =) T2 £ (sYE myds| o poke)

< Cra(e)CazOIN f (T, m) ||, 8, k.€) (20)
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where
1+ 25
Ca.2(e) = supexp(—v k) 1/'? xt,
x>0 | | X
le€]
Cos(e) LHEP
23(€) = sup
cebo.pus, el A+ |T|Fyn
ol 1k (1o 1k 1/k
R ()" —h) 1 1 ~
) / €] le] (e —h)? (" =m~'n2dh. @D
0 I+ |e|2k 1+ e
By using the classical estimates
supx"'! exp(—mox) _(_2)Y"1 oM 22)
x>0

for any real numbers m| > 0 and m, > 0, we get that
G ) 2+ 4 2427 —@rE))
Caa(e) <[] (—) ot (——— ” ) k (23)
Making the change of variable & = le|A’ in the integral involved in the definition of C;3(¢)
yields
1+ |51 I

Cra(e) = sup
1€D(0,p)USy |£| 1+ |€|k|£|k)y1

|2k

1 1 T
WH\/k Ek_h/ 1/k Tk y=Nelk2 (2 an’
X/( ) (IEI ) 1+(h’)21+(|§|k—h/)2(|e| ) lel*2(h)

< le["2 sup Ba3(x, €) (24)

x>0

where

1+ x2 1

hE+2dh,
X7k 1+ |€|kx)m (I +h2) A+ (x —h)?) (x — p)l-t

By3(x,e) =

For any x > 0, we have that B> 3(x,€) < §2.3 (x, €), where

1+ x2 1 1

/ h2dh.
(A +lelforn ] (1 +h) A+ & =)?) (x - pyl=t

Bys(x, €)=
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I:et xo > 0. From the inequality 1 + |6|kx > 1, for all x € [0, xg], € € &, there exists a constant
B; 3 > 0 such that

sup  Br3(x,€) < Bas. (25)

x€[0,xp],e€€
On the other hand, since 1 + |e|kx > |e|kx holds for all x > 0 and € € £, we get that

By.4(x)

Bratr0) = 2o (26)
where
Bra(r) = (14 x2)x 7 / ! L hoan
' / (A+h) A+ (=) (x — )=+

for all x > xo. Now, we make the change of variable 4 = xu in the integral inside 32_4(x). We
can write

Boa(x) = (1 4+ xD)x"2 67 Fi(x)

where

1

Fr(x) :/ u” ~du.
; A4+ x2u®)(1+x2(1 —u)>)(1 —u)' %

Using a partial fraction decomposition, we can split Fy = F1 x(x) + F x(x), where

1
Qu + 1)u™

Fli(x) =
H) 4+x20/(1+x2u2)(1—u)111<

u,

(3 —2u)u"

4—|—x2/ 2 2 e
o A4+x=A—=-uw))(1 —u) %

Fp(x) =

In particular, we observe that there exist two constants §1 x, §2,x > O such that

S,k $2,k
F <—’7 F < >
1’k(x)_4+x2 2,k()€)_4+x2

27)

for all x > xq. Hence, if one assumes that v, + % —y1 <0, then we get a constant B4 > 0 such
that

~ 1 ~ B4
sup By 3(x, €) < ——— sup Bra(x) < —
x>xo [ x>x, el

(28)

Finally, gathering all the estimates (20), (23), (24), (25), (28), we get (12). O
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Proposition 3. Let k > 1 be an integer. Let Q1(X), Q2(X), R(X) € C[X] such that

deg(R) = deg(Q1), deg(R) = deg(Q2), R(im)#0 (29)

forallm € R. Assume that p > max(deg(Q1) + 1, deg(Q>) + 1). Let m +> b(m) be a continuous
function on R such that

|b(m)| <

1
[R(im)|
for all m € R. Then, there exists a constant C3z > 0 (depending on Q1, Q2, R, |, k, v) such that

s +00

|b<m)f(r —s)k(/le(z(m m) £ (s — )5, m —my)

1
Yk my) ———dxdm)ds||w.p ke

(s —x)x
< Gslelll f (T, M), g, p.k,0) 118 (T, (v, 8,11,k €) (30)

X Qa(imy)g(x

forall f(t,m),g(t,m)€F (vﬂuke)

Proof. Let f(z,m), g(z,m) € F(({),ﬁ,;l,,k,é)' Forany 7 € D(0, p) U Sy, the segment [0, %] is such

1/k

that for any s € [0, rk], any x € [0, s], the expressions f((s — x)l/k, m—mq) and g(x'/*, my)

are well defined, provided that m, m| € R. By definition, we can write

s +00

||b(m>/(r —S)k(//Ql(t(m m)) f((s — )5 m —my)

1
Uk m))———dxdm)ds
, 1)(S_x)x DA, 8, p.k,€)
£|2k T,
= sup (A + [m " —=—exp(B|m| — v|—[")
1eD(0,p)USs,meR el €

X Qa(imy)g(x

s +oo |s x|
><|/(t s)‘/"(//{(1+|m Ik - x'fl‘/zk exp(—vls — xI/le[)
ol
14 B
X [ (s =M m = m)) (1 )P ——E exp(—vxl/le)g (e m)

el

x C(s,x,m,my, €)dxdm)ds|

where
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exp(=plmi|) exp(=plm —mi|) . .
Cs,x,m,my, €)= (T m —m e+ Jmi D" b(m)Q1(i(m —my))Qa(imy)

s —ax[ /¥ | 17K

lel? k k 1
- s x exp(vls — x|/[e|*) exp(vix|/[e[*)
(+E=Ey 0+ B (s —x)x

Now, we know that there exist 21, 2>, R > 0 with

101G (m —m1))| < Qi1+ |m —mi)®ECLY |0y (imy)| < Qa(1 + |m )92,

|R(im)| = R(1 + |m])3e® 31)
for all m, m; € R. Therefore,
s +oo
|b<m)/<r —S)k(//Ql(l(m M) £ (s = Y%, m —my)
0 —

x Qa(imp)g(xV*, my) dxdm)ds||(v,p.1k.e)

(s —x)x
< GO f @, m) || w,g,uk.e)llgT, M) w.pu.k.e) (32)

where

T2k
C3(e) = sup a +IMI)“%GXP(/3ImI I—| )

1
£€D(0,p)USs,meR R(1 + |m|)dee®

7|k

/(|T| h)l/k(/ / exp(—pBlm1|) exp(—B|m — m1])
(I +m —mi DR+ [my DK

(h—x)l/kxl/k
lel?

(h—x)?

X Qi (1 + m — my NCECY (1 + my )02 =

x exp(v(h — x)/|e|’<)exp(ux/|e|’<)¥dxdm])dh (33)
(h —x)x

Using the triangular inequality |m| < [m|+ |m —m1|, for all m, m| € R, we get that C3(¢) <
C3.1C3.2(€) where

+00

019 _d 1
C3)= sup (1 ® eg(R)/ d
R S (L |m — my P 3e2@0 (1 4 [y [yr—dee@) ™"
—0o0

(34)

which is finite whenever © > max(deg(Q1) + 1, deg(Q>) + 1) under the assumption (29) using
the same estimates as in Lemma 4 of [22] (see also Lemma 2.2 from [9]), and where
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|22

€ Tk
Cia(€)=  sup ———exp(—v|=1[")
ceDO.pus;, el €
2} (h—x) /Ky .
/(|r|k W)k exp(vh/]e]€ )/ - lef? dxdh.  (35)

|6|;k) )1+ |€|2k) (h —x)x

Making the changes of variables & = |¢|¥h’ and x = |€|¥x’, we get that

7|k (h—x) /K x1/k
/ (Il =)' * exp(oh/ e[ / o dxdh
e (1 + |e|2") (h—x)x
IZfF %
Tk n1/k ’ 1 1 BTN
= —1"=h h dx'dh
el /(|E| ) exp(y )/ 1+ ' —x))(1+x7?) (h’—x)l__ - ¥
0 0
(36)
From (35) and (36), we get that C32(¢) < |€|C3 3, where
1+ 1/k
C33 =sup ———exp(—vx) [ (x — k') /*exp(vh’)
x>0 /
h/
(/ ! ! dx")dh' (37
(L+ (0 = DDA +X2) (g — yryl=t /1%
Again by the change of variable x" = h'u, for u € [0, 1], we can write
1 1 ,
3 5 —dx
1+ (W = x> +x?) n — /)1—— n-1
1
1 1
= 5 du = Jy(h) (38)
WIZE ) (1 (0021 = w2 (4 h2u2) (1 =)'l
Using a partial fraction decomposition, we can split Ji(h") = J| (h") + Jo 1 (h"), where
1 3-2
Jie(h') = / “ rdu
h’l“(h’z +4 ) A+r20 =) —uw) "l
1 2u+1
Jrk(h) = —— / —du (39)
h/l—;(h/z +4) ; (1_}_],1/2“2)(1_”)1—;“1—;
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From now on, we assume that k > 2. By construction of J; x(h’) and J» x(h'), we see that there
exists a constant ji > 0 such that

Jk

Ji(h) € —————
R1TE (2 4+ 4)

(40)
for all A’ > 0. From (37) and (40), we deduce that C33 < Sup,>g 6'3,3(x), where

Jrexp(vh')

R (41)
RITE (2 + 4)

C33(x) = (1 + x%) exp(—vx) /
0

From L’Hospital rule, we know that

(14+x%)?

o ok 2244
im 3.3(x) o w1t vl +x%) —2x

is finite when k > 2. Therefore, we get a constant 63,3 > ( such that

sup C33(x) < C33. 42)

x>0

Taking into account the estimates for (33), (34), (35), (37), (41) and (42), we obtain the result
(30) when k > 2.

