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1. Introduction

Let £2 be a nonempty bounded connected open subset of RV (N =2 or 3) of class C®. Let T > 0
and let w C £2 be a (small) nonempty open subset which is the control domain. We will use the
notation Q =2 x (0,T) and ¥ =98 x (0, T).

Let us recall the definition of some usual spaces in the context of Stokes equations (see, for in-
stance, [13]):

V=|{yeH})": V.y=0in 2}
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and
H={yel?(": V.y=0in £, y-n=0on 32}

In this paper, we deal with the following Stokes control system:

ye—Ay+Vp=vl, inQ,

V.y=0 in Q,

(M
y=0 on X,
Yle=0= Yo in £,

where yg € H is the initial condition and v = (vj)?’:1 is the control function.

It is well known that the null controllability for this system holds, that is to say, for every y° € H
and every T > 0, there exists v € L2(Q)N such that the solution y € L%(0, T; V) N C°([0, T1; H) of (1)
satisfies

Y]|t=r =0 in £2.

For a proof of this result, see, for instance, [9] or [4].

The main objective of this paper is to prove that system (1) is null controllable by means of N — 1
scalar controls, that is to say, when v; =0 for some given i € {1, ..., N}. This result has been proved
in [5] when w “touches” the boundary 92, that is to say, when @wN 952 # @. The major novelty of this
paper is to remove this geometric property and prove the null controllability result for every open set
wC$2.

Our main result is given in the following theorem.

Theorem 1. There exists a constant C > 0 depending only on $2 and w such that, for every yo € H and every
ie{1,..., N}, there exists a control v € L*(Q)N with v; = 0in Q satisfying

9
V2w < €TV yoll 2o
and such that the solution y of (1) satisfies
Y=t =0 in£2.

Remark 1. As proved in [11], there are nonempty Lipschitz bounded connected open subset §2 of R3
such that, even with w := £2, the null controllability of the control system (1) does not hold with two
vanishing components for the control (i.e. if one imposes, for example, vi = v, = 0). See also [2] for
a torus.

In order to prove Theorem 1, we introduce the adjoint system:

—¢r—Ap+Vr =0 inQ,

V.p=0 in Q,
=0 on X,
Qle=r = @1 in 2,

with ¢r € H. Then, it is well known (see, e.g. [1, Theorem 2.44, pp. 56-57]) that the result stated in
Theorem 1 is equivalent to the following observability inequality:

N
9
/|§0|t=0|2dx§ eCa+1/T Z lpj|? dtdx, 2)
2 j=1, j#i wx(0,T)

for some C depending only on £2 and w.



2910 J.-M. Coron, S. Guerrero / J. Differential Equations 246 (2009) 2908-2921

The proof of this inequality is based on Carleman inequalities. The general idea is to get profit of
the fact that Asr =0 in order to have equations in ¢; (j # i) which do not depend neither on ¢; nor
on 7 (see Eq. (18) below). The only problem is that these equations are heat equations which are
satisfied by some derivatives of ¢; (j # i) and so no boundary conditions are prescribed. Therefore,
for the moment, we have only

2
! dtda),

ad
Z /f p1(t, X)|gj|? drdx < C Z ( // p1<t,x>|<pj|2drdx+//m(ax)
x(0,T) po
where the boundary terms on the right-hand side have to be estimated. For that, the idea is to use

J=1,j#i g J=1, j#i
a priori estimates relying on the regularizing effect of the Stokes system (see Lemma 1 below). This
will provide an estimate of the boundary terms but with an additional integral depending on ¢;:

N
Z /[,Ol(t x)|(pj|2dtdx<C< Z // p1(t, x)|¢l|2dtdx+ffp3(t x)|¢;l|2dtd0)

j=1, ]751 j=1,j#i x(0,T)

Finally, using the divergence-free condition on ¢ and the properties of the weight functions, we can
absorb the term depending on ¢; with the help of the left-hand side.

Let us remark that, even in the case of N scalar controls, our proof of (2) is simpler than the ones
given in [9] and [4]: in these papers, a local estimate of the pressure had to be performed. Indeed,
the main advantage of our estimate is that we do not have to deal with the pressure all along the
proof. These ideas were already developed in [8].

