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Abstract

The existence and uniqueness of solutions to the Euler equations for initial vorticity in B N LP0 N LP1
was proved by Misha Vishik, where B is a borderline Besov space parameterized by the function I”
and 1 < pg < 2 < py. Vishik established short time existence and uniqueness when I"(n) = O (logn) and

global existence and uniqueness when I (n) = 0(10g% n). For initial vorticity in By N L2, we establish the
vanishing viscosity limit in L2(R?) of solutions of the Navier—Stokes equations to a solution of the Euler
equations in the plane, convergence being uniform over short time when /" (n) = O (logn) and uniform over
any finite time when I"(n) = O (log“n), 0 < k < 1, and we give a bound on the rate of convergence. This
allows us to extend the class of initial vorticities for which both global existence and uniqueness of solutions
to the Euler equations can be established to include B N L? when I'(n) = 0O(loghn) for0 <« < 1.
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1. Introduction

We consider an incompressible fluid of constant density and nonzero viscosity extending
throughout the plane—described by the Navier—Stokes equations—and ask whether its veloc-
ity as a function of time and space converges in the energy norm to the velocity of an inviscid
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fluid—described by the Euler equations—having the same initial velocity. This is the so-called
vanishing viscosity limit, which is of interest primarily in two settings: weak solutions in the
whole space (or a periodic domain) and solutions of any kind in a domain with boundary, these
being the two settings where knowledge of the limit is most wanting.

Here, we focus on a particular class of weak solutions in the plane. (Very little is known
about the vanishing viscosity limit for weak solutions in higher dimensions.) This class of weak
solutions arises in an issue closely related to the vanishing viscosity limit, namely, uniqueness of
solutions to the Euler equations in a given class of weak solutions.

There are two results that reach the edge of what is known about uniqueness of solutions to
the Euler equations in the plane. In [10], Yudovich established uniqueness (and existence) of
solutions to the Euler equations with bounded initial vorticity, extending this result in [11] to a
class of initial velocities with unbounded vorticities, which we will call Y, with the restriction
that the L?”-norms of the initial vorticity not grow much faster than log p. (These results are for a
bounded domain, but extend easily to the whole plane.) In [9], Vishik established the uniqueness
of solutions for velocities whose vorticities lie in L°°([0, T']; B N LP0), 1 < pg < 2 (or, in n
dimensions, 1 < pg < n) and where B is defined in Section 2. This was under the assumption
that I"(n) not grow much faster than nlogn. Except for certain technical restrictions placed
on I, this class of solutions includes those generated by initial vorticities in Y. Vishik, however,
was only able to establish existence of a solution in his uniqueness class for initial vorticities in
BrNnLPPNLP 1 <pyg<2<p;<ooand I' = O(logn) (for a more detailed statement see
Theorem 2).

We give a bound on the rate of convergence of the vanishing viscosity limit in the L?-norm
for initial vorticities in By N L2 with I' = O (logn). We also extend the class of initial vorticities
for which both existence and uniqueness can be established globally in time. (See Theorem 4,
Corollaries 5 and 6.)

Related results appear in [1], where convergence in the energy norm uniformly over finite time
is shown for bounded initial vorticity, and in [4] where convergence in the same norm is shown
for initial velocity in Y. In [3], convergence for initial velocity in Béo,l is shown uniformly

over finite time in the Bgo ,-norm with a bound on the rate of convergence. The rates in these
references are discussed following Corollary 6.

