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1. Introduction

In this paper we are concerned with the Cauchy problem for a semilinear heat equation,

du=DAu+ [ulP'u, xeRN, t>0, (11)
ux,00=xr+¢kx), xeRV, (1.2)

where 0; =d/dt, D >0,p>1, N>3,1>0, and

@ e LRV NL'RY, (1 + |x])* dx). (13)

Let Tp be the maximal existence time of the unique classical solution u of (1.1) and (1.2). If Tp < oo,
then

limsup sup |u(x, t)| = oo,
t—>Tp xeRN

and we call Tp the blow-up time of the solution u. Furthermore we denote by Bp the blow-up set of
the solution u, that is,

Bp = {x € RN: there exists a sequence {(xn, tn)} c RN x (0, Tp)
such that lim (x,, tn) = (x, Tp), lim |u(xq, tp)| = +oo].
n—-oo n—-oo

The blow-up set is an interesting subject for the study of the blow-up problem for the semilinear
heat equation (1.1), and has been studied intensively by many mathematicians (see for example [2-
12,14-16,18-20,22-27], and a survey [21], which includes a considerable list of references for this
topic). Generally speaking, the location of the blow-up set is decided by given data such as the initial
function and the boundary conditions and by the balance between the diffusion and the nonlinear
term. In particular, if D is sufficiently large, then the behavior of the solution heavily depends on
the diffusion driven from Laplacian A, and we can expect that the location of the blow-up set is
decided by the diffusion term A. Indeed, as pointed out in [12,15], and [16], for the Cauchy-Neumann
problem for the semilinear heat equation (1.1) in a bounded domain, the limit of the blow-up set Bp
as D — oo coincides with the limit of the hot spots of the solution of the heat equation as t — oo
and it is characterized as the set of the maximum points of the projection of the initial function onto
the second Neumann eigenspace. In this paper we consider problem (1.1) and (1.2), and study the
relationship between the behavior of blow-up time and the blow-up set as D — oo and the large
time behavior of the solution of the heat equation.
Let ¢ be a function satisfying (1.3). Then the function

(e 9) (x) := (dmt) % / e’%w(y)dy (14)
RN

is a unique bounded classical solution of the heat equation with the initial function ¢. We denote by
M(p) the mass of the function ¢, that is,

M(p) := / @ (x) dx,

RN
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and by C(¢) the center of the mass of the function ¢, that is,

C(p) ::/xgo(x)dx//(p(x)dx if M(¢) > 0.
RN RN

Here we remark that M(e!®¢) = M(p) for all t > 0 and that C(e!2¢) = C(¢) for all t > 0 if M(¢) > 0.
We denote by H(t) the hot spots of the function e’ ¢, that is,

H(e'"*¢) := [x eRN: (e"¢)(x) = sup (emgo)(y)}.
yeRN

It is known that, if M(¢) > 0, then
. _ ) tA N\ _
tl_l)rglosup”x C(@)|: xe H(e"*¢)} =0 (1.5)

(see [1] and [8, Section 2.1]).

In [8], under the assumption M(¢) > 0, the authors of this paper considered blow-up problem
(1.1) and (1.2), and studied the behavior of the blow-up time and the blow-up set of the solution as
D — oo. In particular, they propounded the following problem:

“if D is sufficiently large, is the location of the blow-up set for problem (1.1) and (1.2) Q

determined mainly by the large time behavior of the hot spots for the heat equation?”,

and proved the following theorem, which gave an affirmative answer to (Q) for the case M(¢) >0
(see also (1.5)). Let ¢; = &;.(t) be a solution of the ordinary differential equation ¢’ = ¢P with ¢(0) = A,
that is,

1

_1 1 \r 7 A~(P-D
O =Kk(Sy—t) P71, k= (—) , Sp= . (1.6)

p—-1 p—1

Theorem 1.1. Let N > 3 and u be the solution of (1.1) and (1.2) under condition (1.3). Assume M(¢) > 0. Then
Tp < S, forany D > 0 and

S)—Tp=(475,) 227D 3 [M(@)+ 0(D™")] asD — oo.

Furthermore
lim sup{|x— C(¢)|: xe Bp}=0.
D—oo
In this paper, as a continuation of [8], we consider the following two cases:

A) M) =0, (B) M(p) <0,

and study the behavior of the blow-up time and the blow-up set of the solution u of (1.1) and (1.2) as
D — o0, and give an affirmative answer to problem (Q). For cases (A) and (B), the large time behavior
of hot spots for the heat equation is different from the one in the case M(¢) > 0, while we can prove
that the behavior of the blow-up time and the blow-up set as D — oo is different from the one in
the case M(¢) > 0.
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We introduce some notation. Put B(x,r) :={y e RN: |x— y| <1} for x e RN and r > 0. For any
feC®RY)NL®®RN) and n > 0, we set

H() = |xeRY: foo=sup F»},
yeRN

H(f.n) = [xeR”: f(x) > sup f(y)—n]~
yeRN

Now we are ready to state the main results of this paper, which give the behavior of the blow-up
time and the blow-up set as D — oo for problem (1.1) and (1.2) with M(¢) < 0. We first give a result
for the case M(p) =0. Put

E(p) ::/X(p(x)dx.

RN

Theorem 1.2. Let N > 3 and u be the solution of (1.1) and (1.2) under condition (1.3). Assume M(¢) = 0. Then
Tp < S, forany D > 0 and

N
(4 S,)" 2 N1

1
Sx—Tp=—F—-—-D"272||& +0(D™2 1.7
=To= )|+ 0 (0] (17)
as D — oo. Furthermore, if £ (¢) # 0, then
lim su £@) =0 (1.8)

P - — =
D—ooxepp|/25)D [Z (@)l

Remark 1.1. Assume the same conditions as in Theorem 1.2. Then, by Theorem 1.2 we see that the
blow-up time Tp converges to S; as D — oo and the blow-up set Bp moves to the space infinity at
the rate /25, D in the direction Z(¢) as D — oo. On the other hand, the hot spots of e*¢ move
to the space infinity at the rate +/2t in the direction Z(¢) as t — oo (see Section 2.1). Therefore the
behavior of the blow-up set Bp as D — oo is similar to that of the hot spots H(ePT?2¢) as D — oo.

Next we give a result for the case M(¢) < 0.

