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Abstract

In this paper, we study the Cauchy problem for the linear and semilinear Moore-Gibson-Thompson
(MGT) equation in the dissipative case. Concerning the linear MGT model, by utilizing WKB analysis
associated with Fourier analysis, we derive some L2 estimates of solutions, which improve those in the
previous research [51]. Furthermore, asymptotic profiles of the solution and an approximate relation in a
framework of the weighted L! space are derived. Next, with the aid of the classical energy method and
Hardy’s inequality, we get singular limit results for an energy and the solution itself. Concerning the semi-
linear MGT model, basing on the obtained sharp L? estimates and constructing time-weighted Sobolev
spaces, we investigate global (in time) existence of Sobolev solutions with different regularities. Finally,
under a sign assumption on initial data, nonexistence of global (in time) weak solutions is proved by apply-
ing a test function method.
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1. Introduction

In the last two decades, research of the Moore-Gibson-Thompson (MGT) equation, which is
the linearized model for the wave propagation in viscous thermally relaxing fluids, have caught
a lot of attention. The MGT model is considered through the third-order (in time) strictly hyper-
bolic partial differential equation as follows:

TUsr + Uyt —c*Au —czﬁAu, =0, €))]

where the scalar unknown u = u(¢, x) € R denotes an acoustic velocity potential. The MGT
model (1) exhibits a variety of dynamical behaviors for solutions, which heavily depend on the
physical parameters in the equation. To be specific, concerning the model (1), ¢ stands for the
speed of sound and t denotes the thermal relaxation in the view of the physical context of acous-
tic waves. Moreover, the parameter 8 = 7 + b/c?, where b denotes the diffusivity of the sound.

Without loss of generality, we set the speed of the sound by ¢? = 1 in the model. Actu-
ally, one may distinguish behaviors of solutions to the model (1) according to the dissipative
case when t € (0, 8) and the conservative case when T = . Precisely, in the case of bounded
domains for the linear MGT model, there exists a transition from the case 7 € (0, 8) with an
energy being exponentially stable to the limit case 7 = 8 with an energy being conserved. Con-
cerning some studies for the linear or nonlinear MGT equations, we refer interested readers
to the related works [45,57,36,22,38,37,44,35,43,52,9,18,42,19,41,51,7,1,17,8,54,50,53,13,14,6,
46,47] and references therein.

It is well-known that the study qualitative properties of solutions to the linear problem is not
only significant for us to understand some underlying physical phenomena, but also the crucial
point for proving existence results of solutions to its corresponding nonlinear models. Let us
come to the Cauchy problem for the linear MGT equation which has been firstly studied by
the recent paper [51]. By reducing the third-order (in time) equation to the first-order (in time)
coupled system, the authors of [51] employed energy methods in the Fourier space combined
with suitable Lyapunov functionals to derive some energy estimates, and eigenvalues expansions
to investigate some estimates for the solution itself. However, the obtained estimates for solutions
in [51] seem not sharp, especially, in some low-dimensional cases. In this paper, we will improve
their results and derive some optimal estimates with weighted L' data. What’s more, in the view
of the limit case T = 0, the linear MGT equation formally turns out to be the viscoelastic damped
wave equation. For this reason, one may conjecture that there exist some relations between them.
We will answer this conjecture from two points of view which are singular limits and approximate
relation in the sense of diffusion phenomena, respectively.

Our first aim in this paper is to investigate qualitative properties of solutions to the following
linear MGT equation in the dissipative case:

Tuyy +uyy — Au — BAuy =0, xeR", t>0, @)
u(0,x) =0, u;(0,x) =0, u,(0,x) =us(x), xeR",

where T € (0, 8) and n > 1. To be specific, in Section 2 by preparing representation of solutions
in the Fourier space and using asymptotic expansions of eigenvalues as well as WKB analysis,
we deduce some L? estimates of solutions to the Cauchy problem (2) for initial data taken from
L? space with or without additional L™ regularity carrying m € [1, 2). By a different treatment of
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some singularities, our results of L? estimates improve those in [51], especially, the estimates of
solutions in one and two spatial dimensions. Moreover, the regular assumption on initial data is
relaxed. Later in Section 3 we obtain asymptotic profiles of the solution to the Cauchy problem
(2) in a framework of weighted L! data, where we provide sharp estimates for lower bounds
and upper bounds of the solution itself in the L? norm. Namely, in the consideration of L?
data with additional weighted L! regularity, the derived estimates are optimal for any n > 1. In
Subsection 3.2, in the frame of L? space, we describe an approximate relation (strongly related
to diffusion phenomena) between the linear MGT equation and the linear viscoelastic damped
wave equation, where gained decay rates are obtained for one- and two-dimensional cases. Next,
in Section 4 we consider the singular limit problem, in which we find the solution of the linear
MGT equation converges to the solution of the linear viscoelastic damped wave equation as the
thermal relaxation tending to 0, i.e. 7 — 0. Particularly, under different assumptions for initial
data, we observe different rates of such tendency with respect to t.

Our next purpose is to consider the Cauchy problem for the semilinear MGT equation in the
dissipative case with the nonlinearity of power type, namely,
Tl + Uy — Au— BAu; = |ul?, xeR" >0, 3)

u(0,x) =0, u;(0,x) =0, uy(0,x) =ur(x), xeR",

where T € (0, 8), n > 1 and p > 1. Recently, the blow-up results of the Cauchy problem for the
semilinear MGT equation in the conservative case, i.e. the limit case T = 8, with the nonlinear-
ity of power type |u|? in [13], or of derivative type |u;|” in [14] have been obtained by applying
iteration methods with suitable slicing procedure for unbounded multipliers. These works inter-
pret the semilinear MGT equation in the conservative case as the semilinear wave equation with
power source nonlinearities. Nevertheless, this statement does not hold anymore for the MGT
equation in the dissipative case due to the damping effect that we derived in the corresponding
linear problem. For this reason, it seems interesting to study existence as well as nonexistence of
global (in time) solutions to the semilinear MGT models in the dissipative case.

Let us now turn to the Cauchy problem (3). To the best of authors’ knowledge, not only global
(in time) existence but also blow-up results for (3) are still open. We will answer these questions
in the present paper. By making use of the improved L> — L? estimates with an additional L'
regularity and employing Banach’s fixed point theory, we prove global (in time) existence of
small data Sobolev solutions to the Cauchy problem (3) in Section 5. Particularly, we analyze
the interplay effect between dimension n, regularity s and power p on the existence of global (in
time) Sobolev solution such that

u € C([0, 00), H*(R™)),

with some positive parameters s. Soon afterward in Section 6, we apply a test function method
to prove nonexistence of global (in time) weak solutions to the semilinear Cauchy problem (3) if
the power p fulfills some conditions. We should underline that the result in the one-dimensional
case is optimal due to the blow-up result holding for any 1 < p < oo.

Lastly, throughout Sections 2, 3, 5 and 6, we will consider the MGT equations with vanishing
first and second data. Indeed, non-vanishing third data will exert some dominant influences on the
total estimates and existence results of solutions. We expect that one may derive the correspond-
ing results with non-vanishing data by following the same approaches as we did later without
any additional difficulties. Clearly, additional regularities for initial data would be necessary.
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Notation: We give some notations to be used in this paper. Later, ¢ and C denote some positive
constants, which may be changed from line to line. We denote that f < g if there exists a positive
constant C such that f < Cg and, analogously, for f > g. We denote [r] :=min{y e N : 0 <
r < y} as the positive ceiling function. Bg stands for the ball around the origin with radius R in
R™. Moreover, H(; (R™) with s > 0 and 1 < g < 00, denote the Riesz potential spaces based on
the Lebesgue spaces L7 (R"). Finally, | D|* with s > 0 stands for the pseudo-differential operator
with the symbol |£]°.

2. Estimates of solutions to the linear MGT equation in the dissipative case
2.1. Pointwise estimates in the Fourier space

At first, we apply the partial Fourier transform with respect to spatial variables to the Cauchy
problem (2). Then, it yields the following initial value problem for the third-order |&|-dependent
ordinary differential equation:

i + g + BIEPA + 16120 =0, EeR", 1>0, @
1(0,6) =0, @,(0,£) =0, i,(0,§) =i2(§), §eR",
whose solution can be given by
. = . exp(%; (1ED)1) .
H S = R SmE) = jzlz,m Mimas £, 008D —TaeD) ) 2 @
where A; = A;(|§]) with j =1, 2, 3, are three pairwise distinct roots to the cubic equation
2+ 2%+ BIEPPA+ [£]2 =0. (6)

Here, the case for multiple roots can be regarded as a zero measure set with respect to ||, and
precisely, the discriminant of (6) is zero, that is

Acw = g1 (~4p7 el + (187 + 52 — 2727 6 — 4) =0,

if and only if

188t + B2 — 2772+ \/(18BT + B2 — 2712)2 — 64431
N 8B3T '

E12=0 or |&|? 7

Under these preparations, we just need to discuss the case when the cubic equation (6) does not
have any roots of double multiply. Estimates of solutions in a zero measure set (7) do not give
any influence on total estimates. Indeed, the pointwise estimates of solutions in the zero measure
set were shown in [51].
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Remark 2.1. The principal symbol of the equation in (2) is given by 5> — An|¢|*. Thus, the
characteristic equation 7(tn* — B|¢|?) = 0 has pairwise distinct real roots n =0, n = /B/T|¢|
and n = —/B/7|¢|. In other words, the linear MGT equation in the dissipative case is strictly
hyperbolic. Therefore, it is clear that the Cauchy problem (2) is well-posedness, e.g. there exists
a unique Sobolev solution u € C([0, o0), H*(R™)) for s € [0, 2] if up € H*72(R") c L>(R").
Furthermore, the theory in the strictly hyperbolic equation (see, for example, Section 3.4 in [56])
shows that finite propagation speed property holds.

Before deriving some L? estimates of solutions in the next subsection, we will prepare point-
wise estimates of solutions in the Fourier space by investigating asymptotic behaviors of the
kernel function K (t, ). It is well-known that the explicit formula of the cubic equation (6) can
be uniquely given by Cardano’s formula. Nevertheless, this would be a complex way to ana-
lyze behaviors of the kernel. To overcome the difficulty, we will employ asymptotic expansions
of eigenvalues in small and large frequency zones, and demonstrate an exponential stability of
solutions in bounded frequency zone. We define these zones in Fourier space by

Zin(e) = {§ €R" 1 |§] <& <1},
Zmia(e, N):={& eR" :e < || < N},
Zext(N) == {f eR": & > N> 1}.
Let us set the cut-off functions xint(€), xmid(§), Xxext(§) € C*°(R"™) owning their supports in

Zint(€), Zmid(e/2,2N) and Zex(N), respectively. Furthermore, they fulfill xmig(§) =1 —
Xint(§) — Xext(§) for all £ € R™.