2. Background and statement of main results

The Navier—Stokes equations are given by

i + i - Vil — vAii = —V p,
(NS) { divii =0,

Uli=0 = u®
and the Euler equations by

oou+u-Vu=—-Vp,
(E) divu =0,
uli=p = u®.
Here, u, p, u, and p are tempered distributions. For the solutions we will be working with, # and
u will lie L>([0, T]; HY), allowing use to make sense of the nonlinear terms in (NS) and (E).
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In the plane, the vorticity of a fluid is given by
w=uw(u)=0iuy — ouj.
We now define the Littlewood—Paley operators. We begin with the following lemma:

Lemma 1. There exist two radial functions x € S and ¢ € S such that

4 3 8
suprC{EeR2:0<I$I<§}, suppsr)C{é‘eRzZ |§I<§},

and

supp x (§) + Y ¢ (E) =1,

j=0
where @ (&) = @(27I€) (so j(x) =2% ¢(2/x)).
Proof. This is classical. See [7]. O

Observe that, if |j — j’| > 2, then suppg; N suppy; =¥, and, if j > 1, then suppg; N

supp x = 9.
Let f € §’. We define, for any integer j,

0, j<-1,
Ajf={xD)f=xxf Jj=-1
(p(D)f:(p]*f, j>_1’

and
j-1 .
Sif= ) Mf=x(27'D)f.
k=—00

Asin [9], let I" : R — [1, 00) be a locally Lipschitz continuous monotonically nondecreasing
function that satisfies conditions (i)—(iii) of [9, p. 771]. Condition (i) is that I" = 1 on the interval
(=00, —1] and limg_, o I"(B) = 00. For the other (minor technical) conditions see [9].

Define the space

Br—!feé" (R?): ZHA fle=0 (mv))}

j=—1

with the norm

Ifllr= S“‘LW Z 14, fllze.
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The following fundamental result for initial vorticities in B is from Theorems 7.1 and 8.1
of [9]:

Theorem 2 (Vishik). Define I't : R — [1, 00) by

1, B < -1,
I =
18) { BB, B>-1,
and add the assumption (on I') that '] is convex. Finally, assume that I" satisfies

B+2Ir'p)<C 2.1)

for almost all B € [—1, 00). Given initial vorticity @° in Br N LPO N LP! with 1 < py <2 <
p1 < 00 there exists a short-time solution to (E) unique in the class of vorticities lying in
Lo°([0, T]; LPo N LPYY N Cy«([0, T1; Bry). With the added assumption that

r'rip)<c (2.2)

for almost all B > —1, there exists a solution to (E) unique in the class of vorticities lying
in Liy ([0,00); LPO N LPY) N Cy+([0, 00); Bry). Here, Cy, is the space of weak*-continuous
functions (see [9] for details).

Observe that the vorticity degrades immediately in that (as far as is known) it belongs to a
larger space at all positive times than it does at time zero.

Remark 3. In Theorem 4, Corollaries 5 and 6, for the case where lim,,_, o, I" (n) = 0o, the sym-
bol C represents an unspecified absolute constant (that is, independent of the initial data). For
the case where I"(n) is bounded in n, the constant C depends on both the L?-norm and the
Bgo, -norm of initial vorticity. This dependence arises in (4.1).

Theorem 4. Let I':R — [0, 00) (without making any of the assumptions on I' of [9]) and
assume that u® is in L* with ©° = w®) in By N L?. Then there exists a unique solution i
to (NS) and a (not necessarily unique) solution u to (E), both lying in L*° ([0, 00); H! (Rz)). For
any such u,

”l:i - u”LOO([O,T];LZ(RZ)) < C(UT)1/2 H(I)OHLz exp(ecaTF(_ IOg(UT)/Z)) (23)

forall T > 0, where a = ||| ;..

Proof. The existence of a global-in-time solution to (E) with vorticity in L*°([0, co); L?) for °
in LP(]R2), p > 1, is due to Yudovich in [10] (see, for instance, Theorem 4.1 of [5, p. 126]).
The existence and uniqueness of solutions to (NS) lying in L*([0, T]; L*) N L>([0, T]; L?)
for u¥ in L2(R?) is classical (see, for instance, Theorems II1.3.1 and IIL.3.2 of [6]). Because our
solutions to (NS) are in the whole plane, all L?-norms of the vorticity are non-increasing, so, in
fact, i lies in L ([0, 00); H'(R?)).