Theorem 1.3. Let N > 3 and u be the solution of (1.1) and (1.2) under condition (1.3). Assume M(¢) < 0. Then
Tp < S, forany D > 0 and

S, —Tp=0(D"27") (1.9)
as D — oo. Furthermore there exist positive constants C and D, such that
Bp N B(0,C(DlogD)"/?) =¢ (1.10)

forall D > D,.
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Remark 1.2. We give two remarks on Theorem 1.3.

(i) Under the same conditions as in Theorem 1.3, there exists a positive constant C such that

H(e"“¢) N B(0,C(tlogt)!/?) =9

for all sufficiently large t (see Section 2.1). Then, by Theorem 1.3 we can see a close relationship
between the hot spots H(eP2¢) and the blow-up set Bp.

(ii) Let ¢ € Co(RN) be such that ¢(x) < () 0 in RN. Then we have H(e!®¢) = for all t > 0. On the
other hand, for any D > 0, it is known that the solution of (1.1) and (1.2) blows up in a finite
time, however its blow-up set Bp is empty and the solution blows up at the space infinity (see
for example [11]).

In this paper, following the strategy in [8], we study the profile of the solution u of (1.1) and (1.2)
just before the blow-up time Tp, and prove Theorems 1.2 and 1.3. We remark that the arguments
in [8] heavily depend on the behavior of the solution of the heat equation and its hot spots. Since
the behavior in our cases M(¢) < 0 is different from the one in the case M(¢) > 0, we cannot apply
directly the arguments in [8] to our case M(¢) < 0, and the proof of our theorems requires another
analysis, in particular, for the behavior of the blow-up set as D — oo.

The rest of this paper is organized as follows. In Section 2 we give preliminary results on the
behavior of e®¢ and the solution u of (1.1) and (1.2). Furthermore we recall three propositions on
the blow-up problem for semilinear heat equations. In Section 3 we study the behavior of the blow-up
time Tp and the blow-up set Bp of (1.1) and (1.2) as D — oo, and prove Theorems 1.2 and 1.3.

2. Preliminary results

In this section we introduce some notation and recall some properties of the solutions of the heat
equation and the solutions of the semilinear heat equation (1.1). Almost all claims in this section have
been already proved in [8], and we state them without the details of the proof, except for the large
time behavior of the solution of the heat equation for the case M(¢) < 0.

We first introduce some notation. For any g € [1, oo], we denote by | - || the usual norm of LIRM).
Let N={1,2,...}. For any multi-index & = (@1, ..., n) € (NU{ODN, let

glerl

N
— o o . __
la| := E o, al:=oq!---an!, 0y = oy
ox;'---0x
n=1 1 N

Put

_N k2
G(x,t):=(4mt)" ze 4,

Let §j=1ifi=jand §;;=0if i+ j fori, je{l,...,N}. For any sets A and X, let f = f(X,0) and
h=h(x,o0) be maps from A x X to (0, 0c0). Then we say

f,0)<h®, 0)

for all A € A if, for any o € X, there exists a positive constant C such that f(1,o0) < Ch(r, o) for all
re A
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2.1. Behavior of the solutions of the heat equation

In this subsection we recall some properties of e“¢, and give a lemma on the hot spots for the
heat equation. We first recall the following properties of ef2¢:

(P1) For any 1 <r<q<o0o, me NU{0}, and ¢ € L'(RV),
N1 _1y m
[vmettg], < 2T g

for t > 0. In particular, if r =g, then ||etA¢||q < l@llg for t > 0;
(P2) If M(p) =0, then, for any m e NU {0} and ¢ € L'RY, (1 + |x|) dx),

N_mt1
272

[vrettol <™ Pl ®Y 1414y ax)  fOT E> 05

(P3) Let ¢ € L'(RN, (1 + |x])2dx). Then

. N
lim ¢tz 11
t—o00

C
ehp— D (DNaEG() H =0, wherecy = / Yo(y)dy.
lo|<2 ' o RN
Property (P1) easily follows from (1.4). For properties (P2) and (P3), see Lemma 2.5 in [13] (see also
Lemma 2.1 in [8]).
By using properties (P1)-(P3) we study the large time behavior of the hot spots for the heat equa-
tion for the case M(¢) < 0. The behavior is completely different from the one in the case M(p) >0
(see also [8, Lemma 2.2]).

Lemma 2.1. Assume condition (1.3). Then there holds the following:

(i) f M(p) =0and Z(¢) # 0, then, for any § > 0, there exist positive constants C1 and T1 such that

(") (x) < (e") (x(1) — Cre™ V212 if |x — x(0)| > 8t1/2, (21)
[0 = () (x(©) + 0 (3 1) = dmy S ¥ "”f/(_z“’:' Lot 2)

forall t > Ty, where x(t) = V2t & (¢) /| E (¢)|. In particular, H(e'* @) ¢ for all t > T1 and
tim 2 sup{ w0 : x& H(E0) | 0

(ii) If M(¢) < O, then, for any c € (0, 1/2), there exist positive constants C, and T, such that

sup (") () < Gt (2.3)
|x|<(4ctlogt)1/2
sup l(e"p)x)| = O(t’¥’c), sup|(e¢) )| = o(t’¥’1), (2.4)
|x|>(4ct logt)1/2—1 |x| >t
0< sup (e"p)(x) = o(t’%’l), (2.5)

xRN
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forallt > T,. In particular, for any t > T,
H(e'“¢) N B(0, (4ctlogt)'/?) = ¢
even if H(e'® ) # 0.

