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Abstract

We address the analyticity and large time decay rates for strong solutions of the Hall-MHD equations. By
Gevrey estimates, we show that the strong solution with small initial date in H” (R3) with r > % becomes
analytic immediately after ¢ > 0, and the radius of analyticity will grow like /7 in time. Upper and lower
bounds on the decay of higher order derivatives are also obtained, which extends the previous work by Chae
and Schonbek (2013) [4].
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction and main results

In this paper we address the analyticity of strong solutions to the incompressible viscous
resistive Hall-Magnetohydrodynamic equations. The incompressible viscous resistive Hall-MHD
equations take the following form:

oou+u-Vu+Va=B-VB+ Au,
0:B—V x(uxB)+Vx((VxB)xB)=AB, (1.1)
divu =divB =0,
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where u(x, 1) = (u1(x, 1), uz(x, 1), u3(x, 1)) and B(x, 1) = (Bi(x, 1), Bo(x, 1), B3(x,1)), (x,1) €
R? x [0, 00), are the fluid velocity and magnetic field, 7 = p + %|B|2, where p is the pressure.
We will consider the Cauchy problem for (1.1), so we prescribe the initial data

u(x,0) =uo(x), B(x,0)=Bo(x).
The initial data ug and By satisfy the divergence free condition,
divug(x) = div Bg(x) = 0.

The application of Hall-MHD equations is mainly from the understanding of magnetic reconnec-
tion phenomena [10,12,13], where the topology structure of the magnetic field changes dramat-
ically and the Hall effect must be included to get a correct description of this physical process.
The authors in [1] had derived the Hall-MHD equations from a two-fluid Euler—Maxwell system
for electrons and ions by some scaling limit arguments. They also provided a kinetic formulation
for the Hall-MHD. Recently, there are many researches on the Hall-MHD equations, concerning
global weak solutions [1,5], local and global (small) strong solutions [5,7,3,8], singularity for-
mation in Hall-MHD [6], and the asymptotic behavior of weak and strong solutions [4,23]. In [6]
we have showed that the Hall-MHD (1.1) without resistivity is not globally in time well-posed
in any H™ (R3) with m > %, i.e. for some axisymmetric smooth data, either the solution will
become singular instantaneously, or the solution blows up in finite time. Note that singularity
formation in compressible fluid was proved long time ago, however, the question whether the
incompressible Navier—Stokes equation will develop singularity in finite time is still open. So we
believe the Hall-MHD model is not only of physical importance but also mathematically inter-
esting, since it provides an example where singularity may develop in incompressible fluids as
shown in [6].

Chae and Schonbek [4] investigated the temporal decay estimates for weak solutions to Hall-
MHD system with initial data in L' N L?. They also obtained algebraic decay rates for higher
order Sobolev norms of strong solutions to (1.1) with small initial data. It turned out that the Hall
term does not affect the time asymptotic behavior, and the time decay rates behave like those
of the corresponding heat equation. Here we generalized their results to cover more classes of
initial data. The proof follows the Fourier splitting method developed by Schonbek and many
other authors, one may refer to [2,16-20,24] and the references therein.

Consider the heat system with same initial data (¢, Bp)

ov=Av, v(x,0)=upx),
oow = Aw, w(x,0)= By(x). (1.2)

Before introducing the result, we define some notations. || - [|,(I < p < 00) denotes the
usual L”(R¥) norm. Let V = {v € (C°(R*))? : V- v =0} and H be the closure of V in
(L?(R3))3. We also introduce the following weighted function space W, = {v : ||v||%,v2 =

Jgs 1x]lv(x)Pdx < oo}

Theorem 1.1 (Upper bound). Let (ug, By) € H x H and (u(x,t), B(x,t)) be a weak solution of
the Hall-MHD equations with initial datum (u(x, 0), B(x, 0)) = (uo(x), Bo(x)).
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(1) Assume that the solution (v, w) of (1.2) satisfies
@5+ w3 <C+ 1)~ (1.3)
forall t > 0, some constant C > 0 and a > 0. Then

- 5
lu@®? + 1BOI3 < Ct+1)"%, &=min{a, oh (1.4)

(2) If 0 < o < 5/2, then there is a constant C, depending only on the L*-norm of the initial
datum (ug, Bo) such that for D(x,t) = (u — v, B —w)(x,t), we have

C(t+1)7/2, ifl<a<5/2,
IDOIZ <3 Ct+1D)=520 +1og?(t + 1)), ifa=1, (1.5)
C(t 4 1)73/720-0) ifo<a<l.