This paper is organized as follows. In Section 2, we present some technical results, most of them
known, which will be used in the proof of Theorem 1. Finally, in Section 3 we prove the observability
inequality (2).

2. Some previous results

For the proof of the observability inequality needed to establish Theorem 1, we follow a classical
approach, consisting of obtaining a suitable weighted-like estimate (so-called Carleman estimate) for
the associated adjoint system. For a systematic use of this kind of estimates see, for instance, [7]
or [9].

In order to establish these Carleman inequalities, we need to define some weight functions:

exp{20[17°l oo} — exp{A(18[17°]lcc + 1 (X))}
t9(T —1)°

a(t,x) =

e+ (18117°lloo+1° (%))

o*(t) = maxa(t, x), LX) = ————, *(t) = min&(t, x). 3
® max (%) &(t, x) BT 00 &5 (D) xeﬁs( ) (3)

Here, n° € C2(£2) satisfies
|[Vn°|>0 in 2\wo, 7°>0 in2 and n°=0 on 3, (4)

where wp is a nonempty open subset of RV such that @y C w. The existence of such a function n°
is given in [7, Lemma 1.1, Chapter 1] (see also [1, Lemma 2.68, Chapter 1]). Weights of the kind (3)
were first considered in [7].
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Accordingly, we define Ig(s, A; -) as follows:

Io(s, A, g) :=sA? // e 2% |vg2dtdx + s34 f/ e 253 g| dt dx,
Q Q

for g: 2 — R and

N

To(s, %, 8) =Y _Io(s, A, &),
i=1

for g=1(g1,...,8gn): £ — RN. From this expression, we also introduce
I(s,4; 8) =5 ffe‘ms—l(w +|Agl?)dtdx +Io(s, X, g). (5)
Q

for g = £ — RN,
Now, we state all the technical results we need. The first one is a regularity result for the solutions
of Stokes system:

Lemma 1. For every T > 0 and every f € L?(0, T; H), there exists a unique
uel?(0,T; H2(2)N)nH' (0, T; H)
such that, for some p € L2(0, T; H'(2)),

u—Au+Vp=f inQ,
V-u=0 inQ,

6
u=0 on X, ©
U0 =0 in $2.
Furthermore, there exists a constant C > 0 depending only on 2 such that
lulli20,7:H22)N) + Nl 1o, 72020290y < ClLflli20, 1212629 - (7

In order to deal with more regular solutions, let us introduce some compatibility conditions. We
will say that f satisfies the compatibility condition of order r if, for any nonnegative integer k <r —1,
we have

k
VPt =) (3{A*f)0.%, xede,
i=0

where p® =0 and, for k > 0, p¥ is the solution of the Neumann boundary-value problem

Ap" =0 in £2,
P k—1 ) )
a—npk = Z(ag A*£)(0,%x) on 3%2.
i=0

One has the following lemma (see, for instance, [12, Section IV], [10, Theorem 6, pp. 100-101], [14]):
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Lemma 2. Let T > 0 and let r be a positive integer. There exists C > 0 depending only on r and §2 such that, for
every f € L2(0, T; H¥ ()N N H) N H' (0, T; H) satisfying the compatibility condition of order r, the solution
u of (6) satisfies

ue X :=L1%0,T; H*2(@)N)nH™1(0, T; L2()V),
lullx, < C(I1f 20,712 vy + L f 0.7 12(2)M)) - (8)

The second result is a nice property coming from the definition of the previous weights:

Lemma 3. Let r € R. There exists C > 0 depending only on r, $2, wo and n° such that, for every T > 0 and
everyu € L2(0, T; H1(2)),

52)\,2 // e7250té-r+2|u|2dtdx
Q

gC(//e_25“§r|Vu|2dtdx+32A2 // e_zs"‘ér+2|u|2dtdx), (9)
Q

wox(0.T)
for every . > C and every s > CT8,

Proof. In this proof, we denote by C various positive constants depending only on r, £2 wp and n°.
By a density argument, we can suppose that u € C°([0, T]; C1(£2)). Then, we consider the following
integral