Proof. We first prove assertion (i). We can assume, without loss of generality, that = (¢)/|Z (¢)| =e1,
where e = (1,0, ...,0) € RN. Then, since M(¢) =0 and [|3;8%G|loo = O (t~N*1¥1+2/2) 35 ¢ — 0o for
any a € (NU {0O)N, by (P1) and (P3) we have

—1)ll N
)= > ( a? </yoc(p(y)dy)(ajj‘c)(x,t)+o(t—7—1)
w2\
(=1)lel N . e
= > , </y w(y)dy)(ax G)(x,0) +o(t™271)
<< Y
N x|2 1 2 N
= (4“)_7‘?_%[%\5@” - 4_t/|Y|2§0(J/)dY+ O<%>] +o(t™57 )
RN
:(4”)7%7%7%*’(2;7/2)+O(F%*1) (26)

for all x e RN and all sufficiently large t, where h(¢) := |5 (p)le~ P& for £ € RN, Let § > 0. Since

O (&) = |E@)|e ¥’ 81 —281&), i=1,....N,

there exists a positive constant ds such that

& >4.
V2

h(%‘)<h( )—d5 for all € € RN with ‘5— %

Then, since x(t)/2t'/2 =eq/~/2, by (2.6) we can find a positive constant Cs satisfying

1

(") (0 < (e ) (x(0) — Cst™272

for all x e RN with |x — x(t)| > 8t'/2 and all sufficiently large t. Thus we obtain (2.1), and see that
H (e ) # ¢ for all sufficiently large t. Furthermore, by (2.6) we apply the Taylor theorem to obtain

4m) 267 ()00 - (e9) (x(0)]
X x(t) _1

1 e1 \ x —x(t) x —x(t)
:<§(V§h)<ﬁ> 2t1/2 ) 2t1/2 +O<

for all x e RN with |x — x(t)| < 8t/? and all sufficiently large t. Since

x —x(t)
t1/2

2
) +0(t77) 2.7)
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e1 _ g2
(851-35,-}1)(%) =|E(p)le B [—28 & — 281815 — 2611 +4516i81le—e, 2
—2V2|E2(p)|/ve fori=j=1,
=1 —V2IE(@)l/ve fori=j#1,

0 otherwise,

by (2.7) we have

x;—;;(t) ‘xe H(em(p)} =0(t71*),

sup{

0<@m) i e — () (x(®))]

and obtain

1

(o]

for all sufficiently large t. This together with (2.6) implies (2.2), and assertion (i) follows.
Next we prove assertion (ii). Similarly to (2.6), by (P3) we have

x — x(t) 2_
t1/2

1

eH@M@}+o@%):ogﬁ)

(€9) 0 = @ty Ye ¥ [M(qo) +0 (1 i ﬁ)] +o(t 5T
t ot

X2 X2
=@t Te ' M(g)+0( "7 e 5 ) +o(t"27") (2.8)

for all x € RN and all sufficiently large t. Let € € (0, 1). Then, by (2.8) we have

sup |(e" @) ()| :o(t’g’]) (2.9)

x| >et

for all sufficiently large t. Furthermore, since M(¢) < 0, by (2.8) we have
‘2
t

(@) (x) = —(@r)"Te 5 [[M(@)| + 0(e) + 0 (t™")] + ot ) (2.10)

for all x e RN with |x| < et and all sufficiently large t. By (2.10) and c € (0, 1/2), taking a sufficiently
small € if necessary, we have

sup (e"p)(x) < o(t’%”), (211)
<et
sup (") (%) < —1(4m)*%t*f|1v1(<p)| <0, (212)
|x|< (4ctlogt)1/2 2
sup (e ) )| < 24mt) 2t~ |M(g)], (213)

(4ctlog)1/2 -1 |x|<et

for all sufficiently large t. Then, by (2.12) we have (2.3), and by (2.9) and (2.13) we obtain (2.4). On
the other hand, by (1.4) we have
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sup ("2 ¢) (x) > ‘ llim (e"*p)(x) =0.

xeRN

This together with (2.9) and (2.11) implies

0< sup (e"p)(x) = o(t’%’l)

xRN

for all sufficiently large t, and we obtain (2.5). Thus assertion (ii) follows, and the proof of Lemma 2.1
is complete. 0O

2.2. Preliminaries for blow-up problem (1.1) and (1.2)

In this subsection we give preliminary results for blow-up problem (1.1) and (1.2). In particular, we
study the short time behavior of the solution u of (1.1) and (1.2) and give one lemma on the blow-up
estimates of the solution u and its gradient.

Let u be a solution of (1.1) and (1.2) and T := Sj4|¢|../2. Following the argument in Section 3
of [8], we put

v 0 =507 (ul 0 = 6(D),
F)i=[1+sP'A+5), D :=[F) = FO0) = FOs]|_, p1y00

Then v satisfies

{atv:DAv+f(x,t), xeRV, t>0, (2.14)
v(x,0) =A1"Pp(x), xeRV, '
and
t
v(t) =eP DAy () 4 / ePE9DAf(5)yds, t>t' >0. (2.15)
t/
Furthermore, putting
T
z(t) =P D2y, gx) = f (ePT=92f(s)) () ds,
0
by (2.14) and (2.15) we obtain
2(t) = P2y (0) + ePEDAg = PeDtAY 4 DEDAG > T, (2.16)

Then, by [8, Lemma 3.1] we have:

Lemma 2.2. Assume condition (1.3). Then, for any | € {0, 1, 2} and m € [0, 2], there exist positive constants C
and Dq such that
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sup|| V2], < |Viv(D)|, <D 22, (2.17)
t>T

|2) = 2()|| , <Cle —sID™3, t,5€[T,00), (2.18)

gl <CD™27T, (2.19)

/ X™|g(x)|dx < CDZ 1, (2.20)

RN
forall D > D;.

Furthermore, for the case M(¢p) =0, by (P2) we can refine on the decay estimates of ||z(t)|. and
IVz(t)|loo in Lemma 2.2.

Lemma 2.3. Assume the same conditions as in Lemma 2.2 and M(¢) = 0. Let T' > T. Then there exist positive
constants C and D4 such that

N
2

|z2)]  <cD 373, (2.21)
| vz, <cp %, (2.22)
forallt >T and all D > Dy.

Proof. By (P1), (P2), (2.16), and (2.19) we have

VleDtA

tS;%J, H Vlz(t) Hoo <A7P ts;?/” (p”oo + tS;R”VleD(t_T)Ag”oo

_N_ —
2

N_ 41
2

11 1 _
2@l ®y, (14 1xpdx) T D 2 M18llo < D 2

<D
for all sufficiently large D, where [ =0, 1. This implies (2.21) and (2.22), and Lemma 2.3 follows. O

Combining Lemma 2.1 with Lemma 2.2, we obtain the large time behavior of the hot spots of z(t)
for all sufficiently large D.

