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In this paper, we study the global existence and the global nonexistence of doubly

nonlinear degenerate parabolic systems with nonlinear boundary conditions. We first

prove a local existence result by the regularization method. Next, we construct a

weak comparison principle. Then we discuss the large time behavior of solutions by

using a modified upper and lower solution methods and constructing various upper

and lower solutions. Necessary and sufficient conditions on the global existence of all

positive (weak) solutions are obtained. # 2002 Elsevier Science (USA)
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we study the existence and nonexistence of global solutions
of the following problem:

ðjujm1�1uÞt ¼ ðjuxj
p1�1uxÞx; 05x51; t > 0;

ðjvjm2�1vÞt ¼ ðjvxj
p2�1vxÞx; 05x51; t > 0;

uxjx¼0 ¼ 0; uxjx¼1 ¼ lul11vl12 jx¼1; t > 0;

vxjx¼0 ¼ 0; vxjx¼1 ¼ lul21vl22 jx¼1; t > 0;

uðx; 0Þ ¼ u0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; 04x41;

ð1:1Þ
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where mi;pi > 0; i ¼ 1; 2; l12; l21 > 0; l11; l2250 and l > 0 are all constants.
According to physical settings, fiðsÞ ¼ jsjmi�1s stands for the mass
concentration, the term AiðsÞ ¼ jsxj

pi�1sx reflects the diffusion effect which
do not conform to Darcy’s law [15, 30], uli1vli2 the forced flux at the
boundary x ¼ 1: The differential equations in (1.1), which is the typical
example of the non-Newtonian filtration equations, have been suggested as
some models, see [1, 7–9, 15, 17, 36, 37, 39] and the references therein. For
example, the gas flow equation through a porous medium and the
completely turbulent flow fall in the class of equations we consider. The
nonlinear boundary conditions in (1.1) can be physically interpreted as a
nonlinear radiation law, which here is actually an absorption law, see
[3, 19, 34].
In the recent years, the questions like blow-up and global solvability for

semilinear parabolic equation or systems with nonlinear boundary condition
have been intensively studied, see [3–8, 14, 16, 18–22, 24, 27–29, 34, 37,
40–48] and references therein. The Dirichlet or Cauchy Problem for the
p-Laplacian has also been studied in that extent, see [2, 25, 26, 33] and
references therein.
For problem (1.1) with p1 ¼ p2 ¼ 1 or more general form of (1.1) with

the Darcy’s law diffusion, there were many results on the local existence,
global existence and blow-up in finite time, see [3, 4, 16, 23, 37, 38, 42, 44,
46]. Amann [3,4] considered the (classical) local solvability and the
geometric theory of the following quasilinear problem:

ut þAðt; uÞu ¼ f ðt; uÞ; x 2 O; t > 0;

Bðt; uÞu ¼ gðt; uÞ; x 2 @O;

uðx; 0Þ ¼ u0ðxÞ; x 2 %OO

ð1:2Þ

together with certain results concerning the continuous dependence of the
solutions upon the data of the problem, by means of semigroups methods,
and proved that the semilinear parabolic problem (1.2) possesses a unique
maximal classical solution. Escher [16] considered the global existence and
global nonexistence of problem (1.2) and obtained some sufficient
conditions on which the solution of (1.2) blows up in finite time by means
of ‘‘concavity method’’ of abstract Cauchy problem. Pao [37] established the
upper and lower solutions method, and gave some sufficient conditions on
the global solutions and blow-up in finite time for a more general problem.
Samarskii et al. [38] considered global solvability and blow-up of solutions
to semilinear parabolic systems with Dirichlet boundary conditions and
gave optimal conditions of global existence of arbitrary solutions to the
initial boundary value problem of the porous medium flows. Galaktionov
et al. [23] studied blow-up phenomena for nonlinear parabolic equations
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and systems with nonlinear diffusivity, source terms and boundary
conditions. Wang et al. [46] and M.X. Wang et al. [42, 44] considered the
following porous medium flow problem:

ut ¼ rðumruÞ þ lul11vl12 ; x 2 O; t > 0;

vt ¼ rðunruÞ þ lul21vl22 ; x 2 O; t > 0;

@u
@Z

¼ uavp;
@v
@Z

¼ uqvb; x 2 @O; t > 0;

uðx; 0Þ ¼ u0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; x 2 O;

respectively, and obtained necessary and sufficient conditions on the global
existence of all positive (classical) solutions.
Recently, S. Wang et al. [47] considered the single doubly nonlinear

parabolic equation with nonlinear boundary conditions, namely,

ðjujm�1uÞt ¼ ðjuxj
p�1uxÞx; 05x51; t > 0;

uxjx¼0 ¼ 0; uxjx¼1 ¼ luajx¼1; t > 0;

uðx; 0Þ ¼ u0ðxÞ; 04x41

ð1:3Þ

and obtained necessary and sufficient conditions on the global existence of
all positive (weak) solutions by using upper and lower methods. Filo [20]
considered the multidimensional variant of (1.3) and a local existence result
of weak solution was obtained by using the semidiscretization method. Filo
and Kalur [21] also considered the local existence of a more general scalar
case of (1.3) and gave some sufficient conditions on the global existence of
weak solutions under some assumptions of general nonlinear term by using
L1-estimate methods.
In this paper we will consider large time behaviors of weak solutions to

(1.1).
Throughout the paper we assume that (A)

(i) u0ðxÞ; v0ðxÞ 2 C2þmð½0; 1�Þ for some 05m51; u0ðxÞ; v0ðxÞ > 0;

(ii) ðju0xjp1�1u0xÞx; ðjv0xj
p2�1v0xÞx 2 L

2ð½0; 1�Þ on ½0; 1�;

(iii) u0ðxÞ; v0ðxÞ satisfy the compatibility conditions:

u0xð0Þ ¼ 0; u0xð1Þ ¼ lul110 ð1Þvl120 ð1Þ;

v0xð0Þ ¼ 0; v0xð1Þ ¼ lul210 ð1Þvl220 ð1Þ:

Our main result is



SHU WANG434
Theorem. All positive (weak) solutions of (1.1) exist globally if and only if

l115min
m1

p1
;
m1 þ 1

p1 þ 1

� �
; l225min

m2

p2
;
m2 þ 1

p2 þ 1

� �
;

l12l214 min
m1

p1
;
m1 þ 1

p1 þ 1

� �
� l11

� �
min

m2

p2
;
m2 þ 1

p2 þ 1

� �
� l22

� �
: ð1:4Þ

The rest of the paper is organized as follows: In Section 2, the definition of
weak solution is given and a weak comparison principle is established to
serve as the basis of the study. Local existence and continuation results are
proved by the regularization method in Section 3. In Sections 4 and 5,
our main theorem is proved by constructing various upper and lower
solutions.

2. PRELIMINARIES. COMPARISON PRINCIPLE

Due to the gradient degeneration or singularity of the equation, we
cannot expect problem (1.1) to be solvable in the classical sense even for
smooth data. Therefore, a notion of weak solution to problem (1.1) is
needed.

Definition. For any T > 0; denote QT ¼ ð0; 1Þ � ð0; T �: A pair of
nonnegative function ðuðx; tÞ; vðx; tÞÞ 2 Cð %QQT Þ � Cð %QQT Þ is called a weak upper
(or lower) solution of problem (1.1) in QT with l if

(i) u; v 2 L1ð0; T ;W 1;1ðð0; 1ÞÞÞ \ W 1;2ð0; T ; L2ðð0; 1ÞÞÞ; ðuðx; 0Þ; vðx; 0ÞÞ5
ð4Þðu0ðxÞ; v0ðxÞÞ;
(ii) for any nonnegative functions w1ðx; tÞ;w2ðx; tÞ 2 L1ð0; T ;W 1;2ðð0; 1ÞÞÞ \

L2ðQT Þ; we haveZZ
QT

½w1ðum1 Þt þ w1xjuxj
p1�1ux� dx dt5ð4Þ

Z T

0

w1ðlul11vl12Þ
p1 jx¼1 dt

and

ZZ
QT

½w2ðvm2Þt þ w2xjvxj
p2�1vx� dx dt5ð4Þ

Z T

0

w2ðlul21vl22 Þ
p2 jx¼1 dt:

ðuðx; tÞ; vðx; tÞÞ is called a (weak) solution of problem (1.1) if it is both
a (weak) upper solution and lower solution of problem (1.1) in QT
with l:
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The main purpose of this paper is to give the necessary and sufficient
conditions on the existence of global positive (weak) solutions. The basic
technique used in the present paper is constructing various upper and lower
solutions and comparing them with the solutions of problem (1.1). To this
aim, we first prove a weak comparison principle.

Proposition 2.1 (Comparison Principle). Assume that
%
l5l5%ll: Let

ð
%
u;

%
vÞ5ðd; dÞ and ð %uu; %vvÞ be a lower and upper solution of (1.1) in QT with

%
l and

%ll; respectively. Then ð
%
u;

%
vÞ4ðu; vÞ4ð %uu; %vvÞ on %QQT :

Proof. For small d > 0: Let

HdðzÞ ¼ min 1;max
z
d
; 0

� �� �
and set w1 ¼ Hdð

%
u � uÞ; then according to the definitions of solution and

lower solution we haveZZ
Qt

fHdð
%
u � uÞð

%
um1 � um1Þt þ ðHdð

%
u � uÞÞx½j

%
uxjp1�1

%
ux � juxjp1�1uxg dx dt

4
Z t

0

Hdð
%
u � uÞ½ð

%
l
%
ul11

%
vl12 Þp1 � ðlul11vl12 Þp1 �jx¼1 dt; t 2 ½0; T �:

As in [2], by letting d ! 0 we getZZ
Qt

ð
%
um1 � um1 Þtw½

%
u > u� dx dt

4
Z t

0

½ð
%
l
%
ul11

%
vl12 Þp1 � ðlul11vl12 Þp1 �w½

%
u > u�jx¼1 dt

4
Z t

0

f
%
vp1l12 ½ð

%
l
%
ul11Þp1 � ðlul11 Þp1 �

þ lp1up1l11p1l12y
p1l12�1
1 ð

%
v � vÞgw½

%
u > u�jx¼1 dt

for some y1 > 0 lying between
%
vð1; tÞ and vð1; tÞ: If

f ðx; tÞ ¼
%
vp1l12 ½ð

%
l
%
ul11 Þp1 � ðlul11Þp1 � þ lp1up1l11p1l12y

p1l12�1
1 ð

%
v � vÞ;

thenZZ
Qt

ð
%
um1 � um1Þtw½

%
u > u� dx dt 4

Z t

0

f ðx; tÞw½
%
u > u�jx¼1 dt; t 2 ½0; T �:

ð2:1Þ
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Similarly, we haveZZ
Qt

ð
%
vm2 � vm2Þtw½

%
v > v� dx dt 4

Z t

0

gðx; tÞw½
%
v > v�jx¼1 dt; t 2 ½0; T �;

ð2:2Þ

where

gðx; tÞ ¼
%
up2l21 ½ð

%
l
%
vl22Þp2 � ðlvl22 Þp2 � þ lp2vp2l22p2l21y

p2l21�1
2 ð

%
u � uÞ

for some y2 > 0 lying between
%
uð1; tÞ and uð1; tÞ:

Since ð0; 0Þ5ðd; dÞ4ð
%
uð1; 0Þ;

%
vð1; 0ÞÞ4ðuð1; 0Þ; vð1; 0ÞÞ and

%
l5l; we follow

from the continuity of
%
u;

%
v; u and v that there exists a time t1 > 0 such that

f ð1; tÞ40 and gð1; tÞ40 for all t 2 ½0; t1�: Therefore, we have that ð
%
u;

%
vÞ4

ðu; vÞ on %QQt1 : Define

tn ¼ supft 2 ½0; T �:
%
uð1; tÞ4uð1; tÞ and

%
vð1; tÞ4vð1; tÞ for all t 2 ½0; t�g:

We claim that tn ¼ T : Otherwise, from the continuity of
%
u;

%
v; u and v there

exists e > 0 such that tn þ e5T ; f ð1; tÞ40 and gð1; tÞ40 for all t 2 ½0; tn þ e�:
By (2.1) and (2.2) we have that ð

%
u;

%
vÞ4ðu; vÞ on %QQtnþe; which contradicts the

definition of tn: Hence, ð
%
u;

%
vÞ4ðu; vÞ on %QQT :

Obviously, ðd; dÞ is a lower solution of (1.1) on %QQT with
%
l: Therefore,

ðu; vÞ5ðd; dÞ > ð0; 0Þ on %QQT : Using this fact, as in the above proof we can
prove that ðu; vÞ4ð %uu; %vvÞ on %QQT :
The proof of Proposition 2.1 is completed. ]

Remark 2.1. The above comparison principle do not imply the
uniqueness. The uniqueness of solutions to problem (1.1) is open.

3. LOCAL EXISTENCE

In this section, we prove the following local existence result.

Proposition 3.1. Let (A) be satisfied. Then there exists a time T : 05T
4þ1 such that (1.1) has a weak solution ðu; vÞ satisfying ðu; vÞ5ðd; dÞ > 0 on
%QQT : Moreover, as a solution ðu; vÞ can be extended to QT with a maximum

T > 0; that is, either T ¼ þ1; or T5þ1 so that

lim
t!T�

sup
x2½0;1�

ðjjuð�; tÞjj1 þ jjvð�; tÞjj1Þ ¼ þ1:
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To prove the above local existence result, we need the following lemmas
from Sobolev’s space.
Let O be a bounded domain in RN of boundary @O and for 05T51 let

QT denote the cylindrical domain O� ð0; T �:
Let h be any real number and for a function u consider the truncations of

u given by

ðu� hÞþ ¼ maxfu� h; 0g:

Lemma 3.2 (Ladyzenskaja et al. [31]; Ladyzenskaja and Ural’ceva [32]).
Let u 2 L1ðQT Þ satisfyZ T

0

Z
O
ðu� hÞþ dx dt4F jQT \ fu > hgj1þb; 8h5k0 > 0;

where F ;b are positive constants. Then

esssupQT u
þ4k0 þ 1þ

1

b

� �
F jOjbT b:

Lemma 3.3 (Dibenedetto [15]). Let m;p51 and u 2 V m;pðQT Þ ¼ L1ð0; T
; LmðOÞÞ \ Lpð0; T ;W 1;pðOÞÞ: Then there exists a constant c depending only

upon N ;p;m and the structure of @O such that

jjujjLlðQT Þ4c 1þ
T

jOjðN ðp�mÞþmpÞ=ðNmÞ

� �1=l

jjujjV m;pðQT Þ;

where l ¼ p NþmN and jjujjV m;pðQT Þ ¼ esssup04t4T jjuð�; tÞjjm;O þ jjDujjp;QT :

We shall prove Proposition 3.1 in two steps: First, we consider a
regularized problem and derive some necessary estimates; then, by an
approximation process and passing to limit a solution to the original
problem is obtained. To this end, put

M ¼ jju0ðxÞjj1 þ jjv0ðxÞjj1; K ¼ jju0xðxÞjj1 þ jjv0xðxÞjj1

and consider the problem

F1ðueÞuet ¼ ððu2ex þ eÞ
p1�1
2 uexÞx; 05x51; 05t5t;

F2ðveÞvet ¼ ððv2ex þ eÞ
p2�1
2 vexÞx; 05x51; 05t5t;

uexjx¼0 ¼ 0; uexjx¼1 ¼ G1ðue; veÞjx¼1; 05t5t;

vexjx¼0 ¼ 0; vexjx¼1 ¼ G2ðue; veÞjx¼1; 05t5t;

ueðx; 0Þ ¼ u0ðxÞ; veðx; 0Þ ¼ v0ðxÞ; 04x41

ð3:1Þ
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for any t 2 ð0;þ1Þ and any fixed e 2 ð0; 1Þ: We define FiðwÞ and Giðw; zÞ as
follows: FiðwÞ 2 C1ðRÞ;Giðw; zÞ 2 C1ðR2Þ; FiðwÞ ¼ miwmi�1;Giðw; zÞ ¼ lwli1

zli2 for d4w; z4M þ 1; there exist positive constants l;L such that

05l4FiðwÞ;Giðw; zÞ4L5þ1; i ¼ 1; 2

for any w; z 2 R and @G1ðw; zÞ
@z 50 and @G2ðw; zÞ

@w 50 for any w; z 2 R:Moreover, let

aieðzÞ 2 C1ðRÞ; 05re4a
0
ieðzÞ4r�1e on R for some 05re51 and

aieðzÞ ¼ ðz2 þ eÞ
pi�1
2 z for jzj4K þ Lþ 1

and consider the following problem:

F1ðueÞuet ¼ ða1eðuexÞÞx; 05x51; 05t5t;

F2ðveÞvet ¼ ða2eðvexÞÞx; 05x51; 05t5t;

uexjx¼0 ¼ 0; uexjx¼1 ¼ G1ðue; veÞjx¼1; 05t5t;

vexjx¼0 ¼ 0; vexjx¼1 ¼ G2ðue; veÞjx¼1; 05t5t;

ueðx; 0Þ ¼ u0ðxÞ; veðx; 0Þ ¼ v0ðxÞ; 04x41:

ð3:2Þ

Now, the standard parabolic theory (see [31, 37]) guarantees the existence of
a unique solution ðue; veÞ to (3.2) in the class H 2þb;1þb=2ð %QQtÞ for some
b 2 ð0; 1Þ: Obviously, Comparison principle holds for (3.2). Therefore,

ueðx; tÞ5d > 0; veðx; tÞ5d > 0 and uet; vet50 on %QQt:

Firstly, we have

jjuexjj14K þ L; jjvexjj14K þ L on %QQt:

In fact, let w ¼ uex; z ¼ vex then ðw; zÞ satisfies

F1ðueÞwt � a01eðuexÞwxx � a
00
1eðuexÞw

2
x þ F0

1ðueÞuetw ¼ 0; 05t5t;

F2ðveÞzt � a02eðvexÞzxx � a
00
2eðvexÞz

2
x þ F0

2ðveÞvetz ¼ 0; 05t5t;

wjx¼0 ¼ 0; wjx¼1 ¼ G1ðue; veÞjx¼1; 05t5t;

zjx¼0 ¼ 0; zjx¼1 ¼ G2ðue; veÞjx¼1; 05t5t;

wðx; 0Þ ¼ u0xðxÞ; zðx; 0Þ ¼ v0xðxÞ; 04x41:

The maximum principle yields that

jjwjj14maxfjju0xjj1; jjv0xjj1;Lg
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and

jjzjj14maxfjju0xjj1; jjv0xjj1;Lg:

Therefore, we have

jjuexjj14K þ L; jjvexjj14K þ L on %QQt:

Thus,

a1eðuexÞ ¼ ðu2ex þ eÞ
p1�1
2 uex; a2eðvexÞ ¼ ðv2ex þ eÞ

p2�1
2 vex

on %QQt: And hence ðue; veÞ is a solution of (3.1) in %QQt:
Secondly, we shall show that there exists T 2 ð0; tÞ; independent of e; such

that

ueðx; tÞ4M þ 1 and veðx; tÞ4M þ 1 on %QQT :

Let s 2 ð0; 1Þ and fix t 2 ½0; s�: Denote k0 ¼ jju0jj1 þ jjv0jj1; zþ ¼ maxfz; 0g;
AhðtÞ ¼ fx 2 ð0; 1Þ: ueðx; tÞ > hg and mðhÞ ¼

R t
0

R
AhðsÞ

dx ds:
We may think that mðhÞ41:
From (3.1) we easily deriveZ t

0

Z 1

0

F1ðueÞuetðue � hÞ
þ dx dt þ

Z t

0

Z 1

0

ðu2ex þ eÞ
p1�1
2 uexðue � hÞ

þ
x dx dt

¼
Z t

0

ðG2
1ðue; veÞ þ eÞ

p1�1
2 G1ðue; veÞðue � hÞ

þjx¼1 dt:

Owing to the fact that 05l4F1ðueÞ;G1ðue; veÞ4L; we see thatZ 1

0

ðue � hÞ
þ2

dxþ
Z t

0

Z 1

0

juexj
p1�1ðue � hÞ

þ2

x dx dt4c
Z t

0

ðu� hÞþjx¼1 dt

for some positive constant c independent of e: By using trace embedding
theorem we have for any t > 1 and a.e. t 2 ½0; s�

ðue � hÞ
þjx¼14cjjðue � hÞ

þð�; tÞjj
W

1;
p1
t þ1

ðð0;1ÞÞ
:

Therefore, the above inequality and Holder’s inequality yieldZ 1

0

ðue � hÞ
þ2

dxþ
Z t

0

Z 1

0

juexjp1�1ðue � hÞ
þ2

x dx dt

4c
Z t

0

jjðue � hÞ
þð�; tÞjj

W
1;
p1
t þ1

ðð0;1ÞÞ
dt
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4c
Z t

0

Z 1

0

jðue � hÞ
þj
p1
t þ1 dx dt

� �1=ð
p1
t þ1Þ

þ c
Z t

0

Z 1

0

jðue � hÞ
þ
x j
p1
t þ1 dx dt

� �1=ð
p1
t þ1Þ

:

Young’s inequality yieldsZ 1

0

ðue � hÞ
þ2

dxþ
Z t

0

Z 1

0

juexj
p1�1ðue � hÞ

þ2

x dx dt

4cjjðue � hÞ
þjj
L
p1
t þ1

ðQtÞ
þ cma1 ;

where

a1 ¼
1

p1
t þ 1

1�
p1
t þ 1

p1 þ 1

� �
�

1

1� 1
p1
þ 1

:

By using Lemma 3.3, Holder’s inequality and Young’s inequality we have

jjðue � hÞ
þjjL3ðp1þ1ÞðQtÞ4cjjðue � hÞ

þjjV 2;p1þ1ðQtÞ

4cðjjðue � hÞ
þjj
L
p1
t þ1

ðQtÞ
þ ma1ðhÞÞ

1
2 þ cðjjðue � hÞ

þjj
L
p1
t þ1

ðQtÞ
þ ma1 Þ

1
p1þ1

4cjjðue � hÞ
þjj

1
2

L
p1
t þ1

ðQtÞ
þ cm

a1
2 ðhÞ þ cjjðue � hÞ

þjj
1

p1þ1

L
p1
t þ1

ðQtÞ
þ cm

a1
p1þ1ðhÞ

4cðjjðue � hÞ
þjj
p1
t þ1

L3ðp1þ1ÞðQtÞ
m1�ð

p1
t þ1Þ=3ðp1þ1ÞÞðhÞÞ

1
2ððp1=tÞþ1Þ þ cm

a1
2 ðhÞ

þ cðjjðue � hÞ
þjj
p1
t þ1

L3ðp1þ1ÞðQtÞ
m1�ð

p1
t þ1Þ=3ðp1þ1ÞðhÞÞ

1
ðp1þ1Þððp1=tÞþ1Þ þ cm

a1
ðp1þ1ÞðhÞ

4
1

2
jjðue � hÞ

þjjL3ðp1þ1ÞðQtÞ þ cm
a1
2 ðhÞ þ cma2 ðhÞ þ cma3ðhÞ þ cm

a1
ðp1þ1ÞðhÞ;

where

a2 ¼
1

p1
t þ 1

1�
p1
t þ 1

3ðp1 þ 1Þ

� �
;

a3 ¼
1

ðp1 þ 1Þðp1t þ 1Þ
1�

p1
t þ 1

3ðp1 þ 1Þ

� �
�

1

1� 1
p1þ1

:
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Hence,

jjðue � hÞ
þjjL3ðp1þ1ÞðQtÞ4cm

a1
2 ðhÞ þ cma2 ðhÞ þ cma3ðhÞ þ cm

a1
p1þ1ðhÞ:

By using Holder’s inequality we haveZ t

0

Z 1

0

ðue � hÞ
þ dx dt4jjðue � hÞ

þjjL3ðp1þ1ÞðQtÞ � m
1� 1

ð3p1þ1ÞðhÞ

4c½m
1� 1

3ðp1þ1Þ
þ
a1
2 ðhÞ þ m

1� 1
3ðp1þ1Þ

þa2ðhÞ

þ m
1� 1

3ðp1þ1Þ
þa3 ðhÞ þ m

1� 1
3ðp1þ1Þ

þ
a1

ðp1þ1ÞðhÞ�:

Choose t > 1 to be sufficiently large such that

a1
2
�

1

3ðp1þ1Þ
> 0; maxfa2; a3g�

1

3ðp1þ1Þ
> 0;

a1
p1þ1

�
1

3ðp1þ1Þ
> 0:

Then there exists b > 0 such thatZ t

0

Z 1

0

ðue � hÞ
þ dx dt4cðmðhÞÞ1þb; 8h5k0 > 0:

By Lemma 3.2 we have

ueðx; tÞ4k0 þ 1þ
1

b

� �
ctb:

Therefore, there exists T > 0 independent of e such that

ueðx; tÞ4M þ 1 on %QQT :

Similarly, we have

veðx; tÞ4M þ 1 on %QQT :

Thus, we have the following:

Lemma 3.4. There exist T and a positive constant C independent of e such

that

d4ueðx; tÞ; veðx; tÞ4C; jjuxjj1; jjvxjj14C on %QQT : ð3:3Þ

Next, we will get an L2-estimates.
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Lemma 3.5. There exists a positive constant C independent of e such that

Z t

0

Z 1

0

ðu2et þ v
2
etÞ dx dt4C5þ1: ð3:4Þ

Proof of Proposition 3.1. Differentiate the first equation of (3.1) with
respect to t and multiply it by F1ðueÞuet: Then integrate it over ½0; 1� � ½0; T �
to get

1

2

Z 1

0

ðF1ðueÞuetÞ
2ðx; tÞ dxþ

Z T

0

Z 1

0

ðu2ex þ eÞ
p1�1
2

�1ðp1u2ex þ eÞu2ext dx dt

¼
1

2

Z 1

0

ðF1ðueÞuetÞ
2ðx; 0Þ dx�

Z T

0

Z 1

0

ðu2ex þ eÞ
p1�1
2

�1ðp1u2ex þ eÞuext

� F0
1ðueÞuexuet dx dt þ

Z T

0

ððu2ex þ eÞ
p1�1
2

�1uexÞtF1ðueÞuetð1; tÞ dt:

Using Holder’s inequality, we have

Z 1

0

ðF1ðueÞuetÞ
2ðx; tÞ dxþ

Z T

0

Z 1

0

ðu2ex þ eÞ
p1�1
2

�1ðp1u2ex þ eÞu2ext dx dt

4
Z 1

0

ðF1ðueÞuetÞ
2ðx; 0Þ dx

þ
Z T

0

Z 1

0

ðu2ex þ eÞ
p1�1
2

�1ðp1u2ex þ eÞðF0
1ðueÞuexuetÞ

2 dx dt

þ 2

Z T

0

ððu2ex þ eÞ
p1�1
2

�1uexÞtF1ðueÞuetð1; tÞ dt: ð3:5Þ

Using ueðx; tÞ; veðx; tÞ5d and the boundary conditions in (3.1), we know that
there exists x0 2 ½0; 1Þ such that

uexðx; tÞ5
ldl11l12

2
; vexðx; tÞ5

ldl21l22

2
; ðx; tÞ 2 ½x0; 1� � ½0; T �:

Hence, we have

Z T

0

Z 1

0

ðu2ex þ eÞ
p1�1
2

�1ðp1u2ex þ eÞu2ext dx dt5c
Z T

0

Z 1

x0

u2ext dx ð3:6Þ

for some positive constant c independent of e:
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Then, (3.5), together with (3.6), gives

Z 1

0

ðF1ðueÞuetÞ
2ðx; tÞ dxþ c

Z T

0

Z 1

x0

u2ext dx dt

4
Z 1

0

ðF1ðueÞuetÞ
2ðx; 0Þ dxþ c

Z T

0

Z 1

0

u2et dx dt

þ c
Z T

0

ðu2et þ v
2
etÞð1; tÞ dt: ð3:7Þ

with the help of the boundary conditions and Young’s inequality.
Similarly, we have

Z 1

0

ðF2ðveÞvetÞ
2ðx; tÞ dxþ c

Z T

0

Z 1

x0

v2ext dx dt

4
Z 1

0

ðF2ðveÞvetÞ
2ðx; 0Þ dxþ c

Z T

0

Z 1

0

v2et dx dt þ c
Z T

0

ðu2et þ v
2
etÞð1; tÞ dt:

ð3:8Þ

Using Sobolev’s inequalities, we have

C
Z T

0

ðu2et þ v
2
etÞð1; tÞ dt

4t1

Z T

0

Z 1

x0

ðu2ext þ v
2
extÞ dx dt þ cðt1Þ

Z T

0

Z 1

x0

ðu2et þ v
2
etÞ dx dt ð3:9Þ

for any positive constant t1 independent of e:
Combining (3.7)–(3.9), we have

Z 1

0

ððF1ðueÞuetÞ
2 þ ðF2ðveÞvetÞ

2Þðx; tÞ dx

4
Z 1

0

ððF1ðueÞuetÞ
2 þ ðF2ðveÞvetÞ

2Þðx; 0Þ dxþ
Z T

0

Z 1

0

ðu2et þ v
2
etÞ dx dt: ð3:10Þ

Gronwall’s inequality leads to the desired results.
Thus, we need only let e ! 0: From (3.3) (3.4) and (3.10) we know that

ue; ve; uex; vex are weakly * compact in L1ðQT Þ and uet; vet;F1ðueÞuet; F2ðveÞvet
are weakly compact in L2ðQT Þ:
By Aubin’s Lemma (see [10, 11, 35]), it turns out that (for some

subsequence, also denoted by ðue; veÞ in the sequel for simplicity)

ðue; veÞ ! ðu; vÞ in ðCð %QQT ÞÞ
2 uniformly on compact subsets of %QQT :
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Therefore, ðu; vÞ 2 ðCð %QQT ÞÞ
2; ux; vx 2 L1ðQT Þ; ut; vt 2 L2ðQT Þ and

F1ðueÞuet ! F1ðuÞut weakly in L2ðQT Þ;

F2ðveÞvet ! F1ðvÞvt weakly in L2ðQT Þ:

By the standard monotonicity argument it follows that

a1eðuexÞ ! juxj
p1�1ux weak * 2 L1ðQT Þ;

a2eðvexÞ ! jvxjp2�1vx weak * 2 L1ðQT Þ:

Therefore, it is easy to verify that function ðuðx; tÞ; vðx; tÞÞ is a solution of
(1.1).
The proof of Proposition 3.1 is completed. ]

4. PROOF OF THE SUFFICIENCY

Assume that (1.4) holds, we will prove that all positive solutions of (1.1)
exist globally.
We will divide proof of the sufficiency into some lemmas.
Throughout this section we denote

tj ¼
pj

pj þ 1
; fjðxÞ ¼

1

2
ð1� x

1
tjÞ; j ¼ 1; 2

and use %ll to denote a positive constant satisfying %ll > l:

Lemma 4.1. Assume that mi5pi; i ¼ 1; 2: If l115m1

p1
; l225m2

p2
and l12l21

4ðm1

p1
� l11Þðm2

p2
� l22Þ; then the solution ðu; vÞ of (1.1) exists globally.