SA // e 2sagr+l (Vno - Vu)udtdx,
Q

where the weight functions &, o and 1n° were introduced in (3)-(4). We integrate by parts with
respect to x; this gives

sA // e 2V . Vu)udt dx
Q
A ano A
_ s f/ 25 g+ LIUIZ dtdo — SA /f p—250y . (ETHV770)|u|2dtdx
2 on 2
b)) Q

_§2)2 // 6725a§r+2wﬂo}2\u|2 dtdx.
Q

0
We observe that from (4), one has %in <0, so that we deduce
§232 // e—ZsaEr+2|Vn0|2|u|2 dt dx
Q

SA
<s)\//e-25“gf+l|vn°||Vu||u|drdx+ ?f/e‘zs"‘w.(gr+1vn°)||u\2dtdx. (10)
Q Q
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From (3), we obtain
‘v . ($r+1vn0)‘ < C)»EH],

for A > C. Using Cauchy-Schwarz’s inequality for the first term in the right-hand side of (10), we
obtain, for every € > 0,

§232 //e‘zs‘)‘é”z|Vn°\2|u|2dtdx
Q
C
< E// e~ Vu | dt dx + €s?A? // e 2% M2y 2 dt dx,
Q Q

for s > CT'8 /e and A > C. Taking € small enough, we get the desired estimate (9). O
The third technical result concerns the Laplace operator:

Lemma 4. Let y (x) = exp{An°(x)} for x € £2 and let r € R. Then, there exists C > 0 depending only on r, £2,
wo and n° such that, for every T > 0 and every u € H}(£2),

rr+3}hr+5/‘e2tyyr+3|u|2dx+.L.r+1)hr+3/62ryyr+llvu|2dx
2 2

< C<7,'rkr+1 /eZtyyrlAu|2 dx + Tr+3kr+5/e2':yyr+3|u|2 dX), (11)

wo
forevery > > C and every T > C.

The proof of this lemma can be readily deduced from the corresponding result for parabolic equa-
tions included in [7, Remark 1.2, Chapter 1]. The original result was stated for r = 0; then, using this
result for the function y/?u € H}(£2), we obtain (11).

The fourth and last technical result is an estimate which holds for energy solutions of heat equa-
tions with non-homogeneous Neumann boundary conditions:

Lemma 5. There exists C > 0 depending only on 2, wg and n° such that, for every T > 0, every ug € L?(£2),
every f1 € L2(Q), every fo € L2(Q)N and every f3 € L%(X), the weak solution u of

u—Au=f1+V-fr inQ,

au

—+ fo-n=f3 on X, (12)
an

Ul—0 = Ug in 2

satisfies

To(s, A u) < C<S3A4 /f e_zsaé3|u|2dtdx+// e~ 25| 112 dt dx
Q

wox(0,T)

+5222 /f e~ 2%E2| 5|2 dt dx + sh // 6’25"‘*5*|f3|2dtd0), (13)
Q x

forevery A > C and every s > C(T° + T19).
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Let us recall the definition of a weak solution: we say that u is a weak solution to (12) if it satisfies
uel?(0,T; H'(2))nco([0, T; L2(£2)),

d
afguvdx—l—/Vu‘Vvdx:/fl(t,x)vdx—/fz(t,x)‘Vvdx+‘/f3(t,x)vdo
Q Q a0

2 (14)

in D'(0, T), Vv e H (),
u(x,0)=u%) in £2.

It is well known that, for f1 € L2(Q), f2 € L2(Q)N, f3 € L2(X) and ug € L2(£2), (12) possesses exactly
one weak solution u.

Lemma 5 is essentially proved in [3]. In fact, the inequality proved there concerns the same weight
functions as in (13) but with t(T —t) instead of t°(T —t)°. Then, one can follow the steps of the proof
in [3] (see Theorem 1 in that reference) and adapt the arguments just taking into account that

g =0y <CTEY® and o := oy < CT2EM/P, (15)
with C > 0 independent of s, A and T.
3. Proof of the observability inequality (2)

In this section we denote by C various positive constants which depend only on £2 and w (they
depend also in general on the choice of n° and wg but one can consider that 7° as well as wy depend
on £ and w). Without any lack of generality, we treat the case of dimension 2. The same proof can
be performed in dimension 3. We introduce the adjoint system:

—¢r—Ap+Vr =0 inQ,

V.p=0 in Q, (16)
=0 on X,
Qle=r =@t in 2,

and define ¢ : £2 — R and ¢, : 2 — R by (¢1, ¢2) = ¢.
We are going to establish estimate (2) for i = 2. Of course, the same can be done for i = 1. One
has the following proposition.