Lemma 2.4. Assume condition (1.3). Then there hold the following:
(i) f M(p) =0and Z(¢) # 0, then, for any § > 0, there exist positive constants C1, C2, and D1 such that

N
2

2(x, 1) < z(x(Dt),t) = 1D~ 2% if [x— x(Dt)| > 8(Dt)'/2, (2.23)

|20 o, — 2(x(Dt), £)| < D=3, (2.24)

forallt > T and all D > D1. In particular, forany t > T,

Dlim D~ sup{|x —x(Db)|: xe H(z(1))} = 0;
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(ii) If M(¢) < O, then, for any c € (0, 1/2), there exist positive constants C3 and D such that

sup 2(x,t) < —C3D~2 ¢, (2.25)
|x|<(4cDtlog(Dt))1/2
_N__, _N_4
sup |z(x,t)] < C3D~27°, sup |z(x,t)| < C3D~ 27, (2.26)
|x|>(4cDt log(Dt))1/2—1 |x|>Dt
sup z(x, t)| <C3D~2 1, (2.27)
xeRN

forallt > T and all D > D,. In particular, forany t > T,

H(z(t)) N B(0, (4cDtlog(D1))*) =@, D > D,.

Proof. By (P1), (2.16), and (2.19) we have
z(x,t) — AP (eDtA(p)(x) =0 (Df%*l)
for all (x,t) e RN x [T, 0o) and all sufficiently large D. Then Lemma 2.4 follows from Lemma 2.1. O

On the other hand, applying the same argument as in the proof of [8, Proposition 3.1] with
Lemma 2.2, we have the following lemma on the blow-up estimates of the solution.

Lemma 2.5. Assume the same conditions as in Theorem 1.2. Then there exist positive constants C1, C, C3
and Dq such that

Ju®], < Ci(Tp —t) 71, (2.28)
_N
[Vu©], < Cif|Va(n| (o -5y 712
_N

< C3|Va(n) | (Tp —p 71207 (2.29)

forallT <t<Tpandall D> Dy, where T = Sj4|¢|o /2.

2.3. Some propositions for semilinear heat equations

In this subsection we give two propositions on the profiles of the solutions of semilinear heat
equations and one proposition on the location of the blow-up set.
We first give one proposition on the profile of the solution of (1.1) and (1.2).

Proposition 2.1. Assume condition (1.3). Let u be the solution of (1.1) and (1.2). Then there exists a positive
constant D, such that S, — D~! < Tp and

1

ux, ) =601 - (- DO zx 0 + O(D’N+%)] P (2.30)

forall (x,t) eRN x [S) —D~2/3,S,, — D and all D > D..
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This proposition is obtained by the same argument as in the proof of Proposition 4.1 in [8]. Propo-
sition 4.1 in [8] is proved under the assumption M(¢) > 0, while we used the assumption M(¢) > 0
in order to obtain

N N
2 2

1
=0(D"?2), Vv =0(D"272),
f;l;HZ(DHm (D72) f;l;H 20|, = O( 2)

for all sufficiently large D. These estimates actually follow from (2.17) for our case, and the proof of
Proposition 4.1 in [8] is applicable to the case M(¢) < 0; thus Proposition 2.1 holds true.

Next we give one proposition, which is useful to study the profile of the solution of the semilinear
heat equation just before the blow-up time. See [8, Proposition 2.2].

Proposition 2.2. Let N > 1, p > 1, g > 0, and {Me¢}o<e<¢, C (0, 00) such that

0< inf M¢< sup M < oo.
O<e<ep O<e<eg

Let {¢¢ Jo<e<e, € C1(RN) and C be a constant such that

0< Mc —Ce <pe(®) <Me,  |Ve(®)| < Ce,

for all x € RN and all € € (0, €g). Assume that there exist constants t, € [0, liminf._, g Sm.), C« > 0, and
€, > 0 such that

sup (62 pc)(X) < Me — Ce, 0 <€ <6,
xeRN

Let u¢ be the solution of the problem

u=Au+uP, xeRV, t>0, ux,0) =@e(x), xeRV,
and T the blow-up time of ue. Then Sy, < Te for € € (0, €,) and

1

_P_ J
lim €7 Tue(Su) =M [€7(Me = e*Me2) | P =0,

where k is the constant given in (1.6).

At the end of this section we recall one proposition, which implies that the location of the blow-
up set Bp is determined by the maximum points of the solution just before the blow-up time. See [7,
Proposition 4.1].

Proposition 2.3.Let N > 1, p > 1, €9 > 0, and {¢c}o<e<¢, C CT(RN) be nonnegative functions. Assume that

inf [@elloo >0, Sup || @elloo < 00,
O<e<eg O<e<eg
sup €27 Vel <00 for some o > 0.

O<e<eg



Y. Fujishima, K. Ishige / J. Differential Equations 252 (2012) 1835-1861 1847

Let u, be the solution of

pu=cAu-+uP, xeRV, t>o0, u(x,0) =@ (x) >0, xecRV,
and T¢ and B¢ be the blow-up time and the blow-up set, respectively. Assume that
1
=1

sup sup (Te¢ —t)P

t .
O<e<e€g0<t<Te Hué( )”oo <00

Then, for any n > 0, there exists a positive constant €, such that

Be C{x€RY: 0c(®) > [@elloo — 1}, €€ (0,6
3. Proof of Theorem 1.2 and Theorem 1.3

In this section we first obtain the behavior of the blow-up time of the solution u of (1.1) and (1.2)
as D — oo. Next, by modifying the arguments in our previous paper [8] we study the profile of the
solution u just before the blow-up time, and prove Theorems 1.2 and 1.3.

We first apply the same argument as in the proof of Proposition 3.1 in [8], and obtain
S, <Tp forallD>0.
Next we study the behavior of the blow-up time Tp as D — oo, and prove (1.7) and (1.9).

Proof of (1.7) and (1.9). By the same argument as in the proof of (1.9) in [8] we see that there exists
a positive constant Dq such that

S —Tp=2"P sup (eP*2¢)(x) + O(D‘g_l)

XeRN

for all D > D1. Then (1.7) and (1.9) follow from (2.2) and (2.5), respectively. O

Next we study the location of the blow-up set of the solution of (1.1) and (1.2). Let sp := S; — D1,
and put

w(x, 1) := Dfﬁu(x, sp+D7'7). (3.1)
Then w satisfies
arw=Aw+wP inRN x (-1, p), w(x,O):Dfﬂlﬁu(x,sD) inRV. (3.2)
Here tp is the blow-up time of w and
Tp=sp+D'1p. (3.3)
Let €p be a sufficiently small positive constant to be chosen later, and put

kp:=||wO0)|_ +€p,  Tu:i=Sk, €0, 1p). (3.4)
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The choice of €p depends on whether M(¢) =0 or M(¢) < 0 and is crucial in our analysis. Put

Yp () :=ep' (WO, —wx. 0)+1=¢€,'D plj(”u(sl))”oo —u(x,sp))+1>1. (35)

Then we have

w(x,0) =kp — €pYp(X). (3.6)
Furthermore, since

1 1

G(sp+D7'T)=k(D7' (1 —1) P =DFTg(n), kP =1/(p—1), (3.7)
by (3.1) we apply Proposition 2.1 to obtain

— 1

p—1

z(x, sp +D‘1r)+O(D_N+%)] (3.8)

D
wi(x, r)=§K(r)[1 3

for all (x,7) € RN x (—1,0] and all sufficiently large D. In what follows, by using the results on the
behavior of the function z given in Section 2.2 we study the location of the maximum points of
w(-, T4+), and complete the proof of Theorems 1.2 and 1.3.