Proposition 2.1. Let © € (0, B). Then, the solution it = u(t, £) to the initial value problem (4)
fulfills the following estimates:

Xint @)1 (1, )] S Xinc(§) <<|COS(|EII)| + %) e T Iel +e_%'> li2©)1,  (®)

Xmid A, )| < xmia(§)e™ " d2(E)], €))

1 —
Xext @A, 8) S Xext (&) exXp <_min{ﬂ2 i
Bt

1
. 3 } r) (€)1, (10)

for some constants ¢ > 0.
Proof. Let us begin with estimating the solution #(z, &) for small frequencies. Motivated by the

recent research [51], we deduce that the eigenvalues A ; (|&]) with j =1, 2, 3, have the asymptotic
expansions for |£| — O such that

0 1 2
ai(lgD =2 + 2 E AP ER 4 (an
where the coefficients A§k> € C for all k € No. What we need now is the dominant part of pairwise
distinct eigenvalues. So, by plugging (11) into (6) and processing lengthy but straightforward
computations, until different characteristic roots appear, the eigenvalues behave asymptotically

for |£] — 0 as
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. B—T .0 3
r2(18]) = £l - TI$| + O(&1),
_ _1 _ 2 3
A3(ED) =——+ (B —DlEl +O&1).
Let us denote a |£|-dependent function by

1 3
To(1ED) I=;—§(ﬁ—f)|5|2=0(1) as [§] = 0. 12)

According to the representation of the kernel given in (5), the Fourier transform of the kernel
localized in small frequency zone can be estimated by

Xint(6) K (1, )|

) (e 0L )

< Xin et
S ©) e (JeosE N1+ S e
exp (—t + (B —D)I§*1)
+ in
A P
< Yim(®) ((| cos([&]0)] + %) exp (—ﬂ%mzt)

1
+exp (—;t +(B~ r)|s|2r)),
which immediately implies the desired estimate (8).
Next, let us turn to the case of large frequencies. The eigenvalues to the cubic equation (6) for
|£] — oo have the asymptotic expansions such that

2 (1ED =2 EP + 2V 1E + 2P £ 2PE (13)

where the coefficients X € C for all k € Np. By substituting (13) into (6), it yields that the
eigenvalues have asymptotic behaviors for |£| — oo as follows:

1
MED = 5+ O(gI™h,

VB, B-T

=+i Y |g - -,
r2,3(1€D) lﬁlél T +O3&17)
Hence, the next chain inequalities hold:
Xext®)IK (1, 6)]
sin ()] leos(Fien)] | e,

5 Xext(§)

(%) +2ier | el ((Z;;’)z + é|§|2) (52=) +2ier
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1 Y R
SXext(g)_z e P 4e F .
€]
The previous estimate combined with the formula of solution in (5) proves our desired assertion
(10).

Finally, let us prove an exponential decay estimate of solutions localized in bounded frequency
zone. With the aim of deriving an exponential stability of solutions, we now follow the idea of
Subsection 2.3 in [11]. Let us assume that there exists an eigenvalue A =id with d € R\{0}. In
other words, according to (6), the non-zero real number d should fulfill the equalities

id (rd2 - ,3|§|2> =0 and d* —[£]>=0.

Due to the settings that d # 0 and t € (0, B), it immediately finds a contradiction. Namely, there
does not exists any pure imaginary roots to the cubic equation (6) for & € Zniq(e, N). Viewing
the expansions of eigenvalues, we know ReA;(|§]) < O for any j =1,2,3 as & € Zjy(e) U
Zext(N). Therefore, by applying the compactness of bounded frequency zone Zpiq(e, N) and
the continuity of the eigenvalues, the derivation of the exponential decay estimates (9) and the
proof of this proposition are complete. O

2.2. L? estimates of solutions

Basing on the pointwise estimates shown in Proposition 2.1, we next investigate L> — L? esti-
mates with or without additional L™ regularity with m € [1, 2), respectively. These estimates will
play an essential role in the forthcoming part to consider global (in time) existence of solutions
to the semilinear MGT model.

Theorem 2.1. Let T € (0, B). Then, the solution u = u(t, x) to the Cauchy problem (2) fulfills the
following estimates:

A+ 072 lual 2Ry if s [0, 1),

D u(t, Y 2@ny S 1o .
& (1 +t)2 2 ||M2||Hmax(372,0)(Rn) lf NS [1, OO),
foranyt > 0.

Remark 2.2. Concerning the derived estimates in (2.1), it seems to be sharp at least for s €
[1, c0) since the boundedness of the sine function in (15). However, to rigorously justify the
sharpness, one needs to derive some lower bound estimates for || [D[*u(t, )| 2 in a frame
related to L2(R") or H™max{s—2.0kRn),

Proof. By applying Proposition 2.1 and the Parseval equality, we arrive at

I 1D u(t, N 2@y

Xim @€ ((| cos([£1)] + '““éﬂ) o~ LI +e—;t>

Xex ©IEF 2i2(6)|

luzllz2®ny

S ’
Loo(RM)

: 4

+e u n +e
lluzll L2y LR
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with the aid of the norm inequality | - || 2gny < I - Lo @ Il - [l L2y -
Let us estimate the first L> norm on the right-hand side of (14). Obviously, by using
|cos(|€|t)| < 1, then for any ¢t > 0 we get

We will divide the remaindering estimate into two parts.
Concerning the case for small time, i.e. ¢ € [0, 1], one may directly obtain

|

which immediately shows bounded estimates for small time.
For another, concerning the case of large time, i.e. t € (1, 00), one applies |sin(|€|¢)| < 1 to have

Xin ()€ [*| cos([&]0)|e™ = €I (B |E e TP

<]

)§(1+t)*5.

L (R7?) Loo(R”

[sin(€101 7 ey
&1

Xim (©)[E° ™1 sin((g]r) e~ 27167

’

<t
LeRr) ™

Xint(©) €[ S

LOO(R")

s—1

[ am(@) 161" 1sin(lg e T ®) (1gFr) ¥ e

St—%‘

LOO(Rn) Loo(Rn)

1
<

[SIE

as)

for s € [1, 00). In the case s € [0, 1), we do by another way that

i () [E ! sin(|&|)]e~ T &P

LR
s 5 |sin(|&|r p—t s
< @ (1617 D o i <ios,
Elr L)
Thus, it completes that
-5 .
) Ss—1y - _BT e < 1+ 2 if se[0,1),
sin r)le 2 s
[ sanc@)1g 12~ sinqigio S PO

for any ¢ > 0. Particularly, decay estimates hold for any s € (1, 00).
On the other hand, we know

where we used xext(§)[5]° 7> < 1if s € [0, 2] and xext(®)[5° > S (1 +[§HC2/%if 5 € (2, 00).
Summarizing the derived estimates, the proof is now complete. O

Xext(E)E[ 2 02(8)

< _
LR~ llu2 |l ppmaxis—2.01 (R

Theorem 2.2. Let T € (0, B). Then, the solution u = u(t, x) to the Cauchy problem (2) fulfills the
following estimates:
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F (@) uzll gmaxis—2.00 ®mynLm (R?)

if 2sm+ 2 —m)n <2+m,
|||D|SM(I,')||L2(R")§ 1_g_n@-m
(1 + f)2 4’71 ||u2||Hde {s=2,01Rm)NL™ (R")

if 2sm+ Q2 —m)n>2+m,

foranyt >0, where s € [0, 00) and m € [1,2). In the above case 2sm + (2 —m)n <2+ m, the
time-dependent coefficient is denoted by

n(27m)

A+0)'5"2 if 2sm—+ (2 —m)n <2m,
F(t):= (1+z)7—-—”4m (n(e+1) 7" if 2sm+ (2 — m)n = 2m,

s _ n@2— ))1)+2+m 2sm—(2—m)n
4m

(1+ t)2_7 20+m) if 2sm+ (2—m)n > 2m.

[STE

Remark 2.3. Let us consider the special case m = 1. The estimates stated in Theorem 2.2
improve those results of Theorem 5.1 and Theorem 5.3 in [51]. For example, concerning the
estimate of the solution itself, i.e. s = 0, according to Theorem 2.2, we arrive at

1 .

I+ )2 w2l p2rynL ®) if n=1,
1 .

||M(t7 ')”LZ(R") 5 (ln(e + t))7 ||M2||L2(R2)QL1(R2) if n= 2,
1_n .

(1 +t)2 4||M2||L2(Rn)le(Rn) lf n 23,

where the derived estimates in the low-dimensional cases n = 1 and n = 2 are sharper than those
in [51]. Generally speaking, we replace the restriction s +# > 3 in Theorem 5.3 shown in [51] by
2s + n > 3, which allows us to get shaper estimates in a larger admissible range of dimensions,

e.g. n =2 with s = 1 /2. For another, the requirement of the regularity for initial data is relaxed
from H® to H™&{s=2.0},

Proof. We may start by discussing the case for small frequencies. Employing Holder’s inequality
and the Hausdorff-Young inequality, one has

i DD ut. ) 2 )

si _B
< lxm@ere ((\cos<|s|z>| + '““”“”')e

€]

1
ef?t>

B—1
< [ ® (18 1cosq&101 + 11 sinqg 1) e~ 2

2m luall Lm Ry
L2—m (RM)

_1
2m luall pm ey + €~ 7 lupll m ey
n

L2-m (R7)

2—m

e 2m
2(s—m _ 2m -1 _s_n@2-m
/r = " singrr) 7w exp( f-om 1 )d ) luzllpm iy + A 4027 4m ug | m (),

2—m
0

A

where we applied

_Bote?
(@161 cos g )1e™ T
L2—m (R")
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2—m

& 2m
< /ﬂ TR l|cos(rt)|22"1nexp< (f = O)m —r t)dr
—m
0
s n—m)
< (1 +t)___ 4m

Let us now estimate the term including the sine function which is denoted by

2—m

2m

&€
G@t):= /1’2(5::"),"+n71|5in(rt)|% exp( (ﬂ T)m 2 >dr

—m

0
Due to the interplay between the diffusive part from exp ( (ﬂ T)m r2t ) and the oscillating part
from |sin(rt)|/r, one should analyze a delicate equilibrium as Well as the singularity as r — 0

in the case for negative power of r. This treatment is the difference from those in [51]. For one
thing, as usual approach by considering ¢ € [0, 1], we find

€ ) m
g@) =t /rle'iJ’"_l (M) o exp (—Mr2t> dr
rt 2—m
0

<l

2—m
2m

s

where we used 2ms /(2 —m) +n — 1 > 0. For another, we consider 7 € (1, co) to derive

2—m
2m

&
_ 2(s—Dm+n2—m) 2(s=Dm+m=1)(2—m) (B—1)m 1
g)y=t m /(rzt) 22-m) exp —ﬁirzt d(r’)?
2—m
0

where we restricted 2sm + (2 — m)n > 2+ m to guarantee the nonnegativity of the power for r2t
in the integral term, otherwise, a singularity will come as r — 0.
Let us use another approach to get the result when 2sm + (2 — m)n <2 +m for t € (1, 00).