Following the ideas developed in [18,19], we also investigate the lower bounds of large time
decay rates for weak solutions to the Hall-MHD equations (1. D). leen u=(uy,u, uz) and B =
(B1, Ba, B3) in [L' (0, 00; L*(R?))]?, introduce the matrices A = [A;;1, C = [C;;1, and (x, Bo) =
[{x, Bo)ijl, where

-»://(u uj — B;Bj)(x,t)dxdt,
0

R3

// — Biuj)(x, t)dxdt,
0 R

(x, Bo)ij /ijOi(x)dx.
R3

Finally we define
Mo ={(u, B) € [L'(0, 00; L*(R?))]® : Ais scalar and C = (x, By)}.
Now we can state the lower bound results.

Theorem 1.2 (Lower bound). Let (ug, Bo) € H x H and (u(x,t), B(x, 1)) be a weak solution of
the Hall-MHD equations with initial datum (uo(x), Bo(x)).

(1) Assume that the solution (v, w) of (1.2) satisfies
1t + 17 < v + lw® i < Cr + 1)~ (1.6)
forallt >0, some constants ¢c,C >0 and 0 <«a < % Then there exist ca, C2 > 0 such that

a4+ D7 < u@|?+ B3 < Ca(t + 1) (1.7)
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() If (g, Bo) € [Wo N H N [LY(R")]"] (so that ity(0) = 0 and By(0) =0), and (u, B) ¢ Mo,
then there exist c3, C3 > 0 such that

3t + 172 < |lu(, 0I5 + I1BG, DII3 < C3(t + D)7/,

In [5], the authors constructed the local and global in time strong solutions to the Hall-
MHD (1.1). We record their results here as a lemma.

Lemma 1.3. (Theorems 2.2 and 2.3 in [5]) Let (ug, By) € H' (R?) with r > % then there exists a
unique strong solution (u, B) € L*([0, T); H" (R3)) N Lip([0, T); H" ~2(R3)) to the Hall-MHD
equations (1.1) with (ug, Bo), where T = T (|lug||gr + || Boll g ). Moreover, there exists a positive
constant K1(r), such that if |luol|lgr + || Bollgr < K1(r), then T = oo and the solution becomes
global.

Remark 1.4. We remark that the result in [5] is a little stronger, since the authors required that
the exponent r should be an integer. However, one can extend their result to any real r > % by
using the commutator estimates proved in [11].

Remark 1.5. The weak and strong solutions obtained in Theorem 1.1 and Lemma 1.3 are the
same, i.e. the weak—strong uniqueness holds for the Hall-MHD system (1.1). Indeed by using
the standard methods developed for the Navier—Stokes equations [15,21,22], one can resolve this
problem easily. For example, assume that (1, B) and (v, H) are weak and strong solutions to the
Hall-MHD equations proved in Theorem 1.1 and Lemma 1.3 respectively. We need to show that
w:=u—v=0and G := B— H =0. We only deal with the Hall-term, since the other terms can
be dealt similarly as in the Navier—Stokes case. Note that H € L*([0, T); H*(R?)), it suffices to
show the following estimate

‘/Vx((VxH)xG)-de
R3

:‘/((VxH)xG)-(VxG)dx
R3

1/2

3/2
LIVGI3,

L2

IA

IVHI s IGll 31 VGl 2 < IV H 221G

IA

1
SIVGIZ: +IGIL IV H 7.

Here we are interested in the smoothing effect of these strong solutions. We will show that
the local in time strong solution will become smooth after ¢ > 0, indeed, it becomes analytic for
strong solutions with small initial data. We expect that the strong solution with general initial
data is also analytic at least local in time. Our method is based on Gevrey estimates developed
in [9,14] and the references therein.

Theorem 1.6.
(1) Let (u, B) be a strong solution to the Hall-MHD equations (1.1), with initial value (ug, Boy) €

H" (R3) withr > % then the local strong solution (u, B) in Lemma 1.3 becomes smooth after
t>0.
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(2) There exists a constant 0 < Ky < K1 such that if ||(uo, Bo)||gr < K2, then the global strong
solution (u, B) in Lemma 1.3 becomes analytic after t > 0 and the radius of analyticity
grows like ﬁ in time. Furthermore, if there exist k1 > 0 and y > 0 such that for any t > 0,
there holds

K1

2 2
t B®)|5 < 1.8
@I+ 1BOI3 = 5 (1.8)
then there exists a constant cs = cs5(m, k1, y) such that for every real number m > 0
IV u @3+ IV B@)II3 < ¢ (1.9)

