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1. Introduction

In a recent series of papers [3,4,11,12,15,25-27], the existence and multiplicity of positive periodic
solutions for the singular systems

X+at)x= f(t,x) +e(t) (11)
and
—X+at)x= f(t,x)+e() (1.2)
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have been studied, where a(t), e(t) € C(R,R"), f(t,x) € C(R x (R"\ {0}), R") are T-periodic in t with
a singularity at x =0,

lim fi(t,x) =00, i=1,...,n.
x—0

(1.1) and (1.2) represent singularities of repulsive type and attractive type respectively. One closely
related example of the above systems is

X+ax+ ViV (t,x) =e(t) (1.3)

with V(t,x) = (%)“‘“, o > 0, which was studied in [18]. A positive periodic solution of the above

systems is of interest because it is a non-collision periodic orbit of the singular systems. Periodic
solutions of singular systems have been studied over many years, see, for example, [1-5,10-15,17,18,
20-22,24-27,30]. One of the common assumptions to guarantee the existence of is a so-called strong
force assumption (corresponds to the case o > 1 in (1.3)), see, for example, [1,13] and references
therein. However, more recently, the existence of positive periodic solutions of the singular systems
has been established with a weak force condition [3,4,11,12,20,21,26,27].

The variational arguments have been the most used techniques to deal with the problem, see, for
example, [1,18,22-24]. More recently, the method of lower and upper solutions, the Schauder’s fixed
point theorem and the Krasnoselskii fixed point theorem in a cone have been employed to investigate
the existence of positive periodic solutions of the systems [2-4,11,12,14,15,19,25-27]. There is a rich
literature on the use of the Krasnoselskii fixed point theorem for the existence of positive solutions of
boundary value problems for general second-order differential equations (refer to [8,9,28] and many
other papers).

Motivated by these recent developments, we investigate the existence and multiplicity of positive
periodic solutions of the singular systems by the Krasnoselskii fixed point theorem. In this paper,
we are able to obtain several existence results based on the Krasnoselskii fixed point theorem by
constructing a cone defined on a product space. Similar cones have been proposed to study the exis-
tence of positive solutions of boundary value problems for systems of differential equations in several
papers of the author and his co-authors [6,7,29]. We also note a related cone is used to study the
existence of positive periodic solutions of singular periodic systems [11,26]. It seems that the Kras-
noselskii fixed point theorem on compression and expansion of cones is quite effective in dealing
with the problem. In fact, by choosing appropriate cones, the singularity of the systems is essentially
removed and the associated operator becomes well defined for certain ranges of functions even when
e; is negative.

This paper is organized as follows. Main results are given in Section 2. In Section 3, we define a
cone and discuss several properties of the equivalent operator on the cone. In order to simplify the
proof in Section 3, we establish a series of lemmas and corollaries to estimate the operator. All the
corollaries are the corresponding results for e; taking negative values. The proof of the main results is
presented in Sections 4 and 5.

2. Main results

In this section, we present our main results for the existence and multiplicity of positive periodic
solutions of singular systems of repulsive type (1.1). For (1.2), all the results can be proved in the same
way. First, we state a condition to guarantee the positiveness of the Green’s function of the following
scalar problems, i=1,2,...,n,

x{ +aj(t)x; = e;(t) (24)

with periodic boundary conditions x;(0) = x;(T), x;(0) = x;(T), where x = (x1,X2,...,%;), and
ai,az,...,a, and eq,ey,...,e, are T-periodic continuous functions. Let G;(t,s) € C([0, T], R) be the
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Green functions associated with (2.4). Now the periodic solution x(t) = (x1(t), x2(t), ..., X, (t)) of (2.4)
is given by

T

x,-(t):/Gi(t,s)ei(s)ds.

0
When a;(t) =k, 0 <k < % the Green function G; takes the following form,

sink(t—s)+sink(T —t+s)

Git S)_i 2k(1—coskT) . 0<s<t<T,
5277 ) sink(s—t)+sink(T —s+t)
i—cosk) > OSIssS<T.

sin(kx)+sink(T —x)
2k(1—coskT)

check that G is increasing on [0, %] and decreasing on [%, T], and G(t,s) = @(lt —s|). Thus

We can verify that G; is strictly positive. In fact, let G(x) = , x€ [0, T]. It is easy to

- kT
sin 5 1

- k(1 — coskT) - 2ksink7T

sinkT
<« —_
2k(1 — coskT)

=G0)<G(t,s) < GG)

for s,t € [0, T]. The same estimates can also be found in [11,19,25]. For a non-constant function a;(t),
there is a criterion discussed in [25,31] to guarantee the positiveness of the Green’s functions. There-
fore, we always assume the following assumption (A) is true for systems of repulsive type (1.1)
throughout the paper.