Proposition 1. There exists a positive constant C depending only on §2 and w such that
38)“10 // e—ZSaESI(pl |2 dtdx + 56}“8 // e—ZSO[* (s*)ﬁl(pzlz dt dX
Q Q
< CsA10 // e25%E9 |2 dt dx, (17)
wx(0,T)
forevery s > C(T° + T'8) and every 1 > C.

Remark 2. From the Carleman inequality (17), one can follow the same steps as in [6] in order to
prove the observability inequality (2) for N =2 and i =2 and so once Proposition 1 is established,
the proof of Theorem 1 is finished.
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Proof of Proposition 1. Note that, by a simple density argument, we may assume, without loss of gen-
erality, that ¢ is of class C® on [0, T] x £2. We also observe that, using the divergence-free condition,
we have that

AT =0 in £ x (0, T).

Then, we apply the operator VA = (d1A, d,A) to the equation satisfied by ¢;. Denoting 1 :=
VA@; € R?, we have

Yie+ Ay =0 in Q. (18)

We apply Lemma 5 to ¥ and we have

Io(s, A; ¥r1) < C <s A4 f/ e 2531y |2dtdx+sA//

wox(0,T)

61//1
an

do dt) (19)

for every A > C and s > C(T? + T18).
The rest of the proof is divided in three steps.

e In Step 1, we will prove that Ip(s, A; Y1) can be estimated from below by the left-hand side of
inequality (17).

e In Step 2, we will estimate the normal derivative appearing in the right-hand side of (19).

e Finally, in Step 3, we will estimate all the local terms by the local term of ¢; appearing in the
right-hand side of (17).

Step 1. (1.1) Estimate of ¢1. We use Lemma 3 for u := Ag; and r = 3. We get the existence of a positive
constant C such that

s 1‘5// e 2%ES | Ay |2 dt dx — Cs°2® // eT2YES | Ay |2 dt dx
wo%x(0,T)

<Csad // e 25E3 |y P dt dx, (20)
Q

for every A > C and every s > CT8.
Next, we would like to recover a term in ¢; and a term in Vg using A¢j. This is done by
applying Lemma 4 for u:=¢; € H&(Q) andr=5

rskloer’Vy8|¢1|2dx+rGAS/eZ’VVGWgoHde
2 2

<C(tSAG/ezty}/ﬂA(pﬂde-i—I8K10/€2TVVS|¢1|2L1X>,
2

wo

for every A, T > C. Now, we take

_ sexp{181[7°]| o0}
t9(T —1t)°
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in this inequality. Observe that this can be done whenever s > CT® and A > C (recall that we must
have t > C):

58A10/623$E8|(ﬂ]|2dx+56)»8/6‘258%'6|V(p]|2dx
2 2

<C(sSAG/62$§$5|A<p1|2dx+58A1O/8255§‘8|(p1|2dx), te(0,T)

2 wo

(the definition of & is given in (3)). Then, we multiply this inequality by

@201 [17° oo
expy —25————1¢,
p{ OT -9 }

we integrate in (0, T) and we obtain (recall the definition of « also given in (3)):
s8A10 /f e 25801 12 dt dx + 828 // e 245V |2 dt dx
Q Q
gc(sW // e 2YES | Ay |2 dt dx + s8A10 // e’zs"‘églwﬂzdtdx),
Q wox(0,T)

for every s > CT'® and every A > C. Combining this with (20), we get the following estimate for ¢;:

s810 /f 072580112 dt dx + 528 /f e™25%E8 |V 2 dt dx + 5”28 // e 2YES | Ay |2 dt dx
Q Q Q

0 wo

T
<c<s3x4 // e_25“53|w1|2dtdx+58A10//e_zso‘sgl(mlzdtdx
Q

+5°28 /f e‘25a55|A¢1|2dtdx), (21)

wox(0,T)

for every s > C(T° + T'8) and every A > C.