T+

(3) If, in addition, (uo, By) € L' (R3) and there exist k2, k3, ks, which may depend on (uq, By),
such that for Ve > 0, there exists t| > 0, so that for all t > t1,

€K

2 2
lu(@) —v@®Il5 + 1BE) —w@®)l; < R (1.10)
and for every m € N,

Kk3(m) 2 2 K4 (m)
— < ||V"™(t VTw@®)|; < ———, 1.11
ey S VOB + 19 0l < (111)

then there exists a positive constant ce = ce(k2, k3, K4, ¥, m) such that

m 2 m 2 C6

IV*u@lz + IV B(t)||227(1+t)y+m. (1.12)

Here we remark that by Theorem 1.1, we know that (1.10) will be satisfied when (1.3) holds
forO<a < % In the following, we will give the proofs of Theorems 1.1, 1.2 and 1.6.

2. Proofs of Theorems 1.1 and 1.2
2.1. Proof of Theorem 1.1

Let

Hx,t)=u-Vu—(B-V)B+Vr,
M@, t)=u-V)B—(B-V)u+V x ((Vx B) x B)
=w-V)B—(B-V)u+V x (div(B ® B)),

then Fourier transform of (1, B) can be rewritten as

i, = el E) — [L eI A (g, 5)ds,

Be. 1) =e P Bo(E) — [ e8P NI(&, 5)ds. @1
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Since V- u =V - B =0, applying the divergence operator to the first set of the Hall-MHD
equations gives

n 2

d
—Amr = i — ByBj).
v Z 3Xk3xl' (uku] k ])

k,j=1
Hence
. 1 -
#ED =105 > &Gk — BiBj). 2.2)
k,j

Then it follows that
AEn =i &@a- BB —i Y L (i — By Bk,
J
M t)=i) &ju;B—Bju)—& x (¢ B;B).
J

Set

—

—_—
axj = uiuj, ka':BkBj, ckj =u;jBy.

Introduce A = [Agjl, C =[Cyjl, 0 = [ux;], where

Then
HE D =i(I — pE)AE, DE,
M, 1) =iC(E,1)E — & x (§;B]B).
Since I — (%) is an orthogonal projection matrix for each £ € R3 \ {0}, we get
|H (&, )] < C(lu®ll3 + 1 B@)135)1] (2.3)
IME, )| < Clu@®3+ 1BOIDIEI+ CIB®I3IE (2.4)

By the energy estimate, we have
4 2 2 _ 2 2
7 O+ 1BO[2) ==(Vu®liz + IVB®O ).

Set E(t) = ||u(t)||% + ||B(t)||% and let g(¢) > 0 for t > 0 (to be determined later) and G(¢) =
exp <2 fé g(s)zds), so that G’ = 2g%G. We have
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E(G(t)E(I)) =2G(1(gM*E®) — [Vu®)|3 — [VB®)3)

< 2¢%(NG(1) / (a0 4+ |BE, 1)*)de
[&1<g (1)

t
2
<2¢°(HG(1) / |ﬁ<s,r>|2+|w(s,r>|2+(/ E(s)ds) (€17 + 161 dE

1E1<g () 0

t

2
<282 OGO U3 + w13 + g2 @) +g7<t>>G<r>< / E(s)ds) .3

0

Suppose

E(s)<C(+9)7", (2.6)
with B > 0, we will use (2.5) to improve the estimate on E(¢). By the energy inequality,
(2.6) holds with 8 = 0. Take g2(r) = %(l + 17! with y > max{l + «, % + 2}, and hence
G(t) = (t + 1)7, integrating (2.5) over [1, 7], yields

EQ@+ 1Y <2PED) +ct+ 1) e+ 1)1 ifp <1,

which improves the previous decay rate

E@)<C(+ 1)"§

with 8 = min{e, 28 + %} > f. Start with this new exponent, and after finitely many iterations we
conclude that

E@®)<C@t+1D)™* ifa<l.

If « > 1, after finitely many iterations we achieve 8 of the form 8 = 1 + € with € > 0. Now

N

/E(r)dr <C,

0
which is independent of s, and by integrating (2.5) for y large, we obtain
E@@+1) <CHclt+ 1)+t + 1773
hence we finish the first part. For (2), since

oDy=ADy—H, 0;Dy=AD,—M
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and D(0) = (0, 0), we have

t 1

Di(E, 1) =—fe—(f—”'f‘21f1(g,s)ds, D}(g,r)=—/e—<f—s>'5'21\2(s,s)ds.