In the remaining case k = 1, from Corollary 4.9 of [8] one can check the existence of a
constant j; > 0 such that

J1
h2+ 1

Ji(h) < (43)

for all 2’ > 0. From (37) and (43), we deduce that C33 < Sup,>g 6343_1()(), where

Jjrexp(vh’)

dn'. 44
e (44)

C33.1(x) = (1 +x?) exp(—vx) /
0

From L’Hospital rule, we know that

- (1 + x2
lim C331(x)= lim _ad4xT
x—>—400 x—>+o0 p(1 4+ x2) — 2x

is finite. Therefore, we get a constant 5’3,3.1 > 0 such that

supC33.1(x) < C33.1. (45)

x>0

Taking into account the estimates for (33), (34), (35), (37), (44) and (45), we obtain the result
B0)fork=1. O
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Definition 2. Let 8, u € R. We denote by E(g ) the vector space of continuous functions
h : R — C such that

[ (m)|l(g.1y = sup (1 + [m|)* exp(Blm|)|h(m)]
meR
is finite. The space Eg, ;) equipped with the norm ||.||(g, ) is a Banach space.
Proposition 4. Let k > 1 be an integer. Let Q(X), R(X) € C[X] be polynomials such that
deg(R) > deg(Q), R(im)#0 (46)

forall m € R. Assume that u > deg(Q) + 1. Let m +— b(m) be a continuous function such that

|b(m)| <

[R(im)|

for all m € R. Then, there exists a constant C4 > 0 (depending on Q, R, u, k, v) such that

ok +00
k 1 . 1/k ds
[lbm) | (" —s)F [ f(m—m1)Q(im)g(s ’ml)dml?”(v,ﬂ,//,,k,e)
0 —00

= Calelll f m)ll (g, 18 (T M), .11 k.€) (47)
forall f(m)e Eg ), all g(t,m) € F(dv,ﬂ,u,k,e)'

Proof. The proof follows the same lines of arguments as those of Propositions 1 and 3. Let
fm) e Eg ), g(t,m) € F(dv,ﬂ,u,k,é)' We can write

rk —+00 d
1 . S
Ny = ||b<m>/(rk Y- / Fom—m) Q)M miydmy e
0 —00

Ml + |§|2k T,
= sup (I + |m"* —F—exp(Blm| —v|[-|")
1e€D(0,p)USs,meR H €

rk —+00

« |b<m>f f{(1+Im—mll)“eXP(ﬂlm—m1|)f(m—m1)}
0 —©

Is|2

vis| T+ g
XA+ ) exp(Blmi exp(— o Tl';'gu”k,ml)}

€]

x D(t,s,m,my, €)dmds| (48)

where
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vls|

Q(imy)e Plmilg=plm—mi] exp(w) |s|1/k
X
(I +|m —myDE(L 4 |my# L+ |Y|2 €]

1
D(t,s,m,my,€) = k_ gyl/kZ
s

Again, we know that there exist constants £, R > 0 such that

1Q(im1)| < Q1+ |m %D |R(im)| > R + |m])?ee®

for all m, m € R. By means of the triangular inequality |m| < [m |+ |[m — m]|, we get that

Ny < Ca1()Ca2ll fm)l g, llg (T, m) || w,8,u.k,e) (49)
where
14| L exp(vh/|e}) ht—!
Car(e)= sup —=—exp(—v |>/ P /' | (/" = m)'/*dn
1eD(0,0)USy el |E|2k €]
and

Q 1
Cip=— 1+ p—deg(R) d
2= 5 b (L [ — m (1 + oy redez@ ™!
—0o0

From the estimates (9) and (10), we know that there exists a constant C4.1 > 0 such that

Ca.1(€) < Cale| (50)
and from the estimates for (34), we know that C4 » is finite under the assumption (46) provided
that u > deg(Q) + 1. Finally, gathering this latter bound estimates together with (49) and (50)
yields the result (47). O

In the next proposition, we show that (Eg, ), ||.1l(s,.)) 1S a Banach algebra for some non-
commutative product » introduced below.

Proposition 5. Ler Q1(X), 02(X), R(X) € C[X] be polynomials such that

deg(R) > deg(Q1), deg(R)=deg(Q2), R(im)#0, &1V

for all m € R. Assume that u > max(deg(Q1) + 1,deg(Q2) + 1). Then, there exists a constant
Cs5 > 0 (depending on Q1, Q2, R, ) such that

R(l /Ql(l(m my)) f(m —my1)Qz(imy)g(my)dmil|g, .

< Gsllf@m)lp,llgm)lp.w (52)
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Sfor all f(m), g(m) € Eg ). Therefore, (E@g ), ||-1l(g,n)) becomes a Banach algebra for the
product x defined by

—+00
1
frglm)=——— / Qi1(i(m —my)) f(m —m1)Qa(imi)g(my)dm;.
R(@im)
—00
As a particular case, when f, g € Eg ) with B > 0 and p > 1, the classical convolution product

fxgm)= / fim —myp)g(my)dm

belongs to Eg. ..

Proof. The proof is similar to the one of Proposition 3. Let f(m), g(m) € Eg ;). We write

II—/Ql(l(m m1)) f(m —m1)Qa(imy)g(my)dmil|g,u

= sup (1 + |m|)*e ﬁ""‘|— /{<1+|m my)“ePIm=mil £ (m —my))
meR
x {(1+ |mi N eP™lg(my)} x E(m, m1)dm;| (53)

where

o—Blm=m1l )—plm|

Emm) = e Q1 O — ) Q2 (i),

Using the triangular inequality |m| < |m1| + |m — m1| and the estimates in (31), we get that

R(z /Ql(l(m my)) f(m —my1) Q2(imy)g(m1)dmi||g,u)

< GCsllfm)|lp,llgm)l,w (54

where

+00
1

Cs; = sup (1 m* deg(R) [ dm
: R me]%( m}) (14 |m — my|)r—9ee(QD (1 + |m|)p#—dee(Q2)
)

which is finite whenever © > max(deg(Q1) + 1, deg(Q2) + 1) provided that (51) holds as ex-
plained in Proposition 3 (see (34)). O
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3. The Laplace transform, asymptotic expansions and the Fourier transform
We give a definition of k-Borel summability of formal series with coefficients in a Banach

space which is a slightly modified version of the one given in [1], Section 3.2, in order to fit our
necessities.

Definition 3. Let £ > 1 be an integer. Let m(n) be the sequence defined by

+0oo

mi(n) = r(%) - / tF e~ dy
0
for all n > 1. A formal series
o0
X(T)= ZanT” e TE[[T]]
n=1

with coefficients in a Banach space (E, ||.||g) is said to be m-summable with respect to 7 in the
direction d € [0, 2m) if

i) there exists p € R4 such that the following formal series, called a formal mg-Borel trans-
form of X

o0

Bu ()@ =)

n=1

dn

F(%)r” e tE[[7]],

is absolutely convergent for |t| < p. A

ii) there exists § > 0 such that the series 13, (X)(7) can be analytically continued with respect
to T in a sector Sy s = {r € C* : |d — arg(r)| < §}. Moreover, there exist C > 0 and K > 0 such
that

1B, (X)(D)[5 < CeX IV
forall T € Sy 5.

If this is so, the vector valued Laplace transform of 5, ()A( )(7) in the direction d is defined
by

L3, BEONT) =k / B (00T L,
LV

along a half-line L, = Rye'” C S;.5 U {0}, where y depends on T and is chosen in such a way

that cos(k(y — arg(T))) > &1 > 0, for some fixed §;. The function Lﬁlk (B, ()A())(T) is well
defined, holomorphic and bounded in any sector

Sqo.rin ={T €C*:|T| < RY*, |d —arg(T)| <6/2},
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where 7 <6 < 7 +28 and 0 < R < §;/K. This function is called the n-sum of the formal

series X (T) in the direction d.

We now state some elementary properties concerning the my-sums of formal power series.

1) The function Efn L (B, ()A( ))(T) has the formal series X (T) as Gevrey asymptotic expansion
of order 1/k with respect to t on S, 5 gi/k. This means that for all 7 < 6 < 6, there exist
C, M > 0 such that

n—1
1L, B, GONT) =Y apTP|le < CM"T(1+ %>|T|” (55)
p=1

foralln >2,allT € Sd’gl _R1/k- Moreover, from Watson’s lemma (see Proposition 11 p. 75 in [1]),

we get that Li . (B, ()A( ))(T) is the unique holomorphic function that satisfies the estimates (55)
on the sectors S, 4 g1/« With large aperture 61 > 7.

2) Let us assume that (I, ||.]|g) also has the structure of a Banach algebra for a product *. Let
X1 (1), Xz(T) € TE[[T]] be mi- summable formal power series in direction d. Let g1 > g2 > 1
be integers. We assume that X1 (T)+ XZ(T) X1(T) * XZ(T) and T7 8q2X1(T) which are ele-
ments of TE[[T]], are m-summable in direction d. Then, the following equalities

L8 B X)) + L3 By (X2))N(T) = L8 (B (X1 + X2))(T),

L8 (B (X)) % L2, By (X)) = LE, (B, (X1 % X2))(T)
TP LE (B (XDNT) = Lk, B (TT 982 X1))(T) (56)

hold forall T € S, ¢ gi/x. These equalities are consequence of the unicity of the function having
a given Gevrey expansion of order 1/k in large sectors as stated above in 1) and from the fact
that the set of holomorphic functions having the Gevrey asymptotic expansion of order 1/k on
a sector with values in the Banach algebra [E form a differential algebra (meaning that this set
is stable with respect to the sum and product of functions and derivation in the variable T') (see
Theorems 18, 19 and 20 in [1]).