(A) The Green function Gj(t,s), associated with (2.4), is positive for all (t,s) € [0,T] x [0,T], i =
1,2,...,n.

Under hypothesis (A), we denote

0<m;j= min G;j(t,s), M; = max Gij(t,Ss),
0s,t<T 0s,t<T
m .
O<oi=—, o = min {o;} > 0. (2.5)
M; i=1,...,n

We now examine the existence and multiplicity of positive periodic solutions of the following
form, fori=1,...,n

Xi +a;()x; = 1gi(t) fi(x) + re;(t) (2.6)

with A > 0 is a positive parameter. By a positive T-periodic solution, we mean a positive T-periodic
function in C%(R,R") solving corresponding systems and each component is positive for all t.
Let Ry =[0,00), R®. =[]i_; R4, and denote by |x| = Y i ;|x;| the usual norm of R% for x =
(X1, ...,%p) € R". We will make the following assumptions:

(H1) fi(x) is a scalar continuous function defined for |x| > 0, and f;(x) >0 for |x| >0,i=1,...,n.
(H2) a;j(t), gi(t), ei(t) are T-periodic continuous scalar functions in t € R, a;(t), gi(t) > 0, t € [0, T],
Jo gi©de>0,i=1,....n.

We state our first theorem as follows.

Theorem 2.1. Let (A), (H1), (H2) hold, and e;(t) > 0 fort € [0, T],i=1,...,n. Assume that limy_.q f;(x) =
00, i=1,...,n.
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(@) Iflimy - o f— =0,i=1,...,n,then, forall » > 0, (2.6) has a positive periodic solution.

(b) Iflimy— oo 0
solutions.
(c) There exists a Lo > 0 such that (2.6) has a positive periodic solution for 0 < A < Ag.

=oofori=1,...,n,then, for all sufficiently small A > 0, (2.6) has two positive periodic

\X\

When e;(t) takes negative values, we give the following theorem. We need a stronger condition
on gj.

(H3) gi(t) >0forte[0,T],i=1,...,n
Theorem 2.2. Let (A), (H1), (H2), (H3) hold. Assume that limy_¢ fi(x) =oc0,i=1,...,n.

(@) Iflimy— oo fi(x) = 0o and limx— oo f"x"‘) =0,i=1,...,n, then there exists Lo > 0 such that (2.6) has
a positive periodic solution for A > Xg.

(b) Iflimyx - 00 f",((‘) =oofori=1,...,n,then, for all sufficiently small 1. > 0, (2.6) has two positive periodic
solutions.

(c) There exists a A1 > 0 such that (2.6) has a positive periodic solution for 0 < A < 1.

Now we apply Theorems 2.1, 2.2 to the following two-dimensional singular system, which has
been examined in [4,12,14].

ft+aOx=r(y2+y2) "+ (Y2 +y2)’ +re1(0). o
J+at)y=r(y2+y2)  + (/2 +y2) +2rex0),

with a, 8 >0, a; >0, a, >0, eq, e are T-periodic continuous in t. We only need to note the follow-

ing inequality
VR Y2 <X+ Y < V2 %2+ y2

since we use the summation norm in our theorems. For nonnegative ey, ez, Corollary 2.3 is an appli-
cation of Theorem 2.1.

Corollary 2.3. Assume that ay, ay, eq, e are T-periodic continuous in t and that ay, ay satisfy the assump-
tion (A). Also assume that e >0ande; >0 fort € [0, T]. Letox >0, 8 >0, A > 0.

(a) If0 < B < 1, then, for all A > 0, (2.7) has a positive periodic solution.
(b) If B > 1, then, for all sufficiently small A > 0, (2.7) has two positive periodic solutions.
(c) There exists a Lo > 0 such that (2.7) has a positive periodic solution for 0 < A < Ag.

When e, e, take negative values, we have the following corollary from Theorem 2.2.

Corollary 2.4. Assume that ay, ay, e1, ez are T-periodic continuous in t, and that ay, ay satisfy the assump-
tion (A). Leta >0, 8 > 0and A > 0.

