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Abstract
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1. Introduction

We are concerned with nonlinear geometric optics for entropy solutions of multi-
dimensional scalar conservation laws:

Ou+divgF(u) =0, ueR, xeR", (1.1)

where F : R — R" is a smooth flux function. Consider the Cauchy problem (1.1) with
Cauchy data:

uli=0 = uy(X) == u + eur(p/e*, ..., ¢, /"), (1.2)

where u; is a periodic function of each of its n arguments whose period is denoted by
P = [0, 1]" (without loss of generality), u is a constant ground state, the linear phases

D:=(dy,...,9,):
b=y Jijx; (1.3)
=1

are linearly independent with constant matrix J = (J;j)1<;,j<n, and
o= (al,-"van) € [O,oo)"

is the magnitude indices of frequency of the initial oscillations. We seek a geometric
optics asymptotic expansion:

u®(t,x) = u + sv° (¢, x). (1.4)

In this paper, we develop a new approach including several basic frameworks and
new tools in Sections 2-5 to validate weakly nonlinear geometric optics via entropy
dissipation through compactness, scaling, homogenization, and L'-stability, and we
apply this approach first to the one-dimensional case in Section 4 and then to the
multidimensional case in Section 5 to recognize new multidimensional features and
validate nonlinear geometric optics for multidimensional scalar conservation laws by
extending the ideas and techniques in Section 4.

To illustrate multidimensional features clearly in nonlinear geometric optics, we focus
now on the two dimensional case. Let u := u® be the Krushkov solution of the Cauchy
problem:

Orut + Oxy f1(u) + Oy, f2(u) =0, (1.5)

(0, x1,x2) = ug(x1, x2) = u + ur(dy /%, d/eb), (1.6)
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where, as for the general setting (1.1)—(1.4), the linear phases (¢, ¢5):
¢y = aix; +axxz, ¢y :=Dbix; + baxy (1.7)
are linearly independent, and
oy, o =0.
The Krushkov solution is an L function u = u(t, x1, xp) satisfying
Orlu — k|+0x, (sign(u — k) (f1 () — f1(k)))+0x, (sign(u — k) (f2(u)— f2(k))) <O (1.8)

in the sense of distributions for any k € R. For the Krushkov solution u, we look for
an asymptotic expansion:

u=u(t,x1,x2) :=u+ev’(t, x1, x2). (1.9)

After, if necessary, a linear change of coordinates: x| — x; —apt, x2 — x2 — bot, we
may assume

flw) = frw) =0.

Since ¢; and ¢, are linearly independent, we can rewrite equation (1.5) in these
coordinates, even though they are not necessarily orthonormal, and perform a formal
asymptotic expansion to obtain

0v + e(ady, + by )v* + &% (cdy, +ddy v’ = &30y Ry + 0, R2), (1.10)
where

a= (a1 fi"W+af"W)/2. b= 0Gi1A"w+bf"W)/2,
c:=(@f"@+a fy"@)/6, d:=b1f{" W + b fy" w)/6, (1.11)

and R; := R;(v,u,¢), j = 1,2, are Lipschitz functions in v, u, and & with the form:
L 3 @) @) 4
Ri(v,u,e) = _6/ (1 -0 (alfl +arf, ) (u+¢ebv)dov, (1.12)
0

1 1
Rav,e) =~ [ (=07 (b0 + b2 @ eow a0t (113
0
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Define

_fa ¢\ _(a a fl//(ﬂ)/z fw(ﬂ)/é
M = (b d>_<b1 b2)<f2”(£)/2 ;//(w/6) (114)

We assume that the matrix M = M (u) is invertible. It is equivalent to require that both

(@ @) _ Do)
7= <b1 bz)_ D(x1, x2) (1.15)
and
_ (w2 f"w/6
N'_<fz”(z)/2 .2@/6) (1.16)

be invertible. Note that the invertibility of (1.15) is a corollary of the linear inde-
pendence of the phases (¢, ¢,), and the invertibility of (1.16) is an assumption of
genuine nonlinearity and “genuine multidimensionality”, which particularly implies that
the second derivatives of the fluxes f; and f, are not proportional on any interval in
a neighborhood of u. This type of nonlinear assumptions is enough to obtain com-
pactness; indeed, this nonlinear assumption is the strongest nonlinear assumption near
the constant ground state u. The compactness of solution operators can be achieved
by applying the compensated compactness method and the averaging lemma. In this
regard, we refer to Chen—Frid [2,3], Engquist-E [12], and Lions et al. [22].
The main problems concerned in this paper include

(i) identification of the formal limit V of v = v® as a function of 7 and the fast
variables, which turn out to be, for the simplest cases,

Xy = ¢/e™nD X, =y eminte D, (1.17)

(ii) justification of this asymptotics, that is, the strong convergence of v® to V
in L -
loc*

v¥ —V — 0 strongly in L} (1.18)

in the two systems of fast coordinates (z, X1, X») and of slow coordinates (t, x1, x2),
where V is the profile.

We emphasize that our purpose here is not necessarily to obtain the sharpest possible
results on the convergence rates, say in (1.18). In particular, contrarily to the one-
dimensional case, there is even no available result on decay rates of the total variation
of the solution to (1.5) with periodic initial data since genuine nonlinearity of the
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flux function fails, although there are some results of strong convergence to a constant
state, see [2,3,12,14]. Precisely, our goal here is to develop a new approach and apply
it to prove rigorously the results of strong convergence like (1.18) for entropy solutions,
by only using entropy dissipation through compactness, scaling, homogenization, and
L'-stability, without relying on the BV structure upon solutions.

There are too many cases to give here a precise statement of the results. Let us just
mention for the moment that, in the one-dimensional case with only one phase ¢ and
with X defined as in (1.17), there are three subcases for entropy solutions in L*°:

(i) If « > 1, then the initial oscillation is so fast that it is “canceled” by the
nonlinearity, that is, v® converges strongly to ¢ with

¢ = u; := mean value of u; over the period; (1.19)

@ii) If o = 1 that is the natural situation of weakly nonlinear geometrical optics
(WNLGO), then v® converges strongly to the profile ¢ in the fast variable X, which is
uniquely determined by the Cauchy problem:

0,0 +adxa® =0, a(0,X)=u(X): (1.20)

(iii) If o < 1, then the initial oscillation is so slow that, in the variable X = ¢ /&%,
v® converges strongly to ¢, which is determined by

0,0 =0, 0,X)=ui(X), (1.21)

that is, a(¢, X) = u(X).

These results are proved in Section 4. In the multidimensional case, the situation
is much more complicated: real new multidimensional features are involved and mul-
tidimensional phenomena occur (see Section 5, especially the examples in the two-
dimensional case), although some cases are a combination of these three different
possibilities. In particular, the links between the linear phases (¢;,...,¢,) and the
fluxes F through formulas, such as (1.10)—(1.14) for the two-dimensional case, lead
to a number of interesting cases which deserve to be described more precisely. Fur-
thermore, we develop a new approach in Sections 2-5 to validate weakly nonlinear
geometric optics first for the one-dimensional case in Section 4 and then to extend the
ideas and techniques from Section 4 to deal with the multidimensional case in Section 5.
An important tool to preserve the Llloc-convergence after the triangular change of vari-
ables depending on ¢ is introduced in Lemma 3.1 and a “quasi” LU factorization of
matrix M to include all new cases is formulated in Lemma 5.1. We also recognize new
phenomena including the blowup of the gradients of the geometric optics asymptotic
expansions; in contrast to the classical geometric optics expansions with the gradients
of order 1 since the amplitude is of order & and the frequency of order ~!. There
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are essentially two ways to obtain such very high oscillations for the two-dimensional
case:

(i) A phase gradient is orthogonal to the second flux derivative on the ground state;
(ii) There are some precise arithmetic relations between the coefficients of the ma-
trix M.