In the next proposition, we give some identities for the my-Borel transform that will be useful
in the sequel.

Proposition 6. Let f(1) = D ons1 St §(t) = 3,51 8nt" be formal series whose coefficients
fn> &n belong to some Banach space (E, ||.||g). We assume that (E, ||.||g) is a Banach algebra
for some product . Let k, m > 1 be integers. The following formal identities hold.

By, (5710, £ (1)) (2) = kT B, (F (1)) () (57)
Tk
m ¢ __t k m ; 1/ky 98
By, (" f(1)) (1) = =~ [ (&5 = $)F 1B (F () sV *)— (58)
F(?) 0 S
and
rk

R A 1
B (f () % (1)) (1) = / By, (f (@ =)V % By, (20 (s k)mds (59)
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Proof. First, we show (57). By definition, we have that

(tk+ s fnm =Y I
B, 1 ]F(%—i—l)

By application of the addition formula for the Gamma function which yields I" (% +

for any n > 1, we deduce (57) from (60).
Now, we prove (58). By definition, we can write

fo TCOT@) i
B, (" f(1))(1) = @ )ZF( DT

n>1

Using the Beta integral formula (see Appendix B in [2]), we can write
k

T
myp(n k
CLNCON: /(rk_s)%_lsg_lds

F(mT-I-n) cm+n

for any m, n > 1. Plugging (62) into (61) yields (58).
Finally, we show (59). By definition, we have

s Tr

r() T T

Bu, (fO) 2N =) (Y

n>2 p+q=n

Using again the Beta integral formula, we can write

rrg _ /( bl blytlgs
TR

when p +¢q =n and p, g > 1. By the substitution of (64) into (63), we deduce (59).

(60)

D=2I'®

(61)

(62)

(63)

(64)

O

In the following proposition, we recall some properties of the inverse the Fourier transform

Proposition 7. Let f € Eg ) with B >0, u > 1. The inverse Fourier transform of f is defined

by

FHHw) = / f(m)exp(ixm)dm

(2 )1/2

for all x € R. The function F~'(f) extends to an analytic function on the strip

Hg ={z € C/|Im(2)| < B}.

(65)
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Let ¢(m) =imf(m) € Eg, ;,—1). Then, we have

a.F N NH)=F @) (66)

forall z € Hg.

Let g € Eg ) and let (m) = Wf * g(m), the convolution product of f and g, for all

m € R. From Proposition 5, we know that € Eg ). Moreover, we have

F U HoF N e)@=F W) () (67)

forall z € Hg.

Proof. Let f € E(g ). It is straight to check that F~1(f) is well defined on the real line. The
fact that F~!(f) extends to an analytic function on the strip Hyg follows from the next inequality.
There exists C > 0 such that

. C ’
| f(m)||exp(izm)| < WCXP((,B — B)im|)

forallm € R, z € Hg, with B’ < B. The relations (66), (67) are classical and can be found for
instance in [26]. O

4. Formal and analytic solutions of convolution initial value problems with complex
parameters

Letk > 1and D > 2 be integers. For 1 <! < D, letd, §;, A; > 0 be nonnegative integers. We
assume that

1=161, 8 <di41, (68)
forall 1 </ < D — 1. We make also the assumption that
dp=0@p—Dk+1), d>@—Dk+1), Ap=dp—4p+1 (69)

foralll </ <D-—1.Let Q(X), Q1(X), 02(X), R;(X) € C[X],0 <! < D, be polynomials such
that
deg(Q) > deg(Rp) > deg(R;), deg(Rp) > deg(Q1), deg(Rp) > deg(Q2),
Q(im) #0, Rp(im)#0 (70)

forall m e R, all 0 </ < D — 1. We consider sequences of functions m +— Co ,(m, €), for all
n>0and m — F,(m, ¢), for all n > 1, that belong to the Banach space E(g ) for some 8 > 0

and p > max(deg(Q1) + 1,deg(Q2) + 1) and which depend holomorphically on € € D(0, €).
‘We assume that there exist constants K, Ty > 0 such that

1 1
[1Co.n(m, )ll(g,) < Ko(z)", |1Fn(m, el < Ko(=)" (71)
T() TO
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for all n > 1, for all € € D(0, €g). We define

Co(T,m, €)=Y Con(m,e)T", F(T,m, €)= F,(m,e)T"

n>1 n>1

which are convergent series on D(0, Tp/2) with values in Eg ;). We consider the following
singular initial value problem

Q@im)(ArU(T,m, €))

= ! (271)1/2 / O1i(m —m)U(T,m —my,€)

D
x Qa(im)U (T, my, €)dmy + Y Ry(im)e® =17l (T, m, €)
=1

+00
1
+e_1W/Co(T,m—m1,6)Ro(im1)U(T,m1,e)dml
—00
1 e
e [ Contn—m QRGO U T, i+ F e (72
—00

for given initial data U (0, m,€) =0

Proposition 8. There exists a unique formal series

U(T,m, €) :ZUn(m,e)T”

n>1

solution of (72) with initial data U (0, m, €) = 0, where the coefficients m — U, (m, €) belong to
Eg, ) for B> 0 and > max(deg(Q1) + 1,deg(Q2) + 1) given above and depend holomor-
phically on € in D(0, ) \ {0}.

Proof. From Proposition 5 and the conditions in the statement above, we get that the coefficients
Un(m, €) of U(T, m, €) are well defined, belong to Eg, ;) forall € € D(0, €g) \ {0}, all n > 1 and
satisfy the following recursion relation

(n+ DUpy1(m, €)
-1

= Qe(im) > o )1/2 / Q1(i(m —m)Up, (m —my, €) Q2(im1)Up, (m1, €)dm;

ni+ny=n,n;1>1,n>1

D
RiGGim) ¢ Aj—dit5i—1 81
+X}:W(E’ I 4 8y = dy = ) Uns-ar(m, €)
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—+00
T > — / Con, (m —my, €)Ro(im1)Un, (m1, €)dm,
Q(im) (2m)!/? ’ e

nitny=n,n1>1,ny>1 0

—+00
‘/'CQOO"“”ﬂaE)ROU”H)LQ(”H7€)d”H +

-1

Q(im)

6_1

@ oam Fym,e)  (73)

forall n > maxj<j<pd;. O

Using the formula from [27], p. 40, we can expand the operators T (k“)a‘}l in the form

TSl(k—i—l)a;sj — (Tk+18T)51 + Z Asl’ka(ﬁl—P)(Tk+laT)P (74)
1=p=§—1
where As, »,, p=1,...,8 — 1 are real numbers. We define integers dj x > 0 to satisfy
d+k+1=8k(+1D+di (75)

for all 1 <[ < D. Multiplying equation (72) by T**! and using (74), we can rewrite equation
(72) in the form

QGm)(T* 37U (T, m, €))

+o0
1
= 17kt G / Q1 (m —m))U(T,m —my,€)Q2(im)U(T, my, €)dm

D
+3 Ri(im) (eAl—dl“l—l Tk (TR 3 U (T, m, €)
=1

+ Z A81,p 6A1_dl+81_1Tk(3’_p)+d’~k(Tk'HaT)pU(T, m, E))

I<p=<é—1
+o0o
+e Tkl ! Co(T,m —my,€)Roy(im)U(T, my, €)dm
Q)12 oL, 1, €)Ro(im] ,mi, 1
—00
+oo
+e Tkt a )1/2/co,o(m—ml,e)Ro(iml)U(T,ml,e)dml+e*‘Tk+‘F(T,m,e)
T
—00

(76)

We denote wi(t,m,¢€) the formal my-Borel transform of U (T, m, €) with respect to T,
ok (t, m, €) the formal my-Borel transform of Co(T,m, €) with respect to T and ¥ (t,m, €)
the formal m-Borel transform of F (T, m, €¢) with respectto T,
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wr(t,m,e) = ZU (m, €)——

n>1

(—)

Yi(e.m. €)= Fam.e)

n>1

Using (71) we get that @(t,m,€) €

. @(,m, €)=Y Conlm,e)

(Vﬁuke)

I’l

)

n>1

( )

and Yyi(t,m,€) € F4 for all

w,B,11.k,€)°

€ € D(0, ¢p) \ {0}, any unbounded sector S; centered at 0 and bisecting direction d € R, for

some v > 0. Indeed, we have that

lor (T, m. )l ki) < D NConm. )l (p.u(

n>1

Wk (T m, Ol pikeer < Y N Fa(m. €)1l (g,

n>1

By using the classical estimates (22) and the Stirling formula I'(n/ k) ~

H Tl
sup  ——=—— exp(—v|—| )F )5
redO.puUs; el € (%)
H T, |t
sup  —=—exp(—v|—[) )
cebO.pusy el € (%)
77

Q@m)V2(n/ k) k~2e 1k

as n tends to +o00, we get two constants Ay, A» > 0 depending on v, k such that

| 2] T Tl
sup Texp(—v|;| )T

7eD(0,p)US,;

|2k)| = 1 exp(— V|T|)

= sup |e]"(0+ |
1eD(0,p)US, @)
n (1 2 n—1 e_vx
<e€ysup(l+x°)x %
0 0 T
=€ <(—1>” P RS G %)"f«;'”e‘(%”))/rm/k)
vk v
< A€y (A2)" (78)
forall n > 0, all € € D(0, €p) \ {0}. Therefore, if €q fulfills egA> < Tp, we get the estimates
A1A2Ky €
or (T.m. )| pnker < A1 Y _11Con(m. )]l (g (€0A2)" < —.
To 1-22¢
n>1 To
A1A2Ky €0
Wk (2. m, . prkee) < A1 Y [ Fa(m, €)]](g.u)(€0A2)" < S (79)
n>1 TO 1-— TéEO

for all € € D(0, €9) \ {0}.