(1.2) Estimate of ¢,. We recall that the minimum of the weights e=2* and £ is reached at the
boundary 062, where ¢ = a™ and & = &* do not depend on x; see (3) for more details. From the
divergence-free condition d,¢, = —d1¢1, we find

$828 // e 2 (£%)813500 | dt dx = s°2° // e (£%)8191 01 | dr dx
Q Q
<s528 // e 25%E8 v |2 dt dx. (22)
Q

Using @232 =0 and §2 bounded we have that

f o2l dx < C f (22 dx,
2 2
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where C only depends on 2. Since o* and &* do not depend on x, we also have that

s628 // e (%)% |2 dr dx < (5528 f/ e (£%)8)3x005 | dit dx.
Q Q

Combining this with (22), we obtain

628 // e~ 2" (£%)8) 0,2 dt dx < %28 // e~ 28 vy 2 dt dx. (23)
Q Q

Step 2. In this step, we estimate the boundary term in the right-hand side of (19):

2
§1/231/2g=sa" (g41/2 3V8A§01
n

Lz(E).

Using integrations by parts, we readily have

51/2A1/2675a*(§*)1/2w ’
on 12(5)
<[ 6EDR2E T 0] 2 s 0 [ 567 A 2T 01 2 440 (24)
(recall that o™ and &* do not depend on x). Our goal is to estimate these two terms.
In order to do this, we first consider the function
G = s7/91/2e=s" (£:)17/9 .— g, (£) .
Let us point out that ¢, together with 7 := 0y (t)7, fulfills the following problem (see (16)):
—0r— AP+ VT =610 inQ,
Q@le=r =0 in 2.
From (7), we get
||$||L2(0,T,H2(9)2) + ||(Z||H1(0,T,L2(,Q)2) < C||91,t(P||L2(Q)2~
From the definition of the weight functions (see (3)), we see that
61,6 < CTS?11/2e75" (%)% < €312 75 (572, (26)
for every s > CT? and every A > C, so
1@120.7 120202 + 1810101120202 < C[*A12e7 €0 20 2- (27)

Let now

o~

9 i=5"12e7 (6 %9 == 6, (0.
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It is clear that @, together with 7 := 6,(t)mr, fulfills system (25) with #; replaced by 6. Using (8)
with r =1, we find

1@li20,7 H4@20m20 1120202 < C102:001120,1: 120202 + [ @200 20 r:1200202) - (28)
Estimating the weight functions as in (26), we have
RS Cs17/931/2¢=5" (£17/9 _ g,
and
162,00] < Cs?21 /25 (£%)?,
for every s > CT?, so
101 120.7.142y2) + 1PN 200 7:12(2)2)
S C(I1@N20.1:120202) + 1P m 0.1:122)2) + ”53)‘]/297501*(5*)3¢||L2(0,T;L2(9)2>)'
Using (27), we get
1812071122 + 1@l 20112202 < C[S°41 2 €0 20 1 120012)- (29)
Finally, we define the function
@* =i 571331275 (£%)=1/3 ¢y,
The same computations performed with ¢ and ¢ and an application of (8) with r =2 lead to
||(/)*||L2(0,T;H6(:2)2) < C(||¢||L2(0,T,H4(sz)2) + ||¢||H2(0,T;L2(:2)2)
+ ||53)‘]/2375a*(5*)3‘/’”LZ(O,T;LZ(Q)Z))'
Combining this with (29), we get
9™ ll20.1:15(272) < C[|$°22e™ 9| 12 2- (30)

Thanks to an interpolation argument between the spaces L2(H®) and L%(H*), estimates (29) and (30)
provide

“52/9)L1/2e—sa* (s*)Z/Q(pH 10T H @) < C||S3Al/2e—sa* (E*)?,(p” 2oy (31)

for A > C and s > CT?. Coming back to (24) and using (28) and (31), we find that

2
20VAP

S1/2)L1/2e—soﬁ(§*)1/
on

< C||s3k1/2e‘5°‘* (5*)3¢|’i2
L2(%)

Q)

for > C and s > CT?.
This ends Step 2.
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Putting together (19), (21) and (32), we have for the moment the following inequality:
8,10 // e 25%E81 01 12 dt dx + 5528 // e_zsa*(é*)lezlz dtdx
Q Q