For dimension n >3, we can have higher oscillations with combinations of these two
ways, or with orthogonality to the second and third flux derivatives, among others.

For related results on nonlinear geometric optics, see DiPerna—Majda [11] for one-
dimensional 2 x 2 hyperbolic systems of conservation laws; also see Cheverry [6,7],
Gues [15], Hunter et al. [16], Junca [18,19], Joly et al. [17], Majda—Rosales [23], and
the references cited therein. For classical results on BV functions and conservation
laws, see [13,30] and [9,14,20,21].

2. Geometric optics, compactness, and L!-stability

In this section, we introduce some basic frameworks to validate nonlinear geometric
optics for entropy solutions only in L*° of multidimensional conservation laws.

2.1. Basic properties of nonlinear geometric optics expansions
Consider the nonlinear geometric optics expansion (1.4) of solutions of the Cauchy
problem (1.1)—(1.2). Set vé(t,x) = W We first derive some basic properties of

the sequence v®(¢, x).

Lemma 2.1. Let uy € L. Assume that, for each fixed ¢ > 0, u®(t,x) is the entropy
solution of the Cauchy problem (1.1)—(1.2). Then

vl <llurlliLe  for any & > 0. 2.1)

Proof. Using Krushkov’s uniqueness theorem in [20], u®(¢, x) is the periodic entropy
solution of the Cauchy problem (1.1)—(1.2) for any fixed ¢ > 0, since u; is periodic.

First, taking the convex entropy (u — u)” of (1.1) for even p>2, we obtain from
the entropy inequality that

u®
Or(u® — w)?P + divg (19/ (€ - z)”‘lF’(i)%) <0
in the sense of distributions. Equivalently,

01w’ —u)? + divg (p J/ (& —z)p_lF’(é)cM) <0
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in the sense of distributions, where ® = Jx. Integrating with respect to ® and using
the periodicity, we obtain

f|uf<r,r1<1>>—z|f’dd></ (B /€™ .. bufe™) — ul? dy - -~ dd,.
PS PS

where

PE={(¢y,-..,¢,) 1 (D)™, ..., ), /e*) € P}.

This is equivalent to

/|v£(r,J—1cD)|Pdcb</ ut (@ /€™, ... g/ dy - d g,
P P

for any even p>2. Taking power 1/p in both sides and letting p — oo, we conclude
2.1). O

Lemma 2.2. If u®(t, x1, x2) is the entropy solution of (1.5)—(1.6), then v¢(t, x1, x2) is
the entropy solution of (1.10) with initial data

V=0 = u1 (1 /€™, pp /™). (2.2)

Proof. Notice that u® satisfy (1.8). Choosing [ = ]%ﬂ with the linear transformation

into the (¢, ¢,)-coordinates, we have
0ive =1 +¢ (a6¢] + b8¢2) (sign(vs —D((v®)? — 12))

+&2 (06¢1 + dﬁd,z) (sign(vg — D% - 13))

+e’ (0p, (sign(® — (R (v, u, &) — Ri(l, u, )))

—0¢, (sign(v® — (R (v*, u, &) — Ra(l, u, £)))) <0, (2.3)
which implies that v®(z, x, xp) is the entropy solution of (1.10) and (2.2). O

Remark 2.1. The same proof implies that Lemma 2.2 also holds for (1.1)—(1.2) with
n >3, which will be used in Section 5.

2.2. Compactness of approximate solutions

We now present several compactness lemmas, which can be achieved by compactness
arguments and Young measures with the aid of entropy dissipation of the solutions.
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Lemma 2.3. Assume that u(t,X) is the unique entropy solution in L*° of (1.1) with
initial data

U= = ug € L, 2.4)

where the solution is understood in the sense of distributions with initial data included
in the integral entropy inequality. Let the Young measure v x(1) be a measure-valued
solution to (1.1) and (2.4) with vox = dyuyx), L€,

al(‘)l,Xv 7](/0) + diVx(Vr,)u q(/h)> <0, Vo,x = 5u0(x)v (2.5)
for any convex entropy pair (1, q). Then
Vix(D) = 0w x(A), ae. (1,X) € Ry x R™.

That is, if u®(t,x) is a sequence of uniformly bounded approximate solutions to (1.1)
and (2.4) so that the corresponding Young measure v;x satisfies (2.5), then u®(t,x)
converges strongly to the unique entropy solution u(t,x) of (1.1) and (2.4).

This result can be obtained by combining DiPerna’s argument in [10] with the
monotonicity argument as in Chen—Rascle [5]; also see Szepessy [27].
In particular, Lemma 2.3 implies that, if u®(¢, x) are the entropy solutions of

Oiu® +divg(F(u®) + G, (1)) =0,  ulj—o =up € L™,

where G, — 0 strongly in L* (R) when & — oo, then u®(t,x) converges strongly to

the unique entropy solution u(#, x) of (1.1) and (2.4).
On the other hand, the nonlinearity of the flux function can yield the compactness
of solution operators. We start with the one-dimensional case.

Lemma 2.4. Consider the Cauchy problem for one-dimensional conservation laws:

O+ 0x f(u) =0, uli=0 = uo(x). (2.6)

Assume that there is no interval (o, §) in which f is affine. Then the entropy solution
operator u(t,-) = Siug(-) : L®° — LY | determined by (2.6), is compact in Ll (R4 x

loc’ loc
R). Furthermore, if a uniformly bounded sequence u®(t, x) satisfies that

0n®) + 0xqu®) is compact in H! 2.7

loc’

then u®(t, x) strongly converges to an L* function u(t, x) a.e.
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The first proof of this lemma was given in Tartar [28] by using infinite entropy—
entropy flux pairs. A simpler proof can be found in Chen-Lu [4] by using only two
natural entropy—entropy flux pairs.

The corresponding multidimensional version of Lemma 2.4 is the following.

Lemma 2.5. Consider the Cauchy problem (1.1)—(1.2). Assume that, for any (t,k) €
R x R" with ©* + |k|> = 1,

measfv e R : 1+ F(v) -k =0} =0. (2.8)

Then the entropy solution operator u(t,-) = Sjug(-) : L — L]

loc? determined by (1.5),
is compact in LIIOC(R+ x R™). In particular, if

det <F”(v), o F("“)(v)) £0 for any v € R, (2.9)

then the entropy solution operator of (1.1) is compact from L (R") to LIIOC(R_,_ x R™).
Proof. The first part of this lemma is essentially due to Lions et al. [22]; its complete
proof can be found in Chen—Frid [3].

For the second part, it suffices to prove that, for any (7,k) € R x R" such that
24+ |k|> =1, the set E:={veR: t+F () -k =0} is countable, so meas(E) = 0.
Let h(v) =1+ F(v) - k.

If k=(0,...,0), then h(v) ==x1 and v ¢ E.

If k #(0,...,0), then, for any v € R, there exists j € {1, ..., n} such that

d/h(v)
dvl

£0.

Otherwise,

k Lspan(F"(v), ..., F"tD()) = R",
ie., k=1(0,...,0). Therefore, the zeros of h(v) are isolated. []
Remark 2.2. Lemma 2.5 is also true if the genuine nonlinearity assumption (2.9) is
imposed only on the constant state ¥ for which the compactness, locally near u, can
be achieved.
Remark 2.3. Lemma 2.5 also holds if there exist 2<i| < iy < --- < i, such that

det(FUD (v), ..., Fi) (v)) £ 0,

followed by a similar proof.