(a) If0 < B < 1, then there exists Ao > 0 such that (2.7) has a positive periodic solution for . > Ag.
(b) If B > 1, then, for all sufficiently small » > 0, (2.7) has two positive periodic solutions.
(c) There exists a A1 > 0 such that (2.7) has a positive periodic solution for 0 < A < Aq.

We remark that the conclusions (b) of Theorems 2.1, 2.2 are still valid if at least one component
of f satisfies 11m|xHOo f'( ) = 0. In addition, analogous results are true if one considers a system that
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not every component is singular at zero. For simplicity, every component of f(t,x) is assumed to be
singular at zero in this paper. Also we comment that Theorems 2.1 and 2.2 can be extended to the
following more general system

X +ai(t)x; = A fi(t,x) + re;(t) (2.8)

if fi(t, x) satisfies p;(t)hj(x) < fi(t,x) <qi(t)H;(x), i =1,...,n with appropriate conditions on pj, h;,
qi, Hi.

In comparison with some related results in [3,4,11,12,15,25-27], the existence and multiplicity re-
sults in this paper can be applied to any periodic continuous function e;. Of course, our results require
the parameter A sufficiently small or large. From Corollaries 2.3 and 2.4, for o > 0, (2.7) always has
a positive periodic solution(s) if the parameter A is appropriately chosen according to 1> 8 > 0 or
B > 1. These results further suggest that both a strong force assumption and weak singularity con-
tribute to the existence of a positive solution(s) as long as certain conditions are met. Also it should
be pointed out that, for the non-singular case (a < 0), several possible combinations of superlinear
and sublinear assumptions at zero and infinity were considered in [19] to obtain one or two positive
periodic solutions of periodic boundary value problems. Finally, we provide a unified treatment of the
problem for several important cases, and the conditions of our theorems are quite easy to verify.

We have formulated our arguments in a series of lemmas and corollaries to avoid repeated argu-
ments in the proofs of the results. All the corollaries in Section 3 are the corresponding results for e;
which may take negative values. It seems, to some extend, that the lemmas and corollaries them-
selves are of importance, and reveal significant properties of the singular systems. We hope that they
can be used in future research.

3. Preliminary results
We recall some concepts and conclusions of an operator in a cone. Let E be a Banach space and K
be a closed, nonempty subset of E. K is said to be a cone if (i) cu + v € K for all u,v € K and all

o, B >0 and (ii) u, —u € K imply u = 0. The following well-known result of the fixed point theorem
is crucial in our arguments.

Lemma 3.1. (See [16].) Let X be a Banach space and K (C X) be a cone. Assume that $21, §2; are bounded
open subsets of X with 0 € 21, £21 C 27, and let

T:KN($22\21) — K

be completely continuous operator such that either

(i) 17ull = lull,ue KNa2y and | Tul < |lul,u e KNas2,;or
(ii) | 7ull < |lull,u e KN32y and | Tul| > |ull, u € KN 2.

Then T has a fixed point in K N (23 \ £21).

Consider the Banach space X =C[0,T] x --- x C[0, T], and for x = (x1,...,%;) € X, let

n
n

lIxll =" sup |xi(t)].

i telo,T]

Denote by K the cone
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n
K=1x=(x1,...,%) € X: xij(t) >0, t€[0,T],i=1,...,n, and min xi(t) = o||x
{ *1 n) i(6) > [0, T] O«T;zo/ ]
1=

where o is defined in (2.5). Also, for r > 0, let
2 ={xeK: |x| <r}.

Note that 082, = {x € K: [|x|| =T}. A
Let us define ’TA:(’Z;1,...,71”'):I<\{O}—> X, where 7., i=1,...,n, are

T
T{x(t):A/Gi(t, s)(gi(s) fi(x(s)) +ei(s))ds, 0<t<T. (3.9)
0

When e; is nonnegative, g;(s)fi(x(s)) + ej(s) is nonnegative. If e; takes negative values, we will
choose x(s) so that g;(s) fi(x(s)) + e;j(s) is nonnegative. This is possible because limy_¢ fij(X) = oo
or limx—co fi(x) = o0.

Now if x is a fixed point of 7, in K \ {0}, then x is a positive solution of (2.6). Also note that
each component x;(t) of any nonnegative periodic solution x is strictly positive for all t because of
the positiveness of the Green functions and assumptions (H1) and (H2). We now look at several
properties of the operator.