. . 1,
Setting a new variable w = rt2, it holds that

G ST W (T (16)
where the time-dependent function on the right-hand side is defined by

) =IV ) + P @)

~ l/a

2sm~+Q2—m)n—Q2+m) m)n 24+m) A 2m_ —T)m
= / / [sin(7'/%w)|2m exp (—uaﬂ) dw.

2—m
t—1/a
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Here, we used WKB analysis to separate the integral over (0, 0co) to (0, t=1/y and [r~1/%, 00)
carrying a suitable positive constant « to be determined later. The choice of the parameter « is
helpful for us to understand sharper estimates.

To estimate Z( (), by the boundedness of |sin(y)/y|, we obtain

11/ 2m
in(t1/24) | 2=m
m sin(7'/“w) 2ot @omin _ B—1)m
I(l)(t) <tom —I5 w~ Zm ! exp —7'3 »* ) dw
t12¢ 2—m
0
t*l/ot
ma—2sm—(2—m)n+2—m ma—2sm—(2—m)n
5 t Q—m)a dw 5 t Q2—m)a , (17)
0

where we observed 2sm + (2 —m)n > (2 —m) for any s € [0, c0) and m € [1, 2).
To investigate the estimate for Z@(r), we divide the discussion into three cases. If 2sm + (2 —
m)n < 2m, then we may directly apply integration by parts to find

7@ (1)

oo
2sm+(2—m)n—(2+m) (/3 —_ 'L')m
< f 1) 2-m exp (——a)2 dw

2—m
t—1/a

2—m 2sm~+(Q2—m)n—2m (IB — ‘L')m 2 Ww=00
< w  2m exp| ———ow ‘
2sm+ (2—m)n —2m 2—m w=1—1/

oo
2 — S —m)n—2m —
(B—1)m /‘ PGy <_ B r)mwz) o

2sm~+ (2—m)n —2m 2—m
t—1/a
o
2m—2sm—(2—m)n —T)m 2sm+Q2—m)n+2—3m —T)m
<P g (B ) [ (G om )
2—m 2—m
t—1/a
2m—2sm—(2—m)n
S t Q2—m)a . (18)

By considering (17) and (18), in the case 2sm + (2 — m)n < 2m, we may obtain the sharp
estimates

ma—2sm—2—m)n 2m—2sm—2—m)n 2m—2sm—2—m)n

I(t) St 2—m)a +t Q2—m)a 5 t 2(2—m)

providing that mo — 2sm — (2 — m)n =2m — 2sm — (2 — m)n if and only if o = 2.
Let us turn to the case 2sm + (2 — m)n = 2m. Therefore, by the similar procedure to the above,
we estimate

[e¢]

@) < / o ! exp (—7('32__2’” a)2> dw
=1/

186



W. Chen and R. Ikehata Journal of Differential Equations 292 (2021) 176-219

S

72(/3_””1 /a)|1na)|exp< i T)ma)2>da)

2—m 2—m
=1/

1
5—(lnt)exp( (F=om r)m /“>

o 2—m

o

+/a)|lna)|exp (—Ma)2> do < Int. (19)

2—m
0

Then, by choosing o = 2 again, it follows from (17) and (19) that

ma—2sm—Q2—m)n

IZ) St @ma 4 1nr Sint,

when 2sm + (2 — m)n =2m.
In the remaindering case 2sm + (2 — m)n > 2m, we found that

o
2sm+Q—m)n—Q2+m) B—1t)m
I < / w  Tmexp (—ﬂiwz) dw
2—m
t— 1/

o0

24m—2sm—Q2—m)n —T)m 24+m—2sm—Q2—m)n

<t ema / exp< $=om ) 2) do <1~ @mwa (20)

0

For the moment, we would like to remark that since

7 ( (B—om 2> _ [r2=m)
exp| ———o” |do = ,

2—m 2(B—1)m
0

the restriction on the dissipative case, i.e. T € (0, 8), acts a pivotal part in the way that

o
lim [ exp (—Mw2> dw = oo,

T—>p- 2—m

which somehow shows the limit case T = 8 having singularities.
Combining (17) and (20), it yields

ma—2sm—2—m)n 24+m—2sm—Q2—m)n mQ24+m—2sm—2—m)n)
I(t) st Q2—m)a +t 2—m)a S t 2+m)2—m)

where we chose o = (2 4+ m)/m to guarantee the optimality of the last competition.
All in all, from (16), for ¢ € (1, o0) we assert that
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1—g— 2C=m)

t 2m if 2sm+ 2 —m)n <2m,
1 s _n@2—m) 2—m .
GW)<{t272 " am (Int) o if 2sm+ (2 —m)n =2m,
lilin(27m)+2+m72xm7(27m)n .
t2° 2 m 2@+m) if 2sm+ 2 —m)n > 2m,

in the case 2sm + (2 —m)n <2 + m.

The estimates of solutions for bounded frequencies and large frequencies are exactly the same
as those in Theorem 2.1. Thus, the summary of the derived estimates completes the proof. O
3. Asymptotic profiles in a framework of weighted L! space

3.1. Optimal estimates with weighted L' data

In this subsection, we will derive asymptotic profiles for the linear MGT equation in the
dissipative case in a framework of L' space, where

LYRY =1 f e L'®R"): (| fll11 ey :=f(1+|x|>|f(x)|dx<oo
]Rn

As a preparation, we now define a time-dependent function

17 ifn=1,
Du(t):={ (Inr)? if n=2,

_n=2

t— %  if n>=3.
In order to derive asymptotic profiles of solutions, we will estimate upper bounds and lower
bounds of the solution itself with us € LZ(R") N L11(R"). Before processing these estimates,
let us introduce the notation for the integral of f(x) by Py := fRn f(x)dx, and recall Lemma 2.1
from [28].
Lemma 3.1. Let us assume f € L' (R"). Then, the following estimate holds:
IFEI<CUEN i g + | Pr

with a positive constant C1 > 0.

Moreover, due to the support condition for xin(§), by minor modifications of some derived
lemmas in [29,32], one may show the validity of Lemma 3.2. Or one may use the inequality

i ) f @ 16D 2oy 2 1S 0 16D 2Ry
= (Imia ®) £ ¢, DI 2y + Ixex ®) £ ¢, DI 2 )

for £ > 1, where f(t, |&]) = |sin(|&]0)le=<6P"/|g] or f(z,|€]) = |cos(|E|f)lec6"" and esti-
mates
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xmia ) £ (£, 1EDN 2y + IxXext &) F (L EDN 2y S,
with a suitable constant ¢y > 0, to prove the next lemma.

Lemma 3.2. Let n > 1. The following estimates hold:

|Sin(|§§|t)|efc|g\2,
€]

S | xm @)l cos(lg eI

Dp() < ‘ Xint(§) S Da(0),

L2(R")

=

<t~
L2(Rm) ™

with ¢ > 0, fort > 1.

Let us state our result on asymptotic profiles of the solution. Particularly, in one and two-
dimensional cases, we can easily observe the glow-up properties of the solution u(, -) in the L>
norm for the linear MGT equation in the dissipative case with initial data belonging to LN L1,

Theorem 3.1. Let t € (0, B). Let us assume up € L>(R") N L1 (R") and |P,,| # 0. Then, the
solution u = u(t, x) to the Cauchy problem (2) fulfills the following estimates:

Du ()| Puy | S llut, )l 2ey S Du®)lluzll p2@mynp i @)
forany t > 1.

Remark 3.1. According to Theorem 3.1 and concerning ¢ >> 1, we may observe that the decay
rate for the estimates of [|u(z, -)|| 12 (g~ from the above and the below are the same for any n > 1.

Moreover, us € L1 (R") implies |P,,| < oo for n > 1. Namely, the decay estimates stated in
Theorem 3.1 are optimal for all spatial dimensions in a framework of weighted L' space.

Proof. Initially, let us estimate upper bounds of solutions by modifying the estimate for small

frequencies. The philosophy of derivative is essentially the same as those in Theorem 2.2. By
applying Lemma 3.1 and Proposition 2.1, we arrive at

Kim@®Nii(t, 1 S i) (1] Icos&10] + [sin(g D) €™ T #F 4 gl ) Juzll 1 oy

+ i (®) ((| cos([£ )] + %) el e—%f> 1Py,

Clearly, for the sake of the polar co-ordinate transform, we may deduce

i@ (1 1ol + I sineln e 79 + gl 1)|

L2R")
1 1
) 2 € 2
2 . —(B—1)r? -1
< /r”+]|cos(rt)|2e*(ﬂfr)r ‘dr | + /r”71|51n(rt)|2e B=oritgr | 4eme!
0 0
<t et <o h
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for t > 1. Repeating the same procedure as those in Theorem 2.2, we have
Il Xine (D)u(t, ')||L2(]Rn) S 14 ||u2||L111(Rn) + Dn(1)| Py, | (21)

for ¢ > 1. In the case for bounded and large frequencies, we just need to use the same estimates
as those in Theorem 2.1. Finally, by using the fact that | P, | < [[u2|| ;1.1 (rn, We are able to prove

upper bound estimates for the solution itself in the L? norm.
Let us now turn to lower bound estimates. According to the study in Section 2, we may
represent the solution for small frequencies by

Xint(§)it (t, &) = xint(§) I (2, 1§ it (&)
= X)L (@, [ED) + L@, [E]) + I3(, 16D)i2(§),

where for the sake of convenience in the proof, we denoted I (¢, |€]) := K (t, &) which was shown
in (5), furthermore, we introduced

exp ((ilg] - 25516 + 01 1)
(£2ilE1 + O(IE1)) (L £ilgl - 3B —DIER+O(E))

exp (=1 + (B~ DI + O(EP) 1)
(3 +ill =3B = DIEP+OWEP) (7 —ils] = 5B — DIER + O(ER))