448 G.-Q. Chen et al. / J. Differential Equations 222 (2006) 439-475

Lemma 2.6. Let F, G, € C'(R; R") such that ¥ satisfies the nondegeneracy condition
(2.8) and G (u) — 0 strongly in L]O(fc([R%) as € — 0. Assume that ué(x) is a uniformly
bounded sequence converging weak-star to ug(x). Let u®(t, x) and u(t, X) be the entropy

solutions of the Cauchy problems:

du’ + divg F®) + G.(u®)) =0, u°(0,x) = uf)(x),
Oiu + divgF(u) =0, u(0,x) = up(x),

respectively. Then the sequence u®(t,Xx) strongly converges to u(t,X) in LIIOC(IRQ_ x R™).

Proof. Let F, :=F + G;. Then the kinetic formulation of u?(¢,x) for (1.1) is
ang + F;(&) . vXXe = 65””8

with m, uniformly bounded in My since u® are uniformly bounded in L*°. We can
rewrite the kinetic formulation as

ath + F/(é) : VxXg = 65’"6 - Gé(f) : Vxxs‘

Then, using Theorem 3.1 of [25, p. 124] (also [3,22]), we get the compactness of the
sequence u°(z, X) in Llloc. Therefore, up to a subsequence, u® — w strongly in Llloc.
Passing to the limit in the weak formulation of (1.1) and the entropy inequality, we
find that, for any ¢ € C(‘)’O([O, o0) x R"),

/ / (wo; @ + F(w) - V) (t,X) dt dx + / up(x)p(0,x)dx =0, (2.10)
0 R)l Rn

and
Orlw — k| + div(sign(w — k)(F(w) — F(k))) <0 for any k € R (2.11)

in the sense of distributions. A priori, we could have lost the initial data in passing
to the limit in the entropy inequalities. Now Vasseur’s result in [29] indicates that any
solution of (2.10)—(2.11) satisfying (2.8) has a strong trace on t = (. Since the weak
formulation of (1.1) implies that uo is a weak trace of w, we conclude that ug is
the strong trace of w on ¢ = 0, which implies w = u by the Krushkov’s uniqueness
theorem. Since the weak limit is unique, then the whole sequence u®(t,x) converges
to u(t,x). O
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2.3. L'-stability with respect to the flux functions
We have

Lemma 2.7. Let F € C'(R; R"). Let u € BVioc N L®(R"; R) and v € L®°(R"; R) be
periodic entropy solutions with period P of the Cauchy problems:

Oiu +divgF(u) =0, u(0,x) = up(x);
0rv +divgG(v) =0, v(0,x) = v9(x),

respectively. Then, for any 0 < t<T,
/ lu — vl(1,x) dx < / lug — vol(x) dx + LT [Vxuo(-)Im(p)s
P P

where L :=max < j<n(max{|(F; — G}) ()] : |u| < max(||uo]loc, [[volloc)})-

See [1,26] for the nonperiodic case and [19] for the periodic initial data with respect
to one space variable. We can extend the proof of [19] to the case of periodic initial
data with respect to each space variable.

We will use this lemma with initial data u{ := uo(x1/e*, x2/6*). If ug € BV(P)
is periodic with period P, then 0,,ug is of order 1/&* and 0Oy,u( is of order 1/ in
the space Mioe(R?).

3. Scaling, L!-convergence, and homogenization

In this section, we introduce new tools to validate nonlinear geometric optics for
entropy solutions only in L°° of multidimensional conservation laws. These tools are
about the changes of variables that preserve the Llloc-convergence, weak oscillating
limits, and uniqueness of the profiles.

3.1. Scaling and L'-convergence
We first formulate the following useful lemma.

Lemma 3.1 (L'-convergence of periodic functions and triangular scaling). Let u® &
LY (P;R) be a sequence of periodic functions with period P = [0, 1]". Let A® =
fj i be a sequence of lower triangular n X n matrices such that
<i,j<n

min liminf |aj;| > 0. (3.1)
1<i<n e—0
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Set v&(X) := u®(A®x). Then, when ¢ — 0, u®(x) converges strongly to 0 in Llloc([R”)
if and only if v®(x) converges strongly to 0 in L%OC([R”).

Proof. We first note the following facts:

(1) For any a € R, the translation operator A +— @(4) := 4+ a is obviously one to
one from [0, 1) = R/Z to R/Z.
(2) If A = (aij)1<i,j<n is an invertible and lower triangular n x n matrix, then

ATl <i<nlO, 1/a;;) = [0, )" in (R/2)", 3.2)

where [0, a) := {4a : 4 € [0, 1)} is independent of the sign of a, and A in (3.2) is the
linear map from R” to R" associated with the matrix A.

This can be seen by induction on the dimension. If n = 1, the result is trivial.
Now, assume that »>2 and the result is true for n — 1. Let B be the submatrix
(@ij)1<i,j<n—1. For any X € Il1<;<xl0, 1/a;;) with X = (A1/a11, ..., 2n/an,) and
Y = ()»1/6111, R lnfl/a(n—l)(n—l)) for A; € [0, 1), then

BY
AX = . C ).
< (i <ni Aitni/aii) + )

Therefore, by induction, for Z = (Z1,...,Z,),Z; € (0,1), j = 1,...,n, there exists

a unique Y € Ilj <; <4110, 1/a;;) such that BY = (Zy, ..., Z,—1). Now, fix ¥ and let

a:= Y Jiayi/ai;. Using Fact 1, there exists a unique 4, € [0, 1) such that a+ 4, =
i<n—1

Z,. Therefore, for any Z € [0, 1)", there exists a unique X € ITj<;<x[O0, a;l) such
that AX = Z in (R/2)".

We now use Facts 1 and 2 to complete the proof of Lemma 3.1. First, there exists
n > 0 and 6 > 0 such that, when ¢ € (0, ),

min |aj;| > 0.
1<i<n

Choose R > 1+ 1/6 and Q := (—R, R)". Then, when ¢ € (0, ), we have
1/la5 < 1/, llag|R] > |af|,

since [|aj;|R] > |aj;|R — 1 and |a};|R — 1 > |a};| from R —1 > ol > |afi|’1, where
[a] is the integer part of a real number a such that [a]<a < [a] 4+ 1. Furthermore,
since [|af;|R]< R|aj;| and R|aj;| > 1, we have

[la5|R]1+ 1 < 2R|a5,].
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Set B® :=1Il1<;<xl0, 1/a};) and k* := (k;/a;;)1<i<n for any k € Z". Define

Me:=#keZ" : (k+B)NQ#B} < Il <; <, 2[5 |R] + 1)) < 4" R"|det A°|,

NE:=#{k € 7" : k* + B° C Q} =11 <; <, Q2ll|a5;|R]) > 2"|det A*|.
Fact 2 implies that
A®(k* + B®) = A%k* + A°B° =0, )" in (R/2)".

Then we have

&

/Q|v€(x>|dx < M8/36|u8<A8x)|dx<W @y
< @Ry [l
0,1H)"
and
.
fQ|vf(x>|dx > N° fB el g [ ey

> 2"/ € ) dy,
(L

which concludes the proof. [J
Remark 3.1. In the proof of this lemma, we have also established the following useful

inequalities: If A is a lower invertible triangular n X n matrix, ¢ := ming |Agg| > 0, and
u e LI(R”; R) is a l-periodic function in each variable, then, for any R > 1 + 1/9,

2"/ |u<y>|dy</ |u<Ax>|dx<<4R>”f ()| dy. (3.3)
(O’ ] )ll (7R) R)ll (O’ 1 )l‘l

Remark 3.2. In Lemma 3.1, condition (3.1) is necessary for preserving the strong

Llloc-convergence in the rescaled triangular change of variables y := A®x. For instance,

we choose
w(xy, x2) = sin(x; — x2),
and then

u®(xy, x3) := w(xy/e, x1/e +€x2) — 0 in Llloc,
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but

w(xi/e, x2/¢€)

1

loc when ¢ — 0.

does not converge to 0 in L

3.2. Weak oscillating limits in leOC

(R"; ©)

In this section as well as in Section 3.3, we are essentially going to use Fourier
analysis. Therefore, it is more convenient to deal with complex-valued functions. We
want to study weak limits of sequences of oscillating data, with mixed scalings of space
variables through a lower triangular matrix 7°¢. This result will be used in Section 5,
especially in Theorem 5.1, where the matrix L® with entries (L®);; = gti 7[”"Ll- ; satisfy
all the conditions below (see Section 5).