The proof of (2.3) is contained in the sections that follow. O
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It is possible to loosen the finite energy requirement in Theorem 4 that «° lie in L?(R?),
allowing it to lie, for instance, in the space E,, of [2].

Without restrictions on I" it is of course possible that the right-hand side of (2.3) will not go
to zero with v. In order to establish the vanishing viscosity limit, I"(n) cannot grow any faster
than Clogn. We have the following immediate corollary of Theorem 4:

Corollary 5. When I'(n) = O(logn), it — u in L®([0, T]; L>(R?)) for T < (Ca)~}, with

~ 1 CaT
i =l oqo.ryzey < Clo’ | 0D exp<<_§ log<vT)) ) (24)

In Corollary 6, we extend the class of solutions for which both existence and uniqueness of so-
lutions to (E) can be demonstrated globally in time. Note that we obtain uniqueness in Corollary 6
in spite of lacking knowledge of whether the solution to (E) remains in the class L*°([0, T']; Br,)
for arbitrarily large 7', this being (almost) the class for which Vishik demonstrates uniqueness
in [9] (see the comment on p. 771 of [9]).

Corollary 6. When I'(n) = O(log“n) with 0 < k < 1, the solution u to (E) is unique in
L%([0, 00); H'(R?)). Also, ii — u in L2, ([0, 00); L2(R?)), and for all T > 0,

18 — ull oo o, 71 12R2)) < COT) 2[00 o exp(eCeTioe (Zlosv /), 2.5)

Proof. The rate in (2.5) follows immediately from Theorem 4. By (2.5), any solution u to (E)
lying in L*®([0, c0); H'(R?)) is the strong limit in L ([0, 00); L2(R?)) of the solutions &
to (NS); since strong limits are unique, we conclude that the solution u is unique. 0O

In Corollary 6, one can show that a solution to (E) in L*([0, oo); H'! (R?)) is unique without
using the vanishing viscosity limit. Indeed, given a solution u to (E) with initial data ug, we
construct in the proof of Theorem 4 a sequence of C*° solutions u,, to (E) with initial data S, u.
We then show that wg € B implies [lu, — ull oo (0, 7). 12(r2)) g0€8 to 0 as n approaches infinity
(see (3.2) and (4.2) in the sections that follow), where I" satisfies the conditions in Corollary 6.
Since the sequence u, is uniquely determined by the initial data u(, two solutions to (E) with the
same initial data and initial vorticity in B will have the same approximating sequence and will
therefore be equal on [0, T'].

The restriction (2.1) on I” ensures that I" (N) grows no faster than C log N for large N. There-
fore, Corollaries 5 and 6 establish a rate of convergence for the entire short time existence and
uniqueness class in [9]. Similarly, the assumption (2.2) on I" ensures that I"(N) grows no faster

than C log% N for large N. Therefore, Corollary 6 establishes a rate of convergence for the entire
global existence and uniqueness class in [9] as well.
For bounded initial vorticity, Chemin shows in [1] that

~ 1 _ 0
1 — ll oo 0,71, 122y < (@vT)7 P CNT 20020 T)

X “ o’ “ Lszooe1 —exp(=Clle’ll 20,00 T)

Since Bgo’l C L*, we would expect this rate to be slower than that of (2.5) with « = 0, which it

172

is. As T approaches 0, though, this rate gets closer to being C(vT)'/4, so it is not much worse
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than (2.5) with k = 0 for small times. Chemin’s rate is substantially better than that of (2.4)
and of (2.5) with 0 < k < 1; however, the two spaces Bo1og*») and L> are not comparable for
0 < « < 1, since the vorticity can be unbounded for the first space while I"(rn) = O (n) for the
second.

Hmidi and Keraani show in [3] that for «° in Bgo 1

i cT
”I/l —_ u”LOO([O,T];Bgo 1) g C(UT)I/Z(I + vT)l/Zee

where the constants depend on the BO .| horm of @°. This is the same rate (in a different space)
as that in (2.5) with « = 0, up to the dependence of constants on time and on the initial data.