Using the computation rules for the formal my-Borel transform in Proposition 6, we deduce

the following equation satisfied by wi(t, m, €),
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0im)(kt*wi(x, m, €))

ok

ot k 1/k

:671—1/(1' —S) /
ra+p )

s +00

(2,,)1/2 // Q1(i(m —m)wr((s —x)"* m —my, €)
0 -
X Qz(im)wk(xl/k,m1,e)¥dxdm1> ds
(s —x)x s

+ Rp(im) (k‘SDt‘SDkwk(t, m, €)

k

+ ) Aagpm/( = )PP (P sPa (s K m, e))—)

I<p<ép—1

D—1
+ > Riim) (eAl—dl”l ! lek [(r —S)T_l(kalsala)k(sl/k m e))—
=1

k o
_ T dik s ds
+ E A(s,,peA’ ditéi= ldlk—f(rk—s) rHo—p 1(kpspa)k(sl/k,m,e))—)
S

1<p=ti—1 PEE+é -

k
T
-1 t k 1/k
+e€ m (7,' —S)
k2%
s +00

1 . ds
(27,)1/25[/ oc((s =) * m —my, ) Ro(im)wr (x'*,my, €)
0 —o0

dxdml) —
N

1
(s —x)x

k

400
k
i 1 ds
+6_17/rk—sl/k /C m —my, €)Ro(imwr (s %, my, e)dm;)—
TR ( ) (271)1/2( 0,0( 1, €)Ro(imp)awx( 1, €)dmy)—
—00

k
T
k
d
o [ 9 G m o (80)
ra+) s
0
We make the additional assumption that there exists an unbounded sector

So.rp ={z€C/lzl =rg.rp. largz) —do rpl <n0,Rp}

with direction dg g, € R, aperture ng g, > 0 for some radius r¢ g, > 0 such that
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Q(im) c
RpGim) ke

81)

for all m € R. We factorize the polynomial P, (t) = Q(@im)k — Rp(im)k®p®p=DK i the
form

P () = —Rp(im)K*P 15D — gy (m)) (82)
where

|Q@im)|
|Rp(im)|k*p~!

O(im) 1 2nl

1
)05 eXp(*/__l(arg(RD(im)kaD—l)(BD Dk + (6p — Dk

)
(83)

qi(m) = (

forall0 <l < (6p— Dk —1,allmeR.

‘We choose an unbounded sector S; centered at 0, a small closed disc D(O, p) and we prescribe
the sector Sg g, in such a way that the following conditions hold.

1) There exists a constant M| > 0 such that

It —qi(m)| = Mi(1 +[z]) (84)

forall 0 <l <(p—Dk—1,almeR, al teS;U l_)(O,,o). Indeed, from (81) and the
explicit expression (83) of g;(m), we first observe that |g;(m)| > 2p for every m € R, all
0<!<(@p— 1k —1 for an appropriate choice of rg g, and of p > 0. We also see that for
allmeR,all 0 <l < (6p — 1)k — 1, the roots g;(;m) remain in a union ¢/ of unbounded sec-
tors centered at O that do not cover a full neighborhood of the origin in C* provided that n¢ g,
is small enough. Therefore, one can choose an adequate sector S; such that S; N U = @ with
the property that for all 0 <[ < (6p — 1)k — 1 the quotients g;(m)/t lay outside some small
disc centered at 1 in C for all T € Sy, all m € R. This yields (84) for some small constant
M1 > 0.
2) There exists a constant M, > 0 such that

IT = qiy(m)| = M2lqy, (m)] (85)

for some lp € {0, ..., (6p — Dk — 1}, all m € R, all T € S; U D(0, p). Indeed, for the sector Sy
and the disc D(O, p) chosen as above in 1), we notice that for any fixed 0 <lyp < (§p — Dk — 1,
the quotient /g, (m) stays outside a small disc centered at 1 in C for all T € S; U D(0, p), all
m € R. Hence (85) must hold for some small constant M> > 0.

By construction of the roots (83) in the factorization (82) and using the lower bound estimates
(84), (85), we get a constant Cp > 0 such that

|Q@im)|

1
TpoTF (] o |7 [)@p—Dk—1

1P ()] = M2~V 0 | Ry (im)kPP | (

ke ko N
> MO My (rp.Ry) TR R (im)]
(kép—1)©p-DE
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1 Sp—Dk—1
x>0 1+ xk)(SD -1

==cp(m;RD>@D*M|RD<hnN(1+¢rﬁ>@0—”—% (86)
forall T € S; U D(0, p), all m € R.

In the next proposition, we give sufficient conditions under which equation (80) has a solution
wk (T, m, €) in the Banach space F(‘f) Bok.€) where 8, u are defined above.

Proposition 9. Under the assumption that

2
8D281+E, Aj+k(1-6p)+1>0, (87

for all 1 <1 < D — 1, there exists a radius rg g, > 0, a constant w > 0 and constants
20, €1, &2 > 0 (depending on Q1, Q2, k, Cp, u, v, €9, Ry, Ay, &, dj for 0 <1 < D) such that
if

[1Co,0(m, O,y <%0, ler(t,m, )lw,g,uke) <1, Yk (T,m, )lw,guke) <t  (88)

forall e € D(0, €9) \ {0}, equation (80) has a unique solution a)‘kl(t m, €) in the space (‘f) B koe)

where B, u > 0 are defined in Proposition 8 which verifies ||a)k (t,m, )llw,B,u.k,e) < @, forall
€ € D(0, o) \ {O}.

Proof. We start the proof with a lemma which provides appropriate conditions in order to apply
a fixed point theorem.

Lemma 2. One can choose the constant rg g, > 0, a constant w small enough and three con-

stants &g, £1, &2 > 0 (depending on Q1, Q», k, Cp, 1, v, €9, R;, Ay, 81, dj for 0 <1 < D) such
that if

[1Co,0(m, )|, < 0, ler(T,m, )| g, 1ke) <1, Yr(T,m, )|w,8,1ke) < &2

forall € € D(0, €0) \ {0} the map H. defined by

He(w(z, m))
'L'k
= k_ N1/k
Pm(r)l“(1_,_%) O/(r s)
s 400
eﬂﬂ//Qmmmmwﬁmenm
0 —_

) 1k 1 ds
X Qo(im)wx"*, m)——dxdmy | —
(s —x)x s



5252 A. Lastra, S. Malek / J. Differential Equations 259 (2015) 5220-5270

ok

Rp(im) Ao [k pep-tgpop, ko dS

+ P, (1) Z F(3D—p)/(‘[ s) (kPsPw(s 7m))s
0

1<p=<ép-1

k
D—1 o . Aj—di+8—-1 a
iy Ri(im) | € . /(_L_k _S)%—l(kalsa,w(sl/k’m))d_s
= Pn(0) ['(95) ; $

) F(dlk

Ly

1<p<é;—

—dj+8—1
/(z s) EH0=p=1 (PP (51K, m))—}

-k

-1
+ e—lf(zk )l
P+ D J

s +00
d
(2n>1/2 //gok«s—x)” m = m1, ) RoGim ! m) x) dxdmy | =
1 5
€ k 1/k 1/k
+m0/(f ) o )1/2(f Co,o(m —my, €)Ro(im)w(s m1)dm1)—
1 A
€~ ds
b [ G m oS (89)
Pu(DT 1+ ) ) s
satisfy the next properties.
i) The following inclusion holds
He(B(0,m)) C B(O, @) (90)

where B(0,w) is the closed ball of radius w > 0 centered at 0 in F(‘{J‘ﬁ,u‘k,e)’ for all € €
D(0, €o) \ {O}.
ii) We have

1
[[He(wr) — HE(U)Z)”(I),ﬂ,M,,k,G) =< Ele - w2||(v,ﬂ,p,,k,e) (91)

for all wy, wa € B(0, @), for all € € D(0, &) \ {0}.