Proof. First, it is easy to prove that there exist l1; l2 > 1 such that

m1

p1
� l11

1� m1

p1

l1 �
l12

1� m2

p2

l250;

�
l21

1� m1

p1

l1 þ
m2

p2
� l22

1� m2

p2

l250: ð4:1Þ

By (1.4) and l12; l21 > 0 we have that m1

p1
� l11; m2

p2
� l22; 1� m1

p1
; 1� m2

p2
are

positive. Set y1ðx; tÞ ¼ að1þ x
1
t1Þ þ ell1ðtþ1Þ; y2ðx; tÞ ¼ bð1þ x

1
t2 Þ þ ell2ðtþ1Þ and

take

w ¼ y
p1

p1�m1

1 ; z ¼ y
p2

p2�m2

2 ;
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where l1; l2 > 1 satisfy (4.1) and

a ¼
ðp1 � m1Þt1

p1
2
p2l12
p2�m2 ; b ¼

ðp2 � m2Þt2
p2

2
p1l21
p1�m1 ;

l ¼maxflog ð2aÞ=l1; logð2bÞ=l2;

p1
p1 � m1

� �p1�1 2ap1

m1l1t
p1
1

1þ
ap1m1

p1 � m1

� �
;

p2
p2 � m2

� �p2�1 2ap2

m2l2t
p2
2

1þ
ap2m2

p2 � m2

� �
;

ðp1 � m1Þ logðmax u0ðxÞÞ=ðl1p1Þ;

ðp2 � m2Þ logðmax v0ðxÞÞ=ðl2p2Þg:

By the choices of a; b and l we have

y142ell1ðtþ1Þ; y242ell2ðtþ1Þ: ð4:2Þ

By direct computations and (4.2) we have, for ðx; tÞ 2 ð0; 1Þ � ½0;þ1Þ;

ðwm1Þt ¼
p1m1ll1
p1 � m1

y
p1m1

p1�m1
�1

1 ell1ðtþ1Þ;

wx ¼
ap1

ðp1 � m1Þt1
y

m1

p1�m1

1 x
1
t1
�1
;

ððwxÞ
p1Þx ¼

ap1
ðp1 � m1Þt1

� �p1
ðy

p1m1

p1�m1

1 xÞx

¼
ap1

ðp1 � m1Þt1

� �p1
y
p1m1

p1�m1

1 þ
ap1m1

p1 � m1
y
p1m1

p1�m1
�1

1 x
1
t1

� �

¼
ap1

ðp1 � m1Þt1

� �p1
y
p1m1

p1�m1
�1

1 y1 þ
ap1m1

p1 � m1
x
1
t1

� �

4
ap1

ðp1 � m1Þt1

� �p1
y
p1m1

p1�m1
�1

1 2ell1ðtþ1Þ 1þ
ap1m1

p1 � m1

� �

4
p1m1ll1
p1 � m1

y
p1m1

p1�m1
�1

1 ell1ðtþ1Þ

¼ ðwm1 Þt;
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i.e.

ðwp1x Þx4ðwm1Þt: ð4:3Þ

Similarly, we have

ðzp2x Þx4ðzm2 Þt: ð4:4Þ

And

wxjx¼0 ¼ 0; zxjx¼0 ¼ 0;

wx ¼
ap1

ðp1 � m1Þt1
y

m1

p1�m1

1

¼wl11zl12
ap1

ðp1 � m1Þt1
y
m1�p1l11
p1�m1

1 y
�
p2l12
p2�m2

2

5wl11zl12
ap1

ðp1 � m1Þt1
2
�
p2l12
p2�m2exp

m1

p1
� l11

1� m1

p1

l1 �
l12

1� m2

p2

l2

" #
lðt þ 1Þ

( )

5wl11zl12
ap1

ðp1 � m1Þt1
2
�
p2l12
p2�m2 ¼ %llwl11zl12 ; x ¼ 1; t > 0: ð4:5Þ

Similarly, we have

zx5%llwl21zl22 ; x ¼ 1; t > 0: ð4:6Þ

For x 2 ½0; 1�; we have

wðx; 0Þ ¼ ðað1þ x
1
t1 Þ þ ell1 Þ

p1
p1�m15e

ll1
p1

p1�m1

5max u0ðxÞ5u0ðxÞ; ð4:7Þ

zðx; 0Þ ¼ ðað1þ x
1
t2 Þ þ ell2Þ

p2
p2�m25e

ll2
p2

p2�m2

5max v0ðxÞ5v0ðxÞ: ð4:8Þ

From (4.3)–(4.8) we see that ðw; zÞ is an upper solution of (1.1) with %ll:
Therefore, ðu; vÞ4ðw; zÞ; and hence ðu; vÞ exists globally. ]

Lemma 4.2. Assume m1 ¼ p1; m25p2: If l1151; l225m2

p2
and l12l214

ð1� l11Þðm2

p2
� l22Þ; then the solution ðu; vÞ of (1.1) exists globally.
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Proof. First, it is easy to prove that there exist l1; l2 > 1 such that

ð1� l11Þl1 �
l12

1� m2

p2

l250;

� l21l1 þ
m2

p2
� l22

1� m2

p2

l250: ð4:9Þ

Set

w ¼ að1þ x
1
t1 Þell1ðtþ1Þ; z ¼ ½bð1þ x

1
t2 Þ þ ell2ðtþ1Þ�

p2
p2�m2 ;

where l1; l2 satisfy (4.9).
Similar to the proof of Lemma 4.1 we can prove that there exist a; b; l > 0

such that ðw; zÞ; defined by this manner, is an upper solution of (1.1) with %ll;
therefore ðu; vÞ exists globally. ]

Lemma 4.3. Assume m15p1; m2 ¼ p2: If l115m1

p1
; l2251 and l12l214

ðm1

p1
� l11Þð1� l22Þ; then the solution ðu; vÞ of (1.1) exists globally.

Proof. The proof is similar to that of Lemma 4.2. ]

Lemma 4.4. Assume m1 ¼ p1; m2 ¼ p2: If l1151; l2251 and l12l214
ð1� l11Þð1� l22Þ; then the solution ðu; vÞ of (1.1) exists globally.

Proof. First, it is easy to prove that there exist l1; l2 > 1 such that

ð1� l11Þl1 � l12l250;

�l21l1 þ ð1� l22Þl250: ð4:10Þ

Set

w ¼ að1þ x
1
t1 Þell1ðtþ1Þ; z ¼ bð1þ x

1
t2 Þell2ðtþ1Þ;

where l1; l2 satisfy (4.10).
Similar to the above arguments it is easy to prove that there exist a; b; l > 0

such that ðw; zÞ; defined by this manner, is an upper solution of (1.1) with %ll;
therefore ðu; vÞ exists globally. ]

Lemma 4.5. Assume that mi > pi; i ¼ 1; 2: If l115m1þ1
p1þ1

; l225m2þ1
p2þ1

and l12
l214ðm1þ1

p1þ1
� l11Þðm2þ1

p2þ1
� l22Þ; then the solution ðu; vÞ of (1.1) exists globally.

Proof. It suffices to prove that for any T > 0 there exists CðT Þ > 0 such
that

uðx; tÞ; vðx; tÞ4CðT Þ5þ1; ðx; tÞ 2 %QQT : ð4:11Þ
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To this aim, denote y ¼ p1
m1�p1

; l ¼ 1; s ¼ p2
m2�p2

and

M ¼max
kp1þ1yp1�1ð2t1 þ p1ðyþ 2ÞÞ

8p1tp1þ11 m1

;
sp2�1ð2t2 þ p2ðsþ 2ÞÞ

8p2tp2þ12 m2

( )
;

k ¼ 2
3þ2ðl11yþsl12Þþ

½3þ2ðl21yþsl22Þ�l12s
ð1�l22Þsþt2

%llt1
y

t2 %ll
s

 ! sl12
ð1�l22Þsþt2

:

It is obvious that for any given T : 05T5þ1 there exists natural
number N ¼ N ðT Þ such that N log 2

M > T > ðN�1Þ log 2
M : Take

wiðx; tÞ ¼ fei½e�Mðt�Ti�1Þ �
1

4
ð1� f1ðxÞÞ

k
e
t1
i �g�y ¼ e�y

i y
�y
1

and

ziðx; tÞ ¼ fZi½e
�Mðt�Ti�1Þ �

1

4
ð1� f2ðxÞÞ

l
Z
t2
i �g�s ¼ Z�s

i y
�s
2 ;

where T0 ¼ 0; Ti ¼
i log 2
M ; i ¼ 1; . . . ;N and ei; Zi > 0 are all constants to be

determined later.
It is obvious that for any given i ¼ 1; . . . ;N ; yjðx; tÞ; j ¼ 1; 2 are well

defined on Qi :¼ ½0; 1� � ½Ti�1; Ti� \ ½0; 1� � ½0; T � and 1
4
4yj41; j ¼ 1; 2:

By the direct calculations we have for ðx; tÞ 2 Qi

ðwm1
i Þt ¼ Mym1eie

�m1y
i y�m1y�1

1 5
Mym1

2
e�m1y
i ;

wix ¼
ky
8t1

e�ðyþt1Þ
i y�y�1

1 ð1� f1ðxÞÞ
k
e
t1
i
�1
x
1
t1
�1

ðwp1ix Þx ¼
ky
8t1

� �p1
e�p1ðyþt1Þ
i ðy�p1ðyþ1Þ1 ð1� f1ðxÞÞ

p1
k
e
t1
i
�1

� �
xÞx

¼
ky
8t1

� �p1
e�p1ðyþt1Þ
i y�p1ðyþ1Þ1 ð1� f1ðxÞÞ

p1
k
e
t1
i
�1

� �(

þ
p1
2t1

k
et1i

� 1

� �
y�p1ðyþ1Þ1 ð1� f1ðxÞÞ

p1
k
e
t1
i
�1

� �
�1
x
1
t1

þ
p1kðyþ 1Þ
8t1e

t1
i

y�p1ðyþ1Þ�11 ð1� f1ðxÞÞ
ðp1þ1Þ

k
e
t1
i
�1

� �
x
1
t1

)
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4
ky
8t1

� �p1
e�p1ðyþt1Þ
i y�p1ðyþ1Þ1 1þ

p1k
2t1e

t1
i
þ
p1kðyþ 1Þ
2t1e

t1
i

� �

4
ky
8t1

� �p1
e�ym1
i 4p1ðyþ1Þ et1i þ

p1k
2t1

þ
p1kðyþ 1Þ

2t1

� �

4
ky
8t1

� �p1
e�ym1

i 4p1ðyþ1Þ k þ
p1k
2t1

þ
p1kðyþ 1Þ

2t1

� �

4
Mym1

2
e�m1y
i 4ðwm1

i Þt:

Similarly, we have

ðzm2
i Þt5ðzp2ix Þx; ðx; tÞ 2 Qi:

Obviously,

wixjx¼0 ¼ 0; zixjx¼0 ¼ 0;

wix ¼ e�ðyþt1Þ
i

ky
8t1
y�y�1
1

¼wl11i z
l12
i e�ðyþt1Þþl11y

i Zl12si
ky
8t1

e�Mðt�Ti�1Þ �
1

4

� �ðl11�1Þyþsl12�1

5 %llwl11i z
l12
i ; x ¼ 1; Ti�14t4Ti

holds if the following inequality holds:

e�ðyþt1Þþl11y
i Zl12si

ky
8t1

4�ðl11yþsl12Þ5%ll: ð4:12Þ

Similarly, we have

zix5%llwl21i z
l22
i

holds if the following inequality holds:

el21yi Z�ðsþt2Þþl22s
i

ls
8t2

4�ðl21yþsl22Þ5%ll: ð4:13Þ

By the choices of k; l one see that (4.12) and (4.13) hold if

e
�½ð1�l11Þyþt1�þ

l12l21ys
ð1�l22Þsþt2

i 51;

Zi ¼
s4�ðl21yþsl22Þ

8t2 %ll

� � 1
ð1�l22Þsþt2

e
l21y

ð1�l22Þsþt2
i : ð4:14Þ
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Set ei ¼ að 14 Þ
i; Zi ¼ bð

1
4
Þi; i ¼ 1; . . . ;N ; then (4.14) holds if

a
1

4

� �i !�½ð1�l11Þyþt1�þ
l12l21ys

ð1�l22Þsþt2

51

b ¼ 4i
s4�ðl21yþsl22Þ

8t2 %ll

� � 1
ð1�l22Þsþt2

a
1

4

� �i ! l21y
ð1�l22Þsþt2

: ð4:15Þ

A direct calculation shows

� ½ð1� l11Þyþ t1� þ
l12l21ys

ð1� l22Þsþ t2

¼
sy

ð1� l22Þsþ t2
l12l21 �

m1 þ 1

p1 þ 1
� l11

� �
m2 þ 1

p2 þ 1
� l22

� �� �
40:

Hence, for fixed i we can choose a and b sufficiently small such that (4.15)
holds and

w1ðx; 0Þ ¼ e1 1�
1

4
ð1� f1Þ

k
e
t1
1

" #( )�y

5e�y
1 ¼

a
4

� ��y
5 max

04x41
u0ðxÞ5u0ðxÞ;

z1ðx; 0Þ ¼ Z1 1�
1

4
ð1� f2Þ

l
Z
t2
1

" #( )�s

5Z�s
1 ¼

b
4

� ��s

5 max
04x41

v0ðxÞ5v0ðxÞ:

For the above fixed a and b; when i ¼ 2; . . . ;N ; we have

wi�1ðx; Ti�1Þ ¼ ei�1 e�MðTi�1�Ti�2Þ �
1

4
ð1� f1Þ

k
e
t1
i�1

" #( )�y

4 ei�1
1

4

� ��y

¼ e�y
i 4wiðx; Ti�1Þ

and

zi�1ðx; Ti�1Þ ¼ Zi�1 e
�MðTi�1�Ti�2Þ �

1

4
ð1� f1Þ

l
Z
t2
i�1

" #( )�s

4 Zi�1
1
4

� ��s¼ Z�s
i 4ziðx; Ti�1Þ:
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This shows that ðw; zÞ is an upper solution of (1.1) with %ll on Qi: By
comparison principle we have ðu; vÞ4ðwi; ziÞ on Qi; i ¼ 1; . . . ;N : It is obvious
that there exist CðT Þ: 05CðT Þ5þ1 such that (4.11) holds. This completes
the proof of Lemma 4.5. ]

Lemma 4.6 Assume m15p1; m2 > p2: If l115m1

p1
; l225m2þ1

p2þ1
and l12l214

ðm1

p1
� l11Þðm2þ1

p2þ1
� l22Þ; then the solution ðu; vÞ of (1.1) exists globally.

Proof. First, we consider the following cases:

ð1Þ p141; ð2Þ p1 > 1 and m141; ð3Þ p1 > 1; m1 > 1 and l115m1�1
p1�1

:

As in Lemma 4.5, it suffices to prove that for any T > 0 there exists
CðT Þ > 0 such that (4.11) holds. To this aim, denote y ¼ 1

ð1�l11Þ
> 1; s ¼

p2
m2�p2

; a ¼ p1 � m1; k ¼ 1
p1�ðp1�m1Þy

51; c ¼ maxf1; ð y
2t1
Þp1 ð1þ 2p1ðy�1Þ

t1
Þ=

ðkm1yÞg; M ¼ maxf1;ðl
p2þ1sp2�1ð2t2þp2ðsþ2ÞÞ

8
p2t
p2þ1
2

m2
g and

l ¼ 2
3þ

2sl22þð2s12þ1Þ½ð1�l22Þsþt2�
sl12

%llt2½1þ cðlog 2þ 1Þ�yl21
s

�
%llt1
y

 !ð1�l22Þsþt2
sl12

:

It is obvious that for any given T : 05T5þ1 there exists natural
number N ¼ N ðT Þ such that N log 2M > T > ðN�1Þ log 2

M : Take

wiðx; tÞ ¼ eif½1þ ceai ðt þ 1� Ti�1Þ�k � f1ðxÞg
y ¼ eiyy1

and

ziðx; tÞ ¼ Zi e
�Mðt�Ti�1Þ �

1

4
ð1� f2ðxÞÞ

l
Z
t2
i

" #( )�s

¼ Z�s
i y

�s
2

where T0 ¼ 0; Ti ¼
i log 2
M ; i ¼ 1; . . . ;N and ei; Zi > 0 are all constants to be

determined later.
It is also obvious that for any given i ¼ 1; . . . ;N ; yjðx; tÞ; j ¼ 1; 2 are well

defined on Qi :¼ ½0; 1� � ½Ti�1; Ti� \ ½0; 1�0� ½0; T � and

1

4
4y14ekai ½1þ cð1þ log 2Þ�;

1

4
4y241 ð4:16Þ

if ei is sufficiently large.
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Thus, by direct calculations we have for ðx; tÞ 2 Qi; i ¼ 1; . . . ;N

ðwm1
i Þt ¼ em1þa

i ckm1yy
m1y�1
1 ½1þ ceai ðt þ 1� Ti�1Þ�k�1;

wix ¼ ei
y
2t1
x
1
t1
�1yy�11 ;

ðwp1ix Þx ¼
y
2t1

� �p1
ep1i ðyp1ðy�1Þ1 xÞx

¼
y
2t1

� �p1
ep1i yp1ðy�1Þ1 þ

p1ðy� 1Þ
2t1

yp1ðy�1Þ�11 x
1
t1

� �

4
y
2t1

� �p1
ep1i y

p1ðy�1Þ
1 1þ

2p1ðy� 1Þ
t1

� �

¼
y
2t1

� �p1
em1þa
i ym1y�1

1 yðp1�m1Þy�p1þ1
1 1þ

2p1ðy� 1Þ
t1

� �
:

For the present case, a direct calculation shows that ðp1 � m1Þy� p1 þ 150
and k > 1 if ðp1 � m1Þy� p1 þ 1 > 0 while k ¼ 1 if ðp1 � m1Þy� p1 þ 1 ¼ 0:
Therefore,

ðwp1ix Þx4
y
2t1

� �p1
em1þa
i ym1y�1

1

� ½1þ ceai ðt þ 1� Ti�1Þ�k½ðp1�m1Þy�p1þ1� 1þ
2p1ðy� 1Þ

t1

� �

¼
y
2t1

� �p1
em1þa
i ym1y�1

1 ½1þ ceai ðt þ 1� Ti�1Þ�k�1 1þ
21ðy� 1Þ

t1

� �

4em1þa
i ym1y�1

1 ½1þ ceai ðt þ 1� Ti�1Þ�k�1ckm1y

¼ ðwm1
i Þt:

As in Lemma 4.5, we have

ðzm2
i Þt5ðzp2ix Þx; ðx; tÞ 2 Qi:

Obviously,

wixjx¼0 ¼ 0; zixjx¼0 ¼ 0:
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Using yð1� l11Þ � 1 ¼ 0 we see that

wix ¼ ei
y
2t1
yy�11 ¼ wl11i z

l12
i e1�l11i Zl12si

y
2t1
yyð1�l11Þ�11 ysl122

5wl11i z
l12
i e1�l11i Zl12si

y
2t1

1

4

� �sl12

5%llwl11i z
l12
i ; x ¼ 1; Ti�14t4Ti

holds if the following inequality holds:

e1�l11i Zl12si
y

t122sl12þ1
5%ll: ð4:17Þ

Using (4.16) we know that

zix ¼ Z�ðsþt2Þ
i

sl
8t2
y�s�1
2

¼wl21i z
l22
i e�l21i Z�ðsþt2Þþl22s

i
ls
8t2
y�yl21
1 yðl22�1Þs�12

5wl21i z
l22
i e�ð1þakyÞl21

i Z
�
ðsþt2Þþl22sls½1þcðlog 2þ1Þ��yl21

t222l22sþ3
i

5 %llwl21i z
l22
i ; x ¼ 1; Ti�14t4Ti

holds if the following inequality holds:

e�ð1þakyÞl21
i Z�ðsþt2Þþl22s

i
ls½1þ cðlog 2þ 1Þ��yl21

t222l22sþ3
5%ll: ð4:18Þ

By the choice of l one see that (4.17) and (4.18) hold if

e
1�l11�

l12l21ð1þakyÞs
ð1�l22Þsþt2

i 51;

Zi ¼
ls

t222l22sþ3½1þ cðlog 2þ 1Þ�yl21 %ll

� � 1
ð1�l22Þsþt2

� e
�
l21ð1þakyÞ
ð1�l22Þsþt2
i : ð4:19Þ

Set ei ¼ að2þ log 2Þ
kyi

1þaky; Zi ¼ bð
1
4
Þi; i ¼ 1; . . . ;N ; then (4.19) holds if

ðað2þ log 2Þ
kyi

1þakyÞ
1�l11�

l12l21ð1þakyÞs
ð1�l22Þsþt2 51;
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b ¼ 4i
ls

t222l22sþ3½1þ cðlog 2þ 1Þ�yl21 %ll

� � 1
ð1�l22Þsþt2

� e
�
l21ð1þakyÞ
ð1�l22Þsþt2
i : ð4:20Þ

A direct calculation shows that

1� l11 �
l12l21ð1þ akyÞs
ð1� l22Þsþ t2

¼ �
sð1þ akyÞ

sð1� l22Þ þ t2
l12l21 �

m1

p1
� l11

� �
m2 þ 1

p2 þ 1
� l22

� �� �
50:

Hence, for fixed i we can choose a sufficiently large and then choose b
sufficiently small to satisfy (4.20) and

w1ðx; 0Þ ¼ e1f½1þ cea1�
k � f1ðxÞg

y5e1ð 14 Þ
y ¼ að2þ log 2Þky=ð1þakyÞð 1

4
Þy

5 max
04x41

u0ðxÞ5u0ðxÞ;

z1ðx; 0Þ ¼ fZ1½1�
1
4
ð1� f2Þ

l
Z
t2
1 �g�s5ðZ1Þ

�s ¼ ð4bÞ
s5 max

04x41
v0ðxÞ5v0ðxÞ:

For the above fixed a; b and i ¼ 2; . . . ;N ; we have

wi�1ðx; Ti�1Þ4e1þaky
i�1 ½1þ cðlog 2þ 1Þ�ky

4ckye1þaky
i�1 ½2þ log 2�ky ¼ ckye1þaky

i 4wiðx; Ti�1Þ;

zi�1ðx; Ti�1Þ ¼ Zi�1 e
�MðTi�1�Ti�2Þ � 1

4
ð1� f1Þ

l
Z
t2
i�1

" #( )�s

4ðZi�1
1
4Þ
�s ¼ Z�s

i 4ziðx; Ti�1Þ:

This shows that ðwi; ziÞ is an upper solution of (1.1) with %ll on Qi: By
comparison principle we have ðu; vÞ4ðwi; ziÞ on Qi; i ¼ 1; . . . ;N : Therefore,
there exist CðT Þ: 05CðT Þ5þ1 such that (4.11) holds. And hence the
solution ðu; vÞ of (1.1) exists globally.
Secondly, we consider the following case:
ð4Þ p1 > 1; m1 > 1 and l115m1�1

p1�1
:
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As above, it suffices to prove that there exist CðT Þ: 05CðT Þ5þ1 such

that (4.11) holds. To this aim, denote y ¼ p1�1
p1�m1

> 1; a ¼ ð1�m1=p1Þ
ðm1=p1�l11Þ

� p1�m1

p1�1
> 0;

s ¼ p2
m2�p2

; c ¼ maxf2; ð yt1Þ
p1ð1þ p1ðy�1Þ

t1
Þ=ðm1yÞg; t ¼ a�ðp1�m1Þ

p1
and M ; l as

above.
For the present case, a direct calculation shows that 05a5p1 � m1; t50;

tþ a½ð1� l11Þy� 1� ¼ 0 and 1�l11
1þay ¼

m1

p1
� l11: Take

wiðx; tÞ ¼ eif1þ ceai ðt þ 1� Ti�1Þ þ ð1� f1ðxÞÞ
eti gy ¼ eiyy1 :

and

ziðx; tÞ ¼ fZi½e
�Mðt�Ti�1Þ � 1

4
ð1� f2ðxÞÞ

l
Z
t2
i �g�s ¼ Zsi y

�s
2 :

where T0 ¼ 0; Ti ¼
i log 2
M ; i ¼ 1; . . . ;N and ei; Zi > 0 are all constants to be

determined later.
It is obvious that for any given i ¼ 1; . . . ;N ; yjðx; tÞ; j ¼ 1; 2; are well

defined on Qi :¼ ½0; 1� � ½Ti�1; Ti� \ ½0; 1� � ½0; T � and

14ceai4y14eai ½1þ cð1þ log 2Þ�;
1

4
4y241 ð4:21Þ

if ei is sufficiently large.
By direct calculations we have for ðx; tÞ 2 Qi

ðwm1
i Þt ¼ em1þa

i cm1yy
m1y�1
1 ;

wix ¼ e1þt
i

y
2t1

ð1� f1ðxÞÞ
eti�1x1=t1�1yy�11 ;

ðwp1ix Þx ¼
y
2t1

� �p1
ep1ð1þtÞ
i ðyp1ðy�1Þ1 ð1� f1ðxÞÞ

p1ðeti�1ÞxÞx

¼
y
2t1

� �p1
ep1ð1þtÞ
i

(
yp1ðy�1Þ1 ð1� f1ðxÞÞ

p1ðeti�1Þ

þ
p1ðeti � 1Þ

2t1
yp1ðy�1Þ1 ð1� f1ðxÞÞ

p1ðeti�1Þ�1x1=t1

þ
p1ðy� 1Þeti

2t1
yp1ðy�1Þ�11 ð1� f1ðxÞÞ

ðp1þ1Þðeti�1Þx1=t1
)



SHU WANG456
4
y
2t1

� �p1
ep1ð1þtÞ
i yp1ðy�1Þ1 2p1 þ

p1ðy� 1Þ
2t1

2p1þ1
� �

¼
y
t1

� �p1
em1þa
i ym1y�1

1 yðp1�m1Þy�p1þ1
1 1þ

p1ðy� 1Þ
t1

� �

� em1þa
i cm1yy

m1y�1
1 4ðwm1

i Þt:

(Here, we have used that eti41; y151; ðp1 � m1Þy� p1 þ 1 ¼ 0:)
As in Lemma 4.5, we have

ðzm2
i Þt5ðzp2ix Þx; ðx; tÞ 2 Qi:

Obviously,

wixjx¼0 ¼ 0; zixjx¼0 ¼ 0:

Using tþ a½yð1� l11Þ � 1� ¼ 0; 1�l11
1þay ¼

m1

p1
� l11 and (4.21) we have

wix ¼ e1þt
i

y
2t1
yy�11 ¼ wl11i z

l12
i e1þt�l11

i Zl12si
y
2t1
yð1�l11Þy�11 ysl122

5wl11i z
l12
i e1�l11þtþaðð1�l11Þy�1Þ

i 8Zl12si
y
2t1

1

4

� �sl12

¼wl11zl12e1�l11i Zl12si
y
2t1

1

4

� �sl12

; x ¼ 1; Ti�14t4Ti:

Therefore, if (4.17) and (4.18) with k ¼ 1 hold, then for x ¼ 1; Ti�14t4Ti

wix5%llwl11zl12 ; zix5%llwl21zl22

hold.
Thus, as above we can get our results.
This completes the proof of Lemma 4.6. ]

Lemma 4.7. Assume m1 > p1;m25p2: If l115m1þ1
p1þ1

; l225m2

p2
and l12l214

ðm1þ1
p1þ1

� l11Þðm2

p2
� l22Þ; then the solution ðu; vÞ of (1.1) exists globally.

Proof. The proof is similar to that of Lemma 4.6. ]

Lemma 4.8. Assume m1 ¼ p1;m2 > p2: If l1151; l225m2þ1
p2þ1

and l12l214

ð1� l11Þðm2þ1
p2þ1

� l22Þ; then the solution ðu; vÞ of (1.1) exists globally.

Proof. As in Lemma 4.5, it suffices to prove that there exist CðT Þ:
05CðT Þ5þ1 such that (4.11) holds. To this aim, take

wiðx; tÞ ¼ eif½1þ cðt þ 1� Ti�1Þ�k � f1ðxÞg
y ¼ eiyy1
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and

ziðx; tÞ ¼ fZi½e
�Mðt�Ti�1Þ � 1

4
ð1� f2ðxÞÞ

l
Z
t2
i �g�s ¼ Zsi y

�s
2 ;

where T0 ¼ 0; Ti ¼
i log 2
M ; i ¼ 1; . . . ; ;N ; y ¼ 1

1�l11
;s; l;M ; c as above, and

k ¼
1; m1 ¼ p151;

1
m1
; m1 ¼ p151:

8<
:

Similar to the above arguments we can show that there exist positive
constants ei and Zi such that ðwi; ziÞ is an upper solution of (1.1) with %ll on Qi:
By comparison principle we have ðu; vÞ4ðwi; ziÞ on Qi; i ¼ 1; . . . ;N :
Therefore, there exist CðT Þ: 05CðT Þ5þ1 such that (4.11) holds. And
hence the solution ðu; vÞ of (1.1) exists globally.
This completes the proof of Lemma 4.8. ]

Lemma 4.9. Assume m1 > p1;m2 ¼ p2: If l115m1þ1
p1þ1

; l2251 and l12l214
ðm1þ1
p1þ1

� l11Þð1� l22Þ; then the solution ðu; vÞ of (1.1) exists globally.

Proof. The proof is similar to that of Lemma 4.8.

By Lemmas 4.1–4.9 we get the proof of the sufficiency. ]

5. PROOF OF THE NECESSITY

We will complete the proof of the necessity by a series of lemmas.
In this section we denote ti ¼

pi
piþ1

; i ¼ 1; 2 and use
%
l to denote a positive

constant satisfying
%
l5l:

First we will prove a result, which are useful as we proceed, from linear
algebra.

Lemma 5.1. Assume that a11; a2250; a12; a21 > 0 and a12a21 > a11a22:
Then for any given a1; a2 2 R1; there exist k; l > 1 such that

a11k � a12lþ a140;

�a21k þ a22lþ a240: ð5:1Þ

Proof. When a11 > 0; a22 > 0; by a12a21 > a11a22 we have 05a11=a125
a21=a22: Therefore, there exists m > 0 such that 05a11=a125m5a21=a22:
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Set

k ¼ max 2;
2

m
;
a1
a12

=ðm�
a11
a12

Þ;�
a2
a22

= m�
a21
a22

� �� �
; l ¼ km;

then k; l > 1 satisfy (5.1).
When a11 ¼ 0; a22 > 0; set

l ¼ max 2;
ax1
a12

� �
; k ¼ maxf2; ða22lþ a2Þ=a21g:

When a11 ¼ 0; a22 ¼ 0; set

l ¼ max 2;
a1
a12

� �
; k ¼ max 2;

a2
a21

� �
:

When a11 > 0; a22 ¼ 0; set

k ¼ max 2;
a2
a21

� �
; l ¼ maxf2; ða11k þ a1Þ=a12g:

Then k; l > 1 satisfy (5.1). ]

Lemma 5.2. If l11 > minfm1

p1
; m1þ1
p1þ1

g or l22 > minfm2

p2
; ðm2 þ 1Þ=ðp2 þ 1Þg:

Then the solution ðu; vÞ blows up in finite time.