Lemma 3.2. Assume (A), (H1), (H2) hold and e;(t) > 0,t € [0,T],i=1,...,n. Then 7,(K \ {0}) C K and
T, : K\ {0} — K is completely continuous.

Proof. If x € K \ {0}, then mins[o, 1] Z?:] |xi(t)| > o x|l > 0, and then 7, is defined. Now we have
that, fori=1,...,n
n

n
min Tix(t) > min 7ix(t
te[O,T]iZ]: A ()/;Krgr 1X(O

n T
> mi / (8i(s) fi(x(5)) +ei(s)) ds
i=1 0

n T
= oiAM; / (8:(5) fi(u(s)) +ei(9)) ds
i=1 0

n
2201- sup 7Tx(t)
o O<I<T

n
>0 ) sup Tx(t) =0|Tx].

o7 0<U<T

Thus, 7, (K \ {0}) C K. It is easy to verify that 7, is completely continuous. 0O

If e; takes negative values, we need to choose appropriate domains so that g;i(s)fi(x(s)) + e;(s)
becomes nonnegative. The proof of 7, (K \ {0}) C K and 7, (K \ §£2g) C K in Corollary 3.3 is the same
as in Lemma 3.2.
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Corollary 3.3. Assume (A), (H1), (H2), (H3) hold.

(@) Iflimy_q fi(x) =00,i=1,...,n, thereis a § > 0 such that if 0 < r < §, then T;, is defined on £2; \ {0},
T,.(82: \ {0}) C K and T, : £2; \ {0} — K is completely continuous.

(b) Iflimy—  fi(x) =00,i=1,...,n, thereis a A > 0 such that if R > A, then 7, is defined on K \ $2g,
T.(K\ 2r) C K and 7, : K \ 2r — K is completely continuous.

Proof. We split g;(s) fi(x(s)) + e;(t) into the two terms %g,-(s)f,-(x(s)) and %g,-(s)f,-(x(s)) + ei(t). The
first term is always nonnegative and used to carry out the estimates of the operator in the lemmas
and corollaries in this section. We will make the second term %g,-(s)f,-(x(s)) + ej(t) nonnegative by
choosing appropriate domains of f;. The choice of the even split of g;(s) fj(x(s)) here is not neces-
sarily optimal in terms of obtaining maximal A-intervals for the existence of periodic solutions of the
systems.

Noting that g;(t) is positive on [0, T], limy_¢ fi(x) =00, i=1,...,n, implies that there isa § >0
such that

maxXe(o,ri{lei ()| + 1}

- = 1,...,Tl,
mingepo,11{&i (t)}

fitx) =2

for xe R, 0 < |x| < 8. Now for x € £2,\ {0} and 0 < r < §, noting that
n n
S§>r> Xxj(t)| > min xi®)|=zo|x|| >0, te[0,T],
/gy i(0] temg i) > ax [0, 71

and therefore, we have, for t € [0, T],

1
gi(t) fi(x(t)) +ei(t) = Egi(t)fi(X(t)) +ei(0)
2 maxefo, T1{lei(t)| + 1}
> Zgi(t . it
28 2 mingeo,11{&i (t)} el
> 0.

Thus, it is clear that ’Zj\ix(t) in (3.9) is well defined and positive, and now it is easy to see that
T,.($2,\ {0}) C K and T; : £2; \ {0} — K is completely continuous.
On the other hand, if limy_, o fi(X) =00, i=1,...,n, there is an R” > 0 such that

maxeepo, T1{lei ()] + 1}

- , i=1,...,n,
mingepo,71{&i (1)}

fix) >2

for x € R", [x| > R”. Now let A = & Then for x € K\ 2z, R > A, we have that mino<¢< Y1 Xi(t) >
o|lx|| > R”, and therefore,

1
gi(t) fi(x(®) +ei(t) > igi(t)fi(x(t)) +ei(t) >0, tel[0,T].

Now Tkix(t) in (3.9) is well defined and positive. It is clear that 7, (K \ 2g) C K and 7, : K \ 2 — K
is completely continuous. O
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Now let

T
1
I' = min [5mi0/gi(s)ds} > 0.
n
0

Lemma 3.4. Assume (A), (H1), (H2) hold and e;(t) > 0,t €[0,T],i=1,...,n. Let r > 0 and if there exist
n > 0 and integer j, 1 < j < n, such that

fix®©) =n ) xi®) forte[0,T],

i=1
for x(t) = (x1(t), ..., xy(t)) € 082, then the following inequality holds,
I xll = A x|l

Proof. From the definition of 7, x it follows that

ITxl > max Tx(t)
o<t<T

It

T

1
> E)Lmj/gj(s)fj(x(s))ds
0

T

1 n
>§km{/gﬂ9n§:xx9ds
0 i=1

T
1
> Amjzcrfgj(s) dsn||x|
0
—Alpxl. O

If e; takes negative values, we need to adjust § and A in Corollary 3.3 to guarantee that
gi(s) fi(x(s)) + ej(s) is nonnegative.