Proof. We first check the property (90). Let € € D(0, €¢) \ {0} and w(z, m) be in Fd
take ¢, ¢1, ¢2, @ > 0 such that

v,B.u.k,€ We

w (T, m)||w,p.p.ke) <@, 1Co0m, )l <0, @(T,m, Ollw.p.uke) <1,
[ (T, m, )l w,g,1.k,e) < &2,

for all e € D(0, €9) \ {0}.
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Using Lemma 1 and Proposition 3 with the lower bound estimates (86) we get that

-k

-1
||E—1f<r"—s)“k
Pa(OF(1+ ) J

s +00

<2n>1/2 f/ Q1(i(m —m))w((s —x)'"* m —my)

x Oa(im)w(x"*, m );dxdm d—s||
2 1 , My (s—x)x 1 S ,B,1,k,€)

5 1 C3||w(fvm)||(2u,ﬁ,u,k,e)
TTA+ PR 0L ) TR

1 2
= 1 1/2 = 1 ©2)
LA+ pCDY2 Cp(rg. py) T
Moreover, for 0 < p <§p — 1 and by means of Proposition 2 i), we deduce
.rk
||RD(lm) ASDsP /(Tk _S)(SD—p—l(kpspw(sl/k m))d_SH(Uﬁ ko)
Py(t) T'(p—p) Ty PR
0
Asp pkP Co €]
< 2f — W@, m)|lw.puk.e
I'(6p — p)Cp(ro,g) ®o="*
A kPC
5p.p 2.1€0 93)

— 1
['@p — p)Cp(ro.r)Pr~M*

With the help of Proposition 2 ii) and due to the assumptions of (87) we also get that

Rl (lm) GA/—dH-S[ 1
/ -

——1 81 o8 1/k
(k' s® w(s m))—ll k
Pm(r) F(le'k) W, B, u.k.€)

k8’C2,2 _ _ R;(im)
<— || AT ATk =Ep) Lk gyp | A w (T, m)|w.pop ke
P Cp(ro ) T me Rp(im)
ki _ _ Ri(im
< — 22 1 GOA, di+81+k(81—8p)+dy sup |R1(. ) . o4)
L Cr(r.ry) T mex Rp(im)

and that



5254 A. Lastra, S. Malek / J. Differential Equations 259 (2015) 5220-5270

.[k
R (i A EA17d1+6171 dig d

l(lm) 5lydp /(Tk _S)IT—Q—S[—p—l(kpspw(sl/k,m))_s”(v’ﬁ’u’k’g)
Fn@ TG 46 -p) ) s

|As, plkP Ca0

_ _ Ri(im)
< - 1 |E|A/ dj+38;+k(81—38p)+di k sup |ﬁ |w(z, m)”(v,ﬁ,u,k,e)
T(FE +8 — p)Cp(ro,r,) 1" mek RDUM
< |A51,p|kpc2.2 6A[*d1+51+k(5178p)+d1,k p| Ry (im) | (95)
— 1 0 . .
r(d/Tvk 48— p)Cp(ro.ry) meR Rp(im)

Using Lemma 1 and Proposition 3 again with the lower bound estimates (86) we get that

1 T
=
||—1/<r"—s>”"
Pu(@I'(1+ 1) ,
s 400

1
g | [ et =0 Em =m0
0 —o0

1 ds
x Ro(i 17k ———dxd —
oimy)w(x ml)(s—x)x X m1> RG]

1 Cillor (T, m, )|, .. k.0) lw (T, M) || (0,8, 10,k.6)

<
Trd+pem'2

1
Cp(ro,r,) ®0~ Dk
1 Citiom
< : — : (96)
PA+pCOY2 Cp(rg. py) T

Moreover, using Proposition 4, we also get

o +00

! . b /
P (OC1+ D - Coolm —my,
||Pm(T)F(1+%) O/(T s) (277)1/2(_00 0,0(m —mi,€)

. ds 1 Calom
x Ro(im)w(s"*, mpydm)—||w.p.u.e) < YT 1 97
K '+ ¢)@2n) Cp(ro.ry) ®0 F
Finally, from Lemma 1 and Proposition 1, one gets
1 o d
€ Vky (1/k s
o [ =9 s om0 Pl
pm(f)r(l.q_%) ) § HwBke
Cy
< ; 1Y (T, m, )|, 8,u.k.e)
P+ )Cp(ro,ry) ™~ minger |Rp(im)]
Ci
< . o) (98)
T(1+ )Cp(ro,rp) ™~ mingcr |Rp(im)]
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Now, we choose @, £o, {1, {2 > 0 and rg g, > 0 such that

1 Cso2 ‘o1
+

P+ PEO Cprp g) T8 17 Top — p)Cp(rg )T

[Asp, plkP Ca.1€0

D-1 :
n k% Cy . Aj—d;+8+k(8—8p)+d & sup |Ifl(l.m) -

=1 F(IT)CP(VQR )(50 Gp-Dk mek Rp(im)

§—1 _
N ! |A81,p|kpC2_2 1 6()A1*d1+81+k(81751))+d1,k sup |I§[(lm) -

p=1 T(%& 18/ — p)Cp(ro,ry) T T mer Rp(im)
" 1 (C381 + Calo)m

PA+ DDV ¢y g po) T

C

+ 1 n<w (99)

1
(14 HCp(ro,ry) 7% miny,er |Rp(im)]

Gathering all the norm estimates (92), (93), (94), (95), (96), (97), (98) with the constraint (99),
one gets (90).

Now, we check the second property (91). Let wy(z, m), wa(t,m) be in F, (U Bke)” We take
@ > 0 such that

[lwi (T, m)||v,8,u.k6) < T,
forl =1,2, forall €e € D(0, ) \ {0}. One can write
Q13 (m —m))wi((s —x)'"*, m —m1) Qaimpywi (x'/*, my)

— Q1 (m —m))ywa((s — )5 m —mp) Qaim)Dwa (x'/*, my)

= 01Gi(m —mn) (wi (s =) E m =) = wal(s = 0)VE m = 1)) Qatimpyw (x5, my)

+ Q1 (m —m))wa((s — x)YE, m —my) Qa(imy) (wl(x”k,mo - wz(x”",ml))

(100)
and using Lemma | and Proposition 3 with the lower bound estimates (86) we get that
1 v
||E—1/<r"—s>”"
Pu(I(1+7)

s +00

o )1/2 f f (Q1(i(m —m)wi((s — )5, m —mp) Qalimp)ywi (x'/*, my)
0 —

— Q1 (m —m)wa((s — ) m —my)
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. 1 ds
x Qz(lml)wz(x”k,ml))mdxdm) ~lopuke

- 1 C3
T TA+ DR 4 )T TR

x |lwy(t,m) — wa(t,m)||w,g,u.k,e) Uw1 (T, M) ||, 8, p,k,6) + w2 (T, M| (v, 8, 1.k,¢))

! o Jwi(e,m) - watr. )| (101
< wi(T, m) — walT, m)||(v,B,u.k,e)
LA+ DR g gy BT '

From the estimates (93), (94), (95), (96), (97), (98) and under the constraints (87), we deduce
that

k

T
Rp(i A d
plim) _Asp.p ) f (Th — )P0~ (kPP (wy (s /% m) — wa(s % m)) gk
p Ky
0

Pu(z) T(6p —

[Asp, plk? Ca 1]e€]

< — lwi(t, m) — w2 (T, M) (v, 1u.k.e)
I'6p — p)Cp(ro,rp) oMk

|Asp, plkP Ca.1€0

< — [lwi(r,m) — wa (T, m)|| (v, 8, .k,¢) (102)
I'ép — p)Cp(ro,rp) oD%

and

-k

Ry (im) e®i—ditdi—1 dp g ds
1m) / (T — ) s (s m) — wa (s E m) gk
S

Pu(t) (%)

ke Ri(im
= = ——le| AT AT sup le(. ) w1 (z, m) — wa(T, m)|| v, u.k.e)
T (S Cp(rg,rp) 0~k meR Rp(@im)
KCas Aj—dj+8+k(8—~8p)+d| R (im)
< y +601 1+81+k(81—8p)+di i sup | Rp( )|||w1(l’,m) — wz(T,m)”(v,ﬁ,p.,k,e)
F(%)CP("Q,RD)@D—”" meR KpQm
(103)
and that

-k

: —di+6—1
Rl(lm) Aal,PeA[ i (‘L'k _ s)le'k-‘r(Sl—P—l
Pn(t) (%t —

m I'( & +3—p)

0
ds
x (kPsP (wy ("%, m) — wa(sV/¥, m)—llwpu k0

p
- | As, plkP Caa e | Sr=di+3k (31 =3p)+d
1

T(%k 45— p)Cp(ro,ry) T
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R;(im)
X sup | w1 (T, m) — wa(T, m)||w,8,u.k,e
meR Rp(im)
< |As, plkP Ca2 A—dy+81+k (81—8p)+d1
d 1 €
L(Z2 48— p)Cp(ro.r,) 0 F
R;(im)
X sup | w1 (T, m) — wa(T, m)|| (.8, u.k.€) (104)
mer Rp(im)
and that
s 400

“m/( T o )1/2 //‘”‘((S‘x) MEom—m )

. 1 ds
RoGim ) (wi (x* my) — wa(x V¥, my)) ———dxdmi | == ||w.p k)
(s —x)x s

- 1 Cillor (T, m, )|, 8, 1.k,0)llw1 (T, m) — wa (T, m)|| v, 8, 1.k,€)
T+ e Cp(ro.ry) 5T

- 1 Cigillwi(t,m) — wa (T, m)|| (v, 8, u.k,¢)
T I+ pen)2 Cp(ro.ry) -

(105)

together with

Kk \1/k
”Pm(r)r(wr%)()/(r Ve )1/2(/C°°(m i Rotim)

1/k 1/k

ds
x (wi(s/ ", my) —wa(s vml))dml)TH(v,ﬁ,u,k,e)

- 1 Calollwi (T, m) — wa (T, m)|| (v, B, u.k,¢)
- F(l+%)(27r)1/2 Cp(rg RD)(EDl—l)k

(106)

Now, we take @ and rg g, such that

1 C32w
FA+DCDY Cp(rg g, T

A kPCy 1€
n |Asp, plkP Ca.1€0

1
1<p<sp—1T'(6p — p)Cp(rg,r,) oD%

K% Can Aj—dy+8,+k(8;—8p)+d R;(im)
+ Z Ol 1 +81+k (8 D)+1,ksup| ey

1<i<D— 1F( $Cp(ro.rp )% i meR Rp(im)
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|As, plkP Ca2 Ar—di+8+k(8—8p)+d R;(im)
+ y 184 | 601 1 +81+k (8 —38p)+dj i sup |R (lm)|
1<p=s—1 D(5E 4+ 8 — p)Cp(ro,r,) ®0~F meR 2D
n 1 Coi+Cago 1 (107)
ra+ %)(27‘[)1/2 Cp(ro RD)(SDl—l)k 2

Bearing in mind the estimates (101), (102), (103), (104), (105), (106) with the constraint
(107), one gets (91).