Lo, 8] =

I3(t, &) =

By omitting the terms containing O(|£]), we may regard next three functions as the leading
term of /;(z, |£|) for small frequencies:

exp ((ilg] - £5% 1) 1)
+£2ilE] (1 £ilE] - 3B —D)ER)
exp ((—1 + (B—1IEI) 1)
(1 4ilsl =3B —DIER) (2 —ilEl - 3B —DER)

Ji12(, 18] =

J3(t, [€]) :=

respectively, whose sum can be shown by

J@ gD = Y S, &)

k=1,2,3
exp <_ﬁ—;|§|21> sin(|€ 1) 1 3 5
T T2 1 R ( €| 76(|§|)+6Xp(—;t+§(/3—f)|5| l>—COS(|§|l)>,

(22)
where we recalled (12). Now, we should be carefully analyze that the error estimates between the

leading term J; (¢, | 1) the formulas /; (¢, |§]) for j =1, 2, 3, individually. It proves the additional
decay estimates. Concerning the case for Ji(z, |£]), denoting

1 3
g1([g1) = —+ilEl - 5(ﬁ—f)|€|2=0(1) as |§| =0,
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we may handle

Xine @)1 (2, ) — J1 (2, 15D
cOUEP) 1
2il€181(1ED) + O(ER)  2ilElg1 (€D

2ilelg1 (gD (2D — 1) + 0(gP)
A[EP (g1 (€D)2 + OCET)

_B=T g2
< xim(E)e™ T I

_ BT g2
< xim(E)e™ 2 1

1

1
s T (O(I$I4>f [exe(0ePns)as - oasP))
0

< i (®) (O Pyre™ € 1+ O(g eI,

since there exists a constant ¢ > 0 such that

1
e — 1
K@) 5 [Lexp (001 Prs) s < sm(Ere” 5 exp <—Z((ﬂ -0 O(|§|)>|$|2t>
0

Y
< Xint(B)e T,

Next, by repeating the same way as the previous one, we get
—clE2 —ClE?
Xin ©)112(8, D) = e, [ED] S xim (©) (O Pyre™ P + O(gpe¢).
Considering the last term, by defining
13 2 2 2
&) = ;—E(ﬁ—f)lél +1§17=0(1) as [§] -0,
one has

Xine ) 3(1, |E]) = J3(, [ED]

1
< xint(§) exp (—;l‘ + (B - 1’)|$|2t>

exp(O(E)r) 1
828D +OUEP) 20D

2(ENOUP)1 [y exp (O(IEts) ds — O(15 1)
(820151)% + O(€)

1
< xint(§) exp <—;t +(B - r)|g|2t>

< xin(£)e ™ O(g Pyt

S Xint(‘f)eict
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for any 7 > 1, which still provides us an exponential decay.
In conclusion, we can claim

X @)1 181 = 1, 1§D)i2()] S x6mu(®) (OUE D + 08D ) e ¥ @)1, (23)

Let us decompose initial data by

ur(§) = Py, + A(§) — i B(§),

where

A(E) :=fu2(x)(1 —cos(x - £))dx and B(&) :=/u2(x)sin(x - &)dx.
R7

Rn

In the view of Lemma 2.2 in [29], these &-dependent functions can be controlled by
|A@)+ [BE) S &l luzll 11wy
As a consequence, we may represent the solution in the Fourier space by
u(t, &) =1(t,15) Pu, + (A(€) —iBENI(, €.
From the derived estimate (23), it yields
’ L2(R")
< WxineEYUT @ 18D = T (@, 1ED L2@ey [ Pus | + I Xint (§)(AGE) —iBENI (2, |ED N 2R
_lE12

< |xm@® (16 +1g1) e

Xin(D)u(t, -) — Xint(D)}—g__l)x(J(l‘, 1E1) Pu,

LR [Puy | + 1 Xint EIE T (2, 1ED I L2y 121l 1.1 R

St uall o gy 24)

for t > 1, where we used

t

ESE]

A

xint () (151 + l)e*ﬁ%lélzt‘

i ) EN @, €D 2y S | L

Additionally, let us recall the function J (¢, |£|) in (22). By employing Lemma 3.2 and the Parse-
val equality, it is valid that

(D FL 18D

sin(|€]7)
€1

LZ(R")

1 -1
. ‘ TolED +exp (_?t + %(ﬁ - T)|E|2t> - COS(ISII)) eI

Xint(§) (

L2(Rn)

Xint(8) cos([&|r)e— T 161

2 “ Xim (EVH(t, e TP

L2(R") B ‘ L2(R")

> Du(t) — 174 2 Dy(0)

~
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for t > 1, where we denoted

H(t, ) = ffl' SINEID 7 (2]) + exp (——t 426 -0l t)

moreover, we used upper bound estimates as follows:

B—T &2
EVH( E)e TR :
[, 1gDe vy S Do 0
and estimates from the below such that
Bt 2
. — - IEI%t
|t @pe e T
et TBOIE _
2 || e O -
2 le™ — Dy (1) 2 Dn(t)
foranyn > 1andt > 1.
Finally, by using the Minkowski inequality, we conclude
| Xint (D)u (2, )l L2 Rny 2 ‘ th(D)fg_m(J(t EDY] & | Py, |

|

ZDn(t)|Pu2| - tizllblz”LI,J(Rn)

Xint(D)u(t, -) = Xint(D)F L (J (2, |E)) Puy

L2(R")

for ¢ > 1. Actually, in the above by taking ¢ > 1, the time-dependent coefficients of |P,,| play
dominant influence for all n > 1. Thus, with the help of the fact that

(@, 2@y 2 I Xind(D)u(t, )l p2wny Z Du ()] Pyl
the proof is complete. O
3.2. Approximate relation in one- and two-dimensional cases

Our purpose in this part is to give an approximate relation between the linear MGT equation
and the linear viscoelastic damped wave equation (or the strongly damped wave equation). This
approximate relation is strongly related to the so-called diffusion phenomenon (see, for example,
[48]), which bridges a connection for the damped wave equation and the heat equation such that

ru” Audw+u;1w 0, xeR" t>0, =
u™(0,x) =0, u™(©0,x) =uf¥(x), xeR", =0

—Avh—i—vf‘:O, xeR"”, >0,
(0, x) =ufV(x), xeR™
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It is well-known that the decay rates of ud¥(z, ) and vh(t, -) in the L? norm are the same. Fur-
thermore, the decay estimates of the difference

RES]

LZ(R")

is faster than the decay estimates for each of them in the L? norm. The gained decay rate is
(1+n~L Namely, diffusion phenomena bridge the connection between second-order (in time)
evolution equations and first-order (in time) evolution equations.

Before giving our result, let us recall some derived estimates of solutions to the following
linear Cauchy problem:

ﬁtt—Aﬁ—ﬂAﬁIZO, xER”,t>0, (25)
u(0,x) =0, u;(0,x) =u1(x), xeR",
where 8 > 0. The Cauchy problem for the viscoelastic damped wave equation has been deeply
studied in [55,34,16,29,30,32,3,2] and references therein. Particularly, in the paper [29], the au-
thor proved estimates of solutions to (25) as follows:

i, Hiz@wey S P Ndll L2@ReynLts e (26)

for ¢t >> 1, providing that | P, | # 0. Concerning the Cauchy problem, we found that the estimates
for the linear MGT equation (2) in Theorem 3.1, and for the viscoelastic damped wave equation
(25) in (26), are exactly the same. Therefore, we conjecture that behaviors of solutions for the
linear MGT equation are similar to those for the linear viscoelastic damped wave equation, espe-
cially the decay property. Furthermore, it becomes interesting to derive the approximate relation
between them with suitable initial data, and to find a gained decay rate.

From the previous study, we know the decay rates of (L2 N LYYy — L2 estimates are deter-
mined by the behavior of the eigenvalues for small frequencies only. In the case for bounded and
large frequencies, the behaviors of the eigenvalues together with the suitable regularity for initial
data show immediately some exponential decays. For this reason, the next approximate relation
is explained by the behavior of solutions localized in small frequency zone, which is the most
interesting one.

Theorem 3.2. Let T € (0, B). Let us assume u> € LV (R") and |Py,| # 0. Then, the solution
u = u(t, x) to the Cauchy problem (2) and the solution u = u(t, x) to the Cauchy problem (25)
with i1 (x) = uy(x) fulfill the following estimates:

~ L_n
1 ine (D) (t, ) — T (t, Dl 2y S 12 Fluall 1@y
foranyn>1andt> 1.

Remark 3.2. By subtracting ti(z, ) in the L? norm, we find the derived estimates for u(z, -) in

Theorem 3.1 can be improved t’i if n =1 and (lnt)’% if n =2 for t > 1. It is still open that
the gained decay rate for n > 3.
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Remark 3.3. Indeed, from Theorems 3.1 and 3.2, one may derive

ez, ) — T (2, ) 2 gy
= I xin (D) (u(t, ) — Tit, Nl 2wy + 11 = Xine (D) (u(z, ) — T, )Nl 2w
L_n _ L_n

5 t2 4 ||M2||Ll,l(Rn) + & Ct”MZHLZ(Rn) 5 t2 4 ”M2||L2(Rn)le,l(Rn)

for t > 19 > 1. Moreover, concerning 0 < ¢ < 1o, it is trivial that
(e, ) —zult, ) 2w S lluft, IMrzwey + Tl L2we S luzll L2@mynptt ®ey-
Therefore, the approximate relation holds for all # > 0 and the whole spaces such that
~ 1_n
lu(z, ) — (e, ) p2@ny S A+ % luzll L2ReyLtt v

where we assumed us € L2(R") N L-1(R?). Namely, the solution for the linear MGT equation
approximate to that for the linear viscoelastic damped wave equation at least forn =1, 2.

Proof. By applying the partial Fourier transform L:t(t, &) = Fuoe(u(t, x)), let us recall the de-
rived inequality stated in Lemma 2.1 in [29] such that

Kin ©) (ﬁa, £)— %e-’iflzfm)

SZ‘_Z”MZHLI,I(Rn) (27)
L2(R")

for t > 1. Again, u(t, x) is the solution to the viscoelastic damped wave equation (25) with initial
data choosing by i1 (x) = ua(x).