Corollary 3.5. Assume (A), (H1), (H2), (H3) hold.

() Iflimy—o fi(x) =00, i=1,...,n, then Lemma 3.4 is true if, in addition, 0 < r < 8, where § is defined in
Corollary 3.3.

(b) Iflimy—co fi(x) =00, i=1,...,n, then Lemma 3.4 is true if, in addition, r > A, where A is defined in
Corollary 3.3.

Proof. We split gj(s) fi(x(s)) + e;(t) into the two terms %gi(s)f,-(x(s)) and %gi(s)fi(x(s)) + e (t). By
choosing § and A in Corollary 3.3, g;(s) fi(x(s)) + e;j(t) becomes nonnegative. The estimate in Corol-
lary 3.5 can be carried out by the first term as in Lemma 3.4. O

Let f;(6):[1,00) — R, be the function given by

fi®) =max{fi(u): ueR} and 1< u| <0}, i=1,....n
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It is easy to see that f,- (0) is a nondecreasing function on [1, co). The following lemma is essentially
the same as Lemma 2.8 in [29]. The following proof is only for completeness.

Lemma 3.6. (See [29].) Assume (H1) holds. If limx— o f"f(’l‘) exists (which can be infinity), then limg_, oo f'(g)
f:( )

fix)

exists and limy_, o = limy - oo R

Proof. We consider the two cases, (a) fi(x) Ais bounded for |x| > 1 and (b) fi(x) is unbounded for

|x| > 1. For case (a), it follows that limg_, % = limpy -0 fi)(cl} = 0. For case (b), for any § > 1, let
Mt = f;(8) and

Ni = inf{[x|: xR, x| >4, fi(x)> }>5>1,
then

max{ fi(x): 1< x| < Ni, x e R} = M = max{ fi(x): |x| = Ni, x e R }.
Therefore, for any § > 1, there exists an NfS > § such that
fi(6) = max{ fi(x): N <|x| <6, xeR™} foro > Ni.
Now, suppose that b; = limx— o % < 00. In other words, for any ¢ > 0, there is a § > 1 such that

fi®)

bi —&<
|x]

<bj+e forxeR", |x| > 6. (3.10)

Thus, for 6 > Nfg, there exist X1, x, € R, such that |x1| =60, 6 > |x2| > Ng and fi(xy) = f,-(@). Therefore,

fitw) _ fi0) _ fitxa) _ fit)

< = < . (311)
%11 0 0 2]
(3.10) and (3.11) yield that
f.(0 )
bi—8<fl()<b,~+8 for 6 > N&. (312)
Hence limgﬁw@ = limxﬁw%. Similarly, we can show limg_ ?i(ge) = limy_ f"f("‘) if

i® _ 0. o

llm\x\—»oo X =

Lemma 3.7. Assume (A), (H1), (H2) hold and e;(t) > 0,t €[0,T],i=1,...,n
Letr > max{%, 2A Z?:] M; fOT lei(s)| ds} and if there exists an € > 0 such that

f,-(r)gsr, i=1,...,n,

then

1 7.x1l < AC8||X|I+—|IXII forx e a2,

where the constant C = ZLI M; fOT gi(s)ds.
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Proof. From the definition of 7;, we have for x € 92;,

n
TX|| = max Tix(t
I ;KIQ Ax(0)

T

n n T
<D aM; / gi(9) fi(x(s))ds + 1) M; /|ei(s)| ds
i=1 i=1

0

n T R r

< ZAMifgi(S)ff(r) ds+ 5
=1 p

T

n
.
< Z/\Mi/gi(S)dsrs +3

i=1 b
A 1
= ACe|x|| +§||x||. O

If e; takes negative values, we need to restrict the domain of 7, to guarantee that g;(s) fi(x(s)) +
ei(s) is nonnegative.

Corollary 3.8. Assume (A), (H1), (H2), (H3) hold. If limy_, oo fi(x) = 00,i=1,...,n, Lemma 3.7 is true if, in
addition, r > A, where A is defined in Corollary 3.3.