0 0

Then by (2.3) and (2.4), we have

t
D&, 1)| < C(|§|+|EI2)/E(S)dS =: C(IE|+ [E) D), 2.7)
0

—2|VD@)|5 — 2(Dy,u - Vv) 4 2(Dy, B - Vw)

4 D(®)|3
1IP0I
—2(Dy,u - Vw) +2(D>, B-Vv)+2(V x D1, (V x w) x B)

— VD@3 + CIVw®) 121 B3

+CED2ID®) 121V (@)oo + VW (1) loo)- (2.8)

IA

Let G(t) = exp(f(; g2(s)ds), then (2.8) implies

d
E(G(t)IID(t)H%) <GOEOHDON5—IVD@®)3) + CGOIIV x w@t) |3 B@)|I3
+CGOEDIDOIIVllco + IVW]l0o) (2.9)

< g2G®) f ID(E, )2 dE + CGD)IIV x w(t) |2 BX)II3

|El<g(®)
+CGOEM DOVl + [ Vwlloo)- (2.10)
By Lemma 2.6 in [19], we have
IVo@ 1% + V@)% < C + 1737, @.11)

Select g(t) = (H’;—l), then G(t) = (1 + 1)V, where y > max{%, % + 2a}. Together with (2.7)
and (2.11), we obtain

d 7 5
E((t +DYIDOIR) < CO@*(t+ )72 + CID@)lla(t + 1374
£ C(t+ 1)~ 32t 2.12)
Integrating over [0, ¢], since ®(¢) is non-decreasing, we get

t
1D < CON2(t+1)"2 +C(t+ 1) /(s + )73 | D(s)|lads + C(t + 1)~ 272
0
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Setting ¥ (f) = supy <, (s + 1)5/4||D(s)||2, the last inequality reduces

YR <COM2+ChH+ D' Y@®)+Ct+ 1),

thus
Y(t) <CO(t)+ C(r+ 1),
Since
! Ci+D"* ifo<a<l,
<I>(t)=/E(S)dSS Clog(t+1) ifa=1,
o C ifa>1,

we have finished the proof of Theorem 1.1.
2.2. Proof of Theorem 1.2

The conclusions in (1) follow from Theorem 1.1 immediately. To prove (2), we follow the
proof in [19] for the MHD case. Since i1y(0) = E)(O) =0, it is well known that (1.3) holds with
a=3,s0 lu@®|Z+1BOI3<Ct+ 3.

We observe that A, C are continuously differentiable in & with bounded partial derivatives,
although there is a new Hall term. This will be proved in Lemma 2.1. Then A(§,1) = A(0,¢t) +
O:(&)IE|,C(E, 1) = C(0,1) + O,(£)|&|. It follows that

HE =i — nE)AO0,DE + 0,5,
M(&, 1) =iC(0,DE + 0,()|&*.
We use this expansion in (2.1) to get
i, 1) = P&, NE + 0()EN,
B, 1) = Py(£.0E + 0,(®)[E, (2.13)
where
Pi(§,1) = Deiio(0) — i(1 — w(§)A(1),
Py (t) = Dg Bo(0) — iC(2).
Hence the expansion of #(&, t) and I§(§, t) near £ = 0 is exactly same as in the MHD case,

then one can argue as in [19] to show that if (u, B) ¢ My, then there exist Ty > 0, p > 0 such
that either

/ |Pi(w, Hol*dw > p (2.14)
Snfl
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or

/ |Py(t)w|?dw > p (2.15)
Snfl

for t > Ty. Let T > Ty (to be determined later) and let (v(¢), w(¢)) be the solution of the heat
equation with initial datum (v(0), B(0)) = (u(T), B(T)). In view of the representation (2.13)
(with t = T') for the initial datum of (v, w), as was shown in Lemma 2.3 in [19] there exists a
constant ¢ > 0, such that

o113 + w3 = cpt >+ 0 73).

Now we will compare the solution (u(t + T), B(t + T)) with (v(r), w(t)). We set D(t) =
(D1(), D2(t)) =@+ T),B(t+T))— (v(t), w(t)) so that D satisfies

00D1=AD(t)—Ht+T), 0;:Dy=ADy(t)—M@+T)

and D(0) =0. As (2.12), we have

d R
E(rVnD(r)n%)er*‘ / |D(, 1)[?dE + CtV [|[Vw(@®) |2 | B(r + T)13
&<y /N1t
+C"EO2IDO 12V (@) oo + VW (O llo)-

Note that
t
ID(E, )] < C(IE] + &) f(nu(s + D)3+ 1BGs + T)13ds < Cg| + £ T3/,
0

This yields
%(IVIID(t)H%) <CT 3 124 7™,
Taking y > 5 and integrating over [1, ¢], we finally obtain
ID@I; < CT752 4 Cre ™.
Taking T large enough so that C T3 < JTcp, we get
lut + T3+ 1BG + DI = (@2 + w2 = 1DO)]12)?