3. Basic vanishing viscosity argument
We now begin the proof of Theorem 4. Let

u, = the solution to (E) with initial velocity ug,

where ug, n=1,2,...,1s a divergence-free initial velocity smoothed to lie in C*° and such that
ug — u%in L%(R?) as n — oo0.
Letting

X =L>([0, T1]; L*(R?))
we have, for any solution u to (E) in L°°([0, c0); H'(R?)),
i —ullx <l —unllx + llu—unlx.

A straightforward energy argument (see [4] for instance) shows that

) = un )72 < Cotlle®] 2 o) | 2 + [ — w72

t

—I-Zf'/‘ﬁ(s,x) —un(s,x)IZIVun(s,x)|dxds.

0 R2

As long as we insure that the initial velocity is smoothed in such a way that

[l 2 < Cle’],- 3.0

we can conclude from Gronwall’s inequality that

|G = un (@) |32 < (Cvt |22 + [ u® = ul|3,) 2o 17unlioe
SO

1=t < (V1) 2]+ [ =] )eld 1V,

using (A2 + B?)!'/2 < A+ Bfor A, B >0.
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The energy argument for bounding |u — u, | x is identical except that the term involving v is
absent and of course we have u in place of u. (In this energy argument, although the norm of u(¢)
in H(R?) does not appear, the membership of u(¢) in H L(R2) for almost all 7 is required to
insure the vanishing of one of the two nonlinear terms, so we are using the membership of u in
L([0, 00); H'(R?)).)

We thus have

T
\%
||u — un”X < ||u0 — MS HLzefO Vitn || oo (32)
and so

li — ullx < (CVT)2 @ o 1Vl 1210 — O el IVulse (3.3)

oo

-2, of approximations to u? satisfy-

Now suppose we can show that for some sequence (ug)
ing (3.1),

||u0 —u® ||L2efoT Vunlizee 50 as v — 0. (3.4)
Then letting n = f(v) with f(v) — oo as v — 0, the second term in (3.3) will vanish with the
viscosity. By choosing f to increase to infinity sufficiently slowly, we can always make the first
term in (3.3) vanish with the viscosity as well. Thus, to establish the vanishing viscosity limit,
we need only show that (3.4) holds; to determine a bound on the rate of convergence, however,
we must choose the function f explicitly.

What we have done is in effect decouple the vanishing viscosity limit from the Navier—Stokes
equations and from the viscosity itself. Also, we have yet to use the information we gain from «°
lying in B ; this information is encoded in the approximate solution u, and will be exploited in
the next section.

4. Convergence in (3.4)
To smooth the initial velocity let
ud = S,u’.

Then o)) = S, and (3.1) is satisfied. Also,

o0 00
= le = -5l = | 3 s < 3 fag],:
g=n+1 L2 g=n+1

[}
<C Y 274Vl
g=n+1

o » 2)/( > nAquHiz)l/Z

q=n+1 g=n+1
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~ . 12
cert( 3 Jatll) <clotl 2
g=n+1

where we used Minkowski’s inequality, Bernstein’s inequality, and the Cauchy—Schwarz inequal-
ity. From Lemma 7,

Ctllef]l
[9ua @] e < C (Rl o+ bl o e 5

< C(Ha)o HL2 +C(F(n))€cmlr(n) g CaF(n)eC(XtF(l’l)’ (41)
where a = ||| g;.. When lim,,_, o, I"(n) = 00, (4.1) holds for an absolute constant C for all

sufficiently large n; it holds for all n for a constant that depends upon the initial vorticity. (See
Remark 3.) This applies as well to the inequalities that follow. Also, in (4.1) we used

n+1
”wSHBgO] = > 800 1% < D [440°| o @l ().
gzl g=—1
Thus,
T
/HWn(I)HLoo < ?"%ﬁ”i(ecwr(m —1) g €T
o n
0
and

”uo _ ug ||Lzef0T IVunllzoe < ||a)0 ||L22_” exp(eC“TF(")). 4.2)

To bound the rate of convergence of & to u, we must decide how to choose n as a function
of v in (3.3). Using (4.2), we have

i —ullx < C||a)0||L2((vT)1/2 + 2_") exp(eC“TF(")).