3.1. Blow-up set for the case M(¢) =0

In this subsection we prove (1.8) under the assumption M(¢) = 0, and complete the proof of
Theorem 1.2. Put

€p:=D"33,  xp ::\/ZDSD/xw(x)dx/’/)«p(x)dx —x(Dsp). (3.9)
RN RN
By (2.21) and (3.8) we have
-4 —N+4 N
w(x,0)=«[1—Dz(x,sp)] T+ 0(D™""3), xeR", (3.10)
_ 1
|w©)|, =«[1=D|ztsp)| ] 77 +0(DN*3) =k +0(D"3+3), (3.11)
for all sufficiently large D. In particular, by (3.4) and (3.11) we have
kp =Kk +0(€p),  Tu=Skp, =Sk +0(ep) =1+ 0(ep), (312)

as D — oo. By (2.21), (3.5), (3.10), and (3.11) we apply the mean value theorem to obtain

p
—1

Kkep' (1= 60p(x)"7
p—1

Yp(X) = [D]z(sp)], — Dz(x.sp)] + O(e[‘,]D*’”%) +1

ﬂ+l _ _%1 §
L z(lp_gf(x)) — (260, — 2% 50)] + 0 (D~

Dl

)+1
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for all x € RV and all sufficiently large D, where 6 is a function in R satisfying [|0p[lco = O(D’%+%)

as D — oo. This together with (2.24) and (3.9) implies that

N1
Yp(x) = W[z(msn) —2(x5p)]+0(D"2)+0(D"3H8) 41 (313)

for all xRN and all sufficiently large D, and we obtain
lim yp(xp)=1. (3.14)
D—o0
Let § > 0 and fix it. Then, by (2.23) and (3.13) we can find a constant cs > 0 so that

inf YpX) =1+cs (3.15)
[x—xp|>8D1/2

for all sufficiently large D.
Put

Y (%) :=min{ypx),1+cs} >1 (3.16)

(see (3.5)), and let w* be the solution of

dew=A P RN 0
W w4+ wF, Xe N,r> , (317)
w(x,0)=kp —epyYj(x), xeR".
Then, by (3.2), (3.6), and (3.16) we apply the comparison principle to obtain
wx, 7) <wh(x, 1) inRN x [0, 7,]. (3.18)

We apply Proposition 2.2 to study the location of the maximum points of w(:, t,). For this pur-
pose, we prepare the following two lemmas, and verify the assumptions of Proposition 2.2.

Lemma 3.1. Assume the same conditions as in Theorem 1.2. Then there exists a positive constant C such that
[vw*©0)| ., <Cep

for all sufficiently large D.

Proof. By (2.18), (2.22), and (2.24) we have

z(x,sp+D7'7) - lzGsp)|

=[z(x,sp + D7) — z(x,5p)] + [2(x, 5p) — 2(xp. 5D)] + [2(xp. 5D) — || 2(5D) | ]

N

=0(D"%)-D'+0(D"7").25D"2+0(D"2"")=0(D"2"7) (3.19)
for all (x,T) € B(xp,28D'/?) x [—1, 0] and all sufficiently large D. By (2.21) we have

ap :=D|z(sp)|,, >0 asD — oo. (3.20)
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Then, since

1

§K(7)|:1 —1_ % HZ(SD)HOO] " = (T +ap),
by (3.8), (3.19), and (3.20) we have
D _ 1
p—1
wis =61 12 Lzl + 0073+
_ 1
Pl N_ 1 1

- f[l_ Dz H] (1+0(D"
= (| 1= —26s0)]
=4(t+ap)(1+0(D"2%2)) =g (t +ap) + O(D~272) (321)

for all (x,7) € B(xp,28D/2) x [—1, 0] and all sufficiently large D. Let

“3[wx, T) — g (T +ap)],

N
2

K(x,7):=D2"2[w(x,7)" — £ (T +ap)P]. (3.22)

Then, by (3.20), (3.21), and (3.22) we can find a constant C1 > 0 satisfying

—1S<urp<o||W(r)||L°C(B(XD»25D1/2)) <G (3.23)
—1S<urp<o”K(I)”L""(B(xD,Z«SDl/Z))
=08 sup [orap)(1+0(D7FH) —errap) <G (324

—1<1<0

for all sufficiently large D. On the other hand, by (3.2) and (3.22) we have

N

8,W—AW=D7_%[W"—§K(I +ap)P] =K, 1) (3.25)

for all (x, T) € B(xp, 28D'/?) x [—1, 0] and all sufficiently large D. Then, by (3.23) and (3.24) we apply
the parabolic regularity theorems (see for example [17, Chapter 3, Theorem 11.1]) to (3.25), and see
that there exists a positive constant C, such that

|[VW (x,7)| <C2 inB(xp,8D"?) x (—1/2,0] (3.26)

for all sufficiently large D. Therefore, since ¥/ (x) =1+ cs in R \ B(xp, 6D'/2) by (3.15) and (3.16),
it follows from (3.6), (3.16), (3.17), (3.22), and (3.26) that
HVW* 0) ”oo <epllVyp ||L°°(B(xD,8D1/2))

= [Vw(©) ”LOO(B(XD,SDUZ)) =D %*3 [vw©) <D I = Coep

HL”O(B(XD,SDVZ))

for all sufficiently large D. Thus Lemma 3.1 follows. O
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Lemma 3.2. Assume the same conditions as in Theorem 1.2. Then there hold

sup (e"*yp)(xp) =1+0(1),
0<t<T

inf inf eTAYE) (X) > 145 /2,
T, /2<T< Ty |X*XD\>8D1/Z( 1pD)( ) +cs/
for all sufficiently large D.