> 213 + 1w 13~ 1013
> ic,ot_s/z + 031

It remains to establish the following lemma.
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Lemma 2.1. Let (ug, Bg) belong to [H' RN HN W, Suppose that (u(t), B(t)) are regular
global solutions of the Hall-MHD equations with initial data (ug, By). Then for all t > 0,

[Veaij (&, )|+ |Vebij (6, 1) + | Vecij (§, )| < C(2),

where a;j = u;uj,bjj = BiBj and c;j = u; B;. Here C(t) = (||u0||%V2 + IIBQII%Vz)—i-c(l—i- lluoll2 +
IBoll2)*(t + 1).

Proof. Clearly,

|vgai,»|+|vgb,-,-|+|vgci,»|sc/|x||uiu,-|dx+c/|x||BiBj|dx+C/|x||u||B|dx
R3 R3 R3
sc/|x|(|u|2+|B|2)dx.
R3

It suffices to prove that

/ lx|(Jul® + |B|P)dx < C(1).
R3

Dot-multiplying both sides of the first MHD equation by |x|u, and the second MHD equation
by |x|B, adding and integrating over R3, we get after some integration by parts

d ul®> +|BJ?
5/|x|(|u|2+|B|2>dx=—f|x|<|w|2+|VB|2>dx+/de
R3 R3 R3

|x]

1 : 2 -B)(u-B 1 -u)|B|? 1
Lf@ww?, (@ BB, 1 ewIBE
2 |x] x| 2 x| x|
R3 R3 R3 R3
—/<|x—|xB)-((VxB)xB)dx
X
R3
LI 2 1 3 2 2
< |x|(|u| + |B|%)dx + > luldx +2 | |u||B|“dx + | |ullpldx + | |VB||B|"dx
R3 R3 R3 R3 R3

=h+bL+L+1L+1s.
We estimate I;,i =1, ---,5 as follows.
L+ I+ I < Clulla(lul3 + 1 BI13)
|Is| < CIIVBI21BII} < CIVBI2IBl2lBlle < CIVBI3IBll2,

1 1
n = / ol + B + f e + B
lx]<1 |x|>1
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< C(lulZ+11BI2) + (lul3 + I BI3).

By the Sobolev embedding theorem, we have

d
E/ x| (lul* +|B1)dx < C(lull, + 1B, (1 + llulla + [ Bll2).
R3
This yields

/|x|<|u|2+ |B>)dx < (luolly, + Il Bolly,)
R3

t
+C+ lluoll2 + ||Bo||z)/<||u<s)||§,. + I B)II5,1)ds
0

< (luollfy, + 1Bollfy,) + C(L + lluoll2 + 1 Boll2)*¢ + 1. O
3. Proof of Theorem 1.6
3.1. Smoothing effects of the local strong solution
We start with the proof of (1) in Theorem 1.6. We need the following energy estimate, which

is slightly different from those in [5]: for any integer m > %, there exists a constant C(m) > 0,
such that

1d 2 2 2 2
2dt(”"i”[j{m + ||B||H,,1) + ||Vu||Hm + ||VB||Hm
< Cm)UlullFpm + 1 BI3) IVl gm + |V Bl gm). (3.1

The inequality (3.1) follows from the simple energy estimates. For any multi-index o € Ng with
m = |«|, from the Hall-MHD equations (1.1), we have

| =

Ul 3 + 1B Fm) + 1 Vull3pm + IV B[ 3m

N =
QL

t

= — Z fVa(u.Vu).Vaudx+ Z fV“(B-VB).Vau+V“(B.u).V“de

0<|a|<m 0<|a|<m

- Z /V“(u-VB)-V"‘de— Z fv“((vXB)xB).v“(vXB)dx

0<|a|<m 0<|a|<m

= 1+0+01+1V.

By using the calculus inequality:

DIV = (VE gl < Com)ULf I gm-11VElloo + 1 f ool ),

loe|<m
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we can bound [ to IV as follows, which immediately yields (3.1) by Sobolev embedding theorem.