Proof. If we choose A defined in Corollary 3.3, then 7, is well defined and g;(s) fi(x(s)) + e;(s) is
nonnegative, and Corollary 3.8 can be shown in the same way as Lemma 3.7. O

The conclusions of Lemmas 3.4 and 3.7 are based on the inequality assumptions between f(x)
and x. If these assumptions are not necessarily true, we will have the following results.

Lemma 3.9. Assume (A), (H1), (H2) hold and e;(t) > 0,t €[0,T],i=1,...,n. Letr > 0. Then

T
n A
mim
1Txl =2 lzrfgi(s)dS,
i=1 0

for all x € 382, where i, = min{f;(x): xe R} andor < |x| <r, i=1,...,n} > 0.

Proof. If x(t) € 082, then or < |x(t)| = 2?21 |x;(t)| <1, for t € [0, T]. Therefore f;(x(t)) > m, for
te[0,T],i=1,...,n. By the definition of 7,, we have

n
x| = max_7,'x(t
I T3x] ;O«T )

i=

n

T
1
> Z i / gi(s) fi(x(s)) ds
i=1 0
n . T
> A mizmr [g,-(s) ds. O

i=1 0
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Now we consider the case that e; may take negative values. We need to restrict the domain of 7}
to guarantee that g;(s) fi(x(s)) +e;i(s) is nonnegative. % gi(s) fi(x(s)) is used to carry out the estimates
in Lemma 3.9.

Corollary 3.10. Assume (A), (H1), (H2), (H3) hold.

(@) Iflimy— o fi(x) = o0,i=1,...,n, Lemma 3.9 is true if, in addition, 0 < r < §, where § > 0 is defined in
Corollary 3.3.

(b) Iflimy oo fi(x) =00,i=1,...,n, Lemma 3.9 is true if, in addition, r > A, where A > 0 is defined in
Corollary 3.3.

Proof. By selecting § and A defined in Corollary 3.3, 7, is well defined and g;j(s) fi(x(s)) + e;j(s) is
nonnegative, and then Corollary 3.10 can be shown as Lemma 3.9. O

Lemma 3.11. Assume (A), (H1), (H2) hold and e;j(t) > 0,t €[0,T],i=1,...,n. Letr > 0. Then

n T n T
I1Tx] <A(ZMi/gi(S)IVlrdHZMfflei(S)ldS)
=1 i=1 9

forallxea.Qr,whereMr max{ fi(u): ueR“ andor<|u|<r,i=1,...,n}>0.

Proof. If x € 982, then or < |x(t)| <1, t € [0, T]. Therefore f;(x(t)) < I\A/Ir forte[0,T],i=1,...,n.
Thus we have that

n
T.X|| = max T x(t
I T §0<r<1 ix(0)

n T n T
< Zwi/gi(s)fi(x@)) ds+AZMi/\ei<s)!ds
0 i=1

= 0

i=1

T
n
<D MM /gz(s)f, X(s) ds+AZM,/|e (s)|ds
i=1 0

T n T

n
gZAMifg,-(s)Mrds+AZM,-/\ei(s)|ds
i=1 9 i=1
T

n n T
gA(ZMi/gf(s)Mrds+ZM,-/|ei(s)|ds). O
i=1 =1

0

Again, if e; takes negative values, we need to restrict r and R to guarantee g;(s) fi(x(s)) + e;(s) is
nonnegative.

Corollary 3.12. Assume (A), (H1), (H2), (H3) hold.

(a) Iflimy_ fi(x) =00,i=1,...,n, Lemma 3.11 is true if, in addition, 0 < r < 8, where § > 0 is defined in
Corollary 3.3.
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(b) Iflimy_ oo fi(X) = 00,i=1,...,n, Lemma 3.11 is true if, in addition, r > A, where A > 0 is defined in
Corollary 3.3.

Proof. By selecting § and A defined in Corollary 3.3, 7, is well defined and g;j(s) f;(x(s)) + e;j(s) is
nonnegative, and then the corollary can be shown exactly as Lemma 3.11. O

4. Proof of Theorem 2.1

Proof of Theorem 2.1. Part (a). Since e;(t) > 0, 7, is defined on K \ {0} and g;(s) fi(x(s)) + e;(s) is

nonnegative. Noting limy -« % =0,i=1,...,n, it follows from Lemma 3.6 that limy_, o @ =0,
i=1,...,n. Therefore, we can choose r; > max{%, 2A Z?:l M; fOT lei(s)|ds} so that fi(rl) <eéery, i=
1, ...,n, where the constant & > 0 satisfies
A 1
ACe < —,
2

and C is the positive constant defined in Lemma 3.7. We have by Lemma 3.7 that
A 1
IZ:xIE < | ACE + 5 JIXI < Xl forx e 982r,.