We notice that the difference of the solutions can be decomposed by three components as
follows:

i(1,6) —tia(r, &) = (A(t, &) — J (1, ) Puy) + (J(t, &) — Twegm) Py,

&1
+ (r%e_gsz’Puz — T, §)> '

Therefore, employing the Parseval equality and the norm inequality, we arrive at

nc(D) (e, ) = 2 (e, ) | 2 ey = |

xin(®) (i1, &) = 7ii(1,9))|

S i) (@, &) = I (1 16D Par) || 2 oy

LZ(R”)

+ | i) (f(f, IEI)—rMe—észt) Pl
|§| L2(R")

+ 7 || Xint(§) (ft(t, £) — Meglélztﬂ,z)
&1 @)

St uallpawey + T (O] Py,
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where we used (24) and (27). In the above inequality, we denoted

sin(|&7) e_§|g|2t)

Xint(§) (J(t, &) — = |

J@) = ‘

L2(R") '

In other words, we just need to estimate 7 (¢) in the remaindering part of the proof.
Recalling (12), from the definition of J () in the last subsection, we may estimate

exp (— 5 611 )

1 3
J@®) S || xine(§) (— cos(|&]f) +exp (—;t + 5(’3 - T)|§|21>)

TEUED + 1512
L2(Rm)
sin(|€]) _g,gz,(%usnexp(asﬁr) )
+ || xin (E)——e "2 —t
H TEUED + 1817 LR
=JV0)+TP0).
For one thing, it is clear that
NAOBS ] in ()] cos([€ 1) le~I¢ pan TETS i

for £ >> 1. Before estimating 7 ® (1), the explicit computation shows the identity as follows:

To(lDe? 5 — 7 (75D + 1£1°)

T 3
=To(l£]) (ef'fzf — 1+ T(p - f)l$|2> — 7]

1
z ) 3
= §|s|2r76<|s|>/ef'f'z“ds+r (%(I&I)E(ﬂ—r)— 1) &2,
0

Thus, we compute

1
T <t | xim @)1 sin(€]0)1e™ €5 g ] [ To(le D] / SLIRERD
0 L2(R™)

+ ’ Yim (§)] sin([g]1)]e~ 2187

3
%(IEI)E(ﬂ —17) = 1' 1§

L2(R")

09—
ESE]

Xin (81| sin(I€ 1) e &

A

gt) t

L2(R")

for # > 1. Summarizing the derived estimates, one has
~ _n 1_n
I Xint(D) (u(t, ) — it Nl zmny St *lluzllpraiwey +127 %[ Py,
and the proof is immediately complete. O
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Remark 3.4. Although we can observe a similar decay property between the linear MGT equa-
tion (2) and the linear viscoelastic damped wave equation (25), there is a great difference between
them. Recalling that the property of finite propagation speed (FPS) is valid for the linear MGT
equation in the conservative case, we refer to Section 2 in [13]. Actually, the property of FPS
holds for the linear MGT equation even in the dissipative case (see Remark 2.1). To estimate the
propagation speed, we construct an energy for (2), namely,

dx—i—t/
A

B.T

2 2

1
U (t, x) + Eu;(l, x)| dx

1
Erps[ul(®) =B / ‘Vul(t,x)—i—EVu(t,x)
B.T

+ % <1 - %) / luy (¢, x)*dx,
Ap,z

where the domain is defined by

Apri={0:1€l0.T), v = xol < VBT (T 1]
So, taking the derivative with respect to ¢, we arrive at
d 1 1
Engs[u](l‘) =28 VI u (e, x)+ Eu(t,x) VA uy(t, x) + Eu,(r,x) dx
Agc

+ 27 / <u,,(t, x) 4+ %u,(t, x)) <um(t, x) + %u,t(t, x)> dx

AﬁJ

+%(1—1)/u(z‘ X)uge (¢, x)dx
ﬂ IB . t\t, tt\t,

B.T
\/3 ’ |
— B/ — / Vu,(t,x) + =Vu(t, x)
T B

dAp ¢

\/F
_‘E’ [
T

aAﬂ,

Y/B(, _ 2
+ﬂ\/j(1 ,3) / lu; (£, x)|2dS.

AAg ¢

2
ds

2
ds

uy(t,x)+ %uz(t,X)

Integration by parts and the Cauchy-Schwarz inequality yield
1 1
28 Vi u e, x)+ Eu(t,x) -V w2, x) + Eu,(t,x) dx
B.T
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<28 f (Au,(l,x) + %Au(r,x)) <u,t(t, x)+ %ut(t, x)) dx

Aﬁ,r
\/F 1 2 T
+ B —/ Vu,(t,x)+—=Vu(t,x)| dS+ 8 —/
[ [pen; /i

dAg.r AAg r

1 2
un(t, x) + Euz(l,x) ds.

Finally, summarizing them, one has

55 [](t)<—2<1—3>f| (t,x)%d b /| (¢, x)]?dS <0
dr Fpslu I ﬁ U (I, X X \/,8_': u(l, x S

Aﬁ_, 8A5,r

In other words, for all ¢ € [0, T'], it is valid that Epps[u](?) < Erps[u](0) = 0 if u(0,x) =
1: (0, x) = u; (0, x) =0 in a set A%’t := {lx — x| < /B/T T}. According to the definition of
energy Erps[u](t), it follows immediately that u, (¢, x) = 0 and Vu(t,x) =0 in Ag ;. This im-
plies u(t,x) =0in Ag; due to u(0,x) =0 in Ag .- The propagation speed reads as /B/7. In
the limit case T = 8, the propagation speed is equal to 1, which corresponds to the statement of
Section 2 in [13]. In particular, formally taking 7 = 0, i.e. the viscoelastic damped wave equa-
tion, the propagation speed is infinite. However, the property of FPS does not hold anymore in the
linear viscoelastic damped wave equation, and the solution to (25) has some smoothing effects.

Remark 3.5. Actually, there is another aspect to analyze the linear MGT equation. Let us con-
sider the conservative case (7 = f) in the Cauchy problem (2), whose local (in spaces) energy

with R > 0 can be defined by

1 1
Eniar, rIu)(0) = 319, (Bur (1) -t D2y + 51V Butr(t.2) + 1t ) 2.

Motivated by [13], we may rewrite the Cauchy problem (2) with t = § by the next way:

(Bus +u)yy — A(Bu; +u) =0, xeR" >0,
(Bus +u)(0,x) =0, (Bu; +u)(0,x) = Buz(x), xeR"

Then, by applying Theorem 1.2 with ¢(x) =1, n > 3 and L = 0 in the recent paper [10], we can
get

Ener,g[ul(t) = 0@™")
for each R > 0 and 7 > 1, provided that u; € L! (R™) and

f(l + x|z (x)*dx < oo.

R~

In other words, local (in spaces) energy for the linear MGT equation in the conservative case
T = B decays with an algebraic decay order.
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4. Singular limit problem

In this section, we focus on the following Cauchy problem for the singular limit problem of
the form:

TUr it +Ury — Ay — BAug =0, xeR" t>0, 28)
ur(0,x) =uo(x), ur(0,x) =ui(x), uru(0,x)=uz(x), xeR",

where t € (0, 8) with 8 > 0. Moreover, the time-derivative for the unknown u; = u.(t, x) is
denoted by u;; := d;u., and similarly for u, ; as well as u ;. Particularly, we consider 7 to
be a small parameter such that 0 < T < §. In other words, our main purpose in the section is to
understand the asymptotic profiles of the solution u; = u; (¢, x) as T — 0. This property has
been studied between damped wave equations and heat equations. We refer readers to [40,27,31
15,25,21,33] and references therein. Nevertheless, concerning the study of the Cauchy problem
for the linear MGT equation, it seems new from the knowledge of authors.

Quite recently, the behavior of singular limit for linear or nonlinear MGT equations has been
studied in the bounded domain, see [39,4,5] and references therein. From the knowledge of au-
thors, their convergence results mainly focus on the energy norms with convergence rate t. It
seems not difficult to get convergence result for the solution itself in the bounded domain, e.g.
with the Dirichlet boundary condition, thanks to the Poincaré inequality. Nevertheless, the situ-
ation has been greatly changed in the case for Cauchy problem. So, the novelty of this section
is to derive the singular limit not only for some energies but also for the solution itself in R".
Particularly, the convergence rate 7 can be improved by 72 provided the consistency assumption
on initial data is taken (see Remark 4.3).

Let us introduce the Cauchy problem for the viscoelastic damped wave equation, namely,

v — Av — BAv, =0, xeR" >0, 29)
v(0,x) =ug(x), v,(0,x)=u1(x), xeR”,

where 8 > 0. As mentioned in the last section, the Cauchy problem for the viscoelastic damped

wave equation has been widely studied. For instance, considering Theorem 14.3.2 and Corollary
14.3.1 in the book [20], we know solutions to the Cauchy problem (29) fulfill

|

iptua |

C((l +r>—k||uo||§,k(R,,) + +r)—<k—“||u1||i,k_l(w)) for k> 1,

Therefore, it is easy to observe that

—1 2 .
HVJakv(t S {C(l—i—t) 2"(u0’u1)||H4(R")xH4(R") ?f up #0, 30)
J.k=1,2 L2(R™) C(l +t) ”u0||H4(Rn lf ui :0,
2 .
Hvl-i-/akv(t ) . < <C”(uo’ul)”Hz(R”)xHZ(R”) lf ui #07 (31)
k 0.1 L2RM | C(+1) ””0”H2(Rn if up =0,
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where we employed | V/ £ (1, )l .2ny ¥ | DV £ (1, ) 2wey-
Finally, let us define w = w(t, x) such that

w(t,x) :=u(t,x) —v(t, x), (32)

where u; = u. (¢, x) is the solution to the Cauchy problem (28) and v = v(z, x) is the solution to
the Cauchy problem (29).

4.1. Singular limit for an energy
Theorem 4.1. Let us assume (ug, u1, u2) € H*(R") x H*(R") x LZ(R"), where ug and u; are

not zero simultaneously. Then, the difference w = w(t, x) defined in (32) fulfills the following
estimates for small T such that 0 < 1 < B:

t t
Ewl(r) + 2 — &1 — 21k) / 1, I gy 0 + (2K — &1 —2) / 1901, 1 g
0 0

< olio — Auo— B Au (12 Cr?Ine + 0l @o. uD s gy oy I 4170,
S tlluz — Aug — BAui g2 gay + 22 T
T ||u0||H4(R") lf uy=9u,

where C is a positive constant independent of T, and k € [2;;1 , 2;1 ] carrying €1 € (0’ Zgﬁr ]

Moreover, the energy E[w](t) is defined by

2

1
g[lU](t) = /3 val(I7 ) + va(t5 ) + T”wlt(tv ) + kwl(t’ )”iZ(Ru)

L2(Rn)

1
k(= Tk [[wi (1, )17 2 gy + (k — E) IVw(t, 117 gay-

Remark 4.1. The assumption that u( and «| are not zero simultaneously, is natural to guarantee
nontrivial solution for the viscoelastic damped wave equation (29).