Proof. When l11 > minfm1

p1
; m1þ1
p1þ1

g; the local solution ðu; vÞ of (1.1) satisfies
ðu; vÞ5ðd; dÞ; it follows that

ux ¼ lul11vl125ldl12ul11 ; x ¼ 1; t > 0:

Consider the following single parabolic problem:

ðjwjm1�1wÞt ¼ ðjwxjp1�1wxÞx; 05x51; t > 0;

wxjx¼0 ¼ 0; wxjx¼1 ¼
%
ldl12wl11 jx¼1; t > 0;

wðx; 0Þ ¼ u0ðxÞ5d > 0; 04x41:

Then wðx; tÞ blows up in finite time (see [47]). Choose ð
%
u;

%
vÞ ¼ ðw; dÞ; by using

ðu; vÞ5ðd; dÞ; it is easy to verify that ð
%
u;

%
vÞ is a lower solution of (1.1) with

%
lð5lÞ: By the comparison principle we have that ðu; vÞ5ð

%
u;

%
vÞ; and hence

ðu; vÞ blows up in finite time.
When l22 > minfm2

p2
; m2þ1
p2þ1

g; the proof is similar. ]

Lemma 5.3. Assume that mi5pi; i ¼ 1; 2: If l114m1

p1
; l224m2

p2
and l12l214

ðm1

p1
� l11Þðm2

p2
� l22Þ; then the solution ðu; vÞ blows up in finite time.
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Proof. By Lemma 5.1 we see that there exist k; l > 1 satisfying

s ¼
m1

p1
� l11

1� m1

p1

k �
l12

1� m2

p2

l�
l12

p2 � m2
þ

1� l11
p1 � m1

40;

r ¼ �
l21

1� m1

p1

k þ
m2

p2
� l22

1� m2

p2

l�
l21

p1 � m1
þ

1� l22
p2 � m2

40: ð5:2Þ

Let k; l satisfy (5.2), define yðx; tÞ ¼ að1þ x
1
t1 Þ þ ðb� ctÞ�k ; zðx; tÞ ¼ a

ð1þ x
1
t2 Þ þ ðb� ctÞ�l; y ¼ ðp1 þ 1

kÞ=ðp1 � m1Þ; s ¼ ðp2 þ 1
lÞ=ðp2 � m2Þ and

take

%
uðx; tÞ ¼ yy;

%
vðx; tÞ ¼ zs;

where

b ¼ maxfðd�12yÞ1=ðkyÞ; ðd�12sÞ1=ðlsÞg;

a ¼ minf2�1b�k ; 2�1b�l;
%
lt1y

�1bs21þl11y�y;
%
lt2s�1br21þl22s�sg;

c ¼ min
ap1yp1�1

km1t
p1
1

;
ap2sp2�1

lm2t
p2
2

� �
:

By direct computations we have for x 2 ð0; 1Þ; 05t5b=c

ð
%
um1Þt ¼ m1yckym1y�1ðb� ctÞ�k�1;

%
ux ¼

ay
t1
yy�1x

1
t1
�1
;

ðð
%
uxÞ

p1Þx ¼
ay
t1

� �p1
ðyp1ðy�1ÞxÞx

¼
ay
t1

� �p1
yp1ðy�1Þ þ

ap1ðy� 1Þ
t1

yp1ðy�1Þ�1x
1
t1

� �
:

Since y ¼ ðp1 þ 1
kÞ=ðp1 � m1Þ >

p1
p1�m1

> 1; by y5ðb� ctÞ�k we have

ðð
%
uxÞ

p1 Þx5
ay
t1

� �p1
yp1ðy�1Þ ¼

ay
t1

� �p1
ym1y�1yðp1�m1Þy�p1þ1

¼
ay
t1

� �p1
ym1y�1y

kþ1
k 5

ay
t1

� �p1
ym1y�1ðb� ctÞ�ðkþ1Þ

5m1ckyym1y�1ðb� ctÞ�ðkþ1Þ ¼ ð
%
um1 Þt; x 2 ð0; 1Þ; 05t5b=c;
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i.e.,

ðð
%
uxÞ

p1 Þx5ð
%
um1Þt; x 2 ð0; 1Þ; 05t5b=c: ð5:3Þ

Similarly, we have

ðð
%
vxÞ
p2 Þx5ð

%
vm2Þt; x 2 ð0; 1Þ; 05t5b=c: ð5:4Þ

Obviously,

%
uxjx¼0 ¼

%
uxjx¼0 ¼ 0; 05t5b=c: ð5:5Þ

By the choices of a; b and c we have

ðb� ctÞ�k4y42ðb� ctÞ�k ; ðb� ctÞ�l4z42ðb� ctÞ�l: ð5:6Þ

By the expressions of y;s; the assumptions of this lemma and (5.2) we have

yð1� l11Þ > 1; �k½ð1� l11Þy� 1� þ l12ls ¼ �s50: ð5:7Þ

Using (5.6) and (5.7) we get

%
ux ¼

ay
t1
yy�1 ¼

%
ul11

%
vl12
ay
t1
yyð1�l11Þ�1z�l12s

4
%
ul11

%
vl12
ay
t1

2yð1�l11Þ�1ðb� ctÞ�k½yð1�l11Þ�1�þl12ls

¼
%
ul11

%
vl12
ay
t1

2yð1�l11Þ�1ðb� ctÞ�s

4
%
ul11

%
vl12
ay
t1

2yð1�l11Þ�1b�s4
%
l
%
ul11

%
vl12 ; x ¼ 1; 05t5b=c;

i.e.,

%
ux4

%
lul11

%
vl12 ; x ¼ 1; 05t5b=c: ð5:8Þ

Similarly, we have

%
vx4

%
lul21

%
vl22 ; x ¼ 1; 05t5b=c: ð5:9Þ
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By the choices of a and b we have that for x 2 ½0; 1�;

%
uðx; 0Þ ¼ ðað1þ x

1
t1Þ þ b�kÞy4ð2b�kÞy4d4u0ðxÞ;

%
vðx; 0Þ ¼ ðað1þ x

1
t1Þ þ b�lÞs4ð2b�lÞs4d4v0ðxÞ: ð5:10Þ

From (5.3)–(5.5), (5.8)–(5.10) we see that ð
%
u;

%
vÞ is a lower solution of (1.1)

with
%
l: Therefore, ðu; vÞ5ð

%
u;

%
vÞ: Obviously, ð

%
u;

%
vÞ blows up in finite time. And

hence ðu; vÞ blows up in finite time. ]

Lemma 5.4. Assume m15p1; m2 ¼ p2: If l114m1

p1
; l2241 and l12l21 >

ðm1

p1
� l11Þð1� l22Þ; then the solution ðu; vÞ of (1.1) blows up in finite time.

Proof. It follows from Lemma 5.1 that there exist k; l > 1 such that

s ¼
m1

p1
� l11

1� m1

p1

k � l12lþ
1� l11
p1 � m1

40;

r ¼ �
l21

1� m1

p1

k þ ð1� l22Þl� l21
p1�m1

þ 140: ð5:11Þ

Set yðx; tÞ ¼ að1þ x
1
t1 Þ þ ðb� ctÞ�k ; zðx; tÞ ¼ ðb�1 þ dðx2 þ x� 2ÞÞ�1 � ct;

y ¼ ðp1 þ 1
kÞ=ðp1 � m1Þ and let

%
uðx; tÞ ¼ yyðx; tÞ;

%
vðx; tÞ ¼ z�lðx; tÞ;

where k; l satisfy (5.11) and

b ¼ maxfd�1=l; ðd�12yÞ1=ðkyÞg; a ¼ min
1

2
b�k ; %

lt
y
bs21�ð1�l11Þy

� �

d ¼ min
1

4b
; %
lbr�2

3l

� �
; c ¼ min

ðdlÞp2bp2þ2dp2ðl� 1Þ
2p2lm2

;
ap1yp1�1

km1t
p1
1

� �
:

By the expression of d we have for 04x41; 05t5b=c

1

2b
4
1

b
þ dðx2 þ x� 2Þ4

1

b
; 04z42b: ð5:12Þ

Using (5.12), by direct computations we have

ð
%
vm2Þt ¼ clm2z�m2l�1;

%
vx ¼ dlz�l�1ðb�1 þ dðx2 þ x� 2ÞÞ�2ð2xþ 1Þ;
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ð
%
vp2x Þx ¼ ðdlÞp2 ðz�p2ðlþ1Þðb�1 þ dðx2 þ x� 2ÞÞ�2p2 ð2xþ 1Þp2Þx

¼ ðdlÞp2fz�p2ðlþ1Þðb�1 þ dðx2 þ x� 2ÞÞ�2p22p2ð2xþ 1Þp2�1 þ z�p2ðlþ1Þ�1

� ðb�1 þ dðx2 þ x� 2ÞÞ�2p2�2ð2xþ 1Þp2þ1dp2

� ½lþ 1� 2zðb�1 þ dðx2 þ x� 2ÞÞ�g

5 ðdlÞp2z�p2l�1ð2bÞ�p2b2p2þ2dp2ðl� 1Þ

¼ ðdlÞp2z�m2l�1ð2bÞ�p2b2p2þ2dp2ðl� 1Þ

5 clm2z�m2l�1 ¼ ð
%
vm2 Þt; x 2 ð0; 1Þ; 05t5b=c;

i.e.,

ðð
%
vxÞ
p2 Þx5ð

%
um2 Þt; x 2 ð0; 1Þ; 05t5b=c: ð5:13Þ

As in Lemma 5.3, we have

ðð
%
uxÞ

p1Þx5ð
%
um1 Þt; x 2 ð0; 1Þ; 05t5b=c: ð5:14Þ

Obviously,

%
uxjx¼050;

%
vxjx¼050; 05t5b=c: ð5:15Þ

Using (5.11) we get for x ¼ 1; 05t5b=c

%
ux ¼

ay
t1
yy�14

%
ul11

%
vl12
ay
t1
yyð1�l11Þ�1zl12l

4
ay
t1

2yð1�l11Þ�1ðb� ctÞ�k½yð1�l11Þ�1�þl12l
%
ul11

%
vl12

¼
ay
t1

2yð1�l11Þ�1ðb� ctÞ�s
%
ul11

%
vl12

4
ay
t1

2yð1�l11Þ�1b�s
%
ul11

%
vl12

4
%
l
%
ul11

%
vl12 ; x ¼ 1; 05t5b=c;

i.e.,

%
ux4

%
lul11

%
vl12 ; x ¼ 1; 05t5b=c: ð5:16Þ
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And

%
vx ¼ 3ldb2ðb� ctÞ�l�1

¼
%
ul21

%
vl223ldb2y�yl21 ðb� ctÞl22l�l�1

4
%
ul21

%
vl223ldb2ðb� ctÞl22l�l�1þykl21

¼
%
ul21

%
vl223ldb2ðb� ctÞ�r

4
%
ul21

%
vl223ldb2b�r4

%
lul21

%
vl22 ;

i.e.,

%
v x4

%
lul21

%
vl22 ; x ¼ 1; 05t5b=c: ð5:17Þ

For x 2 ½0; 1�; we have

%
uðx; 0Þ ¼ ðað1þ x

1
t1Þ þ b�kÞy4ð2b�kÞy4d4u0ðxÞ;

%
vðx; 0Þ ¼ ðb�1 þ dðx2 þ x� 2ÞÞl4b�l4d4v0ðxÞ: ð5:18Þ

From (5.13)–(5.18) we see that ð
%
u;

%
vÞ is a lower solution of (1.1) with

%
l:

Therefore, ðu; vÞ � ð
%
u;

%
vÞ: Obviously, ð

%
u;
%
vÞ blows up in finite time. And hence

ðu; vÞ blows up in finite time. ]

Lemma 5.5. Assume m1 ¼ p1; m25p2: If l1141; l224
m2

p2
and l12l214

ð1� l11Þðm2

p2
� l22Þ; then the solution ðu; vÞ of (1.1) blows up in finite time.