On the other hand, by the condition limy_. ¢ fj(x) = oo, there is a positive number r; < r; such that
fik) =nlx, i=1,....n,
for x=(x1,...,xp) € R\ {0} and |x| <12, where 1 > 0 is chosen so that
Al'p > 1.

It is easy to see that, for x = (x1,...,X) €982, t € [0, T],
n
filx®©) =) _xi.
i=1

Lemma 3.4 implies that
173Xl = A nllx]| > [Ix]| forx € 382r,.

By Lemma 3.1, 7, has a fixed point x € er \ £2;,. The fixed point x € S_Zrl \ £2;, is the desired positive
periodic solution of (2.6).

Part (b). Again since e;(t) > 0, 7, is defined on K \ {0} and g;(s) f;(x(s)) + e;(s) is nonnegative. Fix
two numbers 0 < r3 < ry4, there exists a Ao > 0 such that

r3
< ~ s
S M [y gi(s)Myy ds+ 30, M [ lei(s)| ds

A0

and

T4
< = ,
Y0 M [ gi(s)My, ds+ Y0 My [ lei(s)| ds

A0
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where Mr3 and Mu are defined in Lemma 3.11. Thus, Lemma 3.11 implies that, for 0 < A < X,
I7:x1l < lix|l forx € ds2; (j=3,4).

fix)

On the other hand, in view of the assumptions limy_, oo K =00 and limy_,¢ fi(x) = oo, there are
positive numbers 0 <1, <13 <r4 <1} such that
fi(x) = nlx|
for x=(x1,..., %) € RY, and 0 < |x| <rz or |x| >r{ where 1 > 0 is chosen so that
Al'p > 1.

Thus if x = (x1,...,X) € 982,, then
filx®) = anl(o te[0,T].

Let r{ = max{2ry4, %rg}. Ifx=(x1,...,x;) € 382, then

n

min xi(t) = o|x||=or; =17,
0<t<T

which implies that
fi(x(®) = an,(r) fort € [0, T].
i=1

Thus Lemma 3.4 implies that

173Xl = Al nlx|l > (Xl forx e ds2r,,
and

173Xl = AL n|x]l > |Ix]|  forx € 982r,.
It follows from Lemma 3.1, that 7, has two fixed points x1 () and xz(t) such that x;(t) € Qr3 \ £2r,
and xp(t) € $2y, \ $2r,, which are the desired distinct positive periodic solutions of (2.6) for A < Ao
satisfying

ri<lxill <rs <rq < |lx2fl <72.
Part (c). First we note that 7, is defined on K \ {0} and g;(s) fi(x(s)) + e;(s) is nonnegative since

ej(t) > 0. Fix a number r3 > 0. Lemma 3.11 implies that there exists a Ao > 0 such that we have, for
0 <X <Ag,

I 7x]l < llx]|  forx € 382,

On the other hand, in view of the assumption limy_ ¢ fj(x) = oo, there is a positive number 0 <1, <13
such that

fix) = nlx|
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for x=(x1,...,x,) € R% and 0 < |x| <r; where 1 > 0 is chosen so that
Al'p > 1.

Thus if x = (x1, ..., Xn) € 82y, then

filx®) =) xi@®, te[0,TI.
i=1

Thus Lemma 3.4 implies that
IT.x1 = AL n|Ix]| > lIx||  forx € ds2r,.

Lemma 3.1 implies that 7, has a fixed point x € f)r3 \ §2r,. The fixed point x € S_2r3 \ §2;, is the desired
positive periodic solution of (2.6). O

5. Proof of Theorem 2.2

Proof of Theorem 2.2. Part (a). Since limpx— oo fi(X) =00, i=1,...,n, by Corollary 3.3, there is a
A > 0 such that if R > A, then g;(s) fi(x(s)) + ei(s) is nonnegative and 7, :K \ 2z — K is defined.
Now for a fixed number r; > A, Corollary 3.10 implies that there exists a Ao > 0 such that, for A > X,

1 7:x]l > |Ix]| forx e d$2;,.