Remark 4.2. Actually, the choice of parameters k and &; can be independent of 7 for a small
value of t > 0. For example, by taking a small t such that 0 < v <398/41, we can fix 1 = 1/20
and k = 41/(40p). Particularly, by considering T — 0T, we can immediately enlarge the choice
of parameters k and ¢;.

Remark 4.3. Let us consider ¢ € (0, T'). In Theorem 4.1 with T < co, we may observe

o if up # Aug + BAuy, itholds E[w](t) = O(r) as T — 0F;
o if ur = Aug+ BAuy, it holds E[w](r) = O(t?) as T — 0.

So, the speeds of convergence are different under different choices of initial data. However, con-
cerning T = oo, the property for singular limit holds if and only if u; = 0. Otherwise, we found
that E[w](t) = O(n(e + t)) as t — oo. In conclusion, the choice for initial data is extremely
important in the consideration of singular limit property.
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Proof. Let us act t9; on the equation in (29) and then add itself to arrive at

TVt + Vi — Av — ﬁAUZ = T(AU; + ﬁAU”). (33)

Let us recall w = w(t, x) as a difference such that w(z, x) = u. (¢, x) — v(¢, x). Then, by sub-
tracting the equation in (28) with (33), we have

TWyr + Wy — Aw — BAW, = —T(Avy + BAvy). (34)

To achieve our aim, we next will apply the classical energy method for the Cauchy problem. For
one thing, we construct an energy as follows:

E1lw](@) = Tlwy (0, Moy + BIVWE 2 gy — 2 / Aw(t, x)w, (¢, x)dx.
Rn

It shows that
d
a&[w](r) :2r/w,,,(t,x)w,,(t,x)dx +2ﬂ/Vw[,(t,x) - Vw, (¢, x)dx
R~ R~
—Z/Aw,(t,x)w,(t,x)dx—Zwa(t,x)w,t(t,x)dx
R~ R~
= =20|wer (1, T2y + 2IV0r (0, ) 172y
- Zt/(Av;(I,x) + BAv (t, x))ws (2, x)dx,
er

where we considered (34).
For another, let us introduce the other auxiliary energy

82[w](t) = ”Vw(l’ )”iZ(R)l) + ”wt(tv )”%Z(Rn) + ZT / wtl(t’x)wt(tv-x)dx'
R~

Taking the derivative with respect to time variable, we have

%Ez[w](t) :2/ Vw(t, x) - Vw(t, x)dx —|—2/ wye (t, x)w, (¢, x)dx
R~ R~

2 f Weer (1, )wy (1, X)dx + 27 / Wee (1, X)Wy (1, X)dx
R” R7

= =281 Vwe (1, 172 gy + 2T W (0, ) 2 ey

+ 27 /(Vvl(t, x) 4+ BV (t, x)) - Vw(t, x)dx.
Rn
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Let k be a positive parameter to be fixed later. Hence, by applying

—2/Aw(t,x)wt(t,x)dx =2wa(t,x)~th(t,x)dx
R~ R~
1 2

L2(R")

1
-~ (E IVw (@, )72, + BIVwiE, ->||22(Rn)>

and
2k [ it 0w 00 = Tl 0.+ k0
R~7

=7 (w2 gy + K200 ) o)

one may rewrite the total energy by

2

+ w2, ) + kw8, ) 2 e,

1
Eilw](t) + k& [wl(r) =B ”th(f, )+ =Vuw(,-)
B L2(R")

1
+ k(1 =Tk [[wi (1, )17 2 gy + (k - E) IVw(t, 172 gy

To guarantee the non-negativity of the above combined energy, we need to restrict k € [%, %]
Here, we should underline in advance that

E1[w](0) + kE2[w](0) = Tlluz — Aug — BAUL 75 gy
since w(0, x) = w; (0, x) =0 and w; (0, x) = ur(x) — Aup(x) — BAu;(x).

Furthermore, the application of Cauchy’s inequality indicates that there exists a small constant
&1 > 0 such that

— 27.' /(Avt(t,x) + ﬂAv,t(t,x))w,t(t,x)dx
Rn

+2’”/(Wz(fax)+ﬁan(t,x))~Vw,(r,x)dx
]Rn
272 5 ) )
< (18000, 12 gy + B2 AU 1, )
2 (101 gy + BV 1) 2 ))

o1 (1w (1 ) B gy + 19012 ) -
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We summarize the derived inequalities, which lead to

d
T (Elwl(®) + k&E[w] (D)

+ @2 —e1 =2t w2, )Ile(Rn +(2ﬂk—81—2)||sz(t,-)lliz(Rn)

272 ) s )
< (1800 I gy + IV g

+82 (180 1 )22 gy + K21V 1) g ) )

By choosing k € [2;;1 s ] we found that 2 — & — 2tk > 0 and 28k — &1 — 2 > 0. To guar-

antee the non-empty set of k, we restrict ourselves ¢ € (0, 22731 ]

Using the derived L? estimates (30), we see

d
o €I +KEMwI) + 2 = e1 = 2Tk w1 ) oy + 2Bker = DIVwr (1) 2 g,

CTZ(I +t) 1||(u0’u1)||H4(R")><H4(R") lf 23 #07
S ePA 0 uoll g, if u; =0,

where C is a positive constant independent of 7. Finally, integrating the above inequality over
[0, ], one gets our desired inequality. O

4.2. Singular limit for the solution itself

Let us turn to the single limit for the solution itself, which is not a trivial generalization of the
last result because the L2 norm for the solution itself is not included in an energy of the MGT
equation in the dissipative case. Motivated by [27,31], we will use Hardy’s inequality associated
with a new variable to overcome the difficulty.
Theorem 4.2. Let n > 3. Let us assume (ug, u1,us) € H*(R") x H*(R") x L*(R") and ad-

ditionally |x|uy € LZ(R”), where ug and uy are not zero simultaneously. Then, the difference
w(t, x) defined in (32) fulfills the following estimates for small T such that 0 <t K f:

Cllw(t, )22 g, + kB —£2~2) / IV w0 )12 gy

+ @ ey —2k) f g (0, 2 gy 0

2 2 2
<C2? (12l 2 g + N 121 32 )

CT [”(l/l(), ul)“HZ(R”)XHz(R") lf uj #07
Cr?In(e +0)lluoll 3 g, if ui =
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A .. . 7 248 2—¢ .
where C,C are positive constants independent of T, and k € [ 2,627 212] carrying &, €

(0. 2% [ and e2 <2

Remark 4.4. In the case when u; # 0, by using Theorem 2.1 in [26], we still can provide the
estimate with In(e + ¢) rather than 7, where we need to assume the additional condition ||(1 +
Dy — Aug)l 2y < 0.

Remark 4.5. In the remaindering case for n = 1, 2, we may use the integral formula w(z, x) =
fot wy (1, x)dn with w(0, x) = 0. Then, by applying Minkowski’s integral inequality and the de-
rived inequality in Theorem 4.1, we have

2 2

t

t
(e, )22 oy = f f wy(n, x)dn| dx < / 1wy (0, )l 2oy
]Rn 0 0

< CtiPlluz — Aug — BAuL 172 gy

1.\?2 .
72 (fynee -+ m)3dn) w0 )2 gy ey iF 41 £0,
CTr ol 3y g, if uy =0,
providing that we assume (o, u1, u2) € H*(R") x H*(R") x L*(R").

Proof. To begin with the proof, we introduce W = W (¢, x) fulfilling

t

Wit, x) :=/w(n,x)dn.

0

Then, carrying out direct computations, we find that the new variable W (¢, x) also fulfills a kind
of inhomogeneous linear MGT equation in the dissipative case. Precisely, it holds

!
Wit + Wy — AW — BAW; = twy + wy — / Aw(n, x)dn — BAw
0

t
=Twy + w; — /(tw,m,, + wyy — BAwy, + T(Avy + BAvy,))(n, x)dn — BAw,
0

where we applied (34). In other words, one has
TW[[[+Wn_AW_ﬂAW[:l'Mz_TAU_TﬁAU[, (35)
since w(0, x) = w; (0, x) =0 and wy (0, x) = ur(x) — Aup(x) — BAu;(x).

204



Journal of Differential Equations 292 (2021) 176-219

W. Chen and R. Tkehata

Let us set two auxiliary energies as follows

EVIWI®) =T Wit ()1 2 ey + BIVWi ()13 2 oy +2 / VW (t,x) VW,(t, x)dx
Rn

EAWN@) = Wit M 2y + IVWE T 2 gy +27 / Wi (2, x) Wy (£, x)dx
]Rn

Clearly, from integration by parts and Cauchy’s inequality, we see

-2t /(Av(t, x) + BAv,(t, x)) Wy (2, x)dx

Rn
—21€z/(Au(z,x) + BAv (1, X)) Wy (t, x)dx
Rn
272 .
<= (180 2y + R IV 2

+62 (1800 )22y + BNV, 0 ) 2y ))
22 (Wit (4,2 gy + IV Wit ) 2y )

where we set &2 € (O, 2g:r%r Here,  is a positive constant to be restricted later. We now apply
the similar procedure to those in the proof of Theorem 4.1, then from (35) we may obtain

2
TN Wi () + kW, ()2 ey

~ -~ 1
EIWI@) + kE[W]I) =8 HVWz(I, Y+ =VW(@, )
B L2(R™)

+k(1 — 'L'k)”Wt(t )”Lz(R" + <~ ’3) ||VW(t )”LZ(R”)’

and

(Ewio + & W)

d
dr
< QKT+ e = DI Wir (1) P gy + @+ 82 = KB IVW (1. )22

272 -
+ = (1800 gy + FIVVE D g

B2 (101 gy + IV B g ) )

+2‘C% (R/ uz(x)(Wy(t, x) +I€W(ls x))dx
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Due to the estimates (31), we observe that

(&[W](r) +REIWIN) + 2 = £2 = 20| Wit (1) 3 g

+ (ZkIB — & — 2)||VWt(tv .)”LZ(R")

gzz% /uz(x)(wt(t,x)+/€W(r,x))dx
]Rn

CT2||(MO’u1)||H2(Rn)XH2(Rn) lf ui #O’

Cr>(1+ 07 Mluoll 3 gy if u;=0.
According to W;;(0, x) = w; (0, x) =0, we get c‘,~’1[W](0) + I;g'z[W](O) = 0. Integrating the pre-
vious inequality over [0, 7] yields

2

T Wt ) + kWit )17 gy

1
B HVWz(t, )+ VW@, )
,3 LZ(R")

kA = TOINW (@, 1172 gy

~ 1 >
+ (k - E) IVW (@, o gy + 2 — 82— 2kr)/ W (0, N gy

+ (kB —e2—2) / IV W (. )12 ey

27 / us (x) (Wi (t, x) + kW (z, x))dx
]Rn

{Cr o, ) oy g2y 1 41705 6

Crzln(e—}-t)lluolle(Rn if u; =0.