Let T¢ be a lower triangular n x n matrix for 0 < £<1 such that

min <lim inf |T,§k|> >0 (34)

1<k<n e—

which, moreover, can be decomposed into two lower triangular matrices: the constant
part Tp and the oscillating part 77:

T =To+Tf 3.5)
satisfying that, for all 1< p, ¢ <n,

(To) p.g #0 = (T}) p.q =0, (3.6)

(T p.g =tpg/e™re for o,y >0, 1,, €R. 3.7

We exclude the case Tf" = 0, which is a trivial case: no oscillation.
Therefore, we can rewrite Tf:

m
Tf =) Ag/elr, (3.8)
k=1

where m is a positive integer, y; > 7, > --- > 7,,, and all Ay are nonzero lower
triangular matrices. Define

m
K := (") Ker('Ay) =[] Ker('T}),
k=1

e>0
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where we denote 'A as the transposed matrix of A. Then, for any o € R”", there are
only two cases:

(i) o€ K ="T{o=0 for all & > 0;
(i) a ¢ K = lin}) ['T{ ol = oo for the norm || - || in R".
e—

Furthermore, studying (3.8) with respect to ¢~ !, we find that, for sufficiently small e,
K = Ker('T}).

We will use the following Hilbert space of 1-periodic functions in each space variable:
L% ~ L%((0,1)*; C). On L2, we define the orthogonal projection:

P: L2 > L2
exp(rio - x) if o € K, 3.9)

exp(2mio - x) > {0 otherwise.

We now state the following result, which will be used in Section 5. This result is
classical when the functions are smooth.

Lemma 3.2 (Oscillating sequences in Lfy). Let u € Lf,, i.e., u be periodic with period
1 in each space variable. Let T® be a family of lower triangular n x n matrices
satisfying (3.4)—(3.7). Then, with i := P(u), we have

u (Tsx) — u(Tox) when ¢ — 0,

where u(Tox) is well defined even if Ty is degenerate. Furthermore, if u® € L?, and
converges strongly to u in LllOC when ¢ — 0, we also have

u® (T°x) = u(Tox).

Proof. The proof is divided into four steps.
Step 1: u(Tyx) is well-defined almost everywhere. Let I1g be the orthogonal projec-
tion from R" to K. Since the spectrum of # is included in K, that is,

u(x) = u(Ilg (x)), (3.10)

then, u(Tpx) is well defined a.e. if and only if K = IIg(R(Tp)), where R(Tp) is the
range of Tp. From assumptions (3.4)—(3.7), we easily obtain

Ker("To) N Ker('T{) = {0},  dim Ker('Ty) + dim Ker('T{) = n; (3.11)
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Ker('To) ® Ker('T{) = R"; (3.12)
dimR(Ty) = dim Ker('T?). (3.13)

Furthermore, for small ¢, K = Ker(’ Tf). Then, from equality (3.13), we get dim K =
dim(R(Tp)). Thus, we have

K+ N R(Ty) = {0} <= K =[x (R(Tp)).

Now, from (3.12), {0} = (Ker('To) UK)" = (Ker('Ty))" N K+ = R(Tp) N K+, and
the result follows.

Step 2: We now first prove the weak convergence result for polynomial trigonometric
functions. Let TP} be the linear space of trigonometric polynomials in R" with period
1 in each variable, that is, TP := span{expQmio - x) : o € Z"}. Take u(x) :=
exp(2mia - x). Then

u(T?x) :=expQmio - (Tox)) x expQmia - (T} x)).

We have two cases:

(i) If o € K, then we get ‘T o = 0, which implies
u(T®x) := expQmia - (Tox)) = u(Tpx).
(i) If o ¢ K, then [|'T{ «|| — oo when & — 0, which implies
exprio - (T x)) = expQui (‘T o) - x) — 0,
and thus
u(Téx) = 0 =u(Tox) when e — 0.

By linearity, Lemma 3.2 is also true for any function in 7P;.
Step 3: We now conclude by the density of TP in L?, thanks to Step 1. Let u € L?,.
Then, for any small § > 0, there exists v € 7P such that

/ lu — v)?(x)dx < 8°.
(0,1))1
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For any ¢ € C3°(R"), we now prove that the following quantity is small:

‘/R” W(T*x) — u(Tox))p(x) dx

< ‘ f (= )(TEx)$(x) dx
Rll

+ ' /R (Tx) = WTox)p(x) dx

+ ' | @t — 10000 d
= A® + B +C°.

Indeed, let B := (—R, R)" be a bounded set containing the compact support of ¢ and
0 > 0 be any small constant.

First, for & small enough, A°® < C{J where the constant C; depends only on
rr}(in(li?lj(r)lf|T,fk|) and ¢, since the L*-norm on (u — v) over a period (0, )" can

be controlled by using Lemma 3.1 (see Remark 3.1).
Second, B® < ¢ for & small enough, since v € TPj.
Third, since P is an orthogonal projection, we have

/ |ﬁ—5|2(x)dx</ lu — v|?(x)dx < 8.
©,1y"

(O’ l)l‘l

Setting w := & — v, then the L'-norm of w is less than any & on the unit square
P := (0, 1)". We need to compute the L'-norm of w(Tpx) on the bounded subset B
of R". Since w admits a trace on K, we see that

Cs < C20,

where C> comes from the Fubini Theorem and the change of variables on K N B.
Therefore, the sum of these three terms is less than (Cy 414 C3)0 for & small enough,
with constants C; and C, independent of . This concludes the proof of this step.

Step 4: Now, if u® converges to u strongly in LllOC when ¢ — 0, we find from
Lemma 3.1 that

ut(Téx) —u(Ttx) = 0

1
loc’

strongly in L, ., which concludes the proof. [

3.3. Uniqueness of the profiles

In Section 5, we will use an algorithm which defines some profiles. In this subsection,
we provide some tools to prove that the profile is unique, and therefore is independent
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of the particular chosen triangulation. We first recall some basic facts on the class of
almost periodic functions.

3.3.1. Almost periodic functions
We first introduce

TP :=spanf{exp(io- x) : o € R"}

that is the linear space of trigonometric polynomials in R"”. For any measurable set
O C R" with meas(Q) = |Q] > 0 and any f, g € TP, we define the natural scalar
product on TP:

1 -
dx, =(f, 1),
- /T R ()= ()

(f, g):= lim

T—oo T

where 7.0 :={Tq : q € O}.
It is well known that (f) is independent of the choice of Q. In particular, this
property implies the scale invariance of the mean:

A € LGy(R) = (f(Ax)) = (f(x)), (3.14)

where LG, (R) is the linear group of invertible n x n matrices. We use the usual norm
associated with this scalar product: || f ||§p := (f, f) and the natural Hilbert space Lgp.