Viewing this as a sum of two rates, when n = —(1/2)log(vT) the two rates are equal. If n
increases more rapidly as v — O then the first term decreases more slowly as v — 0; if n in-
creases more slowly as v — 0 then the second term decreases more slowly as v — 0. Since
the slower decreasing of the two terms limits the convergence rate, we conclude that letting
n = —(1/2)log(vT) optimizes the convergence rate, giving the bound in Theorem 4 and com-
pleting its proof.

Lemma 7. Let v be a C*-solution to (E) with initial velocity V0, where o is in LPO N Bgo iy
with po in (1, 00). Then

Ctllo®ll 4o
[Vo) | o < (1 [ + [l o Je P
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Proof. We have,
[V00] o < A1 900) [ + 3[40
q20

<Clacio®|p +C Y[ Aq0® ]
q=0

<Cle 1 +Clo®] g -

Here we used Bernstein’s inequality with the Calderon—Zygmund inequality for the first term
and Lemma 8 for the sum.
From Theorem 4.2 of [8],

lo®] g <c(+log(le ]y, I8~ Ol el 50 -

where g is the flow associated to v; that is,

t

g(t,x)=x +/v(s,g(s,x)) ds.

0

It follows from Gronwall’s inequality that

t
e I~ @, <exp [ 1906 0.
0

Combining the three inequalities above gives

t
[Vo)] . < €] +c(1 +2f ||w<s>||mds) e
0

and the proof is completed by another application of Gronwall’s inequality. O

In the proof of Lemma 7 we used the existence of a flow associated with a smooth solu-
tion to (E), which allowed us to apply Theorem 4.2 of [8]. This is where our approach differs
markedly from that of Vishik’s in [9], where required properties of the flow are inferred from the
membership of the vorticity in the spaces L”° N By and L?9 N LP! and where the constraints on
the values of pg and p; of Theorem 2 are required. Vishik also requires that pg < 2 so that the
velocity can be recovered uniquely from the vorticity using the Biot—Savart law, since he uses
the vorticity formulation of a weak solution to (E) in [9]. By contrast, in Theorem 4 we in effect
require that pp = p; = 2, so that we can make the basic energy argument in Section 3.

It is also possible to prove Lemma 7 using an argument like that in [3].
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Lemma 8. Let v be a divergence-free vector field in leOC (R?) with vorticity w. Then there exists

an absolute constant C such that for all g > 0 (that is, avoiding the low frequencies),

1A, VvlLe < CllAgwlipoe.
Proof. Since v is a divergence-free vector field in LfOC(Rz) it possesses a (unique) stream
function ; that is, v = VLW = (=¥, 01¥), and w = Ayr. Therefore Ajv = VLAqw and
A = A1 A 0,50 VA v =VVLATI A 0. Tt follows that

144 Vollzoe < Csup|[Ag3:9; A7 o] .-
LJ

But,
|448:0; A7 o] o = H;—l(wq@)%@@)) .
= |7 0y ©hg b)) | oo = [ Ag (g (&) % 0) | .
where

&2

x and ¢ being defined in Lemma 1. Observe that 4, = 1 on the support of ¢, . Because i, (§) =
h(279&), where

ha (€)= x(27777€) (1 - x (277"1¢))

&
|£12°

hE) =x(273) (1 - x(28))

fzq(x) = ZZqﬁ(qu), and thus by a change of variables, ||flq I = ||ﬁ||L1 =C.
Then using Young’s convolution inequality,

|84 (7g &) % )| ;e = | g (&) % Ago|| o < lltg Iy Aqell o0
< Cl Al L,

which completes the proof. O
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