Proof. We first prove (3.27). Put

1

Z(x,7):=k[1—Dz(x,sp +D7'7)] 7.
Then we have
8:Z — AZ=—pD?Z(x, )" |Vz(x,5p + D~ '7) |’

in RN x [0, 7,.]. On the other hand, by (2.18), (2.21), and (3.12) we have

sup | Z(z) —Z(0)]|

0<T<T

_P_

K A 1— -1
gpj[l—ep] »-T sup ||Dz(sp+D~'t)—Dz(sp)|

0<t <14

_N -1 _N
<xD-D72.D "1, <2D" 2

1851

(3.27)

(3.28)

(3.29)

(3.30)

(331)

for all sufficiently large D, where dp € (0,1) is a function in RV satisfying [|6p [|oo = O(D*¥+%) as

D — oo. Furthermore, since

lim sup ||Z(t)—«| =0.

D—>000<r<1—*

by (P1), (2.22), (3.12), (3.29), and (3.30) we obtain

sup [ Z(r) —e**Z0)]
0<T< T

T

= sup
0<T< T

0

Ty
<0? [|2)| 2" [2(sp + D'5) 2 ds = 0 (0"
0

for all sufficiently large D. Therefore, by (P1), (3.5), (3.10), (3.31), and (3.32) we obtain

—pD2/e(f’S)AZ(s)2p’l]Vz(sD +D’1s)|2ds

(3.32)



1852 Y. Fujishima, K. Ishige / J. Differential Equations 252 (2012) 1835-1861

TA _
WP le™®vp — v

— sup D377 w(0) - w(O)|
0<t<Ts

— sup D777[e"2Z(0)—Z(0)] +O0(D"3+%)
0<T KT

< sup DEE[[e200) ~ 20| + |20~ 2O ]+ O (D7FFE)
0<T<Ty

N_1

=0(D"2"2)+0(D"2)+0(D 2+

ol

)

for all sufficiently large D. This together with (3.14) implies

lim sup (e"“yp)(xp)= lim yp(xp) =1,
D%ooogrgr* D—oo

and we obtain (3.27).
Next we prove inequality (3.28). By (3.15) and (3.16) we have

Yy >1 inRY,  ypx=1+cs inR"\B(xp,sD"/?).
These imply that
(eTAw,’S)(X)—l=/G(X—y,t)(¢73(y)—1)dy265 f G(x—y,r)dy
RN |ly—xp|=8D1/2

for all xRN and 7 > 0. Let

My:={x+y: y-(x—xp) >0, yeR'}.

Then, since IT, C {y: |y —xp| > 8D/} for x e RN \ B(xp, §D'/?), by (3.33) we obtain

inf inf  (e"yp)x)—1>¢; inf inf /G(x— y,7)dy =
T /2<T<Ts [x—xp | 28D 1/2 T4 /2<T < T [x—xp | 26D 172

X

Therefore we obtain inequality (3.28), and the proof of Lemma 3.2 is complete. 0O

(3.33)

Now we are ready to study the location of the maximum points of w(, t,). By (3.16) and (3.17)

we have

kp — (1 4+c5)ep < w*(x,0) < kp — €p, xecRN.

(3.34)

Then, by (3.4), (3.11), (3.34), and Lemma 3.1 we can apply Proposition 2.2 to problem (3.17) with

M¢ =«p, C, =1, and t, =0, and obtain

1 P __1
Jim g =g [ 03)0] 7] =0

(3.35)
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In particular, by (3.12), (3.16), (3.18), and (3.35) we have

1 1
& [weol<ep Jwi@], <1 (3.36)

for all sufficiently large D.
Let n be a positive constant such that

1
1

- 1
P <1+2) <k Ay o, (3.37)

By (3.12), (3.28), and (3.35) we have

1

cs\ P11
+n<K Pt 1+5 +2n (3.38)

1 p

€p wrx, 1) < k) 1(ef*Aw,’5)(x)‘L1

for all x e RN with |x — xp| > 8D'/2 and all sufficiently large D. On the other hand, since the function

1

wx,7) = (e w(©@) 0PV - (p— D) 7T

is a subsolution of (3.2), we apply the comparison principle to obtain

w(x, 7)< w, 7) inRY x [0, 7.]. (3.39)

Since it follows from (3.6), (3.12), and (3.27) that

(E‘T*AW(O))(XD)_(I)_U — KE(P—l)[] _ K[;leD (eT*AwD)(XD)]_(P—l)
iep PP+ (p = D en (€™ A Yp) (xp) + O (€p)]
for all sufficiently large D, by (1.6) and (3.12) we have
_ 1
wxp., T) = [(e™2w(0)) (xp) " P™V = (p = 1)S, | 7

1 p 1

=e€p? ik (€% 2 Yp)(xp) + O(ep)] 7T (3.40)
for all sufficiently large D. Then, by (3.12), (3.27), (3.37), (3.39), and (3.40) we have

1 1 p 1

€ wxp, ) =€) wxp, T) =k (€™ ¥p)(xp) + 0(ep)] P

1

.t
ST )T s TR <1+2> +37 (3.41)

for all sufficiently large D. Therefore, by (3.18), (3.38), and (3.41) we obtain

1 1
-1 1
€p sup  w(x, T) <€) sup WX, Ty)

[x—xp|>8D1/2 |x—xp|>8D1/2

1

1458 T
<k 1+2 +2n<e "wxp, 7)) — 1
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for all sufficiently large D. This implies that

1
H(e}"'w(, 1), 1) C B(xp, BDl/z) (3.42)

for all sufficiently large D.
We complete the proof of (1.8) by using Proposition 2.3. Put

1

WX, 7) =€l WX, T, + €pT). (3.43)
Then, by (3.2) we have

dWw=epAW+wP  inRY x (0, #p),
1 (3.44)

Wx,0) =€l 'w(x,7,) inRY,

where Tp = eEl(rD — T,) is the blow-up time of w. By (2.28), (3.1), (3.3), and (3.43) we have

1
|Wwx, 7)) =€} D1 lu(x,sp + D' (t + €pT1))|

1 1 1

D71 (Tp—sp— D 't, =D lept) 7"