1| = ‘— Z [V - Vu) —u - VV?u] - D*udx| < Cllu||5m | Vit o,
0<|a|<m
11| = Z /[V“(B -Vu) — B-VV%]-D*B
0<|a|<m
+[VYB-VB)— B-VV*B]-V%dx
< Cllullgm | Bl am IV Blloc + ClIVatllool| Bl 3m,
|| = ‘— > /[V“(M-VB) —u-VV®*B]-VYBdx
0<|a|<m
< CUIVBllgm-1Vulloo + IVBlloolull gm)I Bl grm s
[IV| = ‘ - Z /[v“((v x B) x B) — V¥(V x B) x B]-V%(V x B)dx

0<|a|<m
< C(IV X Bllgn-1IVBlloc + IV X Bllool|Bll ) IV BI| g
< ClIBllamlIVBlloollVBI m.
For Vt; € (0, T), we want to show that |ju(t))|| g= + || B(t1)||gm < oo for any positive integer

m € N. By the local existence theorem in [5], there exist C1, C» > 0 which may depend on #;
such that

lu@llar + 1B@Na < Cilluollar + 1 Bollar),
Jo IVu) g + IVB )l rds < Ca(lluollr + Il Boll ). (3.2)
Without loss of generality, we assume that » € N. By (3.2), there exists 7, € (0, #1) such that

IVu() | g + IVB(t2)||ar < 00, hence |[u(t2) || gr+1 + [|B(E2) || gr+1 < 0o. We integrate (3.1)
with m =r + 1 over [t2, t1], yielding that for V¢ € [#2, #1]

(v r+|VB r)d
N1y 1 + NB@)y sy < &l IV O HIVEOLa0ds g2 (1) | )2

< 00. 3.3)

Especially, we have |lu(t1) || gr+1 + || B(t1) || gr+1 < oo. With (3.3), (3.1) also produces

131
/ IVu(s) | gr+1 + IVB($) || gr+1ds < oo. (3.4)
n
By (3.3) and (3.4), we can find another 13 € (2, t1) such that |[u(#3) || gr+2 + || B(13) || yr+2> < 00 and

then argue as previously to show that |[u(t1) || g-+2 + || B(t1) || yr+2 < 0o. Continuing this process,
we finish the proof.
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3.2. Analyticity of small strong solutions and upper bound

We will use Gevrey estimates to show the analyticity of the strong solutions to the Hall-MHD.
Setting A = (—A)!/2, for T > 0, we introduce the spaces

D™ H")={we H (R?) : e w e H (RY)}.

As shown in [14], for every w € D(e“\; H") with T > 0,7 > 0, then for Vx € R3 and every
multi-index « € Ng, there exist M and p =t/ V3 , such that

|
9w (x)| < M—

= plel”
That is, w is analytic with radius 7/+/3 on the whole of R3. In the following, we only need

to show that the strong solution (u, B) belongs to D(e™; H") with T > 0. First, we need the
following lemmas, which were proved in [14].

Lemma 3.1. Let T > 0,7 > 3/2, and s < 3/2. Then there exists a constant C = C(r, s) such that
any two functions v and w in D(e™; H") satisfy the inequality

IA"e™ (vw)ll2 < C(r, $)(IA e™ ]| yr—s | A"e™ vz + | ASe™ vl gr—s | A"e™  w]l2).  (3.5)
Lemma 3.2. The following inequalities hold:

[A"e™ u|3 < 2| A u|3 + 20| A" e M ul3,  forallr >0and T > 0; (3.6)
||Ape“\u||% < e||A”u||% + (27)% ||A"’+quAu||%, for all nonnegative p,q and t; (3.7)

1AYul3 < c(p, )T lull2| APe*  ull2,  for2q > p=0and T > 0. (3.8)
Now we start to prove the conclusion (2) in Theorem 1.6. Set

Jr=|A"ul3, Hy=|A"Bl3, Gr=IA"eul}, K, =|A"e™ B3,
N,=H,+J,, M,=G,+K,.
First, we show the local in time analyticity by choosing t = t(¢). In the following, we as-

sume (u, B) is the global strong solution to the Hall-MHD with small initial data (uq, Bg) in
Lemma 1.3. Then N, (t) < C(r)N,(0). And

d
EMr =7'(t) / AN L™y  ATe™ y + AT T1e™ B ATe™ B

R3

N =

+/ArerAu.ArerAut_}_ArerAB'AretABt
R3

= ' (OMy41/2 — My4 —fA’e”‘(u-Vu)-A’e”‘u+fA’e”‘(B-VB)A’efAu
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- / Ae™(u-VB)A e™ B + / Ae™™(B-Vu)- AN e™B

- / V x (A"e™)((Vx B) x B)- AN"¢™B

5

=7 OMys12 = Mps1 + ) L. (3.9)
i=l1

By Lemma 3.1, Lemma 3.2, with r > % and s < %, we have

11| < A" ™ (- V) |2 | A"e™ ull,
< (A AVul| grs | A e ™ ully + | A% ™ ]| gr—s | AT ™A V1) G}