+ 522 // e_2‘“§(|A2<p1|2 + 5?2282 |V A@1 |2 + s Agy 1?) de dx
Q

T

gc(ssA //E,M*(g*)sw dedx 4 510 / /e,mgsw it dx
Q

0 wo

+5°A8 // e ES Ay |2 dtdx + 324 // e25“$3|VAg01|2dtdx), (33)

wox(0,T) wox(0,T)

for every s > C(T? + T'8) and every A > C.
Now, we see that the first term in the right-hand side can be absorbed by the left-hand side as
long as A > C. For the moment, we have

ss)\m // 672501%.8'(/)]'2 dtdx+56)\.8 // 672sa*($*)6|¢2|2dtdx
Q Q

+ 522 // 6’25“$(|A2(p1|2+52A2§2|VA¢1|2+54A4§4|A(p1|2)dtdx
Q

T
<C(sSAm//e_zs"‘égkpﬂzdtdx—l-sske // e 2ES | Ay |2 dt dx

0 wo wox(0,T)

+s34 // e 293V A 2 dtdx), (34)

wox(0,T)

for every s > C(T° + T18) and every A > C.

Step 3. In this final step, we estimate the two last local terms in the right-hand side of (34) in terms
of |@1|? and small constants multiplied by the left-hand side of (34).

We start by estimating the term on VAg;. Let w; be an open subset satisfying wo € w1 € w and
let o1 € Cf(an) with p1 =1 in wp and 0 < p;. Then, an integration by parts gives

s34 // e"2E3|V Agq | dt dx

wox(0,T)

<shd // p1e 231V Ay |2 dt dx

w1 x(0,T)
3,4 250053 A2 st 250053 2
_— f/ p1e S E3 A Ay dtdx + - // A(p1e™*%E%)|Agr|* dtdx.

w1 x(0,T) w1x(0,T)
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Using the Cauchy-Schwarz’s inequality for the first term and estimate
}A(ple—zsol§3)}gCSZ)LZsse—ZSOé’ S}CT]S, A.}C,

for the second one, we obtain for every € > 0

s3a4 // e72YE3 |V Ay |* dt dx

wox(0,T)
< Cs°28 // e 2YES Ay |2 dt dx + €522 // _25"‘5}A2<p1‘ dtdx,
1 %(0,T)
for every s > CT'8 and every A > C (C depending also on ¢). Using this in (34), we obtain

SS)\,IO // e—250l§8|¢1|2 dtdx+$6)\.8 // e—250{*<§*)6|(p2|2dtdx
Q Q

+ 542 // e 2 (|a%g }2 + 522282 | VA |2 + 52288 Agr 17) dedx

T
<c<sgx1°//e—25“53|¢1|2dtdx+5516 // e‘zsaéslA(pllzdtclx>, (35)

0 wo w1x(0,T)
for every s > C(T? + T'8) and every A > C.

Let us now estimate Ag@q. Let w, be an open subset satisfying w1 € w, € w and let p; € C?(a)z)
with po =1 in w1 and p; > 0. Then, an integration by parts gives

// eTYES Ay |2 dtdx < 5708 // 0267 25%E3 | Ay | dt dx
w1 x(0,T) @2 x(0,T)

=528 // 0267 5%EN(VAQy - Vepy) dt dx
w7y x(0,T)

—s°28 // V(p2e7%%E%) - Voo Ay dt dx.

wyx(0,T)
Using again the Cauchy-Schwarz’s inequality for the first term and estimate
|V (p2e™9E%)| < Csag®e %, s>CT™®, A>C,

for the second one, we obtain for every € > 0

s°2° // e &3 Ay |* de dx

w1x(0,T)

< Cs7)8 // e 27|V 2 dt dx + €5 x“// —250£3|v Ay |2 dt dx, (36)
wy%x(0,T)
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for every s > CT'8 and every A > C (C depending also on ). Finally, we locally estimate V¢ in terms
of @1 by a completely analogous argument:

28 // e 27|V | dt dx

1 x(0,T)

< Cs10 // e725%Ed |2 dt dx + €5°2° // e 2YES | Ay |2 dt dx.
wyx(0,T) Q

This estimate, together with (35) and (36), readily gives the desired Carleman inequality (17). This
concludes the proof of Proposition 1. O
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