We use Cgp and Lép to denote the closure of 7P associated with the L°°-norm and the

2

ap» We define

L'-almost periodic norm: || fl1,ap := (| f1), respectively. For any U € L
the spectrum of U:

SplU] :={a € R": ¢,[U] := (U(x), exp(ic - x)) # 0}.

Then the spectrum of each U is countable, and U satisfies Parseval’s equality:

W= Y lelUIP,

aeSplU]

Denote by L%((O, 1)) the classical set of 1-periodic functions in each space variable.
We recall that a prototype of quasi-periodic functions is a function v such that there
exists a matrix M and a periodic function u# such that v(x) = u(Mx). Note that
all periodic functions are quasi-periodic but the converse is false and, similarly, all
quasi-periodic functions are almost-periodic but the converse is also false. Also, for
u € L)((0,)"), we have

(lul) =f ()| d. (3.15)
0,1

For more details, see [8].
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3.3.2. Uniqueness of the profiles
We now show the uniqueness of the profiles.

Lemma 3.3. Let U,V € L;’,O((O, D"; C). Set

dy := dimspan{Sp[U1}, dy := dimspan{Sp[V]}.

Assume that
(i) U(Afx) = V(B®x) + R*(x),
(ii) A%, B* € C°((0, 1); LG,(R)),
(iii) lim (JR®(x)|) = 0.
e—0
Then there exists a matrix C such that

U(y) = V(Cy) ae. in y. (3.16)

More precisely, rank C = dy and, if n > dy, U admits a trace on span{Sp[U]} and V
a trace on span{Sp[V1} so that equality (3.16) is satisfied by these traces.

Proof. First, we rescale:
y=A’x, C°=B°A5"!, R'(y)=R'(),
and use the invariance of the mean to have

U(y) = V(Cy) + R*(y) and glig})<|1§’8(x)l> =0, (3.17)

where

V(Cy) = Y cplViexp(if-(C*y)) in L2,
BeSplV]

Now, for any o € Sp[U], define

8= lea[UN/2> 0, 1:={B:[cslV]l > d}.

Then [ is a finite set since Zlespw] Ic%[U]I2 < oo. Using equality (3.17), we can
calculate (U(y), exp(io - y)) to obtain

calU] = cplVI+r, (3.18)
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where limg_oré(x) = 0 and o = 'C¢f?, that is, % = (‘C?)~'a since C? is one to
one. Take now 1 > 0 such that, when ¢ < n, |r®| < §. Thus, if € < 5, f° must be in
I. Since B° is continuous with respect to ¢ and [ is finite, then $° must be a constant
when ¢ < 7.

Furthermore, if dy = n, taking {otl, ...,a"} € Sp[U] which is a basis of R", for
& small enough, we obtain [31, ..., B" such that of =1C* ﬁk for all k. Therefore, for
sufficiently small &, C® becomes a constant C. Then we rewrite equality (3.17) as
follows:

U(y) = V(Cy) + R°(y).

Passing to the limit in & yields the conclusion for the generic case n = dy, i.e., U
depends on each variable in y.

In the case dy < n, we use the previous case and choose {ocl, R och} C SplU] as
a base of span{Sp[U]} to obtain

(€ ™HSpLU] C SpLV].
By symmetry in (3.17), the converse inclusion is also true. Therefore,
SplU] ="C*Sp[V] for small & > 0,

and again 'C?® is constant on span{Sp[V]}. We also have relation (3.18) and then the
equality among the Fourier coefficients of each profile. Therefore, dy = dy and V
depends only on the variables in span{Sp[V]}. Notice that, at the limit, 'C¢ only needs
to be constant on span{Sp[V]}, not necessarily on the whole space, see Remark 5.3.
This completes the proof. [J

4. Validity of nonlinear geometric optics in L*°: 1-D case

For the one-dimensional case with f € C 3 without loss of generality, we can take
¢ = x and consider the following Cauchy problem:

O’ +0x f(®) =0,  uli=o = u+ eui(x/e"), 4.1)

where u; € L is periodic with period P = [0, 1].
First, from Lemmas 2.1 and 2.2, we have

v Lo <llutllzoe < oo,
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and v°(z, x) is the entropy solution of the Cauchy problem:
o0+ ed(av?) = &0, R(v, u. &),  vli—o = uy (x/e"), (4.2)

with @ = f”(u)/2 and

1
R(v,u, €)= %/ (1= 0) " (u + e0v) dOv>, (4.3)
0

which is a Lipschitz function in v, u, and . Then we have the following theorem.

Theorem 4.1. Let f € C3.
) If « =1, then

1
[ [u(t, x) —u — ea(t, x/e)| dx = o(e),
0

where the profile a(t, x) is uniquely determined by the Cauchy problem for the inviscid
Burgers equation:

6,0—}—616;(02 =0, oal=0=u1(X),

which is the validity of classical weakly nonlinear geometric optics.
(i) If o < 1, then

1
f lu® (2, x) — u — euy(x/e*)| dx = o(e),
0

which means that the slow initial oscillation propagates linearly.
(i) If o > 1, then

1
/ |l/t8(t,x) _Z|dx :0(8)7
0

which means that the fast initial oscillation is canceled by the nonlinearity of the flux
Sfunction.

Proof. We now prove this theorem in the three cases, separately.

(1) Case o = 1: Consider the following perturbation problem:

OV +adxV2:=edxR(V,u, &), Vlo=ui(X). 4.4)
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We want to prove that, as ¢ — 0, the solution sequence V¢ of (4.4) is determined by
the profile ¢ governed by the Cauchy problem of the inviscid Burgers equation:

016 + adxa® =0, 0li=0 = u1(X) € L* periodic with period P. 4.5)

Notice that the unique solution o(¢, X) of (4.5) is in BV([R&) although u1(X) is only
L*>. We now divide three steps to prove this fact.

Step 1: Since V¢ is an entropy solution of (4.4) for any fixed ¢ > 0, then, for any
neC?n">0, we conclude that

VS
om(V®) + 0xq(V*) — edx (/ n(OR:(E u, 8)615)

is a nonpositive, uniformly bounded Radon measure sequence. This implies that
(V) + dxq (V)

is compact in ngcl(Ri) from Lemma 2.1 and Murat’s Lemma [24] with the aid of
the argument in Chen—Frid [2]. Then, using the compactness lemma (Lemma 2.4) for
scalar conservation laws, we conclude that there exists (¢, X) such that

Ve, X) — o(t, X) a.e.
and o(z, X) is uniquely determined by (4.5). Then we have

t pl
f / [VE(t,X) —a(t, X)|dXdt — 0 as ¢ — 0. 4.6)
0 JO

Step 2: Notice that |R;(V,g, €)|<C. Then, using Lemma 2.7, we have from (4.4)
that, for 0 <t < T < o0,

1
f [V, X) —a(t, X)|dX <eCT|0xur| mcp)- 4.7
0

Using a standard mollifier to smooth u; such that sﬁxu”i — 0in L! | we conclude

loc?
that, for all ¢ € (0, 00),
1
A(e, 1) ::/ Ve, X) —a(t, X)|dX — 0 as ¢ — 0. (4.8)
0

Step 3: Now we return to our problem for v® of (4.2) with the aid of the result (4.8)
for (4.4)—(4.5). For fixed ¢ > 0, we assume that Vé(z, X) is the solution of the Cauchy
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problem (4.4) and set X = x/e. By uniqueness, we have
VE(t, X) = v (¢, x).
Then we have

Ae, t) := %/: [ve(t, x) — a(t, x/e)| dx.