Let us now estimate the first term on the right-hand side of (36). For one thing, there exists a
positive constant €3 such that

2t / U2 (X)W (1, x)dx < ||uz||L2(Rn +e3ll Wi, )1 gy
R~

For another, making use of Hardy’s inequality for n > 3, we get

i kr? (W, x)?
2k / (W (1, x)dx < T el g, o3 [

R~ R~?
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k2 2 n 7 2
g z” |x|u2|lL2(Rn) + m83k||vw(t, .)”LZ(R")'

All in all, we derive

2

T Wer 2, ) + kWt ) o ey

B HVWI(I‘, )+ lV‘/V(t, 2
B L2(R™)

- - ~ 1
+ (k= Tk = e Wit ) 2 ey + (k - -

5 ns 2531€> IVW (@, 172 g

t t
&~ ~ &2
+2(1 -5 —kr) / W 1, N 2 gy A1 + 2 (kﬁ -5 1) / IV Wy (1, 117 2 gy A
0 0

Ce? 2 ) CTtl w0, ) 2 oy oy i 11 70,
<= (12l oy + Nxlu2 2 )+ - d !
&3 Ct ln(e+t)||u0||H2(R”) if uy=0.

Eventually, we just need to discuss the nonnegativity of coefficients for the norms. In the
above, we need to restrict k£ such that

1—2 x>0 and 12,3—%2—1>o, iff K e

2 ’ T

[1 /2 1— 52/2}
5 .

Let us choose a small constant &3 > 0 satisfying

- - ~ 1
k—rk2—£3>0 and (1— " 53)k——>0.
n—2 B

Namely, we can determine small constant 3 such that

e |:1+€2/2 1—82/2:| c ((n—Z)/(n—Z—n83) 1/2+«/1/4—l’83)
Bt B ’ T '

So, the set of k is not empty, providing that additional assumption &3 < 2 and

| n=2 1 e 2e-—¢
0 < &3 <min , —, , ,
n 4t 24 4t

hold for n > 3. Indeed, the choice for these parameters can be independent of t. Let us give
an example. Similarly to Remark 4.2, in the case of small t such that 0 < t < min{398/41, 1},
we may choose g2 = 1/20, k = 41/(408) and e3 = 1/1600. Providing that T — 0%, one may
enlarge the choices of IE, &2, £3. Recalling the relation

Wt(tﬂ‘x) = w(t7‘x) = M-[(t,.x) - U(t,.x),
we immediately conclude our result. O
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5. Global (in time) existence of small data Sobolev solutions
5.1. Philosophy of the proof

According to Section 2, we may represent the solution to the linear MGT equation in dissipa-
tive case by the form

uli™(z, x) := K (t, x) %oy ua(x),

where the partial Fourier transform of K (¢, x) with respect to x was defined in (5). Furthermore,
some L? estimates have been obtained. In Theorem 2.2, by choosing m = 1, we see

o 1 ~
D w™ @, Il 2@ey S &n.s Ollu2ll 2 @mynL @y

where the time-dependent coefficient is given by

(ln(e—i—t))% if n=2,5s=0,
A+0% if n=2,5€(0,1/2),
(1+1)"2 it n=2,5€[1/2,2],
(140217 3%F if n>3,5€]0,2].

gn,s () :=

Particularly, we denote g, (¢) := gn,0(¢). Moreover, from Theorem 2.1, one observes

D U™, ) 2y S hs @l 2Ry

where the time-dependent coefficient is given by

A+ if se€[0,1),

hs(t) = s
© (140273 if se[l,2].

For T > 0, we introduce the operator N such that
N:ueXg(T)— Nu(t,x) :=u™(, x) +u"™"(, x),
where X (T) is an evolution space such that
Xs(T):=C([0,T1, H*(R")), (37

with some suitable positive constants s to be fixed later, and the integral operator is denoted by

t
u™"(t, x) = / K(t — 0, x) %) lu(o, x)|Pdo,
0

which is motivated by Duhamel’s principle.
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In the forthcoming parts, we are going to demonstrate global (in time) existence of small data
Sobolev solutions to the semilinear MGT equation (3) by proving a fixed point of operator N
which means Nu € X(T). In other words, the next two crucial inequalities:

I Nullx,r) < ||’42||L2(]Rn)le(Rn) + ||M||X (1) (38)
INu = Nollx,ry S e = vl oy (Rl + 101 ) (39)

will be proved. Throughout this section, u and v are two solutions to the semilinear MGT equa-
tion (3). Precisely, if we assume [u2 || ;2rn)nz1 () = € to be a sufficiently small constant, then
we together (38) with (39) to conclude that there exists a uniquely determined local (in time)
large data and global (in time) small data solution u™ = u*(¢, x) belonging to the Sobolev space
X(T) by using Banach’s fixed point theorem.

To end this subsection, we recall the fractional Gagliardo-Nirenberg inequality, whose proof
can be found in [24].

Lemma 5.1.‘Let P, Po, p1 € (1,00) and k € [0,s) with s € (0,00). Then, it holds for all f €
LPO(R™) N H;l (R™)

. Y
L1 e ey S IIfIILpo(Rn) 1A i (R’

=(L _ 1« 1 _ 1.5 3
where y = (po > + n)/(po I + n) € [S, 1].
5.2. Lower regular Sobolev solution

It is well-known that the study of lower regular Sobolev solution is more challenging than the
study of higher regular one since the Sobolev embedding theory does not work well. In this part,
we will study global (in time) existence of small data Sobolev solutions with low regularity in the
evolution space X(7'), in which we will focus on the cases s € [1/2,2] if n =2, and s € (0, 2]
ifn>3.

Theorem 5.1. Let T € (0, B). Let us consider s € [1/2,2] ifn =2, and s € (0,2] if n = 3. Re-
calling that p is the power exponent for the nonlinearity of the semilinear MGT equation (3), we
suppose that p > 2, and p <2n/(n —s) ifs <n <3s, p<n/(n—2s) if3s <n<4s. If

>5 ifn=2,5s€[l1/2,1),
>s5+3 ifn=2,5€[l,2],
zn+3)/(n—1) if3<n<6,5€(0,1),
p . (40)
>m+2)/(n—1) if3<n<6,5s€(l,2],
>max{3n/2 —1,n+3}/(n—1) if n>7,5s€(0,1),
2 @Bn/2—=1)/(n—1) ifnz7,s€ll,2],

there exists a sufficiently small constant € > 0 such that for u; € L>(R™) N LY(R") satisfying
the assumption |[uzl| 2Ry 1 (R < €, there is a uniquely determined global (in time) Sobolev
solution
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u € C([0, 00), H*(R"))
to the semilinear MGT equation (3). Furthermore, the solution fulfills the following estimates:
lu(t, HNiz@ey S 8O lluall L2RmynL R
1D ult, M 2wey S &ns O luall 2@wmynrt ®ry-

Example 5.1. Let us consider s = 2. Then, the observation of Theorem 5.1 with s = 2 shows the
global (in time) small data Sobolev solution (in the classical energy sense)

u € C([0, 00), H*(R"))
to the semilinear MGT equation (3) with T € (0, 8) uniquely exists providing that
when n =2, we assume p > 5;
when n = 3,4, we assume (n +2)/(n — 1) < p <2n/(n —2);

whenn =35,6, we assume 2 < p < 2n/(n —2);
whenn =7,8, weassume 2 < p <n/(n—4).

Remark 5.1. Comparing the result of the linearized problem in Theorem 2.2 with m = 1, the
estimates stated in Theorem 5.1 are no loss of decay with respect to the corresponding linear
Cauchy problem.

Remark 5.2. Indeed, one may also follow the proof of Theorem 5.1 to prove global (in time)
existence results for other regularity assumptions on initial data. By considering u3 € L*>(R™) N
L™(R") for m € (1, 2), one just need to use Theorem 2.2, and the lower bound of the exponent
p = 2 will be replaced by p > 2/m due to the application of the fractional Gagliardo-Nirenberg
inequality.

Remark 5.3. From the restriction # < 4s in Theorem 5.1, we should control the dimension satis-
fying n < 8 due to s € (0, 2]. For the global (in time) existence result in high-dimensional space
n > 9 with additional L' data, one may study higher regular Sobolev solution, i.e.

u € C([0, 00), H*(R™)) with s € (2, 00).

We should emphasize that due to s € (2, c0) in Theorem 2.2, it is necessary to estimate

(o )Pl gs—2qy and [ (o, )P = [0(0, )P | -2 -

To estimate the first norm, one may apply the fractional chain rule with the additional restriction
p > [s — 2]. While in the estimate of the second norm, the main tools are the fractional Leibniz
rule and the fractional chain rule (see [23] and [49]) carrying a stronger condition p > 1 + [s —
2] > 2. Furthermore, if s —2 > n/2 and p > s — 1, one may apply the fractional powers rule
to estimate the last mentioned norms to prove existence of large regular (s > n/2 4 2) Sobolev
solutions.
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Proof. To begin with the proof, we construct the time-weighted norm for the evolution space
X (T) with s € (0,2] for T > 0 by

Il = sup (€)™ et M2 ey + G O et s ey ) -

tel0
From Theorem 2.2 with m = 1, we easily get
™ 1 x, 7y S Nzl L2 ®oynst ®e)-

Thus, we may claim that «'"™ € X(T) for any s € (0, 2]. In the view of the desired inequality
(38), we just have to justify the next one:

1™,y < Nl -

Initially, we apply the derived (L2 N L') — L? estimate stated in Theorem 2.2 in the interval
[0, 7] to get

t
™z, ')||L2(R”) < / gn(t —o)| u(o, -)|p||L2(Rn)le(Rn)dO'.
0

To estimate the power nonlinear term in the norm, we employ the fractional Gagliardo-Nirenberg
inequality, i.e. Lemma 5.1, that

(o, Pl ey = 140, ] gy S @a @) 707 @ s (@) P lully ()
Hee(, NPl 2y = 160 ] 2y oy S (80 @) 7P @ (@)l

where the parameters are y; 1= 7 (% — %) €[0,1]and y2:= % (% - ﬁ) e[0,1].
The previous restrictions lead to

<00 if 1 <n<s,
2<pi<2n/(n—s) if s <n<3s, 41)
<n/(n—2s) if 3s <n < 4s.

<
<
Here, the restriction for n < 4s comes from the nonempty set of p € [2,n/(n — 2s)].