Finally, we choose @ and rg g, such that both (99) and (107) are satisfied. This yields our
lemma. 0O

We consider the ball B(0, ) C F(‘i, Bok.€) constructed in Lemma 2 which is a complete
metric space for the norm [[.|| (v, 8, 4.k,¢). From the lemma above, we get that H, is a contractive
map from B(0, @) into itself. Due to the classical contractive mapping theorem, we deduce that
the map H, has a unique fixed point denoted by wi(t, m, €) (i.e. He(wi (T, m, €)) = wi (T, m, €))
in B(0, w), for all € € D(0, €p) \ {0}. Moreover, the function wi(t, m, €) depends holomorphi-
cally on € in D(0, €9) \ {0}. By construction, wk(t, m, €) defines a solution of equation (80). This
yields the proposition. 0O

In the next proposition, we construct analytic solutions of equation (72).

Proposition 10. Let the assumption (87) hold. We also choose the sectors Sq and Sg g, in such
a way that (84) and (85) hold. We take the radius rg g, as prescribed in Proposition 9. We also
assume that the inequalities (88) hold for ¢, ¢1, {» constructed in Proposition 9. Notice that the
inequalities for {1, { can be satisfied if €y is small enough due to the estimates (79).

Let Sq.0.17¢c| be a bounded sector with aperture w/k < 0 < [k + 28 (where 28 is the small
aperture of the unbounded sector Sy ), with direction d and radius h'|€| for some h' > 0 indepen-
dent of €. We choose 0 < B’ < B.

Then, equation (72) with initial condition U (0, m, €) = 0 has a solution (T, m) — U (T, m, €)
defined on Sy 1) X R for some real number h' > 0 for all € € D(0,¢€p) \ {0}. Let € €
D(0, €0) \ {0}, then for each T € Sy i\e|, the function m +— U(T,m, €) belongs to the space
Eg .y and for each m € R, the function T +— U(T,m, €) is bounded and holomorphic on
S4.,6.n'1e|- Moreover, the function U(T,m,€) can be written as a Laplace transform of order
k in the direction d,

yd
U(T,m,e)=k/wf(u,m,e)e_(7)k—u

Ly

(108)

along a halfline L, = Rye'” € Sy U {0} (the direction y may depend on T ), where a),‘f (t,m,€)
defines a continuousfu_nction on (D(0, p)USq) x R x D(0, €p) \ {0} which is holomorphic with
respect to (t,€) on (D(0, p) U Sg) x D(0, €g) \ {0} and satisfies the estimates: there exists a
constant wy (independent of €) such that
jwf (z,m, )| < wa (1 + I 1 LT (109)
= T EPE e

forall Tt € D(0, p) U Sy, allm € R, all e € D(0, €p) \ {0}.
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Proof. Taking into account the requirements stated above in Proposition 10, we get that
all the assumptions of Proposition 9 are fulfilled. Therefore, the formal mj-Borel transform
wx(t,m, €)=Y ., Uy(m,€)t" /T (n/k) of the formal series ﬁ(T, m, €) constructed in Propo-
sition 9 is convergent with respect to T on D(0, p) as series with coefficients in the Banach
space E(g, ). Moreover, this function wy (7, m, €) can be extended as an analytic function with
respect to T on the sector Sy, denoted a)g(r, m, €), that belongs to the Banach space F([i, Bikac)
and satisfies the bounds ||a),‘c’(r, m, €)||(w,g,u.k,e) < Wq Where @y is a constant independent of
€ in D(0, €p) \ {0}. This means that (109) must hold. As a result, we get that the formal series
0(T, m,€) € TE@g )[[T]] is mi-summable in the direction d (see Definition 3). By construc-
tion, its my-sum U (T, m, €) in direction d defines a holomorphic function on the sector Sy g /|e|
described above in Proposition 10 with values in Eg, ), for all € € D(0, €p) \ {0}. On the other
hand, the series Co(T,m, €), F(T,m,€) € T Eg )[[T]] are convergent. Therefore, these series
are my-summable in any direction d and their my-sums satisfy

Lo, (o (x,m, ) T) = Co(T, m,€), Ly Wi(x,m, ) (T)=F(T,m,e)

for all T € D(0, To/2). Finally, using the properties for the sum, product and derivative of
my-sums described in (56), we deduce that the mg-sum U (T, m, €) in direction d satisfies equa-
tion (76) as a function of (T, m) on Sy g n1e) X R, for all € € D(0, €) \ {0}, since the formal

series U (T, m, €) satisfies equation (76). As a result, the function U (T, m, €) also satisfies equa-
tion (72) as a function of (T, m) on Sy 4je) X R, for all e € D(0, €0) \ {0}. O

5. Analytic solutions of a nonlinear initial value Cauchy problem with complex parameter

Letk > 1and D > 2 be integers. For 1 <! < D, letd, §;, A; > 0 be nonnegative integers. We
assume that

1281, 31<51+1, (110)
forall 1 </ < D — 1. We make also the assumption that
dp=0@p—Dk+1), d>@—-Dk+1), Ap=dp—4p+1 (111)

foralll </ <D-—1.Let Q(X), Q1(X), 02(X), R;(X) € C[X],0 <! < D, be polynomials such
that

deg(Q) > deg(Rp) > deg(R;), deg(Rp) = deg(Q1), deg(Rp) > deg(Q2),
Q(im) #0, Rp(im)#0 (112)

forallmeR,allO<I<D-—1.
We consider the following nonlinear initial value problem

D
Q@) @u(t, 2. €)) = (Q1(3)ut, 2. ) (Q2(3)u(t. z.€)) + Y MU R )u(t. 2. €)

=1
+co(t,z,€)Ro(d)u(t, z,€) + f (2,2, €) (113)

for given initial data u(0, z, €) = 0.
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The coefficient cy(¢, z, €) and the forcing term f (¢, z, €) are constructed as follows. We con-
sider sequences of functions m +— Co_,(m,¢€), for n > 0 and m +— F,(m,¢€), for n > 1, that
belong to the Banach space Eg ) for some B > 0, u > max(deg(Q1) + 1,deg(Q2) + 1) and
which depend holomorphically on € € D(0, €p). We assume that there exist constants Kq, To > 0
such that (71) hold for all n > 1, for all € € D(0, €y). We deduce that the functions

Co(T,z,€) =Y F '(mr> Conlm, )RT", B(T,z,6)=) F'(m> Fy(m,e))(T"

n>0 n>1

represent bounded holomorphic functions on D(0, 7p/2) x Hg x D(0, €p) for any 0 < B <B
(where F~! denotes the inverse Fourier transform defined in Proposition 7). We define the coef-
ficient co(, z, €) and the forcing term f(t, z, €) as

co(t,z,€) =Colet,z,€), f(t,z,€) =F(et,z, ¢€). (114)

The functions ¢y and f are holomorphic and bounded on D(0, r) x Hg x D(0, €9) where reg <
To/2.
We make the additional assumption that there exists an unbounded sector

So.rp ={z€C/lzl =rg.ry. largz) —do,rpl <n0.Rp}

with direction dg g, € R, aperture n¢ g, > 0 for some radius rg g,, > 0 such that

Q(im)
€
Rp(im)

S0.Rp (115)

for all m e R.

Definition 4. Let ¢ > 2 be an integer. For all 0 < p < ¢ — 1, we consider open sectors £,, centered
at 0, with radius €y and opening 7 + «,, with k, > 0 small enough such that £, N £, 11 # ¥, for
all 0 < p < ¢ — 1 (with the convention that £ = &y). Moreover, we assume that the intersection
of any three different elements in (€,)o<p<¢ is empty and that U;;(I)E p =U\ {0}, where U is
some neighborhood of 0 in C. Such a set of sectors {€,}o<p<c—1 is called a good covering in C*.

Definition 5. Let {£,}o<p<c—1 be a good covering in C*. Let 7 be an open bounded sector
centered at 0 with radius 7~ and consider a family of open sectors

So,.6.cor7 ={T € C*/|T| < eorr, [0, —arg(T)| <6/2}

with aperture 6 > 7 /k and where 0, € R, for all 0 < p < ¢ — 1, are directions which satisfy the
following constraints: Let g;(m) be the roots of the polynomials (82) defined by (83) and Sp o
0 < p < ¢ — 1 be unbounded sectors centered at 0 with directions 9, and with small aperture.
We assume that

1) There exists a constant M| > 0 such that

T —qi(m)| = My (1 +|t]) (116)

forall0</<(p—Dk—1,almeR,all T €S, UD(0, p), forall0< p < — 1.
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2) There exists a constant M, > 0 such that

IT — g1y (m)| = Ma2l|qi, (m)] 17

forsome lp €{0,...,6p—Dk—1},allmeR,all T ESaP UE(O,p),forallOfpf ¢ —1.
3)Forall0<p <g¢—1,forallt € T,all e € £,, we have that e € Sap’g’eorT.
We say that the family {(Sapyg’eorT)()fpsg_l, T} is associated to the good covering
{Eplo<p=c—1-

In the next first main result, we construct a family of actual holomorphic solutions to equation
(113) for given initial data at + = O being identically equal to zero, defined on the sectors &,
with respect to the complex parameter €. We can also control the difference between any two
neighboring solutions on the intersection of sectors £, N €, and show that it is exponentially
flat of order at most k.