Notice that, for any nonnegative periodic function A (x) with period P,

1 e 2 [11e 1
/ hix/e)dx = / —i—/ +-~-+/ —i—/ h(x/e)dx
0 0 € (ti1-ne  Jite

2 &
< —/ h(x/e)dx.
& Jo
Then we conclude from (4.8) that
1
f [u(t, x) —u — ea(t, x /)| dx = o(e).
0

This validates the weakly nonlinear geometric optics.
(2) Case o < 1: Similarly, we consider the following Cauchy problem:

0V +ag'T*0xV? = &2 T*0xR(V,u, &), Vlmo = ui(X).

461

4.9)

(4.10)

4.11)

Then we want to prove that the solution sequence V¢(¢, X) of (4.11) is determined as

& — 0 by the profile o(t, x) solution to
00=0, o0li=0=ui(X),
that is,
a(t, X) = u1(X).
Choose 6 = d(g) such that e!=%/d(¢) — 0 as & — 0. Define
o (1, X) = 0% ps(X),

0

where pg is the standard symmetric mollifier. Then ¢° is the solution of

010 =0, oli=o = uj(X).

4.12)

(4.13)
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Using Lemma 2.1, we conclude
1 X 1 . 1 .
/0 Ve — 0|, X)dngo [u1 (X) —u?(X)|dX+Csl—“th |oxul(X)|dX,
and hence
1
/ V& —o|(t, X)dX
0

1 1 .
<f |a‘><€)<X>—a(X)|dX+f u} @ (X) = uy (X)1dX + 0g(1)
0 0
<o (1). (4.14)
Now we return to our problem for v® of (4.2) with the aid of the result (4.14) for

(4.11)—(4.13). For fixed ¢ > 0, assume that V¢(¢z, X) is the solution of the Cauchy
problem (4.11) and set X = x/&*. Then the same argument as in the case o = 1 yields

1
/ [u®(t,x) —u — euy(x/e*)|dx = o(¢) as ¢ — 0, (4.15)
0

where we used Lemmas 3.1. This means that the initial oscillation propagates.
(3) Case o > 1: For this case, consider the following Cauchy problem:

X
8“*1

OV +adxV? = e0xR(V,u,¢e), Vl]—o=u; ( ) Lo = (up) in L. (4.16)

We want to prove that the solution sequence V¢ of (4.16) is determined as ¢ — O by
the profile ¢ = o(¢, X) governed by

00 +adxc®> =0, ol=0 =0, 4.17)
that is,
o(t, X) = 0. (4.18)
Using Lemma 2.6, we conclude
Ve, X) = o(t,X) =0 as ¢ = 0. (4.19)

Now we return to our problem for v® of (4.2) with the aid of the result (4.19) for
(4.16)—(4.18). For fixed ¢ > 0, assume that Vé(z, X) is the solution of the Cauchy
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problem (4.16) and set X = x/e¢. Then, combining the same argument as in the case
o =1 with Lemmas 3.1 and 2.7 yields

1
/ [u®(t,x) —u|dx = o0(¢) as & — 0. (4.20)
0

This means that the initial oscillation is canceled. [J

5. Validity of nonlinear geometric optics in L°°: multi-D case

In this section we turn to the multidimensional case to analyze further the nonlinear
geometric optics.

Let u := u® be the Krushkov solution of (1.1)—(1.2). Consider the geometric optics
asymptotic expansion of the solution (1.4). Then the new approach in Section 4 for
one-dimensional conservation laws requires further refinement for solving the general
nonlinear geometric optics for multidimensional scalar conservation laws. We need a
general scaling of variables to recover all the numerous cases. We will perform that
with a “quasi” LU factorization depending on the magnitude of all frequencies. We
will also use Lemma 3.1 to preserve the Llloc—convergence after a triangular scaling of
variables which depends on ¢.

We first recall that, under the one-to-one constant linear change of coordinates @ :=
Jx = (¢, ..., ¢,) determined by (1.3), Eq. (1.1) can be rewritten in the weak form
in the variable (¢, ®) as

0,u° + divg(JFu®)) = 0, (5.1)

where the Jacobian matrix J = DD—C)I() is constant. We also assume that the nonlinear flux

matrix

FP w2 o FI D @) /(n + 1)!
= : j+1 . :
FP /2! % E Y@/ + 1)
is invertible. The invertibility of matrix J = g—? expresses the linear independence of

the phases (¢);)1<i<n, While the invertibility of matrix N in (5.2) is an assumption of
genuine nonlinearity and “genuine multidimensionality”.

The possibility that the initial oscillations with high frequency propagate for (1.1)
depends on the magnitude indices « := (o1, ..., %,) of ¢ in (1.2) and on the matrix:

M = JN. (5.3)
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With our choice, the matrix M expresses the flux in the ®-coordinates: the jth column
corresponds to the term &/ vggj ! in the Taylor expansion of F(u®) := F(u + ¢v,); while
the ith row corresponds to the derivatives with respect to the ith phase ¢; (see (5.6)
below).

In this section, we want to find the profile ¢ and to show the convergence of v,
to o after a suitable triangularization of the matrix M, replacing each variable ¢;
with ¢;/e# for a suitable exponent y;. In order to preserve the Llloc-convergence of
ve to ¢ in the rescaled coordinates and to go back in the original space coordinates,
all the exponents y; must be nonnegative, see Lemma 3.1. Therefore, in this general
multidimensional case, we need a triangularization (up to a permutation) of matrix M,
combined with a suitable scaling. In the statement of Theorem 5.1 below, the profiles
are defined in the “final” variables

X := (SLE®) "',

where S is a permutation (substitution) matrix, L a lower triangular matrix (almost) as
in the LU decomposition of any n x n matrix, and the rescaling diagonal matrix E*¢
satisfies

E;, =¢li = gminGi. )

for which the precise notations are given below. Now there are two cases.

Case 1. Single phase in (1.2): u1 = uj(e"*¢;). In this case, consider the first
integer y;>1 such that Vy¢, - F!*70(u) # 0. As in the previous sections, we say
that the corresponding oscillation is linear if y; > o1 and is nonlinear if y;<ay. In
the latter case, if y; < ay, the fast oscillations are canceled by the nonlinearity of the
flux function, whereas the case y; = a1 (“WNLGO”) corresponds the particular case
y;1 = o1 = 1 to the classical weakly nonlinear geometrical optics (x; = 1) for the
Burgers equation (y; = 1) since Vx¢; - F®w) £ 0.

Case 2. Multiple phases in (1.2): this situation is of course much more complicated.
For instance, if 7; < a1, not only the corresponding oscillation is canceled, but also it
can interact with the other oscillations, see examples below, just after Theorem 5.1.

The structure of the final form of the matrix in Lemma 5.1 below reflects the partition
between these two different cases: the last rows (m < i <n) correspond to the linear
oscillations, whereas the first rows (1 <i <m) correspond to the nonlinear oscillations.
More precisely, as in the proof of Lemma 5.1, at each step k, there are three sets of
indices Ek, Fy, and Gg. In the “final” coordinates X, the set Ej corresponds (among
the remaining coordinates) to the nonlinear oscillations, due to the term skvé‘“ in
the Taylor expansion of F(u®) = F(u + ev,); in contrast, the set Gy corresponds to
the linear oscillations, whereas the set F; correspond to the “fast” oscillations in the
directions that are orthogonal to F**D (i), which therefore do not play a role in this
step.

Thus, in order to extend the results of Section 4 to the general multidimensional
case, we need the following variant of LU-type factorization.
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Lemma 5.1 (LU-type factorization with respect to o = (o1, ..., 0y,)). Let M be an in-
vertible n x n real matrix and « € [0, 00)". Then there exist an n X n permutation
matrix S, a lower triangular invertible n x n matrix L, an n x n matrix U, and an
integer m € {0, 1, ..., n} with the following properties:

(i) M = SLU,
(ii) For y; :=min{j : U;; # 0} with 1<i<n and f := S la,
(@ i <j<m=y; <y; and f; <B;,
(b) Uiy, =1 for 1<i<m,
(©) 7 <p; for i<m,
d) y; > p; for i > m;
(iii) L;j = 0jj for m < j<n and 1<i<n, where 6;; is the Kronecker symbol.