Obviously, we know that

@) _ [ 40)Hne+0)TT if n=2,5€[1/2,2],

1 = s
gn(o) 1+o0) 2 if n>3,5€(0,2],

which implies from y; < y»,
(o, NPl 2@zt e S @ @) 7P (@ (@) Pllull (o)-
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For one thing, by some direct computations, they yield

Gompen oy A+ ne+0) T it n=2,5€[1/2,2],
(gn(0)) (&n,s (0N = {(1 oy 3352,
and
Urpre oy A+ 5 e +0) " it n=2,5€[1/2,2],
(gn(0)) (8n,s(0))" = !(1 oyt >3 e0.2],
According to the assumption
> max{s + 3, 4} if n=2,s€[1/2,2],

py>m+2)/(n—1) if 3<n<6,5¢€(0,2],

>Bn—2)/2n—2) if n>7,s€(0,2],

it is true that

(42)

t/2
f (gn(@NIP (g, ((0))"Pdo <1,
0
and
A+ 53 ne+1) "% ifn=2,
t (m=Dp 3, n
14+~ "z t2t3 if 3<n<5,
(8n ()P (G s ()P f gt —ardo < {1 HD 3 Lo
o (14+5~72FIn(e+1) if n=6,
(140~ "70+5 i 0>,

S gn(t).

Then, by dividing [0, ¢] into [0, /2] and [t /2, ¢], one may immediately arrive at

/2

1™, ) 2y S 8Ol 7 / (8n (@) 1777 (34 ()" Pdo

0

t

@) GOVl o, [ 2 = 00
t/2

< &aOllullf ).

where we used [|ul x, o) < llullx,(r) for any o € [0, T] and taking account into the fact that
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(1+t—0)~(1+1) for o €[0,£/2] and (1 +0)~ (1+1) for o € [t/2,1].

Next, we will estimate the solution in the H* norm. At this time, viewing Theorems 2.1 and
2.2, we employ the obtained (L*N LY — L? estimate in [0, t/2],and L% — L7 estimate in [t/2, 1]
leading to

1/2

™" (2, I s ey S / gn.s(t — o)l u(o, ')|p||L2(Rn)nL1(Rn)dG
0

t

+ / hs(t — )| (o, )Pl 12y do

t/2
t/2
S &nsOllully, 7 / (8n (@) (g 5(0))Pdo
0

+ (8n ()P (3 (0P (1 + DR (O ully 1)

< ans Ol 7).

where we used our assumption (42) and additionally,

>5 if n=2,s€[1/2,1)
>4 if n=2,5s€ll,2],

P . (43)
>m+3)/(n—-1) if n>23,5s€(0,1),

>m+2)/n—1 if n>3,s€[l,2],

to derive

12 (ga ) TP (G ()P (1 4+ 1) hs (1) (Zns (1)

A+~ 53 ne+1)"F" ifn=2,5€e[1/2,1),
_E+2 (s—l)/H—l . _
_ )+ 27 (In(e+1)) 2 if n=2,5€[l,2],
(141~ "2 +5+3 if n>3,5€(0,1),
(14 1)~ "2 +5+1 if n>3,5ell,?2].

By assuming (41), (42), (43) and summarizing the derived estimates, it is proved that the operator
N maps X (T) into itself, namely, Nu € X (T).

Finally, with the aim of proving the Lipschitz condition, we may take two solutions u, v €
X (T). From the derived result of (38), it is clear that Nu, Nv € X(T). Therefore, we have

t
|Nu = Nollx, ) = f Kt = 0,%) % (1(0, )P — [v(o, x)|P)do
0 X (T)
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We assume that (41) and (40) hold. For the estimate in the L norm, we apply Holder’s inequality
and the fractional Gagliardo-Nirenberg inequality to arrive at

[(Nu— Nv)(, )l L2 ®n

t

§/gn(t—0)|| lu(o, )P = lv(o, )Pl L2 ®mynr @O
0
t

-1
S / gnlt = )llu(o, ) = v(@, oeny (1460 )7 gy + 10 IF gy ) do
0
t

—1
+ / gn(t - O—)“u(o—’ ) - U(U, ')”LZP(]R” <||M(G )”LzP(R” + ”U(Ga )”in(Rn)) dU
0
t

/ gn(t =) (@n (@) TP F g (@) P = vllxo oy (Il iy + 1015 )
0

-1 —1
S gl = vl (1l ) + 1015 ) -

By repeating the same approach as before, we conclude

IOVt = N e eny S s Ol = vl ry (el Cpy + 1005 ) )

Therefore, the crucial estimates (38) and (39) are valid. By using Banach’s fixed point the-
orem, there exists a unique determined global (in time) low regular Sobolev solution to the
semilinear MGT equation (3). The proof is complete. O

Remark 5.4. Let us now give a conjecture by an example on the singular limit behavior for
the semilinear MGT equation. Let us take n = 3, 4 in the Cauchy problem for semilinear MGT
equation

TUz it + U — Aty — BAur; =luc|?, xeR", 1>0, (44)

which can be formally reduced to the semilinear viscoelastic damped wave equation
v — Av — BAv, = |v|P, xeR", t>0. 45)

In the view of Theorem 5.1, the global (in time) small data Sobolev solution with s = 2 (in the
classical energy sense) to (44) uniquely existsif 1 +3/(n—1) < p < 2n/(n—2). In Theorem 2 of
[16], the global (in time) small data Sobolev solution to (45) uniquely exists if 1 +3/(n — 1) < p.
Additionally, the restriction of upper bound for p relies very much on techniques of the proof, and
the lower bound for p depends on the behavior of solutions in this case. Therefore, concerning
the lower bound estimate for the exponent p for global (in time) Sobolev solution with H 2(R™M)
regularity for (44) and (45), it exactly provides us the same behavior. By this way, we conjecture
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that the limiting behavior for (44) and (45) holds for 7 — 0% at least for some dimensions.
It would be very interesting to have a global (in time) singular limits for the semilinear MGT
equation with the help of some weighted energy methods, but such a result would be beyond the
purposes of the present manuscript from our prospective.

6. Nonexistence of global (in time) weak solutions

Before showing our main result on blow-up of solutions, let us first give a definition of weak
solutions to the semilinear MGT equation (3).

Definition 6.1. Let p > 1. We say u € Lf;c([O, 00) x R™) is a global (in time) weak solution to

the semilinear MGT equation (3) if the integral equality

//M(I,X)(—T%n(t, x) + Y (t,x) — Ay (t, x) + BAY; (1, x))dxdr

0 R”
=Tfu2(x)W(0,x)dx+//|u(t,x)|p1/f(t,x)dxdt (46)
R" 0 R

holds for any ¥ € C5°([0, 00) x R").

Theorem 6.1. Let t € (0, B). Let us assume that us € L' (R™) and
/ug(x)dx > 0.
]Rn

Then, the global (in time) weak solutions to the semilinear MGT equation (3) in the sense of
Definition 6.1 does not exist providing that the exponent of nonlinearity satisfies

=0 if n=1,
Pl<om+n/n-1 ifn>2.

Remark 6.1. In the one-dimensional case, every weak solution according to Definition 6.1 blows
up for any 1 < p < oo, which means that the result in 1D is optimal.

Remark 6.2. We may derive blow-up results for other regularity assumptions on initial data. Let
us assume uy € L™ (R") with m € (1, 2) and

wa(x) Z x| 7w (In(1 + [x[) " for x| > 1.
Then, one may also prove blow-up of weak solutions to the semilinear MGT equation (3) pro-
viding that | < p<ooifn=1,and 1 < p < (n +m)/(n —m) if n > 2. The proof is strictly

following those of Theorem 4.1 in [12].
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Proof. Let us now introduce two bump functions 1 € C;°([0, 00)) and ¢ € Cg°(R") such that
n = n(t) is decreasing with n =1 on [0, 1/2] and suppn C [0, 1]; ¢ = ¢ (x) is radial symmetric,
decreasing with respect to |x| with ¢ =1 on Bj/2 and supp¢ C Bj. Moreover, we assume

@)™ (IO + O + 1 o)) <, @)

@) T1ApIP < C. (48)

where p’ is the conjugate of p,ie. 1/p+ 1/p’ =1, and C is a positive constant, with 7, ¢ €
[0, 1].
To begin with, we define a test function

VYR(1, x) == nr(OPr(x) :==n(t/R)p(x/R),
where R € [1, 00) is a large parameter. Furthermore, we may introduce

o]

Ir :://|u(t,x)|”wR(t,x)dxdt.
0 R~

By considering (46) in the definition of weak solution with the test function ¥ (¢, x) = ¥r (¢, x),
one immediately has

Ig +t/u2(x)¢R(x)dx
RVL
o0
:/fu(t,x)(—rawa(t,x)+a,2wR(t,x)—AwR(t,x)+,33,A¢R(z,x))dxdz
0 R7

0 /
1 1 L / / /
<tnt o [ [ orOore) T (7 i nrO0RCOl + i O0r 0Ol ) drar

0 R~

3

/

_P ’ ’ /
[ Gr@sren™ 7 (1nk0agre01” + 7 lding ) sgpcol”) s,
Rn

+

/

< |~
o

where we employed Young’s inequality ab < a”/p + b /p.
Due to the fact that

A¢pr(x) =R2A¢(x/R), and dnr(t) = R*d*n(t/R) for k=1,2,3,

we are able to deduce
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1
IR S —Ip+7 | up(x)pg(x)dx
p o
o0
/

2 / v /
SR ((n(I/R)) P 1" /RN ¢ (x/R) +n(t/R) D (x/R) P |A¢(X/R)|P)dxdt

g B,

/ _]7_/ / / _ﬁ /
+ RT3 //(n(t/R)) p (n”’(t/R)I"¢>(X/R)+|n’(t/R)” (@(x/R)) P |A¢(X/R)”)dxdt
0 R”
< R20 +14n + R3P +H14n < R72p’+l+n’

where the conditions for test functions in (47) and (48) were used. Moreover, we applied our
assumption on initial data such that

t/uz(x)dx>0 = r/uz(x)¢>R(x)dx>0

Rn R~

for any R > 1 because of the fact that

Rlim /uz(x)qu(x)dx:/uz(x)dx.
R~ R~

According to the condition on p leading to —2p’ + 1 +n < 0, and letting R — 0o, we get
limg_, o0 Ig =0, which leads to u = 0 a.e., however, this contradicts to our assumption. In other
words, the global (in time) weak solution does not exist.

To prove the blow-up result in the limit case when p = (n 4+ 1)/(n — 1) if n > 2, we can
also conclude the contradiction that limg_, o Iz = 0 by following the approach in [58], i.e. the
monotone convergence theorem and the dominant convergence theorem. All in all, the proof is
completed. O
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