Theorem 1. We consider equation (113) and we assume that the constraints (110), (111), (112)
and (115) hold. We also make the additional assumption that

2
31)251—#%, A +k(1=68p)+1=0, (118)

hold forall 1 <1 < D — 1. Let the coefficient cy(t, z, €) and forcing term f (¢, z, €) be constructed
as in (114). Let a good covering {Eplo<p<c—1 in C* be given, for which a family of sectors
{(S> p’Q’gOrT)Of p<c—1, T} associated to this good covering can be considered.

Then, there exists a radius rg g, > 0 large enough, €y > 0 small enough and a constant
¢o > 0 small enough such that if

[1Co,0(m, )lp,u) < o

for all e € D(0, o) \ {0}, then for every 0 < p < ¢ — 1, one can construct a solution up(t, z, €)
of equation (113) with up(0, z, €) = 0 which defines a bounded holomorphic function on the
domain (T N D(0, k")) x Hg x & for any given 0 < B’ < B and for some h' > 0. Moreover,
there exist constants 0 < h” <h', K,, M, > 0 (independent of €) such that

_Mp
sup lUpr1(t,z,€) —up(t,z,€)| < Kpe I (119)
teTﬁD(O,h”),zeHﬂl

foralle e £,11 NE,, forall 0 < p < ¢ — 1 (where by convention u = ug).

Proof. Using Proposition 10, one can choose rg g,, > 0 large enough, €y > 0 small enough and
Zo > 0 small enough such that

[1Co,0(m, €)l(g,) < %0

for all € € D(0, €9) \ {0} such that for each direction 9, with 0 < p < ¢ — 1, one can construct a
function U®» (T, m, €) which satisfies U°? (0, m, €) = 0 and solves the equation



5262 A. Lastra, S. Malek / J. Differential Equations 259 (2015) 5220-5270
Q(im)@rU(T, m,€))
| +00
—1 .
=€ —F im—m)U(T,m—my,e€
T [ eran=myuc Le)
—00

X Qr(im)U(T, mq, €)dm
D
+ 3 Ry (im)eA A TR U (T, €)
=1
—+00

1
+€ 1W/Co(T,m—ml,e)U(T,ml,e)dml
—0o0
| +0o0
+e—1W/CO,O(m—ml,e)U(T,ml,e)dml+e—1F(T,m,e) (120)
—0o0

where

Co(T,m, €)=Y Con(m,e)T", F(T,m,e)=) F,(m,e)T"

nx>1 n>1

are convergent series in D (0, Tp/2) with values in Eg ), for all € € D(0, €p) \ {0}. The function
(T, m) — U (T, m, €) is well defined on the domain Sv,.0.1'le| X R where h' > 0 is some real
number, for all € € D(0, €p) \ {0}. Moreover, U°? (T, m, €) can be written as a Laplace transform
of order k in the direction ,

uyedu

U (T, m, €)=k / oy (1, m, €)™ (121)

Ly

u
4

along a halfline L,, = Rie?r € S», U {0} (the direction y, may depend on T'), where
w,?” (t,m, €) defines a continuous function on (D(0, p) U Sdp) x R x D(0, ¢p) \ {0} which is

holomorphic with respect to (z, €) on (D(0, p) U $v,) x D(0, €9) \ {0} for any m € R and satis-
fies the estimates: there exists a constant @, (independent of €) such that

H

0 — —
" (T,m, €)] < @, (1 + m|) e MW
€

Tk
eXP(Vlgl ) (122)

for all T € D(0, p) U Sy, all m € R, all € € D(0, €p) \ {0}. It is worth noticing that all the

. o, . . . .
functions t — w, " (t, m, €) are analytic continuation on the sectors Sp » of a common function
denoted by

.[n
wi(t,m, €)= Z Uy (m, G)T%)
n>1
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which is a convergent series on D (0, p) with coefficients in Eg, ;) and where U, (m, €) € E(g 1)

are the coefficients of the formal series U (T,m,e) = an 1 Un(m, €)T" solution of equation
(120), for all € € D(0, €p) \ {0}. Using the estimates (122), we get that the function

(T,2) > U (T, z,6) = F Ym> U (T, m, €))(z)

defines a bounded holomorphic function on So,.0.n'1e| X Hpr, for all € € D(0, €¢) \ {0} and any
0<pB <B.Forall0 < p < ¢ — 1, we define

+00
up(t,z,€) =U%(et, z,€) = (2nkw / / a)Z”(u, m, e)e*%)"e’””i—”dm. (123)
— Ly,
By construction (see 3) in Definition 5), the function u (¢, z, €) defines a bounded holomorphic
function on the domain (7' N D(0, h")) x Hg' x £,. Moreover, we have u,(0, z, €) = 0 and using
the properties of the Fourier inverse transform from Proposition 7, we deduce that u,(z, z, €)
solves the main equation (113) on (7 N D(0, k")) x Hg x &p.

Now, we proceed to the proof of the estimates (119). Let p € {0, ..., ¢ — 1}. Using the fact
that the function u — wi(u, m, €) exp(—(e”—t)k)/u is holomorphic on D(O0, p) for all (m,€) €
R x (D(0, o) \ {0}), its integral along the union of a segment starting from 0 to (p/2)e'?7+!, an
arc of circle with radius p/2 which connects (p/2)e’?7+! and (p/2)e!?? and a segment starting
from (p/2)e!?? to 0, is equal to zero. Therefore, we can write the difference u p+1 — Up as asum
of three integrals,

—+00
k 2, cunk o du
“p+1(t,z,6)—up(t,z,6)=W/ / " (u,m, €)™ ) e = dm
~Lpspy,
P d
o) —(Lyk izm GU
- w, " (u,m,e)e ‘e’ " —dm
)12 / / e, €) ?
—00 L

p/2,vp

P d
—()k jizm A1
+W / f wi(u, m, €)e et ” dm (124)

~Co2.p.vpt1

where Loy, = [p/2, +o0)el Vi, Lojpy, = [p/2, +o0)e!?r and Cp/z,yp,ypﬂ is an arc of
circle with radius connecting (p/2)e’?» and (p/2)e!Y»+! with a well chosen orientation.
We give estimates for the quantity

k e d
0 +1 _(unNk u
I = W/ / o, (u,m, €)e G e’zm7dm .

—Lps2,yp4
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By construction, the direction y,41 (which depends on €t) is chosen in such a way that
cos(k(ypq1 —arg(er))) = 8y, foralle € £, NEp41, all t € T N D(0, h'), for some fixed §; > 0.
From the estimates (122), we get that

k 400 400 r
_* —,—~Blm| ___Jel
1= (27.[)1/2 / / wapﬂ(l + |m|)"e 1+(|€‘)2k
— p/2
k t d
xexp(v(—) )exp(— cos(k(yp+1 karg(e ) k) —mIm(z) rdm
le] let] r
k +00 +00
Dopsi —(B—B)Im| / ok
<P dm —(—)g
= e /e |r|k DO
—00 2

+00 +00
2kwap+l By le|k—1
=ami ) ¢ " (ol = VIk(5)k!
0 o/2 It

FI k—1
(Itl V)kr

X = exp(— ( — (= )ydr
lelk |t | €]
2kwap+l le|k=1 xp(— ( )(p/z)k)
(27‘[)1/2 B - ﬂ)(mk v)k(%)k 1 |t|k ek
2 k-1 k
kaa, le] exp(— 2(,T/|2k) ) (125)

=enn (B — B2k (5)F!

for all r € T N D(0,h") and [Im(z)| < B’ with |t] < (%)1/1‘, for some 8, > 0, for all € €
EpNéEpyr.
In the same way, we also give estimates for the integral

P d
0, _(unk u
L= W/ / w,"(u,m, €)e @) elzdem .