12 1/2 ~1/2 1/2 1/2
<¢(G,*G*G2 + GG +G,GlY)

<c[(1{?+ 776,626 + I+ GG+ GG

< c(UsMy + I OM, + (1 +777%) M2+ﬁMr+1

Similarly, we have

4
DoM< e+ Ho+ I+ H 4+,
i=2

1
VR H DM+ e(1+ T2 M2+ — M,

10

r—s\2as2 1
Sc(N)My +c(1+7"7°)"M; + 10Mra

|I5| = ‘/(Are”\)((v x b) x b) - (V x A"e™ b)dx

12 | g 1/2y 172 1/24 172 1/2
<c<(KSJrl K, DK + (K + K| )Kr+l)Kr+l

1
< cHyp 1 My + e(Hy > + (L4 07O M P My g1 + 55 M,

where c(N,) is a smooth function of N,, the function c(N,) may change in different line. Since
we are considering the local in time analyticity, we restrict ourself on 7 € [0, 1], and select T =
t(t) =t, then M,(0) = N,(0) and

1d 12,12 3 12 g2
EEM cM, / Mr—{-l 4Mr+1 + c(N)M, +CM2+C(N / / VM, 41

<c(N)M, + cM? — (2 c(N/? + M1/2)>M,+1. (3.10)
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Suppose ¢(N,*(0) + M,"*(0)) = 2¢(llugll r + | Boll ) < 3, then in short time, (3.10) reduces
to

d
My < (N O M, + cM?.

Hence we can choose N, (0) small enough so that in short time [0, o], such that for V¢ € [0, o]

M, (1) < 2M,(0) = 2(lluoll - + | Boll ), (3.11)
which can also guarantee that c(N, 1/ 2(t) + M, 12
in some time interval [0, o ].

Now we will refine our estimate to show that M, is finite at any time. Without loss of general-
ity, we assume that (uq, By) € D(e"™; H") for some 1 > 0. The point is to explore the dissipation
term M, 4. Indeed, by Lemma 3.2, we have M’Z;%N' < M,41 and N, < T%, No + %M,. Hence
(3.9) reduces to

(£)) < 5. So we have showed that M, (¢) is finite

1d l‘L’(t)
EEMr <= 27 M, +2ff Mr+1 r+1+ZIi

5
1 7/(t) M, —2N, 1
< —— M, + - rer+1 ;—5 r+l+zli

-2 T 2 472
(171N, (- Ny Ly
=\27 82)7 T2 g) T g2
1 1 1 3
+ 55 (5 No+ gMp) — SMrp + ZI,-. (3.12)

We choose r(t) =,/ ‘L'g +at,where 7p > 0and 0 < o < % will be determined later. The point is

%rr’ =7= g, then (3.12) will reduce to
5
ld M, < ! M, 3M ! N, 1
st =—162Mr 3 r+1+2‘[2—r+2 O*l-;li- (3.13)
We will refine our estimates on I;,i = 1,---,5 by using the “good” term M, ;. We will also

replace Js, H, Js+1, Hy41 by Jo, Hy and M,., since by assumptions, we have got the decay rates
for Hy, Jo. By Lemma 3.2, we have

Iy <, )T 202G}, U <)t 720,767,

H <c(r,s)t"™ 2SH /2 Kl/2 H; fc(r,s)rr_zs_2H(}/2Krl/2.

Then the bounds for I;,i =1, ---, 5 are followed in order.
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1/2 ~1/2 172 1/2

Ihl <cads""G,'°G, +a H_lGr—l—c1(1+rr G, G,

1/2

<ct’?* *J1/4G3/4G1/2 e 111/4G5/4—i—61(1‘f‘l'ris)GrGrJrl

3
<ct'” 23] M/ +C‘Er/2 s— 1] 1/4 M +C(1+‘52r 23)M2+80Gr+1

Similarly, we also have

5
Z || < cr’*%N&/sz/z +cr’/2*S*‘Né/4Mr5/4 +e(l+ .L_2r72s)M2 + =
i=2

3 —K
30 r+1-

Back to (3.13), we obtain

1d 1 3 c
__Mr =< _—Mr - r+l + =0 2r+2

_° N
2dt 1672 16 0

N C[TrZSN(}/zMrl/z e A VLA .L.2r2s)Mr:|Mr
el P Y MY+ (MM, (3.14)

For our purpose, we want to choose initial data (u¢, Bp) small enough, such that

3
g (D) i=clt"?H M + (1 + )M < <76 (3.15)