Proof. The proof is similar to that of Lemma 5.4. ]

Lemma 5.6. Assume m1 ¼ p1; m2 ¼ p2: If l1141; l2241 and l12l21 >
ð1� l11Þð1� l22Þ; then the solution ðu; vÞ of (1.1) blows up in finite time.

Proof. The proof is similar to that of Lemma 5.4. ]

Lemma 5.7. Assume that mi > pi; i ¼ 1; 2: If l114m1þ1
p1þ1

; l224m2þ1
p2þ1

and l12l214ðm1þ1
p1þ1

� l11Þðm2þ1
p2þ1

� l22Þ; then the solution ðu; vÞ blows up in finite

time.
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Proof. By Lemma 5.1 we see that there exist k; l > 1 satisfying

s ¼
m1þ1
p1þ1

� l11
m1þ1
p1þ1

� 1
k �

l12
m2þ1
p2þ1

� 1
lþ

l12
m2 � p2

�
1� l11
m1 � p1

40;

r ¼ �
l21

m1þ1
p1þ1

� 1
k þ

m2þ1
p2þ1

� l22
m2þ1
p2þ1

� 1
l�

l21
p1 � m1

þ
1� l22
p2 � m2

40: ð5:19Þ

Define yðx; tÞ ¼ að1� xÞ þ ðb� ctÞk ; zðx; tÞ ¼ að1� xÞ þ ðb� ctÞl; y ¼ ðp1 þ
k�1
k Þ=ðm1 � p1Þ; s ¼ ðp2 þ 1�1

l Þ=ðm2 � p2Þ;
%
uðx; tÞ ¼ y�y;

%
vðx; tÞ ¼ z�s; where

k; l satisfy (5.19) and

b ¼ maxfðd2yÞ�1=ðkyÞ; ðd2sÞ�1=ðlsÞg;

a ¼ min bk ; bl; %
lbs

y
; %
lbr
s

� �
;

c ¼ min
ðayÞp1ap1ðyþ 1Þ

m1yk
;
ðasÞp2ap2ðsþ 1Þ

m2sl

� �
:

By direct computations we have

ð
%
um1 Þt ¼ m1ycky�m1y�1ðb� ctÞk�1;

%
ux ¼ ayy�y�1;

ðð
%
uxÞ

p1 Þx ¼ ðayÞp1 ðyp1ð�y�1ÞÞx

¼ ðayÞp1ap1ðyþ 1Þy�m1y�1yðm1�p1Þy�p1

5 ðayÞp1ap1ðyþ 1Þy�m1y�1ðb� ctÞk½ðm1�p1Þy�p1�

¼ ðayÞp1ap1ðyþ 1Þy�m1y�1ðb� ctÞk�1

5m1ykcy�m1y�1ðb� ctÞk�1 ¼ ð
%
um1Þt; x 2 ð0; 1Þ; 05t5b=c

(here we have used that y > p1
m1�p1

)
i.e.,

ðð
%
uxÞ

p1 Þx5ð
%
um1Þt; x 2 ð0; 1Þ; 05t5b=c: ð5:20Þ

Similarly, we have

ðð
%
vxÞ
p2 Þx5ð

%
vm2Þt; x 2 ð0; 1Þ; 05t5b=c: ð5:21Þ
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Obviously,

%
uxjx¼0 ¼

%
uxjx¼0 ¼ 0; 05t5b=c: ð5:22Þ

By the expressions of y;s; the assumptions of this lemma and (5.19) we have

l12lsþ kðl11y� 1� yÞ ¼ �s50: ð5:23Þ

Using (5.23) we get

%
ux ¼ ayðb� ctÞ

�kðyþ1Þ ¼
%
ul11

%
vl12ayðb� ctÞ�kðyþ1Þþkl11yþl12sl

¼
%
ul11

%
vl12ayðb� ctÞ�s4

%
ul11

%
vl12ayb�s4

%
l
%
ul11

%
vl12 ; x ¼ 1; 05t5b=c;

i.e.,

%
ux4

%
lul11

%
vl12 ; x ¼ 1; 05t5b=c: ð5:24Þ

Similarly, we have

%
vx4

%
lul21

%
vl22 ; x ¼ 1; 05t5b=c: ð5:25Þ

By the choices of a and b we have that for x 2 ½0; 1�;

%
uðx; 0Þ ¼ ðað1� xÞ þ bkÞ�y4ð2bkÞ�y4d4u0ðxÞ;

%
vðx; 0Þ ¼ ðað1� xÞ þ b�lÞ�s4ð2blÞ�s4d4v0ðxÞ: ð5:26Þ

From (5.20)–(5.22), (5.24)–(5.26) we see that ð
%
u;

%
vÞ is a lower solution of (1.1)

with
%
l: Therefore ðu; vÞ � ð

%
u;

%
vÞ: Obviously, ð

%
u;

%
vÞ blows up in finite time.

And hence ðu; vÞ blows up in finite time. ]

Lemma 5.8. Assume that m1 ¼ p1 and m2 > p2: If l1141; l224m2þ1
p2þ1

; and

l12l21 > ð1� l11Þðm2þ1
p2þ1

� l22Þ; then the solution ðu; vÞ blows up in finite time.

Proof. By Lemma 5.1, we see that there exist k; l > 1 satisfying

s ¼ ð1� l11Þk �
l12

m2þ1
p2þ1

� 1
lþ

l12
m2 � p2

þ 140;

r ¼ �l21k þ
m2þ1
p2þ1

� l22
m2þ1
p2þ1

� 1
lþ

1� l22
p2 � m2

40:

Let k; l be as above, define yðx; tÞ ¼ ðb�1 þ dðx2 þ x� 2ÞÞ�1 � ct; zðx; tÞ ¼
að1� xÞ þ ðb� ctÞl; s ¼ ðp2 þ 1�1

l Þ=ðm2 � p2Þ;
%
uðx; tÞ ¼ y�k ;

%
vðx; tÞ ¼ z�s:
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As in Lemmas 5.4 and 5.7, it is easy to verify that there exist positive
constants a; b; c; d such that ð

%
u;

%
vÞ is a lower solution of (1.1) with

%
l:

Therefore, ðu; vÞ5ð
%
u;

%
vÞ: Obviously, ð

%
u;

%
vÞ blows up in finite time. And hence

ðu; vÞ blows up in finite time. ]

Lemma 5.9. Assume that m1 > p1 and m2 ¼ p2: If l114m1þ1
p1þ1

; l2241 and

l12l21 > ðm1þ1
p1þ1

� l11Þð1� l22Þ; then the solution ðu; vÞ blows up in finite time.

Proof. The proof is similar to that of Lemma 5.8. ]

Lemma 5.10. Assume that m1 > p1 and m25p2: If l114m1þ1
p1þ1

; l224m2

p2
and

l12l21 > ðm1þ1
p1þ1

� l11Þðm2

p2
� l22Þ; then the solution ðu; vÞ blows up in finite time.

Proof. By Lemma 5.1 we see that there exist k; l > 1 satisfying

s ¼
m1þ1
p1þ1

� l11
m1þ1
p1þ1

� 1
k �

l12
1� m2

p2

lþ
l12

m2 � p2
�

1� l11
m1 � p1

40;

r ¼ �
l21

m1þ1
p1þ1

� 1
k þ

m2

p2
� l22

1� m2

p2

l�
l21

p1 � m1
þ

1� l22
p2 � m2

40:

Let k; l be as above, define yðx; tÞ ¼ að1� xÞ þ ðb� ctÞk ; zðx; tÞ ¼
að1þ x

1
t2 Þ þ ðb� ctÞ�l; s ¼ ðp2 þ 1

lÞ=ðp2 � m2Þ; y ¼ ðp1 þ 1� 1
kÞ=ðm1 � p1Þ;

%
uðx; tÞ ¼ y�y;

%
vðx; tÞ ¼ zs:

As in Lemmas 5.3 and 5.7, it is easy to verify that there exist positive
constants a; b; c such that ð

%
u;

%
vÞ is a lower solution of (1.1) with

%
l: Therefore,

ðu; vÞ5ð
%
u;

%
vÞ: Obviously, ð

%
u;

%
vÞ blows up in finite time. And hence ðu; vÞ blows

up in finite time.

Lemma 5.11. Assume that m15p1 and m2 > p2: If l114m1

p1
; l224m2þ1

p2þ1
and

l12l21 > ðm1

p1
� l11Þðm2þ1

p2þ1
� l22Þ; then the solution ðu; vÞ blows up in finite time.

Proof. The proof is similar to that of Lemma 5.10. ]

By Lemmas 5.2–5.11 we get that the necessity holds.

Remark 5.1. The above blow up results turn out to be valid for the
following N-dimensional form of problem (1.1):

ðum1Þt ¼
XN
i¼1

ðjuxi j
p1�1uxi Þxi ; x 2 O; t > 0;

ðvm2Þt ¼
XN
i¼1

ðjvxi j
p2�1vxiÞxi ; x 2 O; t > 0;
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@u
@Z

¼ ul11vl12 ; x 2 @O; t > 0

@v
@Z

¼ ul21vl22 ; x 2 @O; t > 0

uðx; 0Þ ¼ u0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; x 2 %OO;

where O � RN is a bounded open set with smooth boundary @O; Z stands
the unit outward normal of @O to O:
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