—00 Ly,

Namely, the direction y,, (which depends on ef) is chosen in such a way that cos(k(y, —
arg(et))) > 81, foralle e E,NEpyq,all 1 € TN DO, 1), for some fixed §; > 0. Again from the
estimates (122) and following the same steps as in (125), we get that

L K, el (p/2)
126
=@ 2 (B prok(gy 1 T T e (120

for all € 7 N D(0, ') and |Im(z)| < B’ with ] < (82%)1/’2 for some 8, > 0, for all € €
EpNEpir.
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Finally, we give upper bound estimates for the integral

X 400 d
__* (&) izm AU
= PESLE / / wr(u,m, €)e e ” dm

o0 CP/Z»vaVp+1

By construction, the arc of circle Cp/2y,,y,,, 1s chosen in such a way that cos(k(¢ —

arg(et))) = &1, forall 0 € [yp, yp+11 (i vp < ¥p+1), 0 € [yp+1, ¥pl (i ypt1 < yp). forallz € T,
all e € £, N Epy 1, for some fixed §; > 0. Bearing in mind (122) and (22), we get that

k +oo| Vp+1 ,0_/2
<——> max @y (14 [m]) e Am 1
3 (27'[)]/2 / / 0<p<¢-—1 or ( | |) 1_‘_(10?/'2)2](
—00 | ¥Vp
k(6 t
xexp(v(|—/|) ) exp(— cos(k( . tlirg(e )))(p) ) =" 49| am
k(maxo<p<c—1 @,) (B—p)ml / (%_V) P/2 4
<p< _ m B GF =Y p/2
L / dm Iy = vper| 22 exp— o — (L
k - ) 0 2
xexp(—"'T( |/| ")

(‘%—V) 0/2 4

2k (max 1@ — (&
< ( ngggl 12 D,,)hjp Yp+1l supxl/ke (mk v)x « exp(— (PL= ey
Qm)12(B - B x>0 2 le]
2k(maxo<p<c—1@o,)|Vp — Vp+1l 1/k _ 8 p/2
ps ) Do)V TV LKk gk e 2 (222 (127)

= Q)26 — p)) 5 2 el

for all € 7 N D(0, k) and Im(z)| < B’ with 7| < (82%)1/’2 for some 8 > 0, for all € €

EpNEpta.
Finally, gathering the three above inequalities (125), (126) and (127), we deduce from the

decomposition (124) that

|M[]+1(tazve)_u[7(tazve)|
2k (@, + @a,,) le]*! (0/2)*
é
=TT B pskGT PR
2k(maxo<p<g—1 @ )Vp = Vp+il 1/k 1y 8 p/2 i
Q2B - B) ) e e G

for all t € T N D(0, 1)) and |Im(z)| < B’ with |¢]| < (52%)1/’2 for some 8 > 0, for all € €
Ep N Epy1. Therefore, the inequality (119) holds. O
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6. Existence of k-summable formal series in the complex parameter of the initial value
problem

6.1. k-Summable formal series and the Ramis—Sibuya theorem

We recall the definition of k-Borel summability of formal series with coefficients in a Banach
space, see [1].

Definition 6. Let k > 1 be an integer. A formal series

o
Ciey=S Y.
X(e)=)_ e € F([e]]
j=0
with coefficients in a Banach space (I, ||.||r) is said to be k-summable with respect to € in the
direction d € R if

_ 1) there exists p € Ry such that the following formal series, called formal Borel transform of
X of order k

B =Y —4"

— e T,
S rd+4)

is absolutely convergent for |t| < p, A

ii) there exists § > 0 such that the series B (X)(t) can be analytically continued with respect
to T in a sector Sy s = {t € C* : |d — arg(7)| < §}. Moreover, there exist C > 0, and K > 0 such
that

IBX)(1)||p < CeKIT
forall T € Sy 5.

If this is so, the vector valued Laplace transform of order k of Bk(f( )(7) in the direction d is
defined by

CZ(Bk(X))(G):e_k/Bk()?)(u)e—(u/e)"kuk—um
LV

along a half-line L, = Rye!” C Sy.5 U {0}, where y depends on € and is chosen in such a way
that cos(k(y — arg(€))) > &1 > 0, for some fixed §1, for all € in a sector

Sgo.ruk={e €C*:|e| < RVK, |d —arg(e)| <0/2},

where 7 <6 < 7 428 and 0 < R < 8;/K. The function Ez(Bk()A())(e) is called the k-sum of
the formal series X (¢) in the direction d. It is bounded and holomorphic on the sector S, » gi/x

and has the formal series X (¢) as the Gevrey asymptotic expansion of order 1/k with respect to
€on S, g gi/k-. This means that for all % < 01 < 0, there exist C, M > 0 such that
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n—1
A a n
L] (B (X)) (€) = ) LePlls <CM'T (1 + lel”
s p! k

foralln >1,all € € Sd’gl’Rl/k.

Now, we state a cohomological criterion for k-summability of formal series with coefficients
in Banach spaces (see [2], p. 121 or [14], Lemma XI-2-6) which is known as the Ramis—Sibuya
theorem in the literature. This result is a crucial tool in the proof of our main result (Theorem 2).

Theorem (RS). Let (F, ||.||r) be a Banach space over C and {€,}o<i<c—1 be a good covering
in C*. Forall 0 < p < ¢ — 1, let G, be a holomorphic function from £, into the Banach space
(F, |I.llr) and let the cocycle ® () = Gp11(€) — Gp(€) be a holomorphic function from the
sector Z, = Epy1 N E, into E (with the convention that £ = & and G = Gy). We make the
following assumptions.

1) The functions G ,(€) are bounded as € € £, tends to the origin in C, forall0 < p < ¢ — 1.

2) The functions ® ,(€) are exponentially flat of order 1/k on Z, for all0 < p < ¢ — 1. This
means that there exist constants Cp, A, > 0 such that

10, (e)l|F < Cpe~Ar/1el!

foralle e Z,, all0<p<¢—1.
Then, for all 0 < p < v — 1, the functions G ,(€) are the k-sums on &, of a common
k-summable formal series é(e) e F[[e]].

6.2. Construction of k-summable formal series in the complex parameter of the initial value
problem

In this subsection, we establish the second main result of our work, namely the existence of
a formal power series in the parameter € whose coefficients are bounded holomorphic functions
on the product of a sector with small radius centered at 0 and a strip in C2, that is a solution of
equation (113) and which is the common Gevrey asymptotic expansion of order 1/k of the actual
solutions u ,(t, z, €) of (113) constructed in Theorem 1.

The second main result of this work can be stated as follows.

Theorem 2. Let us assume that the hypotheses of Theorem 1 hold. Then, there exists a formal
power series

itz €)=Y hw(t, 2)e" /m!

m>0

solution of equation (113), whose coefficients h, (t, ) belong to the Banach space T of bounded
holomorphic functions on (T N D(0,h")) x Hg' equipped with supremum norm, where h" > 0
is constructed in Theorem 1, and such that the functions u,(t, z, €) defined in Theorem I, seen
as holomorphic functions from &, into IF, are its k-sums on the sectors &, forall0 < p < ¢ — 1.
In other words, for all 0 < p < ¢ — 1, there exist two constants Cp,, M, > 0 such that
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n—1 m
€ n
sup lup(t, z, €) — th(t,z)ﬁl < CpMpT(1+ )lel” (128)

teTﬂD(O,h”),zeHﬁ/ m—=0

foralln>1, alle € Ep.

Proof. We consider the family of functions u,(,z,€), 0 < p < ¢ — 1 constructed in Theo-
rem 1. Forall 0 < p < ¢ — 1, we define G (¢) := (¢, 2) = u, (¢, z, €), which is by construction
a holomorphic and bounded function from &, into the Banach space I of bounded holomorphic
functions on (7N D(0, ")) x Hg equipped with the supremum norm, where 7 is introduced
in Definition 5, h” > 0 is set in Theorem 1 and B’ > 0 is the width of the strip Hg' on which
the coefficients cg and f are defined with respect to z (see (114)). Bearing in mind the estimates
(119), we see that the cocycle © ,(€) = Gp41(€) — G (€) is exponentially flat of order k on
Z,=E,NEpqq,forany0<p<¢—1.

From Theorem (RS) stated above, there exists a formal power series G(e) € F[[€]] such that
the functions G, (¢) are the k-sums on £, of é(e) as [F-valued functions, forall 0 < p < ¢ — 1.
We set

Gle)=)_ hn(t.2)€" /m! =itz €).

m=>0

It remains to show that the formal series u(¢, z, €) satisfies the main equation (113). Since the
functions G, (¢) are the k-sums of G(¢), we have in particular that

lim sup [0 up(t,2,€) —hpy(t,2)| =0 (129)
€>0.€€8p 1 TND(0.1").2€Hy

forall 0 < p < ¢ — 1, all m > 0. Now, we choose some p € {0, ..., ¢ — 1}. By construction,
the function u (¢, z, €) is a solution of (113). We take the derivative of order m > 0 with respect
to € on the left and right handside of equation (113). From the Leibniz rule, we deduce that
0u (1, z, €) verifies the following equation

m!
0(0;)(0,0; ' up(t,z,€) = Z W(Ql(az)agmlup(t»Z,G))(QZ(az)aénsz(tha6))

mi+my=m

D
m! A ds bl
+;< Z m1!m2!8£"1(e D43 R ()0 2u (1, 2, €)

mi+my=m

m!
+ E d¢'teo(t, z, €)Ro(3) 9 2up(t, z,€) + 0. f(t, 2, €)
mi!my!

mi+my=m

(130)

forall m >0, all (z,z,¢€) € (T N D(0,h")) x Hg x &,.If we let € tend to zero in (130) and if
we use (129), we get the recursion
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m!
0(9)(0hm(t,2)) = Z W(Ql(az)hml(t,Z))(Qz(az)hmz(t,z))

mi+my=m

D
m! i ady
- Z mt O Ri(@)hm—n, (1. 2)

!
+ Y %(ag“lco)(z,z,O)Rowz)hmz(r,z)+(a§"f><r,z,0>

(131)

for all m > maxij<<p Ay, all (r,z) € (T N D(0,h")) x Hg. Since the functions co(t, z, €) and
f(t, z, €) are analytic with respect to € at 0, we know that

otz =Y O 2,00 fzo=Y QN 2,00 (132)

m! m!
m>0 m>0

for all € € D(0, €p), all z € Hg'. On other hand, one can check by direct inspection from the
recursion (131) and the expansions (132) that the formal series u(z, z, €) = Zsz hy (t, 2)€™ /m!
solves equation (113). O
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