Proof. The proof follows the classical proof of the LU decomposition. In fact, in
general, it is an incomplete LU factorization depending on the magnitude of «. We
give an algorithmic proof here.

Initialization: Set M := M, o := a, mg := 0, ng := n.

Loop: For k =1,...,n, let iy := 1 4+my—1 and Iy := {ix, ..., ng—1}.

If I =0, stop.

If Iy # O, then the algorithm is continued. We write [; as the following disjoint
union:

Iy = Ex U F U Gy,
where
Ex={"">k 1 iely, METV #0), e := Cardinal(Ey),
Fe={"">k tiel, M7 =0}, fi := Cardinal(Fy),
and
Gr=1{"" <k :iel), g := Cardinal(Gy).
We make a permutation on the row of matrix M*~! with index in I; such that
]V[k — SkMkfl, ’&’k — Skakfl’

where E* has the same definition as Ej replacing o and M by o and M. We
do the same for F* and GK. We require Lhat E* be order%i: i,j € E*, I<] =
a{.‘g&’;. We also require that I; begins by E¥, continues by F*, and finishes by G¥,
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i.e.,

{ik, ik —1+ey =EX, {ix+ew,....it—14+e+ fi) = FF,
{ix +ex + fe, .., nx} = F*.
Since Gk represents the low oscillations, we define ny := ng—1 — gk.

Now, there are two subcases:

(1) If EF # ), then we calculate one step on the classical Gauss elimination on
the submatrix of M* with indices in EX x Ek, with pivot entry A7Il]i i # 0, Mk =
(Lk)_ll\}k, and Mi]z,ik = 1. Therefore, we have my := 1+ my_1 = i} and Vip = k.

(i) If Ek = #, then we do nothing, i.e., LK .= 1d, M* = Mk, and my = mp_1.

End Loop. Then we have m = m, and U := M".

Indeed, we can easily prove by induction that I} = {1,...,n} and L4 C I.
Moreover, I; becomes empty for k > n and Mi’f i= 0 for i < k and j € I;. All the
statements of Lemma 5.1 follow by induction.

Therefore, this algorithm yields

M= [s1L152L2.-.S"—1L"—1] u.
Finally, we define
=o', S:=8's7.. 5" =101,
and

1 1 j k 1 j
L= (1 k+1Sf) L (), s7).

The result follows since the structure of each LF matrix is invariant by any permu-
tation of the labeling of coordinates of index j>k. This concludes the proof. [J

We will give some examples after Theorem 5.1.

Remark 5.1.

@) Genencally, det ((Ml])1<l j<k) # 0 for all k. Thus, if o; >i, then S = Id, m =
n, y; =1, f = o, and we obtain the classical LU decomposition with an upper
trlangular matrix U.

(i) If all o; < 1, then we have only S=L =1d, M = U, and m = 0.

(iii) If all o; >n, then we have the classical LU factorization with m =n and y; =i.
(iv) This factorization is not unique. In fact, L and U depend on S.

We now use the factorization in Lemma 5.1: M = SLU, f, m, and 7.
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Remark 5.2. For the diagonal matrices A®, B®, and E° such that

Afi =g % BE .= 8713", Efi — gmin(‘/isﬂi)7 (5.4)

12
then A®S = SB?. Define L? := B®LE® which is the lower triangular matrix. Note
that its diagonal terms L.S/./ are nonzero constants or go to oo if j<m. Indeed, the
structure of L? is the same as T¢ described in Section 3.2. Furthermore, we find that,
for j > m, Lj.j:l and L%:Oifj;éi.
In fact, this can be seen by a careful examination of the entries (L®);; for j<i<m.

Indeed, L? is like the identity matrix, except its strictly triangular part, in which we
have f;<f,<--- <p,, from Lemma 5.1 and

(L%)ij = " Pl with g = min(y;, B;) = B;.
Since u i — p; <0, we arrive at the conclusion.

Therefore, we have the following main theorem.

Theorem 5.1. Assume that F € C"T2(R; R"), and u; € L®(R"; R) is P-periodic. Let
u®(t, x) be the entropy solution in L*° of (1.1)—~(1.2). Then

ub(t,x) = u + ev(t, x)
with
ve(t, %) — a(t, (SLE) "' ®(t,x)) — 0 in L (R x R"), (5.5)

where SLE® are defined in Lemma 5.1, ®(t,x); 1= ¢;(x1 — A1t, ..., X, — Ant), and the
profile ¢ is the unique entropy solution to the Cauchy problem
m
Go+ Y axe =0, 0(0,X) = wi(X),

i=1

where w1 (X) is the weak-star limit of the whole sequence {u1 (SL*X)},.q in L, that
is,

uy (SLEX) 2wy (X) in L when & — 0.

Furthermore, o is the unique profile satisfying (5.5) (see Remark 5.3(1) for a precise
statement).
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Before proving Theorem 5.1, let us explain several examples of numerous cases
for the two-dimensional conservation laws, written in the phase variables, included in
Theorem 5.1. In this case, we have

o (a C) du® + (adg, 4 bdy,)U)* + (cdg, + ddy,))u)* =0,
b d)’ uf(0, x1, x2) = euy ((}bl/e“l, ¢2/8“2).
For each example, we give the factorization: M = SLU, L?, the integer m, the profile
equation with initial data wi(Xy, X») as a weak oscillating limit, and an asymptotic
expansion of v® := (u®(t, x1, xo) —u)/e (u = 0 here). In each case, in each of the first
m rows of matrix U, say in row i, the only important term is the first nonzero entry
(often on the diagonal, and normalized to be 1), which defines the dominant term in
the Taylor expansion of the nonlinear part of the flux in the corresponding direction

X;. Note that all the other entries in these rows do not play any role in the profile
equations.

(1) Case a1 =1,0p =2,b =0:

_ (10 _(a O (1 c/a e _
seraim (3 0). 0=(80) o= ). vrmr me

0,0+ 0x,0° + 0x,0° =0, 0(0,X,Y) = wi (X1, X2) = ui(aXy,dX»),

Ve (1, X1, %2) 2 0 (1, §y (x1, ¥2)/(ag), y(x1, x2)/(de?)).

(i) Case oy, 00 < 1:

S=1d, L=Id, U=M, L=1Id, m=0,
0,0=0, a0, X1, X2) =ui (X1, X»),

Ve (t, X1, x2) = u (P (x1, X2) /6%, y(x1, x2)/P).

(iii) Case a1 = 1,00 =1,a #0:

. _(a 0O (1 c/a e _
S=1d, L_<b 1), U_<O (ad—bc)/a)’ L =L, m=1

00+ 0x,06> =0, a(0, X1, X2) = u1(aXy, bX1 + X2),

b
Ve (t, X1, X2) = 0 (t, ¢ (x1,x2)/(ag), <¢2(X1, x2) — ;qﬁl()q, xz)) /8) .
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@iv) Case o1 <1 < ap,b #0:

(01 (b O (1 d/b e (be' P 0
S_<1 0)’ L_<0 1)’ U_<a c)’ L_< 0 1)’

m=1,
1
00+ 0y, =0, 0(0, X1, X2) = wy (X1, Xz) = / ur(Xa. 0)d0 =, (X2),
0
that is,
a(t, X1, X2) = wi1(X2),
which implies
ve(t, X1, X2) = Wi (¢ (x1, x2)/(be)).