N
™
O

1 1 1
=€) ' (tp—Tu—€pT) P =(Ip—71) 7T (3.45)

for all (x,7) €RN x [0, Tp) and all sufficiently large D. Furthermore, by (3.36) and (3.41) we have
o o
WO = w1 WO > e wixp,t) =1, (3.46)
for all sufficiently large D. In particular, we apply the comparison principle to obtain

D 2 Sl 7 1 (347)

for all sufficiently large D. In addition, since

_N
Tp=sp+ D_]'LZ,< + D_lépr, €p = D_%"'%, Dlim (D_]GD)D - 1,
—00
by (2.22), (2.29), (3.1), (3.43), and (3.47) we have
. e S
[V, =€ D77 | Vu(so + D)
1 1 _p _cp-Yy
<€ DT (Tp—sp—D'g,) 1 P Ppr
-1 P —-C'D™2 _N_4 _1
< De, 7 D 27" xD 2«1 (3.48)

for all sufficiently large D, where C’ is a positive constant. Therefore, by (3.45), (3.46), and (3.48) we
can apply Proposition 2.3 with ¢ = w(0) to the solution w of (3.44), and by (3.42) we see that
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1

Bp C H(W(-,0),n) = H(e} " w(, 7.),n) C B(xp,8D"/?)

for all sufficiently large D. This implies

limsupD_%sup{|x—xD|: x€Bp}<s. (3.49)

D—oo

On the other hand, recalling that xp = /2Dsp E(¢)/|Z (¢)| and sp =S, — D™, we have

xp — y/2DS; Iiigl =|y2(DS, — 1) — y/2DS;| = 0(D"?) (3.50)

as D — oo. Therefore, since § > 0 is arbitrary, by (3.49) and (3.50) we obtain

x— J2DS5;, 2@ | _q.

@l

. _1
lim D™ 2 sup
D—o0 x€Bp

This implies (1.8), and the proof of Theorem 1.2 is complete. O
3.2. Blow-up set for the case M(p) <0

In this subsection we prove (1.10) under the assumption M(¢) < 0, and complete the proof of
Theorem 1.3. Let ¢ € (0, 1/2) and fix it. In this case we put

_N_

. c+1
€p: =Dz,

and study the location of the blow-up set Bp. Since N > 3, by (2.17), (2.27), and (3.8) we have

1

w(x,0) = k[1— Dz(x,5p) + 0(D~N+%)] 71

1

= k[1=Dz(x,5p)] 77 +0(D"N*3), xeRV, (3.51)
7N+i 7PIT1 ,ﬂ
HW(O)Hoo:K[l—Dsupz(x,sD)+O(D 3)] —k+0(D?), (3.52)
xeRN
for all sufficiently large D. In particular, by (3.4) and (3.52) we have
kp=k +0(1),  T,=Se, =Sc+0(1)=1+o0(1), (3.53)

as D — oo. Furthermore, since N > 3 and c € (0, 1/2), by (2.17), (3.5), (3.51), and (3.52) we have

1

Up () =€y [1— (1= Dz(x,5p)) 7T+ 0(D"N*3)]+1+0(1)

KEl

=~ 2Dzt sp) + 0(e5'DN2) + 0(e5' DNF3) +140(1)

-1
K€
= D] Dz(x,sp) +1+0(1) (3.54)
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for all x € RN and all sufficiently large D. Then, by (2.26) and (3.54) we have

lim sup yYpx)=1.

D—o0x>Dsp

In addition, by (2.25) and (3.54) we can find a positive constant c, satisfying

inf Yp(x) > 1+ ¢y
x| <(4cDsp log(Dsp))!/2

for all sufficiently large D.
Put

Yp®) :=min{yp(0). 1+c,} >1

(see (3.5)), and let w* be the solution of

rw=Aw+ wP, xeRN, >0,
w(x,0) =kp — €pY}(X), xeRV.

Then, by (3.6), (3.57), and (3.58) we apply the comparison principle to obtain
wx, 7) <w*(x,7) inRN x [0, 7]

for all sufficiently large D.

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

Next, similarly as in the previous subsection, we give the estimates of |[Vw*(0)|ls0, e?2yp, and

emlpl’; in the following two lemmas.

Lemma 3.3. Assume the same conditions as in Theorem 1.3. Then there exists a positive constant C such that

[vw* )], <Cep
for all sufficiently large D.
Proof. By (2.26) and (3.8) we have
WX, ) = (D) (1+0(D™2~H)) = ¢ (1) + 0 (D~ 3 ~H)

for all (x,T) € [RN \ B(O, (4csp log(Dsp))'/? — 1)] x [—1, 0] and all sufficiently large D. Put

W(x, 1) :=D2+c1 [wx,©) —¢(®],  K@&x1):= prte-l [wx, P — ¢ (DP].

Then, by (3.60) and (3.61) we can find a positive constant C; so that
sup_[w(o)]
—1<7t<0

sup |K(v)||
—1<7<0

L (RN\B(0, (4csp log(Dsp))1/2—1)) <G,

L (RN\B(0, (4csp log(Dsp))1/2—1)) <G,

for all sufficiently large D. Furthermore, by (3.2) and (3.61) we have

(3.60)

(3.61)

(3.62)

(3.63)
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N
#W — AW =D2wP — ] =K(x, 1) (3.64)

for all (x,7) € [RN \ B(0, (4csp log(Dsp))'/2 — 1)] x [—1, 0]. Then, by (3.62) and (3.63) we apply the
parabolic regularity theorems (see for example [17, Chapter 3, Theorem 11.1]) to (3.64), and see that
there exists a positive constant C; such that

VW&, 7)| <C; in[R¥\ B(0, (4csp log(Dsp))"/%)] x (—1/2,0] (3.65)

for all sufficiently large D. Therefore, since ¥} (x) =1+ ¢, in B(0, (4csp log(Dsp))!/2) by (3.56)
and (3.57), it follows from (3.6), (3.57), (3.58), (3.61), and (3.65) that

[Vw*© , < €plIV¥D Il ®N\B(0.4cDsp log(Dsp)12))

= HVW(O)HLN(RN\B(O,(%DSD log(Dsp))1/2))
N
2

_p—7—¢c+1
=D [VW O 1 v 510, (4cDsp tog(Dspy 172y < C2€D

for all sufficiently large D. Thus we obtain the desired inequality, and the proof of Lemma 3.3 is
complete. O

Lemma 3.4. Assume the same conditions as in Theorem 1.3. Then there hold

sup  sup (e"yp)(®) =1+o0(1), (3.66)
0<T< T, [x|>Dsp

inf inf eTAYE) (%) =1+ cy/2, (3.67)
T4 /2<TSTx [x|<(cDsp log(Dsp))1/? 101)) +/

for all sufficiently large D.