On the other hand, since limy_ f"‘,(("‘) =0, i=1,...,n it follows from Lemma 3.6 that

limgy— oo % =0,i=1,...,n. Therefore, we can choose

T
l n
> max{Zrl, E,Z}LZ]:Mi/|e,-(s)|ds} > A
= 0

so that fi(rz) <eéry, i=1,...,n, where the constant & > 0 satisfies
A 1
ACe < —.
2
We have, by Corollary 3.8, that
A 1
175x] < [ ACe + 5 lIx]l < [Ix|| forxe ds2,.

By Lemma 3.1, 7, has a fixed point x € Qrz \ £2r,. The fixed point x € S_Zrz \ £2;, is the desired positive
periodic solution of (2.6).

Part (b). First, since limy—¢ fi(x) =00, i=1,...,n, by Corollary 3.3, there is § > 0 such that if 0 <
r <8, Ty is defined on £2,\ {0} and g;(s) fi(x(s)) +e;(s) is nonnegative. Furthermore, 7; (£2; \ {0}) C K.
Now for a fixed number rq < §, Corollary 3.12 implies that there exists a A1 > 0 such that we have,
for A < A1,

I7x]l < |Ix]| forx e d82;,.
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In view of the assumption limy_. o fj(x) = oo, there is a positive number 0 < r3 < rq such that
fix) = nlx|
for x=(x1,...,x,) € R and 0 < |x| <r3 where 1 > 0 is chosen so that
Al'p > 1.

Thus if x = (x1, ..., Xy) € 082y,, then
filx®) = anmt) te[0,Tl.

Thus Corollary 3.5 implies that
I7x1l = A nlx|| > lIx|l forx € 02,.

It follows from Lemma 3.1, 7, has a fixed point x1(t) such that x;(t) € .(_Zrl \ £2r, which is a positive
periodic solutions of (2.6) for A < A1 satisfying

r3 < [[xll <r1.

On the other hand, since limx— oo % =o00,i=1,...,n, by Corollary 3.3, there is A > 0 such that if
R > A, 7, is defined on K\ 22z and g;(s) fi(x(s)) +e;(s) is nonnegative. Furthermore, 7, (K \ £2g) C K.
For a fixed number r, > max{A,rq}, and Corollary 3.12 implies that there exists a 0 < A9 < A1 such

that we have, for A < Ag,

1 x|l < llx]| forx € 982y,.

Since limy— oo % =o00,i=1,...,n, there is a positive number r’ such that
fi(®) = nlx|
for x=(x1,...,%;) € RY, and x| > 1" where n > 0 is chosen so that
Al'p > 1.
Let r4 = max{2r;, %r’} > A If x=(X1,...,%;) € 982y,, then

min Y x)=olx|=ora>7,
OSIST 4
i=

which implies that
fix(®) = an,(r) fort € [0, T].
i=1

Again Corollary 3.5 implies that

X1 = AT x| > |Ix]| - forx € 982y,
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It follows from Lemma 3.1, 7, has a fixed point x,(t) € Qu \ £2r,, which is a positive periodic solutions
of (2.6) for A < g satisfying

r2 < |[%2ll <ra.
Noting that
r3 <|xill <11 <12 <|x2|l <ra,
we can conclude that x; and x; are the desired distinct positive periodic solutions of (2.6) for A < Ag.
Part (c). Since limy_.o fj(x) =00, i =1,...,n, by Corollary 3.3, there is a § > 0 such that if 0 <
r < §, then 7, is defined and g;(s)fi(x(s)) + ej(s) is nonnegative. Now for a fixed number r; < §,
Corollary 3.12 implies that there exists a A1 > 0 such that we have, for A < A1,

I7:x)| < lIx|| forx e d82,.

On the other hand, in view of the assumption limy_ ¢ fi(x) = co, there is a positive number 0 <1, <
r1 < & such that

fiG) = nlx|
for x=(X1,...,%) € ]Ri and 0 < |x| <1y where 1 > 0 is chosen so that
Al >1.

Thus if x = (x1,...,x) € 952,, then

filx®) =1 xi®). tel0.Tl.
i=1

Thus Corollary 3.5 implies that
172Xl = AL nllx|| > lIx]l forx € d82r,.

Lemma 3.1 implies that 7, has a fixed point x; € S_Zrl \ §2r,. The fixed point x; € (_2,1 \ 2, is the
desired positive periodic solution of (2.6). O
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