(v) Case o1 = 1,00 =2,a #0,b # O:

_ _{a O (1 c/a e a 0 _
seta 1= (8 0) o= (LY () 0). men

010+ 0x,0% + 0x,0° =0, (0, X1, X2) = W1 (X)) = /01 uy(aXy, 0)do,
that is, o(t, X1, X2) = a(¢, X1) is the unique solution of
05+ 0x,3° =0, @0, X)) =wi (X)),
which implies
Ve (t, X1, x2) X 0(1, §y(x1, x2)/(age)).

(vi) Case 1 <oy =y <2,a#0,b#0, % € Q (rational numbers):
_ _f(a O (1 c/a e =% 0
S=14, L= <b 1)’ U= (0 det(M)/a)’ L= <81_°‘b 1)’

m=1,

1
86+ 0%, =0, 0(0, X1, X2) = @1 (X2) =/ w1 (p0. g0+ X») do,
0
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where (p, g) belongs in 7%-{(0, 0)} such that ga — pb = 0, which implies
a(t, X1, X2) = w1(X2),

and

Ve (1, X1, X2) =~ Wy <<¢2(X1,X2) - §¢1(X1,X2)>/8“) .

(vii) Case oy = op = 2,3 € Q: this is an interesting case of nonlinear propaga-
tion of high oscillations with maximal frequency without orthogonality between the
phase gradients and the second flux derivative. Details for this last case are left to the
reader.

Proof of Theorem 5.1. We need several steps and linear scalings of variables to prove
this general theorem.

Step 1: Get rid of the linear transport. With a linear change of variables, we may
assume that the gradient of the flux vanishes at the constant state u. That is, for any
ie{l,...,n},

Vi ‘=X — ;Lil, Gi(u) := Fi(u) — ;Liu.
Then G'(1) = (0,...,0) and G”(u) = F”’(u) for all u, and the problem becomes

Oiu® +divy(G(u®)) =0,
u®(0,y) = ug(y) = u+ eu (A°®).

Step 2: Move to a periodic case. With a second constant change of variables © := Jy,
the solution and the data are periodic, and the problem becomes

0iu® + divp(JGu®)) =0,

u®(0, ®) = uy(P) = u + cu  (A* D).
This change does not affect the convergence in LIIOC(R”). We still denote by u® the
same function after the change of variables.

Step 3: Make a Taylor expansion. Now, set u® := u + ev,. Performing a Taylor
expansion and defining the vector

e .__t 1.2 i,i+1 n, n+l
Vo= (8 Vg, 8tug L ey )
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Then

divo(F@) =e| Y Myelog v/t + " dive(RY) | . (5.6)

1<i,j<n
and we can rewrite the problem as

0rve + divg(MV?) = " divg (RE),
e (0, D) = uy (A*D),

where RS is a vector function of v,, which is bounded in L°°, thanks to the maximum
principle.

Step 4: Factorize M. Now we can apply the change of variables in Lemma 5.1. Since
M = (SL)U, we use the new variable ® such that ® = (SL)®. Then we find that the
problem becomes

0rve + divg(UV?) = " dive (RY),
(0, 0) = u1 (A°*SLO) = u1(SB°LO),

where (SL)R{ = R;.
Step 5: Rescale. With the new variable X given by ® = E*X, we obtain

m

0,ve + Z Ox, (vg"+1 +erf) = eydivxp (R5),
i=1

ve(0, X) = u1 (SBELE®X) = u1 (SLEX),

where R;, rf, 1<i<m, are functions of v, which are bounded in L*® and y > 0.
Step 6: Smooth initial data. For y > 0 chosen in Step 5, take ®® a standard mollifier
such that u] = u * @° satisfies

lim £/TV (uf) = 0. (5.7)
£—

Step 7: Apply the L'-stability with respect to small BV perturbations. Set X :=
Xe, Xp) with X¢ := (X;)i<m and X, := (X;);>n. Notice the important fact that the
initial data has no oscillation in X,, which is due to the structure of matrix L? or,
more precisely, to the incomplete LU factorization (see Remark 5.2). Therefore, we

can control the remainder by Lemma 2.7 and Step 6 so that v, — w, is small in LI]OC,
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where w? is the solution of the following reduced equation:

m

atwg + Z OXI, (wng + 8}’;(11}5)) = O,
i=1

we (0, X) = u1 (SL*X),

in which X, plays the role of a parameter. Notice that, for almost all fixed X, thanks
to Lemma 3.2, the initial data sequence converges weakly:

ve(0,2) — wi(Xe; Xp)-

Finally, in order to pass to the limit in the conservation law, we need the compactness
with respect to the variable X,.
Step 8: Use compactness. Set

we (X) = we (Xe; Xp)y

where X, plays only the role of a parameter. For any fixed X, w¢(t, X;; X,) is the
solution of the Cauchy problem for a genuinely nonlinear m-dimensional conservation
law. Thus we can use the compactness argument for each X, to get

we( Xp) = (X)) € Llloc,t,Xc(R-ﬁ- x R™).
Now, since the sequence is bounded in L°°, by Lebesgue’s Theorem,
we — o in Llloc,z,X(R+ x R™).

Noting ® = (SLE?)X and using Lemma 3.1 about the triangular change of variables,
we conclude that the Llloc-convergence is preserved, which implies

ve(t, ®) — a(t, (SLE)"'®) — 0 in Llloc when ¢ — 0.

Step 9: Use the uniqueness of the profile. First, with the notations in Section 3.2,
we have

(IR%]) = 0,
where
R = v:(t, X) — a(t, (SLES) "' ®(z, x)).

which implies the uniqueness of such a profile.
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Indeed, Lemma 3.1 provides exactly such a convergence in Lallp and therefore here the
L' convergence for 1-periodic functions. Furthermore, our change of variables satisfies
the assumptions of Lemma 3.1. Therefore, the asymptotics in (5.5) is valid in Lzllp, and
the uniqueness follows, as stated below in Remark 5.3.

This completes the proof of Theorem 5.1. [

Remark 5.3. From Theorem 5.1, we have

(i) Although the factorization is far from being unique, the profile defined in Theo-
rem 5.1 is unique modulo a linear change of variables, which is one-to-one on
span{Sp[a(0, .)]}, which is a subspace of dimension at most m. Along the lines
of Lemma 3.3, another factorization could perhaps provide formally a different
profile, but two different profiles are equal up to a linear change of variables,
and the only differences between them involve fast oscillating variables, which
are therefore “killed” by the nonlinearities.

(i) If all o; < 1, then, at the limit, all the waves propagate linearly:

VE(t, X) =~ up (ASD(t, X)).

@iii) If all o; > n, then, at the limit, all the initial oscillations are canceled by the
nonlinearity:

v (t, x) ~ / u1(0)do.
P

(iv) If all o; are between 1 and n, there is a large number of cases.

(v) If all o; = 1, we recover the classical case of weakly nonlinear geometric optic
(WNLGO).

(vi) If o; > 1, plus a generic assumption, then again all the oscillations are canceled
by the nonlinearity. An example of such an assumption is that no phase gradient
is orthogonal to the vector F”(u) and all o; are distinct.

(vii) More surprisingly, with a suitable phase choice with respect to the nonlinearity
(for instance, choose J such that M = JN becomes upper triangular), it is always
possible to allow for the propagation of an oscillation with small amplitude ¢
and frequency ¢~ for all y € (0, n]. This is a new multidimensional feature! In
contrast, if y > n, the “true” nonlinearity always cancels this oscillation. Therefore,
in dimension n > 1, the critical exponent is n, provided that the solution oscillates
in very singular directions! For n = 1, we recover the classical geometric optics.
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