Proof. Put

1

Z(x,7):=k[1—Dz(x,sp + D" '7)] 7.

Then, by the same argument as in [8, Lemma 5.2] with A =1 we see that

sup |z() -z, =0(D"?),
0<T< T
sup |[Z(z) —e"2Z(0)|  =0(D"N),
0<t<Ts

for all sufficiently large D. These inequalities together with (3.5) and (3.51) yield
sup ey — v,
0<T<T:

= sup Dgﬂ_lHe’Aw(O)—w(O)”OO
0<r<r,

= sup D21 [e™AZ2(0) — Z(0)|  + O (D FFHE)
0<T< T
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< sup DEF[[eZ(0) 2]+ [2(0) ~ ZO)] ] + O (D72 F5)
0<T KT

=0(D" )+ 0(D") + 0 (D 7+eF3) (3.68)

for all sufficiently large D. Then, since N >3 and c € (0, 1/2), by (3.55) and (3.68) we have

lim sup sup (e’Az//D)(x)= lim sup ¥pkx) =1.

D—ooogr<n, x1>Dsp D—o0x>Dsp

This gives (3.66). Furthermore, since

B(x, (cDsp log(DsD))l/z) C B(0, (4cDsp log(DsD))Uz) if |x| < (cDsp log(DsD))]/z,

by (1.4), (3.56), and (3.57) we have

("2 yp) ) —1>cy / Gx—y,1)dy
1< (@cDsp log(Dsp))!/2
>, / G(z,T)dz=c.(1+0(1) >c,/2

|z|<(cDsp log(Dsp))1/2

for all (x,T) € B(0, (cDsplog(Dsp))!/?) x [1,/2,T,] and all sufficiently large D. Therefore we ob-
tain (3.67), and the proof of Lemma 3.4 is complete. O

Next we study the location of the maximum points of w(-, 7,). Since it follows from (3.57) and
(3.58) that

kp — (1+c)ep < W*(x,0) <kp —ep, xRV,

by (3.53) and Lemma 3.3 we can apply Proposition 2.2 to problem (3.58) with M =«p, Cyx =1, and
t, =0, and obtain

1 _p_

Jim leb w*C, t) — kK™ [(ef*%;)(.)]‘ﬁ |l =0. (3.69)

Then, by (3.53), (3.57), (3.59), and (3.69) we have

1 1
ep W <ef7 [ wHE | 51 (3.70)

for all sufficiently large D.
Let 1 be a positive constant such that

1

1

o Cx\ PT r_ _
P <1 +?*> F 2 <k TR )T — 2, (3.71)
By (3.53), (3.67), and (3.69) we have

1 P 1

Cy\ P1
ef wiin T ki (M BYE) 0 T 4y <k (1 - —*) +2n  (372)
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for all x € B(0, (cDsp log(Dsp))!/?) and all sufficiently large D. On the other hand, since the function

1

wx, 7) = (e w(©@) 0PV - (p—Dr) 7

is a subsolution of (3.2), by the comparison principle we obtain

wx, 1) <wx 1) inRY %[0, 1,]. (3.73)
Then, applying the similar argument as in (3.40) with the aid of (3.66), we obtain

1 p

_ __1
wx, T)=€p T kkp T [(e™ P yp)(x) + 0(ep)] P
for all |x| > Dsp and all sufficiently large D. This together with (3.66), (3.71), and (3.73) we have

1 1 P 1

elgjw(& T > elgjﬂ(x, Ty) = KICIS”1 [(eT*AlﬁD)(X) + O(ED)] p—1

1
1

1
ST (1) B —77>K1+p%1<1+%> +3n (3.74)

for all |x| > Dsp and all sufficiently large D. Therefore, by (3.59), (3.72), and (3.74) we have

1

eh’ sup wx, T) <€p! sup w*(x, Ts)
B(0,(cDsp log(Dsp))1/2) B(0,(cDsp log(Dsp))1/2)

1

Co
< F1(145) T rm e wel -

for all sufficiently large D. Thus we obtain

1

H(e) " w(, 1), n) CRY\ B(0, (cDsp log(DsD))l/z) (3.75)

for all sufficiently large D.
Next we study the location of the blow-up set of w, and complete the proof of Theorem 1.3. Put

1

WX, T) = €5 WX, T + €pT). (3.76)
Then we see that

9 W=epAw + wP inRY x (0, 7p),
1 (3.77)

Ww(x,0) =€) w(x,7,) inRY,

where Tp = 651(1'1) — T,) is the blow-up time of w. Similarly to (3.45), we have

[w@]|, <@ — e (3.78)
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for all T € [0, Tp) and all sufficiently large D. Moreover, by (3.70) and (3.74) we have

7O =" v <1 WO >€p

T osup w(x, Ty) =1, (3.79)
[x|>Dsp

for all sufficiently large D. This together with the comparison principle implies that
T 2 S|w©)l 7 1 (3.80)

for all sufficiently large D. Furthermore, since c € (0, 1/2) and

_N
Tp=sp+D 't,+D lepip, ep= D—%—C“, Dlim (D‘leD)D ’ 1,
—00
by (2.17), (2.29), (3.1), (3.76), and (3.80) we have
- oL 1
[V, =ef "D | Vulso+D'e)|
% __1 1 —L—C’Df% N_1
<€) ' D1 (Tp—sp—D7'g,) 7T D™ 272
-2 (D72

< Deylgy 7 D277 DI <1 (3.81)

for all sufficiently large D, where C’ is a positive constant. Therefore, by (3.78), (3.79), and (3.81) we
can apply Proposition 2.3 with ¢ = w(0) to the solution w of (3.77), and by (3.75) we obtain

1

Bp C H(W(-,0), 1) =H(el "w(, .),17) CR¥\ B(0, (cDsp log(Dsp))'"?)

for all sufficiently large D. Then, since sp =S, — D!, there exists a positive constant C such that

Bp N B(0,C(DlogD)"/?) =¢
for all sufficiently large D, and we obtain (1.10). Thus the proof of Theorem 1.3 is complete. O
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