@ (1) = c[r’—2SNg/2M}/z F o2 ING A r2’_2s)M,i| < (3.16)

3272°

By (3.11), we have that (3.15) holds in [0, o]. Note that at ¢t = 0, ||Ae’70A(u0,Bo)||% for
0 < 19 < n is bounded by [[A”(uo, Bo)ll3 < oo and [[Ae™ (uo, Bo)ll3 < oo. By choosing
s €[r/2,r/2 4+ 1), the power of T in g7 is less than 2, so that % diverges faster as T — 0.
Then we can choose t(0) = 79 € (0, n] small enough such that (3.16) is satisfied at + = 0. More-
over, the differential inequality (3.14) admits a local smooth solution, then (3.16) is satisfied near
t = 0. The restriction s € [r/2,r/2+ 1) and 5 < %, r > % will require r < 3. Here for conve-
nience, we choose s =r/2 = % However, this is not a serious restriction, since the initial data
(uo, Bo) in H" (R?) with r > 3 is automatically in H'!/4(R3).
So as long as (3.15)—(3.16) are satisfied, (3.14) is reduced to
d 1 c

EM, < - 622 M, + 364D Np.

Note that if we choose o < ‘L'O, then (1 +1)~12 <1 + t) 172 = 1y/7, so that Hy + Jo <

k1(to/ 7)2¥ . Then we conclude that

d 1 CK1

M= =1 aMt o
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Multiplying the corresponding integral factor, it produces
d
7 (t 8 M,) < ctXra—r=r=1,
; =

Choosing o small enough such that 1 > 16a(y + r), we obtain

1

M) < (M0 16¢ 1 rg Tox
r = r 1 —16a(y +r) Tg()/+r) 2

n 16ck 1
1 — 160 (y +r) T2+
< ek 20, (3.17)
if we choose
16¢ 1

M, (0) < .
rO = 1 —16a(y +7r) rg(y+r)

Estimate (3.17) and the choice of s =r/2 = % show that

) ) 3
g1 (1) <ck (x VT2 oY) < KTy < o

1

g2(0) iy (v TE T2 g Iy <o < 202
T

if 1 is small enough, which is guaranteed by a small initial data.
Finally, we can conclude that there exists a K5 > 0 such that ||(ug, Bg) ||z < K2, then for all
t>0
M, (t) < ciyT 20+,
By Lemma 3.2, we have
IA™u(@) 13+ IA™ B3 < c(m, r)T" 2" Ny'> M,

<c(m,r)yr2r+m,

3.3. The lower bound for higher order derivatives

In the proof of (3) in Theorem 1.6, we will do the Gevrey estimates for the difference D =
(u — v, B — W) between the Hall-MHD and heat system. Set

M, (1) = |A"e™ D (0|13 + | A"e™ D2 (1) |13

As previously, we derive
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d

SMy = OMei1— My f ATe™Mu - Vi) - ATeT Dy
—i—/A’e’A(B'VB)A’erADl
—/Are”‘(u.VB)A’eTADer/A’eTA(B.W).A’e”‘Dz

- / V x (A"e™)((V x B) x B) - A"e™ D,

5
= T/(I)Mr+1/2 My + Z Ii/s

i=1

where
1/2 5172 12 172 1251/2 ) 1/2
[ < C(r, 5)(Gy / r{&-l +Gs-/HG ?+a6/ r{i-l)M /
<C(r,s) (MM, 1 + Mg\ M, + M, Mr+l)+ Mra
4 1
D1 = CO ) (MM + My My + M Mrg1) + 5o My,
i=2
11| = ‘/A’e”\((v X B) x B) - (V x A"e™ Dy)dx
1/2 172 12 172 12 172 4 4172
< COv ) (KK + KK+ KK r-{-l)Mr{H
<C(r,s)(MsMyy1 + Ms 1 My + M, M,+1)+ Mr+l
Then
1d /
EEMr < tTOMrgp = Mgt +CMgMy o + Mg My + MM, 1)
+ 1/\/1 + ! M
407" T 2007 !
1 1
= —@Mr + F(HO +Jo) + C(MsMy 11 + My 1My + My My 1)
1 cge —dy—25-2r—2
== 16T2Mr + 2(y+r+1) + 0 )-

By integrating as above, we finally get

M (t)_ +0(T—4y —25— 2}”)_'_0(_[—320[)

2()/ +r)
which implies that

ec(m,r)

m 2
A" D)5 < 2m
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For a given m, we choose € small enough so that x3(m) > c(m, r)e, whence the triangle inequal-
ity implies the required lower bound.
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